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Résumé
La méthode des éléments finis est fréquemment utilisée pour résoudre des équations aux dérivées partielles
issues de problèmes industriels. Après avoir soutenu une thèse qui portait sur la discrétisation des
équations de Maxwell, j’ai contribué à l’analyse numérique, à la simulation et au développement de
codes du CEA pour résoudre des problèmes issus de la neutronique et de la mécanique des fluides.
Ces différents modèles ont des caractéristiques en commun : il s’agit de problèmes elliptiques dont
la solution peut être de régularité faible. De plus, ils sont posés sous une forme mixte, soit à cause
d’une contrainte (équations de Maxwell et problème de Stokes), ce qui conduit à un problème de point-
selle, soit pour améliorer la discrétisation du gradient (équation de transport simplifiée des neutrons).
Enfin, pour les équations de Maxwell et pour l’équation de transport simplifiée des neutrons, nous nous
intéressons également à la résolution des problèmes propres. Dans ce manuscrit, pour ces trois modèles,
nous procédons de manière similaire : étude du modèle physique continu, puis, lorsque cela est possible,
analyse numérique des méthodes d’éléments finis. Enfin, on propose des algorithmes numériques. Le cas
échéant, nous utiliserons un outil mathématique récent : la théorie de la T-coercivité.

Abstract
The finite element method is frequently used to solve partial differential equations arising from industrial
problems. After defending a PhD thesis on the discretisation of Maxwell’s equations, I contributed
to numerical analysis, simulation and the development of CEA codes to solve problems arising from
neutronics and fluid mechanics. These different models have characteristics in common: they are elliptic
problems whose solution may be of low regularity. In addition, they are posed in a mixed form, either
because of a constraint (Maxwell’s equations and Stokes’ problem), which leads to a saddle point problem,
or to improve the discretisation of the gradient (simplified neutron transport equation). Finally, for
Maxwell’s equations and the simplified neutron transport equation, we are also interested in solving
eigenvalue problems. In this manuscript, we proceed in a similar manner for these three models: study
of the continuous physical model, then, where possible, numerical analysis of finite element methods.
Finally, we propose numerical algorithms. Where appropriate, we will use a recent mathematical tool:
the T-coercivity theory.
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Chapter 1

Publications and communications

Some of my work has been more theoretical in nature, related to numerical analysis, and developed
through articles and conference presentations. Another part concerns the application of research to
industrial codes, which is developed through conference proceedings and technical reports. As I work as
an engineer-researcher, this part contains more publications. I also took part in an M2 course in scientific
and parallel computing, which led me to participate in the writing of a handout.
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[A5] Explicit T-coercivity for the Stokes problem: a coercive finite element discretization,
P. Ciarlet Jr, E. Jamelot, Computers & Mathematics with Applications, 188, pp. 137–159, 2025.

[A9] Stability estimates for solving Stokes problem with nonconforming finite elements,
E. Jamelot, Comptes Rendus. Mathématiques, 363, pp. 115-137, 2025.

[A4] Variational methods for solving numerically magnetostatic systems,
P. Ciarlet Jr, E. Jamelot, Advances in Computational Mathematics 50, 5, 2024.

[A12] Numerical analysis of the neutron multigroup SPN equations,
E. Jamelot, F. Madiot, Comptes Rendus Mathématique, 359, 5, pp. 533–545, 2021.

[A2] Numerical analysis of the mixed finite element method for the neutron diffusion problem with highly
heterogeneous coefficients, P. Ciarlet Jr, L. Giret, E. Jamelot, F. Kpadonou,
ESAIM: Mathematical Modelling and Numerical Analysis, 52, 5, pp. 2003–2035, 2018.

[A6] Domain decomposition methods for the diffusion equation with low-regularity solution,
P. Ciarlet Jr, E. Jamelot, F. Kpadonou,
Computers and Mathematics with Applications, 74, pp. 2369–2384, 2017.

[A7] A simple monodimensional model coupling an enthalpy production equation and a neutronic diffu-
sion equation,
S. Dellacherie, E. Jamelot, O. Lafitte, Applied Mathematics Letters, 62, pp. 35–41, 2016.
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[A11] Fast non-overlapping Schwarz domain decomposition methods for solving the neutron diffusion
equation, E. Jamelot, P. Ciarlet Jr, Journal of Computational Physics, 241, pp. 445–463, 2013.

[A10] Domain Decomposition for the SPN Solver MINOS, E. Jamelot, A.-M. Baudron, J.-J. Lautard,
Transport Theory and Statistical Physics, 41 pp. 495–512, 2012.

[A1] Solving electromagnetic eigenvalue problems in polyhedral domains with nodal finite elements,
A. Buffa, P. Ciarlet Jr, E. Jamelot, Numerische Mathematik, 113, 4, pp. 497–518, 2009.

[A3] Continuous Galerkin methods for solving the time-dependent Maxwell equations in 3D geometries,
P. Ciarlet Jr, E. Jamelot, Journal of Computational Physics 226, 1, pp. 1122–1135, 2007.

[A8] Éléments finis nodaux pour les équations de Maxwell, E. Jamelot,
C. R. Acad. Sci. Paris, Ser. I, 339, 11, pp. 809–814,
Corrigendum C. R. Acad. Sci. Paris, Ser. I, vol. 340, 5, pp. 409–410, 2005, déc 2004.

Peer-reviewed conference proceedings

Below is a list of my conference proceedings, from the most recent to the oldest.

[P7] Stability of the P1
nc × (P 0 + P 1) element, E. Jamelot, P. Ciarlet Jr., and S. Sauter,

ENUMATH, Lisbonne 2023, Sept. 4-8, Lisbonne (Portugal).

[P9] Discontinuous Galerkin schemes for the Stokes problem, M. Mroueh, E. Jamelot, P. Omnes,
SNA + MC 2024, Oct. 20-24, Paris.

[P4] Improved Crouzeix-Raviart scheme for the Stokes and Navier-Stokes problem,
É. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
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[P3] Improved Crouzeix-Raviart scheme for the Stokes problem,
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2015 Décomposition de domaine pour le solveur MINOS du code APOLLO3®, E. Jamelot, A.-M. Bau-
dron, J.-J. Lautard, DEN/DANS/DM2S/SERMA/LLPR/NT/15-5934/A, 2015.

2011 Résultats de la parallélisation du solveur MINOS dans APOLLO3® appliquée à un calcul de PN,
E. Jamelot, A.-M. Baudron, J.-J. Lautard,
DEN/DANS/DM2S/SERMA/LLPR/RT/11-5154/A, 2011.

2009 Domain decomposition method for core calculations using MINOS solver in the APOLLO3® code,
E. Jamelot, J.-J. Lautard, DEN/DANS/DM2S/SERMA/LLPR/RT-4755/A, 2009.
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Popularizing science (in French)

2021 Les équations de Navier-Stokes, presentation for the Fête de la Science, organized by the Académie
de Paris for high-school science students.
E. Jamelot, P. Omnes, La Sorbonne, Paris, 4 octobre 2021.

2021 Les équations de Navier-Stokes, video #7 of the Key Equations of Physics cycle Les équations Clefs
de la Physique). Scientific advisors : E. Jamelot, P. Omnes.

2020 Simuler les écoulements, article from the CEA magazine Clefs #70,
N. Dorville, E. Jamelot, P. Omnes.

1.2 Oral communications

Invited talks

2025 Explicit T-coercivity for the Stokes problem: a coercive finite element discretization, E. Jamelot, P.
Ciarlet Jr, Olivier Lafitte’s 60th birthday, École des Mines, 2025, June 30-July 2, Paris.

2024 The T-coercivity Approach for Solving Stokes Problem, E. Jamelot, P. Ciarlet Jr,
ECCOMAS (9th European Congress on Computational Methods in Applied Sciences and Engi-
neering), 2024, June 3-7, Lisbon (Portugal).

2019 TrioCFD: code & numerical schemes, E. Jamelot et al,
Conference POEMS, CIRM, 29 avril-3 mai 2019.

2017 Nuclear core reactor simulations with low-regularity solution, P. Ciarlet Jr, L. Giret, E. Jamelot,
F. D. Kpadonou, Rencontres Inria-LJLL en calcul scientifique, 15 mai 2017.

2016 Domain Decomposition Methods with low-regularity solution for nuclear core reactor simulations,
P. Ciarlet Jr, L. Giret, E. Jamelot, F. D. Kpadonou,
Eigth Singular Days, Nancy (France), 27-30 Juin 2016.

2012 Calculs haute performance en diffusion et transport neutronique, A.-M. Baudron, C. Calvin, J.
Dubois, E. Jamelot, J.-J. Lautard, O. Mula-Hernandez, Forum Horizon Maths, Fondation Science
Mathématiques de Paris, La Défense (France), 20 décembre 2012.

2004 Résolution des équations de Maxwell dans des domaines singuliers,
P. Ciarlet Jr, E. Jamelot, Fourth Singular Days, Pont-à-Mousson (France), 2004.

Participation to workshop specialized in nuclear science

2021 Étude de la T-coercitivité pour le problème de Stokes,
P. Ciarlet Jr, E. Jamelot, A. Lefort, Journées du GdR MaNu, Le Croisic, 25-27 octobre 2021.

2018 TrioCFD: code & numerical schemes, E. Jamelot,
Workshop DAM/DEN HPC, Aussois, 2-6 juillet 2018.

2017 Analysis of the mathematical tools to perform nuclear core reactor simulations,
P. Ciarlet Jr, L. Giret, E. Jamelot, F. D. Kpadonou,
Workshop "Mathématiques pour la neutronique", Groupe de Recherche MaNu, LJLL, Université
Paris 6, 30 novembre 2017.
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2017 Un modèle simplifié de couplage thermohydraulique-neutronique,
S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad,
Journée scientifique autour de la thermohydraulique, programme NEEDS,
MAP5, Université Paris 7, 5 juillet 2017.

2017 Couplage entre la thermohydraulique et la neutronique,
S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad, Atelier FrenchTeam-MSFR,
programme NEEDS, Lyon, 2 février 2017.

2016 Domain Decomposition Methods with low-regularity solution for nuclear core reactor simulations,
P. Ciarlet Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
Groupe de Recherche MaNu, Saint-Valéry-sur-Somme, 17-19 octobre 2016.

2015 Décomposition de domaine non conforme pour l’équation mixte de la diffusion avec une solution
peu régulière, P. Ciarlet Jr., E. Jamelot, L. Giret, LRC MANON, Paris, 16 juin 2015.

2015 Calcul neutronique déterministe des réacteurs avec prise en compte des contre réactions simplifiées,
E. Jamelot, J.-J. Lautard, J.-C. Le Pallec, LRC MANON, Paris, 2 juin 2015.

2014 Décomposition de domaine pour la neutronique, A.-M. Baudron, E. Jamelot, J.-J. Lautard,
LRC MANON, Paris, 12 juin 2014.

2011 Parallélisation du solveur de transport simplifié MINOS dans APOLLO3®,
A.-M. Baudron, E. Jamelot, J.-J. Lautard, LRC MANON, Paris, 17 juin 2011.

Organization of scientific events

2025 Workshop on numerical analysis and scientific computing for electromagnetics. Patrick Ciarlet’s
60th birthday, Institut Henri Poincaré, Paris, 17 juin 2025.

2024 New Directions for solving Stokes and Navier-Stokes Problems. Minisymposium MS061, ECCO-
MAS (9th European Congress on Computational Methods in Applied Sciences and Engineering)
2024, June 3-7, Lisbon (Portugal).

2022 Participation in the organization committee of the CEA-EDF-INRIA summer school on numerical
analysis.

2017-now Organization of seminaries, PhD proposals.

2014-2017 SERMA correspondent for the Laboratoire de Recherche Conventionné (LRC) MANON, organiza-
tion of seminaries, PhD and post-doc proposals.

Contributed talks without proceedings

2023 Stability estimates for Fortin-Soulie mixed finite elements, E. Jamelot,
11ème Biennale de la SMAI, Le Gosier (France), 22-26 mai 2023.

2022 Étude de la T-coercitivité pour le problème de Stokes, E. Jamelot, A. Lefort,
CANUM, Evian (France), 13-17 juin 2022.

2020 Domain Decomposition Method for nuclear core reactor simulations with low-regularity solution, P.
Ciarlet Jr., L. Giret, M. H. Do, E. Jamelot, F. D. Kpadonou, F. Madiot,
26th International Domain Decomposition Conference, 2020, December 7-12 (Hong Kong).

2019 Eigenproblem with low-regularity solution for nuclear reactor core modeling,
P. Ciarlet, Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
MAFELAP’19, 2019, June 18-21, Brunel (UK).

7



2016 Domain Decomposition Methods with low-regularity solution for nuclear core reactor simulations,
P. Ciarlet Jr., L. Giret, E. Jamelot, F. D. Kpadonou,
MAFELAP’16, 2016, June 14-17 Brunel (UK).

2010 GPGPU Programming to Solve the Boltzman Neutron Transport Equation,
C. Calvin, J. Dubois, E. Jamelot, S. Petiton,
14th SIAM Conference on Parallel Processing for Scientific Computing, Seattle (USA), Feb. 2010.

2006 Continuous Galerkin methods for solving electromagnetic eigenvalue problems,
A. Buffa, P. Ciarlet Jr., E. Jamelot, MAFELAP’06, 2006, June 13-16, Brunel (UK).

2004 Résolution des équations de Maxwell dans des domaines singuliers, P. Ciarlet Jr., E. Jamelot,
CANUM, Obernai (France), juin 2004.

2003 Augmented variational formulations for solving Maxwell’s equations: numerical results, P. Ciar-
let Jr., E. Jamelot, MAFELAP’03, 2003, June 21-24, Brunel (UK).
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Chapter 2

Teaching and student supervision

I started teaching at ENSTA and Université Paris-Dauphine during my PhD. For 5 years, I was involved
in teaching the M2 AMS course (ENSTA and Université Paris-Saclay), for the scientific computing course.
For the last two years, I taught at Université Sorbonne Paris Nord, for M1 students. I also supervise or
co-supervise M1, M2 and PhD students.

2.1 Teaching

2025–. . . TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).

2023–2025 Introduction à la résolution des équations de Navier-Stokes,
École d’Ingénieurs Sup’Galilée (Université Sorbonne Paris Nord), 15 hours.
Cours "Projet métier" de la Spécialité Mathématiques Appliquées au Calcul Scientifique (M1).

2014–2019 Calcul scientifique parallèle, ENSTA, 15 hours.
Cours du Master Analyse, Modélisation et Simulation (M2).

2012–2014 TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).

2008 Qualifiée aux fonctions de maître de conférences en section 26 du CNU.

2007–2008 TD et TP, Méthode des éléments finis, ENSTA, 15 hours (M1).

2003–2005 Cours-TD, Analyse fonctionnelle, Université Paris-Dauphine (L1 GEA).

2003–2005 TP, Programmation en Matlab, ENSTA (L3).

2.2 Students supervision

PhD students

2025–2028 Paulin Dempowo-Fouelefack, Université Paris-Saclay.
Méthodes numériques pour la simulation d’écoulements diphasiques avec prise en compte des sin-
gularités. Director: Erell Jamelot (34%). Co-instructors: P. Omnes (33%) and M. Grosso (33%).

2022–2025 Mayssa Mroueh, Université Sorbonne Paris-Nord.
Étude de la méthode de Galerkine discontinue pour les équations de Navier-Stokes.
Director: Pascal Omnes (50%). Proceedings [P9], manuscript in preparation [W2].
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2020–2024 Andrew Peitavy, Université Gustave Eiffel.
Schémas de discrétisation en pression et éléments finis de Crouzeix-Raviart pour les écoulements
de fluides incompressibles. Directors: Éric Chénier (25%) and Christophe Le Potier (25%). Pro-
ceedings [P3, P4], PhD thesis [210].

2014–2018 Léandre Giret, Université Paris-Saclay.
Numerical Analysis of a Non-Conforming Domain Decomposition for the Multigroup SPN Equa-
tions. Director: Patrick Ciarlet (50%). Article [A2], proceedings [P5], PhD thesis [163].

Work-study student

10/22–09/24 Paulin Dempowo-Fouelefack, ENSTA.
Méthodes numériques et développement de code CFD diphasique.
Co-instructor with Raksmy Nop and Pascal Omnes.

Gap year students

09/22–02/23 Sofiane Ezzehi, ENPC.
Approche semi-analytique pour un couplage simplifié thermohydraulique-neutronique.
Co-instructor with Olivier Lafitte and François Madiot.

02/21–07/21 Albéric Lefort, ENSTA. Étude de la T-coercivité pour le problème de Stokes.

M2 students

04/25–09/25 Raphaël Lecoq, Sciences Sorbonne Université.
Estimateurs d’erreurs a posteriori pour les éléments finis de Galerkin discontinus.
Co-instructor with Andrew Peitavy.

04/24-09/24 Honorine Bertrand, Université de Reims Champagne-Ardennes.
Analyse numérique du schéma P1

nc − (P 0 + P 1 + P a) du code TrioCFD.
Co-instructor with Pierre-Emmanuel Angeli. Submitted article [W1].

04/23–09/23 Ali Ali Ahmad, Université de Reims Champagne-Ardennes.
Étude des schémas de convection du code TrioCFD. Co-instructor with Pierre-Emmanuel Angeli.

04/22–09/22 Mayssa Mroueh, Université Versailles Saint-Quentin-en-Yvelines.
Étude de la T-coercitivité pour le problème de Stokes discrétisé avec les éléments finis de Galerkine
discontinus. Co-instructor with Patrick Ciarlet.

04/20–11/20 Andrew Peitavy, Centrale Marseille. Méthode hybride d’ordre élevée pour l’équation de Stokes.

03/19–09/19 Loria Dray, Université Pierre et Marie Curie.
Schémas numérique à base de splines pour l’équation de Stokes.

03/18–09/18 Mahran Rihani, ENSTA Paris. Etude d’un élément fini mixte d’ordre 2 et correction de la faible
conservation de la masse pour l’équation de Stokes.

04/13–08/13 Félix D. Kpadonou, Université Versailles Saint-Quentin-en-Yvelines.
Études de méthodes de décomposition de domaine sur maillages non conformes.
Co-instructor with Patrick Ciarlet. Article [A6].

03/05–07/05 Mathieu Buard, Université du Maine.
Résolution des équations de Maxwell en 2D. Co-instructor with Patrick Ciarlet.
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M1 students

05/14–08/14 Hervé Avezedo-Chavez, Université Sorbonne Paris Nord.
Implémentation du GMRES pour la résolution de la méthode de décomposition de domaine du
solveur MINOS du code APOLLO3®.

03/09–07/09 France Boillod-Cerneux, Polytech Lille.
Utilisation de la bibliothèque PETSc dans le solveur MINOS du code APOLLO3®.
Co-instructor with Christophe Calvin.

2.3 Examiner

08/31/17 Examiner on the jury for Félix Kpadonou’s thesis [181].

2014–2019 Examiner on the jury for the M2 AMS (Université Paris-Saclay).
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Chapter 3

Abstract of the contributions

As this manuscript concerns my research work, let’s first check what a famous AI language model
says about me: Erell Jamelot is a research engineer affiliated with the Université Paris-Saclay and
the CEA (French Alternative Energies and Atomic Energy Commission). Her work focuses on applied
mathematics and numerical analysis, with expertise in the finite element method, computational physics,
and mathematical modeling of physical systems. She has contributed to research on problems such as
Maxwell equations, and numerical methods for fluid mechanics and neutron transport equation. That’s
quite right, as I’ll explain in detail (without the AI).

I defended my PhD thesis in November 2005, on Continuous Galerkin methods for solving Maxwell’s
equations (cf. manuscript [B2], article [A8] and proceedings [P1]). During my PhD, I developed a
vector finite element code, implementing different vector continuous finite elements: the singular com-
plement method in 2D [173, 157], the method with natural boundary conditions [91] and the weighted
regularization method in 2D and 3D [116].

In January 2006, I started working at Dassault Systèmes, where I took part in the development of the
well-known CAD software, CATIA. As I wanted to take part in a subject closer to physics, in January
2008, I joined the Phasics start-up, where I developed algorithms for adaptive optics. However, while I
held these two positions, I wasn’t doing research, and I missed it. That’s what led me to apply to the
CEA, whose motto is From Research to Industry1. Since then I’ve tried to follow this motto, collaborating
with academic researchers, including: Patrick Ciarlet, Olivier Lafitte, Eric Chénier and CEA colleagues,
including: François Madiot, Christophe Le Potier, Pascal Omnes, Pierre-Emmanuel Angeli, with the aim
of improving the performance of CEA’s industrial codes. Last, since 2022, I started a collaboration with
Stefan Sauter on nonconforming finite elements.

I was recruited in October 2008 at the Reactors studies and Applied Mathematics Department
(SERMA2). There, I took part in the development of finite element methods to solve the neutron
transport equation in the APOLLO3® code3 (cf. articles [A12, A2, A6, A11, A10] and proceedings
[P5, P10, P6, P8]). Since then, I co-supervised the PhD thesis of Léandre Giret [163]. From June 2015,
I started collaborating with Olivier Lafitte on a simplified thermal-hydraulics and neutronic coupling
(cf. article [A7] and proceedings [P2]), which led me, two years later, to join the Thermohydraulics and
Fluid Mechanics department (STMF4).

Since April 2017, my research has focused mainly on the spatial discretization of the Navier-Stokes
equations and the Stokes problem, in order to enhance capabilities of CEA’s open source computational
fluid dynamics (CFD) code, called TrioCFD (articles [A5, A9, A13], proceedings [P3, P4, P9, P7]. I
co-supervised the PhD thesis of Andrew Peitavy [210]. Currently, I’m co-supervising the PhD thesis of

1De la recherche à l’industrie.
2Service d’Étude des Réacteurs et de Mathématiques Appliquées.
3APOLLO3 is a registered trademark in France.
4Service de Thermohydraulique et de Mécanique des Fluides.
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Mayssa Mroueh, who studies the discretization of Navier-Stokes equations with discontinuous Galerkin
finite elements (cf. proceedings [P9] and article [W2]). I started to co-supervive the PhD thesis of Paulin
Dempowo-Fouelefack on the modelisation and simulation of two phases flows.

Thus, I mainly studied three physical models: Maxwell’s equations, the neutron transport
equation and the Stokes problem. These models have some features in common: they are elliptical
problems. Moreover, they are posed in a mixed form, either because of a constraint (Maxwell’s equations
and Stokes problem), which leads to a saddle point problem, or to improve the discretization of the
gradient (the neutron simplified transport equation). Finally, for Maxwell’s equations and for the neutron
simplified transport equation, we are also interested in solving eigenproblems.

In this manuscript, for these three models, we will proceed in a similar way: we will study the
continuous, physical model, then, when possible, we will carry out the numerical analysis of the finite
element methods. Last, we may propose numerical algorithms. When relevant, we will use a recent
mathematical tool: the T-coercivity theory [95]. On the one hand, it can help proving well-
posedness of continuous or discrete problems (basic or discrete T-coercivity). On the other hand, it can
be used to demonstrate stabilization or preconditioning (explicit T-coercivity).

The manuscript is organized as follows: in Chapter 4, we gather the mathematical tools that we
need for the mixed formulations, T-coercivity and low-regular solutions. Chapters 5-7 are dedicated to
each of the three models. Last, in Chapter 8, we propose some perspectives. Some details are developed
in appendix A and B. Below, we give precisions on Chapters 5-7.

My thesis was followed by articles [A1, A3], and I still work occasionally on Maxwell equations
to review articles or to answer questions from colleagues. This is the reason why recently, Patrick
Ciarlet proposed to collaborate on solving magnetostatic systems (cf. article [A4]). These articles are
summarized in Chapter 5, where we study three electromagnetism models: magnetostatic systems
in Sections 5.2 and 5.4; the electric eigenproblem in Section 5.5 and the propagation in a waveguide in
§5.1.

In the most recent article [A4, §5], we design a new variational formulation with the help of
T-coercivity, adapted to magnetostatic systems, as explained in Section 5.4.1. This formulation can
be discretized with edge finite elements for which we carry out the numerical analysis.

In order to be able to solve Maxwell’s equations in a non-convex polyhedron with a continuous
and conforming discretization, one has to overcome a very difficult mathematical problem. It turns
out that the discretized spaces are always included in a closed, strict subspace (sometimes called the sub-
space of regular fields) of the space of all possible fields. In other words, one cannot hope to approximate
the part of the field, if it exists, which belongs to the orthogonal of this subspace. Several methods have
been devised to address this problem. In particular, one can use a weaker norm to measure the
divergence of the field: one replaces the L2-norm by a weighted L2-norm. This weighted approach,
introduced by Costabel and Dauge [116, 117], leads again to a larger space for the fields, where the
density property is recovered.

