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Résumé

La méthode des éléments finis est fréquemment utilisée pour résoudre des équations aux dérivées partielles
issues de problémes industriels. Aprés avoir soutenu une thése qui portait sur la discrétisation des
équations de Maxwell, j’ai contribué a l'analyse numérique, & la simulation et au développement de
codes du CEA pour résoudre des problémes issus de la neutronique et de la mécanique des fluides.
Ces différents modéles ont des caractéristiques en commun : il s’agit de problémes elliptiques dont
la solution peut étre de régularité faible. De plus, ils sont posés sous une forme mixte, soit & cause
d’une contrainte (équations de Maxwell et probléme de Stokes), ce qui conduit & un probléme de point-
selle, soit pour améliorer la discrétisation du gradient (équation de transport simplifiée des neutrons).
Enfin, pour les équations de Maxwell et pour I’équation de transport simplifiée des neutrons, nous nous
intéressons également & la résolution des problémes propres. Dans ce manuscrit, pour ces trois modéles,
nous procédons de maniére similaire : étude du modéle physique continu, puis, lorsque cela est possible,
analyse numérique des méthodes d’éléments finis. Enfin, on propose des algorithmes numeériques. Le cas
échéant, nous utiliserons un outil mathématique récent : la théorie de la T-coercivité.

Abstract

The finite element method is frequently used to solve partial differential equations arising from industrial
problems. After defending a PhD thesis on the discretisation of Maxwell’s equations, I contributed
to numerical analysis, simulation and the development of CEA codes to solve problems arising from
neutronics and fluid mechanics. These different models have characteristics in common: they are elliptic
problems whose solution may be of low regularity. In addition, they are posed in a mixed form, either
because of a constraint (Maxwell’s equations and Stokes’ problem), which leads to a saddle point problem,
or to improve the discretisation of the gradient (simplified neutron transport equation). Finally, for
Maxwell’s equations and the simplified neutron transport equation, we are also interested in solving
eigenvalue problems. In this manuscript, we proceed in a similar manner for these three models: study
of the continuous physical model, then, where possible, numerical analysis of finite element methods.
Finally, we propose numerical algorithms. Where appropriate, we will use a recent mathematical tool:
the T-coercivity theory.
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Chapter 1

Publications and communications

Some of my work has been more theoretical in nature, related to numerical analysis, and developed
through articles and conference presentations. Another part concerns the application of research to
industrial codes, which is developed through conference proceedings and technical reports. As I work as
an engineer-researcher, this part contains more publications. I also took part in an M2 course in scientific
and parallel computing, which led me to participate in the writing of a handout.

1.1 Publications

Published articles

Below is a list of my published or accepted articles, from the most recent to the oldest.

[A13] |Description and convergence order analysis of the Finite Element-Volume spatial discretization
method, M. A. Puscas, P.-E. Angeli, N. Nouaime, E. Jamelot, International Journal for Numerical
Methods in Fluids, 2025.

[A5] |Explicit T-coercivity for the Stokes problem: a coercive finite element discretization),
P. Ciarlet Jr, E. Jamelot, Computers & Mathematics with Applications, 188, pp. 137-159, 2025.

[A9] |Stability estimates for solving Stokes problem with nonconforming finite elements,
E. Jamelot, Comptes Rendus. Mathématiques, 363, pp. 115-137, 2025.

[Ad] |Variational methods for solving numerically magnetostatic systems,
P. Ciarlet Jr, E. Jamelot, Advances in Computational Mathematics 50, 5, 2024.

[A12] Numerical analysis of the neutron multigroup SPN equations,
E. Jamelot, F. Madiot, Comptes Rendus Mathématique, 359, 5, pp. 533-545, 2021.

[A2] |Numerical analysis of the mized finite element method for the neutron diffusion problem with highly
heterogeneous coefficients, P. Ciarlet Jr, L. Giret, E. Jamelot, F. Kpadonou,
ESAIM: Mathematical Modelling and Numerical Analysis, 52, 5, pp. 2003—2035, 2018.

[A6] |Domain decomposition methods for the diffusion equation with low-regularity solution,
P. Ciarlet Jr, E. Jamelot, F. Kpadonou,
Computers and Mathematics with Applications, 74, pp. 2369-2384, 2017.

[AT7] |A simple monodimensional model coupling an enthalpy production equation and a neutronic diffu-
s1on equation,
S. Dellacherie, E. Jamelot, O. Lafitte, Applied Mathematics Letters, 62, pp. 35-41, 2016.
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https://doi.org/10.1002/fld.5399
https://doi.org/10.1002/fld.5399
https://doi.org/10.1016/j.camwa.2025.03.028
https://comptes-rendus.academie-sciences.fr/mathematique/articles/10.5802/crmath.707/
https://doi.org/10.1007/s10444-023-10089-1
https://doi.org/10.5802/crmath.189
https://doi.org/10.1051/m2an/2018011
https://doi.org/10.1051/m2an/2018011
https://doi.org/10.1016/j.camwa.2017.07.017
https://doi.org/10.1016/j.aml.2016.06.008
https://doi.org/10.1016/j.aml.2016.06.008

(A1)

[AT0]

[AT]

[A3]

[A8]

Fast non-overlapping Schwarz domain decomposition methods for solving the neutron diffusion
equation, E. Jamelot, P. Ciarlet Jr, Journal of Computational Physics, 241, pp. 445-463, 2013.

Domain Decomposition for the SPN Solver MINOS, E. Jamelot, A.-M. Baudron, J.-J. Lautard,
Transport Theory and Statistical Physics, 41 pp. 495-512, 2012.

Solving electromagnetic eigenvalue problems in polyhedral domains with nodal finite elements,

A. Buffa, P. Ciarlet Jr, E. Jamelot, Numerische Mathematik, 113, 4, pp. 497-518, 2009.

Continuous Galerkin methods for solving the time-dependent Mazwell equations in 3D geometries,
P. Ciarlet Jr, E. Jamelot, Journal of Computational Physics 226, 1, pp. 1122-1135, 2007.

Eléments finis nodauz pour les équations de Mazwell, E. Jamelot,
C. R. Acad. Sci. Paris, Ser. I, 339, 11, pp. 809-814,
Corrigendum/ C. R. Acad. Sci. Paris, Ser. I, vol. 340, 5, pp. 409-410, 2005, déc 2004.

Peer-reviewed conference proceedings

Below is a list of my conference proceedings, from the most recent to the oldest.

[P7]

P9

P4

3]

23]

P2l

[P10]

[P6]

[Ps]

1]

Stability of the PL  x (P’ + P') element, E. Jamelot, P. Ciarlet Jr., and S. Sauter,
ENUMATH, Lisbonne 2023, Sept. 4-8, Lisbonne (Portugal).

Discontinuous Galerkin schemes for the Stokes problem, M. Mroueh, E. Jamelot, P. Omnes,
SNA + MC 2024, Oct. 20-24, Paris.

Improved Crouzeiz-Raviart scheme for the Stokes and Navier-Stokes problem,
E. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
New trends in complex flows, 2022, Sept. 19-21, Institut Henri Poincaré, Paris.

Improved Crouzeiz-Raviart scheme for the Stokes problem,
E. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
Finite Volumes for Complex Applications 10, 2023, Oct. 30-Nov. 3, Strasbourg.

Critical Computation with Finite Element Method on Non-Conforming Meshes,
L. Giret, P. Ciarlet Jr, E. Jamelot, M&C 2017, April 16-20, Jeju (Korea).

Numerical results for the coupling of a simple neutronics diffusion model and a simple hydrody-
namics low mach number model without coupling codes,

S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad,

SYNASC 2016, September 24-27, Timigoara (Romania).

APOLLOS®: CEA/DEN deterministic multi-purpose code for reactor physics analysis, D. Schnei-
der et al, PHYSOR 2016, May 1-5, Sun Valley (Idaho, USA).

Domain decomposition for the neutron SPN equations,
E. Jamelot, P. Ciarlet Jr., A.-M. Baudron, J.-J. Lautard, DDM’21, 2012, June 25-29, Rennes.

High performance 3D neutron transport on petascale and hybrid architectures within APOLLOS®
code, E. Jamelot, J. Dubois, J.-J. Lautard, C. Calvin, A.-M. Baudron
Proceedings of M&C 2011, May 8-12, Rio de Janeiro (Brazil).

Continuous Galerkin methods for solving Mazwell equations in 3D geometries,
P. Ciarlet Jr., E. Jamelot, ENUMATH 2005, July 18-22, Santiago de Compostela (Spain).
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https://doi.org/10.1016/j.jcp.2013.01.026
https://doi.org/10.1016/j.jcp.2013.01.026
https://doi.org/10.1007/978-3-319-05789-7_65
https://doi.org/10.1007/s00211-009-0246-2
https://doi.org/10.1016/j.jcp.2007.05.029
https://doi.org/10.1016/j.crma.2004.10.020
https://www.em-consulte.com/article/29927/article/corrigendum-a-la-note-elements-finis-nodaux-pour-l
https://link.springer.com/chapter/10.1007/978-3-031-86173-4_50
https://doi.org/10.1051/epjconf/202430203006
https://doi.org/10.1051/proc/202476020
https://link.springer.com/chapter/10.1007/978-3-031-40864-9_19
https://www.kns.org/files/int_paper/paper/MC2017_2017_1/P004S01-01GiretL.pdf
https://ieeexplore.ieee.org/document/7829602
https://ieeexplore.ieee.org/document/7829602
https://cea.hal.science/cea-02509714
https://link.springer.com/chapter/10.1007/978-3-319-05789-7_65
https://inis.iaea.org/search/search.aspx?orig_q=RN:48031791
https://inis.iaea.org/search/search.aspx?orig_q=RN:48031791
https://link.springer.com/content/pdf/10.1007/978-3-540-34288-5_51.pdf?pdf=inline%20link

Articles submitted or soon to be finalised

[W1] Convergence of the PL . x (PY+ P') discretization in the TrioCFD code, P.-E. Angeli, H. Bertrand,
E. Jamelot, submitted to Computers & Mathematics With Application.

[W2| A Priori Error Estimates for Discontinous Galerkin Finite Element Discretization of Stokes Prob-
lems with Low Regularity, E. Jamelot, M. Mroueh, P. Omnes.

Lecture notes, level M2 and PhD thesis (in French)

[B1] 'Outils mathématiques et algorithmiques pour le calcul scientifique (288 pages),
P. Ciarlet Jr, E. Jamelot, courses included in the program Modelisation and Simulation of M2

Analysis, Modeling, Simulation at Université Paris-Saclay and in the program ModSim, last year
of ENSTA Paris, 2019.

[B2] |Continuous Galerkin methods for solving Mazwell’s equations, Erell Jamelot,
PhD thesis, Ecole Polytechnique, Palaiseau, France, director: Patrick Ciarlet (2005).

GitHub digital models to solve Stokes problem in 2D

[G2] |Explicit T -coercivity to solve Stokes problem, E. Jamelot, 2024.

[G1] |Non-conforming finite elements to solve Stokes problem), E. Jamelot, 2022.

CEA monograph and technical reports

2022 Les éléments finis Galerkin discontinus pour le probléme de Stokes, E. Jamelot,
DES/ISAS/DM2S/STMF /LMSF/NT/2022-71066/A, 2022.

2020 Neutronique et calcul intensif, C. Diop et al, Les sciences du numérique et le calcul haute perfor-
mance, pp. 187-210, 2020.

2018 Méthodes d’éléments finis de Galerkin discontinus pour résoudre les équations de Navier-Stokes, E.
Jamelot, DEN/DANS/DM2S/STMF /LMSF/NT/2018-64097 /A, 2018.

2018 A proposal to improve the stability of the PT¢ x Py scheme in the TrioCFD code, E. Jamelot,
DEN/DANS/DM2S/STMF /LMSF /NT/2018-62465/A, 2018.

2017 Différents modéles analytiques ou simplifiés pour le couplage Thermohydraulique-Neutronique, E.
Jamelot, O. Lafitte, J.-C. Le Pallec, DEN/DANS/DM2S/SERMA /LLPR/NT/17-6134/A, 2017.

2015 Décomposition de domaine pour le solveur MINOS du code APOLLOS®, E. Jamelot, A.-M. Bau-
dron, J.-J. Lautard, DEN/DANS/DM2S/SERMA /LLPR/NT/15-5934/A, 2015.

2011 Résultats de la parallélisation du solveur MINOS dans APOLLOS® appliquée & un calcul de PN,
E. Jamelot, A.-M. Baudron, J.-J. Lautard,
DEN/DANS/DM2S/SERMA /LLPR/RT/11-5154/A, 2011.

2009 Domain decomposition method for core calculations using MINOS solver in the APOLLOS® code,
E. Jamelot, J.-J. Lautard, DEN/DANS/DM2S/SERMA /LLPR/RT-4755/A, 2009.
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https://hal.science/hal-05071391
https://inria.hal.science/hal-04311490
https://pastel.hal.science/tel-00440043
https://github.com/cea-trust-platform/Stokes_ExplicitTC
https://github.com/cea-trust-platform/Stokes_NCFEM
https://www.cea.fr/multimedia/Documents/publications/monographienucleaire/CEA_Monographie14_Sciences_numerique_Calcul_haute_performance_Sept2020_Fr-web.pdf

Popularizing science (in French)

2021 Les équations de Navier-Stokes, presentation for the Féte de la Science, organized by the Académie
de Paris for high-school science students.
E. Jamelot, P. Omnes, La Sorbonne, Paris, 4 octobre 2021.

2021 |Les équations de Navier-Stokes, video #7 of the Key Equations of Physics cycle Les équations Clefs
de la Physique). Scientific advisors : E. Jamelot, P. Omnes.

2020 |Simuler les écoulements, article from the CEA magazine Clefs #70,
N. Dorville, E. Jamelot, P. Omnes.

1.2 Oral communications

Invited talks

2025 Explicit T-coercivity for the Stokes problem: a coercive finite element discretization, E. Jamelot, P.
Ciarlet Jr, Olivier Lafitte’s 60th birthday, Ecole des Mines, 2025, June 30-July 2, Paris.

2024 The T-coercivity Approach for Solving Stokes Problem, E. Jamelot, P. Ciarlet Jr,
ECCOMAS (9th European Congress on Computational Methods in Applied Sciences and Engi-
neering), 2024, June 3-7, Lisbon (Portugal).

2019 TrioCFD: code € numerical schemes, E. Jamelot et al,
Conference POEMS, CIRM, 29 avril-3 mai 2019.

2017 Nuclear core reactor simulations with low-regularity solution, P. Ciarlet Jr, L. Giret, E. Jamelot,
F. D. Kpadonou, Rencontres Inria-LJLL en calcul scientifique, 15 mai 2017.

2016 Domain Decomposition Methods with low-reqularity solution for nuclear core reactor simulations,
P. Ciarlet Jr, L. Giret, E. Jamelot, F. D. Kpadonou,
Eigth Singular Days, Nancy (France), 27-30 Juin 2016.

2012 Calculs haute performance en diffusion et transport neutronique, A.-M. Baudron, C. Calvin, J.
Dubois, E. Jamelot, J.-J. Lautard, O. Mula-Hernandez, Forum Horizon Maths, Fondation Science
Mathématiques de Paris, La Défense (France), 20 décembre 2012.

2004 Résolution des équations de Mazwell dans des domaines singuliers,
P. Ciarlet Jr, E. Jamelot, Fourth Singular Days, Pont-a-Mousson (France), 2004.

Participation to workshop specialized in nuclear science

2021 Etude de la T-coercitivité pour le probleme de Stokes,
P. Ciarlet Jr, E. Jamelot, A. Lefort, Journées du GdR MaNu, Le Croisic, 25-27 octobre 2021.

2018 TrioCFD: code & numerical schemes, E. Jamelot,
Workshop DAM/DEN HPC, Aussois, 2-6 juillet 2018.

2017 Analysis of the mathematical tools to perform nuclear core reactor simulations,
P. Ciarlet Jr, L. Giret, E. Jamelot, F. D. Kpadonou,
Workshop "Mathématiques pour la neutronique", Groupe de Recherche MaNu, LJLL, Université
Paris 6, 30 novembre 2017.


https://www.youtube.com/watch?v=nRSWIndKiiA
https://www.cea.fr/multimedia/Documents/publications/clefs-cea/CLEFS-70-PAP.pdf

2017 Un modele simplifié de couplage thermohydraulique-neutronique,
S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad,
Journée scientifique autour de la thermohydraulique, programme NEEDS,
MAPS5, Université Paris 7, 5 juillet 2017.

2017 Couplage entre la thermohydraulique et la neutronique,
S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad, Atelier FrenchTeam-MSFR,
programme NEEDS, Lyon, 2 février 2017.

2016 Domain Decomposition Methods with low-reqularity solution for nuclear core reactor simulations,
P. Ciarlet Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
Groupe de Recherche MaNu, Saint-Valéry-sur-Somme, 17-19 octobre 2016.

2015 Décomposition de domaine mon conforme pour l’équation mixte de la diffusion avec une solution
peu réguliere, P. Ciarlet Jr., E. Jamelot, L. Giret, LRC MANON, Paris, 16 juin 2015.

2015 Calcul neutronique déterministe des réacteurs avec prise en compte des contre réactions simplifiées,
E. Jamelot, J.-J. Lautard, J.-C. Le Pallec, LRC MANON, Paris, 2 juin 2015.

2014 Décomposition de domaine pour la neutronique, A.-M. Baudron, E. Jamelot, J.-J. Lautard,
LRC MANON, Paris, 12 juin 2014.

2011 Parallélisation du solveur de transport simplifié MINOS dans APOLLOS®,
A.-M. Baudron, E. Jamelot, J.-J. Lautard, LRC MANON, Paris, 17 juin 2011.

Organization of scientific events

2025 Workshop on numerical analysis and scientific computing for electromagnetics. Patrick Ciarlet’s
60th birthday, Institut Henri Poincaré, Paris, 17 juin 2025.

2024 New Directions for solving Stokes and Navier-Stokes Problems. Minisymposium MS061, ECCO-
MAS (9th European Congress on Computational Methods in Applied Sciences and Engineering)
2024, June 3-7, Lisbon (Portugal).

2022 Participation in the organization committee of the CEA-EDF-INRIA summer school on numerical
analysis.

2017-now Organization of seminaries, PhD proposals.

2014-2017 SERMA correspondent for the Laboratoire de Recherche Conventionné (LRC) MANON, organiza-
tion of seminaries, PhD and post-doc proposals.

Contributed talks without proceedings

2023 Stability estimates for Fortin-Soulie mized finite elements, E. Jamelot,
11éme Biennale de la SMAI, Le Gosier (France), 22-26 mai 2023.

2022 Etude de la T-coercitivité pour le probléme de Stokes, E. Jamelot, A. Lefort,
CANUM, Evian (France), 13-17 juin 2022.

2020 Domain Decomposition Method for nuclear core reactor simulations with low-regularity solution, P.
Ciarlet Jr., L. Giret, M. H. Do, E. Jamelot, F. D. Kpadonou, F. Madiot,
26th International Domain Decomposition Conference, 2020, December 7-12 (Hong Kong).

2019 FEigenproblem with low-regularity solution for nuclear reactor core modeling,
P. Ciarlet, Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
MAFELAP’19, 2019, June 18-21, Brunel (UK).
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2016

2010

2006

2004

2003

Domain Decomposition Methods with low-regularity solution for nuclear core reactor simulations,
P. Ciarlet Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
MAFELAP’16, 2016, June 14-17 Brunel (UK).

GPGPU Programming to Solve the Boltzman Neutron Transport Equation,
C. Calvin, J. Dubois, E. Jamelot, S. Petiton,
14*" STAM Conference on Parallel Processing for Scientific Computing, Seattle (USA), Feb. 2010.

Continuous Galerkin methods for solving electromagnetic eigenvalue problems,
A. Buffa, P. Ciarlet Jr., E. Jamelot, MAFELAP’06, 2006, June 13-16, Brunel (UK).

Résolution des équations de Mazwell dans des domaines singuliers, P. Ciarlet Jr., E. Jamelot,
CANUM, Obernai (France), juin 2004.

Augmented variational formulations for solving Mazwell’s equations: numerical results, P. Ciar-
let Jr., E. Jamelot, MAFELAP’03, 2003, June 21-24, Brunel (UK).



Chapter 2

Teaching and student supervision

I started teaching at ENSTA and Université Paris-Dauphine during my PhD. For 5 years, I was involved
in teaching the M2 AMS course (ENSTA and Université Paris-Saclay), for the scientific computing course.
For the last two years, I taught at Université Sorbonne Paris Nord, for M1 students. I also supervise or
co-supervise M1, M2 and PhD students.

2.1 Teaching

2025—... TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).

20232025 Introduction a la résolution des équations de Navier-Stokes,
Ecole d’Ingénieurs Sup’Galilée (Université Sorbonne Paris Nord), 15 hours.
Cours "Projet métier" de la Spécialité Mathématiques Appliquées au Calcul Scientifique (M1).

2014-2019 Calcul scientifique paralléle, ENSTA, 15 hours.
Cours du Master Analyse, Modélisation et Simulation (M2).

20122014 TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).

2008 Qualifiée aux fonctions de maitre de conférences en section 26 du CNU.
2007-2008 TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).
2003-2005 Cours-TD, Analyse fonctionnelle, Université Paris-Dauphine (L1 GEA).

2003-2005 TP, Programmation en Matlab, ENSTA (L3).

2.2 Students supervision

PhD students

2025-2028 Paulin Dempowo-Fouelefack, Université Paris-Saclay.
Méthodes numériques pour la simulation d’écoulements diphasiques avec prise en compte des sin-
gularités. Director: Erell Jamelot (34%). Co-instructors: P. Omnes (33%) and M. Grosso (33%).

2022-2025 Mayssa Mroueh, Université Sorbonne Paris-Nord.
FEtude de la méthode de Galerkine discontinue pour les équations de Navier-Stokes.
Director: Pascal Omnes (50%). Proceedings [P9], manuscript in preparation [W2].
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2020-2024

2014-2018

Andrew Peitavy, Université Gustave Eiffel.

Schémas de discrétisation en pression et éléments finis de Crouzeiz-Raviart pour les écoulements
de fluides incompressibles. Directors: Eric Chénier (25%) and Christophe Le Potier (25%). Pro-
ceedings [P3| [P4], PhD thesis [210].

Léandre Giret, Université Paris-Saclay.
Numerical Analysis of a Non-Conforming Domain Decomposition for the Multigroup SPN Equa-
tions.| Director: Patrick Ciarlet (50%). Article [A2], proceedings [P35], PhD thesis [I63].

Work-study student

10/22-09/24

Paulin Dempowo-Fouelefack, ENSTA.
Méthodes numériques et développement de code CFD diphasique.
Co-instructor with Raksmy Nop and Pascal Omnes.

Gap year students

09/22-02/23

02/21-07/21

M2

04/25-09/25

04,/24-09/24

04/23-09/23

04,/22-09/22

04/20-11,/20

03/19-09/19

03/18-09/18

04/13-08/13

03/05-07/05

Sofiane Ezzehi, ENPC.
Approche semi-analytique pour un couplage simplifié thermohydraulique-neutronique.
Co-instructor with Olivier Lafitte and Frangois Madiot.

Albéric Lefort, ENSTA. Etude de la T-coercivité pour le probléme de Stokes.

students

Raphaél Lecoq, Sciences Sorbonne Université.
Estimateurs d’erreurs a posteriori pour les éléments finis de Galerkin discontinus.
Co-instructor with Andrew Peitavy.

Honorine Bertrand, Université de Reims Champagne-Ardennes.
Analyse numérique du schéma Pl — (PY+ P! + P%) du code TrioCFD.
Co-instructor with Pierre-Emmanuel Angeli. Submitted article [W1J.

Ali Ali Ahmad, Université de Reims Champagne-Ardennes.
Etude des schémas de convection du code TrioCFD. Co-instructor with Pierre-Emmanuel Angeli.

Mayssa Mroueh, Université Versailles Saint-Quentin-en-Yvelines.
Etude de la T-coercitivité pour le probléme de Stokes discrétisé avec les éléments finis de Galerkine
discontinus. Co-instructor with Patrick Ciarlet.

Andrew Peitavy, Centrale Marseille. Méthode hybride d’ordre élevée pour I’équation de Stokes.

Loria Dray, Université Pierre et Marie Curie.
Schémas numérique a base de splines pour l’équation de Stokes.

Mahran Rihani, ENSTA Paris. Ftude d’un élément fini mizte d’ordre 2 et correction de la faible
conservation de la masse pour ’équation de Stokes.

Félix D. Kpadonou, Université Versailles Saint-Quentin-en-Yvelines.
Ftudes de méthodes de décomposition de domaine sur maillages non conformes.
Co-instructor with Patrick Ciarlet. Article [A6].

Mathieu Buard, Université du Maine.
Résolution des équations de Mazwell en 2D. Co-instructor with Patrick Ciarlet.
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M1 students

05/14-08/14 Hervé Avezedo-Chavez, Université Sorbonne Paris Nord.

Implémentation du GMRES pour la résolution de la méthode de décomposition de domaine du
solveur MINOS du code APOLLOS®.

03/09-07/09 France Boillod-Cerneux, Polytech Lille.
Utilisation de la bibliothéque PETSc dans le solveur MINOS du code APOLLOS®.
Co-instructor with Christophe Calvin.

2.3 Examiner

08/31/17 Examiner on the jury for Félix Kpadonou’s thesis [I81].

2014-2019 Examiner on the jury for the M2 AMS (Université Paris-Saclay).
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Chapter 3

Abstract of the contributions

As this manuscript concerns my research work, let’s first check what a famous Al language model
says about me: FErell Jamelot is a research engineer affiliated with the Université Paris-Saclay and
the CEA (French Alternative Energies and Atomic Energy Commission). Her work focuses on applied
mathematics and numerical analysis, with expertise in the finite element method, computational physics,
and mathematical modeling of physical systems. She has contributed to research on problems such as
Mazwell equations, and numerical methods for fluid mechanics and neutron transport equation. That’s
quite right, as I'll explain in detail (without the AI).

I defended my PhD thesis in November 2005, on Continuous Galerkin methods for solving Mazwell’s
equations (cf. manuscript [B2], article [A8] and proceedings [P1]). During my PhD, I developed a
vector finite element code, implementing different vector continuous finite elements: the singular com-
plement method in 2D [I73] [I57], the method with natural boundary conditions [91] and the weighted
regularization method in 2D and 3D [116].

In January 2006, I started working at Dassault Systémes, where I took part in the development of the
well-known CAD software, CATIA. As I wanted to take part in a subject closer to physics, in January
2008, I joined the Phasics start-up, where I developed algorithms for adaptive optics. However, while I
held these two positions, I wasn’t doing research, and I missed it. That’s what led me to apply to the
CEA, whose motto is From Research to Industrﬂ Since then I've tried to follow this motto, collaborating
with academic researchers, including: Patrick Ciarlet, Olivier Lafitte, Eric Chénier and CEA colleagues,
including: Frangois Madiot, Christophe Le Potier, Pascal Omnes, Pierre-Emmanuel Angeli, with the aim
of improving the performance of CEA’s industrial codes. Last, since 2022, I started a collaboration with
Stefan Sauter on nonconforming finite elements.

I was recruited in October 2008 at the Reactors studies and Applied Mathematics Department
(SERMAED. There, I took part in the development of finite element methods to solve the neutron
transport equation in the APOLLO3® codeﬂ (cf. articles [A12] [A2] [A6, [A11] [AI0] and proceedings
[P5, [P10L [P6l [P8]). Since then, I co-supervised the PhD thesis of Léandre Giret [I63]. From June 2015,
I started collaborating with Olivier Lafitte on a simplified thermal-hydraulics and neutronic coupling
(cf. article [A7] and proceedings [P2]), which led me, two years later, to join the Thermohydraulics and
Fluid Mechanics department (STMFEI).

Since April 2017, my research has focused mainly on the spatial discretization of the Navier-Stokes
equations and the Stokes problem, in order to enhance capabilities of CEA’s open source computational
fluid dynamics (CFD) code, called TrioCFD (articles [A5l [A9| [A13], proceedings [P3l [P4, P9, [P7]. I
co-supervised the PhD thesis of Andrew Peitavy [210]. Currently, 'm co-supervising the PhD thesis of

1 De la recherche a lindustrie.

2Service d’Etude des Réacteurs et de Mathématiques Appliquées.
3APOLLOS is a registered trademark in France.

4Service de Thermohydraulique et de Mécanique des Fluides.
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Mayssa Mroueh, who studies the discretization of Navier-Stokes equations with discontinuous Galerkin
finite elements (cf. proceedings [P9] and article [W2]). I started to co-supervive the PhD thesis of Paulin
Dempowo-Fouelefack on the modelisation and simulation of two phases flows.

Thus, I mainly studied three physical models: Maxwell’s equations, the neutron transport
equation and the Stokes problem. These models have some features in common: they are elliptical
problems. Moreover, they are posed in a mixed form, either because of a constraint (Maxwell’s equations
and Stokes problem), which leads to a saddle point problem, or to improve the discretization of the
gradient (the neutron simplified transport equation). Finally, for Maxwell’s equations and for the neutron
simplified transport equation, we are also interested in solving eigenproblems.

In this manuscript, for these three models, we will proceed in a similar way: we will study the
continuous, physical model, then, when possible, we will carry out the numerical analysis of the finite
element methods. Last, we may propose numerical algorithms. When relevant, we will use a recent
mathematical tool: the T-coercivity theory [95]. On the one hand, it can help proving well-
posedness of continuous or discrete problems (basic or discrete T-coercivity). On the other hand, it can
be used to demonstrate stabilization or preconditioning (explicit T-coercivity).

The manuscript is organized as follows: in Chapter 4, we gather the mathematical tools that we
need for the mixed formulations, T-coercivity and low-regular solutions. Chapters [Bl[7] are dedicated to
each of the three models. Last, in Chapter [§], we propose some perspectives. Some details are developed
in appendix [A] and [B] Below, we give precisions on Chapters

My thesis was followed by articles [All [A3], and I still work occasionally on Maxwell equations
to review articles or to answer questions from colleagues. This is the reason why recently, Patrick
Ciarlet proposed to collaborate on solving magnetostatic systems (cf. article [A4]). These articles are
summarized in Chapter [5| where we study three electromagnetism models: magnetostatic systems
in Sections 5.2 and [5.4} the electric eigenproblem in Section [5.5] and the propagation in a waveguide in

$.1

In the most recent article [Adl §5], we design a new variational formulation with the help of
T-coercivity, adapted to magnetostatic systems, as explained in Section [5.4.1}] This formulation can
be discretized with edge finite elements for which we carry out the numerical analysis.

In order to be able to solve Maxwell’s equations in a non-convex polyhedron with a continuous
and conforming discretization, one has to overcome a very difficult mathematical problem. It turns
out that the discretized spaces are always included in a closed, strict subspace (sometimes called the sub-
space of regular fields) of the space of all possible fields. In other words, one cannot hope to approximate
the part of the field, if it exists, which belongs to the orthogonal of this subspace. Several methods have
been devised to address this problem. In particular, one can use a weaker norm to measure the
divergence of the field: one replaces the L?-norm by a weighted L?-norm. This weighted approach,
introduced by Costabel and Dauge [I16, [117], leads again to a larger space for the fields, where the
density property is recovered.

We describe the weighted regularization method (WRM) in Section We study the resolu-
tion of magnetostatic systems [A4] §6] with the WRM in Section In Sections and we study
the electric eigenproblem [AI] and of the propagation in a waveguide [A3].

From the end of 2008 to March 2017, I worked at SERMA on the development of methods for solving
the neutron transport equation, used to simulate nuclear reactor cores. This work has given rise to
articles [A10l [AT11l [A6l [A2] [A12] and proceedings [P8| [P6l [P5], which are summarized in Chapter @

The coefficients of the elliptic operator are piecewise regular. Thus, the solution to the neutron trans-
port equation (called the neutron flux) may be of low-regularity. The steady state of a nuclear reactor
core is modelled by an eigenproblem, whose principal mode is the physical solution to the neutron
transport equation. The neutron transport equation depends on 7 variables (the time, the velocity of
the neutrons and the position), the approximation of which leads to different models, depending on how
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the direction of the velocity is discretized. In Section we describe our main model: the neutron
simplified transport equation (also called neutron S Py equations), which corresponds to a set of coupled
diffusion equations, and the neutron diffusion equation.

Pressurized water reactors have a Cartesian geometry, therefore, it is interesting to discretize the
model with Cartesian Raviart-Thomas-Nédélec (RTN) finite elements. In Sections and
we carry out the numerical analysis of the neutron diffusion source problem, and eigenproblem discretized
with RTN finite elements.

To take advantage of new computer architectures and speed up calculations, we need to work on
parallel methods. Thus, we are interested in domain decomposition methods (DDM) to solve the
simplified neutron transport equations, discretized with RTN finite elements [213] 204]. In Section
we introduce DDM and related notations. In Section [6.5 we give details on the Schwarz DDM with
optimised Robin boundary conditions, cf. articles [A11l[A10], proceedings [P5,[P6] and lecture notes
[BIl chap. 3]. This method is efficient, but it cannot handle nonconforming meshes. For this reason, we
also studied nonconforming DDM with Lagrange multipliers (or joints), as explained in Section
In order to carry out the numerical analysis for low-regular solutions, we make use of vector-valued
functions with L?-jumps of normal traces on the interface between subdomains that we called
the DD+ L2-jumps method cf. article [A6]. This research led me to supervise Léandre Giret’s PhD
thesis [163], cf. article [A2] and proceedings [P5].

Discontinuous Galerkin finite element method (DGFEM) was first designed to solve the neutron
transport equation [215] [192]. Then, this method was adapted to elliptic problems. The diffusion
equation can also be used as preconditioner to solve the transport equation. In Section [6.7 we study
the discretization of the simplified neutron transport equations, with the so-called symmetric interior
penalty method [A12].

Last, in Section [6.8] we study a simple neutronics and thermal-hydraulics coupling cf. article
[A’7], proceedings [P2]. We obtain an analytic solution of a monodimensional stationary system coupling
simplified thermal-hydraulics and neutronic models based on the diffusion approximation with one en-
ergy group. In principle, the procedure we propose could be used to validate other coupling strategies
used for more realistic models.

In Chapter [7} we discuss recent work on fluid mechanics, done at the STMF since April 2017. We
present the Navier-Stokes equations and the Stokes problem in Section From a numerical analysis
point of view, the study of the Stokes problem represents an essential step in constructing a good spatial
discretization for the Navier-Stokes equations, and we concentrate on this problem. In Section [7.2] we
study the well-posedness of Stokes problem with the help of T-coercivity. Next, in Section [7.3]
we introduce useful discrete notations. In TrioCFD code, the spatial discretization of the Navier-Stokes
equations is based on the nonconforming linear finite elements PL_ for the fluid velocity. Hence, we
study in details nonconforming finite elements. In Section we study P+l x P* discretization in
the light of the discrete T-coercivity. To do so, we need to exhibit a Fortin operator, that is
specified for k=1d =2 or 3 in and for k=2,d=21in cf. JA9, Sections 3.1 and 3.2]. We
give estimates of the stability constants in both cases. In we illustrate the importance of using a
divergence-free velocity on some numerical experiments, cf. [A9] §4].

In order to improve the accuracy of the P}

pressure, as it is done in the TrioCFD code, where the discrete pressure has a P° component plus a
Pl-Lagrange component. This leads to the so called PL, x (P° + P') scheme, which exhibits interesting
numerical features. However, only an incomplete proof of the stability is available in [I75, 153]. In
Section[7.5] we carry out the numerical analysis of the P} x (P’ + P') scheme, and we provide
some numerical illustrations cf. [P7, [W1].

x PY scheme, one can enrich the space of the discrete

My research on nonconforming finite elements led me to supervise Andrew Peitavy’s PhD thesis [210].
In order to improve the accuracy of the PL_ x P° scheme without increasing the number of degrees of
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freedom, we can use the symmetric Multipoints Flux Approximation scheme to discretize the
pressure gradient, cf. proceedings [P3| [P4]. We give details of this discretization in Section

In Section [7.7] using the T-coercivity theory, we propose a new variational formulation of
the Stokes problem which doesn’t involve nonlocal operators. With this new formulation, unstable
finite element pairs are stabilized. In addition, the numerical scheme is easy to implement, and a
better approximation of the velocity and the pressure is observed numerically when the viscosity is small
cf. JAS].

Finally, in Chapter [8] we propose some extensions of this work.
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Contributions
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Chapter 4

Mathematical tools

In this Chapter, we introduce some useful mathematical tools. Throughout this manuscript, C' is used
to denote a generic positive constant which is independent of the mesh size, the triangulation and the
quantities/fields of interest. We also use the shorthand notation A < B for the inequality A < CB,
where A and B are two scalar quantities, and C' is a generic constant. Respectively, A <~ B for the
inequalities A < B and B < A.

Vector-valued (resp. tensor-valued) function spaces are written in boldface character (resp. black-
board bold characters).

We call O a domain of R? (d = 1,2,3) iff O is a subset of R?, open, bounded, connected, with a
Lipschitz boundary 0O. For the ease of exposition and as far as discretization is concerned, we assume
that O is a Lipschitz polyhedron. We denote by n the unit normal vector from 00O. We generically

consider I' C 90O a subset of 9O of non-vanishing measure, with Lipschitz boundary dT'. Finally, C>°(O)
is the restriction to O of C*°(R?) functions.

In Section we define the main functional spaces that we need. We have to treat boundary
conditions or interface conditions, so we give the trace theorems that we will use in Section In
Section we remind that there exists a (nonlocal) right inverse of the divergence operator. We
provide regularity properties of solutions to elliptic problems in case of heterogeneous material and or
non convex domain in Section In Section (4.5 we summarize numerical analysis tools for mixed
problems. We recall T-coercivity theory as written in [92, 85] in the case of complex-valued functions in
Section Finally, in Section [f.7} we define some common notations for the discretization.

4.1 Continuous settings

We recall that the functional space LP(Q) contains classes of functions f measurable in the Lebesgue
sense on O, and such that

1/p
it1<p<oos Wlwoy={ [ 117} <o
ifp=o0: | fllo= (o) := esssupyepl f(x)] < oo
These functions are assumed to be real—value(ﬂ For p € [1, 0], LP(O) is a Banach space endowed with

the norm || - ||rr(0). And, for 1 < p < oo, LP(0) is separable. Finally, for p € [1,00], W'?(0) :=
{ve LP(O) : dw e LP(O), 1 <i<d} is a Banach space endowed with the product norm.

We define the following functional spaces on O, which are Hilbert spaces endowed with their associated
scalar product:

1In case they’re complex-valued, we take into account the conjugation.
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. 12(0), (u,v)Lz(O)z/ouv, L2 (0) = {ueL2(0)| /Ou=o};

L2(0) := L?(0)4, (P, 9)L2(0) = /Op - q.

o HY(O):={veL*(0) : gve L*(0), 1<i<d}={vel*0) : VveL*0)},
d

(u,v) 510y = (u,v) 2(0) + Z(aﬂb, 0iv)r2(0) = (U, v) 20y + (Vu, V)20,

i=1

form >2: H™(O) :={ve L*(0) : gv e H"1(0), 1 <i<d},
d

(1, 0) g (0) = (0,0) 22(0) + Y _ (031, 00) g1 (0

i=1
for s € RT\N: we let s = m+ 0, m € Nand o €]0,1] and we define H*(O) by interpolation
between H™(O) and H™+1(0), with the convention H°(O) = L*(O);
for s > 0: HE(O) is defined as the closure of D(O) in H*(O);

for s > 0, C*°(0O) is dense in H*(O).

o H(div,0) := {q € L*(0) : divg € L*(0)}, (P, d)n(aiv,0) = (P, d)r2(0) + (divp, diva) r2(0) ;
Hy(div, O) is defined as the closure of D(O) in H(div, Q) ; C>=(0)% is dense in H(div, O).

o H(Curla O) = {q € LZ(O) : CllI‘lq € Lz(O)}7 (pv q)H(curl,O) = (pv q)L2(0)+(cur1 P, curl q)L2(O) ;
Hy(curl, O) is defined as the closure of D(O) in H(curl, O);
C>(0)? is dense in H(curl, O).

As O is a domain of R?, we can define its unit outward normal n a.e. on the boudary 00, and we have
n € L*°(90). For a part I' C 90, we define the following functional spaces, which are Hilbert spaces
endowed with their associated scalar product:

o L2(I):= {M measurable on T : /|M2<+oo}, (M7M/)L2(F)=/MM/-
r r
_ 2
o H¥(I)={pe LX) : / / M@o :
Iy JTy, Ix —yl

(u, NI)H1/2(I‘) _ (M7M/)L2(F) +/F /F (M(X) - M(T’X))(/;f;) — K (Y))

e For s = 1 or 3, we will need H3(I') = {ue Hz(I') : @€ H%(0O)}, where @ € L*(90O) is the
extension of u on all 9O, equal to 0 on O \ T.

The following strict inclusions hold: Hz2(I') € L2(T') C (Hz2()) and Hz(I') C L*I) C (Hz(I)).
Notice that if A € L2(I') and p € H2 (), it holds: (A, 1) yr1/2(py = [ Api.

4.2 Trace theorems

For u € C*(0) we denote by ur its trace on a subset I' C 9O.

4.2.1 Traces of H'(O) fonctions

Theorem 4.2.1. The trace mapping Yo : u — ujpo from C*(0) on 0O extends by continuity into
a continuous mapping from H'(O) onto L*(00): e > 0, Yu € H'(O), |yo(u)llr200) < cllullai(o)-
The trace mapping is surjective and continuous from H'(O) onto H%((?O):

3e >0, Yu € HY(O), |vo(Wluiz@0) < clullmo):
1
Je >0, Yp e H2(00), Fue H'(O) s.t. yo(u) = p and |[ul (o) < cllpllmrroo),
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where the u € H*(O) is called a lifting of p € Hz (00).

We have the identification: Hj(0) = {v e H(O) : vjpo = 0}.

We can also define a trace mapping on I, from H*(O) onto L?(I'), where the trace is denoted
by vp. The trace mapping is surjective from H'(O) onto Hz (). Let C2(0) = {v € C>*(0) :
v = 0 in a neighbourhood of I'}. Calling H} -(O) the closure of C°(O) in H'(O), we can prove that:
Hip(0) = {ve H(O) : vp=0}. In addition, the space of all traces on I' of g%\f(@) is dense in
L*(T). Finally, note that if v € H'(O) vanishes in a neighbourhood of 8T, then v € Hz(T).

Theorem 4.2.2. (Poincaré-Steklov inequality) Let O be a domain in R? and T' C OO a non empty
subset. Then
dCps > 0, Yv € H&F(O), ||UHL2(O) < Cpshol| VUHLZ(O).

Thanks to Theorem in H}(O), the semi-norm is equivalent to the natural norm, so that

the scalar product reads (v, w)p1(0) = (Vv, Vw)rz(o) and the norm is [|v] g0y = | Vv[|lL2(0). Let

v, w € H}(O). We denote by (v;)%, (resp. (w;)L,) the components of v (resp. w), and we set
Vv = (8;v)f;-; € L*(O) (where L*(0) = [L*(0)]"*%). We have:

1

d 2

d
(Vv, VW)L 0) = (V,W)Hi(0) = Z(vivwi)Hé(O) and [|v||g10) = (Z ||Ui||§{5(o)> = VvlLz(0).
i=1

i=1

4.2.2 Normal traces of H(div, O) functions

Theorem 4.2.3. The normal trace mapping 71 : q — v1(q) = q - njpe from C>®(0)? onto OO extends
by continuity into a continuous and surjective application of H(div, ©) in the dual space (Hz(0O))':

3¢>0, Ya e Hdv,0), [m(@ll 1 o, < laliivo:

36> 0, Yu € (HE(00)Y, 3a € H(div, 0) st. 71(a) = and a0y < ellill ) o

For the last point, the vector q € H(div, ©) is called a lifting of g € (Hz (90))’.
We have the identification:

Hy(div, 0) = {q € H(div,0) : q-njpo = 0} .

Let I" be a strict subset of 9O. For q € H(div, O), we know from Theorem that g-njpo € (H=(80))'.
However, in general q - n|p ¢ (Hz(I'))’, while we automatically have q - nr € (H=z(T)).

4.2.3 Tangential traces of H(curl, O) functions

Theorem 4.2.4. The tangential trace mapping yr : q = yr(q) = q X Ny from C>(0)? onto 00O
extends by continuity into a continuous and surjective application of H(curl, O) in the dual space
(Hz (00))'. In addition, the following characterization holds:

Hy(curl, O) = {q € H(curl,0) : gxnpp = 0} .
The space of the tangential traces of H(curl, O) functions is characterized in [74].

21



4.2.4 Integration by parts formulas

The following integration by parts formulas hold:

Vv € H}(0), Yq € H(div, 0), / (q-Vov+divqu) =0, (4.2.1)
o

Yv € HY(0), Yq € H(div, 0), / (@-Vov+divgu) = (q-n, v)gi/290)- (4.2.2)
o

If you want to "cut" the duality brackets in on I"and IV = 9O\ T two (strict) parts of JO, there
are two possibilities.

1 i) Either assume that the normal trace q - njpo is more regular than (Hz(00)Y, for instance
assume that q - njgp € L?(00). In that case, one can write that for all v € H*(O):

<Q'naU>H1/2(6O):/ q-nv=/q-nv+/ q-nv.
00 r 4

(4.2.2}ii) Either you must choose v € H!(O) vanishing in the neighbourhood of 9I' = 9T”. In that case,
v € Hz(I) and v € Hz(I"), and we can write that for all q € H(div, 0):

<q -n, U>H1/2(6(9) = <q ‘nr, U\F>ﬁ1/2(p) + <q "y, U|F’>ﬁ1/2(p/)-

We also recall the following integration formula:

Vv, € H(curl, 0), YVw € Hy(curl, 0), / (curlv-w —curlw-v) =0. (4.2.3)
o

4.3 Babuska-Aziz constant

In Chapter [7] we need to prove the well-posedness of Stokes problem, which rely on the proposition
below. Let Q be the domain of study. Let us set V = {v € H(Q) | divv = 0}. The vector space V is a
closed subset of H(2). We denote by V- the orthogonal of V in H}(Q). We have the

Proposition 4.3.1 ([8, Theorem 3.1 (e)]). The operator div : H}(Q) — L?(Q) is an isomorphism
of V* onto L%, (Q). We call Cyiy the constant such that:

Vpe L2, (), 3v e VE|divy =p and VIl ) < CaivllpllLz(0)- (4.3.1)

zmov

The constant Cg;, depends only on the domain €. Recall that we have: HV”%l(Q) = cur1v||i2(9) +
0
[ divv|72(q) = P72y, hence Caiy > 1. Using proposition we can define a lifting in H*(2) of a
function v € L?(€Q):

Corollary 4.3.1 ([A9], Corollary 41). For allv € L*(Q), it exists s € H' () such that:
divs = v and HS||L2(Q) + hQH VS||L2(Q) < Cq hQH’UHL2(Q), (432)
where the dimensionless constant Cq depends on Cgiy and Cpg.

Actually, the constant Cgiy is such that Cg, = 1/6(92) where (), known as the Babuska-Aziz
constant, is the inf-sup condition (or Ladyzhenskaya—-Babuska—Brezzi condition):

() = (q,divv)pe(q)

= inf sup . (4.3.3)
q€L2,,,(O\{0} veni @\ (o} l4llr2) VI @)

Generally, the value of 8(2) is not known explicitly. In [4I], Bernardi et al established results on the
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discrete approximation of 3(€Q) using conforming finite elements. Recently, Gallistl proposed in [154] a
numerical scheme with adaptive meshes for computing approximations to £(€2). In the case of d = 2,
Costabel and Dauge [I18] established the following bound:

Theorem 4.3.1. Let Q C R? be a domain contained in a ball of radius R, star-shaped with respect to a
concentric ball of radius p. Then

B(Q) > ﬁ (1 +4/1— g) > %. (4.3.4)

Let us detail the bound for some remarkable domains. If Q is a ball, 5(Q2) > % and if ) is a square,

B(Q) > ﬁ Suppose now that Q is stretched in some direction by a factor k, then 5(2) > ﬁ Finally,
if Q is L-shaped (resp. cross-shaped) such that L = k1, where L is the largest length and [ is the smallest

length of an edge, then 3(Q) > 2\/1% (resp. B(Q) > 7).

4.4 Regularity of elliptic solutions

4.4.1 Heterogeneous materials

In Chapter [5] we consider magnetostatic systems in heterogeneous material (Sections [5.2] and [5.4). In
Chapter [6] our numerical results concern the simulation of pressurized water reactor cores, which are
also modelled by heterogeneous material. In both cases, the numerical analysis must be carried out with
care, taking into account the low-regularity of the solutions.

We split the domain R C R? into Ng open disjoint parts {R;}icz,, where Zg = {1,..., Ng}, with
Lipschitz, piecewise smooth boundaries: R = U;ez, Ri and the set {R;}icz,, is called a partition of R.
For a field v defined over R, we shall use the notations v; = v|g,, for i € Ig.

Given a partition {R;}iez, of R, we introduce function spaces with piecewise regular elements:

PH*(R) = {veL*R)|v¥ic H(Ri),icIr}, s>0;
PH(div,R) = {qeL?*(R)|q, € H(div,R;), i€ Ir} ;
PWhe(R) = {¢ € L®(R)|[¢i e Wh™(R;), i€ Ir}.

We recall that for a piecewise smooth ¢ € PH*(R), ¥[34y = Xiczp ¥l (r,)- Similarly for
elements of PWH>®(R). Let R C R%, d € {2,3}. We split the boundary into three disjoint, open parts
such that: OR = I'p UTx UTR. Consider the generalized Laplacian problem:

Find w such that

—divkVu+qu = finTR,
ur, = gponlp, (4.4.1)
VU'H|FN = gn on FN,
Vu-nr, +aur, = gronlg.

We suppose that gp € H2(I'p), gn € L2(Cy) and gg € L*(T'R).
The coeflicients ¢, respectively k, are a scalar field, resp. a tensor field, such that:

(¢, k) € L*(R) x L>(R),
Jku, k% >0, Vz € R k. ||z||? < (kz,2) < K*[|2]|? ae. in R, (4.4.2)
dg. > 0,¢* >0, g« <q¢<qg"ae inR.

Proposition 1 of [A6], which is written in the case where I'p = 90, gp = 0, holds also for solution to

Problem (4.4.1)).
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Proposition 4.4.1 ([A6], Proposition 11). Let ¢ € PWH®(R), k € PWL°(R) a symmetric tensor

field, that fulfill . There exists rmax €]0, 1], called the regularity exponent, such that for all source

terms f € L?(R), the solution u € H'(R) to problem ([4.4.1)) belongs to the space PH T max(R) such that

PHrmax(R) = ﬂ PH(R) (rmax < 1) or PH?*(R) (rmax = 1) with continuous dependence:
0<r<rmax

for allr € [OarmaXL H‘M PHMT(R) Sr Hf||L2(R) (Tmax < 1) or ||¢H7’H2(R) S ||f||L2(72) (Tmax = 1)-

Proof. We refer to [119, Theorem 4.1], [55, Theorem 3.1] for homogeneous Dirichlet or Neuman boundary
conditions. Otherwise, one considers a lifting @ € H'(R) such that:

—divkVau+qgu = 0inR,
ur, = g¢gponlp,
Vi -nr, = gnyonly,
Vﬁ'H|FR+CM’L~L|FR = Jgr On FR.
Following [179], on has: @ € H?(R). O

Since cross-points are allowed in our model, cf. Figure and in accordance with [55], the low-
regularity case corresponds precisely to rmax < 1/2.

4.4.2 Non convex domains

In Chapter [5, we consider the electric eigenproblem and the wave propagation in non convex domains.
In Chapter [7} we also need to consider that the domain of the fluid may be non convex. In both cases,
once again, the numerical analysis must be carried out with care, taking into account the low-regularity
of the solutions.

Let us now recall a classical shift theorem in the domain 2. We call op;, €]0,1] the limit regularity
exponent for the Laplace problem with Dirichlet boundary condition

Find v € H}(Q) such that — Au= f in Q

with data f € L2(Q). According to [I79], we know that u € H2 (), with lull sz oy S I fll2(o) 5 hence
opir > 1/2. In addition, cf. [166] 124]:

e if Q is convex or if its boundary is of class C?, then u € H?(Q), with [[ul|g2() S [|f]z2(0), and in
this case opir = 1;
e if 2 is a non-convex polyhedron, then there exists op;- €]1/2,1[ such that
= V€ L3(Q), u€ HFPn(Q) 1= Nocyeop,, HT(Q);
— 3f € L?(Q) such that u ¢ H'Topir(Q);

— for each s €]0,0pi,[, one has ||ul| g1+s) Ss | fll2(0)-

We also recall the Birman-Solomyak decomposition, see [46, Theorem 4.1], also called the regular-gradient
splitting, see in [I76, Lemma 2.4]. Any element u € Hy(curl, 2) can be split as

U=+ Vg, in Q, with u.., € H'(Q), q, € H} (), and

(4.4.3)
||ureyHH1(Q) + ||CIu||H1(Q) < HUHH(curl,Q)~

Then, if one changes the Dirichlet boundary condition to a Neumann boundary condition, one has similar
results.

We refer to [I15] for domains with cracks.
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4.5 Discretization and convergence results for mixed problems

In Chapter |5, we will consider a mixed variational formulation for the electric eigenproblem, cf. Section
and for the propagation in a waveguide, cf. Section the divergence constraint is taken into
account with a Lagrange multiplier.

In Chapter [7, we will study Stokes problem, which is a also posed in a mixed variational formulation.
The pressure of the fluid plays the role of a Lagrange multiplier on the divergence constraint.

4.5.1 Continuous mixed problems

We recall here the general theory (see [51]), which allows us to prove convergence results, for eigenvalue
problems set in a mixed variational framework. So, consider

e V and @ two Hilbert spaces, with norms | - ||y and || - ||g;
e a(-,-) a bilinear form, continuous, symmetric, positive, semidefinite form on V' x V;
e b(-,-) a bilinear form, continuous form on V' x @Q;

e (f,g) an element of V' x Q.
Introduce the abstract mixed variational problem:

Find (u,p) € V x @Q such that

a(u,v) + b(v, p) (f,v) Yo eV, (4.5.1)
bv,p) = (9,9)  Vge€Q.
For this problem, we make two assumptions:
inf-sup condition: 36 > 0 such that
b
inf  sup 0D 5 (4.5.2)

9€Q\{0} vevrfoy lvllv llalle =
coercivity on the kernel: 3o > 0 such that
Yo €K, a(v,v) > allv]|}, where K = {v € V |Vq € Q, b(v,q) = 0}. (4.5.3)

Theorem 4.5.1 (Babuska-Brezzi, [I61,[50]). Assume that (4.5.2) and (4.5.3) are fulfilled. There exists
one, and only one, solution (u,p) to the mized variational problem (4.5.1), which depends continuously
on the data (f,g).

Note that if (4.5.2) and (4.5.3) hold, we can introduce the continuous and linear mapping A from V to
V, such that Af is the first element (called u above) of the unique solution to problem (4.5.1]), with data
(f,0). Since a is symmetric, A is self-adjoint.

4.5.2 Conforming discretization

Then, one can consider the conforming discretization of (4.5.1). To that aim, let V}, and @}, be two finite
dimensional subspaces of V' and @ respectively, and introduce the discrete mixed variational problem:

Find (up,pn) € Vi, x Qp such that
a(uh, Uh) + b(vh,ph) = <f7 ’Uh> Yo, € Vi, . (4.5.4)
b(vn,pr) = (9,qn) Van € Qn
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For this discrete problem, we make two assumptions:

discrete inf-sup condition: Yh > 0, 36(h) > 0 such that

b
in sup _blon,an) > B(h). (4.5.5)
9 €Q\{0} v, evi\ 0} lvnllv llanllq

coercivity on the discrete kernel: Ja > 0 such that

Vo € Ky, a(vp,vp) > oz||vh||%,, where K, = {v, € V}, |Vaqn € Qp, b(vn, qn) = 0}. (4.5.6)

Theorem 4.5.2 (Babuska-Brezzi, [161] 50]). Assume that (4.5.2), (4.5.3), (4.5.5) and (4.5.6) are
fulfilled. There exists one, and only one, solution (up,pp) to the discrete mized variational problem
(4.5.4), with the error estimate below:

1
ol — < I - i - .
AC > 0 such that: |Ju —uplly < C { <1 + B0 v;}lgfh llu —onllv + thggh lp qh|Q> }

4.5.3 Resolution algorithm

Let N, = dim(V}), N, = dim (Qy), A, € RN«XNu he the matrix related to the bilinear a(-,-) and
B, € RV»*Nu be the matrix related to the bilinear b(-,-). Let (U, p) € RN« x R™» represent (up, pp).
Problem (4.5.4) corresponds to solving the following saddle point system:

Find (U, P) € RN« x RN» such that
Au Q + (Bp,u)TB =
IBép,u Q =

(4.5.7)

I I~

Let us set K, = B, (A,) "1 (B,..)T. The matrix K, € RY» x RV is a symmetric matrix, furthermore
it is positive definite as soon as the kernel of (B, )7 is reduced to {0}. When it is the case, the coupled
problem (4.5.7) can be solved using the three + one steps below (the fourth step being straightforward):

Prediction: Solve in U, such that A, U, = F.

Constraint solver: Solve in P such that K, P =B, ,U, —G. (4.5.8)
Correction: Solve in §U such that A, 6U = —(B,,.,)" P. o
Update: U=456U+U,.

We can use the Cholesky factorization (computed once and for all) to solve linear systems with matrix
A,. One can check easily that the above computed solution (U, P) solves . The constraint solver
with matrix K, is based on the Uzawa algorithm, which is the conjugate gradient algorithm in the context
of the saddle point problem. It can be preconditioned by the inverse of the matrix M, associated to the
norm in @y, (see e.g. [205, Lemma 5.9]). Thanks to the uniform discrete inf-sup condition, the number
of iterations of the conjugate gradient algorithm is independent of the mesh size.

We will use this algorithm in Chapter [f] §5.6.3 to solve a problem of propagation in a waveguide;
and Chapter [7] to solve Stokes problem.

4.5.4 The first eigenproblem

Suppose that g = 0. Assume that (4.5.2)), (4.5.3), (4.5.5) and (4.5.6) hold. For a given h, we can also
introduce the discrete, continuous and linear mapping Ty, from V to V', such that Ty f is the first element
of the unique solution to problem , with data (f,0). We then consider the eigenproblem, set in a
mixed variational framework. We need a third Hilbert space, called L, such that V' C L algebraically
and topologically, and moreover V is a dense subset of L. The scalar product of L and its norm are
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respectively denoted by (-,-)r and || - ||r. Hereafter, we identify L’ with L. The eigenproblem to be

solved reads:
Find (u,p,A) € V x @ x R such that

a(u,v) +b(v,p) = Au,v)p YveV, (4.5.9)
blu,q) = 0 Vg€ Q.

Note that, according to the definition of the operator T, problem (4.5.9) can be rewritten equivalently
ATu = u, where T is considered from L to V. For this eigenproblem, we make one additional assumption:

The operator T : L — V is compact (and nonnegative). (4.5.10)

The discrete approximation of problem (4.5.9)) is:
Find (up,pr, An) € Vi X Qr X R such that:

{ a(un,vn) +b(vh,pn) = An(un,vn)r Yo € Vi, (4.5.11)

b(un,qn) = 0 Van € Qn.

The discrete eigenproblem can be rewritten equivalently A\ Tpup = up. So, to establish the convergence
of the solution of the discrete eigenproblem towards the solution of the exact eigenproblem, one has to
prove that
T-T
lim sup LT Tw)fllv

= 0. 4.5.12
i, Sup = (4.5.12)

Indeed, this uniform convergence in L£(L,V) implies convergence of eigenvectors and eigenvalues, for
T self-adjoint and compact [I8]. Moreover, the (uniform) rate of convergence on the eigenvectors and
eigenvalues is bounded by the rate of convergence in . From [51], we introduce sufficient conditions
that ensure . A few additional definitions are needed, before these conditions are stated. Let Sy
denote the subspace of V' x @), made of solutions to problem with right-hand sides (f,0), where
f € L. Then, consider

Vo={veV:3geQst (v,9) €Sp}, and Qo ={g€Q: FveVst. (v,q) € Sp}. (4.5.13)

These two spaces are endowed with their natural norms, that is ||v||y, (resp. |lgllg, ) is equal to || f|lz
(resp. ||f]|z), with f such that (f,0) is the right-hand side of (4.5.1)) with solution (v, ¢f) (resp. solution
(vt,q)). The first condition is the weak approximability of Qo.