We describe the weighted regularization method (WRM) in Section 5.3. We study the resolu-
tion of magnetostatic systems [A4, §6] with the WRM in Section 5.4.2. In Sections 5.5 and 5.6, we study
the electric eigenproblem [A1] and of the propagation in a waveguide [A3].

From the end of 2008 to March 2017, I worked at SERMA on the development of methods for solving
the neutron transport equation, used to simulate nuclear reactor cores. This work has given rise to
articles [A10, A11, A6, A2, A12] and proceedings [P8, P6, P5], which are summarized in Chapter 6.

The coefficients of the elliptic operator are piecewise regular. Thus, the solution to the neutron trans-
port equation (called the neutron flux) may be of low-regularity. The steady state of a nuclear reactor
core is modelled by an eigenproblem, whose principal mode is the physical solution to the neutron
transport equation. The neutron transport equation depends on 7 variables (the time, the velocity of
the neutrons and the position), the approximation of which leads to different models, depending on how
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the direction of the velocity is discretized. In Section 6.1, we describe our main model: the neutron
simplified transport equation (also called neutron SPN equations), which corresponds to a set of coupled
diffusion equations, and the neutron diffusion equation.

Pressurized water reactors have a Cartesian geometry, therefore, it is interesting to discretize the
model with Cartesian Raviart-Thomas-Nédélec (RTN) finite elements. In Sections 6.2 and 6.3,
we carry out the numerical analysis of the neutron diffusion source problem, and eigenproblem discretized
with RTN finite elements.

To take advantage of new computer architectures and speed up calculations, we need to work on
parallel methods. Thus, we are interested in domain decomposition methods (DDM) to solve the
simplified neutron transport equations, discretized with RTN finite elements [213, 204]. In Section 6.4,
we introduce DDM and related notations. In Section 6.5, we give details on the Schwarz DDM with
optimised Robin boundary conditions, cf. articles [A11, A10], proceedings [P5, P6] and lecture notes
[B1, chap. 3]. This method is efficient, but it cannot handle nonconforming meshes. For this reason, we
also studied nonconforming DDM with Lagrange multipliers (or joints), as explained in Section 6.6.
In order to carry out the numerical analysis for low-regular solutions, we make use of vector-valued
functions with L2-jumps of normal traces on the interface between subdomains that we called
the DD+L2-jumps method cf. article [A6]. This research led me to supervise Léandre Giret’s PhD
thesis [163], cf. article [A2] and proceedings [P5].

Discontinuous Galerkin finite element method (DGFEM) was first designed to solve the neutron
transport equation [215, 192]. Then, this method was adapted to elliptic problems. The diffusion
equation can also be used as preconditioner to solve the transport equation. In Section 6.7, we study
the discretization of the simplified neutron transport equations, with the so-called symmetric interior
penalty method [A12].

Last, in Section 6.8, we study a simple neutronics and thermal-hydraulics coupling cf. article
[A7], proceedings [P2]. We obtain an analytic solution of a monodimensional stationary system coupling
simplified thermal-hydraulics and neutronic models based on the diffusion approximation with one en-
ergy group. In principle, the procedure we propose could be used to validate other coupling strategies
used for more realistic models.

In Chapter 7, we discuss recent work on fluid mechanics, done at the STMF since April 2017. We
present the Navier-Stokes equations and the Stokes problem in Section 7.1. From a numerical analysis
point of view, the study of the Stokes problem represents an essential step in constructing a good spatial
discretization for the Navier-Stokes equations, and we concentrate on this problem. In Section 7.2, we
study the well-posedness of Stokes problem with the help of T-coercivity. Next, in Section 7.3,
we introduce useful discrete notations. In TrioCFD code, the spatial discretization of the Navier-Stokes
equations is based on the nonconforming linear finite elements P1

nc for the fluid velocity. Hence, we
study in details nonconforming finite elements. In Section 7.4, we study Pk+1

nc × P k discretization in
the light of the discrete T-coercivity. To do so, we need to exhibit a Fortin operator, that is
specified for k = 1 d = 2 or 3 in §7.4.1, and for k = 2, d = 2 in §7.4.2, cf. [A9, Sections 3.1 and 3.2]. We
give estimates of the stability constants in both cases. In §7.4.3, we illustrate the importance of using a
divergence-free velocity on some numerical experiments, cf. [A9, §4].

In order to improve the accuracy of the P1
nc × P 0 scheme, one can enrich the space of the discrete

pressure, as it is done in the TrioCFD code, where the discrete pressure has a P 0 component plus a
P 1-Lagrange component. This leads to the so called P1

nc× (P 0 +P 1) scheme, which exhibits interesting
numerical features. However, only an incomplete proof of the stability is available in [175, 153]. In
Section 7.5, we carry out the numerical analysis of the P1

nc × (P 0 + P 1) scheme, and we provide
some numerical illustrations cf. [P7, W1].

My research on nonconforming finite elements led me to supervise Andrew Peitavy’s PhD thesis [210].
In order to improve the accuracy of the P1

nc × P 0 scheme without increasing the number of degrees of

15



freedom, we can use the symmetric Multipoints Flux Approximation scheme to discretize the
pressure gradient, cf. proceedings [P3, P4]. We give details of this discretization in Section 7.6.

In Section 7.7, using the T-coercivity theory, we propose a new variational formulation of
the Stokes problem which doesn’t involve nonlocal operators. With this new formulation, unstable
finite element pairs are stabilized. In addition, the numerical scheme is easy to implement, and a
better approximation of the velocity and the pressure is observed numerically when the viscosity is small
cf. [A5].

Finally, in Chapter 8, we propose some extensions of this work.
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Part II

Contributions
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Chapter 4

Mathematical tools

In this Chapter, we introduce some useful mathematical tools. Throughout this manuscript, C is used
to denote a generic positive constant which is independent of the mesh size, the triangulation and the
quantities/fields of interest. We also use the shorthand notation A ≲ B for the inequality A ≤ CB,
where A and B are two scalar quantities, and C is a generic constant. Respectively, A ≂ B for the
inequalities A ≲ B and B ≲ A.

Vector-valued (resp. tensor-valued) function spaces are written in boldface character (resp. black-
board bold characters).

We call O a domain of Rd (d = 1, 2, 3) iff O is a subset of Rd, open, bounded, connected, with a
Lipschitz boundary ∂O. For the ease of exposition and as far as discretization is concerned, we assume
that O is a Lipschitz polyhedron. We denote by n the unit normal vector from ∂O. We generically
consider Γ ⊂ ∂O a subset of ∂O of non-vanishing measure, with Lipschitz boundary ∂Γ. Finally, C∞(O)
is the restriction to O of C∞(Rd) functions.

In Section 4.1, we define the main functional spaces that we need. We have to treat boundary
conditions or interface conditions, so we give the trace theorems that we will use in Section 4.2. In
Section 4.3, we remind that there exists a (nonlocal) right inverse of the divergence operator. We
provide regularity properties of solutions to elliptic problems in case of heterogeneous material and or
non convex domain in Section 4.4. In Section 4.5, we summarize numerical analysis tools for mixed
problems. We recall T-coercivity theory as written in [92, 85] in the case of complex-valued functions in
Section 4.6. Finally, in Section 4.7, we define some common notations for the discretization.

4.1 Continuous settings

We recall that the functional space Lp(O) contains classes of functions f measurable in the Lebesgue
sense on O, and such that if 1 ≤ p <∞ : ∥f∥Lp(O) :=

{∫
O
|f |p

}1/p

<∞
if p =∞ : ∥f∥L∞(O) := esssupx∈O|f(x)| <∞

.

These functions are assumed to be real-valued1. For p ∈ [1,∞], Lp(O) is a Banach space endowed with
the norm ∥ · ∥Lp(O). And, for 1 ≤ p < ∞, Lp(O) is separable. Finally, for p ∈ [1,∞], W 1,p(O) :=

{v ∈ Lp(O) : ∂iv ∈ Lp(O), 1 ≤ i ≤ d} is a Banach space endowed with the product norm.

We define the following functional spaces onO, which are Hilbert spaces endowed with their associated
scalar product:

1In case they’re complex-valued, we take into account the conjugation.
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• L2(O), (u, v)L2(O) =

∫
O
u v, L2

zmv(O) :=
{
u ∈ L2(O) |

∫
O
u = 0

}
;

L2(O) := L2(O)d, (p,q)L2(O) =

∫
O
p · q.

• H1(O) :=
{
v ∈ L2(O) : ∂iv ∈ L2(O), 1 ≤ i ≤ d

}
=
{
v ∈ L2(O) : ∇ v ∈ L2(O)

}
,

(u, v)H1(O) = (u, v)L2(O) +

d∑
i=1

(∂iu, ∂iv)L2(O) = (u, v)L2(O) + (∇u,∇ v)L2(O),

for m ≥ 2 : Hm(O) :=
{
v ∈ L2(O) : ∂iv ∈ Hm−1(O), 1 ≤ i ≤ d

}
,

(u, v)Hm(O) = (u, v)L2(O) +

d∑
i=1

(∂iu, ∂iv)Hm−1(O),

for s ∈ R+ \ N: we let s = m + σ, m ∈ N and σ ∈]0, 1[ and we define Hs(O) by interpolation
between Hm(O) and Hm+1(O), with the convention H0(O) = L2(O) ;
for s ≥ 0 : Hs

0(O) is defined as the closure of D(O) in Hs(O) ;
for s ≥ 0, C∞(O) is dense in Hs(O).

• H(div,O) :=
{
q ∈ L2(O) : divq ∈ L2(O)

}
, (p,q)H(div,O) = (p,q)L2(O) + (divp,divq)L2(O) ;

H0(div,O) is defined as the closure of D(O) in H(div,O) ; C∞(O)d is dense in H(div,O).

• H(curl,O) :=
{
q ∈ L2(O) : curl q ∈ L2(O)

}
, (p,q)H(curl,O) = (p,q)L2(O)+(curl p, curl q)L2(O) ;

H0(curl,O) is defined as the closure of D(O) in H(curl,O) ;
C∞(O)d is dense in H(curl,O).

As O is a domain of Rd, we can define its unit outward normal n a.e. on the boudary ∂O, and we have
n ∈ L∞(∂O). For a part Γ ⊂ ∂O, we define the following functional spaces, which are Hilbert spaces
endowed with their associated scalar product:

• L2(Γ) :=

{
µ measurable on Γ :

∫
Γ

|µ|2 < +∞
}
, (µ, µ′)L2(Γ) =

∫
Γ

µµ′.

• H
1
2 (Γ) =

{
µ ∈ L2(Γ) :

∫
Γx

∫
Γy

|µ(x)− µ(y)|2
|x− y|d <∞

}
,

(µ, µ′)H1/2(Γ) = (µ, µ′)L2(Γ) +

∫
Γx

∫
Γy

(µ(x)− µ(y)) (µ′(x)− µ′(y))
|x− y|d .

• For s = 1 or 3, we will need H̃
s
2 (Γ) =

{
u ∈ H s

2 (Γ) : ũ ∈ H s
2 (∂O)

}
, where ũ ∈ L2(∂O) is the

extension of u on all ∂O, equal to 0 on ∂O \ Γ̄.

The following strict inclusions hold: H
1
2 (Γ) ⊊ L2(Γ) ⊊ (H

1
2 (Γ))′ and H̃

1
2 (Γ) ⊊ L2(Γ) ⊊ (H̃

1
2 (Γ))′.

Notice that if λ ∈ L2(Γ) and µ ∈ H 1
2 (Γ), it holds: ⟨λ, µ⟩H1/2(Γ) =

∫
Γ
λµ.

4.2 Trace theorems

For u ∈ C∞(O) we denote by u|Γ its trace on a subset Γ ⊂ ∂O.

4.2.1 Traces of H1(O) fonctions

Theorem 4.2.1. The trace mapping γ0 : u 7→ u|∂O from C∞(O) on ∂O extends by continuity into
a continuous mapping from H1(O) onto L2(∂O): ∃c > 0, ∀u ∈ H1(O), ∥γ0(u)∥L2(∂O) ≤ c∥u∥H1(O).
The trace mapping is surjective and continuous from H1(O) onto H

1
2 (∂O):

∃c > 0, ∀u ∈ H1(O), ∥γ0(u)∥H1/2(∂O) ≤ c∥u∥H1(O) ;

∃c > 0, ∀µ ∈ H 1
2 (∂O), ∃u ∈ H1(O) s.t. γ0(u) = µ and ∥u∥H1(O) ≤ c∥µ∥H1/2(∂O),
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where the u ∈ H1(O) is called a lifting of µ ∈ H 1
2 (∂O).

We have the identification: H1
0 (O) =

{
v ∈ H1(O) : v|∂O = 0

}
.

We can also define a trace mapping on Γ, from H1(O) onto L2(Γ), where the trace is denoted
by v|Γ. The trace mapping is surjective from H1(O) onto H

1
2 (Γ). Let C∞

Γ (O) := {v ∈ C∞(O) :

v = 0 in a neighbourhood of Γ}. Calling H1
0,Γ(O) the closure of C∞

Γ (O) in H1(O), we can prove that:
H1

0,Γ(O) =
{
v ∈ H1(O) : v|Γ = 0

}
. In addition, the space of all traces on Γ of C∞

∂O\Γ̄(O) is dense in

L2(Γ). Finally, note that if v ∈ H1(O) vanishes in a neighbourhood of ∂Γ, then v|Γ ∈ H̃
1
2 (Γ).

Theorem 4.2.2. (Poincaré-Steklov inequality) Let O be a domain in Rd and Γ ⊂ ∂O a non empty
subset. Then

∃CPS > 0, ∀v ∈ H1
0,Γ(O), ∥v∥L2(O) ≤ CPS hO∥∇ v∥L2(O).

Thanks to Theorem 4.2.2, in H1
0 (O), the semi-norm is equivalent to the natural norm, so that

the scalar product reads (v, w)H1
0 (O) = (∇ v,∇w)L2(O) and the norm is ∥v∥H1

0 (O) = ∥∇ v∥L2(O). Let
v, w ∈ H1

0(O). We denote by (vi)
d
i=1 (resp. (wi)

d
i=1) the components of v (resp. w), and we set

∇v = (∂jvi)
d
i,j=1 ∈ L2(O) (where L2(O) = [L2(O)]d×d). We have:

(∇v,∇w)L2(O) = (v,w)H1
0(O) =

d∑
i=1

(vi, wi)H1
0 (O) and ∥v∥H1

0(O) =

(
d∑
i=1

∥vi∥2H1
0 (O)

) 1
2

= ∥∇v∥L2(O).

4.2.2 Normal traces of H(div,O) functions

Theorem 4.2.3. The normal trace mapping γ1 : q 7→ γ1(q) = q · n|∂O from C∞(O)d onto ∂O extends
by continuity into a continuous and surjective application of H(div,O) in the dual space (H

1
2 (∂O))′:

∃c > 0, ∀q ∈ H(div,O), ∥γ1(q)∥
(H

1
2 (∂O))′

≤ c∥q∥H(div,O) ;

∃c > 0, ∀µ ∈ (H
1
2 (∂O))′, ∃q ∈ H(div,O) s.t. γ1(q) = µ and ∥q∥H(div,O) ≤ c∥µ∥(H 1

2 (∂O))′
.

For the last point, the vector q ∈ H(div,O) is called a lifting of g ∈ (H
1
2 (∂O))′.

We have the identification:

H0(div,O) =
{
q ∈ H(div,O) : q · n|∂O = 0

}
.

Let Γ be a strict subset of ∂O. For q ∈ H(div,O), we know from Theorem 4.2.3 that q·n|∂O ∈ (H
1
2 (∂O))′.

However, in general q · n|Γ ̸∈ (H
1
2 (Γ))′, while we automatically have q · n|Γ ∈ (H̃

1
2 (Γ))′.

4.2.3 Tangential traces of H(curl,O) functions

Theorem 4.2.4. The tangential trace mapping γT : q 7→ γT (q) = q × n|∂O from C∞(O)d onto ∂O
extends by continuity into a continuous and surjective application of H(curl,O) in the dual space
(H

1
2 (∂O))′. In addition, the following characterization holds:

H0(curl,O) =
{
q ∈ H(curl,O) : q× n|∂O = 0

}
.

The space of the tangential traces of H(curl,O) functions is characterized in [74].
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4.2.4 Integration by parts formulas

The following integration by parts formulas hold:

∀v ∈ H1
0 (O), ∀q ∈ H(div,O),

∫
O
(q · ∇ v + divq v) = 0, (4.2.1)

∀v ∈ H1(O), ∀q ∈ H(div,O),
∫
O
(q · ∇ v + divq v) = ⟨q · n , v⟩H1/2(∂O). (4.2.2)

If you want to "cut" the duality brackets in (4.2.2) on Γ and Γ′ = ∂O \ Γ̄ two (strict) parts of ∂O, there
are two possibilities.
(4.2.2-i) Either assume that the normal trace q · n|∂O is more regular than (H

1
2 (∂O))′, for instance

assume that q · n|∂O ∈ L2(∂O). In that case, one can write that for all v ∈ H1(O):

⟨q · n , v⟩H1/2(∂O) =

∫
∂O

q · n v =

∫
Γ

q · n v +
∫
Γ′
q · n v.

(4.2.2-ii) Either you must choose v ∈ H1(O) vanishing in the neighbourhood of ∂Γ = ∂Γ′. In that case,
v|Γ ∈ H̃

1
2 (Γ) and v|Γ′ ∈ H̃ 1

2 (Γ′), and we can write that for all q ∈ H(div,O):

⟨q · n , v⟩H1/2(∂O) = ⟨q · n|Γ , v|Γ⟩H̃1/2(Γ) + ⟨q · n|Γ′ , v|Γ′⟩H̃1/2(Γ′).

We also recall the following integration formula:

∀v,∈ H(curl,O), ∀w ∈ H0(curl,O),
∫
O
(curl v ·w − curlw · v) = 0. (4.2.3)

4.3 Babuška-Aziz constant

In Chapter 7, we need to prove the well-posedness of Stokes problem, which rely on the proposition
below. Let Ω be the domain of study. Let us set V =

{
v ∈ H1

0(Ω) | divv = 0
}
. The vector space V is a

closed subset of H1
0(Ω). We denote by V⊥ the orthogonal of V in H1

0(Ω). We have the

Proposition 4.3.1 ([8, Theorem 3.1 (e)]). The operator div : H1
0(Ω) → L2(Ω) is an isomorphism

of V⊥ onto L2
zmv(Ω). We call Cdiv the constant such that:

∀p ∈ L2
zmv(Ω), ∃!v ∈ V⊥ | divv = p and ∥v∥H1

0(Ω) ≤ Cdiv∥p∥L2(Ω). (4.3.1)

The constant Cdiv depends only on the domain Ω. Recall that we have: ∥v∥2
H1

0(Ω)
= ∥ curl v∥2L2(Ω) +

∥ divv∥2L2(Ω) ≥ ∥p∥2L2(Ω), hence Cdiv ≥ 1. Using proposition 4.3.1, we can define a lifting in H1(Ω) of a
function v ∈ L2(Ω):

Corollary 4.3.1 ([A9, Corollary 4]). For all v ∈ L2(Ω), it exists s ∈ H1(Ω) such that:

div s = v and ∥s∥L2(Ω) + hΩ∥∇ s∥L2(Ω) ≤ CΩ hΩ∥v∥L2(Ω), (4.3.2)

where the dimensionless constant CΩ depends on Cdiv and CPS.

Actually, the constant Cdiv is such that Cdiv = 1/β(Ω) where β(Ω), known as the Babuška-Aziz
constant, is the inf-sup condition (or Ladyzhenskaya–Babuška–Brezzi condition):

β(Ω) = inf
q∈L2

zmv(Ω)\{0}
sup

v∈H1
0(Ω)\{0}

(q,divv)L2(Ω)

∥q∥L2(Ω) ∥v∥H1
0(Ω)

. (4.3.3)

Generally, the value of β(Ω) is not known explicitly. In [41], Bernardi et al established results on the
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discrete approximation of β(Ω) using conforming finite elements. Recently, Gallistl proposed in [154] a
numerical scheme with adaptive meshes for computing approximations to β(Ω). In the case of d = 2,
Costabel and Dauge [118] established the following bound:

Theorem 4.3.1. Let Ω ⊂ R2 be a domain contained in a ball of radius R, star-shaped with respect to a
concentric ball of radius ρ. Then

β(Ω) ≥ ρ√
2R

(
1 +

√
1− ρ2

R2

)− 1
2

≥ ρ

2R
. (4.3.4)

Let us detail the bound for some remarkable domains. If Ω is a ball, β(Ω) ≥ 1
2 and if Ω is a square,

β(Ω) ≥ 1
2
√
2
. Suppose now that Ω is stretched in some direction by a factor k, then β(Ω) ≥ 1

2 k . Finally,
if Ω is L-shaped (resp. cross-shaped) such that L = k l, where L is the largest length and l is the smallest
length of an edge, then β(Ω) ≥ 1

2
√
2 k

(resp. β(Ω) ≥ 1
4 k ).

4.4 Regularity of elliptic solutions

4.4.1 Heterogeneous materials

In Chapter 5, we consider magnetostatic systems in heterogeneous material (Sections 5.2 and 5.4). In
Chapter 6, our numerical results concern the simulation of pressurized water reactor cores, which are
also modelled by heterogeneous material. In both cases, the numerical analysis must be carried out with
care, taking into account the low-regularity of the solutions.

We split the domain R ⊂ Rd into NR open disjoint parts {Ri}i∈IR , where IR = {1, . . . , NR}, with
Lipschitz, piecewise smooth boundaries: R = ∪i∈IRRi and the set {Ri}i∈IR is called a partition of R.
For a field v defined over R, we shall use the notations vi = v|Ri

, for i ∈ IR.
Given a partition {Ri}i∈IR of R, we introduce function spaces with piecewise regular elements:

PHs(R) =
{
ψ ∈ L2(R) |ψi ∈ Hs(Ri), i ∈ IR

}
, s > 0 ;

PH(div,R) =
{
q ∈ L2(R) |qi ∈ H(div,Ri), i ∈ IR

}
;

PW 1,∞(R) =
{
ψ ∈ L∞(R) |ψi ∈W 1,∞(Ri), i ∈ IR

}
.

We recall that for a piecewise smooth ψ ∈ PHs(R), ∥ψ∥2PHs(R) =
∑
i∈IR

∥ψ∥2Hs(Ri)
. Similarly for

elements of PW 1,∞(R). Let R ⊂ Rd, d ∈ {2, 3}. We split the boundary into three disjoint, open parts
such that: ∂R = ΓD ∪ ΓN ∪ ΓR. Consider the generalized Laplacian problem:

Find u such that
−divk∇u+ q u = f in R,

u|ΓD = gD on ΓD,

∇u · n|ΓN = gN on ΓN ,

∇u · n|ΓR + αu|ΓR = gR on ΓR.

(4.4.1)

We suppose that gD ∈ H̃
1
2 (ΓD), gN ∈ L2(ΓN ) and gR ∈ L2(ΓR).

The coefficients q, respectively k, are a scalar field, resp. a tensor field, such that:
(q,k) ∈ L∞(R)× L∞(R) ,
∃κ∗, κ∗ > 0, ∀z ∈ Rd, κ∗∥z∥2 ≤ (kz, z) ≤ κ∗∥z∥2 a.e. in R ,
∃q∗ ≥ 0, q∗ > 0, q∗ ≤ q ≤ q∗ a.e. in R.

(4.4.2)

Proposition 1 of [A6], which is written in the case where ΓD = ∂O, gD = 0, holds also for solution to
Problem (4.4.1).
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Proposition 4.4.1 ([A6, Proposition 1]). Let q ∈ PW 1,∞(R), k ∈ PW1,∞(R) a symmetric tensor
field, that fulfill (4.4.2). There exists rmax ∈]0, 1], called the regularity exponent, such that for all source
terms f ∈ L2(R), the solution u ∈ H1(R) to problem (4.4.1) belongs to the space PḢ1+rmax(R) such that
PḢ1+rmax(R) :=

⋂
0≤r<rmax

PH1+r(R) (rmax < 1) or PH2(R) (rmax = 1) with continuous dependence:

for all r ∈ [0, rmax[, ∥ϕ∥PH1+r(R) ≲r ∥f∥L2(R) (rmax < 1) or ∥ϕ∥PH2(R) ≲ ∥f∥L2(R) (rmax = 1).

Proof. We refer to [119, Theorem 4.1], [55, Theorem 3.1] for homogeneous Dirichlet or Neuman boundary
conditions. Otherwise, one considers a lifting ũ ∈ H1(R) such that:

−divk∇ ũ+ q ũ = 0 in R,
ũ|ΓD = gD on ΓD,

∇ ũ · n|ΓN = gN on ΓN ,

∇ ũ · n|ΓR + αũ|ΓR = gR on ΓR.

Following [179], on has: ũ ∈ H 3
2 (R).

Since cross-points are allowed in our model, cf. Figure 6.1, and in accordance with [55], the low-
regularity case corresponds precisely to rmax < 1/2.

4.4.2 Non convex domains

In Chapter 5, we consider the electric eigenproblem and the wave propagation in non convex domains.
In Chapter 7, we also need to consider that the domain of the fluid may be non convex. In both cases,
once again, the numerical analysis must be carried out with care, taking into account the low-regularity
of the solutions.

Let us now recall a classical shift theorem in the domain Ω. We call σDir ∈]0, 1] the limit regularity
exponent for the Laplace problem with Dirichlet boundary condition

Find u ∈ H1
0 (Ω) such that −∆u = f in Ω

with data f ∈ L2(Ω). According to [179], we know that u ∈ H 3
2 (Ω), with ∥u∥H3/2(Ω) ≲ ∥f∥L2(Ω) ; hence

σDir ≥ 1/2. In addition, cf. [166, 124]:

• if Ω is convex or if its boundary is of class C2, then u ∈ H2(Ω), with ∥u∥H2(Ω) ≲ ∥f∥L2(Ω), and in
this case σDir = 1 ;

• if Ω is a non-convex polyhedron, then there exists σDir ∈]1/2, 1[ such that

– ∀f ∈ L2(Ω), u ∈ Ḣ1+σDir (Ω) :=
⋂

0≤s<σDir H
1+s(Ω) ;

– ∃f ∈ L2(Ω) such that u ̸∈ H1+σDir (Ω) ;

– for each s ∈]0, σDir[, one has ∥u∥H1+s(Ω) ≲s ∥f∥L2(Ω).

We also recall the Birman-Solomyak decomposition, see [46, Theorem 4.1], also called the regular-gradient
splitting, see in [176, Lemma 2.4]. Any element u ∈ H0(curl,Ω) can be split as

u = ureg +∇ qu in Ω, with ureg ∈ H1(Ω), qu ∈ H1
0 (Ω), and

∥ureg∥H1(Ω) + ∥qu∥H1(Ω) ≲ ∥u∥H(curl,Ω).
(4.4.3)

Then, if one changes the Dirichlet boundary condition to a Neumann boundary condition, one has similar
results.

We refer to [115] for domains with cracks.
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4.5 Discretization and convergence results for mixed problems

In Chapter 5, we will consider a mixed variational formulation for the electric eigenproblem, cf. Section
5.5 and for the propagation in a waveguide, cf. Section 5.6: the divergence constraint is taken into
account with a Lagrange multiplier.

In Chapter 7, we will study Stokes problem, which is a also posed in a mixed variational formulation.
The pressure of the fluid plays the role of a Lagrange multiplier on the divergence constraint.

4.5.1 Continuous mixed problems

We recall here the general theory (see [51]), which allows us to prove convergence results, for eigenvalue
problems set in a mixed variational framework. So, consider

• V and Q two Hilbert spaces, with norms ∥ · ∥V and ∥ · ∥Q;

• a(·, ·) a bilinear form, continuous, symmetric, positive, semidefinite form on V × V ;

• b(·, ·) a bilinear form, continuous form on V ×Q;

• (f, g) an element of V ′ ×Q′.

Introduce the abstract mixed variational problem:
Find (u, p) ∈ V ×Q such that
a(u, v) + b(v, p) = ⟨f, v⟩ ∀v ∈ V,

b(v, p) = ⟨g, q⟩ ∀q ∈ Q.
(4.5.1)

For this problem, we make two assumptions:

inf-sup condition: ∃β > 0 such that

inf
q∈Q\{0}

sup
v∈V \{0}

b(v, q)

∥v∥V ∥q∥Q
≥ β. (4.5.2)

coercivity on the kernel: ∃α > 0 such that

∀v ∈ K, a(v, v) ≥ α∥v∥2V , where K = {v ∈ V | ∀q ∈ Q, b(v, q) = 0}. (4.5.3)

Theorem 4.5.1 (Babuška-Brezzi, [161, 50]). Assume that (4.5.2) and (4.5.3) are fulfilled. There exists
one, and only one, solution (u, p) to the mixed variational problem (4.5.1), which depends continuously
on the data (f, g).

Note that if (4.5.2) and (4.5.3) hold, we can introduce the continuous and linear mapping A from V to
V , such that Af is the first element (called u above) of the unique solution to problem (4.5.1), with data
(f, 0). Since a is symmetric, A is self-adjoint.

4.5.2 Conforming discretization

Then, one can consider the conforming discretization of (4.5.1). To that aim, let Vh and Qh be two finite
dimensional subspaces of V and Q respectively, and introduce the discrete mixed variational problem:

Find (uh, ph) ∈ Vh ×Qh such that
a(uh, vh) + b(vh, ph) = ⟨f, vh⟩ ∀vh ∈ Vh

b(vh, ph) = ⟨g, qh⟩ ∀qh ∈ Qh
. (4.5.4)
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For this discrete problem, we make two assumptions:

discrete inf-sup condition: ∀h > 0, ∃β(h) > 0 such that

inf
qh∈Q\{0}

sup
vh∈Vh\{0}

b(vh, qh)

∥vh∥V ∥qh∥Q
≥ β(h). (4.5.5)

coercivity on the discrete kernel: ∃α > 0 such that

∀v ∈ Kh, a(vh, vh) ≥ α∥vh∥2V , where Kh = {vh ∈ Vh | ∀qh ∈ Qh, b(vh, qh) = 0}. (4.5.6)

Theorem 4.5.2 (Babuška-Brezzi, [161, 50]). Assume that (4.5.2), (4.5.3), (4.5.5) and (4.5.6) are
fulfilled. There exists one, and only one, solution (uh, ph) to the discrete mixed variational problem
(4.5.4), with the error estimate below:

∃C > 0 such that: ∥u− uh∥V ≤ C
{(

1 +
1

β(h)
inf

vh∈Vh
∥u− vh∥V + inf

qh∈Qh
∥p− qh∥Q

)}
.

4.5.3 Resolution algorithm

Let Nu = dim (Vh), Np = dim (Qh), Au ∈ RNu×Nu be the matrix related to the bilinear a(·, ·) and
Bp,u ∈ RNp×Nu be the matrix related to the bilinear b(·, ·). Let (U, p) ∈ RNu × RNp represent (uh, ph).
Problem (4.5.4) corresponds to solving the following saddle point system:

Find (U,P ) ∈ RNu × RNp such that
Au U + (Bp,u)TP = F

Bp,u U = G

. (4.5.7)

Let us set Kp = Bp,u (Au)−1(Bp,u)T . The matrix Kp ∈ RNp × RNp is a symmetric matrix, furthermore
it is positive definite as soon as the kernel of (Bp,u)T is reduced to {0}. When it is the case, the coupled
problem (4.5.7) can be solved using the three + one steps below (the fourth step being straightforward):

Prediction: Solve in U⋆ such that Au U⋆ = F .

Constraint solver: Solve in P such that Kp P = Bp,u U⋆ −G.
Correction: Solve in δU such that Au δU = −(Bp,u)T P .
Update: U = δU + U⋆.

(4.5.8)

We can use the Cholesky factorization (computed once and for all) to solve linear systems with matrix
Au. One can check easily that the above computed solution (U,P ) solves (4.5.7). The constraint solver
with matrix Kp is based on the Uzawa algorithm, which is the conjugate gradient algorithm in the context
of the saddle point problem. It can be preconditioned by the inverse of the matrix Mp associated to the
norm in Qh (see e.g. [205, Lemma 5.9]). Thanks to the uniform discrete inf-sup condition, the number
of iterations of the conjugate gradient algorithm is independent of the mesh size.

We will use this algorithm in Chapter 5, §5.6.3 to solve a problem of propagation in a waveguide;
and Chapter 7, §7.7.2 to solve Stokes problem.

4.5.4 The first eigenproblem

Suppose that g = 0. Assume that (4.5.2), (4.5.3), (4.5.5) and (4.5.6) hold. For a given h, we can also
introduce the discrete, continuous and linear mapping Th from V to V , such that Thf is the first element
of the unique solution to problem (4.5.4), with data (f, 0). We then consider the eigenproblem, set in a
mixed variational framework. We need a third Hilbert space, called L, such that V ⊂ L algebraically
and topologically, and moreover V is a dense subset of L. The scalar product of L and its norm are
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respectively denoted by (·, ·)L and ∥ · ∥L. Hereafter, we identify L′ with L. The eigenproblem to be
solved reads: 

Find (u, p, λ) ∈ V ×Q× R such that
a(u, v) + b(v, p) = λ(u, v)L ∀v ∈ V,

b(u, q) = 0 ∀q ∈ Q.
(4.5.9)

Note that, according to the definition of the operator T, problem (4.5.9) can be rewritten equivalently
λTu = u, where T is considered from L to V . For this eigenproblem, we make one additional assumption:

The operator T : L→ V is compact (and nonnegative). (4.5.10)

The discrete approximation of problem (4.5.9) is:
Find (uh, ph, λh) ∈ Vh ×Qh × R such that:{

a(uh, vh) + b(vh, ph) = λh(uh, vh)L ∀vh ∈ Vh,
b(uh, qh) = 0 ∀qh ∈ Qh.

(4.5.11)

The discrete eigenproblem can be rewritten equivalently λhThuh = uh. So, to establish the convergence
of the solution of the discrete eigenproblem towards the solution of the exact eigenproblem, one has to
prove that

lim
h→0+

sup
f∈L

∥(T− Th)f∥V
∥f∥L

= 0. (4.5.12)

Indeed, this uniform convergence in L(L, V ) implies convergence of eigenvectors and eigenvalues, for
T self-adjoint and compact [18]. Moreover, the (uniform) rate of convergence on the eigenvectors and
eigenvalues is bounded by the rate of convergence in (4.5.12). From [51], we introduce sufficient conditions
that ensure (4.5.12). A few additional definitions are needed, before these conditions are stated. Let S0
denote the subspace of V ×Q, made of solutions to problem (4.5.1) with right-hand sides (f, 0), where
f ∈ L. Then, consider

V0 = {v ∈ V : ∃q ∈ Q s.t. (v, q) ∈ S0}, and Q0 = {q ∈ Q : ∃v ∈ V s.t. (v, q) ∈ S0}. (4.5.13)

These two spaces are endowed with their natural norms, that is ∥v∥V0
(resp. ∥q∥Q0

) is equal to ∥f∥L
(resp. ∥f∥L), with f such that (f, 0) is the right-hand side of (4.5.1) with solution (v, qf ) (resp. solution
(vf , q)). The first condition is the weak approximability of Q0.

Definition 4.5.1. The weak approximability of Q0 is verified provided there exists r1 : R+ → R+, such
that limh→0+ r1(h) = 0 and

sup
vh∈Kh

b(vh, q0)

∥vh∥V
≤ r1(h)∥q0∥Q0

, ∀q0 ∈ Q0. (4.5.14)

Inequality (4.5.14) actually corresponds to an appoximability property, since one has b(vh, qh) = 0,
∀qh ∈ Qh and ∀vh ∈ Kh.

The second condition is the strong approximability of V0.

Definition 4.5.2. The strong approximability of V0 is verified provided there exists r2 : R+ → R+, such
that limh→0+ r2(h) = 0 and

∀v0 ∈ V0, ∃v0,Kh ∈ Kh s.t. ∥v0 − v0,Kh∥V ≤ r2(h)∥v0∥V0 . (4.5.15)

We note that according to Theorem 4.5.2, provided the weak approximability is fulfilled, it is sufficient
that

lim
h→0+

{
1

β(h)
sup
v0∈V0

inf
vh∈Vh

(∥v0 − vh∥V
∥v0∥V0

)}
= 0,
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to ensure the strong approximability. Indeed, the solution to the discrete mixed problem with g = 0

automatically belongs to the discrete kernel Kh and, as such, it can play the role of v0,Kh in (4.5.15).
Then, the following convergence result holds [51]:

Theorem 4.5.3. Assume that T is a self-adjoint compact operator from L to V (cf. Assumption
(4.5.10)). Assume moreover that the weak approximability of Q0 (4.5.14), the strong approximability of
V0 (4.5.15) and the coercivity on the discrete kernel (A2h) are fulfilled. Then, there exists r3 : R+ → R+

such that limh→0+ r3(h) = 0 and

sup
f∈L

∥(T− Th)f∥V
∥f∥L

≤ r3(h). (4.5.16)

Proof. According to [51], the result is true with r3(h) =
(
1 +

∥a∥
α′

)
r2(h) +

1
α′ r1(h). ⋄

Once the convergence in operator norm is established, one can obtain error bounds on the eigenvalues
and eigenspaces, thanks to techniques à la Babuška-Osborn (see [18, 48]). Let λ be an eigenvalue, and
Eλ be the eigenspace associated to it. Let λh be the average of the discrete eigenvalues converging to λ,
and Eλh the sum of the discrete eigenspaces associated to λh. One wants to measure the error |λ− λh|.
As far as the eigenspaces are concerned, one wants to bound the gap between them. It can be defined
mathematically as follows: given V1 and V2 two subspaces of V , introduce

δ̂(V1, V2) = max(δ(V1, V2), δ(V2, V1)) where δ(V1, V2) = sup
v1 ∈ V1

∥v1∥V = 1

inf
v2∈V2

∥v1 − v2∥V .

We can prove the

Theorem 4.5.4. There exists C > 0 such that

|λ− λh| < C ελ(h)
2 and δ̂(Eλ, Eλh) < Cελ(h), (4.5.17)

with the approximation error
ελ(h) = sup

v ∈ Eλ
∥v∥V = 1

inf
vh∈Vh

∥v − vh∥V . (4.5.18)

4.6 T-coercivity

We refer to [60, 95] for details on the study of variational formulations in Hilbert spaces using T-coercivity.
Consider first the variational problem, where V and W are two Hilbert spaces and f ∈W ′:

Find u ∈ V such that ∀v ∈W , a(u, v) = ⟨f, v⟩W . (4.6.1)

Classically, we know that Problem (4.6.1) is well-posed if a(·, ·) satisfies the stability and the solvability
conditions of the so-called Banach–Nečas–Babuška (BNB) Theorem (see e.g. [148, thm 25.9]). For
some models, one can also prove the well-posedness using the T-coercivity theory. Whereas the BNB
Theorem relies on an abstract inf–sup condition, T-coercivity uses explicit inf–sup operators. We refer
for instance to [61, 203, 57, 85, 58, 56] for problems with sign-changing coefficients, to [76, 73, 241] for
integral equations, to [59] for interior transmission problems, to [176, 72, 92, 177, 171] for Helmholtz-like
problems, to [A11, A6, 163] for the neutron diffusion equation, and to [A4] for the magnetostatic problem.

Definition 4.6.1 (basic T-coercivity). Let V and W be two Hilbert spaces and a(·, ·) be a continuous
and bilinear form over V ×W . It is T -coercive if

∃T ∈ L(V,W ), bijective, ∃αT > 0, ∀v ∈ V , |a(v, Tv)| ≥ αT ∥v∥2V . (4.6.2)
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It is proved in [92, 85] that the T-coercivity condition is equivalent to the stability and solvability
conditions of the BNB Theorem. Whereas the BNB Theorem relies on an abstract inf–sup condition,
T-coercivity uses explicit inf–sup operators, both at the continuous and discrete levels.

Theorem 4.6.1 (well-posedness [92, 85]). Let a(·, ·) be a continuous bilinear form on V ×W . The
problem (4.6.1) is well-posed if, and only if, the form a(·, ·) is T -coercive in the sense of definition 4.6.1.

Let us set |||T ||| := sup
v∈V \{0}

∥T (v)∥V
∥v∥V

. Hence, we have: a(u′, v) ≥ αT
|||T ||| ∥u

′∥V ∥v∥V .

We recover the first Banach–Nečas–Babuška condition [148, Theorem 25.9, (BNB1)].
Thus, the basic T-coercivity gives an overestimate of the stability constant α given below:

αT
|||T ||| ≥ α := inf

v∈V \{0}
sup

u′∈V \{0}

a(u′, v)
∥u′∥V ∥v∥V

. (4.6.3)

We can now use T-coercivity to build a continuous and coercive bilinear form:

Theorem 4.6.2 (explicit T-coercivity). Let a(·, ·) be a continuous and bilinear form over V ×W .
Suppose that the form a(·, ·) is T -coercive with T ∈ L(V,W ). Then the bilinear form aT : V ×W such
that for all (u, v) ∈ V ×W , aT (u, v) = a(u, T (v)) is continuous and coercive. The variational formulation
(4.6.1) is equivalent to:

Find u ∈ V such that ∀v ∈ V , aT (u, v) = ⟨f, T (v)⟩W . (4.6.4)

Consider now a discretization of problem (4.6.1). We introduce (Vh)h and (Wh)h two sequences of
finite-dimensional vector spaces, with Vh ⊂ V and Wh ⊂ W for all h (conforming approximation); we
provide Vh with the norm ∥ · ∥V , respectively Wh ⊂W with the norm ∥ · ∥W . We suppose that dimVh =

dimWh. By convention, the parameter h takes strictly positive values, and we have limh→0(dim (Vh)) =

+∞, with the approximability property recalled below.

Definition 4.6.2 (approximability property, [60, Definition 3.6]). The family (Vh)h satisfies
the approximability property if and only if

∃V ∗ ⊂ V dense, ∀h, ∃rh : V ∗ → Vh such that ∀v ∈ V ⋆, lim
h→0
∥v − rhv∥V = 0.

The discretization of problem (4.6.1) reads:

Find uh ∈ Vh such that ∀vh ∈Wh, ah(uh, vh) = ⟨fh, vh⟩V , (4.6.5)

where ah(·, ·) and fh(·) may differ from a(·, ·)|Vh×Wh
and fh(·)|Wh

. We state a discrete T-coercivity
condition.

Definition 4.6.3 (discrete T-coercivity). The family of bilinear forms (ah)h is uniformly Th-
coercive if and only if

∃α†, ∃β†, ∀h > 0, ∃Th ∈ L(Vh,Wh), |||Th||| ≤ β† and ∀vh ∈ Vh, |ah(vh, Th(vh)| ≥ α†∥vh∥2Vh .

We now establish the equivalence between the uniform discrete inf-sup condition, and the uniform
Th-coercivity of the forms (ah)h.

Theorem 4.6.3 (discrete T-coercivity). Let be a family (ah)h of bilinear forms, continuous and
uniformly bounded. The three assertions below are equivalent:

(i) The discrete problems (4.6.5) are well-posed for any h.

(ii) The family of bilinear forms (ah)h satisfy a uniformly discrete inf-sup condition.
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(iii) The family of bilinear forms (ah)h is uniformly Th-coercive.

The two key ideas initially developped in [85] are:

1. To discretize the variational formulation with (bijective) operator T cf. Problem (4.6.4).

2. To use the knowledge on operator T to derive the discrete operators (Th)h.

We can then use T-coercivity as an approximation tool. Given h > 0, let N = dim(Vh). Problem (4.6.5)
is equivalent to: {

Find U ∈ CN s. t. (AU |W ) = (F |W )∀W ∈ CN , or:
Find U ∈ CN s. t. AU = F.

Using T associated with T , Problem (4.6.5) is equivalent to:{
Find U ∈ CN s. t. (AU |TV ) = (F |TV )∀V ∈ CN , or:
Find U ∈ CN s. t. T∗AU = T∗F.

According to the uniform Th-coercivity assumption

∀V ∈ CN , |(T∗AV |V )| ≥ α†(MV |V ).

Samely, one can use T associated with Th(·, ·) for the approximation of (4.6.4).

4.7 Discretization notations

The domain Ω is triangulated by a shape regular family of meshes (Th)h, made up of L (closed) simplices
Kℓ, ℓ ∈ IK := {1, . . . , L}. Denoting by hℓ the diameter of Kℓ, each mesh is indexed by the meshsize
h = maxℓ hℓ. We denote by ρℓ the diameter of the largest ball inscribed in Kℓ, and we let: σℓ = hℓ

ρℓ
.

When the (Th)h is a shape-regular triangulation sequence (see a.e. [147, def. 11.2]), it exists a constant
σ > 1, called the shape regularity parameter, such that for all h, for all ℓ ∈ IK , σℓ ≤ σ. We denote by
IF denotes the index set of the faces, such that Fh :=

⋃
f∈IF

Ff is the set of faces. Let IF = IiF ∪ IbF ,

where ∀f ∈ IiF , Ff ∈
◦
Ω and ∀f ∈ IbF , Ff ∈ ∂Ω. For all ℓ ∈ IK , we set I(i,b)F,ℓ = {f ∈ I(i,b)F |Ff ∈ Kℓ}. We

denote by IS the index set of the vertices, such that (Sj)j∈IS is the set of vertices. Let IS = IiS ∪ IbS ,

where ∀j ∈ IiS , Sj ∈
◦
Ω and ∀j ∈ IbS , Sj ∈ ∂Ω. Let introduce spaces of piecewise regular elements:

We set PhH1 =
{
v ∈ L2(Ω) ; ∀ℓ ∈ IK , v|Kℓ ∈ H1(Kℓ)

}
and PhH1 = [PhH1]d.

We set PhH(div) =
{
v ∈ L2(Ω) ; ∀ℓ ∈ IK , v|Kℓ ∈ H(div;Kℓ)

}
.

We define the element-wise operator ∇h, ∇h and divh.
Let v ∈ PhH1. We define the jump of v through the facets. Let f ∈ IiF (resp. f ∈ IbF ) such that
Ff = ∂Kℓ ∩ ∂Kℓ′ (resp. Ff ⊂ ∂Kℓ) and nf = nf,ℓ. The jump and the average are defined by:

[v]f := vf,ℓ − vf,ℓ′ (resp. [v]f = vf := vf,ℓ) and {v}f =
1

2
(vf,ℓ + vf,ℓ′) (resp. {v}f = vf := vf,ℓ)

For all D ⊂ Rd, k ≥ 0, P k(D) is the set of order k polynomials on D, Pk(D) = (P k(D))d, and:

∀k ≥ 0, Pkdisc(Th) =
{
q ∈ L2(Ω); ∀ℓ ∈ IK , q|Kℓ ∈ P k(Kℓ)

}
.

∀k > 0, Pk(Th) = C0(Ω̄) ∩ Pkdisc(Th).

We call π0 the L2-projection onto P0
disc(Th): for all q ∈ L2(Ω), π0(q) =

∑
ℓ∈IK

q
ℓ
1Kℓ . We use the notation

P0(Th) for P0
disc(Th).
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Chapter 5

Electromagnetism

The work presented in this Chapter concerns articles [A4, A1, A3], referenced below:

[A4] Variational methods for solving numerically magnetostatic systems,
P. Ciarlet Jr., E. Jamelot, Advances in Computational Mathematics 50, 5, 2024.

[A1] Solving electromagnetic eigenvalue problems in polyhedral domains with nodal finite elements,
A. Buffa, P. Ciarlet Jr., E. Jamelot, Numerische Mathematik, 113, 4, pp. 497–518, 2009.

[A3] Continuous Galerkin methods for solving the time-dependent Maxwell equations in 3D geometries,
P. Ciarlet Jr., E. Jamelot, Journal of Computational Physics 226, 1, pp. 1122–1135, 2007.

This Chapter is organized as follow: we give details on Maxwell’s equations and three different models
in Section 5.1. Then in Section 5.2, we propose to solve the magnetostatic system using a mixed
formulation obtained with the help of T-coercivity and discretized with edge finite elements [A4, §5].
To use continuous vector finite elements, we can rely on the so called Weighted Regularization Method
(WRM) [116] that we recall in Section §5.3. Then, in Section 5.4, we study an augmented variational
formulation obtained with the WRM [A4, §6]. We apply again the WRM, first to the electric eigenvalue
problem [A1] in Section 5.5 and second to the propagation of the electric field in a waveguide [A3] in
Section 5.6.