Definition 4.5.1. The weak approximability of Qg is verified provided there exists r; : Rt — RT, such
that limj,_,o+ 71 (h) = 0 and

b(vp,
sup M < Tl(h)quHQm qu S Qo. (4514)
vp €K, ||UhHV

Inequality (4.5.14) actually corresponds to an appoximability property, since one has b(vp, qn) = 0,
VYqn € Qp and Vv, € Ky,

The second condition is the strong approximability of Vj.

Definition 4.5.2. The strong approximability of Vj is verified provided there exists ro : Rt — R*, such
that limy,_.q+ r2(h) = 0 and

Yo € Vo, ElUOJKh € Ky, s.t. ||UQ — UO,K;LHV < T2(h)||1}0HVO. (4.5.15)

We note that according to Theorem [£.5.2] provided the weak approximability is fulfilled, it is sufficient

that . I |
. . Vo — Unl|lv
lim sup inf () } =0,
h—0% {B(h) vo €V VhEVR ”vO”Vo
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to ensure the strong approximability. Indeed, the solution to the discrete mixed problem with g = 0
automatically belongs to the discrete kernel Kj, and, as such, it can play the role of vy, in (4.5.15).
Then, the following convergence result holds [51]:

Theorem 4.5.3. Assume that T is a self-adjoint compact operator from L to V (cf. Assumption
). Assume moreover that the weak approximability of Qq , the strong approximability of
Vo and the coercivity on the discrete kernel (A2h) are fulfilled. Then, there exists r3 : RT — RT
such that limy,_,o+ r3(h) = 0 and

(T =T fllv

g, = e (4.5.16)

P’f’OOf. According to [5I], the result is true with rg(h) = (1 + ”‘;Z,H) ro(h) + ﬁrl(h). o

Once the convergence in operator norm is established, one can obtain error bounds on the eigenvalues
and eigenspaces, thanks to techniques & la Babuska-Osborn (see [I8| 48]). Let A be an eigenvalue, and
E\ be the eigenspace associated to it. Let \; be the average of the discrete eigenvalues converging to A,
and E), the sum of the discrete eigenspaces associated to A,. One wants to measure the error |A — Ap|.
As far as the eigenspaces are concerned, one wants to bound the gap between them. It can be defined
mathematically as follows: given V; and V5 two subspaces of V, introduce

0(V1, Vo) = max(6(Vy, Vo), 8(Va, V1)) where §(V4,V2) = sup 125 [lv1 — va|v-
vy €V U2EV2
loillv =1

We can prove the

Theorem 4.5.4. There exists C > 0 such that

A= An| < Cex(h)? and §(Ey, Ey,) < Cex(h), (4.5.17)
with the approximation error
ex(h) = sup inf |jv—wp|v. (4.5.18)
v e Ey VR EVh
llollv =1

4.6 T-coercivity

We refer to [60},[95] for details on the study of variational formulations in Hilbert spaces using T-coercivity.
Consider first the variational problem, where V and W are two Hilbert spaces and f € W':

Find u € V such that Vv € W, a(u,v) = (f,v)w. (4.6.1)

Classically, we know that Problem is well-posed if a(-,-) satisfies the stability and the solvability
conditions of the so-called Banach—Nedas—Babuska (BNB) Theorem (see e.g. [148, thm 25.9]). For
some models, one can also prove the well-posedness using the T-coercivity theory. Whereas the BNB
Theorem relies on an abstract inf-sup condition, T-coercivity uses explicit inf-sup operators. We refer
for instance to [61], 203] 57, [85] B8] 6] for problems with sign-changing coeflicients, to [76} [73] 241] for
integral equations, to [59] for interior transmission problems, to [176], [72, [92] 177, [171] for Helmholtz-like
problems, to [A11][A6, [163] for the neutron diffusion equation, and to [A4] for the magnetostatic problem.

Definition 4.6.1 (basic T-coercivity). Let V and W be two Hilbert spaces and a(-,-) be a continuous
and bilinear form over V.x W. It is T-coercive if

3T € L(V,W), bijective, Iar >0, Yv € V, |a(v, Tv)| > ar||v|?. (4.6.2)
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It is proved in [92] B5] that the T-coercivity condition is equivalent to the stability and solvability
conditions of the BNB Theorem. Whereas the BNB Theorem relies on an abstract inf-sup condition,
T-coercivity uses explicit inf-sup operators, both at the continuous and discrete levels.

Theorem 4.6.1 (well-posedness [92], [851). Let a(-,-) be a continuous bilinear form on V- x W. The
problem (4.6.1)) is well-posed if, and only if, the form a(-,-) is T-coercive in the sense of definition|4.6.1}

T
Let us set [T = sup LIV gonce we have: a(u,v) > ﬁnwnv o]l

vev{oy [[vllv
We recover the first Banach-Necas—Babugka condition [I48, Theorem 25.9, (BNB1)].

Thus, the basic T-coercivity gives an overestimate of the stability constant « given below:

or . a(u',v)

—— >a:= inf sup  ——————. (4.6.3)
[l veV\{0} wevifoy lw/llv [lvllv

We can now use T-coercivity to build a continuous and coercive bilinear form:

Theorem 4.6.2 (explicit T-coercivity). Let a(-,-) be a continuous and bilinear form over V.x W.
Suppose that the form a(-,-) is T-coercive with T € L(V,W). Then the bilinear form ar : V. x W such
that for all (u,v) € VW, ar(u,v) = a(u, T(v)) is continuous and coercive. The variational formulation

(4.6.1) is equivalent to:

Find uw € V such that Vv € V, ar(u,v) = {f,T(v))w. (4.6.4)

Consider now a discretization of problem (4.6.1). We introduce (V},), and (W3)), two sequences of
finite-dimensional vector spaces, with V;, C V and W;, € W for all h (conforming approximation); we
provide V}, with the norm || - ||y, respectively Wj, C W with the norm || - ||. We suppose that dim V}, =
dim W}, By convention, the parameter h takes strictly positive values, and we have limp_,o(dim (V3,)) =
400, with the approximability property recalled below.

Definition 4.6.2 (approximability property, [60, Definition 3.61). The family (V},); satisfies
the approximability property if and only if

IV* C V dense, Vh, Iry, : V* — Vi, such that Yv € V*, }llin}) lv = rpvlly = 0.
—

The discretization of problem (4.6.1]) reads:
Find up, € V3, such that Yo, € Wh,, ap(up,vn) = (fr,0n)v, (4.6.5)

where ap(-,-) and fi(-) may differ from a(-, )y, xw, and fa(-)|w,. We state a discrete T-coercivity
condition.

Definition 4.6.3 (discrete T-coercivity). The family of bilinear forms (ap)n is uniformly Tp-
coercive if and only if

oy, 3By, Yh > 0, 3Ty € LV, Wr), 1Tl < Bt and Yop, € Vi, lan(vn, Tr(v)| > allvpll3, -

We now establish the equivalence between the uniform discrete inf-sup condition, and the uniform
T),-coercivity of the forms (ap)p.

Theorem 4.6.3 (discrete T-coercivity). Let be a family (ap)p of bilinear forms, continuous and
uniformly bounded. The three assertions below are equivalent:

(i) The discrete problems (4.6.5)) are well-posed for any h.

(i) The family of bilinear forms (ap)p satisfy a uniformly discrete inf-sup condition.
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(iii) The family of bilinear forms (ap)p is uniformly Ty -coercive.
The two key ideas initially developped in [85] are:

1. To discretize the variational formulation with (bijective) operator T' cf. Problem (4.6.4)).

2. To use the knowledge on operator T to derive the discrete operators (7).

We can then use T-coercivity as an approximation tool. Given h > 0, let N = dim(V}). Problem
is equivalent to:
Find U € CN s. t. (AU|W) = (FIW)VYW € CN,  or:
{ Find U € CV s. t. AU = F.

Using T associated with T', Problem (4.6.5)) is equivalent to:

Find U € CV s. t. (AU|TV) = (F|TV)¥V € C¥,  or:
Find U € CV s. t. T*AU = T*F.

According to the uniform T}j-coercivity assumption
vV e, |(T*AV|V)| > a;(MV|V).

Samely, one can use T associated with T} (+,-) for the approximation of (4.6.4)).

4.7 Discretization notations

The domain {2 is triangulated by a shape regular family of meshes (73 )5, made up of L (closed) simplices

Ky, £ € I :={1,...,L}. Denoting by h, the diameter of K,, each mesh is indexed by the meshsize

h = maxy hy. We denote by p, the diameter of the largest ball inscribed in Ky, and we let: o, = %.

When the (73)p, is a shape-regular triangulation sequence (see a.e. [I47, def. 11.2]), it exists a constant

o > 1, called the shape regularity parameter, such that for all h, for all £ € Tk, o, < 0. We denote by

Tr denotes the index set of the faces, such that Fj, := U Fy is the set of faces. Let Zp = I}; U I%,
fE€ZIF

where Vf € Ty, Fy € Q and Vf € Ih, Fy € Q. For all £ € Ty, we set T = {f € 0V | Fy € K;}. We

denote by Zg the index set of the vertices, such that (S;);eczy is the set of vertices. Let g = T4 U T3,

where Vj € T4, S; €0 and Vj € I4, S; € 0. Let introduce spaces of piecewise regular elements:

We set Py H' = {v e L*(Q); Vle Ik, vk, € H(K;)} and P,H = [P, H']".

We set PH(div) = {v € L*(Q); /€ I, v|i, € H(div; K¢)}.

We define the element-wise operator Vj, V}; and divy,.

Let v € P,H'. We define the jump of v through the facets. Let f € Z& (resp. f € Z%) such that

F; = 0K, NO0Ky (resp. Fy C 0K;) and ny = ny,. The jump and the average are defined by:

1
[v]f :==vfe—vpe (vesp. [v]f = vy :=wvyy) and {v}; = 3 (vie +vpe) (vesp. {v}y =v5:=vy5y)
For all D C R4, k > 0, P¥(D) is the set of order k polynomials on D, P¥(D) = (P*(D))?, and:

Vk >0, Pk (T) = {q€L?*(Q); VeI, qr, €PK)}.
Vk>0, PHTn) = CUQ)NPE.(Th).

We call my the L%-projection onto PY,_ (T5): for all ¢ € L?(Q), mo(q) = Z q,1k,. We use the notation
0eTk

POTh) for Piee(Th)-
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Chapter 5
Electromagnetism

The work presented in this Chapter concerns articles [A4] [A1l [A3], referenced below:

[Ad] |Variational methods for solving numerically magnetostatic systems,
P. Ciarlet Jr., E. Jamelot, Advances in Computational Mathematics 50, 5, 2024.

[Ad] |Solving electromagnetic eigenvalue problems in polyhedral domains with nodal finite elements,
A. Buffa, P. Ciarlet Jr., E. Jamelot, Numerische Mathematik, 113, 4, pp. 497-518, 2009.

[A3] |Continuous Galerkin methods for solving the time-dependent Mazwell equations in 3D geometries,
P. Ciarlet Jr., E. Jamelot, Journal of Computational Physics 226, 1, pp. 1122-1135, 2007.

This Chapter is organized as follow: we give details on Maxwell’s equations and three different models
in Section [5.1l Then in Section [5.2] we propose to solve the magnetostatic system using a mixed
formulation obtained with the help of T-coercivity and discretized with edge finite elements [A4] §5].
To use continuous vector finite elements, we can rely on the so called Weighted Regularization Method
(WRM) [II6] that we recall in Section §5.3] Then, in Section we study an augmented variational
formulation obtained with the WRM [A4] §6]. We apply again the WRM, first to the electric eigenvalue
problem [A]] in Section and second to the propagation of the electric field in a waveguide [A3] in
Section .6

5.1 Maxwell’s equations

In this Section, we refer to [I6] for more precision. Let  C R? be the domain of study, that we will
suppose to be a Lipschitz polyhedron. In the case of a cracked domain, the electromagnetic fields have
a singular behavior near the crack tip. Discretization should be handled with care, as explained in [191]
where the discretization of time-harmonic Maxwell equations is done using X-FEM for 2D edge elements.
See also [220] for the analysis of eddy current.

The propagation of the electromagnetic fields in continuum media is described using the following
vector real-valued functions defined in the space time R x : the electric field E, the magnetic induction
B, the magnetic field H and the electric displacement D, which are governed by Ampére’s law, Faraday’s
law, Gauss’ law and the absence of magnetic monopoles. They are two sources terms: the electrostatic
charge density o € R and the current density J € R3. The differential Maxwell’s equations read:

D —curlH = -J (Ampeére’s law), (5.1.1)
B+ curlE = 0 (Faraday’s law), (5.1.2)
divD = p (Gauss’ law), (5.1.3)
divB = 0 (absence of magnetic monopoles). (5.1.4)
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The differential charge conservation equation can be expressed as:
divJ 4+ 0,0 = 0. (5.1.5)
Moreover, the behavior of the fields across an interface X is such that:

[Dn}z =0x, [Bn]E :07
[n x E]y, =0, [nxH]=js.

The data oy, and jy are the idealized surface charge density and the idealized surface current density
such that oy, = pdx. Let divy be the surface divergence operator. Equation (5.1.5) yields:

Oros + dngjE —+ [J . n|2] =0.

The system must be closed by adding constitutive relations relating D and B to E and H. We suppose
that the medium is perfect, that is, non-dispersive and anisotropic, or inhomogeneous, that is perfect
and isotropic. In a perfect medium, the constitutive relations read as, for all (¢,x) € R x Q:

D(t,x) = (x)E(t,x) and B(t,x) = p(x)H(t,x),

where the constitutive parameters are the tensor functions ¢ € R3*3 and JOS R3*3 which depend on the

space variable x. Equations (|5.1.3))—(5.1.4]) read:

eOE—curly™'B = —J (Ampére’s law), (5.1.8)
B+ curlE = 0 (Faraday’s law), (5.1.9)
diveE = p (Gauss’ law), (5.1.10)

divB = 0 (absence of magnetic monopoles). (5.1.11)

For inhomogeneous medium, the constitutive parameters are scalar functions: € € R is called the
electric permittivity and p € R is called the magnetic permeability. When the medium is homogeneous,
€ and p are constant numbers. Last, in a conducting medium, the current density J and the electric field
E are governed by Ohm’s law: J = ¢E, where o € R3 x R3 is the tensor of conductivity which depends
on the space variable x.

Let us detail the three models we will consider.

5.1.1 Magnetostatic systems

The domain Q can be simply connected or not [I68]. This property is mathematically characterized
by the value of the first Betti number, £1(Q): if 51(2) = 0, the domain {2 is simply connected and, if
B1(€2) > 0, it is non-simply connected. This means that we assume that one of the two conditions below
holds:

e (31(Q) = 0 for all vector fields v € C°(Q) such that curlv = 0 in Q, there exists p € C1(Q) such
that v = Vp in Q’;

e (31(Q) > 0 ’there exist I = B1()) non-intersecting, piecewise plane manifolds (Ej)§:1, called cuts,

with boundaries 0%; C 0X), such that, if one introduces the connected set 0=0Q \ Ule >, for all
vector fields v € CO(Q) such that curlv = 0 in Q, there exists p € C'(Q) such that v = Vp in Q.

Given v € L2(Q) (resp. v € L2(Q)), we denote by ¥ (resp. ¥) its continuation to L2(Q) (resp. L2(Q)).

The boundary 95 is split into K + 1 maximal connected components (I'y)X_, where K = (35(1) is
the second Betti number. We denote by I'y the boundary of the unbounded component of R? \ Q.
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Given ¢ € L>®(9), we use the notation &y = [|{]|L (). We say that £ € L?(Q2) is piecewise smooth
if there exists a partition'| (25); of Q so that §os € Wee(€5) for p € {1,...,P}. In this case, the
partition is called compatible (with respect to £). Finally, for s > 0, we introduce (cf. notations of
ILT):

PH*(Q) = {f € L*() such that foe € H*(Q}), ¥p € {1,..., P}}.

Neglecting the time-variation of the electric displacement, one finds that the magnetic induction
B € L?(Q) is governed by the so-called magnetostatic system of equations. We refer to [63, chap. 6]
or |35 chap. 3] for its definition. See also [40, 36}, 236, 37 [38, 120] and References therein for related

models.
Find B € L?(Q) such that

curl(p™'B) = JinQ
divB = 0inQ . (5.1.12)
B-n = 0ond0
<B'nal>H1/2(Ei) = ¢, VZG{L,I}

Above, the pair of data (J, (¢;)1_,) is: J € L2(Q2) the electric current density in ; the numbers (¢;)f_;
are related to current intensities flowing through some ad hoc exterior surfaces, see [35] §3.6]. It is also
possible to use a formulation with the magnetic field H = ;!B as the main unknown. Because of the
first equation, written J = curl H with H € H(curl, ), we note that J € H(div;Q) with divJ =0 in
Q. Also, one may check that (J-n,1)gi/2r,) =0, for all k € {1,..., K}, as in Remark 3.4.2 in [I6].

In what follows, we therefore consider any pair of data (J, (¢;)1_,) with

J e H(div, Q) s.t. divI=0in Q, (J-n,1) g2, =0, k€ {1,...,K}. (5.1.13)

Mathematically, we assume that the permeability u is a complex-valued, measurable, bounded, elliptic
(see next Definition) and smooth or piecewise smooth tensor field. We observe that, in this case, the
magnetic induction and the data are a priori complex-valued. We recall definitions and properties that
can be found e.g. in [88] 87]. From now on, piecewise smoothness is understood with respect to a given
compatible partition (95)5:1.

Definition 5.1.1. The tensor-valued field & € L°°(Q)) is elliptic if
30,6 ) ER X Rsg, ace. inQ, V2 C?, € |z> < Rl ez 7). (5.1.14)
In , 0¢ 1s called an ellipticity direction. We denote by O¢ the set of admissible ellipticity directions
O ={6: € R, (0¢,&_) fulfills for some £_ € Ryo}.

See [86l, §3.1] for a discussion on this definition.

Proposition 5.1.1. Let ¢ € L>(Q). If  is elliptic, one has (1 € L°°(Q) with

Y, < inf Y.
S et s.t. (B.1.14) with € = ¢ G
Moreover, O¢-1 = {—0¢, 0. € O¢} and, given any 61 € O¢-1, one can choose ((~1)_ = (_({4)7? in

5.1.14) with € = (™', where (—0-1,(_) is such that (5.1.14) with & = ¢ holds.

For conciseness, we assume that 0 € ©,,, so that 0 € ©,-1 according to the above (see footnotd? page
for the case where 0 ¢ ©,-1). So, for the possibly nonhermitian elliptic tensor field p, denoting by p—

IWe recall that a partition of € is (Qp)f;:l such that

Qp is a domain, forpE{L...,P};Qpﬂﬂqz(l)forp;éq;ﬁzugzlﬂp.
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a value in (5.1.14)) with £ = p for 6, = 0, one knows that (u=1)4 < (u—)~', and that (u=')_ = p_(uy) 2
is an admissible value in (5.1.14)) with ¢ = ! for 6,1 = 0. We use those values throughout the Chapter.

As a matter of fact, if the boundary is of class C2, using the theory developed e.g. in [150, 129], one
ends up with convergence results that are identical to those we obtain.

By linearity, we see that solving the magnetostatic problem ([5.1.12)) can be done in two independent
steps, by splitting the data: a first solve with the pair (J,0) with a solution called B, and a second one
with the pair (0, (¢;)!_,), with a solution called B.. The total solution is then B = B; + B,. This is
this approach that we follow now. The pair of data is equal to (J,0), with J € L?(Q2). In this case, we
note that the magnetic induction fulfills the conditions

B;e H()(diV,Q)7 divB; =0 in  and <BJ'n71>H1/2(Zi) =0, Vie {1,...,]}.

According to e.g. [I6l Theorem 3.5.1], there exists a vector potential A € Hy(curl, ) such that B; =
curl A in ). Moreover, one may characterize the vector potential by choosing a divergence-free, flux-free
potential A, i.e. divA =0in Q and (A -n,1)y1/2p,) =0, forall k=0,..., K. Obviously, the converse
assertion is true: such a field A is such that B; = curl A solves the above. So we conclude that, with
the pair of data (J,0), the magnetostatic system is equivalently recast as

Find A € Hy(curl, Q) such that

curl(y tcurlA) = JinQ
1.1
divA = 0inQ ’ (5.1.15)
<A'n71>H1/2(Fk) = 0, Vk e {1,,K}

and then one defines B; = curl A.
We will study the resolution of this model with the help of T-coercivity and discretized with edge finite
elements in and with the Weighted Regularization Method in

5.1.2 The electric eigenvalue problem

Consider the case where () is a resonator cavity, bounded by a perfect conductor. Hence: J =0, o = 0,
e =¢gand pu = pg. The goal is to find eigenmodes of electromagnetic oscillations. Hence, we suppose that
E(t,x) = R(e(x) exp(iwt)) and B(t,x) = R(b(x) exp(iwt)). We make the following abuse of notation:
we write E and B instead for e and b. Now E and B are complex-valued vectors. The electromagnetic
eigenmodes (E, B, w) are non-zero solutions to the time-harmonic Maxwell equations:

iwE—c?curlB = 0 (Ampére’s law), (5.1.16)
iwB+curlE = 0 (Faraday’s law), (5.1.17)

together with Equations and . The boundary conditions on 92 are: E x n = 0 and
B-n = 0. It is well known that one of the fields can be eliminated: multiplying by iw and
adding curl of , we get a vector wavelike equation for E, which reads —w?E +¢? curlcurl E = 0.
Similarly, there holds —w?B + c? curl curl B = 0. Next, we we will study the electric eigenvalue problem

below:
Find E € Hy(curl, Q) and w such that

ZcurlcurlE = w?E inQ , (5.1.18)
divE = 0 inQ

where we set: Ho(curl, Q) := {v € H(curl,Q)|v x njpq = 0}.
We will study the resolution of this model with the Weighted Regularization Method in §5.5
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5.1.3 Propagation in a waveguide

Consider the case where 2 is be a waveguide. In the vacuum, we set € = €9, and p = po, which are
such that g9 pg c = 1, where c is the light velocity. We suppose that the boundary 02 is made of two
disjoints parts 9Q = I'y U ¢, where I'4 is an artificial boundary and I'c is a perfectly conducting
boundary, so that E x npr, = 0 and B -njr, = 0. We further split I'4 into two parts FiA and I'}.
On Iy, we model incoming plane waves, whereas we impose an absorbing boundary condition on I'%.
Both can be modelled [I7] as a Silver-Miiller boundary condition on I'4: (¢B +E x n) x n = cb x n,
where b is given and equal to 0 in the case of an absorbing condition. If we differentiate with respect
to time Equation and add curl of quation ) to it, we get a vector wavelike equation for
E, which reads 02E + ¢? curlcurlE = —9,J/¢q. Naturally, the initial value of O,E is equal to E; :=
c?curl By — J(0,-)/eg. Recall that E is also subject to a constraint on its divergence cf. (5.1.10]), we
have, using the trace of on I'y, that c2curlE xn = cOE xn xn —c?b xn on I'y. We thus
consider the equivalent problem:

Find E such that for all t €]0,T:

OZE+ P curlcurlE = —9,J/g¢ in Q, for ¢ €]0,T], (5.1.19)

divE = p/ep inQ,fort€l0,T], (5.1.20)

Exnpr, = 0, forte€]0,T], (5.1.21)
(ccurlExn—9Exnxn)pr, = —cobxnp, only,fortel0,T], (5.1.22)

and satisfying the initial conditions:

E0,) = Ey inQ, (5.1.23)
OE®0,) = E, inQ. (5.1.24)
Let us set:
Hor.(curl,Q) = {veH(curl,Q)|v x nyg € L7 (99Q), v x nr, = 0}, where
L?(0Q) = {vel?99Q)|v-n=0ae }; (5.1.25)
XN T'c (Q) = HOIC (CLII'I7 Q) n H(le, Q), o
H(div0,Q) := {veH(div,Q)|divv =0}.

Notice that if T'c = 082, Hy o (curl, Q) = Hy(curl, ©2), and we use the notation Xo(Q2) = Xy 00(Q).
Under suitable data assumption, it is known that E(t) € Xy . (). We will study the resolution of this
model with the Weighted Regularization Method in §5.6]

5.1.4 [Edge or continuous finite elements?

In the three models above, the field belongs to Hy(curl, ) or Hor,(curl, Q). Thus, we can solve
these problems using variational formulations set in Ho p . (curl, ) discretized with classical edge finite
elements [204] 199]. One does not have to know about the geometry of the domain (if it is convex or
not) to implement the variational formulation.

On the other hand, it is advised, while solving the Maxwell-Vlasov system, to compute a continuous
approximation of the field, especially when it is coupled to a particle-in-cell method [I77, [45]. Moreover,
continuous approximation provides spurious-free solutions and well-conditioned matrices [208]. Never-
theless, care must be taken when implementing the variational formulation if the domain is not convex.

To compute a continuous approximation, we consider fields in H(curl, ) N H(div, 2).

As it is difficult to build a conforming discretization in H(div 0, ) N Hg r (curl, ), the divergence-
free condition on the field is usually prescribed as a natural condition. The field actually belongs
to Xn,ro (). According to [I12], the inner norm and the semi-norm: ||F||§(0(Q) = curlFH%Q(Q) +
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|| div F||%2(Q) are equivalent norms on X,(2). Let us set XF(Q) = Xo(Q) N HY(Q). When  is convex,
XE(Q) = Xo(Q), and we can use continuous vector finite elements. When (2 is not convex, XZ(Q) is a
closed subspace of Xo(€2) [7]: X&(Q) is not dense in X(£2): we must adapt the variational formulation
to use continuous vector finite elements.

Stating that the domain 2 is not convex amounts to considering that 0f2 includes a set of reentrant
edges (resp. corners in 2D) £, with dihedral angles (m/a)cce such that o, €]3,1[. Let X5 (Q2) € X°(Q)
be the singular part of Xo(Q), i.e. X5 () ¢ H'(Q). In 2D, this space is of finite dimension equal to the
number of reentrant corners, card(£), and its basis is known. One can compute precisely X (2)-fields
with the Singular Complement Method, which consists in splitting the field into an explicit singular part
plus a regular part, computed with continuous finite elements, cf. [62) 173], 157 [B2] [AS].

In 3D, the space Xg () is not of finite dimension. If the domain is prismatic or axisymmetric, one
can still compute singular fields with continuous finite elements, using the Fourier Singular Complement
Method, see [102] for axisymmetric domains.

There exist at least two other approaches, as described in [91]. First one can choose to "relax" the
boundary conditions, which are then treated as natural boundary conditions. This allows to overcome
the density problem mentioned above, by solving Maxwell equations in larger functional spaces e.g.
X(Q) := {v € H(curl, Q) N H(div, Q) | v x njpq € LF(8Q)}, in which the subspace of H'-smooth fields
is dense [99, 113]. The boundary condition will be taken into account in an augmented variational
formaulation [911, B2].

Second, one can control the divergence of the field in weighted Sobolev spaces. Costabel and Dauge
proposed in [I16] to take the divergence explicitly into account in the measure of the vector potentials,
see [011 (A8 [A3] [A1l 10Tl 103, 207] for applications in electromagnetism in a homogeneous material.
This is the first method that was designed to approximate successfully singular fields in 3D domains by
continuous finite elements. In most of the above cited References, the problem is solved in a simplified
geometrical setting, and, the assumptions on the permeability p are more restrictive than those we set
in For other methods using the same mathematical framework, we refer to [65] 138, 54, 20, [137].

Concerning the triangulation, the polyhedron Q is triangulated by a shape regular family of meshes
(Th)n, cf. Section For heterogeneous materials, we assume that the meshes are conforming with the
compatible partition (Qg)f:l and/or with respect to the cuts. In other words, for all h, for all £ € Zk,
there exists p € {1,..., P} such that K, C Q, and int(K,)N(U!_;3;) = 0. This is a realistic assumption
that allows to simplify the numerical analysis presented here.

5.2 Magnetostatic systems, explicit T-coercivity [A4], §5]

Given data J that fulfill assumption ([5.1.13)), we now build a first variational formulation, that is equiv-
alent to (5.1.15)). Let us start by simple observations. We notice that, given u € Hy(curl, ), u is such
that curl(z~! curlu) = J in Q if, and only if,

Vv € Hy(curl, Q), (u~* curlu, curl ViLz) = (J,V)L2(o)- (5.2.1)

Then, let H:,(Q) = {q € H'() such that qr, =0, qr, €C, Vk € {1,.. .,K}}. One uses the norm

q— [|[VallLz(q) in Hio(2). One checks easily that, given u € L?(), u is such that divu = 0 in Q and
(w-n,1) g2,y =0, for k€ {1,..., K} if, and only if,

Vg € Hjo(Q),  (u,Vg)r2) =0. (5.2.2)
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Hence, it is equivalent to solve (5.1.15), or the variational formulation:

Find A € Hy(curl, Q) such that
(nteurlA curl v)rzg) = (J,V)r2@ Vv e Ho(curl, Q) . (5.2.3)
(A, Vq)L2(Q) =0 Vq S H(%Q(Q)

5.2.1 A symmetrized formulation with artificial pressure

Classically, we build a second variational formulation, that is symmetrized via the introduction of an
artificial pressure. As a matter of fact, given v > 0, we aim at solving the symmetrized, complex-valued
saddle-point formulation:

Find (A,p) € Hy(curl, Q) x H},(Q) such that
(nteurl A curl v)p2 o) +7 (v, Vp)r2o) = (I, V)2 Vv € Hy(curl, Q) . (5.2.4)
YA, Vgeg = 0 Vg € Hjo()

Theorem 5.2.1 ([A4], Theorem 2]). Lety > 0 be given, and let the data J fulfill assumption .
Then, the vector potential A solves if, and only if, (A,0) solves .

P’I’OOf. If A solves 1) then (A,0) solves || Thanks to the assumption (5.1.13) on J, any solution (A,p) to

(5.2.4) is such that p = 0. We note that, since p € Hp,(Q) it holds that v = Vp € Ho(curl, Q). Inserting in (5.2.4), we have
K

2 _ _ : —
el ”VPHL2(Q) =(J,VP)r2(o) = —(divI,p)r2g) + ];)<A ’ n’p>1-11/2(1"k) =0. ©

5.2.2 Using T-coercivity

Let us apply the theory of T-coercivity to solve the variational formulation (5.2.4]), cf. [26]. Let V =
Ho(curl, Q) x H},(€2), endowed with the norm

1

1v, @)y = (IVIBsqeurtey + Va2 -
On can rewrite (5.2.4) as: Find (A,p) € V such that for all (v,q) € V

a((A,p), (v.q)) = U((v,q)), (5.2.5)

where a(-,-) (resp. £(-)) is the following continuous sesquilinear form on V x V, (resp. anti-linear
continuous form on V)

a((u,p),(v,q)) = (u 'ecurlu,curlv)iz o) +7(u, Vp)rzo) +7 (1, Vg)L2(q)
((v,9) = J,v)L20)-

We shall prove that the form a(-,-) is T-coercive. In Hy(curl, 2), we introduce the orthogonal subspace
to the range of the gradient operator from H},(£):

Hy(curl, Q) = V[H3,(Q)] & Ky (), (5.2.6)

where the orthogonality is understood with respect to the "natural" inner product (-,-)p(curt,0)- The
decomposition ([5.2.6)) is usually called a Helmholtz decomposition. It is easily checked that

Ky(Q) = {keHy(curl,Q) s.t. Vg € Hjo(Q), (k,Vq)r2q) =0},
= {keHy(curl,Q) st. divk=0inQ, (k-n,1)1/2p,) =0, Vk}.
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Above, the first line is an instance of the famous double orthogonality property in electromagnetism.
In our case, it holds with respect to the "natural" H(curl, Q) and L?(Q) inner products. This double
orthogonality property is crucial to establish T-coercivity. Before we proceed, we recall a first Weber
inequality [244]. There exists Cyw > 0 such that, for all v € Hy(curl, Q) N H(div, §2), one has

K
||VHL2(Q) S OW {” CllI‘lV”Lz(Q) =+ || diVV||L2(Q) + Z |<V - n, 1>H1/2(Fk)|} .
k=1
It follows that, for all k € K (£2), one has the bound
HkHLQ(Q) S CW || cur1k||Lz(Q). (527)
Theorem 5.2.2 ([A4], Theorem 31). The form a(-,-) is T-coercive.

Proof. we decompose u into u = k+ V¢, with k,, € K, (©2) and ¢,, € H},(Q), and we choose v* =k, + Vp, respectively
N o
q* = ¢ In particular: curlv* = curlk, = curlu. We get, using the double orthogonality properties,

— 2 2
a((uv P)1 (V*1 q*)) = (ll ! curl ky, curl ku)L2(Q) + v HVPHLQ(Q) +v \|V¢u\|L2(Q)- (5‘28)

By assumption, 0 € ©, 1, with (Y- = p,,(;ur)_zﬂ So one finds that

R (a((wp), (v, a") > o {Ikullfieurno) + IVPIF20) + IV0ulF20) }

2 2 2
= o {Ilku + Véulfrceur o) + VP2 () } = a* I, )II}

where a* = min ((p™')-(1+ C3,) "', v) = min (p— (p4) 21+ CF) "1, v) > 0.

Let (u,p) € V. Using the above notation, we note that v* = k,, + Vp is the orthogonal decomposition of v* € Hy(curl, )
since ky, € Ky (Q) and ¢* € Hjo(Q), so that T(v*,¢*) = (ku + Véu,p) = (u,p). Hence, ToT = Iy, and T is a bijective operator.
This concludes the proof. o

According to the abstract T-coercivity theory, one has the

Corollary 5.2.1. The variational formulation is well-posed.

5.2.3 A perturbed approach

Let T be defined as in the proof of theorem m T(v,q) = (ky + Vq,¢,). Since T is bijective, the
variational formulation (5.2.5)) is equivalent to:

Find (A,p) € V such that for all (v,q) € V, a((A,p),T(v,q)) =4T(v,q)). (5.2.9)

By design, the form a’ : ((u,p),(v,q)) — a((u,p),T(v,q)) is coercive. Using T'(v,q) = (k, + Vg, &)
one can compute its expression:

a'((w,p), (v,q)) = (u~ " curlu, curl v)r2 ) + 7 (Va, Vp)r2(o) + 7 (Vou, Véu)r2(0)-

Computationally speaking, the first two terms are explicit, while one has to know the gradient parts of
u and v to compute the last term.
Then, we note that, according to (5.1.13), the data J is orthogonal to V[H},(2)] in L*(Q). So, the

2Ifo¢ ©,,—1, one chooses some § € ©,,—1 to solve 1| with the tilted forms

a((u,p), (v,q)) = exp(if) (u~ ' curlu, curl v)p2(q) +7 (v, Vp)L2(0) + 7 (1, Va)L2(q)
(v, q)) = exp(i) (J, v)L2(q),

and the proof can be carried out similarly. Furthermore, one can check easily that, if 0  ©,-1, all proofs given hereafter
still hold by considering appropriately tilted forms.
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expression of ¢ : (v,q) — £(T(v,q)) is
C((v,q) = (I, ky + V)r2(0) = (I, ky + Vg + V(dy — q))20) = (J,V)L2(0) = (v, q))-
Hence one may rewrite as the variational formulation:
Find (A, p) € V such that for all (v,q) €V, da'((A,p),(v,q)) ={((v,q)).
Letting v = 0 above, we note that p = 0, and we end up with the new variational formulation:
Find A € Hy(curl, Q) such that for all v € Ho(curl,Q), c¢(A,v) = (J,v)L2(q), (5.2.10)

with ¢(u, v) = (™! curlu, curl v)12() + 7 (Vu, Voo )r2(0)-

In the original variational formulation , all terms are explicitly computable, but the form a(-,-)
is not coercive. Moreover, the solution is made up of two parts, a physical part A and and artificial part
p. On the other hand, in the new variational formulation , the second term in the expression of
¢(+,-) term is not explicitly known, while the form c(,-) is coercive, and only the physical part A of the
solution remains. At the discrete level, forgetting for a moment the non-explicit term in ¢(+, ), the cost
of linear solvers should be higher in the discrete version of than in the discrete version of .
Below, we propose a perturbed approach, that allows one to recover explicit terms in the definition of
the coercive sesquilinear form, at the expense of solving an inexact problem with a "small" perturbation.

We observe that the solution A is independent of the value of the parameter v. So, a natural idea is
to choose a "small" value of 7, and to add a perturbation in the order of 4. How so? Let us introduce
cy(u,v) = c(u,v) + v(ky, ky)12(0). Using again the orthogonality properties, we find the following
expression to the perturbed sesquilinear form

ey (u,v) = (p ! eurlu, curl v)pe () + 7 (U, V)2 (o).

Remark 5.2.1. Since by assumption 0 € ©,,-1, the form c, is coercive for all v > 0. We note that, for
v smaller than (u=1)_, the largest coercivity constant is equal to vy, while the norm remains bounded by

()4

Then, we are solving the perturbed variational formulation
Find A, € Hy(curl, Q) such that for all v € Ho(curl,Q), ¢, (A,,v)=(J,V)r2(q). (5.2.11)

In general A, # A since
curl(p 'curlA,) +vA, =J in Q, (5.2.12)

This perturbed variational formulation corresponds to a model that has been considered in [216] 139} [104],
in a simplified geometrical setting, that is in a simply connected domain, with a connected boundary.
Also, the assumptions on the permeability ;1 are more restrictive in those references, namely it is a real-
valued symmetric tensor field. The next proposition is proved in [216],[139)] in the "simpler" configuration,
this is the reason why we provide a sketched proof.

Proposition 5.2.1 (A4, Proposition 5]). For ally >0, A, € K (Q).
Furthermore, letting C' = (Cw )3 (11 )*(1—) "2, one has the estimates
|| curl(AW - A)||L2(Q) < Cl’y HJHL?(Q) and HA’Y - AHLZ(Q) < C/Cw’y HJ||L2(Q) (5.2.13)

P’I"OOf. Given q € HéQ(Q)7 we choose the test-field v = Vg in (5.2.11). By assumption on the data, cf. (5.1.13), we find
(A, Vq)LQ(Q) = 0. Hence, A, € K(R). In addition, according to the Weber inequality 1) it follows that ”A—Y”LQ(Q) <
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Cw | curl A, HLZ(Q)- Thanks to 0 € @M,l, then using the definition of ¢, and finally taking v = A in (5.2.11)), we find that

N*(l“r)iz” curl Aw”i2(9) R ((H71 curl A, curl Aw)r_,?(n)) SR (cy(Ay, Ay)) < H‘]”L2<Q) ”A’YHLQ(Q)

IN A

Cw 1JllL2(q) lleurl Ayllp2 o

It follows that || curl Ayl 2oy < CW(M+)2(N*)71|‘J‘IL2(Q)) and ”A’Y”LQ(Q) < (CW)Z(N+)2(H7)71HJHLZ(Q)~
Comparing l= to lj we find that ¥v € Hg(curl, Q), (u~ ! curl(A, — A), curl VL) 7 (Ay, V)1 2(q) = 0. Using
v= (A, —A) € Ky(Q) above, we now find

p_(uy) 2| curl(A, — A)Hiz(m < R( ~!curl(A, — A), curl(A, — A))LQ(Q>)
< v HA HL2(Q) HA'y - AHLZ’(Q)v
< CW’Y”A'YHL2(Q) HCUTI(AW _A)HL2(Q)7
s0 chat ucurl - A)HLz 0 € Cw (2 (1) Y 1A 2oy < (Cw)® (a0 )* (=) 27 [T llL2gqys b the first inequality in
ccordmg to , we conclude that [|A, — AHLQ(Q) < (Cw)* () (p-)"2%~ HJHLQ(Q)7 which is the second inequality
in 1 i

5.2.4 Approximation by edge finite elements

Below, we propose to discretize the perturbed problem using edge finite elements. The discrete
solution will prove to be a suitable approximation of the vector potential A, under appropriate conditions
on the perturbation parameter v. Recall that we are looking for an approximation of B; = curl A, so
we focus on finding a suitable approximation, and suitable approximation results, for curl A. In this
respect, compared to [216], 139 [T04], the process is simplified, since one is looking for approximation
results for both A and curl A in those Refs.

We choose the Nédélec’s first family of edge finite elements [204] [199] to define finite dimensional
subspaces (V) of Hyp(curl, Q). Below, we consider first-order finite elements. In principle, the results
can be extended to higher-order finite elements without any difficulty. So, let R1(K/) be the vector space
of polynomials on K, defined by R1(K;) = {v € P}(K;) : v(x) =a+b xx, a,b e C?}. For given h,
one introduces Vy, = {v), € Ho(curl, Q) : vy g, € R1(K), VI € Ix}. We introduce II5*™, the classical
global Nédélec interpolant in Ho(curl, Q) with values in 'V, [204) [199]. According to Lemma 5.1 of [39],
we have the

Proposition 5.2.2. Assume that v € PH*(Q) and curlv € PH® (Q) for some s > 1/2, s’ > 0. Then
one can define Hf;”lv and, in addition, one has the interpolation result:

v = 5"V i eurte) S 2|V ]pre@) + [ curl V]| pp g }- (5.2.14)

Since we are interested in the approximation of the curl of A, we now refine . We introduce
Hzi” the classical global Raviart-Thomas interpolation operator in Hy(div, ) with values in W, [213]
204], where (W3,), are designed with the help of H(div, Q)-conforming, first-order finite element spaces.
Here, Wj, = {w;, € Ho(div,Q) : wpk, € Di(Ky), VI € I}, with Di(Ky) the vector space of
polynomials on K defined by D (K;) = {v € P1(K,) : v(x) =a+bx, a€ C3, b C}. Using the results
of Chapter 5 in [199], we recall that Vv € Hy(curl, Q) s.t. II¢“"!v exists, I1$(curlv) = curl(II{*"!v).
Then, applying Lemma 3.3 of [34] (interpolation error for Raviart-Thomas discretization) together with
the previous property, we have

Proposition 5.2.3. Assume that v € Hy(curl, Q) and curlv € ’PHS/(Q) for some s’ > 0. Then if one
can define Hfl’“”lv, one has the interpolation result:

| curl(v — II5""'v) |2 0) < pin(n1) | curl v|| per (- (5.2.15)
Given a perturbation parameter v > 0 and a meshsize h, the discrete variational formulation of the
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perturbed problem ([5.2.11]) is then
Find A" € V), such that for all v, € Vi, ¢y (AL v)) = (J,vi)12(0)- (5.2.16)
To carry out the numerical analysis, we rely on a variant of the Céa lemma.

Proposition 5.2.4 ([Adl, Proposition 81). For ally > 0 and all h, one has the estimate

| curl(A, — AQ)HL%Q)

2
, m 5.2.17
< inf 71/2u7+||A,Y — VhHL"’(Q) + 7;_” CUI‘I(APY — Vh)||L2(Q)} . ( )

vLEV) \/i('u_)l/2 H_

Remark 5.2.2. If the permittivity u is a hermitian tensor field, then c, defines an inner product.
Denoting || - ||y : v — (7||v||%2(9) + (pteurlv,curl v)iz(0))'/? the associated norm, one has the
"straightforward" estimate for all v > 0 and all h,

A — AQLHW < inf Ay —wvall,, (5.2.18)
VRLEV)
and it holds that || curl(Ay — A)||L2 () < py infy, ev, |Ay — vall.

Using (52.13) and (F2I7), we find
| curl(A — ALz S ,nf {’Yl/ZHA'y = VL2 @) + [ curl(A, — Vh)||L2(Q)} + 9 Iz (5-2.19)

To bound the infimum, we would like to use vj, = H;“TZAW. This is possible if A, is sufficiently smooth,
in the sense of Proposition [5.2.2

Let us apply the results of §4.4.2]to our solution A.,.

Proposition 5.2.5. Let A, be the solution to (5.2.11). Let s =1 if opir =1, and s €]1/2,0p;,]| else.
Then, 1&7 € HS(Q), and ||A7||HS(Q) ,Ss HJ||L2(Q).
PT’OOf. Since A, € K (Q2) C Ho(curl, Q), with the help of the regular-gradient splitting l) we find:
A'y = Areg + Vga in Q, with Areg S Hl(Q)v qa € Hol (Q), and ”A’V‘Sgul—ll(ﬂ) + HqAHHl(Q) S, HA'YHH(curl,Q)-
By construction, Aga = —div Areg in Q, with || div Aregllp2q) < \/EHATeg”Hl(ny According to the shift theorem, using the
definition of the limit regularity exponent opi,, we find that Vga € H*(Q), with ||Vgallusq) Ss HAT‘EQHHI(Q)' Hence, A, €

H®(Q2), with the estimate [|A,|lasQ) Ss [A4 lH(cur1,0), and the first Weber inequality yields ||Ay[|ms(o) Ss || curl Ayl )
Finally, we recall that || curl Ay [y 2oy S [IJllL2(q) (Proof of proposition [5.2.1)), so the conclusion follows. o

There holds a second Weber inequality (cf. [88, Theorem 2.11]), namely there exists C};, > 0 such
that, for all v € H(curl, ) N Hy(div y, ), one has

I
vl () < Ciy {|| curl v||La(q) + || div vl rage) + Y [(uv -, 1>H1/2(Ei)|} .

i=1

One has a second shift theorem, which we state directly for elements of H(curl, Q) N Hy(div u, Q2), cf.
[119, [O4]. Tt is derived thanks to another regular-gradient splitting, which is omitted.
Let v € H(curl, Q) N Hy(div p, Q). There exists o ney (1) €]0, 1] such that

H(curl, Q) N Hy(divp, Q) ¢ PHV0(Q) = (| PHT(Q), (5.2.20)

0<s’<onNeu(p)

with continuous embedding.
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Applying the two results together, one concludes that, for every s’ €]0, o ey (12)[, one has

IV Ilpaer ) Ser 4 lleurlviiLaio) + [ div pvll 2y + Y 1{ev - m, 1) gjees,|
i=1,1

Regarding the curl of A, we find the results below.

Proposition 5.2.6. Let A, be the solution to (5.2.11]). Let s’ =1 if onen(pt) =1, and s’ €]0, oneu ()]
else. Then, curl A., € PH® (Q), and | curl Al pre (@) Ss (L+7) [Tz o) -

P’I’OOf. The field H, = u~ ! curl A, is such that H, € H(curl,Q) with curlH, = J — vA, in Q according to (5.2.12).

Also, H, € Hg(div p, ), with div(uH,) = 0 in Q. Using the second shift theorem for H,, we find H, € PH (£2). Next,
because pH, € curl [Ho(curl, )], one has always (uH, - n, 1>H1/2()3-) =0 for ¢ = 1,1 (cf. remark 3.5.2. in [I6]). So we have

”H»yH,PHSI(Q) <y |l curl H—Y”LQ(Q). Going back to curlH, =J — vA, in Q, we infer

L ety Ser {19120y + VA5 L2 (0 } -

Recall that the partition (Qg)p:lyp is chosen so that H‘Qg € (WLOO(Q;))3X3 for p = 1, P. Because multiplying by 'LL‘Q;,I; is stable
in HS/(QZ) for p =1, P [55], we find that curl A, = pH, € PHS/(Q), with

lewrl Ayl o) Sor {91200y + 1A 2o } -
To conclude, we recall that | A (g2 g, < ||JHL2<Q) (proof of proposition [5.2.1)). ©

— Trcurl :
As announced, one may use vy, = IIf*" A, in .

Theorem 5.2.3. For v >0 and h > 0, let Afj be the solution to .
Then, fors =1 if opir = 1, and s €]1/2,0p;r| else, and for s’ =1 if oyeu(p) = 1, and s’ €]0, oneu ()]
else, one has the error estimate

| curl(A — A")||r20) Sos (7 21 4 )RS (1 ’y)hs/> 19|z () (5.2.21)

PT’OOf. Let us bound the infimum in (5.2.19). Combining the interpolation errors (5.2.14)) and (5.2.15) with the last two

propositions, we find

. 1/2
L nf {v 1Ay = Vallpz(o) + lleurl(Ay = va)llLz(o)}

SAV2IAy —TGA L2 q) + [l eurl(Ay — T Al o),
Seo 72+ DRI 2 0) + (14 NR T2 (q)-

Using (5.2.19) leads to the claim. o

To conclude this part, we now consider that ~ is a function of the meshsize h (with strictly positive
values), that is v = y(h), and we solve

Find Aj, € Vy such that for all v, € Vi, cyn)(An, vi) = (J, vi)L2()- (5.2.22)

Corollary 5.2.2. Assume that h €]0,1]. Let v = v(h) be such that y(h) < hoNew(),
Fors' =1 if oneu(pr) =1, and s’ €]0,0neu(1)[ else, one has the error estimate

’

s
H curl(A - Ah)HLZ(Q) Ss/ h HJ||L2(Q) (5.2.23)
P’/’OOf. Since in theorem one has s > 1/2, it holds pmin(s,s”) < R™in(1/2:8)  Hence from (5.2.21)) one gets the bound:
h min s/ s/
llcurl(A — AD)llL2 o) S (v 4+ 72+ DR 4 (14 )R ) 132 ).
Let us find the dominant term between the parentheses. If s’ < 1/2,
V(R + (1) 21+ A ()2 G pTNenl) L pINen (/25 = o),
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If s’ > 1/2, taking into account that oney(1)/2 + 1/2 > onew (i), one has
’Y(h) +'Y(h)1/2(1 +’Y(h))hmin(1/2,s’) < hO'Neu(/‘) + ho-Neu(u)/2+l/2 — O(hUNe“(M)).
Since 'y(h)hs/ = o(hsl), the dominant term is h* . o
Hence, choosing y(h) < hoN cu() and going back to the magnetic field By, it is guaranteed that
!
S
By — curl Ay |le1(div,0) Ssr P° ([T ]lL2()-

According to the definition of s’, one concludes that the a priori error is equal to O(h) if oneu(p) = 1,
and almost like O(hoNev(")) if oy, (1) < 1, since the result is O(h=') for all 8’ < o neu(i) in the latter
case.

Because the form c, ;) is coercive, the linear system equivalent to is expected to be simpler
to solve than the one resulting from the discretization of the saddle-point variational formulation
or . Morever, according to remark it is advised to take the "largest" possible values of
v(h) to improve the conditioning of the matrix. In other words, one should take v(h) =~ hoNew() see

corollary [5.2.2]

One can find a number of numerical experiments in [216, 139, [104] to support the claims, and to
show the robustness of the approach. We propose below a numerical illustration with a manufactured
solution.

5.3 The Weighted Regularization Method

This approach aims to design a mathematical framework that can be efficiently approximated numerically
by continuous vector finite elements. When (2 is non—convexEl, following [IT6], the divergence of the fields
is evaluated in a weighted L? space. Recall that £ is the non-empty set of reentrant edges of Q. Let
d be the distance to &: d(x) = dist(x,Uccg€). Consider w, a smooth non-negative function of z, that
depends on a real parameter «. The (simplified) weight w, is chosen to behave locally as d® in the
neighborhood of reentrant edges and corners, and is bounded above and below by a strictly positive
constant outside a fixed neighborhood of £. Let:

L2(Q) = {q € L .() such that w, ¢ € L*(Q)},

endowed with the natural norm || - ||z2 (@) @ ¢ = [|wa qllz2(q), and associated scalar product (-,-)r2 (q)-
Then, we introduce a subspace of Hy(curl, 2), endowed with the natural norm:

. . 1/2
X3(9) = {v € Ho(eurL, @) s.t. divv € L2}, [Vlxg@ = (IVicana) + 1 div vz o) -

In the absence of weight, we write Xy () := X%(Q).

Introducing the value amin = 1 — opir €]0,1/2[, one has that for all & €]amin, 1[, X% (2) NHY(Q)
is dense in X% () according to [I16, Theorem 5.1]. This result is paramount to obtain the basic
approximability property for a conforming finite element method in X% (£2). So, we assume from now
on that a €]amin, 1].

Among the noticeable properties proven in [I16], we observe that Hg(2) c L2 () (with dense
embedding), see bottom of page 249 of loco citato. For k € {1,..., K}, let g; be characterized by

Find g, € H}(£2) such that — Ag, =0 in Q, Qk|r,, = Okm for m € {1,..., K}. (5.3.1)

3Non-convexity always occurs when the boundary 92 is not connected, that is K > 1.
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By construction, one has the orthogonal decomposition

Hbo(9) = HA(Q) & span((g)K_,). (5.3.2)

One can check that 1 belongs to L2 _(Q) so, for k € {1,...,K}, we also have that g, € L2 ().
As a consequence, the fluxes ((v - n,1)p1/2(r,))m=; are meaningful for all v € X% (), and equal to

(V- 10,¢m) mr1/2(000) ) =1
Then, following for instance [16, proof of Theorem 3.4.3] and using the embedding of L2(Q) in H (),
one can prove that

% 1/2
|- ng,(@) PV <|Cur1V||i2(Q) + HdiVVHQLg(Q) + Z (v - n71>H1/2(Fm)2>

m=1

defines a norm, that is equivalent to the natural norm, in X% (€2). We let (-,-)xq (o) be the associated
scalar product.

5.4 Magnetostatic systems, continuous finite elements [A4, §6]

5.4.1 Augmented variational formulation

Going back to the magnetic system (5.1.15)), it is obvious that its divergence-free solution A automatically
belongs to X% (£2). Let v € X% (). Then, adding the contributions

(p* curl A, curlv)ie ) = (curlp™? curl A, v)i2 ) = (J,V)L2(0)

=

(diV A, div V)Li(Q) = 0; Z <A -1, 1>H1/2(Fm)<v -1, 1>H1/2(Fm) = 0;

m=1

we find that A is governed by the augmented variational formulation (cf. [91]):
Find A € X§(2) such that for all v € X% (Q), aa(A,v) = (J,V)L2(q), (5.4.1)

where the sesquilinear form

K
ao(u,v) := (! curl A, curlv)p:q) + (div A, divv)zz () + Z (Ao, D, (von, gz,
m=1

is continuous and coercive on X% (Q) x X% (€2). We fall within the framework of the Lax-Milgram
theorem. On the other hand, starting from the augmented variational formulation (5.4.1]), one can prove
that its solution A is governed by ([5.1.15)).

Theorem 5.4.1. Let the data J fulfill assumption . Then, the vector potential A solves
if, and only if, A solves .

PT’OOf. Let A be the solution of . ‘We know that A € Hg(curl, Q). Next, we take appropriate test functions in .
Below, we use a trlple orthogonality property which allows to deal with the thlee terms defining the form a, separately.
Note that ve = S K | BuVax, where (Br)i_, € C¥ and (qr)f—, is given by , belongs to X%, (2). Using it as a test function
in , we find that

K
Z A -n,1) H1/2(F )(v5 n, 1>H1/2(F ) =0

after integrating by parts the right-hand side, thanks to assumption (5.1.13).
On the other hand, the mapping (,Bk)szl — ((vg - n, 1>H1/2(Fm))£=1 is onto. This classical result stems from the fact that the
capacitance matrix, with entries ((Vgm, qu)LQ(Q))ISk,mgKv is invertible (see e.g. [16, cor. 3.3.8]). As a consequence, the fluxes
((A - m, 1>H1/2 r,,

)fg , all vanish.
Going back to , we find that A is such that, for all v € X% (Q), (™' curl A, curl V)LQ(Q) +(div A, div V)Li @ = J, V)LQ(Q).
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By definition, div A € Li(Q) C Hil(Q), so there exists a unique ga € Hé(Q) such that —Aga = div A. The test function

va = Vga can be used above, which now yields || div AHzLQ @ = 0, after integrating by parts the right-hand side, thanks again
to assumption (5.1.13). Therefore, A is such that, for all v € X% (), (u71 curl A, curlv)Lg(Q) = (J,V)LQ(Q). Finally, taking
v € D(R2), we conclude that curl(z~! curl A) = J, and A solves the magnetic system (5.1.15) as claimed. S

Note that the exact solution A is recovered exactly for all values of o €]amin, 1[.

5.4.2 Continuous vector finite elements

We discretize variational formulation (5.4.1) with continuous vector finite elements. We report below
the main steps of the analysis, originally carried out in [IT6]. It starts with the study of singularities, cf.
Sections 6 and 7 in loc. cit..

Remark 5.4.1. Within the tazonomy of [114, §6], one can prove that A contains only singularities of
type 1 and type 2, and no singularity of type 3, because J € L2(2) and div A = 0 (see loc. cit., p. 259).

A solution A to (5.1.15)) can be split into regular and gradient parts as follows:

A,y € PH TN () (Q) N Hy(curl, Q)

ba € H'oPir (Q) N Ho (Q) (5.4.2)

A=A+ Vo, with {

In addition, there exists C, > 0 (independent of A) such that [|A|xq @) < Ca ([[Aregllar @) t9allvz@),
where V2(Q) is a weighted Sobolev space a la Nazarov-Plamenevski (cf. [I16] eq. (2.1)]). Next, one uses
this regular-gradient splitting to obtain error estimates; precisely, the error on A,., in H'(Q2),
and the error on ¢4 in V2(Q).

Given k > 1, we choose the continuous Lagrange elements of order k to define finite dimensional
subspaces (X, x)n of X% (2). Given h, one introduces

X = {vi, € H'(Q)NHy(curl, Q) | VL € Ig, v i, € PF(K()}. (5.4.3)
The discrete variational formulation of the augmented variational formulation ([5.4.1) is then
Find A" € X,k such that for all vj, € Xp, i, aa(AZ,vh) = (J,vn)L2(Q)- (5.4.4)

Observe that the discrete solution A" depends on both h and a.
Classically, (X}, ,)n exhibits approximability properties for the regular part:

For ' =1 if oneu(p) =1, and all s’ €]0, o nen ()] else
Vv € PHU N (0(Q) N Hy(curl, Q), 3eyq, VA, vy € Xpp, (5.4.5)
HV — VhHHl(Q) S CwslhS .

In addition, one must have good approximability properties for the gradient part: namely, one needs
that there exists a family of spaces (@) of scalar fields such that

Vh, V[®] C Xpk, (5.4.6)

Wit}E|

{ Ve >0, Yo € H'opir(Q) N HAo(Q), Jee, Yh, Iby € Py, (5.47)

16 — &nl

A natural question is to check in which case the assumption (5.4.6])-(5.4.7) holds. Below, we report some
results in 2D and 3D domains. The issue was first discussed by Costabel and Dauge in [I16]. They
observed that, in a 2D polygonal domain, one can choose Hsieh-Clough-Tocher finite elements [I09] to

v2(Q) S Cpe hOT e

4Recall that amin = 1 — o psr €]0,1/2], so the right-hand side of |) is equal to cg ¢ hopirt(a=1)—c
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define the discrete spaces (®3). Indeed, the discrete fields belong to C!(§) and are piecewise P? on a
subdivision of triangles, so their gradients are naturally in C°(Q) and are piecewise P?. Moreover, one
can choose those fields to vanish on the boundary, to enforce the condition on the tangential trace. This
ensures that the assumption — holds in a 2D domain at least for k = 2. According to [90,
§46|, there exist similar finite elements in 2D for k£ > 3, and also in 3D: the former can be found in [211],
and the latter in [4]. More recent results can be found in [233] 19, 144] and Refs. therein, including the
case k = 1, and are proved by considering again appropriate subdivisions of tetrahedra and/or triangles.

The numerical analysis is straightforward, because one can apply Céa’s lemma. Using the approx-
imability properties above, we conclude that the error estimates below hold.

Theorem 5.4.2 ([A4], Theorem 141). For o €]aumin, 1[, let 7o = min(oneu (i), opir + (v — 1)).
For h > 0, let A" be the solution to (m Then, for all € > 0, there exists ca . such that for all h:

IA — Alllxs @) < cach™ ¢, (5.4.8)
Going back to the magnetic field B, that it is now guaranteed that
|Bs — curl AL |maiv.0) < cpch™ 5.