5.1 Maxwell’s equations

In this Section, we refer to [16] for more precision. Let Ω ⊂ R3 be the domain of study, that we will
suppose to be a Lipschitz polyhedron. In the case of a cracked domain, the electromagnetic fields have
a singular behavior near the crack tip. Discretization should be handled with care, as explained in [191]
where the discretization of time-harmonic Maxwell equations is done using X-FEM for 2D edge elements.
See also [220] for the analysis of eddy current.

The propagation of the electromagnetic fields in continuum media is described using the following
vector real-valued functions defined in the space time R×Ω: the electric field E, the magnetic induction
B, the magnetic field H and the electric displacement D, which are governed by Ampère’s law, Faraday’s
law, Gauss’ law and the absence of magnetic monopoles. They are two sources terms: the electrostatic
charge density ϱ ∈ R and the current density J ∈ R3. The differential Maxwell’s equations read:

∂tD− curlH = −J (Ampère’s law), (5.1.1)

∂tB+ curlE = 0 (Faraday’s law), (5.1.2)

divD = ϱ (Gauss’ law), (5.1.3)

divB = 0 (absence of magnetic monopoles). (5.1.4)
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The differential charge conservation equation can be expressed as:

div J+ ∂tϱ = 0. (5.1.5)

Moreover, the behavior of the fields across an interface Σ is such that:

[D · n]Σ = σΣ, [B · n]Σ = 0, (5.1.6)

[n×E]Σ = 0, [n×H]Σ = jΣ. (5.1.7)

The data σΣ and jΣ are the idealized surface charge density and the idealized surface current density
such that σΣ = ϱδΣ. Let divΣ be the surface divergence operator. Equation (5.1.5) yields:

∂tσΣ + divΣ jΣ +
[
J · n|Σ

]
= 0.

The system must be closed by adding constitutive relations relating D and B to E and H. We suppose
that the medium is perfect, that is, non-dispersive and anisotropic, or inhomogeneous, that is perfect
and isotropic. In a perfect medium, the constitutive relations read as, for all (t,x) ∈ R× Ω:

D(t,x) = ε(x)E(t,x) and B(t,x) = µ(x)H(t,x),

where the constitutive parameters are the tensor functions ε ∈ R3×3 and µ ∈ R3×3 which depend on the
space variable x. Equations (5.1.3)–(5.1.4) read:

ε∂tE− curlµ−1B = −J (Ampère’s law), (5.1.8)

∂tB+ curlE = 0 (Faraday’s law), (5.1.9)

div εE = ϱ (Gauss’ law), (5.1.10)

divB = 0 (absence of magnetic monopoles). (5.1.11)

For inhomogeneous medium, the constitutive parameters are scalar functions: ε ∈ R is called the
electric permittivity and µ ∈ R is called the magnetic permeability. When the medium is homogeneous,
ε and µ are constant numbers. Last, in a conducting medium, the current density J and the electric field
E are governed by Ohm’s law: J = σE, where σ ∈ R3 × R3 is the tensor of conductivity which depends
on the space variable x.

Let us detail the three models we will consider.

5.1.1 Magnetostatic systems

The domain Ω can be simply connected or not [168]. This property is mathematically characterized
by the value of the first Betti number, β1(Ω): if β1(Ω) = 0, the domain Ω is simply connected and, if
β1(Ω) > 0, it is non-simply connected. This means that we assume that one of the two conditions below
holds:

• β1(Ω) = 0 ’for all vector fields v ∈ C0(Ω) such that curl v = 0 in Ω, there exists p ∈ C1(Ω) such
that v = ∇p in Ω’ ;

• β1(Ω) > 0 ’there exist I = β1(Ω) non-intersecting, piecewise plane manifolds (Σj)
I
j=1, called cuts,

with boundaries ∂Σi ⊂ ∂Ω, such that, if one introduces the connected set Ω̇ = Ω \⋃Ii=1 Σi, for all
vector fields v ∈ C0(Ω) such that curl v = 0 in Ω, there exists ṗ ∈ C1(Ω̇) such that v = ∇ṗ in Ω̇’.

Given v ∈ L2(Ω̇) (resp. v ∈ L2(Ω̇)), we denote by ṽ (resp. ṽ) its continuation to L2(Ω) (resp. L2(Ω)).

The boundary ∂Ω is split into K + 1 maximal connected components (Γk)
K
k=0, where K = β2(Ω) is

the second Betti number. We denote by Γ0 the boundary of the unbounded component of R3 \ Ω.
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Given ξ ∈ L∞(Ω), we use the notation ξ+ = ∥ξ∥L∞(Ω). We say that ξ ∈ L2(Ω) is piecewise smooth
if there exists a partition1 (Ωξp)

P
p=1 of Ω so that ξ|Ωξp ∈ W1,∞(Ωξp) for p ∈ {1, . . . , P}. In this case, the

partition is called compatible (with respect to ξ). Finally, for s > 0, we introduce (cf. notations of
§4.4.1):

PHs(Ω) = {f ∈ L2(Ω) such that f|Ωξp ∈ H
s(Ωξp), ∀p ∈ {1, . . . , P}}.

Neglecting the time-variation of the electric displacement, one finds that the magnetic induction
B ∈ L2(Ω) is governed by the so-called magnetostatic system of equations. We refer to [63, chap. 6]
or [35, chap. 3] for its definition. See also [40, 36, 236, 37, 38, 120] and References therein for related
models. 

Find B ∈ L2(Ω) such that
curl(µ−1B) = J in Ω

divB = 0 in Ω

B · n = 0 on ∂Ω
⟨B · n, 1⟩H1/2(Σi) = ci, ∀i ∈ {1, . . . , I}

. (5.1.12)

Above, the pair of data (J, (ci)
I
i=1) is: J ∈ L2(Ω) the electric current density in Ω ; the numbers (ci)

I
i=1

are related to current intensities flowing through some ad hoc exterior surfaces, see [35, §3.6]. It is also
possible to use a formulation with the magnetic field H = µ−1B as the main unknown. Because of the
first equation, written J = curlH with H ∈ H(curl,Ω), we note that J ∈ H(div; Ω) with div J = 0 in
Ω. Also, one may check that ⟨J · n, 1⟩H1/2(Γk) = 0, for all k ∈ {1, . . . ,K}, as in Remark 3.4.2 in [16].
In what follows, we therefore consider any pair of data (J, (ci)

I
i=1) with

J ∈ H(div,Ω) s.t. div J = 0 in Ω, ⟨J · n, 1⟩H1/2(Γk) = 0, k ∈ {1, . . . ,K}. (5.1.13)

Mathematically, we assume that the permeability µ is a complex-valued, measurable, bounded, elliptic
(see next Definition) and smooth or piecewise smooth tensor field. We observe that, in this case, the
magnetic induction and the data are a priori complex-valued. We recall definitions and properties that
can be found e.g. in [88, 87]. From now on, piecewise smoothness is understood with respect to a given
compatible partition (Ωµp )

P
p=1.

Definition 5.1.1. The tensor-valued field ξ ∈ L∞(Ω) is elliptic if

∃(θξ, ξ−) ∈ R× R>0, a.e. in Ω, ∀z ∈ C3, ξ−|z|2 ≤ ℜ[eiθξξz · z]. (5.1.14)

In (5.1.14), θξ is called an ellipticity direction. We denote by Θξ the set of admissible ellipticity directions

Θξ = {θξ ∈ R, (θξ, ξ−) fulfills (5.1.14) for some ξ− ∈ R>0}.

See [86, §3.1] for a discussion on this definition.

Proposition 5.1.1. Let ζ ∈ L∞(Ω). If ζ is elliptic, one has ζ−1 ∈ L∞(Ω) with

(ζ−1)+ ≤ inf
(θξ,ξ−) s.t. (5.1.14) with ξ = ζ holds

(
(ζ−)

−1
)
.

Moreover, Θζ−1 = {−θζ , θζ ∈ Θζ} and, given any θζ−1 ∈ Θζ−1 , one can choose (ζ−1)− = ζ−(ζ+)−2 in
(5.1.14) with ξ = ζ−1, where (−θζ−1 , ζ−) is such that (5.1.14) with ξ = ζ holds.

For conciseness, we assume that 0 ∈ Θµ, so that 0 ∈ Θµ−1 according to the above (see footnote2 page
38 for the case where 0 /∈ Θµ−1). So, for the possibly nonhermitian elliptic tensor field µ, denoting by µ−

1We recall that a partition of Ω is (Ωp)Pp=1 such that

Ωp is a domain, for p ∈ {1, . . . , P} ; Ωp ∩ Ωq = ∅ for p ̸= q ; Ω = ∪P
p=1Ωp.
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a value in (5.1.14) with ξ = µ for θµ = 0, one knows that (µ−1)+ ≤ (µ−)−1, and that (µ−1)− = µ−(µ+)
−2

is an admissible value in (5.1.14) with ξ = µ−1 for θµ−1 = 0. We use those values throughout the Chapter.

As a matter of fact, if the boundary is of class C2, using the theory developed e.g. in [150, 129], one
ends up with convergence results that are identical to those we obtain.

By linearity, we see that solving the magnetostatic problem (5.1.12) can be done in two independent
steps, by splitting the data: a first solve with the pair (J, 0) with a solution called BJ , and a second one
with the pair (0, (ci)

I
i=1), with a solution called Bc. The total solution is then B = BJ + Bc. This is

this approach that we follow now. The pair of data is equal to (J, 0), with J ∈ L2(Ω). In this case, we
note that the magnetic induction fulfills the conditions

BJ ∈ H0(div,Ω), divBJ = 0 in Ω and ⟨BJ · n, 1⟩H1/2(Σi) = 0, ∀i ∈ {1, . . . , I}.

According to e.g. [16, Theorem 3.5.1], there exists a vector potential A ∈ H0(curl,Ω) such that BJ =

curlA in Ω. Moreover, one may characterize the vector potential by choosing a divergence-free, flux-free
potential A, i.e. divA = 0 in Ω and ⟨A · n, 1⟩H1/2(Γk) = 0, for all k = 0, . . . ,K. Obviously, the converse
assertion is true: such a field A is such that BJ = curlA solves the above. So we conclude that, with
the pair of data (J, 0), the magnetostatic system is equivalently recast as

Find A ∈ H0(curl,Ω) such that
curl(µ−1 curlA) = J in Ω

divA = 0 in Ω

⟨A · n, 1⟩H1/2(Γk) = 0, ∀k ∈ {1, . . . ,K}

, (5.1.15)

and then one defines BJ = curlA.
We will study the resolution of this model with the help of T-coercivity and discretized with edge finite
elements in §5.2; and with the Weighted Regularization Method in §5.4.

5.1.2 The electric eigenvalue problem

Consider the case where Ω is a resonator cavity, bounded by a perfect conductor. Hence: J = 0, ϱ = 0,
ε = ε0 and µ = µ0. The goal is to find eigenmodes of electromagnetic oscillations. Hence, we suppose that
E(t,x) = ℜ(e(x) exp(i ωt)) and B(t,x) = ℜ(b(x) exp(i ωt)). We make the following abuse of notation:
we write E and B instead for e and b. Now E and B are complex-valued vectors. The electromagnetic
eigenmodes (E,B, ω) are non-zero solutions to the time-harmonic Maxwell equations:

i ωE− c2 curlB = 0 (Ampère’s law), (5.1.16)

i ωB+ curlE = 0 (Faraday’s law), (5.1.17)

together with Equations (5.1.10) and (5.1.11). The boundary conditions on ∂Ω are: E × n = 0 and
B · n = 0. It is well known that one of the fields can be eliminated: multiplying (5.1.16) by iω and
adding curl of (5.1.17), we get a vector wavelike equation for E, which reads −ω2E+ c2 curl curlE = 0.
Similarly, there holds −ω2B+c2 curl curlB = 0. Next, we we will study the electric eigenvalue problem
below: 

Find E ∈ H0(curl,Ω) and ω such that
c2 curl curlE = ω2E in Ω

divE = 0 in Ω

, (5.1.18)

where we set: H0(curl,Ω) := {v ∈ H(curl,Ω) |v × n|∂Ω = 0}.
We will study the resolution of this model with the Weighted Regularization Method in §5.5.
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5.1.3 Propagation in a waveguide

Consider the case where Ω is be a waveguide. In the vacuum, we set ε = ε0, and µ = µ0, which are
such that ε0 µ0 c = 1, where c is the light velocity. We suppose that the boundary ∂Ω is made of two
disjoints parts ∂Ω = ΓA ∪ ΓC , where ΓA is an artificial boundary and ΓC is a perfectly conducting
boundary, so that E × n|ΓC = 0 and B · n|ΓC = 0. We further split ΓA into two parts ΓiA and ΓaA.
On ΓiA, we model incoming plane waves, whereas we impose an absorbing boundary condition on ΓaA.
Both can be modelled [17] as a Silver–Müller boundary condition on ΓA: (cB + E × n) × n = cb × n,
where b is given and equal to 0 in the case of an absorbing condition. If we differentiate with respect
to time Equation (5.1.8) and add curl of quation (5.1.9)) to it, we get a vector wavelike equation for
E, which reads ∂2ttE + c2 curl curlE = −∂tJ/ε0. Naturally, the initial value of ∂tE is equal to E1 :=

c2 curlB0 − J(0, ·)/ε0. Recall that E is also subject to a constraint on its divergence cf. (5.1.10), we
have, using the trace of (5.1.9) on ΓA, that c2 curlE × n = c ∂tE × n × n − c2b × n on ΓA. We thus
consider the equivalent problem:
Find E such that for all t ∈]0, T [:

∂2ttE+ c2 curl curlE = −∂tJ/ε0 in Ω, for t ∈]0, T [, (5.1.19)

divE = ϱ/ε0 in Ω, for t ∈]0, T [ , (5.1.20)

E× n|ΓC = 0, for t ∈]0, T [ , (5.1.21)

(c curlE× n− ∂tE× n× n)|ΓA = −c ∂tb× n|ΓA on ΓA, for t ∈]0, T [ , (5.1.22)

and satisfying the initial conditions:

E(0, ·) = E0 in Ω, (5.1.23)

∂tE(0, ·) = E1 in Ω. (5.1.24)

Let us set:

H0,ΓC (curl,Ω) := {v ∈ H(curl,Ω) |v × n∂Ω ∈ L2
t (∂Ω), v × n|ΓC = 0}, where

L2
t (∂Ω) := {v ∈ L2(∂Ω) |v · n = 0 a.e. };

XN,ΓC (Ω) := H0,ΓC (curl,Ω) ∩H(div,Ω);

H(div 0,Ω) := {v ∈ H(div,Ω) | divv = 0}.

(5.1.25)

Notice that if ΓC = ∂Ω, H0,ΓC (curl,Ω) = H0(curl,Ω), and we use the notation X0(Ω) = XN,∂Ω(Ω).
Under suitable data assumption, it is known that E(t) ∈ XN,ΓC (Ω). We will study the resolution of this
model with the Weighted Regularization Method in §5.6.

5.1.4 Edge or continuous finite elements?

In the three models above, the field belongs to H0(curl,Ω) or H0,ΓC (curl,Ω). Thus, we can solve
these problems using variational formulations set in H0,ΓC (curl,Ω) discretized with classical edge finite
elements [204, 199]. One does not have to know about the geometry of the domain (if it is convex or
not) to implement the variational formulation.

On the other hand, it is advised, while solving the Maxwell-Vlasov system, to compute a continuous
approximation of the field, especially when it is coupled to a particle-in-cell method [17, 45]. Moreover,
continuous approximation provides spurious-free solutions and well-conditioned matrices [208]. Never-
theless, care must be taken when implementing the variational formulation if the domain is not convex.

To compute a continuous approximation, we consider fields in H(curl,Ω) ∩H(div,Ω).

As it is difficult to build a conforming discretization in H(div 0,Ω)∩H0,ΓC (curl,Ω), the divergence-
free condition on the field is usually prescribed as a natural condition. The field actually belongs
to XN,ΓC (Ω). According to [112], the inner norm and the semi-norm: ∥F∥2X0(Ω) := ∥ curlF∥2L2(Ω) +
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∥ divF∥2L2(Ω) are equivalent norms on X0(Ω). Let us set XR
0 (Ω) = X0(Ω) ∩H1(Ω). When Ω is convex,

XR
0 (Ω) = X0(Ω), and we can use continuous vector finite elements. When Ω is not convex, XR

0 (Ω) is a
closed subspace of X0(Ω) [7]: XR

0 (Ω) is not dense in X0(Ω): we must adapt the variational formulation
to use continuous vector finite elements.

Stating that the domain Ω is not convex amounts to considering that ∂Ω includes a set of reentrant
edges (resp. corners in 2D) E , with dihedral angles (π/αe)e∈E such that αe ∈] 12 , 1[. Let XS

0 (Ω) ⊂ X0(Ω)

be the singular part of X0(Ω), i.e. XS
0 (Ω) ̸⊂ H1(Ω). In 2D, this space is of finite dimension equal to the

number of reentrant corners, card(E), and its basis is known. One can compute precisely X0(Ω)-fields
with the Singular Complement Method, which consists in splitting the field into an explicit singular part
plus a regular part, computed with continuous finite elements, cf. [62, 173, 157, B2, A8].

In 3D, the space XS
0 (Ω) is not of finite dimension. If the domain is prismatic or axisymmetric, one

can still compute singular fields with continuous finite elements, using the Fourier Singular Complement
Method, see [102] for axisymmetric domains.

There exist at least two other approaches, as described in [91]. First one can choose to "relax" the
boundary conditions, which are then treated as natural boundary conditions. This allows to overcome
the density problem mentioned above, by solving Maxwell equations in larger functional spaces e.g.
X(Ω) := {v ∈ H(curl,Ω) ∩H(div,Ω) |v × n|∂Ω ∈ L2

t (∂Ω)}, in which the subspace of H1-smooth fields
is dense [99, 113]. The boundary condition will be taken into account in an augmented variational
formulation [91, B2].

Second, one can control the divergence of the field in weighted Sobolev spaces. Costabel and Dauge
proposed in [116] to take the divergence explicitly into account in the measure of the vector potentials,
see [91, A8, A3, A1, 101, 103, 207] for applications in electromagnetism in a homogeneous material.
This is the first method that was designed to approximate successfully singular fields in 3D domains by
continuous finite elements. In most of the above cited References, the problem is solved in a simplified
geometrical setting, and, the assumptions on the permeability µ are more restrictive than those we set
in §5.1.1. For other methods using the same mathematical framework, we refer to [65, 138, 54, 20, 137].

Concerning the triangulation, the polyhedron Ω is triangulated by a shape regular family of meshes
(Th)h, cf. Section 4.7. For heterogeneous materials, we assume that the meshes are conforming with the
compatible partition (Ωµp )

P
p=1 and/or with respect to the cuts. In other words, for all h, for all ℓ ∈ IK ,

there exists p ∈ {1, . . . , P} such that Kℓ ⊂ Ωp and int(Kℓ)∩ (∪Ii=1Σi) = ∅. This is a realistic assumption
that allows to simplify the numerical analysis presented here.

5.2 Magnetostatic systems, explicit T-coercivity [A4, §5]

Given data J that fulfill assumption (5.1.13), we now build a first variational formulation, that is equiv-
alent to (5.1.15). Let us start by simple observations. We notice that, given u ∈ H0(curl,Ω), u is such
that curl(µ−1 curl u) = J in Ω if, and only if,

∀v ∈ H0(curl,Ω), (µ−1 curl u, curl v)L2(Ω) = (J,v)L2(Ω). (5.2.1)

Then, let H1
∂Ω(Ω) =

{
q ∈ H1(Ω) such that q|Γ0

= 0, q|Γk ∈ C, ∀k ∈ {1, . . . ,K}
}
. One uses the norm

q 7→ ∥∇q∥L2(Ω) in H1
∂Ω(Ω). One checks easily that, given u ∈ L2(Ω), u is such that divu = 0 in Ω and

⟨u · n, 1⟩H1/2(Γk) = 0, for k ∈ {1, . . . ,K} if, and only if,

∀q ∈ H1
∂Ω(Ω), (u,∇q)L2(Ω) = 0. (5.2.2)
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Hence, it is equivalent to solve (5.1.15), or the variational formulation:
Find A ∈ H0(curl,Ω) such that
(µ−1 curlA, curl v)L2(Ω) = (J,v)L2(Ω) ∀v ∈ H0(curl,Ω)

(A,∇q)L2(Ω) = 0 ∀q ∈ H1
∂Ω(Ω)

. (5.2.3)

5.2.1 A symmetrized formulation with artificial pressure

Classically, we build a second variational formulation, that is symmetrized via the introduction of an
artificial pressure. As a matter of fact, given γ > 0, we aim at solving the symmetrized, complex-valued
saddle-point formulation:

Find (A, p) ∈ H0(curl,Ω)×H1
∂Ω(Ω) such that

(µ−1 curlA, curl v)L2(Ω) + γ (v,∇p)L2(Ω) = (J,v)L2(Ω) ∀v ∈ H0(curl,Ω)

γ (A,∇q)L2(Ω) = 0 ∀q ∈ H1
∂Ω(Ω)

. (5.2.4)

Theorem 5.2.1 ([A4, Theorem 2]). Let γ > 0 be given, and let the data J fulfill assumption (5.1.13).
Then, the vector potential A solves (5.1.15) if, and only if, (A, 0) solves (5.2.4).

Proof. If A solves (5.2.3), then (A, 0) solves (5.2.4). Thanks to the assumption (5.1.13) on J, any solution (A, p) to
(5.2.4) is such that p = 0. We note that, since p ∈ H1

∂Ω(Ω) it holds that v = ∇p ∈ H0(curl,Ω). Inserting in (5.2.4), we have

γ ∥∇p∥2
L2(Ω)

= (J,∇p)L2(Ω) = −(div J, p)L2(Ω) +

K∑
k=0

⟨A · n, p⟩
H1/2(Γk)

= 0. ⋄

5.2.2 Using T-coercivity

Let us apply the theory of T-coercivity to solve the variational formulation (5.2.4), cf. [26]. Let V =

H0(curl,Ω)×H1
∂Ω(Ω), endowed with the norm

∥(v, q)∥V =
(
∥v∥2H(curl,Ω) + ∥∇q∥2L2(Ω)

) 1
2

.

On can rewrite (5.2.4) as: Find (A, p) ∈ V such that for all (v, q) ∈ V

a((A, p), (v, q)) = ℓ((v, q)), (5.2.5)

where a(·, ·) (resp. ℓ(·)) is the following continuous sesquilinear form on V × V, (resp. anti-linear
continuous form on V)

a((u, p), (v, q)) = (µ−1 curl u, curl v)L2(Ω) + γ (u,∇p)L2(Ω) + γ (u,∇q)L2(Ω)

ℓ((v, q)) = (J,v)L2(Ω).

We shall prove that the form a(·, ·) is T-coercive. In H0(curl,Ω), we introduce the orthogonal subspace
to the range of the gradient operator from H1

∂Ω(Ω):

H0(curl,Ω) = ∇[H1
∂Ω(Ω)]

⊥
⊕ K−

N (Ω), (5.2.6)

where the orthogonality is understood with respect to the "natural" inner product (·, ·)H(curl,Ω). The
decomposition (5.2.6) is usually called a Helmholtz decomposition. It is easily checked that

K−
N (Ω) =

{
k ∈ H0(curl,Ω) s.t. ∀q ∈ H1

∂Ω(Ω), (k,∇q)L2(Ω) = 0
}
,

=
{
k ∈ H0(curl,Ω) s.t. divk = 0 in Ω, ⟨k · n, 1⟩H1/2(Γk) = 0, ∀k

}
.
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Above, the first line is an instance of the famous double orthogonality property in electromagnetism.
In our case, it holds with respect to the "natural" H(curl,Ω) and L2(Ω) inner products. This double
orthogonality property is crucial to establish T-coercivity. Before we proceed, we recall a first Weber
inequality [244]. There exists CW > 0 such that, for all v ∈ H0(curl,Ω) ∩H(div,Ω), one has

∥v∥L2(Ω) ≤ CW
{
∥ curl v∥L2(Ω) + ∥divv∥L2(Ω) +

K∑
k=1

|⟨v · n, 1⟩H1/2(Γk)|
}
.

It follows that, for all k ∈ K−
N (Ω), one has the bound

∥k∥L2(Ω) ≤ CW ∥ curl k∥L2(Ω). (5.2.7)

Theorem 5.2.2 ([A4, Theorem 3]). The form a(·, ·) is T-coercive.