Within the framework of the WRM, we can take any « €|amin, 1] so, if one picks a "close to 1", the a
priori error is almost like O(h™™ax), where Tiax = min(onew (1), opir)-

We note that the linear system equivalent to is expected to be easy to solve because the
form a, is coercive. In 2D and 3D domains, one can find numerical experiments [AS8] [A1l, 208 209]
to support the claims, and to show the robustness of the approach. In particular, in [208], 209], a very
coarse approximation of the weight w, is chosen, namely a discrete weight which is equal to 0 in simplices
located near the reentrant edges, and equal to 1 in all other simplices.

5.5 Eigenvalue problem, continuous vector finite elements [A1]

Let A = w?/c?. The eigenpair (E,\) solving the electric eigenproblem is a solution of:
Find (E,\) € X%(2) x R such that curlcurlE = \E. (5.5.1)
Consider first the following augmented variational formulation:
Find (E,\) € X{(2) x R* such that for all v € X%(Q), (E,Vv)xq @) = ME, V)L2(0)-

Unfortunately the fact that (E, ) is a solution to the above problem does not guarantee that it is an
eigenpair of the original problem. Indeed, there exists solutions, called spurious eigenpairs which are
not divergence-free. To address this problem, Costabel and Dauge [116] [I17] proposed to consider the
parametrized eigenproblem:

Find (Eg, As) € X%(22) x R such that for all v e X%(Q)
(curl E, curlv)yzq) + s (div E, div v)12 () = A(E, v)L2(q)

where s > 0 is a parameter. The equivalence with the original problem can be restored. If one let s vary,
the true eigenpairs, which are divergence free, will be independent of s, whereas the spurious solutions
still vary with s (their divergence doesn’t vanish).

A second approach, following [91], consists in taking into account the constraint of the divergence of
the field with a Lagrange multiplier. We recover thus the equivalence with the original problem. The
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mized eigenproblem to be solved reads:

Find (E,p, \) € X%(Q2) x L2(Q) x RT such that for all (v, q) € X%(Q) x L3(Q)
(E,v)xq @) + (p,divv)rzo) = ME, V)@ (i) : (5.5.2)
(¢, divE)r2() = 0 (ii)

Theorem 5.5.1. Problems (5.5.1)) and (5.5.2) are equivalent.

P’I’OOf. Let (E, p, \) be a solution to (5.5.2). According to (5.5.2)-(ii), divE = 0. Let ¢, € Hy(S2) be the unique solution to
A¢p = p (it is a well-posed problem since L7, (£2) C H_I(Q)). Let v, = V¢,. By construction, curlv, = 0, v X njgpg = 0 and
divv, = p, hence v, € X3 (). If we choose v = v, in (5.5.2)-(i), we get: \|p||2L?¥<Q) = \E, V¢p)L2(Q) = 0 by integration by
parts. Therefore, any solution of (5.5.2) is such that E € X% () and p = 0. o

5.5.1 Numerical analysis

To carry out the numerical analysis of problem discretized with P¥*1 x P* finite elements (cf.
problem (5.5.11)) below), we study the resolution of the static problem posed in a mixed augmented
variational formulation. Let us recall the static problem:

Find E € Hy(curl, Q) N H(div 0, Q) such that curlcurl E = J, with J € H(div 0, Q). (5.5.3)

Recall first that we can discretize problem (5.5.3]) with the WRM with P**! finite elements. The discrete
problem reads:

Find Ej, € X, 41| Yvh € X1, (Ehyvh)X%(Q) = (J,va)L2(0)
According to theorem [5.4.2] the following estimate holds:
||E — EthaN(Q) < CYM ht ||jHL2(Q)> Yu E]O, Ta[, (554)

where C), > 0 does not depend on the mesh size.
The mixed augmented variational formulation related to (5.5.3)) reads:

Find (E,p) € X$(Q) x L2(Q) such that for all (v,q) € X%(Q) x L2(Q)
(E,v)xg@ +@:divv)z@) = (I, V)L (i) : (5.5.5)
(¢,divE)r2q) = 0 (ii)

We set: K% () := X% () N H(div0,Q). We want to apply abstract theory recalled in §4.5| with
V = X?V(Q)v Q = L?x(Q) OJ(’U,, U) = (va)x%(ﬂ), b(vvq) = (divvaq)Li(Q% K = K(JI\T(Q) Applylng
theorem [£.5.1] we have the

Theorem 5.5.2. Problem (5.5.5)) is well-posed.

Proof, The bilinear form (w, v)x}x\/(g) is obviously coercive on K% (). Let ¢ € L2(Q) and ¢, € H(Q) such that Ag, = q.

Then vq = V¢q € X3 (2) (cf. the proof of theorem 7 and (q,divvg)r2 (o) = llallz2 o) quﬂx%(g): the inf-sup condition
[e3 @

{4-5-2) holds with 8 = 1. R

We introduce two functional spaces: V}1(Q) = {v € L} (Q)|wa—1v € L?*(Q), w,Vv € L3(Q)},

10/(11((2) := closure of D(Q2) in V.}(Q). We know from [I16] that ‘O/é(Q) ={v e V2 (Q)|vpq = 0} and that

on V1(Q), the inner norm and the semi-norm are equivalent norms: ||1)H‘o/1 Q) |V (wav)||L2(0). This

(
implies the orthogonal decomposition

L °
L*(Q) = H(div0,Q) & V(w,VL(Q)) (5.5.6)
In the absence of weight, ‘(}é(Q) = H}(Q). Let Qu(Q) = {q € L2(Q) |waq € ‘(}}I(Q)}, endowed with the
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norm: [|qllq. ) = [IV(w2,q)||L2(0). We have the

Theorem 5.5.3 ([&1], Theorem 4.51). Let (E,p) be the solution to (5.5.5).
On the one hand, divE = 0, and curlcurl E € L2(2). On the other hand, p € Qo ().

o ~
P’I"OOf Accordlng to (5.5.5)-(ii), divE = 0. According to , J(w,q) € H(div0,Q) x VL(Q) s. t. T =w + V(waq).
Then wap + q € L? () and we can solve the auxiliary problem:

o o
Find z € Vo (Q) V2 € VL(Q), (V(wa2), V(waz'))12(q) = —(WaP + ¢, 2") 20,

By construction, waA(waz) = wap + q. Let v = V(waz) € X3 (Q). It holds: curlv = 0 and wq divv = wap + ¢. Using this

2 —q
test-field in (5.5.5)-(i) yields: (wap, wap + q)LQ(Q) = (J,V(waz))Lg(Q) = (V(waq),V(wQZ))LQ(Q) #=1 —(wap + q,q)LQ(Q). In

other words, ||lwap + quQ =0, i.e. wap = —¢q in L2(Q): this proves the improved regularity of p.

(2)
Now, let us take a test-field v € D(Q) in (5.5.5)-(i), with J replaced by w + V(waq):

(curl curlE — w, V)L2<Q) = (V(wagq), U)LZ(Q) — (Wap, wa div V)L2(Q) = —(q + wap, wa div V)LQ(Q) =0.

Hence, curlcurlE = w, so the conclusion follows. o

Corollary 5.5.1 ([A1l, cor. 4.1]). One can characterize the spaces Vo and Qo defined in (4.5.13)
completely. After some elementary computations, one reaches Vo = Vg(Q) := {v € K% | curlcurlv €
L2(Q)} and Qo = Qo (). The space V(L) is endowed with the norm:

1
2
IVllve = (||cur1vHL2 Q)+||cur1curlv||L2(Q) . (5.5.7)

Consider the (self-adjoint) operator T : (X%(€2))" — X% () such that T(J) = E, where (E,7) is the
solution to problem (5.5.5). The space V = X% () is dense in L = L%(Q). The last corollary allows us
to prove the compactness result (E):

Corollary 5.5.2 ([A1l, cor. 4.2]1). The restriction of operator T from L*(Q) to Vg(Q) is compact.

P’I“OOf. Consider a bounded sequence (J,,), € L2(2). The corresponding solutions (E,,, f,) are bounded in Vg (£2) X Q4 ().
In particular, thanks to the identification , the sequence (F,),, with F,, = curl E,,, is bounded in the space X1 () :=
Hy (div, Q)NH(curl, Q). According to the fundamental result of Weber [244], X (Q) is compactly embedded in L?(Q): there exists
F c L2(Q) s. t. limpe0 Fyy = F € L2(Q) (we identify the subsequence of (F.,,), with (F,), itself). Obviously, the sequence
(En)n is bounded in X () : according to the second fundamental result of Weber [244] on vector fields with vanishing tangential
trace, X () is also compactly embedded in L?(£2). Therefore, there exists E € L2(2) such that limp 00 E, = E € L%(Q). Since
divE, = 0, for all n, one has div E = 0 thanks to the uniqueness of the limit. Moreover, Fy, = curl E,, converges to F in L2 (2),
and by identification curl E = F. Then, the subsequence (E,, ), converges to E in H(curl, Q), so that E € Ho(curl, Q). Finally
one concludes first that E belongs to X% (£2), and second that the subsequence (E,),, converges to E in X% (2), as expected. ¢

Compare to we want here to approximate the fields by an element of the discrete kernel. The
obvious choice of the Taylor-Hood Finite Element [239] is ill-advised in our case. A condition like the
discrete Lagrange multiplier vanishes on tetrahedra that neighbour the reentrant edges and corners must
be imposed. We can discretize and with the Zero Near Singularity P**1 x P* Finite
Element of Ciarlet Jr. and Hechme [I00]: to discretize the electric field, we consider X, 41 defined in
. Let By, = UTeTh, OTNE£D T. To discretize the Lagrange multiplier, we consider

= {qn € C°() | V! € Ik, wanqnx, € P*(K;) and gy, = 0},

Moreover, given g, € My, letting ), = waaqn, we have: (qn,divva)r2 ) = (35, divva)20) = 0 for all
vy € X?‘V(Q)
The discrete approximation of ([5.5.5) reads:
Find (Ep,pn) € Xp k41 X My, such that for all (vy,qp) € Xp pt1 X My,
o = viee () (5.5.8)

{ (Eh>Vh)x7V(Q) + (Pn, div vy)
@ = 0 (ii)

L
(qn, divEp) 12 (o
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Applying theorem with estimate (5.5.4), we obtain the error estimate for E;, approximated with
(15.5.8):

IE — Enllxg @) < Cu (1 + ) W lz)s Vi €0, 7al, (5.5.9)

1
B(h)
where B(h) is the constant of the discrete inf-sup condition on Xy g1 X My, with b(vy, qn) =
(divvh, qn) 12 (). From now on, we suppose that 3(h) is bounded from below. Noticing that ||j||L2(Q) <
||EHVE(Q), this results allows to obtain the bound ro(h) < C,(1 + B(h)~1)h*, for u €]0,7] giving the
strong approzimation property (def. .

Next, we establish an approximability property for the Lagrange multiplier.

Proposition 5.5.1 ([All, Proposition 4.1]). There exists Cypp > 0 such that for all g € Q4 (),

i - < l-a ) 5.
thélzah g — anllzz @) < Capph” ™ *llallqa () (5.5.10)

P?”OOf. We follow the proof of [I16, Proposition 8.3], with Clément type interpolation operators since functions of Qq (£2)
are not, in general, continuous. Note that ¢ € Qu(£2) mean that wan_1q € L?(Q) and waeVq € L2(Q). For all £ € Tk, we
call Ky = {Ky, 0 € Ik, |Ki N Ky # 0} Let Vi, = {g; € C°(Q)|V¢ € Ik, anikx, € P'(K,)}. There exists a projection
7 ¢ L, — Vj, such that ||§ — ”h(‘?)HL%Kg) <h |q‘H1(f<£) [231]. We construct a cut-off function x, such that (recall that d is
the distance from the set of reentrant edges):

0<xn <1, xn(x)=1ifd(x)<4h, xp(x)=0ifd(x)<8h.

For any ¢ € Tk, we suppose that if x,(x) = 0, Vx € Ky, then df([ > h. Given g € Q4 (2), we set g, = w_247h (1 — Xn)W2aq, and
we prove ([5.5.10) letting Hq“éa(ﬂ) ~ HqHng L@ + HVqu% " We have that g g, =0, g» € M), and:
o — [e3

2 2 2
lg = anllLz (@) < 2lIxnaliLz @) + 211 = xn)a = anllL2 () = 2 (1 + I1).

Let I, = {£ €Ik di, < 8h}. We compute:

2 2 2—2 2 2(1— 2
1= 5 [ wealvnal® < X [ waala®$ 30 [ wiacalal® SHOTVlall; o
£ 4 £

LETY, LETY, LETY,

Letting ¢ = (1 — xn)w2qa9. We have:

II = |lw—a(w2a(l — xn)g — 7n(1 — Xh)w2aq)”i2(g) = lw—a(d — 7 Q)HiZ(Q) = Z lw—a(d — 7 (D”iQ(KZ)-
(eI

In the above summation, we exclude tetrahedra of Ej. For K, € Tp\Ep, we have ||lw_q| oo (K¢) < h™%. Using the rule
lfgliL2 < IIflizeellgllp2, it holds:

—2a ~ ~112 2—2a ~12
IISh Z Hq_ﬂ'h(I”L2(K[)§h Z ‘Q‘Hl(ke)'
Ko€Tp\EBp, KeeTp\Ep,

Next, we write V§ = (1 — xn) V(w2aq) + w20qV (1 — x1n).
For the first term, one has:

(X =xn) V(wza@)llp2(z,) S 11— Xnllpoo (2, | V(w2adllL2z,) < I V(w2ad)llL2z,)-
For the second term, the support of V(1 — x3) is included in {x|4h < d(x) < 8h}, and
IV =xn)llzes Sh 7
Also, in this region, one has ||w1|/po < h. Hence:
w2aqV (1 =xn)llz2(k,) = lwza-1quiV(1 = xw)liL2 iz, S lw2a-1dllizz,) = lallz &,

We obtain then the following estimate for I1:

11 < 20— ( v 2 2 ) ) < p2a- ( v 2 2 )
~ ZEEI:K I (wQO‘q)“LZ(Kz)+Hq“L%a,1(Kz) ~ I (wZQQ)HLQ(Q)+Hq”L§a71(Q)
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As a corollary, we have the weak approzimability property of Q4 (Q) (def. [4.5.1):

Corollary 5.5.3. Let Kp, p11 := {vn € Xppt1|Van € My, (divvy,qn)r2 (@) = 0}. There exists rq :
RT — RT such that limj,_+ r1(h) =0 and

div vy, q
sup ATV g
vh€Kp k41 th”X%(Q)

P’I’OOf. Consider (v, q) € Kp k+1 X Qa (). Noticing that (div V’HQ)La(m = (divvy,q — qh)La(Q)’ Yqp € My, it holds:
‘(diVVIHQ)Lg(Q)I < ” diVV}L”L%(Q) ”q - qh”L%(Q) < ”V}L”X%(Q) ”q - qhHL%(Q)7 Vqn € My,.

We obtain the result with 71 (h) = Capph! ™. o
The discrete approximation of (5.5.2)) reads:

Find (Eh,ph, )\h) € Xh,k+1 X My, such that for all (Vh, qh) S Xh,k+1 X My,
(Eh,Vh)X?V(Q) -+ (phydiVVh)Li(Q) = )\h(Eh,Vh)L2(Q) (1) . (5511)
(qn,divEp)p2 ) = 0 (ii)

We conclude with the error estimates. From ([5.5.4), we know that the bound in (4.5.18) behaves like
e(h) = Cy, h#, for p €]0, 74| (it can be better-smaller-provided the eigenfield is smooth). Therefore, we
have the following error bounds for the discretization of the electric eigenproblem (5.5.1]):

e Approximation of the eigenvalue: |\ — \y| < (C,)% h?H,

o Cap: §(Ey, Ey,) < C, ht.

5.5.2 Numerical illustration

We consider the benchmark of Dauge [125]. Let € be the L-shape domain with straight sides and corners
in (0,0), (1,0), (1,1), (—=1,1), (—1,-1), (0,—1). It possesses a reentrant corner located at the origin.
It is reported that the first eigenvector has the strong unbounded singularity, which means that it does
not belong to H(Q2). According to the theory, the weight w, can be chosen as w, = r®, with r the
distance to the origin, and a €]1/3,1[. We compute the solution using a value of the parameter a set
to o = 0.95, on a series of quasi-uniform meshes. To discretize the problem, we consider the P2 x P!
Zero Near Singularity finite element pair, cf. [I00]. The meshes are respectively made of 738, 2952 and
11 808 triangles, with 410, 1557 and 6 065 vertices. The corresponding meshsizes are h = 7.84 x 1072 ,
h=3.92x 1072 and h = 1.96 x 1072, The computation of the first five eigenvalues (\;, h)>_; is carried
out with the help of Matlab. The relative errors r;;, = |\;n, — A;|/A; are reported in Table

We note that on the coarsest mesh, all eigenvalues are already very well-approximated, with the
exception of the first one, for which convergence is in addition slower.

To improve the convergence towards the first eigenvalue, we then make some computations, on a series
of suitably graded meshes, cf. Figure[5.1] with the same value of the parameter «, that is a = 0.95. See
[69] for a rigorous study of the benefit of graded meshes for the computation of Maxwell eigenvalues. It
is important to note that the number of triangles and vertices are similar, since the graded meshes are
respectively made of 648, 2664 and 10728 triangles, with 362, 1410 and 5522 vertices. The results on
these graded meshes are reported in Table Notice that the relative erros 73 and r5; are better
on the first graded mesh. We need further investigation. This may be explained by the fact that the
graded meshes are not well suited to the corresponding solutions. To complete this series of experiments,
let us emphasize the crucial importance of the weight w, . Without the weight, it is expected that the
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eigenvalue(s) corresponding to singular eigenvector(s) are not captured numerically (in our case, the first

one).
h \ 1 21 \ 3.1 T4,h \ T5h
Uniform 1 [ 1.3 x 1072 [ 33x 1077 [ 94 x107° [ 1.1x 10" * | 9.9 x 1073
Uniform 2 | 8.0 x 1072 | 6.2x107° | 2.3 x107° | 25 x 107 | 1.3 x 107°
Uniform 3 | 4.4x 1072 | 1.2x107° | 5.5 x 1076 | 6.2x 1076 | 5.3 x 1076
Table 5.1: Relative errors on quasi-uniform meshes with o = 0.95.
1 1
0.8 0.8F
0.6 0.6}
0.4 0.4
0.2 0.2t
0 0
-0.2 -0.2
—0.4 -0.4
-0.6 -0.6
0.8 1 -0.8
_1—1 -0.8 -06 -04 -0.2 0 O‘,2 OI_4 0‘_6 0‘,8 1 _1—1 —(I).S —OI.G —0.‘4 —0.‘2 0 O‘.2 0‘.4 6.6 0‘.8 1

Figure 5.1: Uniform mesh (left) and graded mesh (right).

h | i Y | s T4,h | s
Graded 1 [ 23x10 2 [79x10° [ 21x10*[25x107*]1.9x10°*
Graded 2 | 54x107* | 1.8 x 107% | 4.7x 107" | 51 x 107 | 8.5 x 1072
Graded 3 | 1.6 x 107* | 45x 1076 | 20 x 1072 | 1.3 x 1075 | 4.6 x 102

Table 5.2: Relative errors on graded meshes with a = 0.95.
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5.6 Propagation in a waveguide [A3]

We want to solve problem ([5.1.19)—(5.1.24)), where the field E € Xy . (). According to Costabel [I12],
the graph norm and the semi-norm are equivalent on Xy r. (€2), defined in (5.1.25):

[N

Vlix o) = (leurlvifa i + [ div vz + v < nllie,) )

5.6.1 Variational formulations

Starting from the second-order in time system of Equations -, we obtain a series of
equivalent variational formulations. When T"4 is empty, we refer the interested reader to [B2, chap. 12]
for details. When I" 4 is non-empty, it is enough to adapt the proofs given by Ben Belgacem and Bernardi
[32] to handle the boundary terms. The three variational formulations are obtained successively this way:

1° Multiply Equation (5.1.19) by v € Hg . (curl, ), and integrate by parts over 2. We get the
variational formulation:

Find E(t) € Ho p, (curl, Q) such that for all v € Hy p. (curl, ), for all ¢,
(OB, V) + *(curl E,curlv)iz (o) +c(OE xn,v xn)r2r,) = —(9:J/c0, V)L2(Q) + ¢ (9tb x 1, V)12 ,).

Above, (-,-) denotes an ad hoc duality product between 0%E and elements of Hy 1. (curl, ), cf. [32].
We have the

Theorem 5.6.1. Suppose that 9;:J € L*(0,T;L3(2)), 0 € C°(0,T; H-1(Q)), o0 and J satisfying (5.1.5).
Suppose that (Eo, E1) € Hor(curl,Q) x L*(Q). Then, Equation (5.6.1)), together with initial condi-

tions (5.1.23))-(5.1.24)), is equivalent to problem (5.1.19)-(5.1.24)) and has a unique solution E such that
(E,0:E) € C°(0,T; Hy r, (curl,Q)) x C°(0,T;L%()). Moreover, provided that o € C°(0,T;L2(2)) and
Eo € X{ 1, (Q), we have the improved regularity result E € C°(0,T; X% 1, ().

2° Add ¢?(div E, div v) 2 () on the left hand side and ¢*(g/eo, div V)12 () on the right hand side to
get the augmented variational formulation:
Find E(t) € X 1. (2) such that for all v € X 1 (Q), for all ¢,

(OZE, VL2 () + (B, v)xq () + ¢ (BE X n,v x n)p2r,)
= —(8,5.]/50,V)L2(Q) + CQ(Q/ao, div V)Li(Q) +c¢(b’ x n, V)LZ(FA). (5.6.1)
Theorem 5.6.2. Suppose that 9,J € L*(0,T;L2()), o € C°(0,T;L3()), o and J satisfying (5.1.5).

Suppose that (Eg,Eq) € X‘]D‘V’FC(Q) x L2(Q). Then, Equation (5.6.1)), together with initial conditions

(5.1.23) -(5.1.24), is equivalent to problem (5.1.19)—(5.1.24) and has a unique solution E such that
(E,E) € C°(0,T; X% . (2)) x C°(0,T; L*(Q2)).

3° Add (p,divv)z (o) on the left hand side and consider a constraint on divE (cf. (5.6.3)). Let
p € L2(Q) be the Lagrange multiplier, we reach the mized augmented variational formulation:
Find (E(t),p(t)) € X% . () x LZ(Q) such that for all v e X% (), for all ¢,

(a?t]*l V)Lz(Q) + CQ(E, V)X%,FC(Q) + (p, div V)Lg(ﬂ) + (6tE X n,v X H)Lz(pA)

= —(J"/e0,V)L2(0) + *(0/0,div V) 12 () +/ (cb’ x m).v, (5.6.2)
I'a

and for all ¢ € L2(Q), for all ¢,
(divE,q)r2 (o) = (¢/c0, Q)12 (@) - (5.6.3)

Theorem 5.6.3. Suppose that 8;J € L*(0,T;L?()), 0,0 € L?(0,T; L%(Q2)), 0 and J satisfying (5.1.5).
Suppose that (Eo, E1) € X 1 (2) X L2(Q). Then, Equations (5.6.2)-(5.6.3) are equivalent to Equa-
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tions (5.1.19)-(.1.24) and have a unique solution (E,p) such that (E,9,E) € C°(0,T;X% p,(Q)) x
C%0,T;L2(2)) and p = 0.

The constraint (5.6.3)) is added to reinforce Gauss’ law (5.1.20)) and also to avoid numerical instabilities
when the discrete charge conservation equation is not satisfied while solving the Maxwell-Vlasov system.
Actually, if the charge conservation does not hold, then the Lagrange multiplier no longer vanishes, and

it compensates for the discrepancy [27]. One can build similar variational formulation for the magnetic
fields.

5.6.2 Discretization

Let us discretize Problem (5.6.2)—(5.6.3). Concerning the time discretization, we use explicit centered
schemes of order two. Let At be the time step and t, = nAt, n € {0,...,T/At} be the discrete times,
we consider that:

e Ju(-,t,) is approximated by [u(:, tpy1) — u(-, th—1)]/(2A1)].
e 0%u(-,t,) is approximated by [u(-,tni1) — 2u(-,tn) + u(-,tn_1)]/(At)?]

Concerning the space discretization, we use the P* finite elements for (k > 1) and the P* x pk—1
Taylor-Hood Finite Element [239] (k > 2). We denote by (E},p}) the discretization of (E(t,), p(ty)).
We recall that for the fully discretized explicit scheme, on must satisfy a CFL-like condition. For P*
finite elements, we must have: ¢ At < Cj, ming ps, where C} depends on the approximation order and p
is defined in With this discretization, the L?(Q) error estimate reads [214, chap. §|:

max([B(tn) — Bf () < Cu (A2 +h4), ¥ < 7.

Additionally, we note that if one considers an implicit scheme such as the Crank-Nicholson scheme, one
can obtain, following the result [105]:

max([|0B(tn) — OB} |22(q) + | E(tn) — Bhllxg) < Cu (A0 + % + (A6 B20=Y), vp < 7o,

where O,E} = (Ef — E} 1) /At.

5.6.3 Numerical scheme

Let Ng (resp. N,) be the number of P**1 (vesp. P¥) degrees of freedom for the electric field (resp. the
Lagrange multiplier). Let E" € RVE (resp. p" € R™») be the discretized electric field (resp. Lagrange
multiplier) at time ¢,,. Let Mg € RVEXNE he the mass matrix and Mlll € RVeXNE he the boundary mass

matrix, defined on I'4. We define M = Mg, + %c At I\\/JI‘ILA. Let B € RN»XNE he the constraint matrix. At
time t,,, we have to solve:
Find (E"*! pntl) € RVe x RM such that

ME™! 4 (At)2BTpt! = /2 and BE™ = g™ (5.6.4)

The algorithm is the same as algorithm (4.5.8) with A, =M, B =B, ,, K, = BM~!B” and U = EnT
F=F"t/2 g =gt

Prediction: Solve in £, such that M E, = 2,

Constraint solver: Solve in P such that K, P =BE, — [eans (5.6.5)
Correction: Solve in 0E such that M6E = —BT pntt, e
Update: E" = 6E + E,.
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One can use the P* mass matrix as a preconditioner to solve the second step with the Uzawa algorithm
(see . When the domain is convex, this yields an optimal method in term of number of iterations,
which does not depend on the meshsize as proved in [B2]. When the domain is not convex, it has
been observed numerically that this number of iterations grows, albeit very slowly, when h decreases.
Moreover, in practice, given a mesh made of tetrahedra with good aspect ratio, it has been noted [157]
that Q"‘H doesn’t vary much (from the zero theoretical value), so that there is actually no need to
compute it at all times. However, if there is a coupling with the Vlasov equation, one has to compute
accurately [27] this Lagrange multiplier. To speed up the resolution further, one can perform the so-
called mass-lumping techniques, to obtain diagonal mass matrices in . It has been established in
[I11] that this could be achieved, for a continuous discretization, with no loss in accuracy. This results in
the so-called P! or P? finite elements. In the latter case, accuracy is preserved at the cost of increasing
the total number of degrees of freedom, going from 10 degrees of freedom for the P? finite element to 23
degrees of freedom for the P? finite element. In the former case, the number of dof is equal to four for
both the P! and the P? finite elements.

5.6.4 Numerical illustration in a non-convex geometry

The domain €2 is an extruded, L-shaped, polyhedron (see Figure 7 of depth L = 4m. Geometrically
speaking, its boundary 92 has a single reentrant edge of dihedral angle ©. = 27/3 (in red). In this
case, it can be checked that oy = 1 — O./7 = 1/3. Physically speaking, the boundary is split in two
parts, ['c and T'4 (in gray). The latter is composed of the leftmost and rightmost faces of the boundary.
Further, the Silver—Miiller boundary condition (2.8) on the artificial boundary I'4 holds with b = 0:
we impose an absorbing condition. The data are made of zero initial conditions (Eg, By), and non-zero
charge and current densities p,J). A current bar B crosses the domain, and inside this bar, there holds
(with w = 2.5 GHz):

J =10"%w sin(rz/L) cos(wt)e,, o= 10"°(r/L) cos(nz/L)cos(wt).

The wavelength and time period associated to w are, respectively, equal to 2m¢/w ~ 0.75m and 27 /w =
2.5ns. It is clear that the dimensions of our domain are not realistic; however, we made this choice in
order to be able to visualize several oscillations of the field (in space). We note that both J and p are
smooth, so all theorems of apply, which ensures theoretically the existence and uniqueness of the
electromagnetic field.

(0,6,0) (9,6,0)
L=4m
J 6,3,0)
///}’:L’J /‘Pg___ (9,3,0)
T A(6.0,0
S S S CA LR el ( )
A et ©y
J—>ez
eZ

Figure 5.2: The model problem.

To compute the electric field, we considered the space X% (Q) , with @ = 0.95 and the augmented
variational formulation . The value of the exponent o — i, that appears in the convergence
rates is then approximately equal to 0.62. To compute the magnetic induction, we introduced (again
with o = 0.95):

X p.(Q) = {v € H(curl, Q) | divv € L%(Q), v x njpq € L7 (09), v - nyr, = 0}.
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The augmented variational formulation reads:
Find B(t) € X% 1 () such that for all v € Xg . (2), for all ¢,

(03B, V) + CQ(B,V)X%FC(Q) +¢(B xn,v xn)zr,) = (1/g) (J, curlv)x%Fc Q)

We report the results of computations made with the P! finite elements on a tetrahedral mesh, with
685 x 103 tetrahedra. In particular, the 10 discretization point per wavelength rule is satisfied. One has
ming p; &~ 6 cm, and the time-step is in the order of At ~ 40 ps: this complies with the CFL condition.
The final observation time is T' = 25 ns: it is sufficient for the electromagnetic wave that is generated by
Bj to span the whole domain (recall that the wave travels at the finite speed ¢ ~ 3 x 108m.s™!.

In Figure [5.3] we present the time evolution of the z-component of the electric field at the locations
M; =(1,1,2), My = (1,5,2), M3 = (5.5,2.5,2), M, = (8,5.5,2); respectively. It remains equal to zero
until the electric wave reaches the point under consideration. Then the field oscillates with a period

~ 2.5ns: as expected, we observe forced oscillations.

4 4
o X 10 o X 10
1 1
[} [}
£o :°
2 2
= -1 £ -1
2 -2
-3 -3
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 2.5
Time x1078 Time x 1078
4 4
2x 10 2x 10
1 ] 1
Q [0}
E OW g o N
= 3
E-1 ] £ -1
<< <
-2 -2
-3 : ; : . -3 . . : -
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 2.5
Time x1078 Time X107

Figure 5.3: E, at (M;)?_;.

Let us now focus on the spatial behaviour of the electromagnetic field, which we expect to be singularﬂ
in the neighbourhood of the reentrant edge. We report the evolution of the field in a plane, which is
perpendicular to that edge: the geometrical singularity projects to a reentrant corner.

In Figure[5.4]and 5.5 the space evolution of the 2 and y-components of the electric field is represented
in the plane z = 2.5 m, at times T} = 1ns, 75 = 8ns, T3 = 15ns, Ty = 20ns. We can see that an electric
wave is created by the current, that it propagates into the cavity with wavelength ~ 0.75m, and is
reflected by the conductor as expected. At T3, we observe a growing peak of intensity close to the
reentrant corner. We also provide a close up of the x-component near the reentrant corner in Figure[5.6
again at times (7;)7._,. The usual pattern of strong variations is visible, once the wave has reached the
corner, especially at time T5.

In Figure we picture the space evolution of the z-component in the plane z ~ 2.5m, at times
(T;)i_;. Again, we observe the propagation of the wave with wavelength ~ 0.75m, and the reflections.

5 According to physics principles, to experiments, and also to the mathematical theory.
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Figure 5.5: E, at time (7;);_; in the plane z = 2.5m.

Note that this component is always regular (as opposed to singular), which is due to the fact that the

Moreover, it takes smaller (absolute) values than

geometrical singularity is parallel the z axis [75] [98].
the z- and y-components.

In Figs. 5.4 [£.5land [5.7] one can see spurious reflections on I' 4, due to the fact that the Silver—Miiller
boundary condition is simply of first order: only plane waves with normal incidence are absorbed, which
is not our case. As far as the magnetic induction is concerned, we observe a similar behaviour up to a
rotation of 7/2 around the z-axis. So for instance, we show in Figure the space evolution of By in

the plane z ~ 2.5m, at times (7;)7_;.

Physically speaking, the overall space distribution
bar B at location M reads:

_ Mo

T dw Sy, Txar - xP?

56

J x (xp — %)

of the electromagnetic field can be explained with
the help of the Biot-Savart law. According to this law, the magnetic induction created by the current

where x5 := OMM.
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Figure 5.7: E, at time (7;)?_; in the plane z = 2.5m.

Let (z,y, z) be the coordinates of M, and let (x,y, z) be those of M’, the orthogonal projection of M on

the z-axis of B;. One gets:
Jz )
B P
(XM) X |XM — XM’|2 ( (.’13 _ 1‘/)

Therefore, if y = 3/, By(xax) = 0, whereas if = 2/, By(xar) = 0. In Figure one sees in particular
that, at time T, B, vanishes vertically, i.e. for those locations M such that x = z0', that is above and
below the current bar Bj. The electric field being orthogonal to the magnetic induction, one gets that
ify=yvy, Ey(xm) = 0, whereas if = 2/, E;(xa) ~ 0. This can be observed in Figs. and
Numerically speaking, we note that if one implements the augmented variational formulations with
the plain scalar product (-, -)x (o) instead of the weighted (-, -)xq (0), one gets similar numerical results
until the wave hits the reentrant edge. This is a consequence of the fact that before that time, the
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Figure 5.8: B, at time (7})}_, in the plane z = 2.5 ~ m.

fields are H!'-regular: both augmented variational formulations have the same solution. After that, the
fields become singular, and results differ considerably: first, in the neighbourhood of this edge, and
this discrepancy extends in space at the speed of light ¢. This is due to the fact that the augmented
variational formulation with the plain scalar product (-,-)x (o) cannot capture the singular part of the
fields. In other words, it is crucial that one uses the correct variational formulation, in the correct
functional space.
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Chapter 6

Neutronics

The work presented in this Chapter concern articles [A12] [A2] [A6 [A7, [A11l [A10], proceedings [P5, [P6],
Chapter 3 of lecture notes [BI] and PhD thesis of Léandre Giret [163]. These references are recalled
below, in reverse chronological order:

[A12)

[A2]

[A6]

[A7]

[ATI]

[A10]

B3]

[P2]

[P6]

[B1]

Numerical analysis of the neutron multigroup SPy equations,
E. Jamelot and F. Madiot, Comptes Rendus Mathématique, 359, 5, pp. 533-545, 2021.

Numerical analysis of the mized finite element method for the neutron diffusion problem with highly
heterogeneous coefficients, P. Ciarlet Jr., L. Giret, E. Jamelot, F. Kpadonou, ESAIM: Mathematical
Modelling and Numerical Analysis, 52, 5, pp. 2003-2035, 2018.

Domain decomposition methods for the diffusion equation with low-regularity solution)
P. Ciarlet Jr., E. Jamelot and F. D. Kpadonou,
Computers & Mathematics with Applications, 74, 10, pp. 2369-2384, 2017.

A simple monodimensional model coupling an enthalpy production equation and a neutronic diffu-
ston equation, S. Dellacherie, E. Jamelot, O. Lafitte,
Applied Mathematics Letters, 62, pp. 35-41, 2016.

Fast non-overlapping Schwarz domain decomposition methods for solving the neutron diffusion
equation, E. Jamelot and P. Ciarlet Jr.,
Journal of Computational Physics, 241, pp. 445463, 2013.

Domain Decomposition for the SPy Solver MINOS,E. Jamelot, A.-M. Baudron, J.-J. Lautard,
Transport Theory and Statistical Physics, 41 pp. 495-512, 2012.

Critical Computation with Finite Element Method on Non-Conforming Meshes,
L. Giret, P. Ciarlet Jr., E. Jamelot, M&C 2017, April 16-20, Jeju (Korea).

Numerical results for the coupling of a simple neutronics diffusion model and a simple hydrody-
namics low mach number model uithout coupling codes,

S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad,

SYNASC 2016, September 24-27, Timigoara (Romania).

Domain decomposition for the neutron SPy equations,
E. Jamelot, P. Ciarlet Jr., A.-M. Baudron, J.-J. Lautard,
DDM’21, 2012, June 25-29, Rennes (France).

Outils mathématiques et algorithmiques pour le calcul scientifique, P. Ciarlet Jr., E. Jamelot, (pp.
185-229), ENSTA Paris, 2019.
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[163] Numerical Analysis of a Non-Conforming Domain Decomposition for the Multigroup SPyx Equa-
tions, L. Giret, PhD thesis, Université Paris-Saclay, 2018.

Article [A6] followed the Master’s 2 intership of Félix D. Kpadonou. Article [A2] and proceedings [P5]
are related to the PhD thesis of Léandre Giret [I63]. Sofiane Ezzehi’s internship provided an opportunity
to expand on the coupling strategy described in article [AT] and proceedings [P2].

This Chapter is organized as follows: in Section [6.1} we give details on how to obtain the neutron
simplified transport equations. Next, in Section [6.2] we carry out the numerical analysis of the neutron
diffusion source problem discretized with Raviart-Thomas finite elements. This is followed, in Section[6.3
by the numerical analysis of the neutron diffusion generalized eigenproblem. In Section we give tools
to apply domain decomposition methods. We first study the optimized Schwarz method in Section [6.5)
and then the so-called DD+ L? jumps method in Section In Section we carry out the numerical
analysis of the neutron multigroup simplified transport equation, discretized with discontinuous Galerkin
finite elements. Finally, in Section[6.8] we study a simplified thermal-hydraulics and neutronics coupling.

6.1 Context and model

A nuclear reactor produces thermal energy that is released from induced nuclear fission in fissile atoms,
such as uranium. Fission produces kinetic energy, ~ rays, lighter atomic nuclei and free neutrons. These
neutrons can lead to further fission: this process is known as nuclear fission chain reaction. To calculate
the power of a nuclear reactor, we study the stationary state of its core, which is where fission occurs.
This reaction is modelled by the neutron transport equation, which represents the neutron balance in
the reactor.

6.1.1 Neutron transport equation

The neutron density, N'(¢,x,w, E), depends on seven variables: time ¢ € (0, T), position in space x € R3,
velocity direction € $2? ($? is the unit sphere), and energy E € RT. The energy of a neutron is related
to its velocity v by the kinetic energy equation: F = %m v2, m being the mass of the neutron. The data
from the neutron transport equation are the macroscopic cross sections, as well as the fission yield v(F)
and the fission spectrum x(E). The macroscopic scattering cross section is denoted (¢, x, (m), E —
E). Tt represents the probability that a neutron colliding at time ¢ and point x, with energy E’ and
direction €', will be reflected with energy E and direction €. Shocks are assumed to be isotropic, so o
depends on the difference between the neutron’s angles of incidence ¥’ and reflection £2. The macroscopic
fission cross section, denoted o¢, represents the probability that a neutron colliding at time ¢ and with
energy E’ at the point x will cause fission. This event does not depend on the incident angle and is
isotropic. The total macroscopic cross-section g; represents the probability of a neutron of energy F
undergoing a collision at time ¢ and point x. The macroscopic scattering cross section models neutron
collisions. It depends on the angle between the angles of incidence Q' and reflection € of the neutron,
as well as the energy before E’ and after E the shock. The angular neutron flux is given by the quantity
1 = v N, and the angular neutron current by the vector J = Q1.

The neutron transport equation reads:

+oo o
w - / / s (t’x’ (@,9),E' — E) b(t,x, @, B dE
o L
+o00
“F%E’) </ V(E’) Uf(t,X7 E’)/ w(t’ X, Q/,El)dﬂldE/> (611)
T 0 <

+Sept — div T (¢,x,Q, FE) — o¢(t,x, E)Y(t,x, €, E).
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In the steady-state case, where there is no external source S.; = 0, Eq. (6.1.1]) reads:
o0 P
/ / s (x, (€, ), E — E) b(x, @, E)dQAE
0 §2

X(E)

(& (/O+°° v(E)o(x, E') /$2 1/J(x,ﬂ/,E/)dQ’dE/> (6.1.2)

=divJ(x,Q, E) 4+ o¢(x, E)Y(x,Q, E).

The macroscopic cross sections are obtained from the basic nuclear data, i.e. the microscopic cross
sections. The evolution of the microscopic cross sections is modelled by the Bateman equations. In this
way, the Bateman equations and the neutron transport equation are coupled. In order to perform calcu-
lations, the basic nuclear data are homogenised in space and energy. See [I78] about the homogenization
of linear Boltzmann equation when the optical parameters are highly heterogeneous in the energy vari-
able. Therefore, the macroscopic cross sections are numerical data. Thus, Equation may have
no solution. To obtain a balanced solution, we rewrite Equation in the form of a generalized
eigenvalue problem. We want to determine the eigenpair (¢, k.r) such that:

div 7 (x, Q, E) + o4(x, E)(x, Q, E)

+oo P
:/ / o0 (%, (0.9),F' - E) ¢(x, ', B')AQdE’
0 $2

oo (6.1.3)
X(E) ! / / / ! /
+A v(E)os(x, E) Y(x, Q' ENdQ'dE" |,
47T 0 %2
1
k = —
eff miny A

We can apply the Krein-Rutman Theorem to show that the physical solution, which is necessarily
positive, is the eigenfunction associated with the smallest eigenvalue which in addition is simple [183],[126].
The inverse of this smallest eigenvalue is denoted k.s; and called the effective multiplicative coefficient,
characterises the physical state of the reactor:

o If ks = 1: the core reactor is in a steady state and the nuclear chain reaction is self-sustaining.
The reactor is said to be critical.

o If kcrp > 1: there are more neutrons which are produced than neutrons which disappear. The
chain reaction races. The reactor is said to be supercritical.

o If k.r¢ < 1: there are less neutrons which are produced than neutrons which disappear. The chain
reaction vanishes. The reactor is said to be subcritical.

6.1.2 Energy discretization

The energy variable is discretised using the multigroup theory [143 [80]. This corresponds to homogeni-
sation techniques in energy and space, preserving certain physical quantities. The energy is assumed to
be bounded: E € [Epmin, Pmaz], and its domain is divided into G subintervals, the energy groups, such
that: [EminaEmax] = [EG7EG—1] U...u [El,EQ} with: Fg = Enin, Fo = Epnae €t \V/g < g/ Eg/ < Eg.
Let us set Zg := {1,...,G}. The total macroscopic cross section, the fission macroscopic cross section
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and the efficiency are approximated by piecewise constant functions for the energy variable:

O-;? (X)7
v9 a?(x).

&

22
e
GRS
L L

Vg €lg, VE € [Ey, Eq_1]: { 5

The same applies to the macroscopic effective cross-section of diffusion: for all g,¢’ € Zg, for all E €
[Eg, Eg—1]: 5
/ U 0u(x, (), B~ B)E ~ 0?79 (x, (,).

Egl

The quantities 1, and J, such that for all g € Zg,

Ego1
g (%, €2) ::/ P(x,Q, E)dE and Jy(x, ) == Qy(x, Q)

Ey

oo Ey 1
are called the angular flux and angular current of energy group g. By writing / -dE = Z / -dE
0 E
9Zg ~ 9
in (6.1.3), and integrating over [Ey, E,_1], we obtain the following coupled system of G equations: the

tuple ( (jg)ga (wg)gy keff) satisfies

div J,(x, Q) + of (x)1y(x, Q) — Z [52 O—g'%g (x, (ﬁ)) W9 (x, Q')A

9'€Zlc

WX . ' NAO 6.1.4
_)\E E v9 0% (x) $21/J9 (x,Q"HdQY |, ( )
9'€lc
1
kerr = — .
11 miny A

6.1.3 SPy approximation

Concerning the motion direction, the Py transport equations are obtained by developing the neutron
flux on the spherical harmonics from order 0 to order N. This approach is very time-consuming. The
simplified Py (SPy) transport theory [I59] was developed to address this issue. The two fundamental
hypotheses to obtain the SPy equations are that locally, the angular flux has a planar symmetry;
and that the axis system evolves slowly. The neutron flux and the scattering cross sections are then
developed on the Legendre polynomials. From a mathematical point of view, SPy equations correspond
to tensorized 1D Py transport equations, so that some couplings are missing. Consequently, the S Py
equations do not converge to transport equations. Nevertheless, they are commonly used by physicists
since their resolution is cheap in terms of computational cost. The order N is odd, and the number of
NEL We will denote by Z. (resp. Z,) the subset of even (resp.
odd) integers of the integer set {0,..., N}. Finally, the (motion direction and energy) discretization of
the neutron flux is such that there are N x G even and odd moments of the neutron flux. Note that
while modelling the core of a pressurized water reactor, the number of groups if such that 2 < G < 30,

SPy odd (resp. even) moments is N :=

physicists usually choose N =1 or 3, more rarely N = 5.
We will denote by ¢ = ((¢9,)mez, )geze € RNXG the set of functions containing, for all energy group

g, the even moments of the neutron flux. Likewise, we will denote by p = (((p%.,,)mez, )gezc);lzl €

. d
(]RN XG) the set of functions containing the odd moments of the neutron flux.
The reactor core is modelled by a bounded, connected and open subset R of R?, d = 1,2, 3, having

a Lipschitz boundary which is piecewise regular. The coefficients are piecewise regular, so that we split

62



R into N open disjoint parts (R;)iczr, Z = {1,...,Ng}, Ng > 1, cf. with Lipschitz, piecewise
regular boundaries: R = UNRR;.

d

r=1

. d
For a set of vector valued functions q = ( ((qg’m)m’g) ) € (RN XG) , we make the following abuse

of notation:

d
divg = (div( (qg,m)izl ))m,g and q-p = <Z @ m p%m) € RVXC,
m,g

=1

CoNd . \GXG
Let q € (]RNXG> and M € (RNXN> . We set gz = (¢%,,)m,g and we use the notation Mq =

d
(M qw)le'

Given a source term Sy, the multigroup SPy equations with zero-flux boundary conditionsﬂ read as
a set of coupled diffusion equations, posed in mixed form:

T,p+V(H¢) = 0

HT divp+Tep = S (6.15)

Find (p, ¢) such that {

When Sy depends on ¢, the steady state multigroup SPy equations read as the following generalized
eigenproblem:

T,p+ V(He¢) 0
HY divp+Te¢p = A Mo °
We refer to [AL0, [A11l (PG, [AG, [A2] [T63] for more details on the multigroup SPx and diffusion neutron
equations and the general algorithm to solve them.

Find (A, p, ¢) such that { (6.1.6)

-\ GxG
The matrices H, T., T,, My € (]RNXN) are such that V(g,¢’) € Zg x Zg (4., is the Kronecker
symbol):

o (H)gy =04y H € RN with V(i,j) € {1,... N}, H;; =i ; + i 1.
o (Te)ge:=TY € RN denotes the even removal matrix, such that:
T¢ = diag (too?ly,t20%,,...),
(To)gg:=TY € RY*N denotes the odd removal matrix, such that:
T = diag (ti0%,t3075,...),

where Vm € I, ,, 0, := 0f — 09,79, and Vm > 0, t,,, > 0.

rm s,m

The coefficient of is the macroscopic total cross section of energy group g, and the coefficients
0?7 denote the Py moments of the macroscopic self scattering cross sections from energy group

g to itself.
e For ¢ # ¢ o
(Te) gy = —S¢ 79 € RV*N denotes the even scattering matrix, such that:
S99 = diag (toag::g7t202:;g, . ) :
(To)gy :=—SY 79 € RY*N denotes the odd scattering matrix, such that:

’ ’ ’
g =9 _ J; g —g g —g
Sg = diag (tla&l 13093 7y ) ,

Lie: for 1 < g < G, m € T, (¢%)|or = 0.

63



where a:;’:,: 9 are the Py moments of the macroscopic scattering cross sections from energy group
g’ to energy group g.

o (M) = XQM? e RM*N is such that M?(ﬁg/ = (@? ¢gl,0, ...)T where the coefficient m?/
is the product of the number of neutrons emitted per fission times the macroscopic fission cross
section; and the coefficient x, is the fission spectrum of energy group g.

2 42 -1
Above, t; = 4 where «; represents some normalisation factor such that: ag =1, oy = [29].
(2l + 1) log —1

The coefficients of the matrices T, ,, M are supposed to be such that:

Vg, 9 €Ig,VmeL,,:
(08 s 09,29, v0%) € PWHR(R) x L=(R) x L>(R). (0)
3(Or(e,0))5> (07(@)* > 0[Vg €Ta, Vm € Loy, :
(01, (e,0)) < tm0d,, < (o™(¢2))* ae. in R. (i) (6.1.7)
J(va;)* > 0 such that Vg € Zg, 0 <
vo% < (voy)* ae. in R and 3¢'|vaf #0. (ii)
J0<e< a1 \Vme€Zl.o, V9,9 €Zc,9 #9, |U§;’ngl| <eof, ae inR. (i)

Different homogenization steps allow to obtain these coefficients on the physical partition vajl@ It
happens that the coefficient &? vanishes in some regions. Note that assumptions given in help
to validate the model. In particular, assumption —(iii) is valid while modelling the core of a
pressurized water reactor: the scattering cross-sections are weaker than the removal cross-sections of
an order 0 < € << 1. Thus, the matrices (’]I‘G7O)T are strictly diagonally dominant matrices: they are
invertible.

Let us set D = HY T;1H. Problem (6.1.5) can be written as a set of coupled primal diffusion-like
equations with single unknown ¢ € V:

Find ¢ such that —div (D V ¢) + T, ¢ = Sy. (6.1.8)
In the same way, Problem [6.1.6] can be written as:

Find (), ¢) € such that —div(D V ¢) + T. ¢ = A" 'M;¢. (6.1.9)

0_ *
M >1and ag o) = (G—1) max max sup —p—— | We have the
(01 (e,0)) e meZeo 9#9'€Zc ger  Orm(T)

following properties [A12) §3]:

Let us set ay,(c,0) =

Proposition 6.1.1 ([A12], Proposition 3 and 41). Suppose that as. < (ayc)~t

positive definite:

. The matriz T, is

VX € RV*G (T X|X) > 7| X||* where 7o = (0r.e)x (1 — Qreise) - (6.1.10)
Suppose that as,o < (0o + 1)™t, the matriz T, is positive definite:

Y 1 r,0&s0
VX e RVXY (T1X|X) > 7| X||? where 7, = ] - drofso ) (6.1.11)
° ( r,o) 1 — Qg0

s

We will study the discretization of the primal formulations and with discontinuous
Galerkin finite elements in the last Section Before in Sections we focus on the discretization
of the mixed formulations and in the case where N = 1, and G = 1, i.e. for the neutron
diffusion model, that we describe in the next paragraph.
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6.1.4 Neutron diffusion model

Consider the SP; case, i.e. N = 1.The pairs (py(x), ¢,(x))5_; satisfy:

g=1
1 /
P+ 3V = D> 0l Py
7% o , (6.1.12)
: —
divpy + 070, = A > votoy+ D 0lo by,
9'€Zc 9'#9

Furthermore, if we neglect the terms containing effective cross sections of order 1 in (6.1.12)), we obtain
the multi-group diffusion equations:
0 where (D9) ' =307,

Xg ;o ’
)\E Zyg 0? (bg/ + Z Gg,oﬁg ¢g’> (6.1.13)
g’ 9'#g

(D) pg+ Vo,
divp, + af70 bq

In the single-group case (G = 1), the sum on ¢’ is reduced to a single term and we have: x = 1. Remove
the superscript ¢ from the notation. The pair (p, ¢) then satisfies the one-group diffusion equation:

0

-1
D=p+ Vo : (6.1.14)
divp+S.¢ = I, ¢

where ¥, = 0, is the macroscopic absorption cross-section, and v¥, = ﬁvof is the fission yield

times the macroscopic fission cross section. Notice that divp = —div D V ¢, so that problem (6.1.14)) is
equivalent to the following primal problem:

—divDV o+ 3,9 =i, ¢. (6.1.15)
The diffusion coefficient, denoted by D, can be evaluated in two ways:

e Using Py_; approximation: D™ = 3(0y — 041).

e Under some additional physical assumptions: i.e. the medium is homogeneous, the flux variations
are small, and the flux spatial dependence is linear, computing the neutrons flux across a small
surface yields Fick’s law [80] with another coefficient: D! = 3 0.

The Py—1 approximation is more accurate. In that case, D is usually called the diffusion coefficient with
transport correction. On the other hand, it is more costly, since one must derive oy 1(x).

Equations (6.1.14) and (6.1.15) correspond to eigenproblems. Letting § = kess, we look for (kess)~!,
respectively ¢, the smallest eigenvalue, resp. a related eigenflux.

Consider problem in a bounded domain R C R% d = 2 or 3. Different boundary conditions
can be taken into account, such as: zero flux: ¢ = 0; reflection: p-n = 0; albedo: p-n = a ¢, with
a > 0 (called vacuum when o = %) p-n= % ¢. Concerning problem 7 the first three conditions
correspond respectively to:

e a Dirichlet boundary condition: ¢ = gp, with gp =0;
e a Neumann boundary condition: p-n=DV ¢ -n = gy, with gy =0;
e a Robin boundary condition: p-n4+a¢ =DV ¢ -n+ a¢ = gg, with gg = 0.

The data (D,¥,,v¥;) are numerical data that are obtained from previous computations. They are
piecewise polynomial on the partition {R;}icz,. To address the numerical analysis of problem (6.1.14]),
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we consider assumption given (6.1.7)), which now read:

(D,Za,@f) € ]LSZM(R) X L>®(R) x L*(R),
3D,,D* >0, Vz € RY, D.|z|? < (Dz,z) < D*|z||? a.e. in R,
A(Xa) s, (20)* >0, 0< (Zg)s <Xp < (Bg)* ae. n R,

0<vi; ae. inR,@f;«éO.

(6.1.16)

In particular, it can happen that v, vanishes on some regions.

We will use two domain decomposition methods. The partition of the domain decomposition, that
we will denote by {Ri};c7., Zr = {1,..., Nr}, may be independent from the physical partition of the
materials {ﬁz‘}ieiﬁ- In other word, {ﬁ'i}iein # {Ri}iezn. We will then use the notation P- (resp.
P-) for functional spaces that are piecewise regular on {R;}icz, (resp. {ﬁi}z‘ein)' Note that if here we
study spatial domain decomposition, one can also perform parallel in time simulations of the neutron
transport equation, cf. [30, B} 200]. Another approach to improve computation time inline is to use
reduced basis method [14} 238)].

As we look for the smallest eigenvalue kcss of Equation (6.1.14), the solution (p,¢,kcf¢) can be
computed by the inverse power iteration algorithm, which is detailed in Appendix

We refer to [AIL0] [P6l [AT1] for more details on the multigroup SPy and diffusion neutron equations
and the general algorithm to solve them. From now on, we focus on the study of the neutron diffusion
equation.

6.2 Neutron diffusion, source problem [A11]

First, we consider equations (6.1.14)), with a source term Sy, namely we focus on the linear system solver
step of the above algorithm. We split the boundary of the domain R into three disjoint, open parts such
that: OR =T'p UT'xy UT' . The neutron mixed diffusion equation reads:

Find (p, ¢) such that
D'p+Ve = 0 inR
divp+3,90 = S inR
2.1
¢ = 0 onI'p (6:2.1)
pn = 0 on 'y
-p-nt+ap = 0 onI'p

Note that the current p is such that p € L*(R). Define Hjp_ (R) := {¢ € H(R)|¢r,, = 0}. Recall
that (p, ) is governed by (6.2.1): as p € L*(R), we deduce that ¢ € Hjp (R). Furthermore, we can
rewrite equivalently equations (6.2.1]) with the flux ¢ € H&FD (R) as the only variable, governed by:

Find ¢ such that
—div(DVe¢)+E,0 = S InR,
DO, ¢ 0 on I'y,
Do,p+ap = 0 on I'g.

(6.2.2)

Then, we recover p using the relation p = —D V¢. About Egs. (6.2.1) and (6.2.2), one has the
elementary results below.

Theorem 6.2.1. There exists a unique solution ¢ € Hy . (R) to Problem (6.2.2).

Define Hor,(div;R) := {q € H(div;R)|q - n, = 0}. By construction, we have that p &
Ho 1, (div; R) and also p - myr, € L*(I'g). So, we introduce the natural functional space and related
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norm for the currents
1/2
Q= {q € Hory (diviR) | q-nyry € LTr)}, Jallq == <q|%{<divﬂa> +f (q-n>2> .
R

Since (6.2.1)) is equivalent to (6.2.2)), we infer from Theorem the second result below.

Theorem 6.2.2. There exists a unique (p, @) € Q % H&FD (R) to Problem (6.2.1), such that ¢ satisfies
Problem (6.2.2).

6.2.1 Variational formulation

1
Let us set X = Q x L%(R), endowed with the norm: ||(q,¢)|x = (||q||%2 + ”1/’”%2(7%)) *. Consider the
bilinear form ¢ : X x X — R such that for all ((q, %), (r,p)) € X x X

c((q,w),(r,cp)):/R(folq-rJrgo divg + v divr+2a1/)g0)f/r é(q~n)(r~n). (6.2.3)

R

The bilinear form c(+,-) is T-coercive.

Theorem 6.2.3 ([AI1l, Theorem 3]). Assume that the data D and X, satisfy assumptions given in
(6.1.7). Then it exists T € L(X), bijective, it exists ar > 0 such that for all (q,¢) € X,

le((a, ), T(a,¥))| = arl(a, ¥)lk-
PT’OOf. Consider T' € £(X) s.t. T((q,%)) = (@*,¥*) = (—q, 3¢ + 5(Za) " divq). We obtain:
min <(D*)*1,(2(2a)*)*1,a*1, %
max (1 + 3((Za)+) "2, 3) (@, 9)lx-

c((a”, "), (a, ¥))

) e )%,
1T (e o)1 = Il(a™> )1

2
<

The injectivity of operator T is clear: given (q*,%*) € X, choosing (q, %) = (—q*, 2¢)* +(Z4) "1 div q* yields T'((q, ¥)) = (q*, ¥*).
Hence, the operator T' € £(X) is bijective. o

Let consider the linear and continuous form £s, € £(X) such that for all (q,v) € X, £s,((q,?)) =
/ Sy 1. The mixed variational formulation governing (p, ¢) reads:
R

Find (p, ¢) € X such that for all (q,%) € X c((p. ), (a,%)) = £s, ((a,0)). (6.2.4)

According to the abstract T-coercivity theory, one has the

Theorem 6.2.4. Assume that the data D and ¥, satisfy assumptions given in (6.1.7). Then, there exists
a unique solution (p,®) € X of the mized variational formulation (6.2.4)), and moreover this solution

satisfies problem .

6.2.2 Discretization

We recall below the definition of the Raviart-Thomas-Nédélec (or RTN) finite element [213] 204]. Let
(K¢)1<e<r be a conforming mesh, or triangulation, of R made of parallelepipeds (a mesh, or triangulation,
is said to be conforming if in every K;, D and X, are smooth). Let P(Ky) be the set of polynomials
defined over K. For integer values I, m,p > 0, we consider the following subspace of P(Kj):

l,m,p

Lmp(Ke) = { a2y, 2 o) la(z,y,2) = e gk €Y 2", e gk
Q1,m.p(Ko) ( ) € P(Ky)|q( ) > “y 2k eR
€. k0
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For integer k > 0, let us set k¥’ = k + 1 and introduce the vector polynomial space:
Dy (Ke) = [Qu e, (Ke) X 0 x 0] @ [0 X Qi 1 (Ke) X 0] & [0 X 0 X Qe (K)]-
We can now define the RTNp finite element subspace of H(div, R) x L*(R):
Qf = {qeH(div,R)|Vle{l,....L}, qk, € Du(Ki)},

(6.2.5)
Ly,

{1/} S LQ(R) |V€ S {1, .. .,L}, 1/)‘[([ S Qk7k7k(Kg)} .