Proof. We decompose u into u = k+∇ϕu, with ku ∈ K−
N (Ω) and ϕu ∈ H1

∂Ω(Ω), and we choose v⋆ = ku +∇p, respectively
q⋆ = ϕu. In particular: curl v⋆ = curl ku = curl u. We get, using the double orthogonality properties,

a((u, p), (v
⋆
, q
⋆
)) = (µ

−1
curl ku, curl ku)L2(Ω) + γ ∥∇p∥2

L2(Ω)
+ γ ∥∇ϕu∥2

L2(Ω)
. (5.2.8)

By assumption, 0 ∈ Θµ−1 , with (µ−1)− = µ−(µ+)−2.2 So one finds that

ℜ
(
a((u, p), (v

⋆
, q
⋆
))
)

≥ α
⋆
{
∥ku∥2

H(curl,Ω) + ∥∇p∥2
L2(Ω)

+ ∥∇ϕu∥2
L2(Ω)

}
= α

⋆
{
∥ku + ∇ϕu∥2

H(curl,Ω) + ∥∇p∥2
L2(Ω)

}
= α

⋆ ∥(u, p)∥2
V

where α⋆ = min
(
(µ−1)−(1 + C2

W )−1, γ
)
= min

(
µ−(µ+)−2(1 + C2

W )−1, γ
)
> 0.

Let (u, p) ∈ V. Using the above notation, we note that v⋆ = ku+∇p is the orthogonal decomposition (5.2.6) of v⋆ ∈ H0(curl,Ω)

since ku ∈ K−
N (Ω) and q⋆ ∈ H1

∂Ω(Ω), so that T (v⋆, q⋆) = (ku+∇ϕu, p) = (u, p). Hence, T ◦T = IV , and T is a bijective operator.
This concludes the proof. ⋄

According to the abstract T-coercivity theory, one has the

Corollary 5.2.1. The variational formulation (5.2.5) is well-posed.

5.2.3 A perturbed approach

Let T be defined as in the proof of theorem 5.2.2: T (v, q) = (kv + ∇q, ϕv). Since T is bijective, the
variational formulation (5.2.5) is equivalent to:

Find (A, p) ∈ V such that for all (v, q) ∈ V, a((A, p), T (v, q)) = ℓ(T (v, q)). (5.2.9)

By design, the form a′ : ((u, p), (v, q)) 7→ a((u, p), T (v, q)) is coercive. Using T (v, q) = (kv + ∇q, ϕv)
one can compute its expression:

a′((u, p), (v, q)) = (µ−1 curl u, curl v)L2(Ω) + γ (∇q,∇p)L2(Ω) + γ (∇ϕu,∇ϕv)L2(Ω).

Computationally speaking, the first two terms are explicit, while one has to know the gradient parts of
u and v to compute the last term.
Then, we note that, according to (5.1.13), the data J is orthogonal to ∇[H1

∂Ω(Ω)] in L2(Ω). So, the

2 If 0 ̸∈ Θµ−1 , one chooses some θ ∈ Θµ−1 to solve (5.2.5) with the tilted forms

a((u, p), (v, q)) = exp(iθ) (µ−1 curl u, curl v)L2(Ω) + γ (v,∇p)L2(Ω) + γ (u,∇q)L2(Ω)

ℓ((v, q)) = exp(iθ) (J,v)L2(Ω),

and the proof can be carried out similarly. Furthermore, one can check easily that, if 0 ̸∈ Θµ−1 , all proofs given hereafter
still hold by considering appropriately tilted forms.
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expression of ℓ′ : (v, q) 7→ ℓ(T (v, q)) is

ℓ′((v, q)) = (J,kv +∇q)L2(Ω) = (J,kv +∇q +∇(ϕv − q))L2(Ω) = (J,v)L2(Ω) = ℓ((v, q)).

Hence one may rewrite (5.2.9) as the variational formulation:

Find (A, p) ∈ V such that for all (v, q) ∈ V, a′((A, p), (v, q)) = ℓ((v, q)).

Letting v = 0 above, we note that p = 0, and we end up with the new variational formulation:

Find A ∈ H0(curl,Ω) such that for all v ∈ H0(curl,Ω), c(A,v) = (J,v)L2(Ω), (5.2.10)

with c(u,v) = (µ−1 curl u, curl v)L2(Ω) + γ (∇ϕu,∇ϕv)L2(Ω).

In the original variational formulation (5.2.5), all terms are explicitly computable, but the form a(·, ·)
is not coercive. Moreover, the solution is made up of two parts, a physical part A and and artificial part
p. On the other hand, in the new variational formulation (5.2.10), the second term in the expression of
c(·, ·) term is not explicitly known, while the form c(·, ·) is coercive, and only the physical part A of the
solution remains. At the discrete level, forgetting for a moment the non-explicit term in c(·, ·), the cost
of linear solvers should be higher in the discrete version of (5.2.5) than in the discrete version of (5.2.10).
Below, we propose a perturbed approach, that allows one to recover explicit terms in the definition of
the coercive sesquilinear form, at the expense of solving an inexact problem with a "small" perturbation.

We observe that the solution A is independent of the value of the parameter γ. So, a natural idea is
to choose a "small" value of γ, and to add a perturbation in the order of γ. How so? Let us introduce
cγ(u,v) = c(u,v) + γ(ku,kv)L2(Ω). Using again the orthogonality properties, we find the following
expression to the perturbed sesquilinear form

cγ(u,v) = (µ−1 curl u, curl v)L2(Ω) + γ (u,v)L2(Ω).

Remark 5.2.1. Since by assumption 0 ∈ Θµ−1 , the form cγ is coercive for all γ > 0. We note that, for
γ smaller than (µ−1)−, the largest coercivity constant is equal to γ, while the norm remains bounded by
(µ−1)+.

Then, we are solving the perturbed variational formulation

Find Aγ ∈ H0(curl,Ω) such that for all v ∈ H0(curl,Ω), cγ(Aγ ,v) = (J,v)L2(Ω). (5.2.11)

In general Aγ ̸= A since
curl(µ−1 curlAγ) + γAγ = J in Ω, (5.2.12)

This perturbed variational formulation corresponds to a model that has been considered in [216, 139, 104],
in a simplified geometrical setting, that is in a simply connected domain, with a connected boundary.
Also, the assumptions on the permeability µ are more restrictive in those references, namely it is a real-
valued symmetric tensor field. The next proposition is proved in [216, 139] in the "simpler" configuration,
this is the reason why we provide a sketched proof.

Proposition 5.2.1 ([A4, Proposition 5]). For all γ > 0, Aγ ∈ K−
N (Ω).

Furthermore, letting C ′ = (CW )3 (µ+)
4(µ−)−2, one has the estimates

∥ curl(Aγ −A)∥L2(Ω) ≤ C ′γ ∥J∥L2(Ω) and ∥Aγ −A∥L2(Ω) ≤ C ′CW γ ∥J∥L2(Ω). (5.2.13)

Proof. Given q ∈ H1
∂Ω(Ω), we choose the test-field v = ∇q in (5.2.11). By assumption on the data, cf. (5.1.13), we find

(Aγ ,∇q)L2(Ω) = 0. Hence, Aγ ∈ K−
N (Ω). In addition, according to the Weber inequality (5.2.7), it follows that ∥Aγ∥L2(Ω) ≤
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CW ∥ curlAγ∥L2(Ω). Thanks to 0 ∈ Θµ−1 , then using the definition of cγ and finally taking v = Aγ in (5.2.11), we find that

µ−(µ+)
−2∥ curlAγ∥2

L2(Ω)
≤ ℜ

(
(µ

−1
curlAγ , curlAγ)L2(Ω)

)
≤ ℜ (cγ(Aγ ,Aγ)) ≤ ∥J∥L2(Ω) ∥Aγ∥L2(Ω)

≤ CW ∥J∥L2(Ω) ∥ curlAγ∥L2(Ω).

It follows that ∥ curlAγ∥L2(Ω) ≤ CW (µ+)2(µ−)−1∥J∥L2(Ω), and ∥Aγ∥L2(Ω) ≤ (CW )2(µ+)2(µ−)−1∥J∥L2(Ω).
Comparing (5.2.3a) to (5.2.11), we find that ∀v ∈ H0(curl,Ω), (µ−1 curl(Aγ − A), curl v)L2(Ω) + γ (Aγ ,v)L2(Ω) = 0. Using

v = (Aγ − A) ∈ K−
N (Ω) above, we now find

µ−(µ+)
−2∥ curl(Aγ − A)∥2

L2(Ω)
≤ ℜ

(
(µ

−1
curl(Aγ − A), curl(Aγ − A))L2(Ω)

)
,

≤ γ ∥Aγ∥L2(Ω) ∥Aγ − A∥L2(Ω),

≤ CW γ ∥Aγ∥L2(Ω) ∥ curl(Aγ − A)∥L2(Ω),

so that ∥ curl(Aγ − A)∥L2(Ω) ≤ CW (µ+)2(µ−)−1 γ ∥Aγ∥L2(Ω) ≤ (CW )3 (µ+)4(µ−)−2 γ ∥J∥L2(Ω), i.e. the first inequality in
(5.2.13). According to (5.2.7), we conclude that ∥Aγ −A∥L2(Ω) ≤ (CW )4 (µ+)4(µ−)−2 γ ∥J∥L2(Ω), which is the second inequality
in (5.2.13). ⋄

5.2.4 Approximation by edge finite elements

Below, we propose to discretize the perturbed problem (5.2.11) using edge finite elements. The discrete
solution will prove to be a suitable approximation of the vector potential A, under appropriate conditions
on the perturbation parameter γ. Recall that we are looking for an approximation of BJ = curlA, so
we focus on finding a suitable approximation, and suitable approximation results, for curlA. In this
respect, compared to [216, 139, 104], the process is simplified, since one is looking for approximation
results for both A and curlA in those Refs.

We choose the Nédélec’s first family of edge finite elements [204, 199] to define finite dimensional
subspaces (Vh)h of H0(curl,Ω). Below, we consider first-order finite elements. In principle, the results
can be extended to higher-order finite elements without any difficulty. So, let R1(Kℓ) be the vector space
of polynomials on Kℓ defined by R1(Kℓ) = {v ∈ P1(Kℓ) : v(x) = a+ b× x, a,b ∈ C3}. For given h,
one introduces Vh = {vh ∈ H0(curl,Ω) : vh|Kℓ ∈ R1(Kℓ), ∀ℓ ∈ IK}. We introduce Πcurlh , the classical
global Nédélec interpolant in H0(curl,Ω) with values in Vh [204, 199]. According to Lemma 5.1 of [39],
we have the

Proposition 5.2.2. Assume that v ∈ PHs(Ω) and curl v ∈ PHs′(Ω) for some s > 1/2, s′ > 0. Then
one can define Πcurlh v and, in addition, one has the interpolation result:

∥v −Πcurlh v∥H(curl,Ω) ≲ hmin(s,s′,1){∥v∥PHs(Ω) + ∥ curl v∥PHs′ (Ω)}. (5.2.14)

Since we are interested in the approximation of the curl of A, we now refine (5.2.14). We introduce
Πdivh the classical global Raviart-Thomas interpolation operator in H0(div,Ω) with values in Wh [213,
204], where (Wh)h are designed with the help of H(div,Ω)-conforming, first-order finite element spaces.
Here, Wh = {wh ∈ H0(div,Ω) : wh|Kℓ ∈ D1(Kℓ), ∀ℓ ∈ IK}, with D1(Kℓ) the vector space of
polynomials on K defined by D1(Kℓ) = {v ∈ P1(Kℓ) : v(x) = a+bx, a ∈ C3, b ∈ C}. Using the results
of Chapter 5 in [199], we recall that ∀v ∈ H0(curl,Ω) s.t. Πcurlh v exists, Πdivh (curl v) = curl(Πcurlh v).
Then, applying Lemma 3.3 of [34] (interpolation error for Raviart-Thomas discretization) together with
the previous property, we have

Proposition 5.2.3. Assume that v ∈ H0(curl,Ω) and curl v ∈ PHs′(Ω) for some s′ > 0. Then if one
can define Πcurlh v, one has the interpolation result:

∥ curl(v −Πcurlh v)∥L2(Ω) ≲ hmin(s′,1) ∥ curl v∥PHs′ (Ω). (5.2.15)

Given a perturbation parameter γ > 0 and a meshsize h, the discrete variational formulation of the
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perturbed problem (5.2.11) is then

Find Ah
γ ∈ Vh such that for all vh ∈ Vh, cγ(A

h
γ ,vh) = (J,vh)L2(Ω). (5.2.16)

To carry out the numerical analysis, we rely on a variant of the Céa lemma.

Proposition 5.2.4 ([A4, Proposition 8]). For all γ > 0 and all h, one has the estimate

∥ curl(Aγ −Ah
γ)∥L2(Ω)

≤ inf
vh∈Vh

{
γ1/2

µ+√
2(µ−)1/2

∥Aγ − vh∥L2(Ω) +
µ2
+

µ2
−
∥ curl(Aγ − vh)∥L2(Ω)

}
.

(5.2.17)

Remark 5.2.2. If the permittivity µ is a hermitian tensor field, then cγ defines an inner product.
Denoting ∥ · ∥γ : v 7→ (γ∥v∥2L2(Ω) + (µ−1 curl v, curl v)L2(Ω))

1/2 the associated norm, one has the
"straightforward" estimate for all γ > 0 and all h,

∥Aγ −Ah
γ∥γ ≤ inf

vh∈Vh

∥Aγ − vh∥γ , (5.2.18)

and it holds that ∥ curl(Aγ −Ah
γ)∥L2(Ω) ≤ µ+ infvh∈Vh

∥Aγ − vh∥γ .

Using (5.2.13) and (5.2.17), we find

∥ curl(A−Ah
γ)∥L2(Ω) ≲ inf

vh∈Vh

{
γ1/2∥Aγ − vh∥L2(Ω) + ∥ curl(Aγ − vh)∥L2(Ω)

}
+ γ ∥J∥L2(Ω). (5.2.19)

To bound the infimum, we would like to use vh = Πcurlh Aγ . This is possible if Aγ is sufficiently smooth,
in the sense of Proposition 5.2.2.

Let us apply the results of §4.4.2 to our solution Aγ .

Proposition 5.2.5. Let Aγ be the solution to (5.2.11). Let s = 1 if σDir = 1, and s ∈]1/2, σDir[ else.
Then, Aγ ∈ Hs(Ω), and ∥Aγ∥Hs(Ω) ≲s ∥J∥L2(Ω).

Proof. Since Aγ ∈ K−
N (Ω) ⊂ H0(curl,Ω), with the help of the regular-gradient splitting (4.4.3), we find:

Aγ = Areg + ∇qA in Ω, with Areg ∈ H1(Ω), qA ∈ H1
0 (Ω), and ∥Areg∥H1(Ω) + ∥qA∥H1(Ω) ≲ ∥Aγ∥H(curl,Ω).

By construction, ∆qA = − divAreg in Ω, with ∥ divAreg∥L2(Ω) ≤
√
3∥Areg∥H1(Ω). According to the shift theorem, using the

definition of the limit regularity exponent σDir, we find that ∇qA ∈ Hs(Ω), with ∥∇qA∥Hs(Ω) ≲s ∥Areg∥H1(Ω). Hence, Aγ ∈
Hs(Ω), with the estimate ∥Aγ∥Hs(Ω) ≲s ∥Aγ∥H(curl,Ω), and the first Weber inequality yields ∥Aγ∥Hs(Ω) ≲s ∥ curlAγ∥L2(Ω).
Finally, we recall that ∥ curlAγ∥L2(Ω) ≲ ∥J∥L2(Ω) (proof of proposition 5.2.1), so the conclusion follows. ⋄

There holds a second Weber inequality (cf. [88, Theorem 2.11]), namely there exists C ′
W > 0 such

that, for all v ∈ H(curl,Ω) ∩H0(divµ,Ω), one has

∥v∥L2(Ω) ≤ C ′
W

{
∥ curl v∥L2(Ω) + ∥ divµv∥L2(Ω) +

I∑
i=1

|⟨µv · n, 1⟩H1/2(Σi)|
}
.

One has a second shift theorem, which we state directly for elements of H(curl,Ω) ∩ H0(divµ,Ω), cf.
[119, 94]. It is derived thanks to another regular-gradient splitting, which is omitted.
Let v ∈ H(curl,Ω) ∩H0(divµ,Ω). There exists σNeu(µ) ∈]0, 1] such that

H(curl,Ω) ∩H0(divµ,Ω) ⊂ PḢσNeu(µ)(Ω) =
⋂

0≤s′<σNeu(µ)

PHs′(Ω), (5.2.20)

with continuous embedding.
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Applying the two results together, one concludes that, for every s′ ∈]0, σNeu(µ)[, one has

∥v∥PHs′ (Ω) ≲s′

∥ curl v∥L2(Ω) + ∥ divµv∥L2(Ω) +
∑
i=1,I

|⟨µv · n, 1⟩H1/2(Σi)|

 .

Regarding the curl of Aγ , we find the results below.

Proposition 5.2.6. Let Aγ be the solution to (5.2.11). Let s′ = 1 if σNeu(µ) = 1, and s′ ∈]0, σNeu(µ)[
else. Then, curlAγ ∈ PHs′(Ω), and ∥ curlAγ∥PHs′ (Ω) ≲s′ (1 + γ) ∥J∥L2(Ω).

Proof. The field Hγ = µ−1 curlAγ is such that Hγ ∈ H(curl,Ω) with curlHγ = J − γAγ in Ω according to (5.2.12).
Also, Hγ ∈ H0(div µ,Ω), with div(µHγ) = 0 in Ω. Using the second shift theorem for Hγ , we find Hγ ∈ PHs′ (Ω). Next,
because µHγ ∈ curl [H0(curl,Ω)], one has always ⟨µHγ · n, 1⟩

H1/2(Σi)
= 0 for i = 1, I (cf. remark 3.5.2. in [16]). So we have

∥Hγ∥PHs′ (Ω)
≲s′ ∥ curlHγ∥L2(Ω). Going back to curlHγ = J − γAγ in Ω, we infer

∥Hγ∥PHs′ (Ω)
≲s′

{
∥J∥L2(Ω) + γ∥Aγ∥L2(Ω)

}
.

Recall that the partition (Ωµp )p=1,P is chosen so that µ|Ωµp
∈ (W 1,∞(Ωµp ))

3×3 for p = 1, P . Because multiplying by µ|Ωµp
is stable

in Hs′ (Ωµp ) for p = 1, P [55], we find that curlAγ = µHγ ∈ PHs′ (Ω), with

∥ curlAγ∥PHs′ (Ω)
≲s′

{
∥J∥L2(Ω) + γ∥Aγ∥L2(Ω)

}
.

To conclude, we recall that ∥Aγ∥L2(Ω) ≲ ∥J∥L2(Ω) (proof of proposition 5.2.1). ⋄

As announced, one may use vh = Πcurlh Aγ in (5.2.19).

Theorem 5.2.3. For γ > 0 and h > 0, let Ah
γ be the solution to (5.2.16).

Then, for s = 1 if σDir = 1, and s ∈]1/2, σDir[ else, and for s′ = 1 if σNeu(µ) = 1, and s′ ∈]0, σNeu(µ)[
else, one has the error estimate

∥ curl(A−Ah
γ)∥L2(Ω) ≲s,s′

(
γ + γ1/2(1 + γ)hmin(s,s′) + (1 + γ)hs

′
)
∥J∥L2(Ω). (5.2.21)

Proof. Let us bound the infimum in (5.2.19). Combining the interpolation errors (5.2.14) and (5.2.15) with the last two
propositions, we find

inf
vh∈Vh

{γ1/2∥Aγ − vh∥L2(Ω) + ∥ curl(Aγ − vh)∥L2(Ω)}

≲ γ
1/2∥Aγ − Π

curl
h Aγ∥L2(Ω) + ∥ curl(Aγ − Π

curl
h Aγ)∥L2(Ω),

≲s,s′ γ
1/2

(1 + γ)h
min(s,s′)∥J∥L2(Ω) + (1 + γ)h

s′∥J∥L2(Ω).

Using (5.2.19) leads to the claim. ⋄

To conclude this part, we now consider that γ is a function of the meshsize h (with strictly positive
values), that is γ = γ(h), and we solve

Find Ah ∈ Vh such that for all vh ∈ Vh, cγ(h)(Ah,vh) = (J,vh)L2(Ω). (5.2.22)

Corollary 5.2.2. Assume that h ∈]0, 1]. Let γ = γ(h) be such that γ(h) ≲ hσNeu(µ).
For s′ = 1 if σNeu(µ) = 1, and s′ ∈]0, σNeu(µ)[ else, one has the error estimate

∥ curl(A−Ah)∥L2(Ω) ≲s′ h
s′ ∥J∥L2(Ω). (5.2.23)

Proof. Since in theorem 5.2.3 one has s > 1/2, it holds hmin(s,s′) ≤ hmin(1/2,s′). Hence from (5.2.21) one gets the bound:

∥ curl(A − A
h
γ)∥L2(Ω) ≲s′

(
γ + γ

1/2
(1 + γ)h

min(1/2,s′)
+ (1 + γ)h

s′
)
∥J∥L2(Ω).

Let us find the dominant term between the parentheses. If s′ < 1/2,

γ(h) + γ(h)
1/2

(1 + γ(h))h
min(1/2,s′) ≲ h

σNeu(µ)
+ h

σNeu(µ)/2+s′
= O(h

s′
).
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If s′ ≥ 1/2, taking into account that σNeu(µ)/2 + 1/2 > σNeu(µ), one has

γ(h) + γ(h)
1/2

(1 + γ(h))h
min(1/2,s′) ≲ h

σNeu(µ)
+ h

σNeu(µ)/2+1/2
= O(h

σNeu(µ)
).

Since γ(h)hs′ = o(hs′ ), the dominant term is hs′ . ⋄

Hence, choosing γ(h) ≲ hσNeu(µ) and going back to the magnetic field BJ , it is guaranteed that

∥BJ − curlAh∥H(div,Ω) ≲s′ h
s′ ∥J∥L2(Ω).

According to the definition of s′, one concludes that the a priori error is equal to O(h) if σNeu(µ) = 1,
and almost like O(hσNeu(µ)) if σNeu(µ) < 1, since the result is O(hs

′
) for all s′ < σNeu(µ) in the latter

case.

Because the form cγ(h) is coercive, the linear system equivalent to (5.2.22) is expected to be simpler
to solve than the one resulting from the discretization of the saddle-point variational formulation (5.2.4)
or (5.2.5). Morever, according to remark 5.2.1, it is advised to take the "largest" possible values of
γ(h) to improve the conditioning of the matrix. In other words, one should take γ(h) ≂ hσNeu(µ), see
corollary 5.2.2.

One can find a number of numerical experiments in [216, 139, 104] to support the claims, and to
show the robustness of the approach. We propose below a numerical illustration with a manufactured
solution.

5.3 The Weighted Regularization Method

This approach aims to design a mathematical framework that can be efficiently approximated numerically
by continuous vector finite elements. When Ω is non-convex3, following [116], the divergence of the fields
is evaluated in a weighted L2 space. Recall that E is the non-empty set of reentrant edges of ∂Ω. Let
d be the distance to E : d(x) = dist(x,∪e∈E ē). Consider wα a smooth non-negative function of x, that
depends on a real parameter α. The (simplified) weight wα is chosen to behave locally as dα in the
neighborhood of reentrant edges and corners, and is bounded above and below by a strictly positive
constant outside a fixed neighborhood of E . Let:

L2
α(Ω) = {q ∈ L2

loc(Ω) such that wα q ∈ L2(Ω)},

endowed with the natural norm ∥ · ∥L2
α(Ω) : q 7→ ∥wα q∥L2(Ω), and associated scalar product (·, ·)L2

α(Ω).
Then, we introduce a subspace of H0(curl,Ω), endowed with the natural norm:

Xα
N (Ω) = {v ∈ H0(curl,Ω) s.t. divv ∈ L2

α(Ω)}, ∥v∥Xα
N (Ω) =

(
∥v∥2H(curl,Ω) + ∥ divv∥2L2

α(Ω)

)1/2
.

In the absence of weight, we write XN (Ω) := X0
N (Ω).

Introducing the value αmin = 1 − σDir ∈]0, 1/2[, one has that for all α ∈]αmin, 1[, Xα
N (Ω) ∩H1(Ω)

is dense in Xα
N (Ω) according to [116, Theorem 5.1]. This result is paramount to obtain the basic

approximability property for a conforming finite element method in Xα
N (Ω). So, we assume from now

on that α ∈]αmin, 1[.

Among the noticeable properties proven in [116], we observe that H1
0 (Ω) ⊂ L2

−α(Ω) (with dense
embedding), see bottom of page 249 of loco citato. For k ∈ {1, . . . ,K}, let qk be characterized by

Find qk ∈ H1
∂Ω(Ω) such that −∆qk = 0 in Ω, qk|Γm = δkm for m ∈ {1, . . . ,K}. (5.3.1)

3Non-convexity always occurs when the boundary ∂Ω is not connected, that is K ≥ 1.
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By construction, one has the orthogonal decomposition

H1
∂Ω(Ω) = H1

0 (Ω)
⊥
⊕ span((qℓ)Km=1). (5.3.2)

One can check that 1 belongs to L2
−α(Ω) so, for k ∈ {1, . . . ,K}, we also have that qk ∈ L2

−α(Ω).
As a consequence, the fluxes (⟨v · n, 1⟩H1/2(Γℓ))

K
m=1 are meaningful for all v ∈ Xα

N (Ω), and equal to
(⟨v · n, qm⟩H1/2(∂Ω))

K
m=1.

Then, following for instance [16, proof of Theorem 3.4.3] and using the embedding of L2
α(Ω) in H−1(Ω),

one can prove that

∥ · ∥Xα
N (Ω) : v 7→

(
∥ curl v∥2L2(Ω) + ∥divv∥2L2

α(Ω) +

K∑
m=1

|⟨v · n, 1⟩H1/2(Γm)|2
)1/2

defines a norm, that is equivalent to the natural norm, in Xα
N (Ω). We let (·, ·)Xα

N (Ω) be the associated
scalar product.

5.4 Magnetostatic systems, continuous finite elements [A4, §6]

5.4.1 Augmented variational formulation

Going back to the magnetic system (5.1.15), it is obvious that its divergence-free solution A automatically
belongs to Xα

N (Ω). Let v ∈ Xα
N (Ω). Then, adding the contributions

(µ−1 curlA, curl v)L2(Ω) = (curlµ−1 curlA,v)L2(Ω) = (J,v)L2(Ω) ;

(divA,divv)L2
α(Ω) = 0 ;

K∑
m=1

⟨A · n, 1⟩H1/2(Γm)⟨v · n, 1⟩H1/2(Γm) = 0 ;

we find that A is governed by the augmented variational formulation (cf. [91]):

Find A ∈ Xα
N (Ω) such that for all v ∈ Xα

N (Ω), aα(A,v) = (J,v)L2(Ω), (5.4.1)

where the sesquilinear form

aα(u,v) := (µ−1 curlA, curl v)L2(Ω) + (divA,divv)L2
α(Ω) +

K∑
m=1

⟨A · n, 1⟩H1/2(Γm)⟨v · n, 1⟩H1/2(Γm)

is continuous and coercive on Xα
N (Ω) × Xα

N (Ω). We fall within the framework of the Lax-Milgram
theorem. On the other hand, starting from the augmented variational formulation (5.4.1), one can prove
that its solution A is governed by (5.1.15).

Theorem 5.4.1. Let the data J fulfill assumption (5.1.13). Then, the vector potential A solves (5.1.15)
if, and only if, A solves (5.4.1).

Proof. Let A be the solution of (5.4.1). We know that A ∈ H0(curl,Ω). Next, we take appropriate test functions in (5.4.1).
Below, we use a triple orthogonality property, which allows to deal with the three terms defining the form aα separately.
Note that vβ =

∑K
k=1 βk∇qk, where (βk)

K
k=1 ∈ CK and (qk)

K
k=1 is given by (5.3.1), belongs to Xα

N (Ω). Using it as a test function
in (5.4.1), we find that

K∑
m=1

⟨A · n, 1⟩
H1/2(Γm)

⟨vβ · n, 1⟩
H1/2(Γm)

= 0

after integrating by parts the right-hand side, thanks to assumption (5.1.13).
On the other hand, the mapping (βk)

K
k=1 7→ (⟨vβ · n, 1⟩

H1/2(Γm)
)
K
m=1 is onto. This classical result stems from the fact that the

capacitance matrix, with entries ((∇qm,∇qk)L2(Ω))1≤k,m≤K , is invertible (see e.g. [16, cor. 3.3.8]). As a consequence, the fluxes
(⟨A · n, 1⟩

H1/2(Γm)
)Km=1 all vanish.

Going back to (5.4.1), we find that A is such that, for all v ∈ Xα
N (Ω), (µ−1 curlA, curl v)L2(Ω)+(divA, div v)L2

α(Ω) = (J,v)L2(Ω).
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By definition, divA ∈ L2
α(Ω) ⊂ H−1(Ω), so there exists a unique qA ∈ H1

0 (Ω) such that −∆qA = divA. The test function
vA = ∇qA can be used above, which now yields ∥ divA∥2

L2
α(Ω)

= 0, after integrating by parts the right-hand side, thanks again

to assumption (5.1.13). Therefore, A is such that, for all v ∈ Xα
N (Ω), (µ−1 curlA, curl v)L2(Ω) = (J,v)L2(Ω). Finally, taking

v ∈ D(Ω), we conclude that curl(µ−1 curlA) = J, and A solves the magnetic system (5.1.15) as claimed. ⋄

Note that the exact solution A is recovered exactly for all values of α ∈]αmin, 1[.

5.4.2 Continuous vector finite elements

We discretize variational formulation (5.4.1) with continuous vector finite elements. We report below
the main steps of the analysis, originally carried out in [116]. It starts with the study of singularities, cf.
Sections 6 and 7 in loc. cit..

Remark 5.4.1. Within the taxonomy of [114, §6], one can prove that A contains only singularities of
type 1 and type 2, and no singularity of type 3, because J ∈ L2(Ω) and divA = 0 (see loc. cit., p. 259).

A solution A to (5.1.15) can be split into regular and gradient parts as follows:

A = Areg +∇ϕA, with
{

Areg ∈ PḢ1+σNeu(µ)(Ω) ∩H0(curl,Ω)

ϕA ∈ Ḣ1+σDir (Ω) ∩H1
∂Ω(Ω)

. (5.4.2)

In addition, there exists Cα > 0 (independent of A) such that ∥A∥Xα
N (Ω) ≤ Cα (∥Areg∥H1(Ω)+∥ϕA∥V 2

α (Ω)),
where V 2

α (Ω) is a weighted Sobolev space à la Nazarov-Plamenevski (cf. [116, eq. (2.1)]). Next, one uses
this regular-gradient splitting (5.4.2) to obtain error estimates ; precisely, the error on Areg in H1(Ω),
and the error on ϕA in V 2

α (Ω).

Given k ≥ 1, we choose the continuous Lagrange elements of order k to define finite dimensional
subspaces (Xh,k)h of Xα

N (Ω). Given h, one introduces

Xh,k = {vh ∈ H1(Ω) ∩H0(curl,Ω) | ∀ℓ ∈ IK , vh|Kℓ ∈ Pk(Kℓ)}. (5.4.3)

The discrete variational formulation of the augmented variational formulation (5.4.1) is then

Find Ah
α ∈ Xh,k such that for all vh ∈ Xh,k, aα(A

h
α,vh) = (J,vh)L2(Ω). (5.4.4)

Observe that the discrete solution Ah
α depends on both h and α.

Classically, (Xh,k)h exhibits approximability properties for the regular part:
For s′ = 1 if σNeu(µ) = 1, and all s′ ∈]0, σNeu(µ)[ else
∀v ∈ PḢ1+σNeu(µ)(Ω) ∩H0(curl,Ω), ∃cv,s′ , ∀h, ∃vh ∈ Xh,k,

∥v − vh∥H1(Ω) ≤ cv,s′hs
′
.

(5.4.5)

In addition, one must have good approximability properties for the gradient part: namely, one needs
that there exists a family of spaces (Φh)h of scalar fields such that

∀h, ∇[Φh] ⊂ Xh,k, (5.4.6)

with4 { ∀ε > 0, ∀ϕ ∈ Ḣ1+σDir (Ω) ∩H1
∂Ω(Ω), ∃cϕ,ε, ∀h, ∃ϕh ∈ Φh,

∥ϕ− ϕh∥V 2
α (Ω) ≤ cϕ,ε hα−αmin−ε .

(5.4.7)

A natural question is to check in which case the assumption (5.4.6)-(5.4.7) holds. Below, we report some
results in 2D and 3D domains. The issue was first discussed by Costabel and Dauge in [116]. They
observed that, in a 2D polygonal domain, one can choose Hsieh-Clough-Tocher finite elements [109] to

4Recall that αmin = 1− σDir ∈]0, 1/2[, so the right-hand side of (5.4.7) is equal to cϕ,ε h
σDir+(α−1)−ε.
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define the discrete spaces (Φh)h. Indeed, the discrete fields belong to C1(Ω) and are piecewise P 3 on a
subdivision of triangles, so their gradients are naturally in C0(Ω) and are piecewise P2. Moreover, one
can choose those fields to vanish on the boundary, to enforce the condition on the tangential trace. This
ensures that the assumption (5.4.6)-(5.4.7) holds in a 2D domain at least for k = 2. According to [90,
§46], there exist similar finite elements in 2D for k ≥ 3, and also in 3D: the former can be found in [211],
and the latter in [4]. More recent results can be found in [233, 19, 144] and Refs. therein, including the
case k = 1, and are proved by considering again appropriate subdivisions of tetrahedra and/or triangles.

The numerical analysis is straightforward, because one can apply Céa’s lemma. Using the approx-
imability properties above, we conclude that the error estimates below hold.

Theorem 5.4.2 ([A4, Theorem 14]). For α ∈]αmin, 1[, let τα = min(σNeu(µ), σDir + (α− 1)).
For h > 0, let Ah

α be the solution to (5.4.4). Then, for all ε > 0, there exists cA,ε such that for all h:

∥A−Ah
α∥Xα

N (Ω) ≤ cA,εhτα−ε, (5.4.8)

Going back to the magnetic field BJ , that it is now guaranteed that

∥BJ − curlAh
α∥H(div,Ω) ≤ cJ,εhτα−ε.

Within the framework of the WRM, we can take any α ∈]αmin, 1[ so, if one picks α "close to 1", the a
priori error is almost like O(hτmax), where τmax = min(σNeu(µ), σDir).

We note that the linear system equivalent to (5.4.4) is expected to be easy to solve because the
form aα is coercive. In 2D and 3D domains, one can find numerical experiments [A8, A1, 208, 209]
to support the claims, and to show the robustness of the approach. In particular, in [208, 209], a very
coarse approximation of the weight wα is chosen, namely a discrete weight which is equal to 0 in simplices
located near the reentrant edges, and equal to 1 in all other simplices.

5.5 Eigenvalue problem, continuous vector finite elements [A1]

Let λ = ω2/c2. The eigenpair (E, λ) solving the electric eigenproblem (5.1.18) is a solution of:

Find (E, λ) ∈ Xα
N (Ω)× R+ such that curl curlE = λE. (5.5.1)

Consider first the following augmented variational formulation:

Find (E, λ) ∈ Xα
N (Ω)× R+ such that for all v ∈ Xα

N (Ω), (E,v)Xα
N (Ω) = λ(E,v)L2(Ω).

Unfortunately the fact that (E, λ) is a solution to the above problem does not guarantee that it is an
eigenpair of the original problem. Indeed, there exists solutions, called spurious eigenpairs which are
not divergence-free. To address this problem, Costabel and Dauge [116, 117] proposed to consider the
parametrized eigenproblem:{

Find (Es, λs) ∈ Xα
N (Ω)× R+ such that for all v ∈ Xα

N (Ω)

(curlE, curl v)L2(Ω) + s (divE,divv)L2(Ω) = λs(E,v)L2(Ω)
,

where s > 0 is a parameter. The equivalence with the original problem can be restored. If one let s vary,
the true eigenpairs, which are divergence free, will be independent of s, whereas the spurious solutions
still vary with s (their divergence doesn’t vanish).

A second approach, following [91], consists in taking into account the constraint of the divergence of
the field with a Lagrange multiplier. We recover thus the equivalence with the original problem. The
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mixed eigenproblem to be solved reads:
Find (E, p, λ) ∈ Xα

N (Ω)× L2
α(Ω)× R+ such that for all (v, q) ∈ Xα

N (Ω)× L2
α(Ω)

(E,v)Xα
N (Ω) + (p,divv)L2

α(Ω) = λ(E,v)L2(Ω) (i)
(q,divE)L2

α(Ω) = 0 (ii)
. (5.5.2)

Theorem 5.5.1. Problems (5.5.1) and (5.5.2) are equivalent.

Proof. Let (E, p, λ) be a solution to (5.5.2). According to (5.5.2)-(ii), divE = 0. Let ϕp ∈ H1
0 (Ω) be the unique solution to

∆ϕp = p (it is a well-posed problem since L2
α(Ω) ⊂ H−1(Ω)). Let vp = ∇ϕp. By construction, curl vp = 0, v × n|∂Ω = 0 and

div vp = p, hence vp ∈ Xα
N (Ω). If we choose v = vp in (5.5.2)-(i), we get: ∥p∥2

L2
α(Ω)

= λ(E,∇ϕp)L2(Ω) = 0 by integration by

parts. Therefore, any solution of (5.5.2) is such that E ∈ Xα
N (Ω) and p = 0. ⋄

5.5.1 Numerical analysis

To carry out the numerical analysis of problem 5.5.2 discretized with Pk+1 × P k finite elements (cf.
problem (5.5.11) below), we study the resolution of the static problem posed in a mixed augmented
variational formulation. Let us recall the static problem:

Find Ẽ ∈ H0(curl,Ω) ∩H(div 0,Ω) such that curl curl Ẽ = J̃, with J̃ ∈ H(div 0,Ω). (5.5.3)

Recall first that we can discretize problem (5.5.3) with the WRM with Pk+1 finite elements. The discrete
problem reads:

Find Ẽh ∈ Xh,k+1 | ∀vh ∈ Xh,k+1, (Ẽh,vh)Xα
N (Ω) = (J̃,vh)L2(Ω)

According to theorem 5.4.2, the following estimate holds:

∥Ẽ− Ẽh∥Xα
N (Ω) ≤ Cµ hµ ∥J̃∥L2(Ω), ∀µ ∈]0, τα[, (5.5.4)

where Cµ > 0 does not depend on the mesh size.
The mixed augmented variational formulation related to (5.5.3) reads:

Find (Ẽ, p̃) ∈ Xα
N (Ω)× L2

α(Ω) such that for all (v, q) ∈ Xα
N (Ω)× L2

α(Ω)

(Ẽ,v)Xα
N (Ω) + (p̃,divv)L2

α(Ω) = (J̃,v)L2(Ω) (i)
(q,div Ẽ)L2

α(Ω) = 0 (ii)
. (5.5.5)

We set: Kα
N (Ω) := Xα

N (Ω) ∩ H(div 0,Ω). We want to apply abstract theory recalled in §4.5 with
V = Xα

N (Ω), Q = L2
α(Ω) a(u, v) = (u, v)Xα

N (Ω), b(v, q) = (div v, q)L2
α(Ω), K = Kα

N (Ω). Applying
theorem 4.5.1, we have the

Theorem 5.5.2. Problem (5.5.5) is well-posed.

Proof. The bilinear form (w,v)Xα
N

(Ω) is obviously coercive on Kα
N (Ω). Let q ∈ L2

α(Ω) and ϕq ∈ H1
0 (Ω) such that ∆ϕq = q.

Then vq = ∇ϕq ∈ Xα
N (Ω) (cf. the proof of theorem 5.5.1), and (q, div vq)L2

α(Ω) = ∥q∥L2
α(Ω) ∥vq∥Xα

N
(Ω): the inf-sup condition

(4.5.2) holds with β = 1. ⋄

We introduce two functional spaces: V 1
α (Ω) := {v ∈ L1

loc(Ω) |wα−1v ∈ L2(Ω), wα∇v ∈ L2(Ω)},
◦
V 1
α(Ω) := closure of D(Ω) in V 1

α (Ω). We know from [116] that
◦
V 1
α(Ω) = {v ∈ V 1

α (Ω) | v|∂Ω = 0} and that

on
◦
V 1
α(Ω), the inner norm and the semi-norm are equivalent norms: ∥v∥ ◦

V 1
α(Ω)

= ∥∇(wαv)∥L2(Ω). This

implies the orthogonal decomposition

L2(Ω) = H(div 0,Ω)
⊥
⊕ ∇(wα

◦
V 1
α(Ω)) (5.5.6)

In the absence of weight,
◦
V 1
α(Ω) = H1

0 (Ω). Let Qα(Ω) = {q ∈ L2
α(Ω) |wαq ∈

◦
V 1
α(Ω)}, endowed with the
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norm: ∥q∥Qα(Ω) = ∥∇(w2γq)∥L2(Ω). We have the

Theorem 5.5.3 ([A1, Theorem 4.5]). Let (Ẽ, p̃) be the solution to (5.5.5).
On the one hand, div Ẽ = 0, and curl curl Ẽ ∈ L2(Ω). On the other hand, p̃ ∈ Qα(Ω).

Proof. According to (5.5.5)-(ii), div Ẽ = 0. According to (5.5.6), ∃!(w, q) ∈ H(div 0,Ω) ×
◦
V 1
α(Ω) s. t. J̃ = w + ∇(wαq).

Then wαp+ q ∈ L2(Ω) and we can solve the auxiliary problem:

Find z ∈
◦
V

1
α(Ω) | ∀z′ ∈

◦
V

1
α(Ω), (∇(wαz),∇(wαz

′
))L2(Ω) = −(wαp+ q, z

′
)L2Ω).

By construction, wα∆(wαz) = wαp + q. Let v = ∇(wαz) ∈ Xα
N (Ω). It holds: curl v = 0 and wα div v = wαp + q. Using this

test-field in (5.5.5)-(i) yields: (wαp, wαp + q)L2(Ω) = (J̃,∇(wαz))L2(Ω)

⊥
= (∇(wαq),∇(wαz))L2(Ω)

z′=q
= −(wαp + q, q)L2(Ω). In

other words, ∥wαp+ q∥2
L2(Ω)

= 0, i.e. wαp = −q in L2(Ω): this proves the improved regularity of p.

Now, let us take a test-field v ∈ D(Ω) in (5.5.5)-(i), with J̃ replaced by w + ∇(wαq):

(curl curl Ẽ − w,v)L2(Ω) = (∇(wαq), v)L2(Ω) − (wαp, wα div v)L2(Ω) = −(q + wαp, wα div v)L2(Ω) = 0.

Hence, curl curl Ẽ = w, so the conclusion follows. ⋄

Corollary 5.5.1 ([A1, cor. 4.1]). One can characterize the spaces V0 and Q0 defined in (4.5.13)
completely. After some elementary computations, one reaches V0 = VE(Ω) := {v ∈ Kα

N | curl curl v ∈
L2(Ω)} and Q0 = Qα(Ω). The space VE(Ω) is endowed with the norm:

∥v∥VE(Ω) =
(
∥ curl v∥2L2(Ω) + ∥ curl curl v∥2L2(Ω)

) 1
2

. (5.5.7)

Consider the (self-adjoint) operator T : (Xα
N (Ω))′ → Xα

N (Ω) such that T(J̃) = Ẽ, where (Ẽ, p̃) is the
solution to problem (5.5.5). The space V = Xα

N (Ω) is dense in L = L2(Ω). The last corollary allows us
to prove the compactness result (E):

Corollary 5.5.2 ([A1, cor. 4.2]). The restriction of operator T from L2(Ω) to VE(Ω) is compact.

Proof. Consider a bounded sequence (J̃n)n ∈ L2(Ω). The corresponding solutions (Ẽn, p̃n) are bounded in VE(Ω)×Qα(Ω).
In particular, thanks to the identification (5.5.7), the sequence (Fn)n, with Fn = curl Ẽn, is bounded in the space XT (Ω) :=

H0(div,Ω)∩H(curl,Ω). According to the fundamental result of Weber [244], XT (Ω) is compactly embedded in L2(Ω): there exists
F ∈ L2(Ω) s. t. limn→∞ Fn = F ∈ L2(Ω) (we identify the subsequence of (Fn)n with (Fn)n itself). Obviously, the sequence
(Ẽn)n is bounded in XN (Ω) : according to the second fundamental result of Weber [244] on vector fields with vanishing tangential
trace, XN (Ω) is also compactly embedded in L2(Ω). Therefore, there exists Ẽ ∈ L2(Ω) such that limn→∞ Ẽn = Ẽ ∈ L2(Ω). Since
div Ẽn = 0, for all n, one has div Ẽ = 0 thanks to the uniqueness of the limit. Moreover, Fn = curl Ẽn converges to F in L2(Ω),
and by identification curl Ẽ = F. Then, the subsequence (Ẽn)n converges to Ẽ in H(curl,Ω), so that E ∈ H0(curl,Ω). Finally
one concludes first that Ẽ belongs to Xα

N (Ω), and second that the subsequence (Ẽn)n converges to Ẽ in Xα
N (Ω), as expected. ⋄

Compare to §5.4, we want here to approximate the fields by an element of the discrete kernel. The
obvious choice of the Taylor-Hood Finite Element [239] is ill-advised in our case. A condition like the
discrete Lagrange multiplier vanishes on tetrahedra that neighbour the reentrant edges and corners must
be imposed. We can discretize (5.5.5) and (5.5.2) with the Zero Near Singularity Pk+1 × P k Finite
Element of Ciarlet Jr. and Hechme [100]: to discretize the electric field, we consider Xh,k+1 defined in
(5.4.3). Let Eh =

⋃
T∈Th,∂T∩E̸=0 T . To discretize the Lagrange multiplier, we consider

Mh := {qh ∈ C0(Ω) | ∀ℓ ∈ IK , w2αqh|Kℓ ∈ P k(Kℓ) and qh|Eh = 0},

Moreover, given qh ∈ Mh, letting qh = w2αqh, we have: (qh,divvh)L2
α(Ω) = (qh,divvh)L2Ω) = 0 for all

vh ∈ Xα
N (Ω).

The discrete approximation of (5.5.5) reads:
Find (Ẽh, p̃h) ∈ Xh,k+1 ×Mh such that for all (vh, qh) ∈ Xh,k+1 ×Mh,{

(Ẽh,vh)Xα
N (Ω) + (p̃h,divvh)L2

α(Ω) = (J̃,vh)L2(Ω) (i)
(qh,div Ẽh)L2

α(Ω) = 0 (ii)
. (5.5.8)
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Applying theorem 4.5.1 with estimate (5.5.4), we obtain the error estimate for Ẽh approximated with
(5.5.8):

∥Ẽ− Ẽh∥Xα
N (Ω) ≤ Cµ

(
1 +

1

β(h)

)
hµ∥J̃∥L2(Ω), ∀µ ∈]0, τα[, (5.5.9)

where β(h) is the constant of the discrete inf-sup condition (4.5.5) on Xh,k+1 ×Mh, with b(vh, qh) =

(divvh, qh)L2
α(Ω). From now on, we suppose that β(h) is bounded from below. Noticing that ∥J̃∥L2(Ω) ≤

∥Ẽ∥VE(Ω), this results allows to obtain the bound r2(h) ≤ Cµ(1 + β(h)−1)hµ, for µ ∈]0, τ [ giving the
strong approximation property (def. 4.5.2).

Next, we establish an approximability property for the Lagrange multiplier.

Proposition 5.5.1 ([A1, Proposition 4.1]). There exists Capp > 0 such that for all q ∈ Qα(Ω),

inf
qh∈Mh

∥q − qh∥L2
α(Ω) ≤ Capph1−α∥q∥Qα(Ω). (5.5.10)

Proof. We follow the proof of [116, Proposition 8.3], with Clément type interpolation operators since functions of Qα(Ω)

are not, in general, continuous. Note that q ∈ Qα(Ω) mean that w2α−1q ∈ L2(Ω) and w2α∇q ∈ L2(Ω). For all ℓ ∈ IK , we
call K̃ℓ = {Kℓ′ , ℓ′ ∈ IK , |Kℓ ∩ Kℓ′ ̸= ∅}. Let Vh = {qj ∈ C0(Ω) | ∀ℓ ∈ IK , qh|Kℓ ∈ P 1(Kℓ)}. There exists a projection
πh : L2

loc → Vh such that ∥q̃ − πh(q̃)∥L2(Kℓ)
≲ h |q|H1(K̃ℓ)

[231]. We construct a cut-off function χh such that (recall that d is
the distance from the set of reentrant edges):

0 ≤ χh ≤ 1, χh(x) = 1 if d(x) ≤ 4h, χh(x) = 0 if d(x) ≤ 8h.