For later use, we denote 7° the L?(R) orthogonal projector on its subspace LY. By construction, it holds
range(n®) = LY where 7° is defined by:

W € L2(R), Yo € L), (7% — b, ¥n)2r)y = 0. (6.2.6)

According to [146, Proposition 1.135]:

Vz € LQ(R), ||Z_7TOZ||L2(R) 5 ||Z||L2(R);
vz € PH'(R), |z = 7%%|l2r)y S Rlzlpai(R), (6.2.7)
V2 e PWHS(R), |z —7%%leer) S hlzlpwic(r):

For the last two inequalities, the result holds provided that the triangulations are conforming with respect
to the partition, namely for all triangulations, for all elements K of a triangulation, it holds that there
exists ¢ € T such that K C R;. Similar results hold on subsets of R.

As required, it holds divQf C LF and L9 C L¥. We recall that for any q in H(div, R), its RTN-
interpolant q’f% € QZ satisfies:
Vb € LY, b(q — g, 9n) = 0. (6.2.8)

In addition thanks to the commuting diagram property, cf. [50, §2.5.2|, it holds
Yq € H(div,R), divq% = 7°(divq). (6.2.9)
Let g € H"(R), such that divg € H*(R), 0 < r, 8 < rmax. According to [34, Lemma 3.3]:

la—a%llery S (P7lalarr) + Rl divallzw)) ,

(6.2.10)
[div(a —aR)lzry < h*ldivalgs(r)-
Similar results hold on subsets of R, provided the discretizations are conforming.
Remark 6.2.1. e Note that the Neumann boundary condition corresponds to essential boundary

conditions for the discrete vector fields, so that we will have to eliminate the degrees of freedom on
I'y if it exists. By construction, for all q € Q’fl, one has automatically that q - njpr € L?(OR),
and it follows that QE C Q. In other words, the discretization Xﬁ is conforming in X. Moreover,
we have div QZ C L’fb: consistency is ensured.

e If one chooses another discretization, all results presented hereafter hold provided the estimates
remain true. For instance, for the RTNyy,) finite element defined on tetrahedral triangula-
tions of R, cf. [50, §2.3.1]. To prove in this case, one has simply to apply the results of
[54, §3.2]. On the other hand, provided that the field q and its divergence are "smooth" in the sense
that they belong to PH™Y(R) for some integer m > 0, using the RTNyy, finite element one can
recover interpolation estimates in O(h™*Y), cf. [50, §2.5.5]. For meshes made of affine elements
such as tetrahedra or parallelepipeds, the approximation estimate top ) does not require the
term with the divergence (see, e.g. [50], §2.5.1).
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The discrete variational formulation reads:

Find (pp, ¢n) € X} s.t. V(an, ¥n) € X2 c((Pr, o), (Qn, ¥n)) = /RSf V. (6.2.11)

Problem (6.2.11)) is well-posed, cf. [217, [146]. We prove it using the discrete T-coercity.

Theorem 6.2.5 ([A2, Theorem 4.5]). It ewists Ty, € L(XL), bijective, it exists ar, such that for all
for all (qn,vn) € XF,
le((an, ¥n), Tul(an, ¥n))| = oz, || (an, ¥n)|lx- (6.2.12)

PTOOf. We follow the proof of Theorem , using consistency property of the finite element spaces Q},f and Lﬁ. One
can remark that if ¥, is piecewise-constant, 5(20)71 divpy is automatically in Lj. Otherwise, we project (X,)"! on the
piecewise-constant functions. One chooses T} ((Qn,¥n)) = (—Pn, 2¢n + 27°((Za)™") divpr). According to Equation (6.2.7),
(Za)~t = 7\'0((2@)71”‘[]00(7{) < h, which allows us a uniform discrete inf-sup condition. o

6.2.3 A priori estimates

Convergence result can be found in [2I7] (see Theorem 13.2, p. 582, and (6.19-6.20) pp. 553-554). It
makes use of local estimates.

Theorem 6.2.6 ([A11l, Theorem 41). The discrete solution converges to the exact solution as h goes
to zero. Moreover, if ¢ € H*(R), p € HP(R) and divp € H? (R) with f,p,p’ > 1, it exists a constant
C > 0 independent of h such that

I~ Pallsscanemy + 16— Snllzar) < €A (18lmec) + Plusir) + 1 divBlyw () (6:213)
where o = min(k, u, p,p’).

Several illuminating comments can be made about these convergence results:

e One has always ¢ € H'(R).

e On the other hand, if Sf belongs to L?(R) (minimal regularity), then divp = Sf — X,¢ € L*(R)
according to (6.2.2)).

e Suppose that D = 1 over R: as a consequence, the relation between ¢ and p reads p = — V ¢. It
follows that the regularity of the vector field p is always equal to that of the scalar field ¢ minus
one: p=p—1.

e Suppose still that D = 1 over R: then p € L%(R), curlp = 0 and divp € L?(R). In addition, the
boundary conditions yield p x njp, = 0 (because ¢r,, =0), p-nyp, =0,and p-nr, € H'Y2(T'R).
According to [166, [167], one has p € HP(R), with p > 1/4 in all configurations, and p > 1/2
provided that I'p is perpendicular to I'y and I'g.

e The estimate can be generalized in the following way. Following the proofs given in [217],
one finds that the regularity assumptions on ¢, p and div p need only to be local. In other words,
only piecewise regularity of the solution is required for to hold, which can be of great
importance if the coefficients D and ¥, are themselves piecewise constant coefficients.

Consider the low regular case, i.e. Sy € H*(R) with p €]0, "max[, Tmax < 1/2:

Theorem 6.2.7 (A2, Theorem 4.7, Theorem 4.101). Under the assumptions of Proposition [{.4.1)
it holds, with ryax < 1/2: Yu €0, rmax|, VSy € H*(R),

P — Prlla@iv,R) + |0 — OnllLzir) S P* ISt He(R)s (6.2.14)
16 — dnllrzr)y S B2 [1Ss ] e (r)- (6.2.15)
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Remark 6.2.2. In particular, for "smooth data" Sy, i.e. Sy € H™>(R), one expects a convergence
rate at least in h™>>"" for n > 0 arbitrary small: by a slight abuse of notation there and in the sequel,
we shall write h™=x_ Also, the previous analysis can be extended to the case where rmax is in [1/2,1] and
1< Tmax (or i < 1 if rmax = 1). Furthermore, for a "smooth" solution, one may recover a convergence
rate like O(h™*1) for an RTNy,) discretization of order m > 0.

6.2.4 Explicit T-coercivity

Let T be defined as in the proof of Theorem T((q,¢)) = (—q, 3¢ + 2(Z,) "' divq). Since T is
bijective, the variational formulation is equlvalent to:

Find (p, ¢) € X such that for all (q,v) € X ((p,¢),T((a,v))) = £s,(T(q,1)). (6.2.16)

By design, the form ¢’ : ((p, ¢), (a,%)) = ¢((p,¢), T((q,))) is coercive. Using T((q,¥)) = (~q, 39 +

1(24) ! divq), one can compute its expression:

¢(p0).(av) = [ Dp- q+§/< ) divpdivq+;/FR<p-n><q-n>
—7/ ¢ divg+ = /Ql)dlvp-‘r /2 . (0247

Let us set £y (q,v) = €s,(T(q,?)), we have:
Sf q7 / Sf w"‘ leq)

We can write problem ([6.2.16) with two equations as follows (with v = %)

Find (p, ¢) € Q x L?(R) such that

1
/D‘lp-q+7/(2a)_1din divq+*/ (p-n)(q-n)
R R @ Jrp

6.2.18
~(1=7) [godivg = 7/ S¢(3a)'diva Vg€ Q ( )
R
v [ waivesy [ Sow = o [ s Vi € I(R)
R R R
Recall the continuous problem (6.2.1]):
Find (p,¢) € Q x Hjp, (R) such that
Dl'p4+Vep = 0 iR (i)
2.1
divp+ 3.6 = S mR (i) (6:2.19)
—-p-n+ap = 0 onTp (i)

We can obtain the first equation of problem ([6.2.18)) by a stabilization method, with v = %:

1. Multiply (6.2.19)-(i) by q € Q and integrate over R, use (6.2.19)-(iii) to integrate the gradient
term by parts.

2. Multiply m i) by v(X4) "1 divq, where q € Q and v > 0, and integrate over R.

3. Add these two equations together.
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Remarks 6.2.1. We observe that

e In the case where v = 0, the first equation of (6.2.18)) is independent of ¢. We can calculate the
unknown ¢ once p is evaluated.

o We can solve problem (6.2.16|) directly. When we apply the explicit T-coercivity to solve magneto-
static systems, cf. Section [5.4, we obtain a pertubed approach. In the case of the Stokes problem,
cf. Section we need an initial guess for the pressure.

6.3 Neutron diffusion, generalized eigenproblem [A2], 163]

6.3.1 Mixed formulation

We now consider the neutron diffusion eigenproblem (6.1.14]). We recall that the approximation of
eigenvalue problems has been studied among others by Osborn et al in [206, 18], and in particular by
Boffi et al [511, 52, 49] when the eigenproblem is in a mixed form. In our case however, their theory
does not ensure the spectral correctness of the approximation so we design a new proof to obtain this
result. On the other hand, we can adapt the work of Boffi et al [53] to exhibit a convergence rate for the
eigenvalues.

Consider the generalized eigenvalue problem (6.1.14) with the assumptions given in supple-
mented with v3; € PWH>(R).

Find (p, ¢) € H(div,R) x L?(R) and ks such that

D™ 'p+Ve = 0

divp+¥.90 = AXs¢ . (6.3.1)
dor = 0
kepy = 1/ miny A

Let 0 < pu < rmax be given, we introduce an operator B,, associated to the source problem : given
f € H*(R), we call B,,f = ¢ € H'(R) the second component of the couple (p, ¢) that solves with
I'p = OR and a source Sy = vX, f. Since v, belongs to PW'>°(R), it holds ||Sy||gu(r) S [ fllae(r)
because p < 3. Hence, B, is a bounded operator from H*(R) to itself:

IBufllzery S IBufllarwr) = lollavr) S ISelle2r) S ISt aer)y S I |0 (R) 5 (6.3.2)

we write B, € L(H"(R)) for short. In addition, since the second component of the solution actually
belongs to H*(R) with continuous dependence (||¢[| g1 (r) S || fll e (r)), it follows that B, is a compact
operator. Denote by o(B,,) its spectrum. By construction, A\=! € o(B,,) if, and only if, A is an eigenvalue

of problem ((6.1.15]).

6.3.2 [Estimates for the generalized eigenproblem

Consider the discretization of problem (6.3.1]) with RTNy,
ator BZ associated to the discrete source problem 6.2.11:: given f € HH(R), we call BZ f the sec-
ond component of the couple (pn,n) that solves (6.2.11) with source Sy = vX,f, so that it holds:
limy, o || Bof — B{}f”ym) =0 for all f € L?>(R). This property is the so-called pointwise convergence.

finite elements. We call the discrete oper-

However, for a mixed formulation, the fact that the family (B}); converges pointwise towards the
compact operator By is not sufficient to guarantee that the family (Bl); converges in operator norm
towards By.
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Convergence in operator norm

According to [206], proving that limy_o | B, — Bl||z(mn(r)) = 0 for discrete approximants (BJ), is
a sufficient condition to obtain convergence of the eigenvalues. In order to ensure the convergence in
operator norm of the family (Bﬁ)h towards the compact operator B,,, we need a technical assumption
on the triangulations.

Definition 6.3.1. A family of triangulations (Ty)p 4s regular™ if it satisfies:

30 <6 <1, Vo, h*7? < min diam(K). (6.3.3)
KeTn

It corresponds to a triangulation such that h/minger, diam(K) < h?~!, which may limit adaptive
h-refinement.In particular, a quasi-uniform family of triangulations is regular® (take 6 = 1 in (6.3.3)).
For a regulart family, one has the following inverse inequality, whose proof follows [33, Section 2].

Lemma 6.3.1 ([A2], Lemma 4.131). Let pn € [0,1/2[. For a regular™ family of triangulations, it holds:

Vh, Yn € Ly, |¥nllanry S h™24 0 gnl| 12 r)- (6.3.4)

Theorem 6.3.1 (A2, Theorem 4.14]). Under the assumptions of Proposition With Tmax < 1/2
plus vX; € PWLR(R), let p € [0, rmax[. Provided that the family of triangulations is regulart, one has:

h Ou
1By — Byille(rury) S h™. (6.3.5)
P’f’OOf. Using the triangular inequality, [33] Theorem 2.3] and the inverse inequality (6.3.4)), it holds:

1B, f — Bﬂf”mt(n) IB.f — 7 (Buf)llme(r) + I17°(Buf) — Bﬁf”Hﬂ(R),

<
- 60— h
S, hl H|‘¢H7>H1(7z)+h ZMHWO(Buf)_B“fHL%Ry
Using the triangular inequality and estimate (6.2.15) and inequality (6.3.2), we have:
0 h 0 h 2u
|7 (Buf) — B#f”L2(7a) < |7 (Buf) — BufHL2(7a) +1Buf — B;Lf”L2(7g) <h Hf”HI»L(R) +h ”fHHF‘(R)-

We obtain (6.3.5) gathering the above estimates. o

Thanks to [206], convergence of the discrete eigenvalues to the exact ones is guaranteed, and so is
the absence of spectral pollution:

e Given any closed, non-empty disk D C C such that D No(B,) = 0, there exists ho > 0 such that,
for all h < ho, DN a(B) = 0.

e Given any closed, non-empty disk D C C such that D No(B,) = {\}, with A of multiplicity my,

there exists hg > 0 such that, for all h < hg, DN O'(BZ) contains exactly m) discrete eigenvalues.

Optimal convergence rate

Let the assumptions of Theorem hold. We determine now the rate of convergence of the eigenvalues
in the spirit of [53]. Let v = A~! be an eigenvalue of B,,. For simplicity, let us assume that v is a simple
eigenvalue, and denote by W the associated eigenspace. We remark that ¢ — [|¢|lw = H(@f)%goHLQ(R)
is a norm over W(EI), and this norm is induced by the inner product

(0, " Yw = (50, ") L2(R)-

According to the absence of spectral pollution, for h small enough, the closest discrete eigenvalue, denoted
by v, is also simple ; we denote by W}, the associated eigenspace.

21f ||lllw = 0, then vX,p = 0. By definition of W, ¢ is solution to (6.3.1) with zero right-hand side. Thus, by
uniqueness of the solution it follows that ¢ = 0.
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Definition 6.3.2. Letw, > 0 be the regularity exponent of the eigenfunction, i.e. either W C PH'**(R)
for s < w, and W ¢ PHY(R), or W C PH“"(R) and W ¢ PH'T$(R) for s > w,. Let
w = min(w,, m + 1), where m > 0 is the order of the RTN finite element.

Clearly, w,, and as a consequence w, can be greater than ry,,,. We shall prove that the approximation
converges with a rate equal to twice the exponent w defined above: this result is stated in corollary [6.3.1]
at the end of the subsection.

Let p € [0, max[ be given. As we defined B, (resp. BJ), we define A, (resp. AlL): for f € H*(R),
we call A,f = p € H(div,R) (resp. Aﬁf = pn € QF) the first component of the couple (p,®) (resp.
(P, ¢n)) that solves (6.2.4) (resp. (6.2.11)) with source Sy = vX,f.

Proposition 6.3.1 ([A2], Proposition 4.17]). Let w be as in Definition . For every ¢ in W,
the following inequalities hold:

1By = Bp)ellzzry < hllellw — and  [I(A, = AD)ellaaivr) < B2 llellw -

PT’OOf. These two inequalities come from the first Strang’s Lemma. The method is the same as for Theorem (see
remark for the "smooth" case). Here, we use the equivalence of all norms on W to state the result. ©

Introducing 0(Z, Z') = sup,¢ 7, 12l 2 () =1 inf.rez ||z — 2| L2(r) for Z, Z' closed subspaces of L*(R),

the gap between W and W), is defined by: §(W, Wy,) = max[5(W, W), (W, W)]. It allows us to evaluate
the approximation of the continuous eigenfunctions by their discrete counterparts. Classically, this gap
can be bounded with the help of Proposition [6.3.1} following [206, Theorem 1]:

(W, Wh,) S h*. (6.3.6)
Let us now define EJ, as the projector from L?(R) onto W), such that
Vi € L*(R), Yibn € W, (1Z;(¢ — En), ¥n)r2(r) = 0 (6.3.7)
Lemma 6.3.2 ([A2], Lemma 4.18]). The operators Ej and B[j commute.

Let F} be the restriction of £, to W. One has the following simple results as a consequence of the
gap property.

Lemma 6.3.3 ([A2], Lemma 4.19]). For h small enough, F}, is a bijection from W to W}, and

S P lellw. (6.3.8)

Vo eW, H(@f)%(‘P B Fh‘/’)‘ L2(R)

Let S, = F, 'E), — I € L(L*(R)) for h small enough.

Lemma 6.3.4 ([A2], Lemma 4.20]). For h small enough, W C ker(Sy) ; the sequence of operators (Sp)n
is uniformly bounded.

One can then prove an "orthogonality" result involving Sp,.

Proposition 6.3.2 ([A2], Proposition 4.211). For all f in L?>(R) and @y, in Wy, one has for h small
enough (vX;Snhf, ¢n)r2(r) = 0.

To obtain an optimal convergence rate, we restrict the operators B, and Bﬁ to the eigenspace W.
We denote finally by BM and é;j the operators, from W to itself, BH = B,|w and é[j = Fh_lBLLFh.

Theorem 6.3.2 ([A2], Theorem 4.22]). Let w be as in Definition . For h small enough, the
following estimate holds:
1By = Bl cowy S % (6.3.9)
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PT’OOf. Let ¢’ € W. It holds: (Bu — BZ)cp/ = Buy' — Fh_lBLIth/J' = Buy' — Fh_lBZEhcpl by definition. Hence, using
successively lemmas and , and the definition of Sy, it holds (with éB, = B, — Bﬁ):

(B — B¢ = Bug' — F; 'EyBli¢’ = 6Bu¢’' + Bl — Fy 'EpBlo' + 8,Bug’ = Bu¢’ + ShdBuy'.

Given ¢, ¢’ € W, we bound |(¢, (B, — Bl ) Yw| = |(Z,¢, (Bu — B¢ ol by |(vZ;9,6Bu¢ )ol + |(Z ¢, SndBue' )o|, where
(+,)o := (+,") 2(R)- Noticing that a(-,-) and t(-,) are symmetric, one show that (with 64, = A, — Aﬁ):

(VZ 50, 6Bue Yo = a(8Aup, 8AL) + b(8A.¢", 6BLp) + b(8A.p,6BL¢") + t(6Bup, 6Buy’).
The first part of the sum can then be bound as follows:

(W20,6Bu¢ Yol S 16A4uellolldAe’llo + Il divEA, e lollsBuspllo + Il div 3A,elloll8B,.¢’ llo + 5B, ¢llo16B,' llo
< rlellwlle lw-.

Using successively Proposition with f = §B,¢’ and @), = Fj; the uniform continuity of S, in h; the first inequality of
Proposition m and the estimation (6.3.8]), we bound the second part as follows (with dp =: ¢ — Fj¢):

|2, SndBu@ ol = |2 3¢, SndBu@ ol < [vE;80ll0lSkBue llo S 1vE;80llol6Bue’llo S h*llellw e llw-

Therefore we have obtained (6.3.9)). o

From this estimation and the work of Osborn in [206], Theorem 2], one derives an optimal estimate
on the error on the eigenvalues.

Corollary 6.3.1. Let w be as in Definition[6.3.4 Then for h small enough, the error on the eigenvalue
is given by |v — vp| < A%,

Remark 6.3.1. Ifv has an algebraic multiplicity m, > 1, the previous analysis and the a priori estimate
are still valid with vy, = mi Z?L”l Ui, where (Vp,i)i=1,m, are the m discrete eigenvalues closest to v, see
again [200, Theorem 2].

6.4 Domain decomposition

Studying numerically the steady state of a nuclear core reactor is expensive, in terms of memory storage
and computational time. In order to address both requirements, one can use a domain decomposition
method, implemented on a parallel computer. We present here such two methods for the mixed neu-
tron diffusion equations, discretized with Raviart-Thomas-Nédélec finite elements. The first method is
based on the Schwarz iterative algorithm with Robin interface conditions to handle communications, see
Section In the second method, communications are handled with Lagrange multipliers, so that the
domain decomposition method can be non matching in the sense that the traces of the finite element
spaces may not fit at the interface between the subdomains, see Section [6.60 We analyse both method
from the continuous point of view to the discrete point of view, and we give some numerical results
in a realistic highly heterogeneous 3D configuration. We refer to [212] [134] for an overview of domain
decomposition methods for partial differential equations. See [2I8] for a domain decomposition method
for crack problems.

Let R be a domain of R?. We consider the following problem:
Find ¢ € Hj(R) such that —div(DV ¢)+%,¢ =S on R. (6.4.1)
where Sy € L*(R), D, ¥, € L*°(R) satisfying assumptions given in m

Problem ((6.4.1)) can also be written as a mixed problem with two unknowns (p, ¢):

{ Find (p, ¢) € H(div, R) x Hj(R) such that (6.4.2)

divp+3,¢0=S;and D"'p+V¢=0inR.
Wellposedness of problems (6.4.1)) and (6.4.2) are stated in Theorems and Consider a partition
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of R in N (non empty) subdomains {ﬁi}iein with Zg := {1,..., Nz }: R = Uieinfi' The partition
is such that for all (i,7) € Tr X Ir, i # j, RiN ,iéj = (). For i € Ig, we let n; be the unit outgoing
normal to OR; and, for p € [1,00] and z € LP(R), we let here z; := 2R,

We set for i # j, I'y; = mt(ﬁl N ﬁj) if the Hausdorfl dimension of ﬁz N ﬁj is equal to d — 1
(the subdomains are neighbours); and I';; = () otherwise. We have by construction: I;; = I'y;, we
will use indifferently both notations. Remark that n;p,, = —n;r,;. On the interface I';;, we set
D;j = Nyin(i,j)|T,,- We may write: On,® =V ¢-n; on Gﬁi and On, ;¢ = V¢ -n;; on I';.

We then introduce the following index and pair spaces:

Is = {icIr|0R;NTg=0R;}, (inner subdomains)
Iz, = {je Ir ‘NF“ #NV)}, Vi e Ir (subdomains neighbouring R;) (6.4.3)
ZJ = {(i,j) €Ir xIg,i < j|Tiy; #0}, (neighbouring subdomains pairs).

For i € fn, we call 3J; the union of the interfaces of 67%11 Y = Ujezﬁ_Fij. We define the interface I'g
and the wirebasket 0Ty by: '

rs= |J Ty orw= |J oary.
(i.§)€TT (i.)€TT

The resulting interface I's doen’t need to coincide with the physical interface between the cells. When
d = 2, the wirebasket is made up of the vertices of the interface, which are isolated points.

When d = 3, the wirebasket is made up of the vertices and (open) edges of the interface.

Wirebasket points not located on the boundary OR are crossing points.

For i € Ix we introduce the open T'; = 87€¢\F75. By construction, OR; = X; U (OT'w N 8752) UT;, and
the partition is disjoint.

We define for all i € T the subspace of functions of H'(R;) vanishing on IR:
Vi = {y € HY(R,) |9, = 0}. (6.4.4)

We introduce the following product spaces endowed with their product norms:

1/2
ieTr i€Tn o (6.4.5)
PH(div,R) = H H(div,Ri), [l ppaiv.r) = Z ||qi\|;(divﬁi)
i€lp icIr

Remark 6.4.1. These spaces can be described equivalently as follows:
PV = {4y € L*(R) |Vi € Ir, ¥; € Vi}, PH(div,R) = {q € L(R)|Vi € g, q; € H(div,R;)}.
For ¢ € ’ﬁV, we introduce the jump of 9 on I';;:
V(i,j) €T, [¥l;; =i, — Yiir,,- (6.4.6)
The jump [¢],; is well defined in Hz (I';j). The global jump [¢] of ¢ on I'g is defined by:
V6,5 € 1T, [, =[], (6.4.7)

For all pair (4, j) € ZJ, we denote by H;; := H? (T;), the space of H: (T';;) functions which extension

3Each sub-domain has a sufficiently regular boundary.
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by zero in OR; is in H2 (OR;) (cf. §4.1). We can prove that H;; = Hj; (cf. e.g. [16] chap. 2|). We call
H;; the dual space of H;; (see e.g. [I51]).

For all q € ﬁH(div, R), we introduce the jump of its normal component on I';;:
V(i,7) €ZT, [a- n]ij =q; -0y, +q; Dy, (6.4.8)

The jump [q - n]ij is well defined in H/

ij» cf. §4.2.20 The global jump [q - n] of the normal component on
I's is defined by:

V(i,j) €1J, laq-n]p, :=[q-n];. (6.4.9)
By definition, it holds: [q-n] € M, where M is the product space: M = H(i,j)eIJ Hj;. Finally, we
introduce the following Hilbert spaces:
1/2
M=Svyse [ L@y, Ivslu=1 D I¢slize,, ;
(4,5)€TT (4,5)€ETT (6.4.10)

~ = . 2 2 1/2
Q={aePH(v,R)|[anle M}, lalg=(lalbguemr +llanli) -

By construction, M C M. In the definition of elements q= (qi)iei72 of Q, it is important to note that
for (i,5) € ZJ, it is not required that q; - nyr,;, d; - ny|r,; € L?(T;;). This definition is based on the fact
that, as far as problem is concerned, the normal trace of the gradient on the interface, V¢ - npg,
may not belong to M. On the other hand, since the jump [DV ¢ - n] is zero, it systematically belongs
to M. We’ll use this observation to build a conformal variational formulation in Q

The following formulas for integration by parts will be useful for constructing variational formulations,
following the work of [A6]. According to the integration by parts formula (4.2.2)), we have for all i € Zg:

V(ai, ¢) € H(div, R;) x H'(Ry), /~ (i divas + Vi - qi) = (@i - 10, %3) 1207,

i

We introduce, for H € {HY(R), H}(R), (Vi) PV}

i€f‘r¢7
H_:={¢ € H|v =0 in a neighbourhood of Ty }.

We now recall some density results proven in [I19].

Theorem 6.4.1. Let H € {H'(R), H{(R), (Vi) PVY}: H_ is dense in H.

iEiR ’
Using one of these density results, we can establish a new formula for integration by parts.

Corollary 6.4.1. We have the integration by parts formula:
Waw) e @x HR), [ (Veora+vdva) = [ la-nl v (6.411)
R I's

PT’OOf. For i € Zr the IBP formula ([&.2.2)) (with duality brackets cut out) in R becomes, using the H;; trace space:

V(ai, i) € H(div, Rq) x (Vi) _, /ﬁ (Vi i+ divey) = D (a0, ¥3) -
i .7‘ezﬁi

Consider q € Q and ¢ € (Hé(R))_ For all (i,j) € ZJ, we have w“pij = wﬂpii = %p,.. In particular, we can define

ij
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w=1vYrg €M, and we can Writeﬁ

/ (Vy-q+¢ divg) = Z /, (Vi - qi +9; divg;) + Z Z <q'i'n'i7wi>H1j
IR ieZg 'R ielp i€y,
= > Aai'mita;ng e = Y, (la-nl;,um, :/ [a-n] p
(i,§)€ETT (i,§)€ETT s
According to Theorem the result is still true for ¢ € Hé (R) and q € (5 o

We now consider problem ((6.4.2)) posed into local problems.
Theorem 6.4.2 ([A6], Theorem 11). Problem (6.4.2) is equivalent to the following problem:

Find (p, ¢) € PH(div,R) x PV such that:

Vi € Ig, divp, +Xai¢s = Spi R (0)
Vi e Ixg, (D) 'pi+Vei = 0 nR, (i) , (6.4.12)
Y(i,j) € TJ, 6, = 0 on Ty; (i)
V(i,j) € T, [p-nf; =0 on I';; (iii)

with the identification for all i € I, (Pis i) = (plﬁi’ qblﬁi) and Sy; = Sflﬁi'
We can write (6.4.12))-(ii) and (6.4.12)-(iii) this way:
bi = ¢ on I';; (i)

. 6.4.13
Pi -1y p; -1y on Fij (11) ( )

V(i,j) €ZT {

Notice that the trace ¢;r,; € Hij;, and can be extended by zero on Bﬁj to obtain a function of H2 (aﬁj).
By virtue of the surjectivity of the trace application (see Theorem [4.2.1)), there is a lifting in V}, which
by definition belongs to the space V; such that:

Vi={veV; Vo7, = 0} (6.4.14)

Next, we will see study different domain decomposition methods: the Optimized Schwarz Method in
Section and the DD+ L2-jumps method in Section To perform industrial computations, we use
some components of the APOLLO3®, the latest neutronics code of CEA /DES, developed in collaboration
with EDF and Orano [164] [P8, [P10]. In particular, we use the MINOS solver, one of the deterministic
solvers, to compute numerically k. ;. More specifically, the MINOS solver [28, 29, [P§] is a 3D, multigroup
SPy solver on structured cartesian and hexagonal grids. The unknown (p, ¢) is discretized using RT\y;
finites elements on structured cartesian grids. Note that the DD version is parallelized in the APOLLO3®
code, contrary to the plain version. Hence, computational times are greatly reduced: we refer to [A11]
for the analyses of algorithms and their parallelization.

6.5 Optimized Schwarz method [A11, [A10, P6]

Schwarz iterative algorithm was designed in 1869 [229] in order to study the Laplace operator on ir-
regular domains: Hermann Schwarz’s original idea was to split the original domain into overlapping
regular subdomains (such as rectangles or disks) and to write an iterative solver using solutions on
the regular subdomains to converge to the global solution on the irregular domain. Convergence was
proved by Lions in 1988 [195], we proposed in 1990 to modify the interface conditions in order
to achieve convergence without overlap [196], 212]. Optimized Schwarz method is widely used for other
models: Maxwell’s equation [108, [I33], Helmholtz equation [219, [I06], Stokes problem [78], acoustics
[107], parabolic problems [77].

4Strictly speaking, the integral on R is valid for extensions of q and (divq) in R.
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Suppose here that the solution (p, ¢) is such that for all (i,5) € Zr x I , Pi-nyr,, € L?(Ty;), and
introduce spaces Q;, for i € Ig endowed with the inner norm:

Q= {a e Hdiv,Ry) - q mys, € L)} lally, = lald gz, lalBew) (65.)

For all (i,5) € Ir x T, we introduce couples («;, agj) of positive coefficients such that of; + agj > 0.
The Dirichlet (resp. Neumann) interface conditions ([6.4.13)-(ii) (resp. (6.4.13))-(iii)) can be combined to

write the following interface conditions:

L o — oL L. T..
For all (i,j) € 77,4 Pi M T 4 Py <My + ;05 on Ly, (6.5.2)
Pj N — ;05 = Pi-ngj—ag¢; on Dy
They can also be expressed as a single equation as follows:
Forall (i,j) € T x I, Pi M+ aj;¢i = —P; 1+ aj;¢; on Ly (6.5.3)
Problem ((6.4.12)) is equivalent to the following problem:
Find (p, ¢) € Hiefn Q; x PV such that for all i € Zg and for all j € 7 :
divpi +Xai¢i = S inR; (0) (6.5.4)
(D)) 'pi+Ve = 0 inR; (i) -
Pi 1+ o0 = —pj-n; a0 only; (i)

As we don’t know the values of ¢;|x; nor p; - n;|s;, we propose to solve problems ([6.5.4)) iteratively, locally
in subdomains (R;);cz,, and to approximate the interface conditions. In order to solve Problem (6.5.4),

we now propose the following iterative Schwarz algorithm:

initialization
VieIr, (p},¢7) € QixV;is given.
iterations: for ¢ =1,..., Vi€ Iy,

Find (pf, ¢f) € Q; x V; such that

div pf + Eaﬂ‘ gf)f = Sf,i n ﬁz (0) (655)
(Di)~'pi+ Vel = 0 inR; (i)
. ¢ Y | i 01 .
Vj e Iﬁﬂ -p; n; +a;¢; = p; -n;+ aijqﬁj on I';;  (ii)

untill convergence.

The initial choice is assumed to be such that for all (,) € Zg x Iz, P} -nyp,, € L* (i),

We can prove (cf. the

Theorem 6.5.1 ([Bil, Theorem 11.11). Suppose that for all (i,5) € T.J, aﬁj =al..

ij- Then the sequence
((p?, d)f))iefR)g converges to the solution to (6.4.2) in PH(div,R) x PV .

Furthermore, the asymptotic study of Nataf and Nier [201] makes it possible to optimise the choice
of parameters aﬁj [A11l §5.5]. At the lowest order, the optimal parameters are such that:

[N

al; = (Sq;Dj)? . (6.5.6)
We refer to [84] for a rigorous study on the optimized parameters.

78



6.5.1 Variational formulation

To build the variational formulation associated to Problem ([6.5.5)), we first multiply (6.5.5)-(i) by q; € Q;
an we integrate over R;, using integration by parts (4.2.2)):

/~ (D) 7'pf - q; — ¢ diva,) + Z /1“ #'qi-n; =0. (6.5.7)

Ri ieT~
J GIR,-

According to the transmission condition (6.5.5)-(ii): ¢§ = (od;)~'pf - n; + (aﬁj)_lp?l ‘nj + qﬁf*l, S0
that substituting ¢¢ in Eq. (6.5.7), it reads:

/~ (D) 7'pl-ai — i diva) + /F (af))7'Pf miq; - m;

Ri e T~
jEIRi

=¥ [ @yt e Y [ o e,
Fi]‘ Fij

jEIﬁi jeIﬁi

(6.5.8)

We consider the product spaces Xj =Q; x L? (751) for i € Ir, endowed with the product norm
2 2 2 1/2
la®llxs = (Il g, + o mldas) + 1912.q,) -

In this case, we cannot keep the trace of the ¢§71 on I';;, we integrate by parts / ¢§*1 q;-n;, introducing
T

q; € Qj, alifting of q; ny|r,; in H(div, ﬁj), such that qj = V¢7 where ¢7 € V; (the space Vj is defined
in (6.4.14))) solves the following elliptic problem:

Find 5 € V} such that

Ay = c(ai) in ﬁ,j
On; 97 = —qi-myp, onliy
8nj w; = 0 on 87%] \1—‘”

Above, the constant ¢(q;) is chosen so as to satisfy the compatibility condition of the Neumann problem,

ie. (cf. [97]),/~ c(q;) —|—/ q;-n; =0.

R Lij
By construction, divq; = c¢(q;) in ﬁ,j, and g} -n; = —q; -n; on I';;, @5 -n; =0 on 87@ \ Ty;. In the
following, we propose a "natural" choice of discrete lifting. The integration by parts formula in
ﬁj allows to write:

— — — o =1 1
- ¢j1qi'ni:/ ¢j101§'nj:/~ ¢j1%*"nj:/~v¢’j1'q§+/~ ¢j1d“’q;v
Fij BR]' Rj Rj

Lij
= /ﬁj (—(D) 7P + ¢f T diva)),  from (65.9)-(1).
Equation now reads:
[ 0ot ofdiva) + 3 [ (al) el miaim,
ij

i jezﬁi

= > / (i) 'Pi " myaomy+ Y /~ (—(D)~'py " ay oy divag).
R

. T, .
JETR, W I€1z,

(6.5.9)
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To take account of (6.5.5))-(0), we simply use the equivalent variational equality:

Vwi S Lz(ﬁi), 0= /N (le pf + Eaﬂ‘ ¢f — Sﬁi)wi. (6510)

7

For i € Zg, by subtracting the variational equalities (6.5.9) and (6.5.10)), we conclude that if (pf, #¢) is
a solution to (6.5.5)), then (pf, ¢f) is a solution to the variational formulation below:

Find (pf, ¢¢) € X such that for all (q;, ;) € X

/ (=(Dy) B! - @i + & div g + vr div pf + S $l48)
R;

p
- Z / 71;] ‘Nn; q; - Ny

ol (6.5.11)
:/~ Spithi— Y / D) 7Pt + ¢4 diva))
S
S Sl R
jezg, Wl

In the following, for i € Z, we will use the bilinear forms a(-, ), continuous on X x X
dh i (@ohme) s [ (D) r o dvr e divatS,i00). (6512
Ri

The bilinear form ab(-, ) related to variational formulation ([6.5.11]) writes:

ay X xXf = R
((@.0),(0,0) = ab((a,0),(c0) = 3 / o) lqomrom, - (6513)

J€I~

Suppose that aﬁj > 0. According to Theorem the bilinear form ab(-,-) is T-coercive on Xj', and
Problem (|6.5.11]) is well posed.

6.5.2 Discretization

We define a family of triangulation (ﬁi,h) n of ﬁl made of N; meshes such that: ﬁi,h = Ujezr Ry with
={1,...,N;}; and F;" faces (fi.m)mers+ With Iif"" ={1,...,F"}. We set:

' ={meT | fim g %Y, T/ ={meZT| fim Ty}

1,1

We suppose that for all (¢,5) € Z.J, triangulations 751 » and ,féj,h share their faces on I';;, and we denote
= |7/ ,;1 = 11

We discretize XJr with RTNy finite elements X’?h = Qkh X Lkh, where Qkh and Lkh correspond

to the spaces Qh and I/C defined in ‘ 2l with Ry, = ’Rz n, and k > 0. Let us set (1/1 )leI the basis

functions of LZ n» such that: . ilRew = 5l7l/. We denote by (w; )mGIf+ the basis functions of QF e

For all (i,j) € ZJ, triangulations Rl n and RJ » being identical on interface I';;,the spaces of the traces

which are normal to I';;,

‘Z{” := span ((% nl‘pu)mezf ) ‘Zf,ij := span ((&j,m n]m])mezf ) (6.5.14)

1,1 7,13
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. A it exi i , f —
are the same: for all m; € Zj,; it exists a unique m; € 7 ;. such that w; ., -y, = —w; ., - Ny,

The discrete liftings can then be chosen as follows:

v(i,j) € 1T, V(miamj) € Iif,ij X ij,ij such that f; ., = fj7mj :
- the basis function w; ,,, - is a lifting of w; ,, - ny|r,; in Ry;; (6.5.15)

- the basis function w; ,, is a lifting of w; ., - njr,; In R;.

Let us set X; p, := X}’h. We look for (pf’h, d’f,h)ieiﬁ € H X1, an approximation of (p?, (bf)iefn such
1€IR
that for all i € Zg: pf,h = Z me Wy and gbf’h = Z @f’l w; 1.
mezZet lex?

The discretization of the variational formulation (6.5.11)) writes:
Find (p! ), 6¢1)iez, € || Xin such that for all i € Ir, for all (I,m) € T x I}
iGi-R

(P ) im0, ) = [ 810 (6.5.16)

and for all i € Zg, for all j € 1z, for all (I,m;) € ZF x 7/

1,37 "

a;((pf,h7¢f7h)v @i,miaﬂ)l)) —/F (aij)_lpf,h I Wy, T
i
= | Sriti, - /7i (—(Dj)‘lpﬁfhl Wi, + O divgj,m].) (6.5.17)
i J

i \—1 _4—1
_/I‘ (aij) Pjp Wiy, 1.

ij

This algorithm corresponds to a block Jacobi to solve (A.3.1). In Appendix we express algorithm
(6.5.17)) with matrices.

6.5.3 Numerical illustration

The results presented here concern a pressurized water reactor core of capacity 900 MWe (3D PWR, 900
MWe core). The cross sections that we use come from experimental results [I82] and they are highly
heterogeneous. We solve Problem (SP; approximation) with two groups of energy (cf. G =1 in
§6.1.2). The domain decomposition algorithm substitute the space solver in the inverse power algorithm
(A.1). The a-parameter is set using Equation . It may differ from one group of energy to another
and from one cell to another, since the cross-sections are highly heterogeneous. In Table we present
the results for computations of the MINOS solver from 1 to 128 computational cores with RT( finite
elements. The data of this table is:

e Nc¢: The number of cores (ie. the number of subdomains).
e Npp: The 3D Cartesian (N}, Npp, ,Njp) decomposition.
e Nyut: The number of iterations of the inverse power algorithm to converge.

e Err.. The (unsigned) difference between the computed and the converged eigenvalues, either se-
quentially or in parallel, times 1075,

e CPU: The CPU time spent within the MINOS solver, given in seconds.

e Eff.: The efficiency (in %): namely, T1/(Npp X Tn), where T (resp. T ) is the total sequential
(resp. parallel, on Npp cores) CPU time.
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The method scales relatively well: its efficiency ranges from 67% to 88%. The number of outer iterations
does not increase much, and accuracy is steady.

More details are given in [A1Il §7]. We also studied the use of both GPU and domain decomposition
in [P8]. Additional results are presented in [A10, [P6], where we give details on the optimized Schwarz
method applied to the S Py approximation .

Nc | Npp (2,9,2) | Now | Err. 107> | CPU (s) | Eff. (%)
1 L 1) 380 0 281 100
) 2.1,1) 330 0 166 85
1 2,2,1) 379 0 105 67
8 (2,2,2) 377 0 53 67
16 (4,4,1) 377 0 % 1
32 4,4,2) 385 0 10 88
64 (8.8,1) 393 0 5 88
128 (8,8,2) 393 0 2.6 85

Table 6.1: Computations results with the proposed numerical scheme.

The Optimized Schwarz method is simple to implement and it has proven its effectiveness. Nev-
ertheless, for some nuclear reactor core configurations, it would be usefull to manage local refinement
(cf. Figure . To this end, we have developed a domain decomposition method in which interface
conditions are handled using Lagrange multipliers.

6.6 DD-L2-jumps method [A6, [A2], [P5]

Again, we wish to solve Problem ((6.4.13)). The idea developed below is that, rather than considering the
normal trace of p on each side of the interfaces separately, we are interested directly in the difference
between these traces on the interfaces (what we have called the jump). We need a Lagrange multiplier

¢s representing the trace of ¢ on I's belonging to H_% Ts)
1
HE (L) = { s € M|y € HE(Tyj), V(,5) € TT }, (6.6.1)

where we recall that M = {¢S € H(i,j)EIJ LQ(I‘Z-J-)} and where we set ¥g5;; = Ygz,,. We endow

1
H2(T'g) with the graph norm.
Problem (6.4.12)) is equivalent to Problem (6.6.2)) below:

Find ((p. ). ¢s) € (PH(div, R) x PV) x H*(I's) such that:

Vi€ Ir divp; +X.:¢0; = Sf; inR; (0)
VieIr (D) 'pi+Ve; = 0 inR; (i) - (6.6.2)
VieIrVje T, ¢ = ¢s onYy (i)
V(i,j) €eZT p'nl;; =0 on ¥;; (iii)

We introduce finally the following Hilbert spaces (the space Q is defined in (6.4.10)):
0O 2 2 2 1/2
X = {e=(@w)eQx LR} lielg = (lal + 10l3sm)

~ /
o= {wi= s e X M} ol = (Il +Iwsiy)
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6.6.1 Variational Formulation

On the one hand ¢ € L?*(R). On the other hand, we notice, cf. (6.4.8), that [p-n]; € Hj; for all
(i,j) € T x Lz . Morevover, L?(Xi;) € Hj;, cf. §4.1] Noticing that 0 € L?(;;), we conclude from,

50
(6.6.2)-(iii), that in particular, [p - n];; € L%(%;5) for all (i,7) € T x Iz and [p-n] € M. Thus, p € Q,
where Q is defined in (6.4.10) and we have to find (p, ¢) € Q x L2(R We then bu11d a new Varlatlonal

formulation. Recall that, since Problem (6.4.12) is equivalent to Problem l-b or , ¢ € HYR
We can use first the integration by parts formula (6 1} for q € Q, and then 1 (ii) to identify the

trace of ¢ on I'g, obtaining:
[ vora=-[ savar [ fanes
R R I's
Using (6.6.2)-(i), we get:
/V¢~q: Z/~ v¢i'Qi:*2/~(Di)71pi'Qi:*/Dilp'CI-
R .~ Ri . A Ri R
1€TRr 1€TRr

Thus, for all q € Q, it holds: —/ D_lp-q—l—/ ¢ div q—/ [q - n] ¢s = 0. Moreover, for all v € L?(R),
R R T's

using (6.6.2)-(0), we have: / (divp 4+ Zao)y = / S¢1p. Finally, for all ¥g € M, from (6.6.2))-(iii) it
R R

follows that: / [p - n] ¥s = 0. To conclude, if the triplet (p, ¢, ¢g) is solution to (6.6.2]), then it solves
r
the variational f%rmulation:

Find (p, ¢, ¢s) € Q x L2(R) x M such that ¥(q, v, s) € Q x L2(R) x M :

/(—D_1p~q+¢divq—f—wdivp—i—anSw)—/ ([a-n] s+ [p - n] ws):/sfw (6.6.3)
R T's =

Above, ¢g,1s play the role of Lagrange multipliers, with M the space of those Lagrange multipliers.
We call the mixed, multi-domain variational formulation (6.6.3) the domain decomposition+L?-jumps
method (or DD+ L2-jumps method). From now on, we use the notations:

e u=((,¢s5), (= (P;9), P= (Pi)ici, and & = (¢i);c7, ;
o W= (ngS)a g = (qa 'l;/})v q= (QZ)zefR and 1/1 = (1/%)1@73 )

and we define the bilinear forms:

c: WxW—R, c(u,w):/ (—Dilp-q+¢divq—|—wdivp+2a¢¢), (6.6.4)
R
ls: WX W—R, és(u, W) = / [p . l’l] g, (665)
s
s WXW—R, cs(u,w) = c(u,w) — lg(u,w) — lg(w,u). (6.6.6)

Let f € £L(W,R) such that for all wt € W f(w / St1p. We write the DD+ L?-jumps method (6.6.3) as:

Find u € W such that Yw € W:  cg(u,w) = f(w). (6.6.7)

Notice that cg(+,-) is symmetric. We can prove that solution to (6.6.7) satisfies (6.6.2)), cf. [A6, Theorem
2]. In order to prove the well-posedness of , we need to define a lifting of the Lagrange multipliers.
Consider ¢% € M.

~ ~ ~ 1 ~ ~
e IficZs (OR;NI's = IR,), we let ¢; = —§|7zi|—1 @5 and ¢ 5=

* ~
o, S|OR;
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o Ifi & Tg, we let (El = 0. We consider %Z RS L2(87€ ), the continuation of ¢* by a constant

Psjorinrs
value 7; g to 8R The constant 7; s is chosen so that the mean value of (bl s vanishes.

For i € Zg, one has qbl € L2( ;) and gbl s € Lz(aR ) with: H@
We choose to solve the equivalent problem:

||¢§HL2(87€,:01"S)'

Find (v;,u;) € H(div, R;) x H'(R;) such that

—-Vv; + Vv U; = O, in Ri
—divv; = ¢y, inR; . (6.6.8)
1~ ~
v;-n;, = 5(;52'75 on 37?4

Well-posedness and continuity of the lifting follow, indeed for the latter we have
||vi||H(div,7€i) < Clift,i ||¢§\|L2(3ﬁmrs). (6.6.9)

Regarding now the regularity of v;, there holds v; € HY/2(R;), and ||VZ'||H1/2(7~€1_) < H‘Z%”L?(aﬁmrs)' An
equivalent, mixed variational formulation of Problem (6.6.8) reads, cf. [50] §7]:

Find (v;, u;) € H(div, R ) X L2 R;) such that V (q?, ;) € Ho(div, R, i) X Lz(ﬁi):

/N Vi - ql / divv; ¥; + / div qZ w;

v,'n; = qi)zgon@R

¢z Vi, (6.6.10)

One actually solves the problem in the variable v := v; — Véift € Hy(div, ﬁl), where vi»ift € H(div, 7%1)

1~
-~ ¢;.s, and we can use basic T-coercivity to prove the well-

is a continuous lifting of the normal trace 5

posedness of Problem ([6.6.7]).

Theorem 6.6.1 ([A6], Theorem 3]). Under assumptions given in (6.1.7), the continuous bilinear form
¢s (1) is T-coercive on W x W. The variational formulation (6.6.7)) is then well posed. In particular, it
exists a constant C > 0 depending only on R, X, and D such that for all Sy € L?(R), it exists a unique

tuple ((p, @), ds) solution to such that
Ipllg + l9ll2r) + losll2rs) < ClStlL2R)-

PT’OOf. For all i € T, we consider (vi,u;) the solution to Problem (6.6.10). Consider T € L(W) such that T'((p, ¢, ¢s)) =
(a4, 1s) where:

Qi = —pi—av; € H(div, R;), fori € I,

1 1 1. 9= i ~
P, = 5(171 + E(Ea’i) divp;, € L*(R,), fori e Ir,
s = ¢s—[p-n] € M.

The coefficient o depends on C;¢¢,s, on the ratio maxieiR(\aﬁi\ IR:]) and on the data. o

i€l

6.6.2 Discretization

The discretization of the product space Q x L?(R) is the product space Qh X My, where Qh = HzeiR th
and M, := HzGIR i Where QZ ., and LZ ., correspond here to the spaces th and L’C defined in §
with Ry, = RZ n, and k; > Using a Lagrange multiplier, the faces of two neighbouring subdomains

may not match, and the approximation order of two neighbouring subdomains may differ. Let T; ;, be

5Compare to the optimized Schwarz decomposition method, we can choose different order approximation in each sub-
domain.

84



the space of the normal traces of elements of th on OR; NTg:

Ti,h = {qi’h € L2(87€i n Fs) | Hqi,h & inlh qi,h = 4i,h - nilaﬁiﬁf‘s} . (6.6.11)

notice that T; pr,, = ‘S{ i defined by Equation (6.5.14)). Several situationﬂ can occur on a given
interface I';;:

(1) non-nested meshes: T;p, ¢ Tjp and T, & T p;
(2) nested meshes: T;, C T;p or Tjp CTips
(3) matching meshes: nested meshes with T} j, = T 5.

Remark 6.6.1. Matching domain decompositions correspond to matching meshes ; resp., non-matching
domain decompositions correspond either to non-nested, or nested but non-matching, meshes.

Usually, the term nested meshes is used to describe a family of successively refined meshes. In this paper,
we will use this expression to express that on all interfaces I';;, case (2) described above holds.

Let us denote by M) C M the discrete space of the Lagrange multipliers, and by M}ij c L*(Ty;)
the discrete space of the Lagrange multipliers restricted to the interface I';;. We introduce the discrete
projection operators from the spaces of normal traces 7T; j, to M}, and vice versa:

{HS,1'5 Tin — My {'/TS,z': M, — Ty
¢Gn — gi(qin) Vs = msi(Ysn)

These projections are defined by:

/~ (s,i(qi,n) — @i,n) Ysn =0
OR;Nl's

_ (ms,i(¥s,n) — ¥sn) qin =0
OR;Nl's

Vain € Tin, Vs € My (6.6.12)

As the operators Ilg; and 7g; are orthogonal projections, they are continuous, with a continuity modulus
equal to 1.

Proposition 6.6.1. The following inequalities hold:

“WS,i(wS,h) HLZ(aﬁiﬁFs) < ||1/}Svh||L2(87~2iﬁFs)

(6.6.13)
IMLs,i(ai.0 )l 207,005y < ik

Vi € Tin, Vibsn € My {

|L2(a7€mrs)

We also introduce the orthogonal projection operator H% M — M ,? , where M 2 is the subspace of
piecewise constant fields. According to [I146] Proposition 1.135], letting hs be the meshsize on T'g, we
have:

Vs € H2(Ts), |[vs — T8(s) e S by 2 sll e - (6.6.14)

Next, let py, € Qh. We define the discrete jump of the normal component of pj; on the interface I';; as

[Pr - 0]pij = Z s (P, - myr,; ). The discrete global jump of the normal component, [py, - n]; € My,
I=i,j

is defined by: [pp - n]u|r,; := [Pn - 0]n,ij, for i,j € T. We finally define:

X

{gh = (qn, ¥n) € Qh X Lh} , endowed with || -[/%,

Wy = {wh = (En,bsn) € X X Mh} , endowed with || - [lv -

6Non-nested meshes are also called sliding meshes in the literature, see [246].
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In our setting, the conforming discretization of the variational formulation (6.6.7) reads:
Find ((pa,®n), #s,n) € Wp, such that Y((qn,¥n), ¥sn) € Wa:

/ (=D~ 'pn-an+ ¢, divay, + ¢y, divps + 0 ¢ ¥n )
R

/FS[Ph'n]ws,h/Fs[Qh'nMS,h/Rsfwiv

Find u; € Wy, such that Ywy, € Wy, CS(uh,Wh) = f(Wh). (6616)

(6.6.15)

Or equivalently:

For the study of the well-posedness in the discrete case, we have to lift continuously the discrete Lagrange
multipliers. To that aim, one simply discretizes the variational formulation (6.6.10f). So we assume that,
given ¢gp € My, there exists for all ¢ € Ix a discrete lifting Vin € Qflh that satisfies the discrete
counterpart of (]m[) and of (]m[) (the constant is denoted by Cj,;,). We label those two discrete
conditions (6.6.9h)-(6.6.10h). We can use discrete T-coercivity to prove the well-posedness of Problem

(6:6.10).

Theorem 6.6.2 ([[A6], Theorem 41). Assume that the conditions

3Bn > 0, Yay, € Qu, / lan -1y [qn - n] > Bh/ [qn - n)? (6.6.17)
Fs 1_‘S‘
and
Iy >0, Yobs,i € My, Z / (ms,i(Vs,n)? + 75,5 (bs.n)?) = nllvsnllis (6.6.18)
Fi]‘

(i,J)€TT

hold, then the bilinear form cgs(-,-) is T-coercive on Wy X Wp. If in addition B, and -y, can be chosen
independently of h in these two inequalities, the constant is independent of h.

Remark 6.6.2. In other words, - can be seen as the algebraic conditions. We discuss
these conditions in the next subsection.

Below, we also use the orthogonal projection operators 7 : L%(R;) — L?’h (see (6.2.6])).
PTOOf. Consider up := ((Ph, ®n), ¢s,n) € Wp, and define Th (up) = wp := ((Qn, ¥n), Ys,n) € Wy as

/ .
qi,h, = —Pi,h — Q' Vinh, for i € Ir,

1 1 _ -
Yin = §¢i,h, + 577?((2a,i) 1y div pi,h, fori€Ig, (6.6.19)
Ys,n = ¢sn+[Pronln,
where o’ depends on the ratio maxieiR(|67§i| ‘ﬁ;l)ieiR’ on the data, on the constant C;ift and on the constant ;. The
discrete lifting v; p of ¢g n is governed by )—6.6.10 ) with data ¢§ = 7s,i(ds,n)- o

A straightforward consequence of (6.6.17) is obtained by taking ((qn, ¥n), ¥s.n) = ((0,0), —[py-n]s) €
Wy, as a test-function in (6.6.15)), which leads to

Oz/rs[ph'n][l)h'n]hZ,Bh/rs[ph'n]Q-

Hence, [p;, - 1] = 0 and so pj, € Q;, N H(div, R).
One infers the classical convergence result below [I48, Lemma 27.17].

Corollary 6.6.1. Assume that the algebraic conditions - are fulfilled uniformly in h,
that the discretization Qp X Ly, satisfies approximability properties and that it is globally conforming in

Q x L2(R). Then the solutions (uy) to the DD+ L2-jumps method converge to the solution u to ,
According to the first Strang’s Lemma, and because cg(-,-) satisfies a uniform discrete inf-sup condition,
the error reads:

e —unlly S wiélwfh [lu — wg |- (6.6.20)
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The matrix system derived from (6.6.15) to be solved is detailed in [I63 §7.1]. We propose next to
study the conditions ((6.6.17))-(6.6.18)).

6.6.3 A study of the conditions ((6.6.17))-(6.6.18)

Let us begin by some observations regarding the two conditions.
First, we noted that if (6.6.17) holds, then [py - n] = 0 and p;, € Q, NH(div, R).
1/2
Second, if (6.6.18)) holds, then g — (Ei,jeIJ frij(ﬂ'S,i(lﬁS,h)Q +7Ts,j('(/}87h)2) is a norm on M.
Indeed, we conclude from (6.6.13) that Vi € My,

Yo |Ysnllar < Z /r (ms,i(Wsp)? + s (Wsn)?) < 2||[Ysnllhs-

i,jETT

To realize the conditions (6.6.17))-(6.6.18)), one can think of two alternatives depending on whether the
discrete space of the Lagrange multipliers M}, is build /inferred directly with the help of the discrete

spaces of normal traces (T;n);c7,- That is, whether ) T; », C My, or not.

iefR

The case ) Tin C My

ief'ia
One can disregard the situation where ZieiR T; pn is a strict subset of Mj,. In this case, there exists
wih # 0 that belongs to the orthogonal subspace of ZieiR T, p in My, and if ((pn, ¢n), dsn) is a
solution to (6.6.15)), then so is ((ph, ¢n), ¢s.n + 1/)§h). This is a straightforward consequence of the fact
for all test-functions ((qn,¥n),v¥s,n), it holds [qs - m] € >,z T;n and so st lan - n]¢g, = 0: the
discrete solution is not unique. Hence in order to obtain a well-posed problem, M} must be chosen as:

M, = Z Tin. (6.6.21)

iefR

In this setting, conditions (6.6.17)-(6.6.18]) follow readily with constants 8, and ~;, independent of h. In
particular, all projections II; are equal to the identity so that :

Van € Qu [ o nllan-n = [ lan-nl?
T's s

When M), is defined by (6.6.21)), there are two alternatives. For nested meshes on I';;, the definition is

straightforward, M,’ is the larger of the two spaces T; and T} . On the other hand for non-nested

meshes, the explicit construction of M, ij can be delicate. We refer to Gander et al [155] [I56] for an

implicit approach that allows to build the space M} and the action of its test-fields in the variational

formulation via an algorithm that is only used when the computations are performed.

Other constructions

To our knowledge, the other alternative has been first studied by Yotov [247] (in case of RTN finite
elements). This is a situation where nested meshes are considered, but where T; 5, + T}, and M, ;Lj can
be different on all interfaces I';;. Here, the space M;LJ must be taylored with care to obtain conditions
—. As an example, in [247], a 2D domain R was considered, with P, discrete normal
traces with given meshsize hg = h; on L'y, P! discrete Lagrange multipliers with meshsize 2hg and
where the triangulation used for the normal traces is a subdivision of the triangulation used for the
Lagrange multipliers. The best constant in can be computed on the reference element, with a
value of the parameter B = %, so that g8, = %. Other examples can be constructed for 3D geometries.
For instance, with QQg normal traces with given meshsize hg = h; on I';;, @1 discrete Lagrange multipliers
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with meshsize 2hg and the same rule governing the triangulations as above. In this case one finds that
By = 3 = é—; Also, one readily checks that ﬁ'z/A) = 0 implies z/A) = 0 on the reference element, so condition
is fulfilled too with a constant +; that is independent of h. We postulate that these results
could be extended as follows. Let m > 2: in 2D (resp. 3D), Py (resp. (o) discrete normal traces with
meshsize hg = h;, in conjunction with P,, (resp. Q) discrete Lagrange multipliers with meshsize m hg
and again the same rule governing the triangulations as above.

6.6.4 A priori estimates

We consider here the case where for all i € Zg, k; = 0. Let q € H(div,R) N PHA(R), with 0 < p.
A global RTN interpolant of q is defined on every subdomain R; via its restriction q;, and denoted by
qi,r for i € Zg. One may thus define the global interpolant of q in Qp, denoted by qr henceforth:
aRlﬁi = q, g for i € I. Below, we also use the orthogonal projection operators 79 : L?(R;) — L?,h (see
(6.2.6)) and T1% : M — M} (see (6.6.14))). One has the following result:

Lemma 6.6.1 ([A2], Lemma 6.11). Assume that the meshes are nested, non-matching, on the interface
Ltc, and that they are quasi-uniform on Ugc. To fix ideas, we assume T pr;. C Ty pr,, with Te pr,, #
Ty irs. @). Let q € H(div,R) NH*(R) with 0 < p < 1/2, it holds:

~ 1/2
@R 0]l zore) S 22 1l g a7,

Theorem 6.6.3 ([[A2, Theorem 6.2]). Let the assumptions of Proposition hold, with rmax < 1/2.
One has for matching meshes:

Vi €]0, rmax[, VS € HH(R),

6.6.22
1D — Prlletcaie ) + 16 — nllzcmy + 65 — dsllar < W 1y e . (6.6.22)

For nested, non-matching meshes, the result holds under the assumption that on an interface I';; where
the meshes T; pr,, and T pr,, are non-matching (Ti7h|pi]. =+ ijh|pij), the families of triangulations of
T; nir,; and T pr,,; are quasi-uniform.