For any ℓ ∈ IK , we suppose that if χh(x) = 0, ∀x ∈ Kℓ, then dK̃ℓ ≥ h. Given q ∈ Qα(Ω), we set qh = w−2απh(1−χh)w2αq, and

we prove (5.5.10) letting ∥q∥2
Qα(Ω) ≃ ∥q∥2

L2
2α−1

(Ω)
+ ∥∇q∥2

L2
2α(Ω)

. We have that qh|Eh = 0, qh ∈ Mh and:

∥q − qh∥2
L2
α(Ω)

≤ 2 ∥χhq∥2
L2
α(Ω)

+ 2 ∥(1 − χh)q − qh∥2
L2
α(Ω)

= 2 (I + II).

Let Ĩh = {ℓ ∈ IK | dKℓ < 8h}. We compute:

I =
∑
ℓ∈Ĩh

∫
Kℓ

w2α|χhq|2 ≤
∑
ℓ∈Ĩh

∫
Kℓ

w2α|q|2 ≲
∑
ℓ∈Ĩh

h
2−2α

∫
Kℓ

w4α−2 |q|2 ≲ h
2(1−α)∥q∥2

L2
2α−1

(Ω)
.

Letting q̃ = (1 − χh)w2αq. We have:

II = ∥w−α(w2α(1 − χh)q − πh(1 − χh)w2αq)∥2
L2(Ω)

= ∥w−α(q̃ − πh q̃)∥2
L2(Ω)

=
∑
ℓ∈IK

∥w−α(q̃ − πh q̃)∥2
L2(Kℓ)

.

In the above summation, we exclude tetrahedra of Eh. For Kℓ ∈ Th\Eh, we have ∥w−α∥L∞ (Kℓ) ≲ h−α. Using the rule
∥fg∥L2 ≤ ∥f∥L∞∥g∥L2 , it holds:

II ≲ h
−2α

∑
Kℓ∈Th\Eh

∥q̃ − πh q̃∥2
L2(Kℓ)

≲ h
2−2α

∑
Kℓ∈Th\Eh

|q̃|2
H1(K̃ℓ)

.

Next, we write ∇ q̃ = (1 − χh)∇(w2αq) + w2αq∇(1 − χh).
For the first term, one has:

∥(1 − χh)∇(w2αq)∥L2(K̃ℓ)
≤ ∥1 − χh∥L∞(K̃ℓ)

∥∇(w2αq)∥L2(K̃ℓ)
≤ ∥∇(w2αq)∥L2(K̃ℓ)

.

For the second term, the support of ∇(1 − χh) is included in {x | 4h ≤ d(x) ≤ 8h}, and

∥∇(1 − χh)∥L∞ ≲ h
−1
.

Also, in this region, one has ∥w1∥L∞ ≲ h. Hence:

∥w2αq∇(1 − χh)∥L2(K̃ℓ)
= ∥w2α−1qw1∇(1 − χh)∥L2(K̃ℓ)

≲ ∥w2α−1q∥L2(K̃ℓ)
= ∥q∥

L2
2α−1

(K̃ℓ)
.

We obtain then the following estimate for II:

II ≲ h
2(1−α)

∑
ℓ∈IK

(
∥∇(w2αq)∥2

L2(K̃ℓ)
+ ∥q∥2

L2
2α−1

(K̃ℓ)

)
≲ h

2(1−α)

(
∥∇(w2αq)∥2

L2(Ω)
+ ∥q∥2

L2
2α−1

(Ω)

)
.
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⋄

As a corollary, we have the weak approximability property of Qα(Ω) (def. 4.5.1):

Corollary 5.5.3. Let Kh,k+1 := {vh ∈ Xh,k+1 | ∀qh ∈ Mh, (divvh, qh)L2
α(Ω) = 0}. There exists r1 :

R+ → R+ such that limh→0+ r1(h) = 0 and

sup
vh∈Kh,k+1

(divvh, q)

∥vh∥Xα
N (Ω)

≤ r1(h)∥qh∥Qα .

Proof. Consider (vh, q) ∈ Kh,k+1 ×Qα(Ω). Noticing that (div vh, q)L2
α(Ω) = (div vh, q − qh)L2

α(Ω), ∀qh ∈ Mh, it holds:

|(div vh, q)L2
α(Ω)| ≤ ∥ div vh∥L2

α(Ω) ∥q − qh∥L2
α(Ω) ≤ ∥vh∥Xα

N
(Ω) ∥q − qh∥L2

α(Ω), ∀qh ∈ Mh.

We obtain the result with r1(h) = Capph
1−α. ⋄

The discrete approximation of (5.5.2) reads:
Find (Eh, ph, λh) ∈ Xh,k+1 ×Mh such that for all (vh, qh) ∈ Xh,k+1 ×Mh

(Eh,vh)Xα
N (Ω) + (ph,divvh)L2

α(Ω) = λh(Eh,vh)L2(Ω) (i)
(qh,divEh)L2

α(Ω) = 0 (ii)
. (5.5.11)

We conclude with the error estimates. From (5.5.4), we know that the bound in (4.5.18) behaves like
ε(h) = Cµ h

µ, for µ ∈]0, τα[ (it can be better-smaller-provided the eigenfield is smooth). Therefore, we
have the following error bounds for the discretization of the electric eigenproblem (5.5.1):

• Approximation of the eigenvalue: |λ− λh| ≤ (Cµ)
2 h2µ,

• Gap: δ̂(Eλ, Eλh) < Cµ h
µ.

5.5.2 Numerical illustration

We consider the benchmark of Dauge [125]. Let Ω be the L-shape domain with straight sides and corners
in (0, 0), (1, 0), (1, 1), (−1, 1), (−1,−1), (0,−1). It possesses a reentrant corner located at the origin.
It is reported that the first eigenvector has the strong unbounded singularity, which means that it does
not belong to H1(Ω). According to the theory, the weight wα can be chosen as wα = rα, with r the
distance to the origin, and α ∈]1/3, 1[. We compute the solution using a value of the parameter α set
to α = 0.95, on a series of quasi-uniform meshes. To discretize the problem, we consider the P2 × P 1

Zero Near Singularity finite element pair, cf. [100]. The meshes are respectively made of 738, 2 952 and
11 808 triangles, with 410, 1 557 and 6 065 vertices. The corresponding meshsizes are h = 7.84 × 10−2 ,
h = 3.92× 10−2 and h = 1.96× 10−2. The computation of the first five eigenvalues (λi, h)

5
i=1 is carried

out with the help of Matlab. The relative errors ri,h = |λi,h − λi|/λi are reported in Table 5.1.

We note that on the coarsest mesh, all eigenvalues are already very well-approximated, with the
exception of the first one, for which convergence is in addition slower.

To improve the convergence towards the first eigenvalue, we then make some computations, on a series
of suitably graded meshes, cf. Figure 5.1, with the same value of the parameter α, that is α = 0.95. See
[69] for a rigorous study of the benefit of graded meshes for the computation of Maxwell eigenvalues. It
is important to note that the number of triangles and vertices are similar, since the graded meshes are
respectively made of 648, 2 664 and 10 728 triangles, with 362, 1 410 and 5 522 vertices. The results on
these graded meshes are reported in Table 5.2. Notice that the relative erros r3,h and r5,h are better
on the first graded mesh. We need further investigation. This may be explained by the fact that the
graded meshes are not well suited to the corresponding solutions. To complete this series of experiments,
let us emphasize the crucial importance of the weight wα . Without the weight, it is expected that the
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eigenvalue(s) corresponding to singular eigenvector(s) are not captured numerically (in our case, the first
one).

h r1,h r2,h r3,h r4,h r5,h
Uniform 1 1.3× 10−2 3.3× 10−4 9.4× 10−5 1.1× 10−4 9.9× 10−3

Uniform 2 8.0× 10−3 6.2× 10−5 2.3× 10−5 2.5× 10−5 1.3× 10−5

Uniform 3 4.4× 10−3 1.2× 10−5 5.5× 10−6 6.2× 10−6 5.3× 10−6

Table 5.1: Relative errors on quasi-uniform meshes with α = 0.95.

Figure 5.1: Uniform mesh (left) and graded mesh (right).

h r1,h r2,h r3,h r4,h r5,h
Graded 1 2.3× 10−3 7.9× 10−5 2.1× 10−4 2.5× 10−4 1.9× 10−4

Graded 2 5.4× 10−4 1.8× 10−5 4.7× 10−1 5.1× 10−5 8.5× 10−2

Graded 3 1.6× 10−4 4.5× 10−6 2.0× 10−2 1.3× 10−5 4.6× 10−2

Table 5.2: Relative errors on graded meshes with α = 0.95.
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5.6 Propagation in a waveguide [A3]

We want to solve problem (5.1.19)–(5.1.24), where the field E ∈ XN,ΓC (Ω). According to Costabel [112],
the graph norm and the semi-norm are equivalent on XN,ΓC (Ω), defined in (5.1.25):

∥v∥XN,ΓC
(Ω) =

(
∥ curl v∥2L2(Ω) + ∥ divv∥2L2(Ω) + ∥v × n∥2L2(ΓA)

) 1
2

.

5.6.1 Variational formulations

Starting from the second-order in time system of Equations (5.1.19)-(5.1.24), we obtain a series of
equivalent variational formulations. When ΓA is empty, we refer the interested reader to [B2, chap. 12]
for details. When ΓA is non-empty, it is enough to adapt the proofs given by Ben Belgacem and Bernardi
[32] to handle the boundary terms. The three variational formulations are obtained successively this way:

1◦ Multiply Equation (5.1.19) by v ∈ H0,ΓC (curl,Ω), and integrate by parts over Ω. We get the
variational formulation:
Find E(t) ∈ H0,ΓC (curl,Ω) such that for all v ∈ H0,ΓC (curl,Ω), for all t,

⟨∂2ttE,v⟩+ c2(curlE, curl v)L2(Ω) + c (∂tE× n,v× n)L2(ΓA) = −(∂tJ/ε0,v)L2(Ω) + c (∂tb× n,v)L2(ΓA).

Above, ⟨·, ·⟩ denotes an ad hoc duality product between ∂2ttE and elements of H0,ΓC (curl,Ω), cf. [32].
We have the

Theorem 5.6.1. Suppose that ∂tJ ∈ L2(0, T ;L2(Ω)), ϱ ∈ C0(0, T ;H−1(Ω)), ϱ and J satisfying (5.1.5).
Suppose that (E0,E1) ∈ H0,ΓC (curl,Ω) × L2(Ω). Then, Equation (5.6.1), together with initial condi-
tions (5.1.23)-(5.1.24), is equivalent to problem (5.1.19)-(5.1.24) and has a unique solution E such that
(E, ∂tE) ∈ C0(0, T ;H0,ΓC (curl,Ω)) × C0(0, T ;L2(Ω)). Moreover, provided that ϱ ∈ C0(0, T ;L2

α(Ω)) and
E0 ∈ Xα

N,ΓC
(Ω), we have the improved regularity result E ∈ C0(0, T ;Xα

N,ΓC
(Ω)).

2◦ Add c2(divE,divv)L2
α(Ω) on the left hand side and c2(ϱ/ε0,divv)L2

α(Ω) on the right hand side to
get the augmented variational formulation:
Find E(t) ∈ Xα

N,ΓC
(Ω) such that for all v ∈ Xα

N,ΓC
(Ω), for all t,

(∂2ttE,v)L2(Ω) + c2(E,v)Xα
N (Ω) + c (∂tE× n,v × n)L2(ΓA)

= −(∂tJ/ε0,v)L2(Ω) + c2(ϱ/ε0,divv)L2
α(Ω) + c(b′ × n,v)L2(ΓA). (5.6.1)

Theorem 5.6.2. Suppose that ∂tJ ∈ L2(0, T ;L2(Ω)), ϱ ∈ C0(0, T ;L2
α(Ω)), ϱ and J satisfying (5.1.5).

Suppose that (E0,E1) ∈ Xα
N,ΓC

(Ω) × L2(Ω). Then, Equation (5.6.1), together with initial conditions
(5.1.23)–(5.1.24), is equivalent to problem (5.1.19)–(5.1.24) and has a unique solution E such that
(E, ∂tE) ∈ C0(0, T ;Xα

N,ΓC
(Ω))× C0(0, T ;L2(Ω)).

3◦ Add (p,divv)L2
α(Ω) on the left hand side and consider a constraint on divE (cf. (5.6.3)). Let

p ∈ L2
α(Ω) be the Lagrange multiplier, we reach the mixed augmented variational formulation:

Find (E(t), p(t)) ∈ Xα
N,ΓC

(Ω)× L2
α(Ω) such that for all v ∈ Xα

N,ΓC
(Ω), for all t,

(∂2ttE,v)L2(Ω) + c2(E,v)Xα
N,ΓC

(Ω) + (p,divv)L2
α(Ω) + (∂tE× n,v × n)L2(ΓA)

= −(J′/ε0,v)L2(Ω) + c2(ϱ/ε0,divv)L2
α(Ω) +

∫
ΓA

(cb′ × n).v, (5.6.2)

and for all q ∈ L2
α(Ω), for all t,

(divE, q)L2
α(Ω) = (ϱ/ε0, q)L2

α(Ω) . (5.6.3)

Theorem 5.6.3. Suppose that ∂tJ ∈ L2(0, T ;L2(Ω)), ∂tϱ ∈ L2(0, T ;L2
α(Ω)), ϱ and J satisfying (5.1.5).

Suppose that (E0,E1) ∈ Xα
N,ΓC

(Ω) × L2(Ω). Then, Equations (5.6.2)-(5.6.3) are equivalent to Equa-
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tions (5.1.19)-(5.1.24) and have a unique solution (E, p) such that (E, ∂tE) ∈ C0(0, T ;Xα
N,ΓC

(Ω)) ×
C0(0, T ;L2(Ω)) and p = 0.

The constraint (5.6.3) is added to reinforce Gauss’ law (5.1.20) and also to avoid numerical instabilities
when the discrete charge conservation equation is not satisfied while solving the Maxwell-Vlasov system.
Actually, if the charge conservation does not hold, then the Lagrange multiplier no longer vanishes, and
it compensates for the discrepancy [27]. One can build similar variational formulation for the magnetic
fields.

5.6.2 Discretization

Let us discretize Problem (5.6.2)–(5.6.3). Concerning the time discretization, we use explicit centered
schemes of order two. Let ∆t be the time step and tn = n∆t, n ∈ {0, . . . , T/∆t} be the discrete times,
we consider that:

• ∂tu(·, tn) is approximated by [u(·, tn+1)− u(·, tn−1)]/(2∆t)].

• ∂2ttu(·, tn) is approximated by [u(·, tn+1)− 2u(·, tn) + u(·, tn−1)]/(∆t)
2]

Concerning the space discretization, we use the Pk finite elements for (5.6.1) (k ≥ 1) and the Pk×P k−1

Taylor-Hood Finite Element [239] (k ≥ 2). We denote by (Enh, p
n
h) the discretization of (E(tn), p(tn)).

We recall that for the fully discretized explicit scheme, on must satisfy a CFL-like condition. For Pk

finite elements, we must have: c∆t ≤ Ckminℓ ρℓ, where Ck depends on the approximation order and ρℓ
is defined in §4.7. With this discretization, the L2(Ω) error estimate reads [214, chap. 8]:

max
n

(∥E(tn)−Enh∥L2(Ω)) ≤ Cµ ( (∆t)2 + hµ), ∀µ < τα.

Additionally, we note that if one considers an implicit scheme such as the Crank-Nicholson scheme, one
can obtain, following the result [105]:

max
n

(∥∂tE(tn)− ∂Enh∥2L2(Ω) + c2∥E(tn)−Enh∥Xα
N
) ≤ Cµ ( (∆t)2 + h2µ + (∆t)2 h2(µ−1)), ∀µ ≤ τα,

where ∂tEnh = (Enh −En−1
h )/∆t.

5.6.3 Numerical scheme

Let NE (resp. Np) be the number of Pk+1 (resp. P k) degrees of freedom for the electric field (resp. the
Lagrange multiplier). Let En ∈ RNE (resp. pn ∈ RNp) be the discretized electric field (resp. Lagrange
multiplier) at time tn. Let MΩ ∈ RNE×NE be the mass matrix and M∥

Γ ∈ RNE×NE be the boundary mass
matrix, defined on ΓA. We define M = MΩ + 1

2c∆tM
∥
ΓA

. Let B ∈ RNp×NE be the constraint matrix. At
time tn, we have to solve:
Find (En+1, pn+1) ∈ RNE × RNp such that

MEn+1 + (∆t)2BT pn+1 = Fn+1/2, and BEn+1 = Gn+1. (5.6.4)

The algorithm is the same as algorithm (4.5.8) with Au = M, B = Bp,u, Kp = BM−1BT and U = En+1,
F = Fn+1/2, G = Gn+1:

Prediction: Solve in E⋆ such that ME⋆ = Fn+1/2.

Constraint solver: Solve in P such that Kp P = BE⋆ −Gn+1.

Correction: Solve in δE such that M δE = −BT Pn+1.

Update: En+1 = δE + E⋆.

(5.6.5)
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One can use the P k mass matrix as a preconditioner to solve the second step with the Uzawa algorithm
(see §4.5.3). When the domain is convex, this yields an optimal method in term of number of iterations,
which does not depend on the meshsize as proved in [B2]. When the domain is not convex, it has
been observed numerically that this number of iterations grows, albeit very slowly, when h decreases.
Moreover, in practice, given a mesh made of tetrahedra with good aspect ratio, it has been noted [157]
that pn+1 doesn’t vary much (from the zero theoretical value), so that there is actually no need to
compute it at all times. However, if there is a coupling with the Vlasov equation, one has to compute
accurately [27] this Lagrange multiplier. To speed up the resolution further, one can perform the so-
called mass-lumping techniques, to obtain diagonal mass matrices in (5.6.4). It has been established in
[111] that this could be achieved, for a continuous discretization, with no loss in accuracy. This results in
the so-called P̃ 1 or P̃ 2 finite elements. In the latter case, accuracy is preserved at the cost of increasing
the total number of degrees of freedom, going from 10 degrees of freedom for the P 2 finite element to 23

degrees of freedom for the P̃ 2 finite element. In the former case, the number of dof is equal to four for
both the P 1 and the P̃ 2 finite elements.

5.6.4 Numerical illustration in a non-convex geometry

The domain Ω is an extruded, L-shaped, polyhedron (see Figure 5.2), of depth L = 4m. Geometrically
speaking, its boundary ∂Ω has a single reentrant edge of dihedral angle Θe = 2π/3 (in red). In this
case, it can be checked that αmin = 1 − Θe/π = 1/3. Physically speaking, the boundary is split in two
parts, ΓC and ΓA (in gray). The latter is composed of the leftmost and rightmost faces of the boundary.
Further, the Silver–Müller boundary condition (2.8) on the artificial boundary ΓA holds with b = 0:
we impose an absorbing condition. The data are made of zero initial conditions (E0,B0), and non-zero
charge and current densities ϱ,J). A current bar BJ crosses the domain, and inside this bar, there holds
(with ω = 2.5GHz):

J = 10−5ω sin(πz/L) cos(ω t)ez, ϱ = 10−5(π/L) cos(πz/L) cos(ω t).

The wavelength and time period associated to ω are, respectively, equal to 2πc/ω ≈ 0.75m and 2π/ω ≈
2.5 ns. It is clear that the dimensions of our domain are not realistic; however, we made this choice in
order to be able to visualize several oscillations of the field (in space). We note that both J and ϱ are
smooth, so all theorems of §5.6.1 apply, which ensures theoretically the existence and uniqueness of the
electromagnetic field.

O

ex

(0, 6, 0) (9, 6, 0)

(9, 3, 0)
(6, 3, 0)

(6, 0, 0)

J

L = 4m

ey

ez

Figure 5.2: The model problem.

To compute the electric field, we considered the space Xα
N,ΓC

(Ω) , with α = 0.95 and the augmented
variational formulation (5.6.1). The value of the exponent α − αmin that appears in the convergence
rates is then approximately equal to 0.62. To compute the magnetic induction, we introduced (again
with α = 0.95):

Xα
T,ΓC (Ω) := {v ∈ H(curl,Ω) | divv ∈ L2

α(Ω), v × n|∂Ω ∈ L2
t (∂Ω), v · n|ΓC = 0}.
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The augmented variational formulation reads:
Find B(t) ∈ Xα

T,ΓC
(Ω) such that for all v ∈ Xα

T,ΓC
(Ω), for all t,

⟨∂2ttB,v⟩+ c2(B,v)Xα
T,ΓC

(Ω) + c(B× n,v × n)L2(ΓA) = (1/ε0) (J, curl v)Xα
T,ΓC

(Ω).

We report the results of computations made with the P̃ 1 finite elements on a tetrahedral mesh, with
685× 103 tetrahedra. In particular, the 10 discretization point per wavelength rule is satisfied. One has
minℓ ρℓ ≈ 6 cm, and the time-step is in the order of ∆t ≈ 40 ps: this complies with the CFL condition.
The final observation time is T = 25ns: it is sufficient for the electromagnetic wave that is generated by
BJ to span the whole domain (recall that the wave travels at the finite speed c ≈ 3× 108 m . s−1.

In Figure 5.3, we present the time evolution of the x-component of the electric field at the locations
M1 = (1, 1, 2), M2 = (1, 5, 2), M3 = (5.5, 2.5, 2), M4 = (8, 5.5, 2); respectively. It remains equal to zero
until the electric wave reaches the point under consideration. Then the field oscillates with a period
≈ 2.5 ns: as expected, we observe forced oscillations.

Figure 5.3: Ex at (Mi)
4
i=1.

Let us now focus on the spatial behaviour of the electromagnetic field, which we expect to be singular5,
in the neighbourhood of the reentrant edge. We report the evolution of the field in a plane, which is
perpendicular to that edge: the geometrical singularity projects to a reentrant corner.

In Figure 5.4 and 5.5, the space evolution of the x and y-components of the electric field is represented
in the plane z = 2.5m, at times T1 = 1ns, T2 = 8ns, T3 = 15ns, T4 = 20ns. We can see that an electric
wave is created by the current, that it propagates into the cavity with wavelength ≈ 0.75m, and is
reflected by the conductor as expected. At T3, we observe a growing peak of intensity close to the
reentrant corner. We also provide a close up of the x-component near the reentrant corner in Figure 5.6,
again at times (Ti)

4
i=1. The usual pattern of strong variations is visible, once the wave has reached the

corner, especially at time T3.

In Figure 5.7, we picture the space evolution of the z-component in the plane z ≈ 2.5m, at times
(Ti)

4
i=1. Again, we observe the propagation of the wave with wavelength ≈ 0.75m, and the reflections.

5According to physics principles, to experiments, and also to the mathematical theory.
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Figure 5.4: Ex at time (Ti)
4
i=1 in the plane z = 2.5m.

Figure 5.5: Ey at time (Ti)
4
i=1 in the plane z = 2.5m.

Note that this component is always regular (as opposed to singular), which is due to the fact that the
geometrical singularity is parallel the z axis [75, 98]. Moreover, it takes smaller (absolute) values than
the x- and y-components.

In Figs. 5.4, 5.5 and 5.7, one can see spurious reflections on ΓA, due to the fact that the Silver–Müller
boundary condition is simply of first order: only plane waves with normal incidence are absorbed, which
is not our case. As far as the magnetic induction is concerned, we observe a similar behaviour up to a
rotation of π/2 around the z-axis. So for instance, we show in Figure 5.8 the space evolution of By in
the plane z ≈ 2.5m, at times (Ti)

4
i=1.

Physically speaking, the overall space distribution of the electromagnetic field can be explained with
the help of the Biot-Savart law. According to this law, the magnetic induction created by the current
bar BJ at location M reads:

B =
µ0

4π

∫
BJ

J× (xM − x)

|xM − x|2 where xM := O⃗M.
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Figure 5.6: A close up of Ex at time (Ti)
4
i=1 in the plane z = 2.5m.

Figure 5.7: Ez at time (Ti)
4
i=1 in the plane z = 2.5m.

Let (x, y, z) be the coordinates of M , and let (x, y, z) be those of M ′, the orthogonal projection of M on
the z-axis of Bj . One gets:

B(xM ) ∝ Jz
|xM − xM ′ |2

(−(y′ − y)
(x− x′)

)
Therefore, if y = y′, Bx(xM ) ≈ 0, whereas if x = x′, By(xM ) ≈ 0. In Figure 5.8, one sees in particular
that, at time T1, By vanishes vertically, i.e. for those locations M such that x = x0′, that is above and
below the current bar BJ . The electric field being orthogonal to the magnetic induction, one gets that
if y = y′ , Ey(xM ) ≈ 0, whereas if x = x′, Ex(xM ) ≈ 0. This can be observed in Figs. 5.4 and 5.5.