PT’OOf. ‘We bound the different contributions in the RHS of (6.6.20) for some appropriately chosen discrete field wy, .
Matching meshes. We know that [p - n] = 0. For matching meshes, one has also [pr - n] = 0, so [(p — Pr) - n] = 0. Starting from

(16.6.20], the conclusion follows. Indeed, according to the a priori estimates 46.2.7[)7 46.2.10|) and 46.6.14[), v, = (PR, w0, Hg(qﬁs)) S
Wy, is such that

l[w = wn g > P = Pirlia ) T 16— 7°0l72 ) +llés — M5 (ds)ll3
i€l
< RPOPln ) + 1AV Pl () + B2 1615 41 r) + hsllés]?y

<SRS0 oy -
2(1,5) ~ 1S £ 1z (R)

Hence we conclude that for matching meshes it holds (recall that u = ((p, ¢), ¢s)):
e —unlly < P*NSFl 1 (R)- (6.6.23)
Nested meshes. In this case, [Pr - n] # 0 in general. Nonetheless, one can use the result of lemma [6.6.1} to find that

~ 1/2
(e = Br) 0l llar <22 (Ipllercaiv.r)

provided that the meshes are quasi-uniform on the part of the interface where they are non-matching. The estimate (6.6.23) still
holds for nested meshes under this condition. _
Conclusion. Noting that it always holds [p - n] = [py - n] = 0 (recall that p, € Qp N H(div, R)), developing the norm |ju — up|w,
one concludes:

P = Prllacaiv,r) + 16 = dnll 2y +1¢s = dsnllar S B ISsllan(r)-

In other words, we have the a priori error estimate ((6.6.22)). 3

As in the plain case, for "smooth data" Sy, i.e. Sy € H™=(R), one expects a convergence rate at
least in h™max.

7 f refers to fine discretization, while ¢ refers to coarse discretization.
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Remark 6.6.3. Within our framework, we obtain error estimates that generalize those of [67, [243] for
low-regularity solutions. In addition, the technical aspects we propose remain quite simple and natural
since the discretization remains conforming (i.e. Qp x L, C Q x L2(R)).

To derive improved estimates on the error ||¢ — ¢p||z2(r), we adapt the calculations of estimate
(6.2.15)) to the DD case. Let Q) = (NQh N H(div,R) and X}, = Qp x L. We already know that when
conditions (6.6.17)-(6.6.18) hold, the solution ((px,#n), ¢s,n) € X, x M, of (discrete DD case)
is such that (pp,¢rn) € Xp, since pp, € Q. Then restricting the test-fields in to elements of
X X My, we observe that (pp, ¢p) satisfies (6.2.11]) too (discrete plain-case), because all interface terms
vanish. Hence, to estimate ||¢ — ¢u|[12(r) in the DD case, we explicitly consider that the discrete fields
(Pn, ®r) are also the solution to the variational formulation of the plain-case . Let us begin by a
technical result.

Lemma 6.6.2 ([A2, Lemma 6.4]). Let the assumptions of lemma hold. Let q € H(div,R) N

HA(R) with 0 < p < %, and define dqy. € Qs n by 6Qse -, = (de,r - — 4y r - M), and zero

extension in Ry \ L. It holds

8t lragasw. 7, S 2 (e ) + 1div el ) -

Theorem 6.6.4 ([A2, Theorem 6.5]). Under the assumptions of Theorem with Tmax < 1/2, one
has for nested meshes:

Y E}O,T‘max[, VSf S H“('R), ||¢ - ¢hHL2(R) < h2H HSf”H“(’R)- (6.6.24)

PT’OOf. Matching meshes. In this case, one can use the theory already developed in
that (6.6.24) holds.

Nested meshes. The difficulty for non-matching meshes is that one can not, define the global RTN-interpolant of p directly. Instead
it is defined via its subdomain interpolants (pi, r) . Introduce, for ¢« € Zr, Z; as the set of indices j such that Tj’h|ri_j C Tiyh‘r‘ij

for the plain case, to conclude

1€
(since we are dealing with nested meshes, it holds T?h‘pij C Ti,hlr‘i]. or Tiyh,|pi]. C ijh‘r‘ij). We proceed as follows to obtain an
H(div, R)-conforming approximant, i.e. an element of Qj. On all interfaces I';;, introduce dp;; - n = pe,R - i, — Pf.R - nr,,
where Py g is the interpolant from the finer discretization on I';;, resp. Pe,r is the interpolant from the coarser discretization on
I';;. By construction, ép;; - n = 0 when Ti)mpij =Tjnry- Then 0p;; - n is extended by zero in 7%1 to define an element of Q; j, ;
with a slight abuse of notation, we still denote the extension by dp;;. The H(div, R)-conforming approximant pr € Qp, is then
defined subdomain by subdomain as

Pi,R = Pi,R + Z Spij forieIg.
JEZL;

Indeed, [pr - n]pij =0 for (i,j) € ZJ by direct inspection. It remains to evaluate
2 2 .
IP = Prlfraiv.r) = D IPi = Pirllfr gz, With
i€l

Ipi — Pi,rllg(aiv, 7,y < IPi = Pi,Rlg@iv7,) + > 9Pl aiv, %) for @ € Ir.
JETL;

Above, the fact that the index j belongs to Z; implies that if dp;; # 0, then the finer discretization on I';; automatically originates
from R;. To evaluate ||6pi; ”H(div,ﬁi)’ one uses the results of lemma to find
16Pisllercare, 2,y S 1 (1Pl ;) + 1 divpill 2z, )

Again, this bound holds under the condition that the meshes are quasi-uniform on the part of the interface where they are non-
matching. Due to 1} one has ||p; — pivRHH(div 7, S A |ISsllan(ry for @ € Ir, and it follows that ||p — PrllH(iv,R) S
s Ieq

h* ||S¢ |l gr(r)- As a consequence (following the proof of Theorem [6.2.15) we conclude that the estimate (6.6.24) holds. ©

6.6.5 Estimates for the generalized eigenproblem

Let 0 < pu < rmax be given, we introduce an operator B, associated to the source problem : given
f € HR), we call B,f = ¢ € H'(R) the second component of the triple (p, ¢, $s) that solves the
source problem with Sy = vX;f. For the same reason as in the plain case @ B,, is a bounded and
compact operator.
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Convergence in operator norm

Next, let us consider the discrete operator BZ associated to the discrete source problem: given f €

HH*(R), we call Bﬁf the second component of the triple (pp, ¢n, ¢s,p) that solves (6.6.16) with source
Sy = @ff. Using estimate (6.6.24]), we obtain, like in the plain case, the result below.

Theorem 6.6.5. Under the assumptions of Theorem With Tmax < 1/2 plus vi; € PWLR(R), let
p €)0, Tmax[. Provided that the families of triangulations are regulart on every subdomain, one has for

nested meshes: B
By — Bl (e (ry) S A, (6.6.25)

where O = min; 7 0; >0, and fori € fn, 0; is defined by on 7%1-.

We conclude to the absence of spectral pollution.

Optimal convergence rate

Let the assumptions of Theorems [6.6.3] and [6.6.5] hold, and in particular the conditions for nested, non-
matching meshes. We use the same notations as in In particular, let w, > 0 be the regularity
exponent associated to v with respect to (PH**(R)).>0, and introduce & = min(@,, k + 1).

Let 1 € [0, rmax[ be given. As we defined B, (resp. Bjt), we define A, and C,, (resp. Al and C}!): for
feH!'(R), wecall A, f =p € Q and C,f = ¢g € M (resp. AZf =pn € Qh and C’Zf = ¢gn € Mp)
the first and the third components of the triple (p, ¢, ¢s) (resp. (Ph, Pn, ¢s.n)) that solves (resp.
(6.6.16)) with source Sy = vX, f.

For the DD+ L2-jumps method, the transposition of Proposition writes:

Proposition 6.6.2 ([A2], Proposition 6.8]). For every ¢ in W, the following inequalities hold for
the DD+L?-jumps method with nested meshes:

1By = Bi)¢llzary S h¥Nellws  and  [[(Ay = AR ¢llu@ivr) S B lelw.

Estimate (6.3.6) on the gap between W and W, is still valid: §(W, W) < h®. Let Ej, be the operator
defined in (6.3.7). We recall that Fj and BZ commute (lemma holds). The restriction of Ej, to
W, denoted by F}, is a bijection that satisfies estimate (6.3.8]), for A small enough. We will also make
use of Sy, = Fh_lEh — I that satisfies lemma and Proposition We recall that B, = B, |w and
ij = I, 1B:}Fh. The transposition of Theorem is stated next. The proof is identical (replace w
by w).

Theorem 6.6.6. For h small enough, one has for the DD-+L?-jumps method with nested meshes:
1B, — Bl cowy S W% (6.6.26)
Corollary 6.6.2. For h small enough, the error on the eigenvalue for the DD+L?-jumps method with

nested meshes is given by: |v — vy,| < h?®.

6.6.6 Numerical illustrations

The tests are carried out in two dimensions: the cartesian coordinates are denoted by (z,y). We define
the discrete space of Lagrange multipliers M}, as in (6.6.21]).

Checker board benchmark

We study a singular toy problem described on Dauge’s website [125] for a magnetic problem and adapted
here for the neutron diffusion equation with Neuman boundary condition. Set R :=] — 1,1[%, and
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divide it into four subsquares (see Figure left). Let D, be a scalar, piecewise-constant, coefficient:

z=0
(-1,1) (1,1)
R4 Rs he | he | he | e
Dy=D|D3=D
he | hy | hy | he
y=0
(0,0) he | hy | hy | he
D, =D|Dy=1
Ry Ry he | he | he | he
(_17_1) (17_1)

Figure 6.1: The domain of study, and the subdomain mesh sizes.

D :=D =0.1in Ry UR3, and 1 elsewhere, 3, = 1 and v, =1 We consider the following problem:

divDVé+o=XpinR, Vo -npr=0ondR. (6.6.27)

The singularity exponent is rpa.x ~ 0.39. Implementation is in Octave.

We study the error on the four first eigenvalues (excluding Ao = 1), with two different partitions
{Ri}1ez. The results are given in Table which data are:

e h: the meshsize,
e N,: the number of degrees of freedom of ¢,

e &), = |Ani — Nil/| M| the relative error for the eigenvalue \;, i = 1,4.

In the last line, we report the average rate of convergence of the computations.

The partition is based on N =16 square subdomains, represented in Figure right. As indicated on
this figure, the four centered subdomains have a meshsize equal to hy whereas the other subdomains
have a meshsize equal to h. = 2hy¢, so that the parameter is h = h.. The results are given in Table

1/h Ny €, W W I3W
4 448 | 2.88 x 1073 | 3.92 x 1072 | 5.49 x 10~3 | 2.00 x 102
] 1792 | 7.22x 10771236 x 1072 | 1.38 x 10~3 | 5.00 x 103
12 | 4032 [322x10° 7| 1.74x10°2 [ 6.12x 1074 [ 2.22x 1073
16 | 7168 | 1.81x 1071 [ 1.40x 1072 | 3.44x 107 % | 1.25 x 1073
20 [ 11200 [ 1.16 x 107% [ 1.18 x 1072 | 2.20 x 10~ % | 8.00 x 107
24 16128 | 8.05x 1077 | 1.02x 1072 | 1.53 x 10~% | 5.05 x 10~*%

rate 2 0.76 2 2

Industrial simulation

Table 6.2: Results with 16 subdomains.

This industrial test models a pressurized water large reactor core with heavy-steel reflector similar to the
one described in [225]. The neutron transport equation is discretized using the multigroup simplified Py
(SPy) equations, with two groups of energy, and SP; and SPs; angular orders. We recall that, for each
group, the neutron SP; equation is similar to the neutron diffusion equation, whereas the neutron SPs
equation corresponds to two coupled neutron diffusion equations. The different homogenization steps
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that allow to obtain the coefficients of this discretization on square cells lead to 229 different media. The
coefficients are thus parametrized according to the medium, the energy group and the angular order,
which depend respectively on the position, the energy and the direction of the neutrons.

In Figure we draw a top view of a PWR-like core model, which has a Cartesian geometry.
Each square, which represents a part of the reflector or an assembly, is made itself of cells, which are
rectangular cuboids of R3. In Figure we make a zoom on a patch of six (3 x 2) assemblies:
each coloured square represents a cell containing fuel, absorbing or reflector material. In our model,
the coefficients are polynomial (possibly constant) in each cell [143] [AT10, [A11]. The global domain of
the reactor core (see again Figure is represented by a rectangular cuboid of R3. In practice the
coefficients characterizing the materials may differ from one cell to another by a factor of order 10 or
more.

(a) Reactor core model (b) Patch of six assemblies

Figure 6.2: 2D depiction of a PWR core and a zoom on six assemblies.

The subdomains {ﬁi}lgiggm of the partition correspond to the 19 x 19 cells.In each subdomain,
the coarser triangulation is also such that the coefficients are piecewise constant. The meshes of the
subdomains are nested.

In neutronics, the quantity of interest is the inverse of the smallest eigenvalue, which is called the
criticality, and is denoted by k.. Below, we make comparisons on the criticality, the reference value,
denoted by k;ﬁj}, being computed on a conforming mesh made of 1.5¢ + 7 (resp. 7.5 x 10%°) rectangles
in SP; (resp. SPs).

In Table[6.3] we present the results obtained with the MINOS solver for different levels of refinement.
The data are:

e h: the meshsize,

e Ny: the spatial number of degrees of freedom of the neutron flux ¢,

e ¢ (resp. €3): the relative error made on the criticality |keg — k;g:| / k;g:, for a computation using

the SP; (resp. SPs3) approximation.

e rate: the averaged rate of convergence.

Convergence rates are higher than 1, seemingly indicating the absence of strong singularities in the
first eigenfunction. Instead, we hypothetize that we are still in the pre-asymptotic regime (for the first
eigenfunction): on the one hand, the norm of the "more singular" part is small compared to the norm of
the "more regular" part, and on the other hand there are only a few degrees of freedom per characteristic

length (cf. Figure [6.2(b)]). Further results are given in [P35, [163].

We proposed and analysed two domain decomposition methods. First a domain decomposition
method with Optimized Robin interface conditions, which enables the use of non-overlapping subdomains
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1/h N¢ €1 €3

285 | 540 x 1075 | 1.35 x 10~* [ 1.37 x 10~ ¢

380 | 9.60 x 1075 [ 8.01 x 1075 | 8.79 x 10~°

570 | 2.16 x 1078 | 4.10 x 107° | 5.12 x 1075

665 | 2.94 x 1076 | 3.26 x 107° | 4.30 x 10~°

950 | 6.00 x 1070 [ 2.09 x 10~° | 3.15 x 10~°
rate h1'55 h1.22

Table 6.3: Results with 361 subdomains.

and a speed up in the convergence. Second the DD+ L2-jumps method which allows non-conforming grids.
These methods could be combined to leverage their strengths: a better conditionning in the global linear
system and the use of non-conforming meshes. This approach is developped in [I] for a finite volume
discretization.

In the next section, we study the numerical analysis of the neutron multigroup SPpy equation dis-
cretized with a discontinuous Galerkin finite element method.

6.7 Numerical analysis of the multigroup SPy equation [A12]

Let E C R. Let W(E) be a scalar functional space on E. In this section, we set: W(E) = (W(E))NXG,
W(E) = W(E)%, and we have for all (¢,v) € W(E) x W(E):

B=), ) @

9g€ZLg meZL,

= Z Z 165 1% (5)-

g€Zg meZ,

) and [|6]3 (g

In the same way, for all (u,v) € W(E)

Yo D (W vi)wee and [uliy g

g€ZLg meL,

x W(E):

= Z Z HugnH%V(E)'

9g€ZLg meZL,

11 A% W(E)

We use the notation: V(R) := H}(R).
Under assumptions of properties (6.1.10)) and (6.1.11]) the matrices T, and T, ! are positive definite.
Moreover, one can show that [|[H V ¢||p2(r) 2 |V é|lL2(r) [163]. We infer that the matrix D is positive

definite and that there exists a constant Cp > 0 such that for all £ € RV xG

IDEN? < Collél. (6.7.1)

From now on, we suppose that this property holds.

6.7.1 Variational formulations

Consider Problem (6.1.8)) posed with zero-flux boundary condition, i.e. for allm € Z., g € Zg, (¢%,)jor =
0. The variational formulatlon reads:

Find ¢ € V(R) such that for all p € V(R) :

(o) = L(¥), (6.7.2)

where:

{c:V(R)xV(R) S R {z;
c(p,0) = (DVO,VY)Lr) + (Teh, V) p2(r)
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The bilinear form ¢(-,-) and the linear form ¢(-) are continuous. Under the hypothesis on D, the
bilinear form c(+,-) is coercive: we can apply Lax—Milgram Theorem to state

Theorem 6.7.1. Suppose that D is positive definite. For a given source term Sy € LQ(R), 1t ezrists a
unique ¢ € V(R) that solves Problem (6.7.2). In addition,|¢|lvr) S IS¢l L2(r)-

The variational formulation of Problem (6.1.9) reads:
Find ¢ € V(R) such that for all ¢ € V(R) : c(¢,¢) = Alp(o,0), (6.7.3)

(;:L(R)x L*(R) — R

where: .
{ (oY) = (Myo,¥)p2(r)
The bilinear form £¢(-,-) is a continuous onto L(R) x V(R). The space V(R) is a subset of L(R) with

a compact embedding. We can then apply the theory of Babugka and Osborn in [I8] to state

Theorem 6.7.2. Suppose that D is positive definite. There exists a unique compact operator Ty :
L*(R) — L*(R) such that for all ¥(¢,v) € L*(R) x V(R): (T, ) = Ls(h, ).

Thus, the couple (¢, ) is a solution to Problem iff the couple (¢, A\~1) is an eigenpair of operator
T. Moreover, Problem ([6.7.3) admits a countable number of eigenvalues.
6.7.2 Discretization with discontinuous Galerkin finite elements

Let (7h)n be a shape- and regular mesh sequence of R [130, def. 1.38]. We use the notations of but
the elements may be polygons when d = 2 or polyhedra when d = 3. We denote by Ny the maximum
number of mesh faces composing the boundary of mesh elements

Ny := Irp. 74
9 %%zcard F.0 (6.7.4)

Let us set KZ = (Pfjisc(ﬂ))ﬁxc. We consider ¢, : KZ X K’fL — R such that

V(n,tn) € Vi x Vi, cn(bn,vbn) = o7, (6, ¥n) + cx, (b, ¥n), (6.7.5)
with
7 (Pn,bn) = (D Vhad)h, Vi ton)2ry + (Tedn, ¥n) 2 (x) »
cry(Ontbn) = Y . ([on] s [¥n]) 2 ()
fELr f
- Z (({D Vi n} - ny, [Qbh])y(pf) +({D Vi on}-ny, [¢h])£2(Ff)> ’
fezi,

where « is a stabilization parameter.
The Symmetric Interior Penalty Galerkin method (SIPG) associated to Eq. (6.7.2) reads:

Find ¢;, € V§ such that Voo, € VE : cn(dn, vn) = £(n). (6.7.6)

Let us denote by P,W?2P(R) = {v € LP(R) |Vl € Ik, v, € W*P(K,)}.
We set P,IW>P(R) = (P, W2P(R))Y €.

Hypothesis 6.7.1 (Regularity of exact solution and space V*(R)). Assume thatd > 2 and that
there is 2d/(d 4+ 2) < p < 2 such that, for the exact solution ¢ € V*(R) := V.(R) N PyW>P(R).

This assumption requires p > 1 for d = 2 and p > 6/5 for d = 3. This holds for our assumptions on
the coefficients, which are piecewise constant with respect to the triangulation [202]. In particular, we
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observe that, in two space dimensions, ¢ € P, WP (R) in polygonal domains. Moreover, using Sobolev
embeddings [70, §9.3], this implies
d+2 d
R)i= (| Pul™**(R) with o, = 222 — £ 50,
0<s<ay 2 p

c1+ta,

¢ € V(R)NPLH e

(R) where Py H

We state the following lemma [I30, Lemma 1.46]E|

Lemma 6.7.1. Suppose that (Ty)n is a shape- and contact-regular mesh sequence. Then there exists
Cir > 0, independent of h such that:

Vh >0, Vi, € VI, V0 € T, Vf € Tpee by *IWnllz2cry) < Corllvnllzz s (6.7.7)

We aim at asserting the discrete coercivity using the following norm:

1
Vi € Vi, N1l = e7, (b, on) + [nl5 where [[yn]5 == > iy ||[¢h]||2£2(pf) :
fEIr

Under assumptions given in (6.1.7)), there exists 8 > 0, independent of h such that for all ¢, € KZ
o7 Wns ) = B (190 nlacm) + InlEm) ) (6.7.8)

so that [[¢nll2, = 8 (IVh ¥alacr) + [6nl3 ) + [¥nl3 ). Following the proof of [I30, Lemma 4.12]
we can prove

Lemma 6.7.2 (Discrete coercivity). Let o := (C”)QNa%, where Cy, depends on (6.7.7)), Ng is
defined in (6.7.4) and Cp is defined in (6.7.1)). For all o > «, the SIP bilinear form defined by (6.7.5)) is

coercive on V' with respect to the (Il 53, -morm, i.e.,

cn(Wn, r) > Ca|||’(/Jh|||§ip, with Cy, := (a — @) min (;,6 (v + a)_l) .

Let V*" = V*(R) 4+ V¥ and the following norm

1/p
6 p.e 2= <|||w|?;p+ S () ||vwn|am||m<w) 7

LeTly

where v, = d(p;2) and vy = 9|, Following [130} §4.2|, we obtain the following results.

Lemma 6.7.3 (Boundedness). There exists Cppq, independent of h, such that for all (¢, 1) € yrh XKZ

ch(¢a wh) < Cbnd |||¢|Hsip,*|

¥nllip

Theorem 6.7.3 (Convergence). Suppose that assumptions (6.1.7)) hold. According to pmpositionm

there exists rmax i (0, 1] such that ¢ € V(R) N Phﬂ1+rmax (R) where
PH T R) = () PRHMH(R).
0<pu<Tmax

Then, the solution of (6.7.6) is such that for all i € [0, Tmax|:

3C > 0 independent of h, [|¢ — ¢nlls, < Cldlp,w2r(r) B

8In the case of simplicial meshes, it corresponds to Eq. (7.3.13)).
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We can then apply the Aubin-Nitsche trick similarly as in [130, Theorem 4.25].

Theorem 6.7.4 (L?>-norm estimate). Suppose that assumptions hold. According to propostion
1+ Tmax

there exists rmax i (0,1] such that ¢ € V(R)NH (R). Then, the solution of (6.7.6), ¢n is
such that for all i € [0, rmax[: [|¢ — dnllL2(r) < P ISFl L2 (R)-

We now have the tools to prove

Theorem 6.7.5 ([A12], Theorem 13]). Let u be the regularity of the eigenfunction ¢ associated to \,
and w = min(u, k). Let Ay be the discrete eigenvalue associated to Problem (6.7.3). The following a
priori error estimate holds: |\ — \p| < h?%.

P?”OOf. We apply the theory developed in [6]. The proof is decomposed as follows. We first show that there is no spectral
pollution. Then, we derive the error estimate. Let V" := V(R) +ZZ and E: V" — V" be the continuous spectral projector relative

-1
to A defined by E = ﬁ fr (z — T\vh) dz, where here T" is a circle in the complex plane centred at A which lies in p(TWh)

and encloses no other points of O’(T‘V}L). The absence of spectral pollution relies on two properties. First, using interpolation
sip ~

results [I30} assumption 4.31] we have for all ¢ € E(V"), inf’whevk Il — ¥nlll < h*. Second, using regularity results [202], we
Yh
have for all ¢, € V’f,’7 for all r € [0, Pmax[:

|H(T - Th)‘ﬁhmsw S h" |T¢}L|th2yp(7l) § h" ‘|T¢’L”ph£1+ap (R) S hrll(ﬁhl‘A?(R) S thH‘bhHAP(R) S hr”‘(ﬁh‘llsipv

Applying [6, Theorem 3.7|, we obtain that there is no spectral pollution. Moreover, we apply [6, Theorem 3.14] to state the error
estimate on the eigenvalue, |A — Ap| < 6,04,5, where

On = vn + |H(T - Th)\g(xh) and b, p = Yun + |H(T* B T*'h)‘E* wvh)

)
sip sip

with v, = 6(E(Kh),zﬁ), Vi,h = 5(E*(Zh’),zi), where 6(Y, Z) = SUPy e v [l ylll 45 =1 (il’lfzgz Ny — stq‘,p)’ and E, : VI —» V" is
the continuous spectral projector of the adjoint operator Ti|n relative to X. Using again elliptic regularity results [202] and
Theorem [6.7.3] we obtain -

< ht.

L~
sip

H’(T - Th)‘E(zh)

< h* and ‘H(T* — T )

sip Ex (VP)

Using elliptic regularity results, we get ”‘pHPhﬁ1+“P(R) S llellLz(ry S lellv(r)- Applying Theorem , we infer that v, <
h* and v.p S M.

In the next paragraph, we provide a numerical illustration.

6.7.3 Numerical illustration

We consider the test case Model 2, case 1 from the benchmark of Takeda and Ikeda [235]. The geometry
of the core is three-dimensional and the domain is {(z,y,2) € R3, 0<2x<140cm; 0 <y <140cm; 0 <
z <150 cm}. This test is defined with G = 4 energy groups, isotropic scattering and vacuum boundary
conditions. In Figure [6.3] we represent the cross-sectional geometry on the plane z = 75 cm.

HEEEEN . Core
Hl Radial Blanket
] Reflector

Figure 6.3: Cross-sectional view of the core (z = 75 cm).

Since the scattering is isotropic, the SP; formulation can easily be reformulated as a multigroup
diffusion problem with 8 energy groups and an isotropic albedo boundary condition [29]. We then made
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the computations with the PRIAM solver from the code CRONOS2 [185] for the conforming case and
with the MINARET solver [198] from the APOLLO3® code [P10] for the SIPG discretization.

In Figure [6.4(a)l we consider the convergence of the fundamental mode where we used the SPs
formulation with @, finite elements and a regular cartesian mesh of size h. The computations were
performed using the CRONOS2 code. The approximated order of convergence is 2.22.

In Figure|6.4(b)} we consider the convergence of the fundamental mode for different S Py formulations
with P}, .. finite elements and a prismatic mesh of size h . The computations were performed using the
APOLLO3® code. The approximated order of convergence is equal to 1.88 (resp. 1.96, 1.92) for the SP;
(resp. SP;, SP5) approximation: it seems that the fundamental eigenmode is regular.

; .
—o—SP;
Sl | —=—SP;
10 1073 | —e—SP; |
F g
& 3
| |
& _ %
£ 1078 - E = 107 | E
L 1 y 1 Il L 1 Il
1070.4 10702 100 100.2 100 4 107&6 10704 1070.2 100 1002
1/h 1/h
1 1
(a) Error on kefsp, Q. (b) Error on kegs n, Py

Figure 6.4: Error on kcssp with Q1 or PL._ . finite elements.

6.8 Coupling neutronics and thermal-hydraulics [A7, P2]

In this Section, we are interested in the coupling of the neutron diffusion equation and the low Mach
number thermal-hydraulics model. This coupling is important to simulate nuclear reactors. Usually, the
resolution is iterative. Here, we prove for a simple model that there exists a solution to the coupling
and we propose a numerical procedure to compute it. This work could help to validate other resolution
methods.

6.8.1 The model

We construct an analytic solution of the low Mach number thermal-hydraulics model

Liow) = o, (i
Lowsm = oo, (i) (6.8.1)
L DO

coupled to the simplified neutronic model based on the diffusion approximation with one energy group

(cf. (6.1.14) for d = 1) . ; .
- {D(h)df] + [Ea(h) - ”kf;f)} 6 =0. (6.8.2)

In (6.8.1) and (6.8.2), z € [0, L] is the spatial variable, L > 0 being the length of the nuclear core.
Moreover, in (6.8.1), p(z), u(z), 7(z) and h(z) are respectively the density, the velocity, the dynamical
pressure and the internal enthalpy of the flow. The source term pg is a volume force e.g the gravity field).
The constant E is the energy released by a fission (E > 0 is in Joule), X (h) is the fission (macroscopic)
cross section (X7(h) > 0is in m™') and ¢(z) (the solution of is the scalar neutron flux (¢(z) > 0
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is in m~2.s71). Recall that in (6.8.2)), D(h) is the diffusion coefficient (D(h) > 0 is in m), X,(h) is the
absorption (macroscopic) cross section (3,(h) > 0 is in m™!) and v is the average number of neutron
produced by a fission. Moreover, the density p and the internal enthalpy h are linked through the
equation of state p = o(h) where o(+) is a given functiorﬂ

Using (6.8.1)), we obtain pu = D, where D, > 0 is a positive constant defining the flow rate. Thus,
(6.8.1)-(iii) and (6.8.2)) give the simplified neutronics/thermal-hydraulics system

SE = ES(9 ()
] ] - (6.8.3)
- [D(h)cgh{za(h)w 6 = 0. (ii)

We supplement this system, written for ¢ € Hg ([0, L]) and h € C*([0, L]), with the constraint ¢ > 0 on
[0, L] and with the boundary conditions

h(0) = he and h(L) = h,. (6.8.4)

Knowing h(z), the density p(z) is given by p(z) = p[h(z)]. This allows to obtain the velocity wu(z)
with u(z) = p[();). At last, the dynamical pressure 7(z) is obtained by integrating (6.8.1)-(ii) and
by using the boundary condition m(L) = m, where m, is the pressure at the outlet of the nuclear

core. Finally, one notice that thanks to the enthalpy equation (6.8.3))-(i) which imposes the relation
De(hs — he) = EfOL Y¢(h(2))o(2)dz, System (6.8.3)—(6.8.4) reads
dh (hs —he)EX¢(h) ¢ d d¢ v¢(h)
- = d—*Dhi Eah_ :O7
dz L a dz ( )dz + (h) ¢
JRMUCEE
0

kegy

again coupled to the boundary conditions ((6.8.4). This new system, which is often used in the field of
neutronics/thermal-hydraulics coupling, is invariant with respect to the transformation ¢ — ¢ where
is a positive constant.

The traditional approach for this type of coupling is to solve iteratively the two equations. In [I128], the
authors construct an analytical solution to (6.8.3)—(6.8.4) when D(h) and $(h) are positive constants,
Y. (h) being a non-constant function of h (to enforce the coupling). Here, we generalize this result by
supposing that D(h) and vX(h) are also functions depending on h.

6.8.2 An analytical solution [A7]

To construct an analytical solution of (6.8.3)—(6.8.4), we assume that the given functions X;(h), X, (h)
and D(h) verify the two following hypotheses:

Hypothesis 6.8.1. The enthalpy always belongs to a fixred domain [Rpmin, Rmaz] on which X(h), X4 (h)
and D(h) are continuous functions.

Hypothesis 6.8.2. There exists oy > 0, og > 0 and ag > 0 such that in [hmin, Rmaz)

Y¢(h) > ay, Zg(h) >a, and D(h) > aq. (6.8.5)

Using a classical property of Sturm-Liouville operators [I10, Chapter 8|, we have the following resulﬂ

Lemma 6.8.1 ([A7, Lemma 2.11). Under Hypotheses[6.8.1] and[6.8.3, for any (he,hs) € [humin, Bmaz)?,

9The fact that the equation of state o(h) depends only on h is a consequence of the low Mach speed [127].
10We can also use Sobolev embedding theorem.
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there exists a unique function X € C([he,hs]) solution of

dﬂ = 20 ) = X(he) = 0 (6.8.6)

~a [P 5] = e

and there exists a unique function Y € C([he, hs]) solution of

_ 4
dh

D P =1 V(b = Vi) o (6.7

Moreover, X and Y are positive on |he, hs|.

We will use these two functions to construct a direct solution to problem (6.8.3)—(6.8.4). Write
dh
¢(z) = (De /| EX (D)) - and use it in (6.8.3)-(ii):

vp(h)  kers

o] 4 D[S0 LT

Thus, using (6.8.6]) and (6.8.7)), we find

_% {D(h)jﬁ] - "ge {;ﬁl {D(h)uEf(h)il;f] - k:ff;; {D(h)yzf(h)‘(% } % _

Using the chain rule, we recognize the (weak)|E| derivative with respect to z:

dXx 1 dy

DSy (h) G = 1= DWW (h) G

dh
There exists a constant K such that

@_VDC

—D(h) dz E

{D(h)ny(h)dX L p i ]:0.

dh kegy dh

We multiply this equation by the continuous function ¢(z)/D(h) = (D./D(h) EX;(h)) %:

—¢(2)

dgzﬁ_(yDe)z[dX 1 dy Ky ]dh_o

dz E dh kesp dh D(h)wEp(h) | dz

Under hypothesis and we can define the C!-diffeomorphism
h
0 : [he, hs] — [0,0,] such that 6(h) = / (D)wS;(0) " dn!, with 6, = 8(hs). (6.8.8)
he

Using the chain rule and the weak derivative of ¢2, we get that it exists a constant K; such that

5 #(2) - (fg) [X(h) )~ Kob(h) - Kl] =0,

The boundary conditions ¢(0) = ¢(L) = 0 and X (he) = X (hs) = Y(he) = Y(hs) = 0 yield Ky = K; = 0.
Finally, by replacing ¢(z) by (D./EXf(h)) %, we obtain

% (‘Z)Q = (v24(h))? {k:ﬁy(h) - X(h)} :

11'We have only here a weak derivative because, although X is of class C!([he, hs]), D(R)vE ¢ (k) is a priori only continuous.
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A necessary condition on the solution h is thus

kefr €]0, koo] (keps # 0 since L # 0) where:

- Y(h(z)) — X(h(z)) > 0 on [0,L] that is to say

Y(h) _ Y(hs)

T helheh X(h)  X(he)

Let us now suppose that ¢(z) > 0. Thus, 1/(z) > 0. When ks €]0, kx|, this allows to deduce from the

previous relation that
-1

<yzf(h) \/2 [kelffy(h) - X(h)D % =1. (6.8.9)

Since h(0) = h, and h(L) = hg, we deduce that:

/hs <u2f(h)\/2 [i(h) - X(h)D dh = L. (6.8.10)
he eff

Let us now define £L(k) on [0, ks [ so that:

£(k):/h ’ (sz(h) \/2 Pgl)—x(h)]) dh. (6.8.11)

e

We cannot write that (X,Y) € (C?([he, hs}))2 since Xy and D are a priori only continuous on [h,, hs].
Nevertheless,with an ad hoc change of variable, one has extra regularity: letting x(6) = X(h(6)), y(0) =
Y(h(0)), equations (6.8.6) and (6.8.7) become:

d?z o d?y _ o
oy = D(O) Sah(0)) 1= £o(0) and  — T = D(h(0) v (h(6) = £,(0).

These new functions satisfy the following regularity results:

Lemma 6.8.2 ([A7], Lemma 2.2]). Under Hypotheses and [6.8.9, the functions x,y belong to
C%([0,0s]). Moreover, the function g belongs to C1([0,05])NC%(]0,04]). At last, y(0) = (05— 0)0r(0) with

1
r(0) > JVarad> 0 and r € C°([0,0,)).

PT’OOf. Due to Hyp. [6.8.2] the functions = and y are concave on [0, 8], positive on |0, L[ and 2’ (0) > 0, y'(0) > 0, z’(85) < 0,
y'(6s) < 0. Due to Hypl6.8.1} the functions f, and f, are continuous. Morevoer:

1 1
2(0) == (0.~ 0) [ &'l0. + 10 -0t y(0) = ~(0.0) [ v/, 200~ 0] ar, (6.8.12)

y(0) = — (05 — 0)07(0) where 7r(0) = /01 /01 t fy[t0s + Tt(0 — 05)] dr dt. (6.8.13)

Since y’(0s) < 0, one deduces from (6.8.12)) that s € ct ([%, 95]). A similar equality shows that & € ct ([0, %]) Note that
r € C°([0,65]) and, under Hyp. [6.8.2] we find that r is bounded below by Lvaay. ©

Next, we will need the

Lemma 6.8.3 ([A7], Lemma 2.3]). Under Hyp. and[6.8.3 the function L(k) defined in (6.8.11)

is an increasing one to one function that maps [0, ko[ into [0, 4o00].

PT’OOf. The proof comes from the two following observations:
(i) Recall that 6(h) is given by (6.8.8) and 6, = 6(hs). Notice that:

0s 0
L(k) = @/ (y(6) — k2(6)) "% D (h(8))d6 < a@/ (y(6) — k2(6)) "% do.
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We deduce from Lemma that [ s (y(0))~1/2d8 < 4o0.
Thus, limg 0 £(k) = 0 and by continuity, £(0) = 0.
(ii) According to Lemma , + is continuous on [0, 05] and admits a maximum equal to é There are two possibilities:

(ii-1) There exists 0(hy) €]0, 0] such that %[O(h )] = % Since £ € C%(]0, 65[), applying Taylor-Lagrange formula, it exists
616, 6(h.)] € [0(h.) = 6,0(h.) + 8] such that £} = 1+ 1[0 — 0(h.))* ()" (§). In this case, there exist 6 > 0 and mo > 0 such
that [0(h«) — 6, 0(hs) + 8] C ]0,05[ and
1 1 1 1 1 1
VO € [0(hs) —6,0(hs) +6]: — —— = — — E[G(h*)] < - = — m0[9 —0(h)]?. (6.8.14)
k' ke k y k ke

/ 9
Finally, since we have also L(k / D(h(9)) < 21;(9 - — % ) d6#, we obtain (using a lower bound on (y(@))fé) that

there exists m > 0 such that

0x+6 1 11 -
L(k) >m — — — 4+ —mg[0 — 6.]? df =: J(k, ), where 0, = 0(h,).
0(hy)—6 k koo 2

2 B(k,8)
Changing the variable 6 = 6, + 730 (% — %) t, we have J(k,d) = 2my | —/ (14 t2)—1/2dt with limg . B(k,0) :=
it mo Jo

§ ("’Lo % — ﬁ sz = +oo. Hence, limy_ . J(k,d) = +oo which implies that limy_,_ £L(k) = +oo.

(ii.2) The maximum of £(0) is obtained at 0.

In this case, one writes 2 (0) = =— + (6 — 05) (i)/ [6(0, 6,)], with (i)/ [6(6,65)] > 0 on [0 — §,06,].

Hence, there exists mo such that  — £(0) > ¢ — g +mo(0s — 0) i.e. y(0) [— - T(G)] > (05 —0)0r(0) [7 — f.o + mo(0s — 9)]

(r is defined in Lemma Thus using a lower bound of mo6r(0) on [0s — §,05], we find M > 0 such that

0 1 /1 1 —1/2 t
cy>m [ ((9570) [7 (***) +0570D de:M//O(t+t2)_l/2dt,
0s—35 mo 0

k koo
where M’ is another positive constant and tg = lémol . Hence, limg_, 4 oo L(k) = +o00.
k koo
The case where the maximum is reached at 6 = 0 is treated similarly. o

We can now propose a three steps resolution to solve ([6.8.3)—(6.8.4):

Proposition 6.8.1 ([A7], Proposition 2.1]). Let us suppose that (6.8.3)(6.8.4) admits a solution
(h, ¢, kers) belonging to C*([0, L]) x Hg ([0, L]) x Ry and such that ¢(z) >0 on [0, L]. Then:

1. keyy €]0, ko). Moreover, keyy is solution of L = L(kess) (cf. eq. (6.8.11)).
2. Once keypy is obtained, h(z) is solution of

-1
/h( : <yzf(h)\/2 H}(h) - X(h)D dh = z. (6.8.15)
he eff

3. Once h(z) is obtained, ¢(z) is given by

kegy

¢(z>=”§e\/2[ ! y(h)—/‘\f(h)} (6.8.16)

Lemma [6.8.2] and Proposition [6.8.1] allow to prove the main result on the existence of a solution to
Problem (6.8.3))—(6.8.4)):

Theorem 6.8.1 ([A7], Theorem 2.1]). Suppose that Hypotheses and [6.8.9 hold. Then, there
exists a unique solution (h,$,kess) € C*([0,L]) x H([0,L])x]0, ko[ to Equations (6.8.3)-(6.8-4) such
that ¢(z) > 0 on [0, L]. Moreover, ¢(z) >0 on |0, L[ and ¢ € C*([0, L]).

PT’OOf Using Lemma[6.8.2] we obtain the existence and unicity of (h, ¢, Eff) constructed in Proposmon [6. S.ll (with kepy €

10, koo [ since L > 0 and L < +oo) Using Hypothc51s | relations (6.8.15)) and ( prove that (h, ¢) € C'([0, L]) X Hy ([0, L]).
And since keyy €]0, koo, we have £ 1ff Y(h) — X(h) > 0 on Jhe, hs[ ie. ¢(z) > O on ]0 L[. Moreover, |6 8. 3| -(ii) implies that

D(h)¢’ € c*([0, L]). Thus, ¢’ € C°([0, L]), i.e. ¢ € C*([0, L]). o
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The regularity of h (resp. ¢) is a priori not better that C!([0, L]) because we only suppose that (k)
(resp. D(h)) is continuous. We now increase the regularity of X ;(h) by supposing that:

Hypothesis 6.8.3. The function ¥s(h) belongs to C*([hmins Pmax))-

This allows to obtain the following result:

Proposition 6.8.2 ([A7], Proposition 3.1]1). Assume Hypotheses|6.8.146.8.5 and let (h,keyrs) be the
solution obtained in Theorem[6.81. Then:
(i) The operator

P(R) o=~ () {D(h)jz ()] } L Zalh)

is a self-adjoint positive operator belonging to L[H ([0, L]), H=1([0, L])].
(ii) The real ﬁ is the smallest eigenvalue of P(h).
(iii) The function (VEf(h))%(b where ¢ is given by (6.8.16) is an eigenvector of P(h) associated to the

. 1
eigenvalue ——.
g kefy

We exhibited an analytic solution of a simplified stationary neutronics/thermal-hydraulics model
with minimal hypotheses on the absorption and fission cross sections, and on the diffusion coefficient.
The construction of this solution underlines in particular that the coupling is not an eigenvalue problem
although it is possible to prove that, when the internal enthalpy is known, the scalar neutron flux is also
solution of an eigenvalue problem. Nevertheless, since this coupling is non-linear, the internal enthalpy
cannot be known independently of the scalar neutron flux. Even though one recovers the classical set-up
of neutronic equations (where the flux is an eigenvector and ﬁ is the smallest eigenvalue), it is only a
a posteriori result for the coupling problem

6.8.3 Numerical illustation [P2]

We apply the three steps resolution of proposition to solve equations (6.8.3)—(6.8.4) with data
(ZL)iLy, wE)L,, (D)L, that are known for a given list of temperatures (7;);L,, and we use the linear

approximation h = C, T, C, being the thermal capacity. We assume that h, = C, T, and h, = C}, T
are given. We perform the following steps that we summarize here.

First, we consider the polynomial (13 (h))~" of degree N — 1 which value is (vX%)~", at each point
(h1,...,hn), with h; = C, T;. We express all quantities using the normalized variable

U(h) = U(he)

Xh) = 2 " U hy)

h
. with U(h):/0 (WS (W)~ .

Second, we built polynomials X'(h) and Y(h) which are approximations of X'(h) and Y(h) with P?
finite elements. We then obtain an approximation of problem (6.8.9). With an ad hoc transformation,
we need to solve the following problem to obtain ks

Co(keff)L

Fokosp)(m/2) = 5 ;

9
where F, (9) =: / (1—msin® 7)"1/2d7 is the Jacobi elliptic function, and Cy depends on the coefficients
0

of polynomials X and ). We solve this equation numerically. We find successively k. ify h(2) and ¢(z).
We consider the following example: L = 4.06m, N = 3, T, = 559K, Ty, = 633 K. Using the values
of the fission cross section (VZ})?:D we obtain the dimensionless values of X; := X (T;) from which one

deduces
X(h(X))=(1- Xz)(axX +bxY)Y(h(X))=(1- X2)(ayX +byY)
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with (ax,bx) = (=3.38 x 1073,9.91 x 1072), (ay,by) = (—4.68 x 1072,1.02 x 10~ !). We also compute
the interpolation polynomials (in cm~!, cm, cm)

D(X) = 249x107!'(1+1.656.1072X + 1.06.1072X?),
vIp(X) = 515x1072(1—1.04.1071X — 3.17.1072X?),
Yo(X) = 498x1072(1-6.91.1072X — 1.48.1072X?).

We obtain: kery = 1.014. In Figure we represent the neutron flux obtained with constant
coefficients in red (a sinus), and the neutron flux solution of the coupling in blue. In Figure we
represent the corresponding temperature. We note that the neutron flux decreases (more neutrons are
captured ) as the temperature increases, which is known as the thermal Doppler broadening.

Our numerical procedure allows to obtain through a realistic approximate solution with real nuclear
data. An alternative algorithm, based on Cranck-Nicholson scheme for the equation h’ = ¢ is proposed
in [140].
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(a) Neutron flux (red: uncoupled, (b) Temperature (in K)
blue: coupled)

Figure 6.5: Neutron flux and temperature against z (in cm).
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Chapter 7
Fluid mechanics

The work presented in this Chapter relates to articles [A9L [A5l W], proceedings [P3] [P4] and PhD thesis
[210], which references are recalled below:

[A13] Description and convergence order analysis of the Finite Element-Volume spatial discretization
method, M. A. Puscas, P.-E. Angeli, N. Nouaime, E. Jamelot,
International Journal for Numerical Methods in Fluids, 2025..

[A5] |Explicit T-coercivity for the Stokes problem: a coercive finite element discretization),
P. Ciarlet Jr, E. Jamelot, Computers & Mathematics with Applications, 188, pp. 137-159, 2025.

[A9] |Stability estimates for solving Stokes problem with nonconforming finite elements,
E. Jamelot, Comptes Rendus. Mathématiques, 363, pp. 115-137, 2025.

[W1] Convergence analysis of the Pl x (P° + P1) discretization in the TrioCFD code,
P.-E. Angeli, H. Bertrand, E. Jamelot, submitted to Computers & Mathematics With Applications.

[P4] Improved Crouzeix-Raviart scheme for the Stokes and Navier-Stokes problem,
E. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
New trends in complex flows, 2022, Sept. 19-21, Institut Henri Poincaré, Paris.

[P3] Improved Crouzeiz-Raviart scheme for the Stokes problem,
E. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
Finite Volumes for Complex Applications 10, 2023, Oct. 30-Nov. 3, Strasbourg.

[210] |Schémas de discrétisation en pression et éléments finis de Crouzeiz-Raviart pour les écoulements
de fluides incompressibles, A. Peitavy, PhD thesis, Université Gustave Eiffel, 2024.

This Chapter is organized as follows. In Section we recall Navier-Stokes equations and Stokes
problem. In Section [.2] we prove that Stokes problem is well posed using basic T-coercivity. Then, in
Section [7:3] we introduce discretization notations and useful properties. In Section [7.4] we study the
stability and convergence of Stokes problem discretized with nonconforming finite elements [121, Section
5], say PF_ x P(Z;Cl for k € N*, using discrete T-coercivity. To do so, we need to exhibit a Fortin operator,
that is given for k = 1 d = 2 or 3 in §7.4.1], and for k = 2, d = 2 in We give estimates of the
stability constants in both cases. In Section [7.4.3] we illustrate the importance of using a divergence-free
velocity on some numerical experiments.

In the TrioCFD code [145] [I75] [153], the discrete pressure space is built with Pj-Lagrange plus Py
basis functions. This leads to the P} x (P° + P!) mixed finite element method. This method shows
interesting numerical results. However, only an incomplete proof of the stability is available in [T75] [153].
In Section[7.5] we gather the evidence and to write it as clearly as possible, we derive error estimates and
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we prove some super-convergence results obtained in 2D [P7, [W1]. We also provide numerical results to
illustrate its efficiency [AL3] [W1]. A description of the time discretization scheme of the TrioCFD code
is given in Appendix

In Section using the T-coercivity, we propose to solve Stokes problem with the P! x Py scheme on
a stabilized discrete scheme [A5]. We prove convergence and give numerical results showing the interest
of the method.

7.1 Context

The TrioCFD code is a computational fluid mechanics (CFD) simulation software developed at the
CEA. It is a C++ open source and massively parallel code. It is dedicated to the numerical simulation of
turbulent flows for scientific and industrial applications, particularly in the nuclear field [9]. A summary
of the numerical scheme and convergence properties is given in Appendix [B] To meet the expectations
of code users, it is important to understand the discretisation method used in the TrioCFD code, and
also to investigate on how to improve it.

The incompressible Navier-Stokes equations are among the most widely used models for describing
the motions of a Newtonian liquid or gaseous fluid, with applications in meteorology, aeronautics, the
automotive industry and energy production systems. In the case of an isothermal, incompressible ﬂuidﬂ
these equations can be written in the following dimensionless form:

Find (u,p) such that

u—vAu+(u-Viu+Vp = f, V(i x)e(0,T]xQ, (i) (7.1.1)
divu = 0, Yt x)e (0 T]xQ, (i) -
u(x,0) = ug, Vxe. (iii)

The domain of study (0,7) x  is such that 7 > 0 and € be domain of R¢, simply connected with a
Lipschitz boundary and time independent. We must also define boundary conditions for velocity and
boundary conditions or uniqueness condition for pressure. The unknown u(x, t) = ‘é—’t‘ represents the
fluid velocity field and the unknown p(x, t) € R represents the fluid pressure field divided by the fluid
density. The constant parameter v represents the kinematic viscosity. The data f(x, t) € R? represents
a source term of body force, divided by the fluid density. Equation —(i) is called the momentum
equation. It corresponds to Newton law, applied to a fluid. Equation —(ii) corresponds to the
conservation of mass equation for incompressible fluids. The term —vrAu is called the viscous diffusion
term and the nonlinear term (u-V)u is called the convection term. It comes from the acceleration term,
which is written as 9% = d;u+u- (V u). By calculation, we can see that u- (Vu) = (u-V)u. We refer

to [I61] and [64] for more details on the study of Navier-Stokes equations.

When the convection term is negligible compared to the viscous diffusion term (v >> 1), Navier-
Stokes equations can be simplified. In the steady-state case, we obtain the following system, called Stokes
problem:

Find (u,p) such that —vAu+Vp=f£f, divu=0, (7.1.2)

endowed with boundary conditions.

The Stokes problem (7.1.2)), describes the flow of a stationary incompressible Newtonian fluid. Notice
that from the point of view of numerical analysis, the study of this problem represents an essential step
in constructing a good discretization of the Navier-Stokes equations.

In TrioCFD code, the spatial discretization of the Navier-Stokes equations is based on the so-called
Crouzeiz-Raviart finite element method [12I, Example 4| for which we use the nonconforming linear
finite element PL_ to discretize the fluid velocity and the P finite element to discretize its pressure.
In their seminal paper [I2I], Crouzeix and Raviart actually exhibited four finite elements, and among

lie. the fluid density is assumed to be constant
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them, two were conforming. Hence, we will write P! x PY scheme instead of Crouzeix-Raviart finite
elements. This scheme presents nice feature to solve Stokes problem: it is stable (unlike the P* x P°
scheme), the velocity mass matrix is diagonal in 2D, and can be lumped in 3D. The discrete velocity is
divergence free element by element. Moreover, the stencil of the stiffness matrix is equal to 5 in 2D and 6
in 3D, and there is no cross-point, which makes parallel computations easier.Nevertheless, this scheme is
often inaccurate when solving Navier-Stokes equations [145] [I80]. There exists different cures, such that
building a divergence free subspace of the discrete velocity space [I74], projecting the test functions on
some H(div)-conforming space [194], or adding P'-Lagrange degrees of freedom for the pressure, as it is
done in the TrioCFD code. Another direction consists in writing Stokes problem with three unknowns:
the velocity, the pressure, and the vorticity w := curlu [141] [142] 223] 224].

In this Chapter, we explore different directions. In Section [7.4] we use order 2 nonconforming finite
elements [A9]. In Section we study TrioCFD discretization. In Section we consider a finite
volume scheme to discretize the pressure [P3, [P4]. In Section we use stabilized P! x P° finite
elements as post-treatment [A5].

Let us first prove the well-posedness of the Stokes problem in the light of the T-coercivity theory.
We consider here that  C R3, the domain of study, is a Lipschitz polyhedron. We refer to [43] for the
study of Stokes problem coupled with Darcy equations in a porous media with cracks.

7.2 Basic T-coercivity for the Stokes problem

For convenience, we consider the generalized Stokes problem (i.e. we may have divu # 0):
Find (u,p) such that —vAu+Vp=1f, divu=yg. (7.2.1)

with Dirichlet boundary conditions for the velocity u and a normalization condition for the pressure p:
p € L2, ,(Q). If the Dirichlet boundary conditions are homogeneous, we write i, and (7.2.1) g
else. The natural function space for the velocity is H*(2) and if homogeneous boundary conditions are
prescribed, it is H}(£2), while for the pressure the natural function space is L2, (). The data is (f, g).
The vector field f € H™(2) represents a body forces divided by the fluid density. The scalar field
g € L2,,.(Q) is some abstract data that will be useful for the analysis of the case of nonhomogeneous

Dirichlet boundary conditions. The variational formulation of Problem ([7.2.1) g reads:

Find (u,p) € H{(Q) x L2,,,(Q) such that

V(U,V)H},(Q) = (P, divv)2) = <f,V>H5(Q) Vv € Hy(Q) ; (7.2.2)
(¢, divu)r2i) = (9,92 Vg€ L 0(9).

Recall V := {v € H}(Q) | divv = 0}, as defined in Section We recall the following regularity result,
in the case where g =0, i.e. u € V:

Proposition 7.2.1 ([1841, [121l, Equation (3.34)]). Suppose that Q is convex. Then, the mapping
(v,q) = —vAvV +V q is an isomorphism of (VNH?2(Q)) x (L2,,,(Q) N HY(Q)) onto L2(Q2), and it holds:

vIvlaz) + Pl < Ifllue) where f:= —vAv +Vgq.
Problem ([7.2.2)) is a saddle point-problem. Using classical theory, one proves that Problem (7.2.2) is
well-posed with the help of Poincaré-Steklov Theorem [£.2.2] and Proposition [£.3.1] Check for instance

the proof of [I61, Theorem 1.5.1]. Let us set X = H}(Q) x L2

2 o (Q) which is a Hilbert space which we
endow with the following norm:

B 1/2
1, @)l = (Vg + 2 lalEeey) - (7.2:3)
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This norm is chosen to account for physical phenomena due to small viscosity. Typically, if the result
of a physics experiment is (u,p), the ratio of the two components of the norm ||(u,p)||x ., respectively
equal to [|ullgg (o) and v~ 1|pl|L2(q), varies linearly with v.

We define the following bilinear symmetric and continuous form:

a: X xX — R
(W, p) x (v,q) +— V(u’,v)Hé(Q) — (¢, divv)p2(q) — (g, diva’) 2 ()

We also define the linear and continuous form:

{: X — R
(v,a) = (V) — (9,929

We can write Problem (7.2.1) ;7 in an equivalent way as follows:
Find (w,p) € X st a ((w,p), (v.) = £ (v.a)) ¥(v,q) € X. (7.2.4)
Let us prove that Problem (7.2.4)) is well-posed using basic T-coercivity [26], 60].

Proposition 7.2.2. The bilinear form a(-,-) is T-coercive.

PT’OOf. We follow here the proof given in [60} 26]. Let us consider (u’,p’) € X and let us build (v*,¢*) = T(u’,p’) € X
satisfying (4.6.2) (with V = W = X). We need three main steps.

1. According to Proposition , there exists v,/ € V< such that:
div¥,, =p’ in Q and 190 iz 0y < Caiv 19”1l 2 () - (7.2.5)

Let us set (v*,¢*) := (Au’ — Vﬁlvp/, —Ap’), with XA > 0 to be fixed. We obtain:
* 2 -1 2 -
a ((ul7pl)1 (V*,q )) = V)\”u/”Hé(Q) +v Hp,HLQ(Q) - (u,:vp')Hé(gz)' (7‘2‘6)

2. In order to bound the last term of (7.2.6), we use the Young inequality and then inequality (7.2.5), and it follows that

-1
~ n 2 n 2 2
vn >0, (u/,vp/)H[l)(Q) < §”“'|\H3(m + 5 (Caw) 191172 gy - (7.2.7)

2
look for n > 0 such that 2vA >n and n > % (Cdiv)z, which amounts to requiring A > i (Cdiv)Q.

-1
3. Using the bound (7.2.7) in (7:2:6): a ((u',p"), (v*,¢")) > (u)\ — ﬁ) H“,Hi[é(g) + (u_l — 777 (Cdiv)2> Hp/||2LQ(Q). We

According to the above, provided that A > 1 (C4iv)?, we have proved that the operator Th € L(X) defined by Tx ((u',p’)) =
(Au’ — u’lx"lp/, —Ap’) is such that: Jax >0, V(u',p’) € X, a ((u',p"),Tx ((u',p"))) > ax H(u',p’)”r‘)’(yy.

The injectivity of the operator T follows. Given (v*,¢*) € X, choosing (u’,p’) = ((/\_1v* — u_lk_z(lq*,f)\_lq*) yields
Tx((u',p")) = (v*, ¢*). Hence, the operator Ty € L(X) is bijective. o

Remark 7.2.1. In the above proof, we established that the bijective operator Ty ((10/,p")) = (Au’ —
YWy, =Ap') leads to T-coercivity as soon as A\ > +(Caiv)?®. Observe that one can have even more
flexibility in the choice of T' by choosing a different factor in front of vy, and then choosing A accordingly.

v

We can now prove the following result for the generalized Stokes problem:

Theorem 7.2.1 ([A5, Theorem 2]). Problem (7.2.4) is well-posed, so it admits one and only one
solution for any (f,9) € H™Y(Q) x L2, (Q). Writing u = ug + uy with ug € V and u; € V*, the
solution is such that:

[usllez ) < Caivllgllzz@),
vE e HLQ), g € 12, { [uol < v I8l (7.2.8)

IpllL2) < Caiv [Iflla-1(0) + v Caiy 9]l L2(0)-
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PT’OOf. According to Proposition , the continuous bilinear form a(-, -) is T-coercive. Hence, according to Theorem ,

Problem (7.2.4) is well-posed. Let us now derive ([7.2.8). Consider (u, p) the unique solution of Problem (7.2.4]), where u = up+u_
with up € V and u; € V*. Choosing v = 0, we obtain that divu, = g, so that H“L”HI(Q) < Caivllgllp2(q)- Now, choosing
0

. . 2
v = up and using orthogonality, we have: v HUOHH})(Q) = (f, u0>H*1(Q),H(1)(Q) < fll-1(0) HuOHHé(Q), so that: HUOHHé(Q) <
1 If]lgz—1(q)- Next, we choose, in (7.2.4), ¢ =0 and v = —¥, € V-, where div¥, = p and HGPHHé(Q) < Caiv Ipll L2 () (see

Proposition . Since ug € V, it holds that (uo,f/p)Hl(Q) = 0. This gives:
0

”p”i2(n) = (p> div {’p)L2<Q) = 7<f:‘~'p>H(1)(n) + V<AuL7‘~'P>H(1J(Q)7

(1€l 1-1 0y + 71102 legd ) 190 leas ) < Caiv (IEllsa=1() + ¥ Caiv gl 2y ) 1Pl 220y

IN

so that: Hp”LZ(Q) < Caiv HfHH—l(sz) + chiv HgHLZ(Q)‘ <©

The discretization of Stokes problem poses a well-known difficulty: it is indeed difficult to reproduce

1
the orthogonal splitting H}(Q2) = V @ V+ at a discrete level. Before proposing different discretizations
taking into account this difficulty, we introduce some useful notations.

7.3 Discretization notations

We use the notations given in Section Consider (73,)p a triangulation sequence of €, cf. Section
For all f € Zp, My denotes the barycentre of Fy, and ny its unit normal (outward oriented if Fy € 09).
We set Sy = |Fy|ny, and we call hy the diameter of Fy. For all £ € Tk, for all f € Zg,, we call ny,
the normal vector of F; outgoing of K,. We call K the reference simplex. For all ¢ € Tx, we denote by
T, : K — K, the geometric mapping such that V% € K, X, = Tp(X) = Bex + 08;, where B, € R¥x4
and i € Zg, so that OS; € R%. Let us set J; = det(By). Recall that we have [147, Lemma 11.1]:

el = Kol |KI7Y IBell = he ()" Bl = hig (o)™ (7.3.1)
For all v € L%(Q), we set:
Vg = VK, QZZ\/ v/|Kel, Ve=voTy. (7.3.2)
K,
By changing the variable, we get:
||/U€||%2(K[) = ‘J€| ”{)2”22(1”() (733)
By changing the variable, we have:
V€ Ty, Yo, € HY(Ky), Vo= B, )T Vit and Vg op = (Be)T V. (7.3.4)

Hence, for all ¢ € Ty, Vv, € H(K,), it stands:

IVvellEaey < 1B 1P el 1| Vi Oellfz ) (7.3.5)

19502, < Bl 17~ 19 wrlZagic- (7.3.6)
Let us recall the Poincaré-Steklov inequality in cells [147, Lemma 12.11]:
Yl e T,V € Hl(Kg), H’Ug — Q@”LQ(KZ) < 7T71h5|| va||Lz(K£). (737)

For all ¢ € T and f € Zg, we denote by T, the geometric mapping such that Vx € Fy, Tf)g(T[l(x)) =
x. We let Fﬁg = Tﬁg(Ff) and |Jf,g| = |Ff| |Ff7g|_1. For all v € ,PHI, forall £ € T and f € ij, we set:

Vfe = VR, Vpe = /F vpe [ 1Fyl, Ope=voTyy (7.3.8)
f
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By changing the variable, we get:
los,elZecr,y = 1EsHErel ™ logell3a s, ) (7.3.9)
HIL2(Fy) : L L2y )
Let us set n Pro the unit normal vector of the face F' ', outgoing from K. We have :
nge = |Jol [Jel 7 (B mp (7.3.10)
We will need [121], Inequality (3.17)]:
Ve Ik, Vf€lre |Jril |Je‘71 < HBe_lu < (pg)il. (7.3.11)
Let k> 0 and Cj, g = ((k + 1)(k + d)/d)=. The following inequality holds [243, Theorem 5|:

1
Yl e Tk, Yoy € Pk(Kg), ||'U€||L2(8Ke) < Ck:,d (|8K(‘ |Kg|_1) 2 H’U@HLZ(Kg)' (7.3.12)

Using successively (7.3.12)) and (7.3.11]), we obtain:

Vee Tk, Yuee PHE) N €Tre e —villrzry S (o) 2 v — volley)- (7.3.13)
Proposition 7.3.1. The following inverse inequality holds:
VO eIk, Voo € PY(Ky), [[VourllLeey S ()" Hlve = voll 2oy (7.3.14)

P’/’O()f. Let vy € PI(KZ). Since v, is a constant and V v is a constant vector, it holds:

2
19 velZ2 e,y = 19 (0 = 2122, = 1Kol | V(06 = 2)]* = |Ke]

/Ke V(ve —v,)

We deduce that: R

'V vl [ Ko™ using an integration by parts,

2
L2(Ky)

/ (ve —v)njoK,
oK, g

2
< |K11\71 (/;KZ [ve — v, since ‘nlaKg) <1.
< |Ke| T 8K |lve — 92‘|L2(0Kﬁ) using Cauchy-Schwarz,
S G0 =gy, using (C3TD) and (EI).
<
We need the following estimates inspired by [147, Lemma 12.15]:
Proposition 7.3.2. For all { € Iy, for allv € HY(Ky), for all f € Iry, it holds:
1
lv—vellzzryy S (oehe)? ola(x,), (7.3.15)
1
HU_Qf”LZ(Ff) S (O’gh[)Q |@|H1(K5)- (7.3.16)

Notice that v —v, = (Id—ﬂ-{;)(v —w,), hence ||v —nysz(Ff) < 2||vg _Qél‘iZ(Ff): inequality ([7.3.16)) is a consequence of (7.3.15).
Changing the variable, using the trace theorem in the reference element, and changing the variable again, we obtain that:

Proof. Let w(’; € L(L?*(Fy),R) be the operator such that for all v € L(Fy), ﬂg(u) = v;. It holds: Hﬂ"g“L(LQ(Ff) Ry < 1.

2 —1 2 2 2
o = 2l 2y S 1FSN ™ (lve = 2320,y + (he) 1V velF2 i)

We conclude using the discrete Poincaré-Steklov inequality (7.3.7) and (7.3.11). o

We recall a classical approximation estimate: changing the variable, using Bramble-Hilbert/Deny-
Lions Lemma [I47, Lemma 11.9] in the reference element, changing the variable again, we have that for
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k>0, forall m € {0,...,k+ 1}, £ € Ik, for all v € HFT1(K,):

k+1

inf |’U - Uh|H""(Kg) S |’U|Hk,+1(KL7). (7317)

v, € Pk (Kz) pm
Recall that 7y in defined in Section By summation over ¢ € Tk, we deduce from (7.3.7)) that:

Yv € 'PhHl, lv— 7T0(’U)HL2(Q) < 7T_1h|| Vi UHL?(Q)- (7.3.18)

7.4 Nonconforming finite elements [A9]

For all ¢ € Tk, for all i € Zg ¢, A; ¢ denotes the barycentric coordinate related to the vertex .S; in K,. We
can endow P!(7;,) with the basis (¢;);cz, such that:

)\i’g ifi e IS,Z

1 pr— . .
0 otherwise =’ ° that P*(Tp) = vect ((¢:)iczs) -

Ve Ik, ik, = {

The nonconforming finite element method was introduced by Crouzeix and Raviart in [I2I] to solve
Stokes problem (7.2.1). We approximate the vector space H!(2) component by component by piecewise
polynomials of order k > 0.

Let us consider X}, (resp. Xo ), the space of nonconforming approximation of H*(£2) (resp. H{(£2))
of order k:

X = {vh € Py (Th); Vf eIk Vg, € P*1(Fy), /
Fy

[Vn]F; qn = 0} ;
(7.4.1)

Xon = {vh € Xp; VfeTh Vg, € PPUEY), / Vh qn = 0}.
Fy

The condition on the jumps of v, on the inner facets is often called the patch-test condition. Due
to the patch test, one can prove the following results, which are useful for the numerical analysis of
nonconforming finite elements. In the spirit of [130, §1.3], we let X, = Xo,» + Hg(2). Tt holds:

Proposition 7.4.1. Let (v,q) € X, x H'(Q). We have:

S Y @ S okl V. (1.4.2)

el fEIF,Z

Let (v,q) € X5, x PY(Tp). We have:

DY e ey Sollvlnllg — 709l e)- (7.4.3)
Lel)k fETF,

P’I’OOf. We are inspired by the proof of [42] Lemma 3.1]. Let (v,q) € Xo,n x H'(Q). It holds:

> @ De2rp = Z /L2(Ff)[2fq]f:0and > 2 (e —2s,8,)02(rp) =0

LeT fETR p fers, LeT) fE€ETR p

By summation and using Cauchy-Schwarz, we deduce that:

DS (ve, @) p2(ryy = S (Ve =50 =) p20rp) < SN lve = w4 llp2cmp) 1 = @112y -

(€T fETR CET) fETR CET) fETR
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Using (7.3.15) and (7.3.16), we have: |vy — yf||L2(Ff) llg — gZHLQ(Ff) < oghe V’UhHL2(Ke) Il quLQ(K[')' For q € Pl(Th),
using (7.3.13), we get: ||ve — ngLz(Ff) llg — gZHLQ(Ff) < o V”h”;}(xz) llg — WU(Q)HL2(K£)- We conclude using the discrete
Cauchy-Schwarz inequality. >

The space X 5, is not a subspace of Hg(£2), but we can prove a discrete Poincaré-Steklov inequality,
following the proof of [226, Theorem D.1]. The proof of [148, Lemma 36.6] is similar, but the vector s
defined in Corollary is constructed in [I48, Lemma 36.6] as the gradient of a scalar function, so
that it gives a lower estimate when ) is non-convex. Alternative proofs are given in [68] [242].

Proposition 7.4.2. The following discrete Poincaré-Steklov inequality holds:
Yoy, € XO,h> H'Uh”LQ(Q) S/ o Cq hg ||’Uh||h. (744)

PT’OOf. Let v, € Xo,n. According to Corollary [4.3.1} it exists s € Hl(Q) such that:
divs = vy and ”S”LQ<Q) + hQH VS”LQ(Q) < Cq hﬂ”vhr”LQ(Q) (7.4.5)

We have, by integration by parts:

2 .
lonllz2 (@) = (W, dive) 2oy == D (Von, 82,y + Do D (0hs npe)r2(m,) (7.4.6)
LeTy Lelg fE€Tpy

The first term can be bounded as follows: (V 'uh,s)L2(Kz) <||Vv ’UhHL2(K[) HSHLQ(K[). Using (7.4.2)), we have:

> (vh’s'nfl)LQ(Ff)S ST>T ek IV orllLz g,y 'V sll2 k)

LeTk fETR LeT fETR

Combining these two last results, ((7.4.6) now reads: H'uh||2LQ(Q) < Z I V’Uh”LQ(Ke) (||s||L2(Ke) +oche ||V s\|H_2(K£)>.
eeTy
We obtain (7.4.4) using the discrete Cauchy-Schwarz inequality and (7.4.5). o

As a consequence of Proposition [7.4.2] we have the

Proposition 7.4.3. The broken norm vy, — ||vp||n is a norm over Xg p.

Let Jn : Xon — Yon, with Yo, = H§(Q) N Pﬁisc('ﬁl) be the averaging operator defined in [147]
§22.4.1]. There exists a constant C%¢ ~ ¢ independent of / such that:

Von € Xon, | Tnonllaze) < CF llvnlla- (7.4.7)

The space of nonconforming approximation of H(2) (resp. H}(€)) of order k is X;, = (X3,)? (resp.
Xo.n = (Xon)%). We set &), := Xo5 X Q) where Qp, = Pk_l(ﬁ) N L?,,,(Q). which is a Hilbert space

disc
1
which we endow with the following norm: |[(vs,qn)llx, .0 = (HVhHZ +v72 ”qh”%Z(Q)) *. We consider the
discrete continuous bilinear form ay, (-, ) such that:

{ ap : Xp x X, — R
(ay,,p5) X (Vi,qn) = v(ay, Vi) — (dive v, 0),) L2() — (dive ), qn) r2(0)

Let us set Vg 5, the discrete space of discrete divergence-free velocities:
Von = {vh € Xon|Van € Qn, (divh Vi, qn)r2(0) =0} . (7.4.8)

We recall that [79, Lemma 3.1]:

Proposition 7.4.4. For all vi, € Vo, for all £ € Tk, divvy g, = 0.
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Let s € L(X,,R) be such that for all (vp,qp) € Xp:

IFfel?(Q):  le ((vioan)) = (F,vi)r2(a)-

EfeH Q) : e ((vian)) = £ Tn(Va))m(«)- (7.4.9)

The nonconforming discretization of Problem (7.2.4)) reads:

{ Find (up,pn) € & such that (7.4.10)

an ((@n,pn), (Vhsan)) =Le ((Vhsan))  Y(Vh,qn) € X

To prove that Problem (|7.4.10) is well-posed, we use the T-coercivity theory, with the help of a Fortin
operator. This operator will be explained latter, using the discrete basis functions. The discrete stability
constant depends on this operator (hence polynomial order k).

Proposition 7.4.5 (Discrete T-coercivity). Suppose that there exists a Fortin operator Il,. €
L(HY(Q),X},) such that

AChe |Vv € HY(Q)  |Lev]lh < Crel V v|12(a)s (7.4.11)
vv e HY(Q) (divyIL,ev,qn)r2(0) = (divv, qn)r2(0), Vg € Qn, (7.4.12)

where the constant Cy. does not depend on h. Then, the bilinear form ap(-,-) is T-coercive.

Remark 7.4.1. We will exhibit C,,., obtaining Cpe =1 fork=1,d=2, 3 in and Cpe = 02 +1
fork=2,d=2in {77.3.

P’I’O()f. We will follow the proof of Proposition Let us consider (uj,,p},) € X, and let us build (v}, q},) = Th(uj,, p}) €
X, satisfying (4.6.2) (with V = W = X},). We need three main steps.

1. According to Proposition , there exists \"'p/h € V+ such that: divx?'P;1 = pj}, and HQPQLHH},(Q) < Caiv HP;lHLz(Q)-

Consider Vil = H,chp;l, for all g, € Qp, we have: (divy, Vi) Qh)L2(Q) =7t (p;L, Qh)LQ(Q) and
th,p;L o <v™? Ci ”pIhHL2(Q) where CJ, = Caiv Che- (7.4.13)
Let us set (v, qp) = ()\nﬂu’h — u71\7h,p/, —)\,,,C;o'h)7 with A, > 0 to be fixed. We obtain:
an (523 (V7 0)) = ¥ Anellh 12+ v IDh 120 — (W, 940 D (7.4.10)

2. In order to bound the last term of (7.4.14), we use the Young inequality and then inequality A, and it follows that
for all npe > 0:
e
2

Mne
2

(900 < 2 12+ e (050)? 10122 - (7.4.15)

-1
3. Using the bound (7-4.15) in (7-4.14): ap ((u},,p}), (Vi.ap)) > (V Ane — ";C) I, 17 + (fl - "’;C (C{ffv)2> Iph 1172 )

We look for npc > 0 such that 2vX,c > Npe and Npe > § (CSLif,)2, which amounts to requiring A, > i (Cgif,)?

According to the above, provided that A, . > % (C3s 2 we have proved that the operator T}, € L(X},) defined by T}, ((u;”p;L)) =

1~ . 2
()\nculhl —v 1vth§L’ 7)\ncp;L) is such that: 3ay,, > 0, V(u;l,pgz) € Xn,an ((u'h,p'h),Th, ((u;l,pgl))) > Qape H(u;l,p;,)ﬂxh’u‘

—1

The injectivity of the operator Ty x,,, follows. Given (v}, q}) € X, choosing (u},,p},) = (A, avy — Vﬁl)\;fﬁh,q; , =\, aqr) yields

T ((u),,py)) = (vi, qf.). Hence, the operator T}, € L(X}) is bijective. ©

We can now prove the discrete counterpart of Theorem [7.2.1]

Theorem 7.4.1 (Discrete well-posedness). Suppose that there exists a Fortin operator I, satifying

(7.4.11)-(7.4.12). Then the bilinear form ap(-,-) is T-coercive. Problem (7.4.10) is well-posed. It admits

one and only one solution such that:

if feL?(Q):  fuplln SvCEflILe),  pnllze) S 2C8° CFS IfllLe o)
. (7.4.16)
iffe H Q) Julln SO Ifla-1),  pnllre@) S2C% C Iflla-1o)
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where CJ¢ = o Cq hq.

P’I"OOf. Consider (up,pr) the unique solution of Problem (7.4.10). Choosing vj, = 0, we obtain that div, u, = 0. Let
fe L2(Q). Now, choosing v;, = uy, in (7.4.10), using Cauchy-Schwarz inequality, we get that: |[up||n < v=1 o Cq ha ”fHLZ(sz)
using inequality (7.4.4). Consider (v, qn) = (Vh,p,,0) in (7.4.10), where vy, p, = Il cvp, is built as Vi, in point 1, setting

pj, = pn. Suppose that f € L?*(Q2). Notice that v~ ||py = v(un,Vhp,)n — (£, Vh,p,)12(0)- Using Cauchy-Schwarz

2
1720
inequality, we have: v ! ”thi?(Q) < viluplln IVa,p, e + IIfllL2 o) IVRpy, lL2(q)- Using Poincaré-Steklov inequality (7.4.4),
Fortin stability (7.4.11)), and the previous estimate on ||u||n, we have:

2
th“L2(Q) S 20 Cq ho ||f”L2(Q) ”Vh‘ph ”h S 20 Cq ho Cgif/ Hf”LQ(Q) thHLQ(Q)~
Let f € H™(Q). We apply the same reasoning, using inequalities (7-4.7) and (7.4.4). S

As a corollary of Theorem [7.4.1] we have the following a priori errors estimates:

Theorem 7.4.2 ([121], Theorem 3, Theorem 4, Theorem 6] and [I52, Equation (47)1). Under

the assumption of Theorem suppose that (u,p) € (HT*(Q) N HY(Q)) x (HE(Q) N L2, (Q)), we
have the estimates:
u—wanlln S o' h* (Julgser @) + v plav@) (7.4.17)
1/71 Hp 7ph||L2(Q) S (Tl hk (‘U‘Hk+1(Q) =+ 1/71 |p|Hk(Q)) . (7418)
Suppose moreover that the domain ) is convex. Then we have:
||u - Uh”LZ(Q) S 0'2l hk+1 (|u|Hk+1(Q) + V71 |p|Hk(Q)) y (7.4.19)

The hidden constants depend on k but they don’t depend on mesh. The parameter o is the shape regularity
parameter and the exponent I > 0 depends on k. When k=1, d =2, 3, we have: | =1 and when k = 2,
d =2, we have: | = 2.

Remark 7.4.2. When € is nonconvex, if the solution to Problem (7.2.1) is such that (u,p) € H3() x
HY(Q), one can prove that |[u — up|r2@) S o2 AT ||(u,p)lly for all s €)%, sq[, where sq €]3,1], cf.
127, 1.A].

The main issue with nonconforming mixed finite elements is the construction of the basis functions.
In a recent paper, Sauter explains such a construction in two dimensions [227, Theorem 1.3], and gives
a bound to the discrete counterpart S7(€2) of () defined in (4.3.3):

(divp, Vi, qn) L2 (o)

Br(Q2) = inf sup
(@) 2 €Qn\{0} v, ex n\{0} llanllzz(o) IValln

> cr (log(k +1))79, (7.4.20)

where the parameter « is explicit and depends on k£ and on the mesh topology; and the constant ¢y
depends only on the shape-regularity of the mesh.

We will now look at different nonconforming discretizations, and provide some numerical results.
Hence, we define below our errors estimators.

Definition 7.4.1. Let 7 . be the interpolation operator from C%(Q) to Xy, Let ZIh,qg be the projection
operator from C°(Q) to P%...(Tn), k > 0. Let Spu = Iy neu—uy, and Spp = Iy agp—pn, where (u,p) solves
and (ap,pp) € Xy, x PR (Th) is a discrete approzimation of (u,p). In our numerical results, we
will give the velocity error €4 (uy) in L2(2)-norm and the pressure error e (pp) in L*(Q)-norm:

g6 (up) = [[0nullLz) /(W p)llxw,  €6en) = v 1600l L2 /1 (0, p) [l 4,0 - (7.4.21)
We also define the velocity error €y (uy) in Xy -norm
et (un) = [[0nulln/[I(w, p) |20 (7.4.22)
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7.4.1 The P!, x P° finite element

We study the linear nonconforming Crouzeix-Raviart mixed finite elements [I12I, Example 4], usually
simply called Crouzeiz-Raviart finite elements even though Crouzeix and Raviart analysed four types of
mixed finite elements in their seminal paper [IZI]. Let us consider X, = (X.-)? (resp. Xg.or = (X0.er)%),
the space of linear nonconforming approximation of H(2) (resp. H}(2)) where:

XCT

{Uh epc}isc(ﬁJ; VfEIzF, /F [vh]Ff :0} ;
f
(7.4.23)

Xoor = {vheXcr; erzg,/ vhzo}.
Fy

For all £ € Tk, for all f € Zr ¢, Af ¢ denotes the barycentric coordinate related to the vertex S opposite
to face Fy in K,;. We endow X, with the basis (¢f) rez, such that:

1-— d)\ﬁg if f S IF,[

0 otherwise ' ° that Xo, = vect (¢y) rezy) -

VYl e IK, 1/Jf|K€ = {
Note that: [, s = [Fyldy.pr, [yl = 0if f € Ty and Xo.er = veet ((41) sz ).
For all £ € Ty, we define r’, : H'(K;) — P'(K,) such that:

VEe Ik, Vve HY(K,), who= Y vy, (7.4.24)

f€Lre

Notice that for all £ € Ty, for all v € P*(K,), n%v = v. We recall the following result.

Proposition 7.4.6 (I3, Lemma 2|). The norm of the operator 7, is independent of K,:
Ve Ik, Vo€ HY(K), ||Valolrexk,) < | Vollnex,)- (7.4.25)
Hence: |7l || oo (k) prxe) < 1-
Proof. Using integration by parts, it holds: |K| V 7’,.v = Jicy Verv = [oxc, TertMior, = [ox, vRijor, = [ic, Vv- °
In order to prove convergence estimates, we need the following result.

Proposition 7.4.7. The following estimates hold, for all ¢ € Ty, for all s € [0,1], for allv € H***(K,):

lv— 7T£T’UHL2(K£) < 2 (hz>1+s |’U|H1+5(Kg)) (7.4.26)
IV =mgo)lleay < 200 (he)® [v] s k), (7.4.27)
o = 7tollieory < 2(0ehe)? (he)® [0 it (xy)- (7.4.28)

P’I“OOf. Since for all v, € P*(K,), v — wﬁrv = (Id — wﬁr)(v — vp), we have:

i ¢ . i
_ < — — < f — .
lv = mervll g,y < IHE = 7ol cmt (k). p1(x,)) vhegllf(Kg) lv = onll g1k, < 2%5};11(;@) I = vl ey

Using estimate (7.3.17), we deduce that, for m = 0, 1:
¥ 1 3 2
HU_WCT'UHL?(KZ) < 2("‘1) o "UlHler(Ke) and ” V(U_ﬂ'cr”)HLZ(KZ) SQUZ(hZ)m‘MHler(KI{y

. . . . . ? .
We obtain (7.4.26)) and (7.4.27)), using interpolation property [237, Lemma 22.2] We estimate |[v — WCTUHLZ(BKZ) with the same
tools, changing the variable, using the trace theorem in the reference element, and changing the variable again. o
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Let 7o : HY(Q)) = X, (resp. Il : HY(Q) — X,,) be the Crouzeix-Raviart interpolation operator:

Yo e HY(Q), mev = Y vy, (7.4.29)
feEIr
YW e HY(Q), T.,(v) = (7 (vi)d,. (7.4.30)

The space of the discrete velocities of the Crouzeix-Raviart finite element is Xg ... The space of the
discrete pressure is (o 5, such that:

Qo = Paise(Tn) N L2, (2) (7.4.31)
Let V. be the subspace of X ., functions which divergence is discretely vanishing:

Voer = {vi € Xo,er |Yq0,n € Qo,ps (divi, Vi, qo,n)r2(0) = 0} - (7.4.32)

The discrete velocities in V., are piecewise divergence free, cf. Proposition m We have the tools to
establish the following result.

Proposition 7.4.8. Let s € [0,1]. The Crouzeiz-Raviart interpolation operator Il.. can play the role of
a Fortin operator for the PL. x P finite element:

Vv e HY(Q) (divy v, qn)2) = (divv,an)r2), Van € Pyio(Th)- (7.4.33)
Vv € HT1(Q) v =TIl v < 200°|V[gst1()- (7.4.34)

Moreover, we have the following estimates:

Yo e HY(Q), Her (V) [[n < | V VL2 (7.4.35)
Yo e H'(Q), V0 € Ik, ||V —evl|2(am,) < 2 (00 he)? (he)® |V]emss (50, (7.4.36)
PTOOf. Notice that for all v € H'(Q), TerV| K, = wf v. Then, we deduce (7.4.35) from (7.4.25), (7-4.34) from (7-4.27)

and (7.4.36) from (7.4.28). By definition of II., and using an integration by parts, we obtain that for all £ € Zg: (div(Ile,v —
v), ‘Ih)L2(KL;) = ZfeIf , ~aniK, ij (Iepv —v) -my = 0. We deduce (7.4.33) by summation. ©

We will need the following Lemma in §7.5.1} The construction of v, , is explained in the proof of
Proposition @, letting vy, , = Vi and Cpe = 1.

Lemma 7.4.1. For all qon € Qo,n, it exists vy, , € Xo,or such that:

—(diva Vg ,s Qo)) = v ||CI0,h||%2(Q)» (7.4.37)
Vaoulln < v Caiv llaonllL2(0)- (7.4.38)

Using estimates ((7.4.35)) and (|7.4.4]), we apply the proof of Theorem to state the

Theorem 7.4.3. Let X), = X... Then the continuous bilinear form ay(-,-) is T-coercive and Problem

(7.4.10)) s well-posed.

Here C™¢ = min((Caiv)?,1) = 1 and C7¢, = Cpax: the stability constant of the nonconforming

Crouzeix-Raviart mixed finite elements is independent of the mesh. This is not the case for higher order
(see [81, Theorem 2.2]).

For higher order, we cannot built the interpolation operator component by component, since higher-
order divergence moments must be preserved. Thus, for k& > 1, we must build IT,. so that for all

v € HY(Q), for all £ € Ik, for all ¢ € P¥=1(K,): / q divIl,.v = / q divv. We recall that by
K, K,
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integration by parts, we have:
/ q divIl,.v + / Vg -Il,.v= / qpev - npg, . (7.4.39)
Ky Ky 0K,y

Hence, to obtain a local estimate of || V I1,,.v||2(x,), we will need the following lemma (proven using an
integration by parts and Cauchy-Schwarz):

Lemma 7.4.2. Let v € HY(K;) and ¢ € P*=Y(K,) N L?  (K;). We have:

Zmuv

S hell Vale,) 1V vk, (7.4.40)

/ q(v—yvy)- NsK,
oK,

P’I’OOf. ‘We have by integration by parts, and then using Cauchy-Schwarz inequality:

< +

3

/ (v = v,) myox, /qdiv<v7zz) /Vq-<vfzz)
BK[/' Kﬂ Kﬂ

SV ldllp2 ) 1V = ¥)li2 e,y + 1V @lle2 e, 160 = v)liLz k)
< (Vd+1)x the| VqHLQ(KZ) I VvHLg(KZ), using (7.3.7)) twice.

<

In the next Section, we will see that for k = 2, d = 2, we will need Lemma [7.4.2] For k > 3, it could
be necessary to bound the tangential components of v — v,. To do so, we would need to preserve curl
integrals on K. Indeed, by integration by parts, we have:

For d =2, v e HY(Q), ¢ € P 1(K,): / q (curlg-v —curlvqg) = / gV X Ny,
K, aKZ

For d =3, v € HY(Q), w € P*"1(K)) : / (w-curlv — curlw - v)
Ky

= (Mjor, X v X npg,) - (W X gk, ).
0Ky

7.4.2 The P? x PJ._ finite element

disc
We consider here the case k = 2, d = 2 and we study the so-called Fortin-Soulie mixed finite elements

[I52]. We consider a shape-regular triangulation sequence (7).
Let us consider X ¢4 (resp. Xo ts), the space of nonconforming approximation of H*() (resp. H{(£2))
of order 2:

st{vhepdzisc(ﬂl); VfGI;;,thEPl(Ff),/
Fy

[vn]Fy an = 0} ;
(7.4.41)

Xo.fs = {vh € Xjs; Vf eIk, Vg, € PHFy), / I 0} :
Fy

The space of nonconforming approximation of H!(2) (resp. H{(Q)) of order 2 is Xys = (X¢5)? (resp.
Xo.ts = (Xo,5)%). We set X5 = Xo rs X Qs where Qs := P (Tn) N L2, (Q).

The building of a basis for X fs is more involved than for X .. since we cannot use two points per
facet as degrees of freedom. Indeed, for all £ € K, it exists a polynomial of order 2 vanishing on the
Gauss-Legendre points of the facets of the boundary 0K,. Let f € Zp. The barycentric coordinates of
the two Gauss-Legendre points (p4 f,p— ¢) on Fy are such that:

pyg=(coc),p_p=(c_,cy), where cx = (14 1/v3)/2.

117



These points can be used to integrate exactly order three polynomials:

Vg € P*(Fy), /F g= lﬁ;ff‘ (9(p+.5) +9(p-1))-

For all ¢ € Tk, we define the quadratic function ¢, that vanishes on the six Gauss-Legendre points of
the facets of Ky (see Figure [7.1)):

b, =2—3 Z A7 ¢ such that Vf € Ipy, Vg € P'(Fy), / bx,q=0. (7.4.42)
Fy

i€Ls,¢

Figure 7.1: The six Gauss-Legendre points of an element K, and the elliptic function ¢, .

We consider the set of the elliptic functions ¢g,:
@), = {¢, € L*(); VL€ Ik, dnk, = VK, Pk, Vi, € R}. (7.4.43)
We also define the spaces of P2-Lagrange functions:
X = {vn € H'(Q); Y€ Ik, vpk, € PP(Ko)}, Xore:={vn€Xra; vnoa=0}.

The proposition below, cf. [I52 Proposition 1], allows to build a basis for X ys:

Proposition 7.4.9. We have the following decomposition: Xss = Xpq + @5, with dim(Xre N ®p) = 1.
Any function of Xy can be written as the sum of a function of Xpg and a function of ®y. This
representation can be made unique by specifying one degree of freedom.

Notice that ®, N Xpq = vect(ve), where for all £ € Tk, ve|x, = ¢k,. Then, counting the degrees
of freedom, one can show that dim(Xys) = dim(Xr¢) + dim(®;) + 1. For problems involving Dirichlet
boundary conditions we can prove thus that for Xy r, the representation is unique and Xo s = Xo,pc ®
®j,. We have Xy ¢ = vect ((¢s,)iezs, (#F,) fez,) Where the basis functions are such that:

V2736157Vf7fl€IF ¢51(SJ>261,J7¢SI(M]C):07 ¢Mf(Mf’):§f,f’a¢Mf(Sz):0
For all £ € Tk, we will denote by (¢g7j)?:1 the local nodal basis such that:

(¢e5)3=1 = (s, )iezs, and  (Be;)o—s = (B, K,) feTr,-

The spaces X¢s and X ¢s are such that:

st = vect ( (d)Si)iEIsv (¢Ff)f€IF7 ((ZSKZ)ZGIK ) 5

X07fs = vect ( (¢Si)i€Igv ((Z)Ff)feI;,y (¢K5)€€ZK ) (7444)

We propose here an alternative definition of the Fortin interpolation operator proposed in [I52]. Let us
first recall the Scott-Zhang interpolation operator [231} 93]. For all i € Zg, we choose some ¢; € Tk ;,
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and we build the L?(K,,)-dual basis ((Z’;Zhj)‘?:l of the local nodal basis such that:
Vi, i e{1,...,6}, / r,.j bt = 8-
K@i

Let us define the Fortin-Soulie interpolation operator for scalar functions by:

Hl(Q) — XFS
Tfs v Fu+ Z VK, bK, > with 7v = Z vs, ¢s; + Z VR QR - (7.4.45)
eTx i€Ls fEIr

e The coefficients (vs,);c 7, are fixed so that: Vi € Ig, vg, = fK/z v (;Nﬁgiﬁj“ where j; is the index such
that fK/zi be; j; ¢5i\Ke, =1

e The coefficients (vr,) are fixed so that: Vf € I, fFf v = fFf v

felr

e The coefficients v, are fixed so that: [, 7pv = [ v

The definition (7.4.45) is more general than the one given in [I52], which holds for v € H?(Q).
We set vg, == (7v1(S;), 7v2(S;))" and v, := (7v1(Fy), 7va(Fy)) "
We can define two different Fortin-Soulie interpolation operators for vector functions. First, let
~ HI(Q) — st
Uy, - vV o Z Vs, ¢s; + Z Vi R, + Z VK, PK,

i€Lg fELr Lely

where the coefficients (Vg,)eez, are such that:

Ve e Tk, /ﬁfSVZ/ v. (7.4.46)
K, K,

The interpolation operator I ts preserves the local averages, but it doesn’t preserve the divergence. We
then define a second interpolation operator which preserves the divergence in a weak sense:

Hl(Q) — st
Hfs : v = Z VSiQSSi + Z fo¢Ff + Z VK[,¢KE

i€ls fE€TR LeTK

For all £ € Tk, the vector coefficient v, € R? is now fixed so that condition (7.4.12)) is satisfied. We
can impose for example that the projection Il¢,v satisfies:

/ T, ' (x) divIy,v = / T, ' (x) divv. (7.4.47)
Kg KZ

Notice that due to ([7.4.42)), the patch-test condition is still satisfied.

Proposition 7.4.10. The Fortin-Soulie interpolation operator Ily, is such for all 0 < s < 1, for all
v € H'75(Q), we have:

VeeTk, V(v —Vilax,) < (00) (he)® [VIEiee(x,): (7.4.48)
S v

[T fsv —v|n o® b* [V]gi+e(q). (7.4.49)

Remark 7.4.3. Albeit we are inspired by the proof of [121, Lemma 4], we changed the transition from
Equation (4.27) to (4.29) there by using only the properties related to the normal component of the
velocity, cf. (7.4.40). In the original proof, one needs a stronger assumption on the regularity of v
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(namely, v € ﬂ H'"*(Q) with sq > ). Finally, because we do not split the integral over the
0<s<sq

boundaries of elements into the sum of d + 1 integrals over the facets, we obtain purely local estimates,
which appear to be new for the Fortin-Soulie element in the case of low-regularity fields v.
PTOOf. Let v € H' (). We have:
|| \% (Hfsv - V)HLQ(KE) < || v (Hfsv - ﬁfsV)Hu}(KZ) + H v (ﬁfsv - V)Hu}(xéy
Notice that for all £ € Tx, (ITfsv — lzlfsv)u(e = (VKZ — {'Ke) ¢k, Using 7.3.5)), we obtain that:
_ 5 _ 1 _
IV [ psv = MpsVillp2 g,y S IV, = Vi IV by llL2 k) S 11Be K2 Vi, — Vi, |- (7.4.50)
Let us estimate |vix, — Vk,|. On the one hand, we haveE}
/ (Mjsv —Mypev) = / (ITgsv — v) from (7.4.46),
Ky Ky
= / x(Ipsv —v) - N5k, by IBP and using (7.4.47)),

9K,

= / (x—x)(IIj;v —v)- npK, since / (IIfsv —v) ‘Mpr, = 0,
0K, 0K,

= / (x —x) (l:[fsv—v)~n‘6K/ from (7.4.42).
oK, ‘

=~ K
On the other hand, it holds: / (Mpsv —Ilgev) = (VKZ — GKZ)/ O, = 7‘ 4Z| (VKZ — OKK). Hence we have:
Ky Ky
IVic, = Vi, | S 4|K,|7" / (x—x) (v — V) nyox, |- (7.4.51)
oK,

In order to bound the right-hand-side of (7.4.51)) component by component, we can use Lemma [7.4.2] with ¢ = x5 — fKe z g /| Kel
1 .
(d" =1,2), so that || vq“]ﬂ(}([) = |K(|2. We obtain:

_1 _ ~
Vicg = Vi | S4d X (VA+ 1) [Ke| 72 7 he || V(0w = V)2 xc, - (7.4.52)

Combining (7.4.50) and (7.4.52)), we have:

H v (Hfsv - ﬁfsV)Hu_Q(Kz) 5 HBéil H he || V(ﬂfsv - V)“]L2(Ké) 5 Oe¢ H V(ﬁfsv - V)HIL?(KZ)'

For all v € PZ(KZ) we have ﬁfs(v) = v and ﬁfsﬁg = V. Hence, using Bramble-Hilbert/Deny-Lions Lemma [147, Lemma
11.9], we have for m = 0,1, for all v € H'T™(Q), for all £ € Ik, || V(IIjsv — V)HH‘Q(KZ) < og (he)™ ‘V‘H1+m(K£). We deduce

that for m = 0,1, for all v € , for a € Ik, sV —V 2 oy ¢ V0gldm an y summation

hat f 0,1, for all H't™(Q), for all £ € Tk, || V(II; L2y S % (he)™ [Vlgg14m () and b i

IV @psv = V)lli20) S a2 h™ [V]gg14m (q)- Using interpolation property [237) Lemma 22.2], we obtain (7.4.48) and (7.4.49). o
Hence, using the triangular inequality, we have:

IV Iz k) < I VIpv =)k, + 1V Ve S (007 + DlvIig k)

By summation over ¢, we deduce that the coefficient C,,. in (7.4.11)) is here equal o2 + 1. We recall that
the discrete Poincaré—Steklov inequality (7.4.4) holds.

Theorem 7.4.4. Let X}, = Xy,. Then the continuous bilinear form ap(-,-) is T-coercive and Problem

(7.4.10) 4s well-posed.

PT’OOf. According to Proposition |7.4.10} the operator Iy satisfies (7.4.11)-(7.4.12), so that we apply Theorem o

Notice that in the recent paper [228], the inf-sup condition of the mixed Fortin-Soulie finite element

2Let set w = IIy,v — v = (w1,w2)T and x = (z1,22)7. By IBP, we have for & = 1,2: faKg Ty W Djgg, =
sz Ty divw+fK£w-ed/. Due to (7.4.47)), fKe zg divw = 0, so that for d’ = 1,2: fKe Wy = fBKg Ty W Nk,
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is proven directly on a triangle and then using the macro-element technique [234], but it seems difficult
to use this technique to build a Fortin operator, which is needed to compute error estimates.

The study can be extended to higher orders for d = 2 using the following papers: [21] for k > 4, k
even, [82] for k = 3 and [81] for k£ > 5, k odd. In [I31], the authors propose a local Fortin operator for
the lowest order Taylor-Hood finite element [239] for d = 3.

7.4.3 Improving consistency

Consider Problem (7.2.1) with data f = —V ¢, where ¢ € H'(Q) N L2, (). The unique solution is
then (u,p) := (0, ). By integrating by parts, the source term in (7.2.2]) reads:

Vv € Hy(Q), /f-v = / ¢ divv. (7.4.53)
Q Q

Recall that the nonconforming space X, defined in (7.4.1]) is a subset of P, H': using a nonconforming
finite element method, the integration by parts must be done on each element of the triangulation, and
we have:

Vv e 'PhHl’ / f-v=(divyv, ¢)L2(Q) + Z / [V}Ff ‘ny . (7.4.54)
Q f Fy

€ELlr

Using Lemma|7.4.2) we have: Z / VIF, - np ¢ S h[Valln | V @llLz(q). Applying (7.4.54) to the right-
fezp /Ly
hand-side of (7.4.10) and choosing vj, = uy, it holds: v ||us|[n S hl|V ¢|lL2(q) (as expected by (7.4.17)).

Hence, the term with the jumps acts as a numerical source for the discrete velocity, which numerical

influence is proportional to h/v. Thus, we cannot obtain exactly u;, = 0.

Linke proposed in [I94] to project the test function v, € X}, on a discrete subspace of H(div; ),
like Raviart-Thomas or Brezzi-Douglas-Marini finite elements (see [213] [71], or the monograph [50]). Let
Haiy : Xo,n — Ph..(Th) N Ho(div; Q) be some interpolation operator built so that for all v;, € Xg 4, for
all £ € Tk, (div Hdivvh)‘m = div vy g,. Integrating by parts, we have for all v;, € Xo p:

/ f- Hdivvh = (b div Hdivvh = Z ¢ div Hdivvh = Z (b div Vp = (divh Vh, ¢)L2(Q)
Q Q leK, K, (€K, K,

The projection I1y;, allows to eliminate the terms of the integrals of the jumps in (7.4.54]).
Let us write Problem (7.4.10)) as: Find (up, pp) € X, such that

an ((ap,pn)s (Vh, qn)) =4 ((MaiwVa,qn))  Y(Vh,qn) € Xn. (7.4.55)

In the case of X}, = X, and a projection on Brezzi-Douglas-Marini finite elements, the following error
estimate holds if (u,p) € H2(Q2) x HY(Q):

|lu— Uh||L2(Q) < C h? |11|H2(Q), (7.4.56)

where the constant C' if independent of k. The proof is detailed in [66] for shape-regular meshes and [12]
for anisotropic meshes. We remark that the error doesn’t depend on the norm of the pressure nor on the
v parameter. We will provide some numerical results to illustrate the effectiveness of this formulation,
even with a projection on the Raviart-Thomas finite elements, which, for a fixed polynomial order, are
less precise than the Brezzi-Douglas-Marini finite elements.

For k € N*, the space of Raviart-Thomas finite elements can be defined as:
Xpr, = {v € H(div; Q); V0 € Iy, v, = a¢ + bex | (ag, b)) € P*(K,)? x Pl (Ky)} .
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Let £ < 1. The Raviart-Thomas interpolation operator gy, : H (Q) U X, — Xgr, is defined by:
Vv € Hl(Q) U Xy,

vVfelp, / HRTkv~nfq:/ V- -1nrgq, VqEPk(Ff)
rd £ : (7.4.57)

for k=1,Vl € Ik, /HRTlv:/ v
Kz K£

Note that the Raviart—Thomas interpolation operator preserves the constants. Let v, € X}. In order to
compute the left-hand-side of (7.4.54), we must evaluate (Ilgr, vh)‘ k, for all £ € Tx. Calculations are
performed using the proposition below, which corresponds to [I58, Lemma 3.11]:

Proposition 7.4.11. Let k < 1. Let llzy, : H'(K) — P*(K) be the Raviart-Thomas interpolation
operator restricted to the reference element, so that: ¥Yv € HI(K),

VF € 0K, /ﬂRTkv-nﬁquv-nﬁg, Vg e PF(F)
A r . (7.4.58)
fOI‘]{I:L HRTk\A’:/ v
K K
We then have: V¢ € T,

(HRTkV)\Kg (X) =By (ﬂRTkBgilff@) o Tgil(x) where vy =vo Tg(f() (7459)

The proof is based on the equality of the F and K-moments of functions
(a1, V), 0 Ty(%) and B, (ﬂmm—lw ) (%).
For k = 0, setting for d' € {1,...,d}: ¥y := 1y ea, we obtain that:

Ve e Tk , Vf (S IF! s (HRTowf,d’)le = (d |Kg|)71 <X - O_'Sﬁg) Sf,g -eq , (7460)

where Sy is the vertex opposite to F in K.

For k = 1, the vector (Ilrr, V1) |k, is described by eight unknowns:
(Orr, Vi) |k, = Aex 4+ (be - x) x + dg, where Ay € R2*2 b, € R?, d, € R

We compute only once the inverse of the matrix of the linear system (7.4.58)), in R3*8.

In the Tables and we report the L? velocity error 4(uy,) (cf. definition [7.4.1), where
uy, is the solution to Problem (7.4.10) (columns X, and Xys) or (7.4.55)) (columns X, + Iz, and
X s+ gy, ) and h is the mesh size.

We first consider Stokes problem (7.2.1) in Q = (0,1)? with u =0, p = (21)3 + (22)® — 0.5 so that
f=Vp=3((z1)% (22)? )T. We report in Tablesf)’(uh) for h = 5.00 x 1072 and different v values.

v Xcr Xcr + HRTO st st + HRTl
1.00 x 10°% 796 x 100* 459 x 10~ 17 881 x 10~7 1.54 x 1016
1.00 x 107®  7.96 x 107* 4.59 x 10717 881 x 1077 1.54 x 1016
1.00 x 1076  7.96 x 107* 4.59 x 10717 881 x 10~7 1.54 x 1016

Table 7.1: Values of ef(uy,) for h = 5.00 x 1072

Here we have [[(u,p)llx = v|pllr2(q). Hence, the L*(Q)-norm of the discrete velocity [jup||rz(q) is
proportional to v~!. Using the projection, we obtain &5 (uy,) = 0 close to machine precision.
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We now consider Stokes problem (7.2.1)) in 2 = (0,1)? with:

" ((1 —cos(2mxy)) sin(2 7 xs)

(cos(2m ) — 1) sin(27r:r1)> ,p=sin(27z) and f = —v Au+ Vp.

We report in Table (resp. the values of 4 (uy,) in the case v = 1.00 x 1073 (resp. v = 1.00x 107%)
for mesh sizes. We observe that when there is no projection, €f(uy,) is independent of v, whereas using
the projection, €§(uy) is proportional to v.

h Xcr Xcr + HRTD st st + HRT1
5.00 x 1072 1.32x 1073 2.74x 1075 4.73x10% 5.05 x 1077
250 x 1072 3.30x107% 6.93x107% 5.06x 1077 6.42x 1078
1.25 x 1072 825 x107° 1.74x107% 6.31 x108 8.10x 107?
6.25 x 1073 2.04 x 107 4.35x 1077 7.44x107° 1.03x107°
Rate hQ'OO h1.99 h3'08 h2.97
Table 7.2: Values of €§(uy,) for v = 1.00 x 1073
h Xer Xer + HRTO st st + HRT1
500x 1072 1.32x10°° 274x10°% 470x10% 5.05x 1078
250 x 1072 3.30x107% 6.93x1077 b5.10x 1077 6.43 x107°
1.25 x 1072 825 x107° 1.74x 1077 6.37x 1078 8.11 x 10710
6.25 x 1073 2.04 x 10™® 436 x107% 751 x107° 9.77 x 10~
Rate h2'00 h1.99 h3'08 h2'99

Table 7.3: Values of €j(uy,) for v = 1.00 x 10~*

Let us consider Stokes problem (7.2.1)) with a low-regular velocity. Let © = (0,1)2, Sy = (0.5,0.5),
and (r,0) be the polar coordinates centred on Sy. We set:

u=r%y, p=r sothat f:= —vAu+Vp=v(l-a?)r* ey +e,.

We report in Table the values of €5 (uy,) for v = 1.00 x 1074, and for different for mesh sizes, with

a=1and a = 049. For a = 1, u = (~y,z)T € H>(Q). For « = 0.49, u € ﬂ H'™*(Q2), hence
0<s<a

u ¢ H?(Q2). It seems that the Raviart-Thomas projection is less efficient in that last case.

In order to enhance the numerical results, one could also use a posteriori error estimators to adapt the

a=1 a=0.45
h Xy Xs + pr, Xys X5 + gy
1.00 x 1071 3.03x10™° 2.81x10°% 3.05x10° 3.94x10°°
500 x 1072 434 x107% 154x1076 457 x107% 2.15x 1076
250 x 1072 4.72x 1077 241 x107% 970x 107 852x 1077
Rate hS.OO h3.43 h2.48 hl.ll

Table 7.4: Values of €§(uy,), regular and low-regular velocity, v = 1.00 x 10~*.

mesh near point Sy (see [123, [135] for £ =1 and [2] for k = 2).

Alternatively, using the nonconforming Crouzeix-Raviart mixed finite element method, one can build
a divergence-free basis, as described in [I74] for ¥k = 1. When k = 1, following the initial work of [42],
one can also add P'-Lagrange basis functions to the space of the discrete pressures as explained in
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[P7]. The consistency of the discrete velocity is then improved. Note that Scott-Vogelius finite elements
[230, 2211, [149] produce velocity approximations that are divergence free.

The code used to get the numerical results can be downloaded on GitHub [GI].

7.5 Pl x (P"+ Pl) finite element [P7, W1

It is well-known that the P x PY is inaccurate when solving Navier-Stokes equations [145, [180]. In order
to improve the accuracy, Bernardi and Hecht propose in [42] to replace Qo 5 by the space of P!-Lagrange
pressure (denoted here by Q1 5 and defined in Eq. below) plus local bubble functions, defined in
each element as the product of the barycentric coordinates. However, for this discretisation, convergence
of the discrete pressure is not guaranteed, as shown in Heib’s thesis [I75]. In this thesis, a new element
is introduced, for which the space of the discrete pressures is the following:

QO,h = 7)2290(771) N Lva(Q)

Qun = PYTw)NL2,,(Q) (7.5.1)

Qr = Qo,n ® Q1,n, where {

The sum is direct: Let (o, q1) € Qo,n X Q1,5 be a couple such that g + g1 = 0. Then, we have ¢; = —qo
over T,. Since g is continuous over 7T, it means that ¢ = —¢qp are constant. They are equal to zero
since Qrn C L2, (). Let us set:

zZmuv

Qin = {q € Qn |Vl eIk, /

K

= 0} : (7.5.2)

- 1~
Proposition 7.5.1. The space Q1,1 is such that Qn = Qo ® Q1,5, and we have:
Vg € Qn, llalliziq) = (@72 + Il = m0(a) 172 (q)- (7.5.3)

P’I“OOf. Let ¢ € Qn. We set: ¢ = qo + q1, where for k € {0,1}, qx € Qk,n(Tr). Notice that: ¢ — mo(q) = g1 — mo(q1) + qo —
m0(q0) = q1 — mo(q1), since qo = mo(qo). Setting § = g1 — mo(q1), we have: (wo(q),z}')Lz(Q) = ZIZEZK w0 (q)(Ke) sz g =0, so

that: lql122 g, = I70(a) + @132 gy = Imo(@I 2 + 19122 g, o

7.5.1 Stability of the P! x (P°+ P!) finite element

In order to prove the inf-sup condition of the finite element Xg o X Qr, we need to construct an explicit
right inverse of the divergence operator, from @}, to Xg ¢, cf. Lemma and from Q1 to Xocr, cf.
Lemma under Hypothesis [42] Hypothesis 4.1] given below:

Hypothesis 7.5.1. We suppose that the triangulation Ty, is such that the boundary 0X) contains at most
one edge in dimension d = 2 and at most two faces in dimension d = 3, of the same element Ky, { € Tk .

Let us set: X({CT ={veXoe|Vf<lp, Viong = 0}. By construction, Xacr C V¢ since:

Yv e XP,,, V€ Ik, / divv=— )" / venge= Y |Flv;-ngp,=0. (7.5.4)
Ke fE€Tr Fy fE€Lr

Lemma 7.5.1. Under Hypothesis for all g1 € Q1 1, there exists vq, € Xacr such that:

(diV Vq1>7T0(Q)>L2(Kg) = 0 Vqe Qn, (755)
(Var, vo)rey 2 v o 2 g — mo(an)l 720 (7.5.6)
Valln S vl o? lar —molq) 2@ (7.5.7)

Proof. Let us consider q1 € Q.. For all £ € Tx, we set q1.¢ = q11x, and G1.¢ = q1 o Ty. Since qg1 € H'(Q) we have [16]
, ) Ky )
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Proposition 2.2.10]: for all f € ZL such that Fy = K, N Ky, Vqi,e X ny = Vi ¢ Xng.
We can then construct vq; € Xg,h, such thaﬂ

VfETE v (My)=v"" (hy)’ns x (Va1 x ny). (7.5.8)

Since vq; € Xg“,h! Equation (7.5.5) holds.

K,
Let us prove . Noticing that V¢ € T, Vf € I, / Yy = tLJerl’ we have:
Ky

(V ‘hxvql)LQ(Ke) = (d+ 1)71‘K2| Z Vaie- Vgq (Mf)7

ferg'w
=vHd+ 1) K] D (hg)? Ve ng x (Vaie xny), (7.5.9)
f‘ez}',l e
=v Nd+ DK D> (hp)? [Vare xng?.
fez}'wZ

Using Equations (7.3.4) and (7-3-10), we have: V gi¢ x ny = |Jo| |[J.e| 7> Be™ )T Vi dr,e x (B~ H7T np By a direct compu-

tation, we show that: (B,~*)T Vg g1, x (B,~1)7T np. , = (Jo) " (B2 Vi gre x ng Hence:

|V are xngl = 1Jpel ™ | B Vadie xng, |- (7.5.10)

Notice that we have:

d—2 N —1[|—(d=2)
)" (Vxdre xng, )| 2[5

’v;{ drexmg, 2| > (pe)*? ‘v,; drexmg, e" (7.5.11)
. . . . —1 2 2(d—2 - 2
Using Equation (7-5.11)) in (7.5.10) times h, squared, we get: (hs)? |V qi,e x ng|® 2 (|J52] " hy)? (pe) (d=2) ’V,»; Grexmnp, |-

—2(d—2
Notice that (|77,e] ™ hp)? 2 (hy) ™2 @2 > (he) 72 (=2, hencer (g0~ hp)? (p0)? @2 2 (2) 2177 > (o) 202,
It follows that: 5

(hf)2 ‘V q1,e X nf|2 2 (0’[)72 (d=2) |V,~( Q1,l X n}ﬁf’ . (7.5.12)

According to Hypothesis we have for all £ € Tg:

2
> |V5c Gi,e X ﬂp‘f| 2| Vsduel® (7.5.13)
fez}u
We can now bound the left-hand term in using Equations (| 12)) and (7.
(Va1,va )2k, 2 v (00 2 PR |V da el (7.5.14)
Using inequality in the reference element and the change of variable , we have:
[Kel [ Vs diel®> = [Kel K| || Vs t?;,e“iz(z%)’
2 IKelllg1,e 7%1,ZHL2(IA<)’ . (7.5.15)
2 Mae—a, 72k, whereq, , = Kel ™" [x, a1
Thus, using (7.5.15) in (7.5.14)), and summing over ¢ € Z, we obtain (7.5.6).
Let us prove (7.5.7). For all £ € Tk, VvqﬂKz = Z Vg (My) ® V’l/)f‘KZ. ‘We deduce that:
fez}w
2 2 2
I Vg, “r{?(xe) 5 [ K| Z |Vq1 (Mf)| |V'¢’f|Kz| 5
feTh,
SvTRK DD (hp) Ing x Var xong|? (1Ko 2| Fp|?)  since | Vp ik, |? = [Ke| 77 | Fy |,
fEIZF,Z
Sv 2K (o) (o) ™2 D Inp x Vau x ng? using (7.3.11)),
fez},yl
<v (o he)? |Ke| [V |? = v 2 (00 he)? ||V q1||i2 using Hypothesis [7.5.1}
L 4 ) (Kp)
Sy (o) llane — gy n2 (k) using (7.3.14)).
©

3In 2D, V q1 % ny is a scalar, hence we make the following abuse of notation: ny x (Vq1 X ny) = (Vg1 X ny)7s where
(t¢,ny) is an orthogonal basis.
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Let b, be the bilinear form such that:

XhXQh — R

b, : .
g (V7 Q) - - (dlvh V., 4o )L2(Q) + (Vv \Y CIl)L2(Q)a

(7.5.16)

with ¢ = go + ¢1 such that (go,¢q1) € Qo,n X Q1,5 Under Hypothesis the bilinear form by (-,-) is
continuous and is satisfies a discrete inf-sup condition, as established in

Theorem 7.5.1 (Stability). The following continuity property holds:
VW e Xon, Yq € Qn,  |bh(v, )| Sallvinllallza)- (7.5.17)
Under Hypothesis[7.5.1), the following inf-sup condition applies
Vg € Qn, AveXon, br(v,q) 2 CyZo 2 vl llallL2e)- (7.5.18)

P’I’OOf. Let us prove (7.5.17). Consider (v, q) € X5 X Qp, where ¢ = go + q1, (90,91) € Qo,n X Q1,r. Integrating by parts
the last term of (7.5.16)), we obtain that:

bu(v,a) = —(diva v, 70(@)) 2y + D D (Vompe a1)pae- (7.5.19)
LeTR fELp g

On the one hand, using Cauchy-Schwarz inequality, we have:
|(diva v, m0(@) 120y | € VAV ITo(@]l 20 (7.5.20)
On the other hand, using inequality (7.4.3), it holds:

> > (vionge a)r2rp| S olVInllar = mola)llz2 ) = o VI lla = mo(D)llL2(q)- (7.5.21)
LTy fETR

We obtain (7.5.17) summing (7.5.20) and (7.5.21), and using (7.5.3).
Let us prove (7.5.18)). Consider q¢ # 0. Let Vo () be built like vp, 4, in Lemma |7.4.1| with go = 7mo(g) here and v4; be built
like in Lemma[.5.1] We have:

— (divh Vg (q)» m0(q) )L2<m = yfluﬂo(q)ufﬂ(m, (7.5.22)
IVaglln < v7' Caiv lmo (@)l L2 0y (7.5.23)
(divh, Vq1 3 Wo(q))Lz(Q) = 0, (7524)
—1 _—2(d—2 2
(Var, vo)izy 2 v o 20 g = mo(@)ll72 g (7.5.25)
Ivarln - S v o lla = m0(@)ll L2q)- (7.5.26)
Using equality (7.5.19) with v = Vg (g)s We have, due to (7.5.22):
-1 2
b (Vg (g): @) =V ”770(‘1)”L2(n) + Z Z (Vrg(a) " Df . ‘11)L2(Ff)~
Ltelg fe€Tp
Using inequality (7.5.21)) with v = v (,), and applying (7.5.23)), it holds:
—1 2 .
b (Vg @) 20" (Im0(@) 1220y — Ol I70(@)ll 20y la = T0(@)ll 20 ) Wwith CFy = Caty o
Using Young inequality, we have for all € > 0:
-1 € o 2 e . 2
b Vg @) 2 071 (1= 2C8 ) Im0 (@22 (0) — v 5= Cliy lla = mo(@) 320 (7.5.27)
Now, using Equations (|7.5.24]) and (7.5.25)), we have:
b (Vay @) = (Var,Vay 2oy 2 v 0 297 lg = mo(@)l72q)- (7.5.28)

Let us set v* = uvr(q) + Vg, Where p > 0 is a constant. We have: bp(v*,q) = pbn(Vry(q)> @) + bn(Vgy ;). Summing Equation
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(7.5.27) times p with Equation (7.5.28), we obtain:

/L€71

- € o — —2(d— o
bu(v'q) 2 pr (1—5%) Imo(@)7 2y +v" (o 2 "”—TCdW) llg = w0 (@)l 2c)-

div > 0, which amounts to requiring

-1
€ o (d— €
‘We need to enforce that 1 — EC:;‘V >0and ¢ 2072 _ o 5 cy.

e <2(Cy) "t and p<2(CS,) o240

Setting for instance € = (C5;,) " " and p = (CJ,,) teo 2 (@=2) ' \e obtain:

(M vt |\W0(Q)|\i2(g) s [ ”0(‘1)||i2(n)) .

1
bh(V*7 Q) Z 5

Since C4iy > 1 and o > 1, we have: (CS;,)"2 <1 and p = (CF,) 2 0~2(d=2) < 5=2(d=2) Hence:
br(v*,q) 2 %u71 (Caiv) 272071 (||7F0(Q)Hiz<g) +llg — 7"0(‘1)”%2(9)) . (7.5.29)
We will now bound [[v*||n by llgll 2 (q)- Using Equations and (7.5.26), we obtain:
vl < 20 IVag@ i + Ve I7)
< 2072 (07D (Cain) 2 im0 (@) 122 gy + 0 lla = mo (@22 ) »
< 20720t allZagg.
Hence: V71||q”L2(Q) > % o~ ?||v*||n. Using this bound in , we obtain . ©

Remark 7.5.1. We ezhibit that the bound of the discrete inf-sup condition depends on Cgiy and o. We
could further optimize the choice of € and u in the proof above to obtain a sharper bound.

Let V. C Vo ¢ be the kernel of the bilinear form by (-, -):
Ve i={v € Xo.er | Vg € Qn, bp(v,q) = 0}. (7.5.30)

The P, x (P°+ P!) finite element method allows to improve accuracy compared to the P x P? finite
element method:

Proposition 7.5.2. Let v € V.. Then for all g1 € Q1 5 Z (q1,[vlf -nf)p2(r;) = 0.
f€ZIr

P?”OOf. Let (v,q1) € Ver X Q1,n. We have (divy V,7To(¢I1))L2(Q) + (V ql,V)Lz(m = 0. Integrating by parts on all the
elements, we get that:

0=(Var,V) 2 + ([divavimo(a)) 2y + D, D (a1,v- nf,0)p2m, = D (a1, [VIf Nf) 2
Lelg fe€Ipy ’ feIp

We proved the stability of the PL. x (P° + P!) finite element, cf. Theorem and we showed
that the accuracy is improved with respect to the P! x P finite element method, cf. Proposition
Hence, we have the tools to prove that the discretization of Problem with the PL_ x (P° + P')
finite element is well posed.

7.5.2 Well-posedness

Let us set X, := Xo, X Q. We endow Xj, with the norm: ||(v,q)||x, = (|v]|Z + v 2 ||q||iz(m)1/2, S0

that it is a Hilbert space. Consider the symmetric and continuous bilinear form ay, : X X X, — R such
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that for all ((u},,p},), (Vh,qn)) € Xn X Xp:
an((Wh, Ph), (Vs an) ) = v(Wy, Vi)n + ba(Vh, Pj) + 0n (0, n). (7.5.31)
The discrete variational formulation of Problem with the P} x (P? + P!) finite element reads:
Find (up,pp) € & such that V(va, qn) € Xn,an ((Un, pr), (Va, qn) ) = le(vr), (7.5.32)

The main consequence of the inf-sup condition (7.5.18) is that Problem (7.5.32)) is well posed [50]. We
have the following result.

Theorem 7.5.2 (Stability of the solution). If Hypothesis holds, for any data f, Problem
(7.5.32) has a unique solution (up,pp) € X such that:

lunlln S v oGy, (7.5.33)
Ipn — mo(pn) 2 S 20771 Cy, (7.5.34)
Imo(pr)llze) S 20°¢ Caw Cr. (7.5.35)

where Cf = CQ hQ ||fHL2(Q) fo S LZ(Q), or Cf = th ||f||H*1(Q) lff € L2(Q)

PT’OOf. We write the proof for f € LZ(Q). It is very similar when f € H’I(Q), using inequality (7.4.7).
Let (up,pn) be the unique solution to Problem (7.5.32)), with py = po,n + P1,n, (Po,n,P1,h) € Qo,n X Q1,h-

Let us prove (7.5.33)). Choosing v, = 0 in (7.5.32)), we have: uj, € V.. Choosing (vp,qn) = (up,0) in (7.5.32)), we then

obtain: v|lu,l7 = (f, uh)Lz(Q). Using Cauchy-Schwarz inequality and the discrete Poincaré-Steklov inequality (7.4.4), we get
inequality (7.5.33).

Let us prove (7.5.34). Choosing (vh,qn) = (Vp; ,,0) in (7.5.32), where v, , is constructed like v4; in Lemma with
g1 = p1,n here, and reshuffling the terms, we obtain:

(VP1n, vy ,)L2@) = (f, Vpl,h)rﬂ(n) - ”(“hv"m,h)h-

Using the triangular inequality and Cauchy-Schwarz, we get:
‘(vl’l,h > vpl.h)LZ(Q)‘ < ||fHL2(Q) val,h HLZ(Q) + VHUhHh ||Vp1,h ||h~

Now, using the discrete Poincaré-Steklov inequality and inequality , we have:

|Vor 1 T P12 (0| < 20 Caha L2y Vo, -
Using inequality , we deduce that:

‘(Vply,ﬂ Vpl,h)LZ(Q)‘ S2v7 1 0? Caha lEllLz o) IP1,n — 7o @1,0) L2 (q)-
Hence, using inequality , we get:
v o2 py = o (o)l 2y S 207 0 Caha lIfllL2 o) IP1n — mo(P1n) | L2 o)

‘We conclude that:
2d—1
llpn — ”O(Ph)HL?(sz) = llp1.n — “O(Pl,h)HL2(n) <20 Ca ha HfHL2(Q)'

Let us prove (7.5.35). Consider (vj,qn) = (V,,O(ph),O) in (7.5.32)), where Voo (pp) 18 built like Vag.n in Lemmawith
go,n = mo(pnr). Using Equation (7.5.19) with ¢ = pp, Equation (7.4.37) and reshuffling the terms, it holds:

—1 2
v HTFO(‘I)HL?(Q) = (£, Vg (pp) L2 () — YW, Vg (o) )0 — Z Z (Vo (op) '“f,liypl,h)LZ(ny
CET) fEIR

Using Cauchy-Schwarz and inequality (7.4.3)), we have:
-1 2
v olimo(@z2 o) < IfllL2 o) 1Vrg ) lLz@) T YIunlln Vg ln + 0 1Veg @) e IP1,n = mo(p1,n)ll L2 o)

Using the discrete Poincaré-Steklov inequality (7.4.4) and inequality (7.4.38)), it holds:

w0 (@)l 2(q) < Caiv (UCQ ho llfllL2 ) + vilurlln +ollpin — Wo(Pl,h,)\lw(g)) lmo (@)l 2 (q)-
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Using inequalities (7.5.33)) and (7.5.34)), we deduce (7.5.35). o

In order to compute the error estimates, we need to exhibit a Fortin operator.

7.5.3 Fortin operator

In this section, we construct a Fortin operator, inspired by [42], Proposition 6.3]. Let us split XOTM this
way: X{ ., = VL &WL where VI = V.. nX{ .. and W[ is the orthogonal of V7 in X{ ... We make

0,cr cr 0,cre

the abuse of using the same notation for by (-, ) and its extension to (Xg ¢ + H$(Q)) x Qp.

Proposition 7.5.3 (Fortin operator). Consider the projection operator I : HY(Q) — Xoer such
that: for all w € H)(Q), Tlw = [, w + wr, where wr € WL satisfies:

Vql S QL}“ (WT, \Y% q1)L2(Q) = (W — HCTW, \Y ql)LQ(Q)~ (7536)
Then, the projection operator 11y, is such that:

vw € H)(Q) br(Ilyw, qn) = b(W,qn), Vg € Qn. (7.5.37)
vw e H*T Q) NH(Q)  ||w — Iwl|, S 024 b |wlgeri ), s € [0,1]. (7.5.38)
Proof. Let w € HY(Q). Let ¢ = (40,91) € Qo,n X Q1,1 It holds:
—(dive Thw, o) 12(qy = —(diva erw, q0) 2oy = —(div W, go) 2o

Due to Lemma [7.5.1] wr exists and is unique. By construction, Equation (7.5.36) implies (7-5.37). Let w € H'T*(Q) n Hj(Q).
Integrating by parts, we have, for all g1 € Q1,x:

(W, Va1)p2q) = — Z (div(w — IIerw), g1 — Tro(th))Lz(K[) + Z Z ((w —Tlerw) -ny e, q1 — Wo(Ql))Lz(ny
CLET ) ) CET) fETIR

Hence, using and the discrete Cauchy-Schwarz inequality, we deduce that:
(W ¥V a1) 2oy | S (0 + V) [w — Terwllp2 gy lar = mo(an) 20
Using and the discrete Cauchy-Schwarz inequality, we obtain that:
(W, ¥ a)g2 0y | S 0% b [Wlggips o) o — mo(a)l 2 ke, (7.5.39)

According to [161} Chapter I, Lemma 4.1 (iii)], thanks to Lemma|7.5.1] we have the following estimate:

_ [(Wwr,Vq1)p2 ]
lwrln < o®@"D sup LD (7.5.40)
91€Q1 n \{0} llgr — 7"0(‘11)HL2(Q)
Using (7.5.39) in (7.5.40), we deduce that:
2d
HWTHh S, o”“h’ |W‘H1+S(Q)' (7.5.41)
We obtain (7.5.38) from (7.4.34) and (7.5.41)), since ||w — I, w||;, < ||w — e wl|n + [[Wr|ln. o>

We exhibited a Fortin operator. Let us now study the convergence of the discretization of Problem
(7.2.1)) with the PL, x (P° + P!) finite element.

7.5.4 Classical error estimates

Definition 7.5.1. Let w1 be the L*-projection to Q1. Let ¢ € Q1. One can set m1(q) = 71(q) —
Q=1 [, 71(q), where Ty is the L*-projection to P*(Ty). It holds [146, Lemma 1.15’1E|:

IT1(0)| 51 ) S olalao)- (7.5.42)

4cf. the proof of 248, Lemma 5.1.1], which uses Scott-Zhang interpolation [231]. We can exhibit o from [231, Theorem
1].
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Using the triangular inequality and (|7.5.42), it holds:

IT1(q) — alm @) < ldar@) + Im(D)|ar@) S (0 +1) g @) (7.5.43)

Let g € L?,,, () N HY(Q). Using inequality (7.3.18)), and (7.5.43)), it holds:

zZmv

[(71(q) = @) — mo(m1(q) — @)llr2y < 7 " h(0+ 1) lal g (o)- (7.5.44)

We have the tools to prove the convergence of the P! x (P° 4+ P!) discretization. In what follows, we
set: [|(u,p)ll, = [ulmz(o) + vt 1P| ()

Theorem 7.5.3 (Convergence of the discrete velocity). Suppose that Hypothesis|7.5.1 holds and
that the solution to Problem (7.2.1) is such that (u,p) € (VNH*(Q)) x (L2,,,(Q)NHY(Q)). Let

zZmuv

(up,pn) € Ver X Qo.n be the solution to Problem (7.5.32). We have the following error estimates for the
discrete velocity:

a* b (a,p)ll., (7.5.45)
o' 0 (0, p)|l.- (7.5.46)

[[a — |

S
if Qs conver  |lu—upllL2) S

Remark 7.5.2. Suppose that the solution to Problem (7.2.1)) is such that (u,p) € H2(Q) x H'(Q). When
Q is nonconvez, one can prove that |[u—up L2y S o A ||(u, p)|, for all s €]3, sq, where sq €]5,1]
depends on the reentrant faces, cf. [124, 1.A].

Suppose that the solution to Problem is such that (u,p) € H'5(Q) x H5() for all s €]3, s¢|,
with s¢ €]5,1[. One can prove that for all s €]3, s¢[, [[u—uplln S 0h® ||(0,p)|l,. If Q is convex, one
can prove that [[u—uy||r2() S o R ||(u,p)||u. If Q is nonconvez, one can prove that [[u—up|r2@) S
ot ps s |(w,p) v, s €]4, e[ and ' €)%, sql.

The proof of Theorem is similar to that of [I21, Theorems 3 and 4], using the properties of the
Fortin operator IT,. We detail this proof in Appendix [B.2] We can then prove the convergence of the
discrete pressure.

Theorem 7.5.4 (Convergence of the discrete pressure). Suppose that Hypothesis holds and
that the solution to Problem is such that (u,p) € (VNH2(Q)) x (L%, (QNHYQ)). Let
(up,pn) € Ver X Qo,p be the solution to Problem . We have the following error estimates for the
discrete pressure:

I(p—pn) = mo(p —pu)llr2) S vo* 2 h|(u,p)l, (7.5.47)
o — pu)llzzy S vCaw oV l(w,p)|., (7.5.48)

Remark 7.5.3. Using Proposition|7.5.1, Equations (7.5.47) and (7.5.48|) imply that
lp = pullz2@) S v Caiv o D 1 (w, p),- (7.5.49)

Let us prove Theorem [7.5.4]
PT’OOf. Let (up,pn) € X5, be the solution to Problem (7.5.32) with pr, = po,n + P1,hs (Po,n,P1,n) € Qo,n X Q1,n. Integrating by

parts the right-hand side in variational formulation (7.5.32)), we obtain that for all vj, € Xg p:

(f, vh,)er(Q) = —v(Au, Vh)L2(Q) + (Vp, vh)Lg(Q) =v(u,vp)p — v Z Z (Vu: Ylfj,vh)Lz(FJ” + (Vp,vh)Lg(m. (7.5.50)
(€T fE€ETpy

Developping (7.5.32) with q; = 0, noticing that the discrete velocity up € V., and using (7.5.50)), we deduce that:

v(un, vi)n—(dive Vi, po,n) 20y H(V P1hs Vi) L2 (o) = v(W, Vi)n—v Z Z (Vu:nf,g,vh)Lz(Ff)+(Vp,vh)Lz(Q). (7.5.51)
(€T fE€ETp
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Reshuffling the terms in (7.5.51)), we get:
—(divh Vi, po,n) 120y — (V(P — P1,n), VR)L2(0) = (U, un, Vi), (7.5.52)
where:

e(u,uh,vh) = V(u—uh,vh)h—u Z Z (Vu:nf,vh)Lz(Ff). (7553)
Lelg fe€Tpy ’

We can bound &(u, uy, vy) using and applying to all the components of ¥V u € H! (2) and vy, obtaining:
e(wun,vi) S o hv )l valn. (7.5.54)
We first prove . Let v, € Vo, o cf. (7.4.8). Equation now reads:
=(V(p = p1,n), Vi)L2(0) = e(u, un, vi). (7.5.55)
Recall that m; is the L2—orth0gonal projection on Qq,, cf. Deﬁnitionm Let us write this way:

—(V(mi(p) — Pl,h)vvh)rﬂ(n) =e(u,up,vp) + (V(p —m (p))7vh)L2(Q)‘ (7.5.56)

Notice that: (V(p — m1(p)), vh)r2(0) = Z Z (p—m1(p), vn - nfvE)L2(Ff)'
teli felpy

Applying (7.4.2) to all the components of v;, with ¢ = p — m1(p), and using (7.5.43)), we get:
(V0 = m1®)) vi) L2y | S (0 + 1) hlpl gy I1Valln- (7.5.57)
Using (7.5.54)) and (7.5.57) to bound (7.5.56)), we deduce that:

(V(m®) = prn)svideziy| S 0 hv @ p) b Ivaln. (7.5.58)

Consider Vay p € Xah built like Vay in Lemmawith here q1

2 (d—1
llg1,n — 7T0(¢11,h)HL2(Q) ||Vq1,h||h So ( ) (Vai,n, Vquh)LQm)-

Using now (7.5.58) with v, = vq, ,, we deduce from the above inequality that
lar,n = molar,m)ll L2y < o472 hvl(u,p)ll.- (7.5.59)
Using the triangular inequality, we have:

l(p = pr) — mo(p — Pr)llL2(q) < llar,n — mo(qr,n)llz2(q) + I(p — m1(p)) — mo(p — 1 (P))Il L2 (@) -

Hence, using (7.5.59) and (7.5.44)) with ¢ = p, we obtain (7.5.47).
Let us prove (|7.5.48)). Integrating by parts the second term in (7.5.52)) and moving it to the right-hand side, we get:

(divh Vi, p = Pr) 20y = Z Z (p*pl,h,vh-nf,e)Lz(Ff) + e(u,up, vp). (7.5.60)
LeT fETRy

We write: p — p1,n = (p —m1(p)) + (71(p) — p1,n) where m1(p) — p1,n € P (Th).
Hence, using (7 ) and (7.4.3)), it holds, for all v, € Xg p:

> > @—pinva ‘nye)p2p,| SO (h I V(P —7m1(p) L2y + I(Id = mo) (71 (p) — Pl,h)l\Lz(g)) valln.  (7.5.61)
LeTk fE€ETR

According to , we have: || V(p — m1(p))llp2() < o v l(u,p)lly. To bound the second term of (7.5.61), notice first that:
(Id — mo)(mw1(p) — p1,n) = (Id — mo)(m1(p) — pr) = (Id — mo)(m1(p) — p) + (Id — mo)(p — pn)-
Using a triangular inequality, we deduce that:
(1 = 70) (m1(p) — P12y < 1(Td = 70)(m1.(p) = Pl L2y + (Td = o) (P = i) 12y
‘We now use and to bound the first and the second term in the above equation:

1(7d = 7o) (x1.(p) — P11l 20y S v k(D)o + v Caiv o (. D), -
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Finally, we have:

g+l
> > eepinvi npde, | Sve T Al )l valla- (7.5.62)
LeT fETR

Using (7.5.62) and (7.5.54) in (7.5.60), it holds, for all v;, € Xg p:

(v vip = pr) 20y | S v o 1@ D) Ve (7.5.63)
Let go,n = —7o(p — pr). Consider Equation (7.5.63) with Vao , € Xo,n built like v, in Lemma We have:

-1 2 . —1
v lmo(p = pr)llp2(q) = (dive Vg 5P — Pr)2(q) and [[veg p, lln < v7 7 Caivlimo(p — pr)ll 2 q)-

Using this in (7.5.63)), we deduce that:

(4d+1) h H(u

—1 2 4d+1
v HTVO(I?—QD}L)HLZ(Q) SVU 7p)”l/”v7rg(q)”h S‘T( + )Cdivh”(uap)HV|‘770(p_pll)‘|L2(Q)'

Simplifying by v~ ||mo(p — Pr)llL2(q), we obtain (7.5.48). S

Remark 7.5.4. Consider inhomogeneous boundary conditions: ujpq = g € H%((?Q) such that f39g~
njpo = 0. One can proceed as explained in [121, Section 7]. Let us set yoo(Xn) := {Vhjaq such that vy, €
X} and:

Gy = {Vh € vo0(Xp) and / Vh Do = 0} . Gy o= {vi € 790(Xs) and Yay, € Qn, bu(Vh, qn) = 0}.
29

According to [121), Lemma 9], Gj, = {vi, € vaa(X4) and Vg, € Qo n, (divy, vi, ) = 0}. Hence, G), C
G,. Notice that we can extend the definition of our Fortin operator I1;, from H(Q) to X}, (cf. Proposition
. Alternatively, one can prove discrete T-coercivity of the bilinear form ap(-,-), and use the second
Strang’s Lemma [T48, §27.4.2] to compute error estimates. We won’t go into more detail here, as it’s
fairly technical.

We proved the convergence of the PL_ x (P + P!) finite element. In the next section, we prove that
we can obtain optimal error estimates in 2D.

7.5.5 Optimal error estimates in 2D

We consider here  C R2. In order to exhibit some convergence properties of the PL_ x (P?+ P1) finite
element method, we need the two next Lemmas:

Lemma 7.5.2. Let vj, € V.. Then for all 21 € Q2.1 (V q2,n, Vi)L2(0) = 0.

P?”OOf. Integrating by parts and using Proposition , we get that for all g2, € Q2,5 and for all g1, € Q1 1t

> (Vaz,n, vi)L2(x,) = - > /F a2nlvaly mp=— > (g2,n — q1,n)[Ve]s -my.

LET g fETR fezp ' ¥y

Hence, we obtain for all g2,5, € Q2,5 and for all g1, € Q1,n:

Z (Vao,n,vi)L2(x,) = -~ Z (g2,n — q1,0)[Vh — ¥, ;15 -my
3% fezp ' Ey

= -> > / (g2,n — q1,0) (Vi — ¥y, ;) "Dy

Lelk fETR

Let us build g1, € Q1,5 such that for all ¢ € Zs, q1,1(Si) = g2,n(Si). Then, for all f € Zr, the polynomial (g2,, —q1,n) (VL —V, f),
which is of order 3, vanishes at the vertices and in the middle of F'y. Using the Simpson’s rule which is exact for order 3 polynomials,
we obtain that

/ (g2,n — q1,0) (Ve — ¥y, ;) g0 =0.
Fr
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Lemma 7.5.3. Let ¢ € H3(2) N L?

Zmuv

() such that ||gsqy # 0. Then, for all v, € Ve,
(V o, vi)rz@) S o h? |las@) [VallLz@)- (7.5.64)

PTOOf. Let Z5 5, be the PZ2-interpolation operator on T;. Due to Lemma , for all v € V., we have: (V ¢7vh)L2(Q) =
(V(d —Z2,n(9)), Vi )LQ(Q)A Using Cauchy-Schwarz inequality and [I47, Theorem I1.13], we get that:

(Vé,vi)rziay| < I1V(P — L2 n(d)llLz(o) IVallLz(o) S o h® (6123 ) IVRllL2 (o)

We can now prove the following result.

Theorem 7.5.5 (Pressure robustness). Suppose that Q is convex. Let ¢ € H3(Q2) N L2, (Q) such
that |¢| sy # 0. Consider Problem (7.2.1) with £ =V ¢. Then the solution to Problem (7.2.1) is such

that: (u,p) = (0,¢). Let (up,pp) be the solution to Problem (7.5.32)). It is such that:

viwln S 0?0 dlms @), (7.5.65)

vl S oY Rt 6]psq) (7.5.66)

(¢ —pn) —mo(d —pu)llzeey S PR |lu2 (@), (7.5.67)
Imo(d —pr)llr2@) S Caiv o 0% (@2 (q). (7.5.68)

P?”OOf. Setting v, = uj € Ve, as test-function in Problem (7.5.32)), using Lemma [7.5.2} integrating by parts, we have:

vianlly = (V6 = Zon(@)un)pae) = D D (@ =Ton(d),un npe)p2p))-

teli fETpy

Hence, using (7.4.2)) and [I47] Theorem 11.13], we obtain:
2 2,3
vilnlll S ok V(6 = Ton (@) ln2ge) lunln S 0B 168, lunln:

We deduce (7.5.65). Using this estimate in the proof of (7.5.46)), we obtain (7.5.66)). The proofs of estimates (7.5.67)-(7.5.68)
are similar to the proofs of estimates (7.5.47)-(7.5.48)), using (7.5.65)-(7.5.66) and the fact that since ¢ € H>(Q2), || V(¢ —
T (A)IL2() S ohldl g2 ¢

Remark 7.5.5. In the case of nonhomogeneous Dirichlet boundary conditions, we consider Problem
[B7-3 given in Appendiz[B} We can use T-coercivity to state the well-posedness of the bilinear form
ap(+,-) defined (7.5.31). The proof of convergence relies on the second Strang’s Lemma [148, Lemma
27.15).

Numerical results illustrating the optimal convergence rates are given in §7.5.6|

7.5.6 Numerical illustration [A13), W1]

zZmov

values e§(uy,), € (uy,) and €f(pp) (cf. definition|7.4.1)). Let 70 4, 71,u and 7, be the averaged convergence
rates of e (uy), €f(up) and € (pp).

To get py, € L?,,,(Q), we eliminate a degree of freedom in PY;_.(7,). We compute the discrete errors

We first consider a 2D case illustrating Theorem [7.5.5] with the prescribed solution u =0, f = V¢
with ¢(z,y) = exp(—=10(1 —z+2y)). Figureshows eb(uyp,), €Y (uy) and &4 (py) against h, for v = 1072,
with PO (left) or PY + P! (right) discrete pressures, comparing the PL. x PY [121, Example 4] and
P!, x (P° + P') schemes. Table reports observed convergence rates, which are better for the
Pl x (P° 4 P!) scheme.

Second, we consider stationary Navier-Stokes equations set in @ = (0,1)%: Find (u,p) such that
—vAu+u-Vu+ Vp="fand divu = 0 in 2, with nonhomogeneous Dirichlet boundary conditions.
Computations are done with the TrioCFD code [11}, [AT3] with the Pl  x (P° + P!) scheme. The
convection term is discretized using the MUSCL scheme [IT), [AT3]. We study the prescribed solution
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u=(y—zz-—zc—y’, p= %(xQ +y? +2%) —ay — 2z — yz — 1/4 so that f = 0. Figureshows
e (uy,) (left) and €4(pp) (right) against h, for v = 10~1; 1072; 1073. Table reports the convergence
rates 7,y (left), and 7, (right).

10~ — — — 101

L e
10-3 il tlf/f*t:' E _

-3
.{/»I'f;}r/' ~ 10 /:/./.
g oag e q,
= - /Q/
2 1078 i + 107 el
<
j’: & gl /-/. /
S 1077 X 1077 o
'/'/ 2 /
£ 10 1070
10~ 5101t
=
™, —e—cl(uy) =¥ (uy) i / —o—cg(uy) —=—ef(up)
107 v 10 L
LT o cbon) ./ e o(l’h)
101 1073 1072 107! 1074 1072 1077 1071

h h

Figure 7.2: 2D case. Plots of €5 (uy,), €% (uy,) and &f(py,) for v = 1072

P’ | P°4 P | P’ | P°4 P! | PY | PO+ P! |
Tow 202 403 | 7. 101] 307 | 7, 160 210 |

Table 7.5: 2D case, averaged convergence rates on the last five meshes.

——y=10"' =y =102 ——y=10"" =y =102

10-2 |- =10"3 | ey =103 /
~ F 1 1072k

\\
b
\
i\

1
Eiin

é 10-7 r/' —— el é
s = so
W ’//4 w 107°
107% ¢ = =
10';7 N N A A A R 10-6 Ll I N A
1073 1072 107! 10-° 1072 1071

h h

Figure 7.3: 3D case. Plots of &5(uy,) and }(pp) for v =107, v =10"2 or v = 1073.

More numerical results are available in [I75} 153} (1} [165]. The P, x (P° + P') scheme shows good
approximation properties and should therefore be suitable for solving the Navier-Stokes equations in

the context of industrial simulation. More generally, it seems interesting to design and study discrete
pressure enrichment for higher order nonconforming Crouzeix-Raviart mixed FEM [227] [228)].

Another strategy to improve the accuracy of the PL. x PP finite elements may be to modify the
discretization of the gradient of the pressure, as we will see next.
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v 107t [ 1072 [ 107 v 107t [ 1072|107
Tom 168 | 1.88 | 1.41 070 | 1.72 | 1.35

Table 7.6: 3D case, averaged convergence rates on the last three meshes.

7.6 The P x P!,

ps

scheme [P3], P4, 210]

We propose in this Section to use the symmetric MPFA scheme (where MPFA stands for multi-points flux
approximation) to discretize the pressure gradient term in , in the case of a simplicial triangulation.
This scheme is part of the gradient scheme formalism and the resulting diffusion operator is consistent
with the hypothesis given by [136, Theorem 12.5]. The discrete pressure space remains Qg . We call
this new scheme the P} x P&ps scheme. Our aim is to design a scheme with only PY unknowns for the
pressure, and which would be more precise than the PL, x PY scheme.

7.6.1 Description of the scheme

The P;, x Py, scheme has been implemented in 2D on an Octave model and in 3D in the TrioCFD
code. We refer to [210] §5.2] for the 3D case. Another description of this scheme, based on the relation
between nonconforming finite elements and the symmetric MPFA scheme, is proposed in Appendix

Consider the 2D case. To design the scheme, initially proposed by Le Potier in [186] [I87], we start by
splitting the triangles into three quadrangles, connecting the barycentre of the triangle to the midpoint
of each edges. Considering some g € Qo , we will calculate an affine approximation of )y on each
quadrangle. To do so, we need to add temporary auxiliary unknowns located on the third of the edges.
Let us introduce some notations.

Let j € Ts. We define the macro-element M, such that ﬂj = ﬂ K. Let renumber the vertices
LeTlk
so that: So = S;, Zso = {1,..., Nso} and for all i € Zg, S;Siy1 € Fi (setting Sngo4+1 = Sng,). For
i € Lgo we have:

e The triangle K; = S¢5;5;+1, and we call its barycentre G;.

The edge F; = Sy.5;, of barycentre M;.

F; 0 the edge opposite to Sp in Kj.

The half-edges F; = SoM;.

The quadrangle Q; = SoM;G;M; 1.

For i, j € Ig,y, we denote by S; ; the normal vector outgoing of K; in F; and of norm |F}|. For i € Zg,
we call S; ¢ the normal vector outgoing of K; at F; ¢. In Figure we represent M in case Ngg = 6
and in Figure we represent the triangle K; with the vectors (S, j)?:o and its barycentre G1. Let
qn € Qo,n- We set qp i, ==,

Suppose first that Sy € , as in Figure We build a piecewise affine approximation of ¢; on each
quadrangle (Q;)iezs ., called gx. To do so, we introduce discrete pressure values (;)iezs, on the thirds
of the inner edges of My, cf. Figure For all j € Zs;, we define Goi(qn) := V Gnjq,, using an
integration by parts as it is done in [I86, §3] and [I88, §1.1.1]:

) S 81 S Siii.
Qi Go,i =/ Go,i(qn) =/ GnnjoQ; = Qi% + Git1 121’2 +7; (— Lt ZH”) .
Qi 0Q;

i

d d
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So
(a) Macro-element Mg = S1...S6 (b) Triangle K1 = S0.5152

Figure 7.4: Notations, Ngo = 6 and j € Z§.

52 Sl 52 Sl

Se
. q .
S5
Sy

Sy

(a) Quadrangles (Q;)3_, (b) Discrete pressures (g;, )5,

Figure 7.5: MPFA scheme, Ngo = 6 and j € Z%.

a) Quadrangles (Q;)%_ b) Discrete pressures (G, §; )
i=1 K3 i=1

Figure 7.6: MPFA scheme, Ngo =4 and j € Z.

Noticing that Q; = |K;|/d + 1, we have:

1 . _\Sii . _Siy1 d+1 . . _
Go.ilqn) = @ ((Qz — q1)7 + (Giv1 — G;) —;1 ) = m (GiSiyi + Git1Si+1,i +7:S0,) (7.6.1)

In order to (weakly) preserve the continuity of the normal component of the flux across the inner edges
of My, we write:

Vi€ Zs, Goy-Siit1+G0,i+1 - Sit1,i41 =0. (7.6.2)

Having Ng, equations and as many unknowns, we can evaluate the auxiliary discrete pressure values
(Gi)iezs, with data (q;)iczs,, and then express pressure gradients (Go,i(qn))iczs, (7.6.1).
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Suppose now that Sy € 0€), as in Figure We need to explicit the auxiliary discrete pressure
values located on 0 (i.e. ¢ and g4 in Figure [7.6(b)). Recall that Vp = f + vAu. Suppose that
f-njpq € L'(09). Noticing that ¥ may be very small, we impose that for all i € Zg ¢ such that F; C 9Q:

[ Gi-np, :/ fong. (7.6.3)
Fi Fi

Again, the auxiliary discrete pressure values solve a well posed linear system. They can be written with
the P? values (@;)iczs, and we can explicitly express the gradients (Go,i(qn))iezs.o-

For i € Tg, we let (Qs,5)jezs, be the set of quadrangles built around S;, and we call Q;, the mesh of
all the quadrangles Qp := ((Qi,j)jezs,; )iezs - Let gn € Qo,n and i € Zg. In the macro-element M;, we
call G; ;(qn) the local reconstructed gradient of g;,. We now define the MPFA gradient reconstruction as
the operator Gy, : Q, — P°(Qy) such that for all g5 € Qp:

Vi € s, Vj € Isi, Gnlan)|q,, = Gij(an,)- (7.6.4)

Alternatively, one can enhance the space of discrete pressures, adding the auxiliary unknowns on the
boundary as degrees of freedom. The symmetric MPFA scheme applied to the diffusion operator exhibits
some properties:

Proposition 7.6.1 ([186], Proposition 2 and 3], [197], Theorem 3.21). The consistent approxi-
mation of fluzes in the symmetric MPFA scheme is achieved using triangles and p € C?(Q). Additionally,
exact approximation of gradients for affine functions is obtained by selecting the auxiliary pressure un-
knowns at the thirds of the edges. Furthermore, the symmetric MPFA scheme exhibits properties of
consistency, coercivity, and convergence.

The discretization of ((7.2.1)) with ¢ = 0 using the MPFA scheme to discretize the pressure gradient
reads: Find (up,pp) € &j such that for all (vp,qpn) € Xy

v(up, vi)n + (Vi Gn(qn))2) — (dive vi, qn) 2 ) = Le((Va, qn) ), (7.6.5)

where Xj, = X, X Qo and l¢(-) is defined in (7.4.9).
We didn’t prove yet that problem (|7.6.5) is well-posed. Nevertheless, we obtained interesting numer-
ical results.

7.6.2 Numerical results [P3]

We give some 2D numerical results which compare the P} x P&ps scheme to the P! x P% and Pl x
(P° + P') schemes. Computation are done with an Octave digital mockup.

Consider problem (7.2.1)) set in = (0,1)? with prescribed solution (u,p) = (0,). When ¢ is an
affine function, we obtain uj, = 0 up to machine precision for both the Py, x (P°+ P') and P, x Py,

scheme. When ¢ is some quadratic function, we obtain u; = 0 up to machine precision for the P x
(P° + P') scheme, cf. Lemma [7.5.2

We consider problem with prescribed solution (u,p) = (0,sin(27z) sin(27y)). In Figure
we plot ef(uy) and ef(pp) against the mesh step h in the logarithmic scale. Notice that in that case,
these errors don’t depend on v. The P, x (P° 4+ P!) and P}, x P&ps schemes are more accurate than
the PL_ x PY scheme.

Second, we consider problem (7.2.1)) with = 10~ and prescribed solution

" ( (cos(2mx) — 1) sin(2my)

—cos(2my) + 1) Sin(27r:1c)> ; p=sin(2mz) sin(2my)). (7.6.6)

In Figure we plot €f(up) and ef(pr) against the mesh step h in the logarithmic scale. Again, the
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Pl x(P°+Pl) and P}, x P&ps schemes are more accurate than the Pl x P° scheme. The convergence
rates are similar to that of the first test.

Other numerical results are available in [P3, [P4, 210], in particular in 3D for the Navier-Stokes
equations. In [210], several variants of this scheme are described, in particular for the discretization
of the boundary auxiliary unknowns. This method delivers promising results and it could be a good
compromise between the P! x (P°+ P1) and the P} x P° schemes. Next, we intend to prove that the
problem is well posed and to validate the scheme using industrial benchmarks.

1072 ¢

1073

| L 555
Lot i .////////,,.(//,,////” / ///i 10 ; .//////////.//////////.( ;
E = | 5 : //iijji

&g (un)
Y
\

E ./ —e— PO —m—pYpt . 2 —e— PO —m popt
[ i Pl 104 | Pl

0-2 107 1072 107
h h

Figure 7.7: First test. Plots of g (uy) (left) and ef(pp) (right).
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Figure 7.8: Second test. Plots of ef(uy) (left) and e (pp) (right).

Test | 7 | PL,x P° | PL, x (P°+P") | P, x P,
| 206 4.00 2.89
Case LI 01 103 2.05 2.04
Case s | 70| 206 3.99 2.89
7 | 103 2.05 2.04

Table 7.7: Average convergence rates.

Comparing the error estimates with respect to the mesh size, the P x P&ps scheme is more effective
than P} x P? scheme, but it isn’t as effective as the PL_ x (P + P'). Further investigation is required
in the 3D case. Notice that the MPFA scheme can be used on triangulations with general meshes. Thus,
one could expect to extend the P! x P&ps scheme with the lowest order of the Hybrid High Order
approximation for the velocity, cf. [I122]. Indeed, this discretization, which is adapted polytopal meshes,
corresponds to the non-conforming discretization in the case of a simplicial triangulation.

In the next Section, we propose a new approach to improve the PL_ x P? discretization, using explicit
T-coercivity.
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7.7 Explicit T-coercivity [A5]

We solve the classical incompressible Stokes model, with g = 0. Let A > 1(Cgiy)%. In remark we
introduced the operator T € L(X) defined by:

Tv:X —R

7.7.1

{ (viq) = (Av—-vlv,-Aq)’ ( )

where v, € V4 is given by (4.3.1): divv, = ¢ and [Vl ) < Caiv [lgllr2q). We now write the varia-

tional formulation ([7.2.4)) with test function T ( (v, q) ) instead of (v, q). Let us define ay ((u’,p’), (v,q)) =
a ((0,p"),T(v,q)). We have:

ax (W,p),(v,q)) = v AW, V)mi) — (W, V)i (g
- (p’, div V)LQ(Q) +! (p/, Q)LQ(Q) (772)

+A (g, div u/)LZ(Q) .

The term with v, requires some knowledge of the nonlocal right inverse of the divergence operator. We
will see next that it can be removed. According to Prop. we have the

Proposition 7.7.1. The bilinear form (7.7.2) is coercive.

Introducing £x((v,q)) := ¢(T(v,q) ), we can propose a first new variational formulation to Problem

(7.2.1]) r, which reads:

Find (u,p) € X s.t. ax (0, p), (v,q) =4x((v,q)) V(v,q) € X. (7.7.3)

Using the bijectivity of T, it is obvious that (7.7.3) is equivalent to (7.2.4)), so well-posedness of (7.7.3))
is a direct consequence of the well-posedness of ([7.2.4)), and vice versa.

Let us derive an "explicit" expression of £5((v,q)), which will prove useful later on. We recall that
we have in the sense of distributions:

— A(+) = curlcurl(:) — Vdiv(.), (7.7.4)
so that
V' c H1(Q), Wz, wp) € L2, (Q) x V| =Vzp — Awp =V zp +curlcurlwy,  (7.7.5)
where (wg/, z¢/) solves (7.2.1)) g with v =1 and data f =’ and g = 0.
Proposition 7.7.2. Let f' € H™'(Q). Given q € L2,,,(Q), let V4 € V* be defined by (4.3.1). We have:

(', Vo) = — (20,9 L2(0)- (7.7.6)

P’I’OOf. Let £ be decomposed as in l) On the one hand, integrating by parts twice and using (7.7.4), we get:

—(curlcurlwfu\?q)Hg)(m = —(curlcur10q7wf/>H(1)(m = (A (rq,wf/>H(1)(m —(V q7wf/>Hé(m,

= 7(‘7‘1’wf/)H[1)(Q) + (g, div wf’)LQ(Q) =0,

resp. since divVvy = q, V4 € V¥, wy € V, and divwg = 0.
On the other hand, integrating by parts once, we have: (V zg/, ‘7‘1>H1(Q) = — (z¢, q)Lz(Q), so the claim follows. <o
0

As a consequence of ([7.7.6), we have the
Corollary 7.7.1. The right-hand-side £y is equal to (v,q) — (£, v>H71(Q),H(1)(Q) + vz, q) L2 (Q)-
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7.7.1 New variational formulation using orthogonality

Going back to the original Problem (7.2.1) i, we note that all solutions (u’,p’) to Problem (7.7.3) are
such that u’ € V. So, in the statement of Problem || the term (u’,ffq)Hé(Q) can be removed by
orthogonality from the expression ((7.7.2)) of the bilinear form ay: as a matter of fact, according to (4.3.1)),

for all g € L2, (Q), (1, Vg Hi (o) = 0 because v, € V. Interestingly, in this manner one stabilizes the

expression in the proof of Proposition because the cross term vanishes there: no treatment
is required and the resulting bilinear form is coercive for all A > 0. So, we propose to remove the second
term in the expression of the bilinear form with operator T, that is, we introduce the bilinear
form ay(-,-) such that:

ay: AxX — R
((W,p),(viq)) = vAW,V)myo +v (0,020 : (7.7.7)
+A [(q,div u/)LZ(Q) — (p/,diV V)LQ(Q)]

Proposition 7.7.3. The bilinear form (7.7.7) is coercive.
Proof. We have: ax ('), (a'9)) = w M Iy ) + 07" 19122 gy 2 v min(L ) [ )l - o

With the help of explicit T-coercivity and using orthogonality, we can now propose a second new
variational formulation to Problem (7.2.1)) 7, which reads:

Fi X h th
{ ind (u,p) € X such that (7.7.8)

ax ((u,p), (v,q)) = ME, V)mi ) + v (2, Q) 20) Y(V.q) € X.
By contrast with remark the result below holds for all A > 0.

Theorem 7.7.1. For all A > 0, Problem (7.7.8)) is well-posed and is equivalent to Problem (7.2.1) i with
g=0.

PT’OOf. The bilinear form ay (-, -) is continuous and coercive. Let f € Hfl(Q), and let z¢ be given by , the linear form
£x(+) is continuous. According to Lax-Milgram Theorem, Problem is well-posed. It exists a unique solution (u,p) which
depends continuously on the data. Regarding the equivalence with Problem H with g = 0, we already observed that solving
is equivalent to solving , and that both of them are equivalent to solving Problem H with g = 0. Then, if
(u, p) solves Problem (7.2.1) i with data f € H~(Q) and g = 0, one has in particular that u € V. Hence it follows from the above
that (u, p) solves h data f and g = 0, resp. zf given by . Conversely, assume that (u, p) solves , with data
f € H 1(Q) and z¢ given by . Denote by (uf, p') the solution to Problem H with data f. According to the above and
by linearity, (u — uf, p — p) solves with vanishing data, hence to is equal to (0,0) by uniqueness: in other words, (u, p)
solves Problem H with data f. o

Notice that we can write problem (|7.7.8) with two equations as:

Find (u,p) € X s.t. for all (v,q) € X
(i) v A, V)i — Ap, divv)r2q) = ME, V)H ), (7.7.9)
(i1) Mg, divua)rz(q) + v~ (p, Q2@ = vt (28, 9) L2(0)-

This new variational formulation appears as a stabilized variational formulation, in the sense of §I1.1.2
in [161], pages 120-123. It can be solved once z¢, or a suitable approximation of zg, is available. This
suggests to use ([7.7.9) as a post processing step as follows:

e Compute z¢ by solving numerically the Stokes problem (7.2.2)) with » =1, and data f;

e Solve ([7.7.9) with the data f and the computed z¢.

Notice that we can recover that the solution u to (|7.7.9) belongs to V in a simple manner: let us split
u = ug +uy, where (up,u;) € Vx V*+, so that divu = divu,. Choosing v = u, in (7.7.9)-(i), and
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g =divu in (7.7.9)-(ii), we obtain:
v ”uJ_”%-Ié(Q) —(p,divu)r2o) = (f,ul)mi ) = —(2¢,divu)r2o) (i) (7.7.10)
Al div u||%2(9) + v Hp, divu) 2q) = v (zr, divu) 12 (q) (ii) o

Summing (7.7.10)-(i) and (7.7.10)-(ii) times v, we obtain: v (HULH%I%(Q) + Al div u||%2(m> = 0. Hence,

u; =0 and divu =0.

7.7.2 Numerical algorithms

We solve the classical incompressible Stokes model, with ¢ = 0. We propose below two strategies de-
pending on whether z¢ is known or not. Below, we consider homogeneous Dirichlet boundary conditions
(see appendix for nonhomogeneous Dirichlet boundary conditions).

If z¢ is known, one solves directly. If this is not the case, we propose to start from some approxi-
mate value of z¢, and then to iterate by solving a series of problems like .

So, after discretization, if z¢ is known, one solves a linear system like

Find (U, P) € RY« x R» such that:
VAU - ABTP = \F (7.7.11)
ABU + v 'MP = v 'MZ

where U € R™« represents the discrete velocity, resp. P € R™» the discrete pressure, while F € RN«
stands for £, and Z € R™r stands for z¢. Classically, U (AU|U) measures discrete velocities, P +—
(MP|P) measures discrete pressures and, as a consequence, U — (BU|M™'BU) measures the divergence
of the discrete velocities.
On the other hand, if z¢ is not known, starting from an initial guess P! € R, for n = 0,1,..., one
solves linear systems like
Find (U", P") € RN« x R¥» such that:
VAAU" — ABTP" = \F,

F (7.7.12)
ABU™ + v 'MP" = v 'MP"!

In this situation, one needs to prove that the iterative solver is actually converging, and to provide a
stopping criterion.

Remark 7.7.1. The matriz of Algorithm (7.7.12) is similar to the one of the first-order artificial com-
pressibility algorithm [232, 169, [(170]. In [169] and [I70], the space discretization is done with the MAC
approximation on a Cartesian grid [172]. In [T70], it is also done with the Taylor-Hood finite element
[239].

Theorem 7.7.2 (Convergence). Assume that the matrices A € RN«*Nu gnd M € RM»*Ne gre symmet-
ric positive-definite. Then, the sequence (U™, P™),, of solutions to ((7.7.12)) is converging, and it converges
to (U™, P™) € RN« x RNr which is governed by

Find (U, P>) € RN« x RN such that:
vAU® -BTP>* = F

BU*® = 0
M (P> — P™1) € im(B)

u . (7.7.13)

1 1
P’I“OOf. In the proof, we use the change of variable Y := M2 P € R™N?, and specifically Y™ = M2 P"™ for n > —1. Then let
1
§P" = P" — P" ! and §Y" := (M2 6P") for n > 0.

1/ We notice first that the following recursive relation holds:

Vn >1, (M+ ABA™'BT)6P" =MsP™ 1, (7.7.14)
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1 1
where the matrix ABA™'BY is a symmetric positive matrix. By construction, Y™ = —vAM™2BU" € im(M™ 2B). Since RNp =

. 1ok Tap— L ) Top— L1
im(M™2B) @ ker(B*M™ 2), one has §Y"™ € ker(B* M~ 2 )~ and (7.7.14) reads:
Ll =1 The— 1 n _ n—1
vn>1, (I+XM 2BA" "B M 2)5Y" =6Y" . (7.7.15)

The iteration matrix (I + )\MféBAleTMfé)’l restricted to kcr(]BTMfé)J‘ is a symmetric positive definite matrix, whose
eigenvalues are all strictly smaller than 1. Hence, its spectral radius py is strictly smaller than 1.

2/ We deduce that it exists C € (0, 1) independent of the data and of n such that for all n > 1, |6Y ™| < Cx|6Y " !|2. Thus,
the series 3, -, 6Y™ is a convergent series. Noticing that Zg:o 5Y™ = YN — Y !, we conclude that the sequence &™), is a

1 1

convergent sequence and we set Y°° = lim,, ;oo Y. By construction Y*° —Y "1 € im(M™ 2B) = ker(BTM™ 2 )L, and for all n, the
1 1

algorithm doesn’t change the orthogonal projection of Y™ onto ker(BTM™ 2 ), which is equal to that of Y ~! onto ker(BTM™2).

3/ Because M% is invertible, we obtain that the sequence (P"), is also a convergent sequence and we call P> = M_%X‘X’ its
limit. In the same way, noting that A is invertible, we obtain that the sequence (U™), is a convergent sequence and we call
U>® =v 'A™NE, + BT P>) its limit.

Passing to the limit, it holds that BU® = 0 and M(P>° — P~ ') € im(B). ©

Remark 7.7.2. In the above proof, we notice that the mapping A — py is monotonically decreasing. In
dedicated to the numerical experiments, we set the value of X equal to 1 or 10.

Remark 7.7.3. There are two exclusive cases for Problem (7.7.13]):

e cither, im(B) = RNr: a discrete inf-sup condition holds. Uniqueness of P is guaranteed and the
last line is trivial ;

e or, im(B) C RMv: there is no discrete inf-sup condition. However in this case, the last line
guarantees the uniqueness of P°°. As a matter of fact, the algorithm does not change the orthogonal
projection of P™ onto ker(B™), which is equal to that of P~* onto ker(BT), where orthogonality is
understood with respect to the inner product (M - |-).

Let us consider that the assumptions of Theorem [7.7.2] hold. A critical ingredient is to define the
stopping criterion, in particular what are the relevant quantities of interest. By definition, (MéP"|6P") =
|6Y ™| is strictly monotonically decreasing. Hence, denoting by | - |4 : U + (AU|U)'/? the norm of the
discrete velocity, resp. | - [y : P+~ (MP|P)'/? the norm of the discrete pressure, we define the stopping
criterion by comparing the adimensionalized quantities |0.P" |y and |U"|s (we note that both quantities
are easily computable). This amounts to setting the stopping criterion as

[0P" v < €|U"|a (7.7.16)

for ad hoc € > 0. In our numerical experiments, we fixed n = 1 or n = 8 with e = 10712,
Finally, we recall that BU" stands for the divergence of the discrete velocity divuj, and that one aims
at diminishing the value of its norm. Considering again the auxiliary variable Y™ introduced in the
proof of Theorem [7.7.2} we find:

N MTY2BUM 2 = w2 oY 2.

As a consequence of the proof of the previous Theorem, we infer that the sequence of norms (|[M~'/2BU"|5),,
is strictly monotonically decreasing, and so is (|| div uj||z2(q))n-

7.7.3 Discretization

We solve numerically the new variational formulation, written like in Problem (7.7.9). Below, we consider
homogeneous Dirichlet boundary conditions (see appendix for nonhomogeneous Dirichlet boundary
conditions).
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Discretizations

Consider (73), a simplicial triangulation sequence of . We use the notations of Section We define
the conforming spaces of P¥-Lagrange functions:

Vi ={v, € H'(Q); VT € Th, vpr € PXT)}, Vi, = {on € V5 wpjan =0} .

We set Vi := (VF)? and V§ ,, := (V)% We call Qf := PJ,,.(Tn) N L2,,,(92). Notice that V{  x Q¥ ¢
H(Q) x L2,,,(Q) and divVE, C Q).

zZmuv

Let k > 1. The (conforming) discretization of Problem (7.7.9) with Taylor-Hood P* x P¥~! finite

disc
element reads:

Find (up,pp) € V’g’h x QF 1 s.t. for all (v, qn) € V’&h x QR

y/\(uh,vh)Hll)(Q) — /\(ph,div Vh)LQ(Q) = )‘<fvvh>H(1J(Q)a (7.7.17)
Aagn, divug) g2y + v Py gn) L2) = v (26, 40) 22 (@)

Write f = —vAu+ V z¢ (recall (7.2.1) z¢ = p), so that Problem ((7.7.17) reads:

Find (up,pr) € VE, x Q" sit. for all (vi, qn) € VE, x Qp~ "

v )\(llh, vh)Hé(Q) — )\(ph, div Vh)LQ(Q) =V )\(11, Vh)Hé(Q) — )\(Zf, div Vh)L2(Q)7 (7718)

Aan, divup) 20y + v~ Py an) L2) = v (28, an) L2 (0)-
Remark 7.7.4. It is well known that discretizing with the Taylor-Hood P* x Pfi;cl finite element,
k > 1, is not stable on all shape regular meshes [50]. A wide range of strategies to get round this problem
have been explored for years. Below is a quick overview of these strategies:

e The discrete velocity space can be enriched see [14, (15, [24), [83, 193] for k = 1.
o The discrete variational formulation can be stabilized, see [47, (25, (249, (5] for k =1, [3] for k = 2.

e The mesh can be designed in such a way that the uniform discrete inf-sup condition applies, see
[T19] for k = 1, [230, (221, 23] for k > 1.

Error estimate when z¢ is known

Let Ty be the L?(Q)-orthogonal projection operator from L*(Q) to V§, and ITj 4y be the L*(Q)-
orthogonal projection operator from L?(2) to P¥~1(7;,). We have the

disc

Proposition 7.7.4. Let (u,p) € X be the solution to Problem (7.7.9) and (un,pp) € Xn be the solution
to Problem (7.7.17)). We have the following error estimate:

I (ah = P = Thag26) |y, < (14 VA u = Ty cytalags - (7.7.19)

Suppose that u € P*(Q). Then uy = u and pj, = Iy, qg 2t

Notice that the error estimate for the velocity is fully independent of the pressure. Hence, the
(conforming) discretization of Problem (7.7.9) with P* x P¥~1 and for which z is known is a so called

disc
pressure robust method for which the discrete velocity u, tends to u independently of v. The discrete
pressure p, tends to I 442¢ all the faster the smaller v is. Interestingly, we remark that if u = 0, then
ITj, cqu = 0, so that up = 0 and pj, = IIj, 442¢, even for k =1 (see Section [7.7.5).
Let us now prove Proposition
PT'OOf. Setting zg,n = ln,qg2e, We have: (Zf,diVV;L)Lz(Q> = (Zf,h,divvh)L2<Q) and (Zf,qh)Lz(Q> = (Zf’}L,Q}L)LQ(Q) for all
vy € V(’f’h, and all g, € Qﬁfl. Summing both equations of Problem (7.7.18) and reshuffling terms, it comes:
Find (up,pn) € V(];h X le—l s.t. for all (vp,qn) € V(I;,h X Q:71 : (7.7.20)
vA(up — u, vh)H(l)(Q) +v7t (Pr — 2£.n, qh)LQ(Q) = Mpn — z¢,n,div Vh)LQ(Q) — X(qn, div uh)LQ(S])‘ o
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Choosing v, = up — Iy cgu = (up —u) + (u — Iy cgu) and g = pr — 2z¢,, in (7.7.20), and dividing by X v, we obtain:
2 -1 -2 2 -1 .
”uh - uHH(l)(Q) + (up —u,u— Hh,cgu)H(l)(Q) +A v th - Zf,hHLZ(Q) = -V (ph — zf,p, div Hh,cgu)L2(Q)-
Hence, using Cauchy-Schwarz inequality, letting du = uj, — u we get:

2 -1, -2 2
||5“||Hé<g) ATV pn = zenllr2 g )
< ”6“”1-1(1](9) H“ - Hh,cgu”H(ll(Q) + v th - Zf,hHLZ(Q) ” div Hh,cgUHLQ(Q)

< (80l ) + A0 29 = 201132 0)) /210 = Thhcgully o) + Al iV ITn cull22 )2,

Finally || div Hh,cguHLZ(Q) < Vd [lu— H}L,Cg“”H(l)(Q)? so we have: [[(up —u,pp — Zf,h)”)c‘,x/iu <VI+di|u-— thb‘yuHH(l)(Q)-

Ifuce Pk(ﬂ), then ITj, cgu = u and the right-hand side is equal to 0. Hence, uy = u and pj, = 2¢ p. o

Error estimate when z¢ is not known

If z¢ is not known explicitly, let us assume that we have at hand an approximation pzld € Qlfb_l and use
it to solve the following approximation of Problem (7.7.9):

Find (1,p) € X s.t. for all (v,q) € X :
A, Vg ) — AD, div V) r29) = ME, V) ). (7.7.21)

Ma,diva) 20y + v (5, @) 20) = v (00, @) L2 () -

Let us write again f = —vAu + V z¢, so that Problem ([7.7.21)) reads:

Find (0,p) € X s.t. for all (v,q) € X :
vA(Q—u, V)mi o) — AP — 2¢,div V)2 q) =0, (7.7.22)
Mg, diva) g2y + v~ (5 — %, @) 2(0) = 0.

Proposition 7.7.5. Let (u,p) € X be the solution to Problem (7.7.9) and (01,p) € X be the solution to
Problem (7.7.21)). We have the following estimates:

{ 19 — 2¢ll L2 )
|

Iz = Pl L2 ()5 (7.7.23)
[ — | o)

(VAD) Mz = 22 -

IAIA

P’I“OOf. Choosing v=u—u and ¢ = p — z¢ in (7.7.22), summing both equations and dividing by A v, it comes:
~ 2 —1 -2 - 1d ~
o = ullgy gy + A7 v (6= PR P = 26)L2() = O-

old

Writing p — p5' @ = (p — 2¢) + (z¢ — pzld’), we obtain:

~ - 2 —1 -2 1d ~ -1 -2 1d ~
(@ —u,p—z2e)lly ox, = =X v (2£—pp B —28)200) SA v llze = pp “llp2eo) 18— 22l 12(qy-
‘We obtain successively estimates (7.7.23)). o

The discretization of Problem (7.7.21)) with P* — P*~! finite element reads:

disc

Find (@, ppe) € VE, x Q)" s.t. for all (vy, qn) € VE, x Qp "
v )\(flh, Vh)Hé(Q) - )\(pzew7 div Vh)Lz(Q) = )\<f, Vh>Hé(Q)v (7724)
Man, divag) rz2) + v (02 an) 12) = v (09, an) 120

Theorem 7.7.3. Let (u,p) € X be the solution to Problem (7.7.9) and (a,ppe?) € X be the solution
to Problem (7.7.24)). We have the following error estimate:

[(@n —w,pp™ =M agze)l x5, < VAA+1]lu—TIh coulley o)

7.7.25
+(VA) T [y gg2e — P3| L2 (0 - | !

144



Suppose that u € (P*(Q))?. Then Ij, cqu = u and we obtain the estimate below:

(8 = WP = g0l v < (VA (a2t — 52 120 (7.7.26)

In particular, if pﬁld is a convergent approximation of IIj, 442¢, the solution (@, pp™) is also a good
approximation of (u,IIj 442¢). Interestingly, the above with k = 1 corresponds to the P! x P finite
element pair, which is known to be unstable for the discretization of the usual variational formulation

(7.2.2)) of the Stokes problem.
Let us prove Theorem

P?“OOf. Setting z¢ p, = Il 42, we have: <f7V’L>H(1](Q) = V(u,V}L)H(1)<0) — (z¢,n,div V;L)L2<Q) for all vy, € ngh. Hence, Problem
(7.7.24) can be written as:

Find (i, pp®®) € VE ,, x QF ™" s.t. for all (vi,qn) € VE, x Q™"
v (@, — u, vh,)Hé(Q) = AR = ze,n,divVa) 2y = 0, (7.7.27)

new

Aan, div@n) 20y + v (PR = P2 an) L2 () = O-
Choosing (v, qn) = (ap — Hp cqu, pp®Y — 2z¢ ) in Problem (7.7.27), we have:

new

{ v A(Qp —u,ap — Hh,cgU)H(l)(Q) = Mpr®" = zg,n, div(tp — Ip,cgu))p2 gy =0,

PR = ze,n, divEn) L2 () + v (PR — PR PR = 26,0) L2y = O-

Summing both equations and dividing by A v, it now comes:

(Ap —u, 0y — Hh,cgu)H(1)<Q) AT TR (et =t ppe — z6,0)p2(0) v PR = 2, div Oh,egu) 2 (q) = 0.
Noticing that @1y, — p,cqu = (@1, — u) + (u — IIj, cgu) and pPe™ — pold = (P — 2 1) + (26,0 — PIL?), we get:
[[(@n — u, pp ™ — zf,h)”igy\/j,/ + (p —u,u— Hh,cyu)Hé(Q)
TN T2 (zpp — pRH, PO — 28,n)12(0) v (pReY — 2¢ p,, div Hh,cqu) 2y = 0.
Using Cauchy-Schwarz, we deduce that:
G =, = e s, < i = ullig oy 18— gty o)

+(\F)‘V)_l llpr " — Zf,h”L2(sz) <(ﬁl’)_1 llze,n — ledHLQ(Q) + \/XH div Hh,cg“HLz(Q)) :

Using again Cauchy-Schwarz inequality as in the proof of Proposition , together with || div thcguHLg(Q) <+d [[u—=TTp cqull g1 (@)
0
we obtain the estimates (7.7.25])) and (7.7.26)). o

7.7.4 Discussion on the error indicators

As we noted after stating Theorem if the error indicator on the pressure ||z¢,;, — p3'?|| 12(o) is small,
s0 is [|ze,n — Pp°" |l L2(0). Indeed, assuming that the errors on the velocities are negligible compared to
these indicators, one derives from the bound [|z¢,, =P || 12(0) < |26, 15| 2(q2)- Interestingly,
this situation is likely to occur when the viscosity is small, since there is a multiplicative factor equal to
(v Av)~! in front of the error indicators on the pressure. This further justifies the use of the iterative
algorithm presented in Section in this case.

7.7.5 Numerical illustration

In this Section, the computations are performed on a Dell Precision 3581 Intel Core i7 laptop. We
propose some numerical experiments with g = 0, depending on whether or not zf is known explicitly. In
the latter case, we first compute some approximation pzld. In principle, either a classical, conforming or
nonconforming, discretization can be used to compute p;’fd. Hence, we apply an iterative approach with
a nonconforming initial computation followed by (several iterations of) our new formulation. we call the
second part the post-processing. For each test-case, (u,p) is given, whereas the viscosity v can vary (see
the discussion after ) The numerical results are obtained on a github platform, implemented in
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Octave language, see [G2].

Resolution algorithm

Consider nonconforming discretization of the classical variational formulation (7.2.2), cf. §7.4] Let
(i)Y be a basis of X, and (¢i)£\;”1 be a basis of Q. We set: U := (U,)N*, where uy, := Zil Ui,
P = (Bi)gvz”l where py, := Zfipl P,¢p;,and F,, := (Em)fil Then F,, ; = £¢((¢,0)) where (¢ (-) is defined
in (7.4.9). Let A € RV« x RNu be the velocity stiffness matrix, B € R x RM« be the velocity-pressure
coupling matrix and M € R x R¥» be the pressure mass matrix. The linear system to be solved is

Find (U, P) € RN« x R¥» such that:
VAU -BTP = F, . (7.7.28)
BU = 0

Let us set K = BA™'B” € RY» x RN». The matrix K is a symmetric matrix, furthermore it is positive
definite as soon as the kernel of BT is reduced to {0}. When it is the case, the coupled velocity-pressure
problem ([7.7.28)) can be solved using the three + one steps below (the fourth step being straightforward):

Prediction: Solve in U, such that vAU, = F,,.

Pressure solver: Solve in P such that KP = —-vABU,. (7.7.29)
Correction: Solve in §U such that v AU = BT P. o
Update: U=0U+U,.

One can check easily that the above computed solution (U, P) solves . The pressure solver with
matrix K is based on the Uzawa algorithm, which is the conjugate gradient algorithm in the context
of the Stokes problem. It can be preconditioned by the inverse of the mass matrix associated to the
discrete pressure M (see e.g. [205, Lemma 5.9]). Thanks to the uniform discrete inf-sup condition, the
number of iterations of the conjugate gradient algorithm is independent of the meshsize. The matrices
M and B are kept with all the Pfi;cl degrees of freedom for the discrete pressure. To take into account
the zero mean value constraint, at each iteration of the preconditioned conjugate gradient algorithm,
the discrete pressure is first computed in L?(2), then orthogonally projected in L2 (). We use the
Cholesky factorization (computed once and for all) to solve linear systems with matrix A.

Consider next the P* x Pfigcl conforming discretization of the variational formulation l) or

(7.7.24). Let (1/%)2]-\[:“1 be the Lagrange basis of V’g,h and (@)j‘fl be the basis of Qi_l. We set: U := (Qz)fvz“l
where uy, = 21111 U;; and P = (Bi)f-v:”l where p;, = vazpl P,pi. We set F, = (F )fV:“l where

—u,i

F, ;=Y and F), = (Em)fiﬁ where F, ; = (z¢,¢i) 2(0), of. (7.7.17), or F, ; = (05!, ¢i) 12(02),
7.7.24))

where the discrete pressure p9'? is an approximation of 2, cf. (7.7.24). The linear system to be solved is

Find (U, P) € RN« x R such that:
VAAU — ABTP — AF . (7.7.30)

U

ABU +v 'MP = v'F,

In that case, we set Ay = A + ABTM !B € R x R+, which is automatically a symmetric positive
definite matrix. To solve the coupled velocity-pressure problem ({7.7.30]), one relies on the two steps below

Velocity solver:  Solve in U such that vA\U = F,, + IB%TM’lﬂp.
Pressure solver: Solve in P such that M P = Ep —vABU.

One can check easily that the above computed solution (U, P) solves ([7.7.30). The matrix Ay can be
assembled easily since M is a block-diagonal matrix. Using P! x P° discretization, the computation of
P is straightforward. Again, matrices M and B are kept with all the P¥_1 degrees of freedom for the

disc

(7.7.31)

discrete pressure. We proceed as before to take into account the zero mean value constraint.
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Remark 7.7.5. We recall that solving the linear system via the solver is not so straight-
forward, even with v = 1. Solving the linear system (7.7.30) is much easier.

Settings

We consider Problem with homogeneous or non homogeneous boundary conditions in = (0, 1)
Let (u,p) be the exact solution, and (uy, p,) be the numerical solution. We compare numerical methods,
showing how the coercive P! x P? formulation can be used in a post-processing step (i.e. solving
with p;’fd known), improving then the approximation of the discrete velocity. In Figures to m
and in Tables to we give the following names to our numerical methods:

e Method with Crouzeix-Raviart (CR): computations are made with the nonconforming Crouzeix-
Raviart PL_ x P° formulation [121, Example 4], which is not a pressure robust method. We call
Pne the resulting discrete pressure.

e Method with exact pressure (EP): computations are made with the coercive P! x P? formulation
(7.7.17) and A = 1, knowing the exact pressure z¢ (i.e. we solve Problem (7.7.17)).

e Method with post-processing (Post): computations are made in two steps. In a first step, we
approximate the pressure by the CR-method. Then, in a post processing step, we use this numerical
pressure as the source term in the EP-method (i.e. we solve Problem with p;’fd = Dnc)
and A = 1 when v = 1, A = 10 else. Unless the stopping criterion (7.7.16) is achieved, we iterate

eight times the second step, updating p9'? at each new iteration. The algorithm corresponds to

Algorithm ([7.7.12)).

Let Nt be the number of triangles. For the velocity, the number of unknowns is of order N,, ~ 3 Np
for the CR-method and N, ~ Np for the EP-method. For the pressure, the number of unknowns is
N, = Ny — 1 for both methods. As a consequence, there are roughly twice as many unknowns for the
CR-method than there are for the EP-method. We report in Table [7.§ the number of unknowns "# dof"
for the numerical tests.

h # dof CR | # dof EP || # dof CR | # dof EP
1.00 x 1071 1048 566 2184 1114
5.00 x 1072 4376 2270 8064 4074
2.50 x 1072 17 368 8846 30464 15314
1.25 x 1072 67816 34230 117664 58 994
6.25 x 1073 272624 136 954 464 448 232 866

Table 7.8: Number of unknowns: first two test cases (left), last test case (right).

We propose three numerical examples based on manufactured solutions. Let 7 .4 be the interpolation
operator from C°(Q) to V(1)7 h- We use the discrete L2-error for the velocity and for the pressure:

e6(up) = [ Znu — upll2 ) /1w, p)lxw, €6 (pr) = v~ Mk agp — prllz) /I (0, p) |l 20 (7.7.32)

where 7, is either equal Zj . (cf. definition [7.4.1)) or 7, o4. For the EP-method and the post-method,
we moreover compare the indicators €, and €} defined by:

e = | V(Zncqu —up)llLzy/ (0, p)lx,p, €p = [[divunllzz2)/l(w,p)l|x,.- (7.7.33)

We first plot the results as error curves for both the velocity and the pressure as a function of the meshsize,
and we give the numerically observed average convergence rates. Second, we report the elapsed CPU
times for the CR-method and the Post-method. In the tables, column "overhead" indicates the ratio
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between the cost of the second (post processing) step for the Post-method and the cost of the first step
(CR-method). Finally, we plot the errors of the two methods as a function of the elapsed CPU times of
the resolution algorithm.

For the Post-method "Post" plots represent the errors after a single iteration of the second step and

"Post-8" plots represent the errors after iterating the second step eight times, updating pffd at each new

iteration, cf. Algorithm (7.7.12)).

Remark 7.7.6. The use of discrete mized formulations with H(div)-conforming projection of the test
function on the right-hand side leads to a pressure robust discrete velocity [194), [66}]. It has been proven
to be an efficient numerical solution to solve Stokes problem when the parameter v is small, however the
H(div)-conforming discrete spaces must be chosen with care. The Post-method can also be used in that
case to obtain an H'-conforming reconstruction of the discrete velocity, see .

Regular manufactured solutions

We postulate that for the EP-method and the Post-method, ef(ur) < Cy h2, where Cj is independent of
the meshsize. The error estimates for the CR-method are given by [121], Theorem 3, Theorem 4, Theorem
6]. Notice that the norm ||(-,-)|lx,, depends on the viscosity v and that the error estimates on
the pressure and the velocity are linked. We check the convergence rates and the viscosity dependency
of the error estimates. The first test enters the framework of Proposition [7.7.4]

e Test case with a linear velocity: Figures [7.9] Tables [7.9H7.10

We consider Problem (7.2.1)) y g with f = V p, where: u = (—y, )T and p = 2® + y3 — 1/2.
The number of unknowns are reported in Table [7.8] (left).

As expected in (7.7.19), the EP-method returns £} (us,) = O(10719), e§(pn) = O(10714) for v = 1;
and g4 (uy) = O(10718), &4 (pr) = O(10717) for v = 1075, so the errors are not reported.

Figure (resp. [7.10)) shows the discrete error values €f(uy,) (left) and ef (pp) (right) plotted against
the meshsize for v = 1 (resp. v = 107%). Notice that the Post-method improves the approximation
initially computed with the CR-method.

Figure shows the discrete error values €f and %, plotted against the meshsize for v = 1075.
Notice that the ratio €% /ey is of order 0.5 for the Post-method with a single iteration and of order 0.1
for the Post-method with eight iterations.

Table shows the average convergence rates for the velocity, 7, and the pressure, 7,. For the
CR-method, the average convergence rate for the pressure, 7, is better than expected, possibly because
the source term is a polynomial of degree 3 which gradient is numerically exactly integrated.

Table shows the CPU times for the CR-method and the Post-method with either one, or eight,
iterations. With our stopping criterion, around 30 iterations of the preconditioned conjugate gradient
algorithm are needed to solve the pressure solver of algorithm with the CR-method: this is
consistent with Remark [7.7.5] By design, the Post-method which includes the CR-method as its first
step requires more CPU time. However, we notice that the CPU time of the second (post processing)
step, the overhead, is only a small fraction of the first step, and also that it decreases dramatically as the
meshsize decreases. This can be explained by the fact that on the one hand, there are fewer unknowns
and, on the other hand, Algorithm is faster than Algorithm (cf. Remark . For the
Post-method, it seems worth doing eight iterations, especially when the meshsize is small.

Figure shows the discrete error values ef(uy) (left) and €§(py) (right) plotted against the CPU
time for v = 1076, To reach &4 (uy) < 2 x 1075, the required CPU time is 0.5 s for the Post-method with
one iteration and less than 0.01s for the Post-method with eight iterations, to be compared with 20 s
for the CR-method.
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Figure 7.9: Linear velocity, v = 1. Plots of €f(uy,) (left) and ef(py) (right).
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Figure 7.10: Linear velocity, v = 1075. Plots of ef(uy,) (left) and f(pp,) (right).
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Figure 7.11: Linear velocity, v = 1075. Plots of £/ (left) and % (right).

e Test case with a sinusoidal solution: Figures Tables

We consider Problem (7.2.1) iy with f = —v A u + V p, where:

(1 —cos(2ma)) sin(27y) . .
= dp= 2 2 .

v ((cos(27ry) —1) sin(27wa) and p =sin(27 ) sin(27y)
The number of unknowns are reported in Table (left).

Figure shows ef(up) (left) and ef(pp) (right) plotted against the meshsize, for v = 1. In that
case, for the Post-method, there is no need doing eight iterations, so we give numerical results for
computations with a single iteration only. The Post-method and the EP-method give similar velocity
errors. The CR-method and the Post-method give similar pressure errors. For a given meshsize h, the
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v 7 | CR | Post | Post-8
1 Ta | 2.03 | 1.99 1.93
T, | 1.5 | 1.59 1.71
10-6 | Tu 2.03 | 1.97 2.53
T, | 1.5 | 1.68 1.78

Table 7.9: Linear velocity. Average convergence rates.

h CPU CR CPU Post | overhead | CPU Post-8 | overhead
1.00 x 1071 [ 4.34 x 1073 | 5.08 x 103 17% 7.40 x 1073 70 %
5.00x 1072 | 2.32 x 1072 | 2.61 x 1072 13% 4.46 x 1072 92 %
2.50 x 1072 | 2.51 x 107! | 2.69 x 10~! 7.2% 3.65 x 107! 45 %
1.25 x 1072 | 3.00 x 1010 | 3.07 x 1010 2.3% 3.54 x 1019 10 %
6.25 x 1073 | 4.89 x 101! | 4.94 x 10! 1.0% 5.20 x 101! 6.3%

Table 7.10: Linear velocity, v = 107%. CPU time (s).
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Figure 7.12: Linear velocity, v = 1075. Plots of f(uy,) (left) and e} (ps) (right) against CPU time (s).

velocity error is smaller for the EP-method and the Post-method than for the CR-method; and the
pressure error is smaller for the CR-method than for the EP-method, but it is obtained at a higher cost.
Notice that the Post-method reduces the velocity error without worsening the pressure error.

Figure shows &4 (uy) (left) and &§(ps) (right) plotted against the meshsize, now for v = 1076.

Both post-processings improve the initial computation. Even with eight iterations, the overhead cost
remains affordable, especially when the meshsize is small.
The EP-method gives much smaller velocity and pressure errors than the CR-method since it is a pressure
robust method. For a given meshsize h, we note that the Post-method allows to reduce the velocity error
by a factor larger than 10. The pressure error of the Post-method using one iteration is close to that of
the CR-method, while it is greatly improved using eight iterations.

Figure shows the discrete error values €f and Y%, plotted against the meshsize for v = 1075.
Tterating several times yields again a significant decrease of the indicators.

Table shows the average convergence rates for the velocity, 7, and the pressure, 7,. In the case
v = 1, the average convergence rates are as expected. In the case v = 1075, the average convergence rate
for the velocity, 7y, is better than expected for the EP-method and the Post-method, and the average
convergence rate for the pressure, 7,, is better than expected for the Post-method, probably because the
asymptotic convergence regime has not been reached.

Table below shows the CPU times for the CR-method and the Post-method with either one, or
eight, iterations. As we have used the same meshes, the computation times are similar to those in Table
[7-10] showing once again that the overhead cost decreases dramatically as the mesh size decreases.
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Figure shows €§(uy,) (right) and eff(pn) (left) plotted against the CPU time for the CR-method
and the Post-method with a single iteration ("Post" plot) or eight iterations ("Post-8" plot). In the
same way as for the first test, we note that to reach &4(up) <5 x 107, the required CPU time is 0.2 s
for the Post-method with one iteration and less than 0.02 s for the Post-method with eight iterations, to
be compared with the CR-method which does not reach this threshold.
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Figure 7.13: Sinusoidal velocity, v = 1. Plots of ef(uy,) (left) and ef(pp) (right).
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Figure 7.14: Sinusoidal velocity, v = 1075. Plots of ¢} (uy,) (left) and &} (pp,) (right).
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Figure 7.15: Sinusoidal velocity, v = 1075. Plots of €/ (left) and €% (right).
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v T CR | EP | Post | Post-8
Ta | 1.99 | 2.07 | 2.06 -
T, | 1.03 | 1.06 | 1.11 —
Tu | 2.05 | 2.17 | 2.47 2.36
T, | 1.31 | 1.07 | 1.47 1.74

1

10-6

Table 7.11: Sinusoidal velocity. Average convergence rates.

h CPU CR CPU Post | overhead | CPU Post-8 | overhead
1.00x 1071 [ 3.85 x 1072 | 4.64 x 10~3 21 % 7.06 x 1073 83%
5.00x 1072 | 2.22 x 1072 | 2.51 x 1072 13% 4.27 x 1072 92 %
250x 1072 | 243 x 107! | 2.58 x 1071 6.2% 3.45 x 1071 42 %
1.25 x 1072 | 4.27 x 100 | 4.34 x 1010 1.6% 4.78 x 1019 12%
6.25 x 1073 | 4.53 x 10+! | 4.57 x 10T! 0.7% 4.82 x 101! 6.4%

Table 7.12: Sinusoidal velocity, v = 107¢. CPU time (s).
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Figure 7.16: Sinusoidal velocity, v = 1075. Plots of € (uy,) and &4(ps) against CPU time (s).

¢ Comment on the algorithm

At this stage, we noticed that eight iterations was a good compromise. In order to design an optimized
algorithm, another stopping criterion could be set by comparing two successive computations of p‘;fd, ie.
comparing [6P" |y to |5£"_1 |- The choice of A could also be further optimized, depending on v and on

the meshsize.
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e Some observations

The coercive P! x P° formulation (EP-method) gives pressure robust results, the obvious limitation being
that it requires to know explicitly the potential of the gradient part of the source term. If it is not known,
the two step method greatly reduces the velocity error, compared with the calculation carried out using
the Crouzeix-Raviart P x P? formulation (CR-method). Moreover, using the second (post processing)
step iteratively greatly improves the initial result. Finally, the reduction factor is greater the smaller v
is.

Low regularity manufactured solution: Figures [7.17] Tables

Last, we consider Problem ~u with a low regularity solution. Let (p, #) be the polar coordinates
centered in (0.5,0.5). Let o = 0.45. We set f = —v Au+ Vp where (u,p) = (p%es, p — [, p). Results
are given for v = 1075, The number of unknowns are reported in Table (right). We used a refined
mesh around (0.5,0.5), where the solution is of low regularity.

Figure shows the discrete error values e (uy) (left) and €f(py) (right) plotted against the mesh-
size. We remark that EP-method shows far better results than the CR-method, and that the Post-method
allows again to improve the approximation of the CR-method.

Figure shows the discrete error values €7 (left) and €Y, (right) plotted against the meshsize. We
have €%, /e¥ ~ 0.5 for the Post-method with a single iteration while €Y, /e} ~ 0.1 or the Post-method with
eight iterations.

Table [7.13] shows the averaged convergence rates between the successive meshes. For the EP-method
and the CR-method, we postulate that, asymptotically, 7y = 1 + o and 7, = . In both cases, the
obtained convergence rates are better than expected, which suggest that the asymptotic convergence
regime is not reached.

Table[7.14] below shows the CPU times for the CR-method and the Post-method with eight iterations.
Again, the overhead cost decreases sharply with the meshsize.

Figure shows the discrete error values €§(uy) (left) and ef(py) (right) against the CPU time for
the CR-method and the Post-method with eight iterations. To reach € (uy) < 107°, the required CPU
time is 0.02 s for the Post-method with eight iterations, to be compared with more than 100 s for the
CR-method.
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= o _
1075 b
= 10°¢
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10-8
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10} i ee—— SERNE
= — S S
10710 L — = —e— CR = EP 10 E —e— CR = EP
F ‘ —e— Post —— Post-8 F —e— Post —— Post-8
10—11 - - Il 10—8 I - il
1072 107t 1072 107t

h h

Figure 7.17: Low regularity velocity, v = 107°. Plots of €§(uy,) (left) and € (pp) (right).
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Figure 7.18: Low regularity velocity, v = 1075. Plots of €/ (left) and €% (right).

7 | CR | EP | Post-8
Ta | 2.0 | 2.2 2.8
T, | 1.6 | 0.7 1.9

Table 7.13: low regularity velocity, v = 1075. Averaged convergence rates.

1072% e 10’1E SR
§\ E
3
v g \\ \\.
10-4 \'\ 1072 |

/
7

TS i A N \'\
2 § =S 1 S0k
-0 ! v \\

E 1 I e

—7 -
10 F -\ 107 m
1078 | | -
J | CR—=—Post8 | | [~ CR—=Post-8 ]
1072 107! 100 10 102 103 10-2 107! 10° 10 10% 103
CPU time (s) CPU time (s)

Figure 7.19: Low regularity velocity, v = 1075. Plots of ¢}(uy,) and &§(ps) against CPU time (s).

Numerical results using Raviart-Thomas projection

The use of Crouzeix-Raviart P} . x P formulation with H(div)-conforming projection of the test function
on the right-hand side leads to a pressure robust discrete velocity [194}[66]. In this case too, we can use the
Post-method to obtain a precise H'-conforming approximation of the discrete velocity. In Figures
we represent e (uy,) and €§(py) against the meshsize for our three tests. For the CR-method, we use
the lowest order Raviart-Thomas projection [194, §3.2] to compute p$'?, which is then used in the Post-
method with A = 1. For the first test (linear velocity), we obtain ¢§(uy,) < 10713 and €} (py,) < 10712, and
regardless, we observe that the errors (close to machine precision for the CR-method) do not deteriorate
when the Post-method is applied. The pressure error £ (pp) remains unchanged for the other two tests.
The approximation of the velocity is improved for all three tests.
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h CPU CR CPU Post-8 | overhead
1.00x 1071 [ 1.12x 1072 | 1.92 x 1072 1%
5.00 x 1072 | 2.77 x 10~ | 3.31 x 107! 19 %
2.50 x 1072 | 3.15 x 101° | 3.40 x 1019 7.9%
1.25 x 1072 | 1.06 x 10T | 1.20 x 10! 13%
6.25 x 1073 | 1.32 x 10*2 | 1.39 x 1012 5%

Table 7.14: Low regularity velocity, v = 1075. CPU time (s).
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Figure 7.20: Linear velocity, v = 1075. Plots of e} (uy,) (left) and € (pp,) (right).
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Figure 7.22: Low regularity velocity, v = 107°. Plots of €(uy,) (left) and € (pp) (right).
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Chapter 8
Perspectives

In Chapter [5] we studied three different electromagnetic models. Concerning the magnetostatic system,
with the help of explicit T-coercivity, we recovered a well-known perturbed variational formulation.
We carried analysis the numerical analysis of its discretization with edge finite elements with more general
assumptions. We also studied the mixed variational formulations of our three models with the weighted
regularization method. This method allows to use continuous vector finite elements, which can be of
interest in the case of Vlasov-Maxwell coupling. We now wish to prove the discrete inf-sup condition.

In Chapter [6] we carried out numerical analysis of the discretization of the neutron diffusion equation
with the DD+L2-jumps method. As I changed of department, this work was taken over by Francois
Madiot and Patrick Ciarlet. The PhD thesis of Léandre Giret was followed by the post-doc of Minh-
Hieu Do, on a posteriori estimators for this equation [I32] 96]. Mario Gervais is currently working
on his PhD thesis on extending these a posteriori estimators to the DD-~L2-jumps method, and to the
multigroup SPy equations [I60]. These estimators are plugged into the APOLLO3® code, allowing to
improve its performance.

Using explicit T-coercivity for the neutron diffusion equation allows to exhibit an efficient pre-
conditionner. We plan to extend the study first to the DD+ L2?-jumps method and then, to other
models.

We also studied a simplified thermal-hydraulics and neutronics coupling, based on the pressurized
water reactor model. We now turn our attention to the molten-salt reactor model, for which we need to
take into account the Bateman equations, describing the evolution of the isotopic concentrations.

In Chapter [, we detailed the spatial discretization of the TrioCFD code. First, in Section
we studied nonconforming finite element. In Section we proved the stability and computed errors
estimates P, — (P° + P') discretization. In Section we proposed an alternative scheme for the dis-
cretization of the pressure. In Section [7.7, we proposed and analysed a new variational formulation
of the Stokes problem using explicit T-coercivity. This variational formulation is coercive, and
can be discretized with the P* x Pfi;cl finite element for all £ > 1. To solve the linear system resulting
from the discretization, we need to know the pressure, or at least some approximation of it, which in
our numerical tests is the discrete pressure obtained using the classical nonconforming method with the
Crouzeix-Raviart P! x P° finite element. This two-step method improves the numerical results by
notably reducing the errors obtained after the use of the classical method, especially when the viscosity

is small.

In these three main Chapters, for the mixed problems, we used T-coercivity framework to find an
explicit realization of the inf-sup condition for the all-by-one bilinear forms. It provides useful insight
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on the design of suitable discretizations. Furthermore, the T operator may be used to express a coercive
variational formulation. Hence, although it does not provide any new theoretical results, T-coercivity
framework helps for the study and the approximation of mixed variational formulations [26] ©95].

Concerning TrioCEFD code, our aim is to enhance its capabilities. I am involved in supervising two
PhD students, working on aspects of this topic.

In order to handle triangulation with general meshes and to improve the simulation of vortices, we
want to use discontinuous Galerkin finite elements. Currently working on her PhD thesis, Mayssa

Mroueh is exploring different numerical schemes, based on the Symmetric Interior Penalty method
k

disc
. finite elements [I62], where & > 1. One can also discretize the pressure with P%,_
finite elements, with the help of a stabilization term [I30, Section 6.1]. Mayssa proved that the stability

is achieved also when the pressure is discretized with P(ﬁfcl finite elements. Numerical results showed

that this new scheme may be interesting when the viscosity is small [P9, Section 6.2]. On the other

to solve the Stokes problem. Classically, the velocity is discretized with P finite elements and the

pressure with PC’f

hand, we computed a priori error estimates for those different schemes when the source term is
of low-regularity [W2|. Mayssa is also studying DG schemes using exponential basis functions
instead of polynomial ones. Indeed, these functions provide a more accurate model of convective flows.
Implementation of the DG schemes in the TrioCFD code is currently underway. We intend now to study
a posteriori error estimators, in order to propose latter adaptive hp strategies. Another direction it to
extend the T-coercivity theory and study to Oseen problem (i.e. Stokes problem with an advection
term).

The TrioCFD code can simulate single-phase flows, and it contains a front-tracking algorithm to
simulate two-phase flows by interface tracking, using two meshes: a moving mesh for the interface,
and a fixed mesh on which fluid velocity, temperature and pressure are calculated. The Navier-Stokes
equations are solved in each phase, and the coupling between phases is modelled by a surface force field.
This module is being used more and more, but some calculations are too costly. In particular, when we
want to simulate the interface of a vortex, we have to refine drastically the mesh in the neighbourhood
of the vortex extremity. During the work-study period, Paulin Dempowo-Fouelefack analysed and
helped improve the front-tracking algorithm. He will now start a PhD thesis, during which we plan to
adapt the singular complement method proposed by Lefebvre-Lepot and Nabet [I90] to simulate a flow
containing rigid particles. This method consists in taking into account explicitly the singular
part of the fluid velocity between particles, which would need a very fine mesh to be
approximated accurately. Only the regular part and a coefficient are computed on a rough mesh. In
their context, the authors show that for a given precision, this method allowed to use a coarser mesh.
We would like to adapt this strategy to take into account the interface singularities.

158



Appendix A

Neutronics

A.1 Inverse power algorithm

Consider Problem . We look for the eigenpair ((p, ), kesr) where kess is the inverse of the
smallest eigenvalue, so that we can use the so-called inverse power algorithm. After some initial guess
is provided, at iteration number m + 1, we deduce (p™*1, ¢!, kg}?l) from (p™, ¢™, k;;) by solving
Equations with a source term. Set in a domain R, the inverse power iteration algorithmﬂ reads

(we choose below zero flux boundary conditions on OR):

Set (p07¢07k0ff)7 m = 0.

€

Until convergence, do: m < m + 1

Solve:
D71 pm+1 4 v¢m+l — 0 in R,
1
divprt+ B gm = Bt R (A1)
e
pmtl = 0 on OR.
/ (@qu—‘rl )2
. 1m~+1 _ 1m R
Compute: k‘eff =klts .
[ (ememivmom)
R

End

Above, the Egs. with unknowns (p™*!, ¢™*1) model the so-called source solver (here, the right-
hand side is a function of ™). The updated value k;n“ is inferred as follows: assuming that div p™*! +
Ya oMt = (kg}?l)’1@¢m“, one can write (kgﬁl)’lﬁqu*l = (k;'}f)’lgqﬁm and, multiplying this
equation by v ¢™*t! and integrating over the domain of computation R, we obtain the last equation
of (ATI). The convergence criterion is usually set on |k2f}‘1 — k| and Jr(LEmtt — v3 ™ )2,
The inverse power iterations are called the outer iterations in opposition to the inner iterations, which
correspond to the iterations of the source solver. As a matter of fact, one can choose an iterative source

solver.

I This algorithm is described as well in [22] (algorithm 1, p. 2007).
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A.2 Proof of Theorem [6.5.1]

We note VY(i,j5) € ZJ, aij := aﬁj = af.:j > 0. We introduce the sequence of errors ((ef, ef)geN)iEIR, where: ef := p! —p; €
H(div, R;) and ¢! := ¢! — ¢; € V;. The sequence ((ef, ef)ng) v satisfy for all i € T, and for all j € g,
i€IR
(0) dive! +3,:¢f = 0 in R,
(i) (D) tet+vVel = o0 in Ry, (A.2.1)
(42) —ef -n; + ozijef = e§71 ‘nj + 041,,-6571 on I'y;.
By induction on £, we check that ef - nyr,; € L*(I';;). Multiplying (A-2:1)-(0) by ef and integrating on R; gives:
1
/ divef e; +[1(Za.i)? €fll72(r,) = 0- (A.2.2)
Ri
Multiplying (A.2.1)-(i) by ef, integrating on R;, using Eq. (4.2.1), we have:
L 02 A ‘ ‘
(Di)” 2 e; ”LQ(Ri) 7/ dive; e; = — Z / e, -n;e,. (A.2.3)
Ri i€Ir, 'Tii

To bound the integrals on T';;, we use that AB = ((aA + B)? — (aA — B)?)/(4a) with a = a;;; A = e and B = e - n; a.e. on
I';;; and the transmission conditions on I';; (A.2.1)-(ii). Then we have for all i € Zg and for all j € Zg,:

¢ ¢ ‘ 02 -1 —1)2
/F e, -n;e; = (Hei -n; + oz,;je,iI\Lz(F”) —lle;” " -y 4+ aije; HLz(W;‘)) /(4 agj). (A.2.4)
ij

Summing (A.2.2) and (A.2.3), and using (A.2.4) we then obtain for ¢ € Zx :

1 42 —1 42 0—1 0—12 ¢ 22
(a2 el 2gr,) + 10D 2 el ar,y = Do (Ief™" 0y +auef e, ) — llef - ni +awefla, ) /(4 i),
J€lp,

Summing the contributions of each sub-domain, we obtain for £ € N* :

1 _1
Y (1Ea)? efliiagr,, + 1P eli2(r,))
PEIR

-1 =12 ¢ 02
= Z Z (Hej ‘nj +ogje; HL2(F1-J-) — e - n; + aijeiHLg(Fij)) /(4 o),
i€ jelp,

£—1 £—1)2 14 22
= > (llef oy e e, — llefny +aiefliag, )

(i,J)€ETT
0—1 0—1)2 0 2
ot~ e ne el 2o~ llefmit asellZag, ) ) Adas)
By summing over the iterations ¢ € {1,-.-, N}, the contributions to successive iterations ¢ — 1, ¢ cancel each other out for
£e{l,---,N —1} and it holds:
N 1 1
5 €2 —5 €2 N N |12
33 (Ian)? fllamy, +1D) 2 elllam,) + >0 llel i+ ayel 32, /(dai;)
1=1i€Tp (i,5)€TT
0 02
= > e mi Taieillizw, )/ (4ais)
(i,J)ETT ’

We have therefore shown that the series S Sai) 2 el D)2 e Thi that th
e have therefore shown tha e series Z Z [[(Xa,i)2 e; HLQ(R” + |[(Ds) e; “LQ(Ri) converges. is means tha e
(=1ielp

102 -1 2 . ) )
sequence Z 1(Xa,i)2 e; ||L2(R_) + |(D;)” 2 eiHLQ(R‘) converges to zero, i.e. for i € Tgr, the sequence (e;,€;)ren
i i
i€l cen
tends to zero in L?(R;) x L?(R;). Finally, using the relations (A.2.1)-(0) and (A-2.1)-(i), we obtain the convergence of the sequence

(€4, ef)pen to 0 in H(div, R;) X V;.

A.3 Optimized Schwarz Method from algebraic point of view

im

basis. We set: P! = (R{m)mGI{"Jr, Pt = ((I)f,l)leZiT and S; = (‘/‘ﬁz Sf,i%i,l)lezf-

Let i € Z. We denote by ((P-g Ymez+s (‘I’f,z)leI.T ) the decomposition of (pfyh, (éf’h) in their respective
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Let Mgi € RE XF and Mé) € RMNixNi he the symmetric, positive definite matrices such that:

¥ (mym') € T XTI (M) = / (Di) ™ s+ i
Ri

V(LT) e xI; (Mfﬁ)l,l’ = /~ Za’iyi,lyi,l"

i

The matrices be are block diagonal. We consider M;z € RFXF the symmetric matrix such that:

+ ViR _ 1,0
Y(m,m') e Z] x 7/ (M5 s = (ME)
Vm,m') € T, x TI* (M) e = (M) s + / () 7 W, g My W5,y - M

ij

Y eIﬁi,

Let j € Iz . We call M%j € REF) the matrix linking pf7h and p?h:

Y(m,m') € T/ x T+ (ME7)ymr =0,

P
W(mi,m') € Ty x T[T (M) e = /7€ (D)™ W * Wi, _/F (CHNRRTIPES VPRS2
J i

where the expression of (I\\]I;,J )( 7f+ is obtained following the choice of the lifting (6.5.15)) on
J

mi,m’)GIfj’f

the interface I';;. Let B;; € RFi *Ni be the matrix linking the two unknowns inside the same subdomain:

V(m, ) e ZIT X I (Bii)m. :/
Ri

divw; ., gi,l'
Let I@l ; ERFE i *Nj be the matrix linking the two unknowns in neighbouring subdomains, cf. (6.5.15) for
the relationship between m; and m;:

~ divw. .. 9. if mzmiEIf..,
V(m,l) €T/ X T (Bij)mu = /ﬁ im; L e

0 if meZl.

Equations (6.5.16)-(6.5.17) finally take the form of the following linear system:
For all i € Z, find (P{, ®¢) such that:

M;®f + B, P = S,

_ o _ A.3.1)
4 1,0 pl 4,5 pl—1 -1 (
B ;%! — Miji P, Y MY P B el

j€TR,

The discretization of algorithm (6.5.5)) reads (the global matrix is not symmetric):

initialization: Vi € Z, (P?, ®Y) € RVi x RE' is given.
iterations: for £ =1,..., Vi € Z, find (®¢, P!) € RM: x RF' such that:

i, VIGT B -1
-Mg' B, PHY _ (0 _ > -Mii B\ (P (A.3.2)
BY, M ) \®f S; 0 o J\eit)”

€T,

until convergence.

Algorithm (|A.3.2)) corresponds to a block Jacobi to solve (A.3.1]). We can also use a GMRES algorithm.
Algorithm (A.3.2) can be demonstrated using algebraic operations [A1Il §6.2].

161



162



Appendix B

Fluid mechanics

B.1 The TrioCFD code

The TrioCFD code is often called a "finite volume element" code, since one can express the Pl x
P? scheme as a finite volume scheme. Moreover, when discretizing the Navier-Stokes equations, the
convection operator is discretized using a finite volume schema, enabling stability.

B.1.1 Finite volume version of the P! x PY scheme

Let us first mention that the P.. x P% scheme can be expressed as a finite volume scheme. Here, we
denote by Nt be the number of simplices and N (resp. N&), the number of faces in  (resp. in Q).
Welet Zp = {1,...,Np}, where Np is the dimension (Np = 2 or 3). Recall that Zp = {1,..., Np} and
Ir ={1,...,Nr}. We refer to and for the other notations.

For the discrete velocity, the unknowns are located on the barycenters of the faces. Let Fy = K,
f € I be a face. If Fy € Q, it exists £, ¢’ such that Fy = K, N K. The control volume related to Fy,
denoted by wy is constructed joining the barycenters of K, and Ky to the vertices of Fy, as shown on
Figure in 2D. If Fy € 09, it exists ¢ such that Fy € 0K,. The control volume wy is constructed
joining the barycenters of K, to the vertices of Fy. For the discrete pressure, the unknowns are located
on the barycenters of the elements and the related control volume is the element. We let uy, = (uy) rez,
and pp, = (Pe)eczy-

After having substituted (u, p) by (uy,pp) in Equations , the weak formulation is obtained in
two stages. First, we integrate Equation (7.1.1)-(i) on wy (resp. (7.1.1)-(ii) on K;), taking into account
the discontinuties of the test functions. Next, we perform the scalar product between the N7 (resp. N&)
equations obtained and the vector representing a test function of the discrete pressure space (resp. of
X1). We will also need these equalities:

VL E Tk, Vf €Try, |wsN Ky =|K|/(d+1). (B.1.1)
VleTIk,Vf€Ipy, fam bfik,n = Sy (B.1.2)

Vf € Ip, Jownr, = —Sres (B.1.3)

VfeIp, Voée L*(Owy): Jow, @ = Ytetie, Jow,ni, O (B.1.4)

B.1.2 Discrete operators

Using Equations (B.1.4) and (B.1.3)), we define operators A, and V), such that:
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S2

S

Figure B.1: 2D control volume wy related to F.

e Operator Ay, : Pl...(Tn) — L*(2), such that for all v, € P} .(Tr), for all f € Tt

_/wahvh > /awfm V(vpr,) n=— Y V(vh\m)/ n,

€Tk ; €Ty 5 wpNKy

= > Vi(unk,) - Stre

0eTk ¢

(B.1.5)

e Operator Vj, : PY_(Tn) — L?(Q), such that for all g, € PY;..(T5), for all f € Tk.:

/ Vagn = Z / dn|k, D= Z q// Z qe Sy (B.1.6)
wf 8WfﬂKp O

LeTk eIk ‘*’fﬂK/ €Tk

B.1.3 Discretization of the diffusion operator

Let afy (-, -) be the continuous and coercive bilinear form representing the discretization of the diffusion

term in Equation ([7.1.1)-(¢) using Equation (B.1.5).

Afy - XO,h X X07h — R

(Vh,Wp) +— —Z/Z wf-/ Ath—VZ Z V(Viik,) : Ste. (B.1.7)

ez, fETL, LK,y

Thus, for all f, f' € I, for all d, d’ € Ip, it holds:

apo(@seq, dpeq) = 0qa v Ay (B.1.8)
where :
|K(|718f/7g~$f,g iff;éf/ and Ff,Ff/ C 0Ky
A g = . (B.1.9)
MoK |FP =S
LeLly s

The bilinear form ay,(-,-) is the same as that of the finite element method:
ago(dfed, o €a) = aa v (dp @)
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B.1.4 Discretization of the source term

Suppose that f € L?(Q2). The discretization of the source term in Equation (7.1.1))-(i) reads:

ff:XO,h — R

v = (£, vi)La) = Z (vf./ f¢f> . (B.1.10)
wy

fezs,
In the finite volume method, we should use instead of 6{”(-):
) =Y <vf : / f> . (B.1.11)
feTy wi
Suppose f € L*°(Q). Using Cauchy-Schwarz inequality, we have:

S R B Sy

lely LeLK, ¢ f'EI of'#f

< Z Z (|wf/ﬂKg 3

LeTlk,; \f'E€Lre,f'#f

s ) Il

Np!2! . .
We have: ||)\f7g||2L2(wmez) < Mgl 2,y = 1Kl Np 21" We obtain, using (B.1.1)):
K,
> [ oro- [ 6= (5 +'1) Eleey S A% iy (BLI12)
LeELy f K wr D

The bilinear form obtained with the finite volume method is an approximation of that obtained with
the finite element method. Using it may deteriorate the accuracy of the P} x P? and P x (P° + P1)
schemes.

B.1.5 Discretization of the gradient of the pressure

Let bfy(-,-) be the continuous bilinear form representing the discretization of the gradient term for

discrete pressures P° in Equation (7.1.1)-(i) (cf. (B.1.6)).

bfv : XO,h X Pc(l)zsc(ﬁ?) - R

(Vhth — Z A\ / thh:— Z Z (Ier~5f,z . (B.l.lS)

feTs fFET L€k ¢
Thus, for all d € Zp, for all f € Zp, for all £ € Tk, it holds:

—Sro-eq if Fy COKy

byo(dr €a,ve) = (Bo,a)pe = { T (B.1.14)

else
Let bs,(-,-) be the bilinear form discretizing Equation (7.1.1))-(ii):

va : XOJL X Pd1ec(771) - R

(Vh,an) — Zq@/

LeTK oK,
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We have then:

bro(Vh, qn) = Z %/ divvy g, = Z qe Z Vf‘/a Df| K, M.
Kz KZ

LeTk LeTK fE€Lr,

Using Equation (B.1.2)), it holds:
Y(d,l, f) € Ip x Ik X Ir, broldfea, ) = —bro(df €a,b0). (B.1.15)

We use only the bilinear form b (-, ), which is the same as that of the coupling term between PJ_
velocity and PY pressure in the finite element method: by, (¢r eq, tb¢) = —(div(dy eq),1)r2(k,)-

Note that a finite volume approach is proposed in [I75] to describe the Pl x (P° + P!) scheme.
For the P' component of the pressure, the control volume of a vertex corresponds to the P? submesh
surrounding the vertex.

B.1.6 Linear system

Recall that uy, = Z Ufgbf. We let Unha = (Uf 'ed)fte, and U, = (Uhvd)deID'
feTi

Recall that poj = Z pepe. We let Py, = (pe)eez,- We have pyj = ZieIs piX;, and we let

JASI
Bl,h = (Bl,h)iels'

Let A € RVF x RNF be the stiffness matrix for scalar functions in Xo p, where Ay ¢ is defined in
Equation (B.1.9). Let [A] € RINo*Nr) 5 RINoXNE) he the stiffness matrix for vectorial functions of
Xo.n, such that: for d,d’ € Ip, [A]lg.a0 = da.arA (i-e. [4] is block diagonal).

Let By 4 € RVF x RVK where (Bo.a) e is given by (B.1.14). We set [By] := (Eo»d)deID'

Let B, 4 € RNF x RS be such that (B1.a)s.i = (o5 €a, Vbi)r2(q). We set [B,] := (ﬁlvd)deID'

Let F), 4 € RNF be such that Enq= (Zf(gbf ed)fesz), and we set F), = (Ehvd)deID'

Find (U, Py j,, P ) such that
v[AJUn+ [Bo| Py + [B1] Py, = F
—[ﬁo]T Un — [ﬁﬂTUh = 0,
Z |K¢lpe = 0, (B.1.16)
eTk
DK Y pio= 0
LeTk 1€Ls,0

The matrix [A] is a sparse, symmetric, positive-definite matrix. The matrix [B,] is a sparse matrix of
rank N7 — 1. In order to compute pg € Qo,n, We impose pg, for some €y € Zg, cancelling column £
from matrix [Bg] and line £y from vector Py ,, and transferring [By]. ¢,pe, to the right-hand-side of the
first equation of . The matrix [B,] is a sparse matrix of rank Ng — 1. In order to compute
p1.n € Q1,5, We impose p;, for some iy € Zg, cancelling column 4y from matrix [B;] and line iy from
vector P, 5, and transferring the vector [B,]. , pi, to the right-hand-side of the first equation of (B.1.16).
Let [B1] = [B1].,iczs\io- Problem reads:

Find (Uh, P07;L, Pl,h) such that

v[A| Uy + [Bo] Pon + [B1) Pip Fy == Fy, — [Bo): 00 Pty — [B1l:i0 Pio

, (B.1.17)
By U, =B U, = 0
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where [By] and [B;] are of maximal rank. The matrix [B] = ([By], [B1]) is also of maximal rank. Let

Py, = (Pop, P1p)T. Problem (B.1.17) reads:

Find (U, Pr,) such that:

v[AlUy + [B] Py, = Fy (B.1.18)

-B"Uy, = 0

The computation of ||ph||2L2(Q) reads:

Il 20y = >TIKd () +Cp D K ( S )P+ D> Pin) +Cp > |Kelpe > pi, (B.L19)

eIk LET) i€Ts 1,§ETg, ¢ i#] CeTk i€ZTg

where we have: Cp = 1/6, Cp =2/3 if Np =2 and Cp = 1/10, Cp =1/2 if Np = 3.

B.1.7 Discretization of the convection

Let é,(-, -, -) be the trilinear form discretizing the convective term in (7.1.1))-(i):

6h : XO,h X XO,h X XO,h - R

(Wns v, wi) =Y (Wf'/ (Vh-Vh)Uh>= > <Wf'/ . (vh-V)uh> :
wf ¢

FETL “r FEeTi, €Tk 5

Notice that for u, € Vo 3, it stands:

cn(up; v, wp) = Z Z (Wf'/a . uy, (vh-n)>_

fEI'I": ZEIKyf

Using this trilinear form, one cannot prove stability. FOr this reason, in the TrioCFD code, a finite
volume scheme is used to discretize the convective term. We preset here numerical results computed
with an upwind scheme, described below, and a MUSCL schemeﬂ with a Van Leer slope limiter [I89].

Let Fr ¢ = Fpr g := Owg NOwy and Sy ¢+ = —Sy/ ¢ be the normal vector leaving dwys on Fy ¢ and
such that |Sy /| = |Fy,s| (see Figure [B.2 for Np = 2). Let G be the barycenter of facet Fy sr.

Figure B.2: Facet Fy ; and outgoing normal vector Sy .

The trilinear form related to the upwind scheme is such that:

Cp XO,h X X()’h X XO,h - R
(wisvi,wa) = Y wpe > up g (va(Gyrp) - Spp),

feTL, f'€lr

IMUSCL means Monotonic Upstream-centered Scheme for Conservation Laws.
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where Zp ;= {f' € Ip, f' # f|0F; NOFy # 0} and uy s is defined as follows

wp = { W @) Sy 0o Fry B
2 uy  else

Let f € T}.. Using the MUSCL scheme [I89] in 2D, the flow across the edges of dwy, (Fyp) ez, is
approximated with the following scheme:

1
/ Vi(vh -n) = 6 (Vhir, SOV - St +4va(Gr )V g - Spp 4+ vi(Ge)va(Ge) - S pr)
a

I f!

where the notations are shown on Figure [B.3]and where V; and Vy ;s are such that:

VvV, = Vf-‘rV\N’f:Gfgl clse: { VvV, = fo—l—Vf/f/:Gf/gl

If Vh(Gf,fr)-thf' >0: { 5
Vf’f/ = Vy -‘rVVf : Gf 1o

We use the Van Leer slope limiter in order to calculate Vvy: Let Fy = 515 = 0K, N 0Ky . We have:

Vd, d/ S ID, (V\fo)d@/ = Van Leer ( (Vvh‘m)d’d/, (Vvh\Ke/ )d,d’))

200 i b0
with, for all a, b € R: Van Leer(a,b) =< a+b tav=0
0 else

Figure B.3: Control volume w; associated to G

B.1.8 Time discretization

Let T > 0 be the final simulation time. The semi-discretization in space of Equations (7.1.1), with
f € L2(2), formulated with the PL_ x (P° + P') scheme reads:

For all t € (0,T), find (up(t),pr(t)) € Xo,n X Qp such that:

uh(o) = Hcr(u()) (B 1 21)
d , 1.
—(un, Vi)L2(0) + v(un, Vi)n + cn(n, un, vi) + by (v, pr)

dt
= (f,vh)re) Yvi € Xon
—bn(up,qn) = 0 Yan € Qn

We call M € RVr x RVF the mass matrix of the velocity components, which is a diagonal matrix: for
all f, f' € Th, My = 0p prlwys|. Let M. € RNF x RVF be the mass matrix of X functions, such
that: for all f, f/ S I};, Mf,f/ = fQ¢f¢f" When ND = 2, Mcr = M. When ND = 3, Mcr 7é M,

168

Vip = vp+Vvpy :GpGyyp



but one can prove that these matrices are equivalent. Let [M] the block diagonal matrix such that:
[M)gar = Sa,0M. Let [A] € RWoXNp) x RWNDXNie) he the stiffness matrix for vectorial functions of
X4 Let [B] € RVP x RVPXNi) The nonlinear system related to (B.1.21) reads:

For all t € (0,T), find (U (t), Py(t)) such that:

Uh(O) = Uo
(M ](ZU}L + v [AU, + [L(U)Uy + [B] P, = Fy(t) ’ (B.1.22)
-B"U, = 0

where Uy € RNp*Ne) is such that Uy = (Up.q)aezp, and Upg = (7 5(ug - ed)) rezi.-

In the TrioCFD code, numerical simulations of Stokes problem are obtained as the asymptotic limit
of a transient state. There exist different time discretization schemes [10]. In the present work, all
the simulations are done using a semi-implicit scheme. Let 6t,, be the time step at step n, and U}’ be
the approximation of Uy, (t,). We approximate [L(Uy,(t,))]Un(ts) by [L(U;~)]UP and we use Euler’s
backwards scheme. Let U? = U. Compute dt;. The space-time discretization scheme for reads:

Find (U}, P?) such that for all n € N*
1 n n— n n— n n n
s IO — U3 v (AU + (OO + BIAE = By (B2
-B"Up = o0

The time step dt,,41 is evaluated at each iteration. We stop the iteration when Zz;ll 0ty > T. Let us

set [K (U] = %[M] +v[A]+ LU ) and Fp = F' + %[M] upt.

The time-discretization scheme (B.1.23) reads:

Find (U}, P*) such that U? = Uy and for all n € N*
(KU} YUp + [BlPp = Ep . (B.1.24)
-B"up = 0

The matrix [K (U,;“l)] is a sparse positive-definite matrix. For a given time step n € N*, the linear
system (B.1.24]) is not solved exactly. Instead, one relies on the following three steps scheme [89] 240]:

Prediction: Solve in Uy : [K(Up HUf = Fj* — [B]PP .
. 1 «
Pressure solver:  Solve in 6P, : [B]" [M]~'[B] 6P, = E[B]TU,L. (B.1.25)
1
Update: Up =Uy = 5 [M]7Y[B]6Py, Py =Pt +6P,.
In practice, Uy is evaluated from the user data and PY solves (B)"[M][B | PY = [B]T[M]’ FY. Notice

that this choice will not affect (U?, Pj). The diagonal matrix [M] is of rank Np x N%. The sparse matrix
[B] is of maximal rank. Hence, the matrix of the second step [B]” [M]~![B] is a sparse, symmetric and
positive-definite matrix. We eventually can build it explicitly and store it. Moreover, the third step is
straightforward.

If we were using an explicit time discretization scheme (i.e. writing v[AJU} " + [L(U}~ YU~
instead of v[AJUP + [L(UH]UP in Equation (B (B:1.23)), we would impose a Courant-Friedrich-Levy
(CFL) condition on the time step &t, so that: &t, = mln(f Otn stab » Otmax), Where:

e The coefficient f and the time step dt,ax are set by the user.

o The time step 0y, stab is computed at each time step n € N this:

1 1 1 h h?
= + with 0ty = and dtqig = —- B.1.26
Strmstab  Otnconv  Otdif Teony max (UMY f) oy ( )
delp, fely

169



In most cases, dtgig < Otn,conv. Using algorithm (B.1.25), we usually set 6t = min(f 6tn,conv, 0tmax),

which reduces efficiently the simulation time compare to using an explicit time discretization algorithm.

In the present work, the solver used for the first step of algorithm is the iterative solver GMRES from
the PETSc library [222]. The solver used for the second step of algorithm is based on PETSc solvers
using either a direct method (Cholesky decomposition) or iterative methods (preconditioned conjugate gradient
method with SSOR preconditioner).

B.2 Proof of Theorem [7.5.3

Let (un,prn) € &n be the solution to Problem (7.5.32) with pn = po,n + p1,n, (Po,h,P1,R) € Qo,n X Q1,n. We prove
7.5.45) and (7.5.46)), following the proofs of [121, Theorems 3 and 4|. For all v, € V,:

IA

[la —uan|ln la = vulln + lve — anlln, (B.2.1)

th—uhl‘i = —(u—vh,vh—uh)h—i—(u—uh,vh —uh)h (B.2.2)
Let v, # uy,. Using Cauchy-Schwarz in (B.2.2)), it holds:

(11 — Up, Vh — uh)

h
[vi — unlln Fvn = anlla.

v = unlli < lu=valln Vi — unlln +

We obtain that
|(u — up, Wi)n|

[vi —un|ln < lu=valn+  sup (B.2.3)
wheve\{oy  [Walln
We deduce from (B.2.1)) and (B.2.3)) that for all v, € V,:
[u—unlln <2u—valln + sup 18T U Waal
wiever (o) [Walln
Hence:
lu—unln <2 inf [u—wals+ sup AU Wl (B.2.4)
Whn€Ver wpeve {0y IWalln

To bound the first term in the right-hand side of (B.2.4]), we need the Fortin operator. Using (7.5.38)), we have
indeed:

lél\f/ ||u — WhHh < ||u — Hhu||h < o2 hlulHZ(Q). (B.2.5)
wpEVer

Let us bound the second term in the right-hand side of (B.2.4). Consider wj, € V,. It holds: v(up, wp)r =
(f, Wr)r2(q)- Since f = —vAu+ V p, we obtain by integration by parts:

v(an, wi)h = viw,wi)y —v Y Y (Vuinge Wiz + D D (BoWhnpe) e

LeLlk fELR ¢ LeLKk fELR

Hence, for all wy, € V,:

(u— uh,wh)h = Z Z (Vu : nf,lvwh)L2(Ff) — 1/_1 Z Z (p,wh . nf,Z)Lz(Ff)' (B.2.6)

LeTy fELR Lelk fE€LR
We apply (7.4.2) to all the components of V u € H'(Q) and wy, € X, to obtain:
[(w = wn, wa)nl S oh ([ulazo) + v plm @) [walln (B.2.7)

Summing (B.2.5) and (B.2.7), we can bound (B.2.2)). We deduce ((7.5.45|).
Let us prove (7.5.46)). It holds:

_ _ |(u = un, W)Lz ()|
[u uh||L2<Q) = sup

(B.2.8)
w\{0}€L2() HW||L2(Q)

Suppose that Q is convex. We obtain (7.5.46) using the Aubin-Nitsche trick. Let w € L?(Q). According to
Proposition [7.2.1] it exists (v,q) € ((V N H*(Q)) x (L2,,(Q) x H'(Q))) such that: —vAv + V¢ = w. By
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integration by parts, letting duj, = u — uy,, we have for all w € L?(Q):

(u—up, W)z = u(u—uh,v)h—yz Z (Vvinge,u—un)rer)

CET) fETR,

YOS @) e

0Ty fETR

(B.2.9)

Summing (B.2.6) and (B.2.9), letting duy := u — uy,, we deduce that for all w € L?*(Q) and for all wy, € V.

(u—up, Wr2q) = v(u—u,v—wp)p

+v Z Z ((Vu : nf,g,wh)Lz(Ff) - (VV : nf’g,tsuh)LZ(Ff))
(€T fE€ETR, (B.2.10)

+ > > ((fL Sup -nfe)r2py) + (0, Wh 'nf,e)LZ(Ff)> :
Lelk fE€TRe

We now consider wy, = IIv. By Cauchy-Schwarz, and using (7.5.45) and (7.5.38)), we have:

v(u—un, v —Tv)u| < viju—willn [V = Tavln S v o B2 [[(,p)ll [V]a2@)-
We deduce, using Proposition [7-2.1] that:
v(a—wp, v —Tv)n| S o h% (0, )|y WLz (0)- (B.2.11)
We apply to all the components of Vu € H'(Q) and wy, € Xo,p:

v Z Z (Vu:nf,g,HhV)Lz(Fﬂ = v Z Z (Vu:nf’g,V—HhV)Lz(Ff) ,

€Ty fETR CE€T) fETR

IN

vo hlulgz) v —Huv]n.
Using (|7.5.38) and Proposition |7.2.1} it holds:
vid, > (Vu: ny e MpVire e, | S vo®® b2 [ulgz(q) [VIaz(Q) S o2 A2 (0, p)|lv IWllL2(0)- (B.2.12)
L€l fE€Ip,

We apply (7.4.2) to all the components of Vv € H*(Q) and du, € H(Q) +Xo, . Using (7.5.45) and Proposition
we obtain:

v Z Z (Vvinge,dun)rer,)| S a* b2 ||(u,p)]|. [IWllL2(0)s (B.2.13)
LTk fE€Ip,
Summing (B.2.12)) and (B.2.13f), we get:
v 3 2 ((Vuinpewaiary — (Vvingesuniairy) ) £ 0% 0 @ o)l Wi o) (B.2.14)

Lelk fE€EIF e

Samely, one proves that the two last terms in the right-hand side of (B.2.10)) are bounded like:

Z Z ((q,(suh ‘npe)rery) + (0, Wh nf,e)L2<Ff)) SR [(w,p) v 1wl o)- (B.2.15)

CET fETp,

Summing the contributions (B.2.11)), (B.2.14) and (B.2.15), we deduce from (B.2.10) that:

d
[(u = un, W)Lz (o)| S o™ B* [|(u,p)llu Wiz @)

Applying this result to (B.2.8)), we get (7.5.46)).
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B.3 Symmetric MPFA and nonconforming finite elements

When we develop the condition (7.6.2]), we obtain:

1 - 1 1 9 . 1 .
—Sic1,i-1-Si—1,i i1+ | ——— F+ —— ) [Siil" @i + ——Sii - Sii i
|K’i71| 1,i—1 1,0 qi—1 <|K171| ‘K'Ll) ‘ 5 | q |KL| 5 yit+1 Qi1

_ ,LS. .S oT. — #5. S0, 1T
= |KZ‘ 1,1 i,S 4, |K¢'71‘ i—1,% 0,i—1q;_1-

Let @ = (Gi)iezg and Q= (@;)iczs- We call K € RNs.0XNs.0 and Ky € RVs.0XNs.0 the matrices such that for all
1€ ’Ls:

1 1 ) 1
Kii=|———+—-— ] [Siil, Kiici1=——8Si—1,i-1-Si—1,i, Kiiv1 =Kiy1,,
: (|Ki_1| IKZ-I) [Siil =1 = TSt 1, i1 +1,
(Ko) ! S Sis, (Ko ! s 1.8
0)ii = —=—=Si,i - Si,s, 0)ii—1 = 775—Si—1,i - Si—1,5.
| Kl | K

The equations ([7.6.2]) are then equivalent to solving the following linear system:
KP = —KoP (B.3.1)

Let /\75 be the polygon formed by the midpoints (Mi)ieIS,0 and faces (ﬁi,So)iGIs,o such that E;so = M;M;11.

52 Sl
Se
L]
S5
Sy
Figure B.4: Macro-element Mv().

The linear system corresponds to the linear system obtained the P.. finite elements of the following
problem:
Find p € H'(M,) such that:
—~Ap = 0 in Mo,
PiF g, = Pi for all ¢ € Is 0.
There exists a unique solution. By construction, according to [7.6.1} if p is linear, then the auxiliary pressures
(Pi)iezs,, correspond to the values of p located at the third of the edges (F})iezg -

B.4 Nonhomogeneous Dirichlet boundary conditions

We now solve the classical incompressible Stokes model, with non zero Dirichlet boundary conditions. Hence, we
focus on Problem (7.2.1) yg with g = 0. The variational formulation reads:

Find (u,p) € H'(Q) x L2,,,(9) such that
v(u, V)Hé(ﬂ) - (p,divv)r2iq) = <f,v)H71(Q)7H$<Q) Yv € H)(Q),
(q7 div u)LZ(Q> 0 Vq € Lzmv (Q)7
u g on 01},

(B.4.1)
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where g € H%(GQ) is some boundary data such that g-n € L2,,,(0Q). Let ug € H'(Q) be such that ug =
g on 90 and —Aug = 0 in Q. Then consider (uo,p) € H§(Q) x L2,,,(R) the unique solution to (7.2.1) 7 with
data (f + vAug, —divug):

{ Find (uo,p) € X such that for all (v,q) € X (BA2)

a((uao, p), (v,q)) = (f, V>H*1(Q),H(1)(Q) + (g, div Ug)L?(ny

where we use that (ug, V)pq) = 0. Defining u = ug +uo € H'(Q), we find that (u, p) is solution to Problem
(B.4.1)). Uniqueness and continuous dependence with respect to the data are easily obtained. The next step is
to replace (v,q) by T((v,q)) = (A\v — v~ 'v,, —Aq). One finds by orthogonality that for all (v,q) € X:

vA(uo, V)uy () — AP, divv) 2 ) + v (P, @) r20) + Mg, divug) 2o

= )‘<f7v>H*1(Q),H[1)(Q) -V <favf1>H*1(S2),H(1)(Q) — Mg, div Ug)L2(Q)~

Hence, a new variational formulation for nonhomogeneous boundary Dirichlet conditions is:
Find (u,p) € H (Q) x L%,,,(Q) such that for all (v,q) € X

VAW, V)i o) — AP, divv) 2 + v Hp, @) r2(0) + Mg, divu) p2(q)

° (B.4.3)
= X{, v>H*1(Q),H[1)(Q) + v (e, 929

This is the same variational formulation as the one with homogeneous Dirichlet boundary conditions, except that
u € H'(Q) and ujpo = g.

Regarding the numerical algorithms, if z¢ is known, one solves a linear system like

Find (U, P) € RY» x R? such that:
VAAU - XBTP = AF —vMAUyy (B.4.4)
ABU + v 'MP = v 'MZ-ABU,y,

where, in the right-hand side, Uy € RM= accounts for ug. This is completely similar to (7.7.11). While, if z¢
is not known, starting from an initial guess P~1 € RN7, for n = 0,1, -- -, one solves linear systems like

Find (U™, P") € RM x R? such that:
VAAU" —ABTP" = AF, —vMUpyy . (B.4.5)
MU+ v 'MP" = v 'MP" ' - ABUyy

Interestingly, one recovers the same results as those of Theorem [7.7.2] because one finds identical iterating

matrices, cf. (7.7.14) and (7.7.15)).

The (conforming) discretization of Problem (B.4.3) with P* x P¥_! finite element reads:

disc

Find (un,pr) € Vi x Q5" s.t. for all (va,qn) € Vi, x Q7
v A(an, Vi)ui ) — APr, div vi) p2 ) = ME, Vi) a-10) 13 @)
Man,divun) p2o) + v~ (pr, an) r2) = v (25, 4n) 120,
upjo0 = (h,cqg)|o0-

(B.4.6)

For nonhomogeneous boundary Dirichlet conditions, one can study the error estimates by introducing ug,, =
up — Ip cqug € V’g, » and using the results that have been obtained for the homogeneous boundary conditions.
First, in the estimate of Proposition we change the term |[|z¢ — Z¢ n || 2(q) in the right-hand side
of the two equations into ||zr — Z¢nllr2(q) + Av[| div(ug — I cgug)|lL2(0)- Second, in the estimate of
Theorem we add V|| div(ug — p,cqug)|l2(q) to the right-hand side.
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