Numerically speaking, we note that if one implements the augmented variational formulations with
the plain scalar product (·, ·)XN (Ω) instead of the weighted (·, ·)Xα

N (Ω), one gets similar numerical results
until the wave hits the reentrant edge. This is a consequence of the fact that before that time, the
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Figure 5.8: By at time (Ti)
4
i=1 in the plane z = 2.5 ≈ m.

fields are H1-regular: both augmented variational formulations have the same solution. After that, the
fields become singular, and results differ considerably: first, in the neighbourhood of this edge, and
this discrepancy extends in space at the speed of light c. This is due to the fact that the augmented
variational formulation with the plain scalar product (·, ·)XN (Ω) cannot capture the singular part of the
fields. In other words, it is crucial that one uses the correct variational formulation, in the correct
functional space.
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Chapter 6

Neutronics

The work presented in this Chapter concern articles [A12, A2, A6, A7, A11, A10], proceedings [P5, P6],
Chapter 3 of lecture notes [B1] and PhD thesis of Léandre Giret [163]. These references are recalled
below, in reverse chronological order:

[A12] Numerical analysis of the neutron multigroup SPN equations,
E. Jamelot and F. Madiot, Comptes Rendus Mathématique, 359, 5, pp. 533–545, 2021.

[A2] Numerical analysis of the mixed finite element method for the neutron diffusion problem with highly
heterogeneous coefficients, P. Ciarlet Jr., L. Giret, E. Jamelot, F. Kpadonou, ESAIM: Mathematical
Modelling and Numerical Analysis, 52, 5, pp. 2003–2035, 2018.

[A6] Domain decomposition methods for the diffusion equation with low-regularity solution,
P. Ciarlet Jr., E. Jamelot and F. D. Kpadonou,
Computers & Mathematics with Applications, 74, 10, pp. 2369–2384, 2017.

[A7] A simple monodimensional model coupling an enthalpy production equation and a neutronic diffu-
sion equation, S. Dellacherie, E. Jamelot, O. Lafitte,
Applied Mathematics Letters, 62, pp. 35–41, 2016.

[A11] Fast non-overlapping Schwarz domain decomposition methods for solving the neutron diffusion
equation, E. Jamelot and P. Ciarlet Jr.,
Journal of Computational Physics, 241, pp. 445–463, 2013.

[A10] Domain Decomposition for the SPN Solver MINOS,E. Jamelot, A.-M. Baudron, J.-J. Lautard,
Transport Theory and Statistical Physics, 41 pp. 495–512, 2012.

[P5] Critical Computation with Finite Element Method on Non-Conforming Meshes,
L. Giret, P. Ciarlet Jr., E. Jamelot, M&C 2017, April 16-20, Jeju (Korea).

[P2] Numerical results for the coupling of a simple neutronics diffusion model and a simple hydrody-
namics low mach number model without coupling codes,
S. Dellacherie, E. Jamelot, O. Lafitte, R. Mouhamad,
SYNASC 2016, September 24-27, Timişoara (Romania).

[P6] Domain decomposition for the neutron SPN equations,
E. Jamelot, P. Ciarlet Jr., A.-M. Baudron, J.-J. Lautard,
DDM’21, 2012, June 25-29, Rennes (France).

[B1] Outils mathématiques et algorithmiques pour le calcul scientifique, P. Ciarlet Jr., E. Jamelot, (pp.
185-229), ENSTA Paris, 2019.
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[163] Numerical Analysis of a Non-Conforming Domain Decomposition for the Multigroup SPN Equa-
tions, L. Giret, PhD thesis, Université Paris-Saclay, 2018.

Article [A6] followed the Master’s 2 intership of Félix D. Kpadonou. Article [A2] and proceedings [P5]
are related to the PhD thesis of Léandre Giret [163]. Sofiane Ezzehi’s internship provided an opportunity
to expand on the coupling strategy described in article [A7] and proceedings [P2].

This Chapter is organized as follows: in Section 6.1, we give details on how to obtain the neutron
simplified transport equations. Next, in Section 6.2, we carry out the numerical analysis of the neutron
diffusion source problem discretized with Raviart-Thomas finite elements. This is followed, in Section 6.3,
by the numerical analysis of the neutron diffusion generalized eigenproblem. In Section 6.4, we give tools
to apply domain decomposition methods. We first study the optimized Schwarz method in Section 6.5,
and then the so-called DD+L2 jumps method in Section 6.6. In Section 6.7, we carry out the numerical
analysis of the neutron multigroup simplified transport equation, discretized with discontinuous Galerkin
finite elements. Finally, in Section 6.8, we study a simplified thermal-hydraulics and neutronics coupling.

6.1 Context and model

A nuclear reactor produces thermal energy that is released from induced nuclear fission in fissile atoms,
such as uranium. Fission produces kinetic energy, γ rays, lighter atomic nuclei and free neutrons. These
neutrons can lead to further fission: this process is known as nuclear fission chain reaction. To calculate
the power of a nuclear reactor, we study the stationary state of its core, which is where fission occurs.
This reaction is modelled by the neutron transport equation, which represents the neutron balance in
the reactor.

6.1.1 Neutron transport equation

The neutron density, N (t,x, ω, E), depends on seven variables: time t ∈ (0, T ), position in space x ∈ R3,
velocity direction Ω ∈ S2 (S2 is the unit sphere), and energy E ∈ R+. The energy of a neutron is related
to its velocity v by the kinetic energy equation: E = 1

2mv2, m being the mass of the neutron. The data
from the neutron transport equation are the macroscopic cross sections, as well as the fission yield ν(E)

and the fission spectrum χ(E). The macroscopic scattering cross section is denoted σs(t,x, ̂(Ω,Ω′), E′ →
E). It represents the probability that a neutron colliding at time t and point x, with energy E′ and
direction Ω′, will be reflected with energy E and direction Ω. Shocks are assumed to be isotropic, so σs
depends on the difference between the neutron’s angles of incidence Ω′ and reflection Ω. The macroscopic
fission cross section, denoted σf , represents the probability that a neutron colliding at time t and with
energy E′ at the point x will cause fission. This event does not depend on the incident angle and is
isotropic. The total macroscopic cross-section σt represents the probability of a neutron of energy E

undergoing a collision at time t and point x. The macroscopic scattering cross section models neutron
collisions. It depends on the angle between the angles of incidence Ω′ and reflection Ω of the neutron,
as well as the energy before E′ and after E the shock. The angular neutron flux is given by the quantity
ψ = vN , and the angular neutron current by the vector J = Ωψ.

The neutron transport equation reads:

∂N
∂t

=

∫ +∞

0

∫
S2

σs

(
t,x, ̂(Ω,Ω′), E′ → E

)
ψ(t,x,Ω′, E′)dΩ′dE′

+
χ(E)

4π

(∫ +∞

0

ν(E′)σf (t,x, E
′)
∫
S2

ψ(t,x,Ω′, E′)dΩ′dE′
)

+Sext − divJ (t,x,Ω, E)− σt(t,x, E)ψ(t,x,Ω, E).

(6.1.1)
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In the steady-state case, where there is no external source Sext = 0, Eq. (6.1.1) reads:∫ +∞

0

∫
S2

σs

(
x, ̂(Ω,Ω′), E′ → E

)
ψ(x,Ω′, E′)dΩ′dE′

+
χ(E)

4π

(∫ +∞

0

ν(E′)σf (x, E
′)
∫
S2

ψ(x,Ω′, E′)dΩ′dE′
)

= divJ (x,Ω, E) + σt(x, E)ψ(x,Ω, E).

(6.1.2)

The macroscopic cross sections are obtained from the basic nuclear data, i.e. the microscopic cross
sections. The evolution of the microscopic cross sections is modelled by the Bateman equations. In this
way, the Bateman equations and the neutron transport equation are coupled. In order to perform calcu-
lations, the basic nuclear data are homogenised in space and energy. See [178] about the homogenization
of linear Boltzmann equation when the optical parameters are highly heterogeneous in the energy vari-
able. Therefore, the macroscopic cross sections are numerical data. Thus, Equation (6.1.2) may have
no solution. To obtain a balanced solution, we rewrite Equation (6.1.2) in the form of a generalized
eigenvalue problem. We want to determine the eigenpair (ψ, keff ) such that:

divJ (x,Ω, E) + σt(x, E)ψ(x,Ω, E)

=

∫ +∞

0

∫
S2

σs

(
x, ̂(Ω,Ω′), E′ → E

)
ψ(x,Ω′, E′)dΩ′dE′

+λ
χ(E)

4π

(∫ +∞

0

ν(E′)σf (x, E
′)
∫
S2

ψ(x,Ω′, E′)dΩ′dE′
)
,

keff =
1

minλ λ
.

(6.1.3)

We can apply the Krein-Rutman Theorem to show that the physical solution, which is necessarily
positive, is the eigenfunction associated with the smallest eigenvalue which in addition is simple [183, 126].
The inverse of this smallest eigenvalue is denoted keff and called the effective multiplicative coefficient,
characterises the physical state of the reactor:

• If keff = 1: the core reactor is in a steady state and the nuclear chain reaction is self-sustaining.
The reactor is said to be critical.

• If keff > 1: there are more neutrons which are produced than neutrons which disappear. The
chain reaction races. The reactor is said to be supercritical.

• If keff < 1: there are less neutrons which are produced than neutrons which disappear. The chain
reaction vanishes. The reactor is said to be subcritical.

6.1.2 Energy discretization

The energy variable is discretised using the multigroup theory [143, 80]. This corresponds to homogeni-
sation techniques in energy and space, preserving certain physical quantities. The energy is assumed to
be bounded: E ∈ [Emin, Emax], and its domain is divided into G subintervals, the energy groups, such
that: [Emin, Emax] = [EG, EG−1] ∪ . . . ∪ [E1, E0] with: EG = Emin, E0 = Emax et ∀g < g′ Eg′ < Eg.
Let us set IG := {1, . . . , G}. The total macroscopic cross section, the fission macroscopic cross section
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and the efficiency are approximated by piecewise constant functions for the energy variable:

∀g ∈ IG, ∀E ∈ [Eg, Eg−1] :

{
σt(x, E) ≈ σgt (x),

ν(E)σf (x, E) ≈ νg σgf (x).

The same applies to the macroscopic effective cross-section of diffusion: for all g, g′ ∈ IG, for all E ∈
[Eg, Eg−1]: ∫ Eg′−1

Eg′

σs(x, ̂(Ω,Ω′), E′ → E)dE′ ≈ σg′→g
s (x, ̂(Ω,Ω′)).

The quantities ψg and Jg such that for all g ∈ IG,

ψg(x,Ω) :=

∫ Eg−1

Eg

ψ(x,Ω, E)dE and Jg(x,Ω) := Ωψg(x,Ω)

are called the angular flux and angular current of energy group g. By writing
∫ ∞

0

·dE =
∑
gIG

∫ Eg−1

Eg

·dE

in (6.1.3), and integrating over [Eg, Eg−1], we obtain the following coupled system of G equations: the
tuple ( (Jg)g, (ψg)g, keff ) satisfies

divJg(x,Ω) + σgt (x)ψg(x,Ω)−
∑
g′∈IG

∫
S2

σg
′→g
s

(
x, ̂(Ω,Ω′)

)
ψg

′
(x,Ω′)dΩ′

= λ
χg

4π

 ∑
g′∈IG

νg
′
σg

′

f (x)

∫
S2

ψg
′
(x,Ω′)dΩ′

 ,

keff =
1

minλ λ
.

(6.1.4)

6.1.3 SPN approximation

Concerning the motion direction, the PN transport equations are obtained by developing the neutron
flux on the spherical harmonics from order 0 to order N . This approach is very time-consuming. The
simplified PN (SPN ) transport theory [159] was developed to address this issue. The two fundamental
hypotheses to obtain the SPN equations are that locally, the angular flux has a planar symmetry;
and that the axis system evolves slowly. The neutron flux and the scattering cross sections are then
developed on the Legendre polynomials. From a mathematical point of view, SPN equations correspond
to tensorized 1D PN transport equations, so that some couplings are missing. Consequently, the SPN
equations do not converge to transport equations. Nevertheless, they are commonly used by physicists
since their resolution is cheap in terms of computational cost. The order N is odd, and the number of
SPN odd (resp. even) moments is N̂ := N+1

2 . We will denote by Ie (resp. Io) the subset of even (resp.
odd) integers of the integer set {0, . . . , N}. Finally, the (motion direction and energy) discretization of
the neutron flux is such that there are N̂ × G even and odd moments of the neutron flux. Note that
while modelling the core of a pressurized water reactor, the number of groups if such that 2 ≤ G ≲ 30,
physicists usually choose N = 1 or 3, more rarely N = 5.

We will denote by ϕ = ( (ϕgm)m∈Ie )g∈IG ∈ RN̂×G the set of functions containing, for all energy group
g, the even moments of the neutron flux. Likewise, we will denote by p =

(
( (pgx,m)m∈Io )g∈IG

)d
x=1
∈(

RN̂×G
)d

the set of functions containing the odd moments of the neutron flux.

The reactor core is modelled by a bounded, connected and open subset R of Rd, d = 1, 2, 3, having
a Lipschitz boundary which is piecewise regular. The coefficients are piecewise regular, so that we split
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R into NR open disjoint parts (Ri)i∈IR , I = {1, . . . , NR}, NR ≥ 1, cf. §4.4. with Lipschitz, piecewise
regular boundaries: R = ∪NR

i=1Ri.

For a set of vector valued functions q =
( (

(qgx,m)m,g
)d
x=1

)
∈
(
RN̂×G

)d
, we make the following abuse

of notation:

divq =
(
div( (qgx,m)dx=1 )

)
m,g

and q · p =

(
d∑
x=1

qgx,m p
g
x,m

)
m,g

∈ RN̂×G.

Let q ∈
(
RN̂×G

)d
and M ∈

(
RN̂×N̂

)G×G
. We set qx = (qgx,m)m,g and we use the notation Mq =

(Mqx)
d
x=1.

Given a source term Sf , the multigroup SPN equations with zero-flux boundary conditions1 read as
a set of coupled diffusion equations, posed in mixed form:

Find (p, ϕ) such that
{

To p+∇(Hϕ) = 0

HT divp+ Te ϕ = Sf
. (6.1.5)

When Sf depends on ϕ, the steady state multigroup SPN equations read as the following generalized
eigenproblem:

Find (λ,p, ϕ) such that
{

To p+∇(Hϕ) = 0

HT divp+ Te ϕ = λ−1Mfϕ
. (6.1.6)

We refer to [A10, A11, P6, A6, A2, 163] for more details on the multigroup SPN and diffusion neutron
equations and the general algorithm to solve them.

The matrices H, Te, To, Mf ∈
(
RN̂×N̂

)G×G
are such that ∀(g, g′) ∈ IG × IG (δ·,· is the Kronecker

symbol):

• (H)g,g′ = δg,g′Ĥ ∈ RN̂×N̂ , with ∀(i, j) ∈ {1, . . . , N̂}2, Ĥi,j = δi,j + δi,j−1.

• (Te)g,g := Tge ∈ RN̂×N̂ denotes the even removal matrix, such that:

Tge = diag
(
t0σ

g
r,0, t2σ

g
r,2, . . .

)
,

(To)g,g := Tgo ∈ RN̂×N̂ denotes the odd removal matrix, such that:

Tgo = diag
(
t1σ

g
r,1, t3σ

g
r,3, . . .

)
,

where ∀m ∈ Ie,o, σgr,m := σgt − σg→g
s,m , and ∀m > 0, tm > 0.

The coefficient σgt is the macroscopic total cross section of energy group g, and the coefficients
σg→g
s,m denote the PN moments of the macroscopic self scattering cross sections from energy group
g to itself.

• For g′ ̸= g:
(Te)g,g′ := −Sg

′→g
e ∈ RN̂×N̂ denotes the even scattering matrix, such that:

Sg
′→g
e = diag

(
t0σ

g′→g
s,0 , t2σ

g′→g
s,2 , . . .

)
,

(To)g,g′ := −Sg
′→g
o ∈ RN̂×N̂ denotes the odd scattering matrix, such that:

Sg
′→g
o = diag

(
t1σ

g′→g
s,1 , t3σ

g′→g
s,3 , . . .

)
,

1ie: for 1 ≤ g ≤ G, m ∈ Ie, (ϕg
m)|∂R = 0.
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where σg
′→g
s,m are the PN moments of the macroscopic scattering cross sections from energy group

g′ to energy group g.

• (Mf )g,g′ := χgMg′

f ∈ RN̂×N̂ is such that Mg′

f ϕ
g′ = (νσg

′

f ϕ
g′

0 , 0, . . .)
T where the coefficient νσg

′

f

is the product of the number of neutrons emitted per fission times the macroscopic fission cross
section; and the coefficient χg is the fission spectrum of energy group g.

Above, tl =
α2
l

(2l + 1)
where αl represents some normalisation factor such that: α0 = 1, αl =

4l2 − 1

lαl − 1
[29].

The coefficients of the matrices Te,o, Mf are supposed to be such that:

∀ g, g′ ∈ IG,∀m ∈ Ie,o :
(σgr,m, σ

g′→g
s,m , νσgf ) ∈ PW 1,∞(R)× L∞(R)× L∞(R). (0)

∃ (σr,(e,o))∗, (σr,(e,o))∗ > 0 | ∀ g ∈ IG, ∀m ∈ Ie,o :
(σr,(e,o))∗ ≤ tmσgr,m ≤ (σr,(e,o))∗ a.e. in R. (i)
∃ (νσf )∗ > 0 such that ∀ g ∈ IG, 0 ≤
νσgf ≤ (νσf )

∗ a.e. in R and ∃ g′ | νσg
′

f ̸= 0. (ii)

∃ 0 < ε <
1

G− 1
| ∀m ∈ Ie,o, ∀ g, g′ ∈ IG, g′ ̸= g , |σg→g′

s,m | ≤ εσgr,m a.e. in R. (iii)

(6.1.7)

Different homogenization steps allow to obtain these coefficients on the physical partition ∪NR
i=1Ri. It

happens that the coefficient νσgf vanishes in some regions. Note that assumptions given in (6.1.7) help
to validate the model. In particular, assumption (6.1.7)-(iii) is valid while modelling the core of a
pressurized water reactor: the scattering cross-sections are weaker than the removal cross-sections of
an order 0 < ε << 1. Thus, the matrices (Te,o)T are strictly diagonally dominant matrices: they are
invertible.

Let us set D = HT T−1
o H. Problem (6.1.5) can be written as a set of coupled primal diffusion-like

equations with single unknown ϕ ∈ V :

Find ϕ such that − div (D ∇ϕ) + Te ϕ = Sf . (6.1.8)

In the same way, Problem 6.1.6 can be written as:

Find (λ, ϕ) ∈ such that − div (D ∇ ϕ) + Te ϕ = λ−1Mfϕ. (6.1.9)

Let us set αr,(e,o) =
(σr,(e,o))

∗

(σr,(e,o))∗
> 1 and αs,(e,o) := (G − 1) max

m∈Ie,o
max

g ̸=g′∈IG
sup
x⃗∈R

|σg′→g
s,m (x⃗)|
σgr,m(x⃗)

. We have the

following properties [A12, §3]:

Proposition 6.1.1 ([A12, Proposition 3 and 4]). Suppose that αs,e < (αr,e)
−1. The matrix Te is

positive definite:

∀X ∈ RN̂×G (TeX|X) ≥ τe∥X∥2 where τe = (σr,e)∗ (1− αr,eαs,e) . (6.1.10)

Suppose that αs,o < (αr,o + 1)−1, the matrix T−1
o is positive definite:

∀X ∈ RN̂×G (T−1
o X|X) ≥ τo∥X∥2 where τo =

1

(σr,o)∗

(
1− αr,oαs,o

1− αs,o

)
. (6.1.11)

We will study the discretization of the primal formulations (6.1.8) and (6.1.9) with discontinuous
Galerkin finite elements in the last Section 6.7. Before in Sections 6.2-6.6, we focus on the discretization
of the mixed formulations (6.1.5) and (6.1.6) in the case where N̂ = 1, and G = 1, i.e. for the neutron
diffusion model, that we describe in the next paragraph.
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6.1.4 Neutron diffusion model

Consider the SP1 case, i.e. N̂ = 1.The pairs (pg(x), ϕg(x))
G
g=1 satisfy:

σgr,1 pg +
1

3
∇ϕg =

∑
g′ ̸=g

σg
′→g
s,1 pg′ ;

divpg + σgr,0 ϕg = λ
χg

4π

∑
g′∈IG

νg
′
σg

′

f ϕg′ +
∑
g′ ̸=g

σg
′→g
s,0 ϕg′ ,

(6.1.12)

Furthermore, if we neglect the terms containing effective cross sections of order 1 in (6.1.12), we obtain
the multi-group diffusion equations:

(Dg)
−1

pg +∇ϕg = 0 where (Dg)
−1

= 3σgt .

divpg + σgr,0 ϕg = λ
χg

4π

∑
g′

νg
′
σg

′

f ϕg′ +
∑
g′ ̸=g

σg
′→g
s,0 ϕg′ ,

(6.1.13)

In the single-group case (G = 1), the sum on g′ is reduced to a single term and we have: χ0 = 1. Remove
the superscript g from the notation. The pair (p, ϕ) then satisfies the one-group diffusion equation:{

D−1p+∇ϕ = 0

div p+Σa ϕ = λνΣf ϕ
, (6.1.14)

where Σa = σr,0 is the macroscopic absorption cross-section, and νΣf = 1
4πνσf is the fission yield

times the macroscopic fission cross section. Notice that divp = −divD∇ϕ, so that problem (6.1.14) is
equivalent to the following primal problem:

−divD∇ϕ+Σa ϕ = λνΣf ϕ. (6.1.15)

The diffusion coefficient, denoted by D, can be evaluated in two ways:

• Using PN=1 approximation: D−1 = 3(σt − σs,1).

• Under some additional physical assumptions: i.e. the medium is homogeneous, the flux variations
are small, and the flux spatial dependence is linear, computing the neutrons flux across a small
surface yields Fick’s law [80] with another coefficient: D−1 = 3σt.

The PN=1 approximation is more accurate. In that case, D is usually called the diffusion coefficient with
transport correction. On the other hand, it is more costly, since one must derive σs,1(x).

Equations (6.1.14) and (6.1.15) correspond to eigenproblems. Letting 1
λ = keff , we look for (keff )

−1,
respectively ϕ, the smallest eigenvalue, resp. a related eigenflux.

Consider problem (6.1.14) in a bounded domain R ⊂ Rd, d = 2 or 3. Different boundary conditions
can be taken into account, such as: zero flux: ϕ = 0 ; reflection: p · n = 0 ; albedo: p · n = αϕ, with
α > 0 (called vacuum when α = 1

2 ): p · n = 1
2 ϕ. Concerning problem (6.1.15), the first three conditions

correspond respectively to:

• a Dirichlet boundary condition: ϕ = gD, with gD = 0 ;

• a Neumann boundary condition: p · n = D∇ϕ · n = gN , with gN = 0 ;

• a Robin boundary condition: p · n+ αϕ = D∇ϕ · n+ αϕ = gR, with gR = 0.

The data (D,Σa, νΣf ) are numerical data that are obtained from previous computations. They are
piecewise polynomial on the partition {Ri}i∈IR . To address the numerical analysis of problem (6.1.14),
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we consider assumption given (6.1.7), which now read:
(D,Σa, νΣf ) ∈ L∞

sym(R)× L∞(R)× L∞(R) ,
∃D∗, D∗ > 0, ∀z ∈ Rd, D∗∥z∥2 ≤ (Dz, z) ≤ D∗∥z∥2 a.e. in R ,
∃(Σa)∗, (Σa)∗ > 0, 0 < (Σa)∗ ≤ Σa ≤ (Σa)

∗ a.e. in R ,
0 ≤ νΣf a.e. in R , νΣf ̸= 0.

(6.1.16)

In particular, it can happen that νΣf vanishes on some regions.

We will use two domain decomposition methods. The partition of the domain decomposition, that
we will denote by {R̃i}i∈ĨR

, ĨR = {1, . . . , ÑR}, may be independent from the physical partition of the
materials {R̃i}i∈ĨR

. In other word, {R̃i}i∈ĨR
̸= {Ri}i∈IR . We will then use the notation P· (resp.

P̃·) for functional spaces that are piecewise regular on {Ri}i∈IR (resp. {R̃i}i∈ĨR
). Note that if here we

study spatial domain decomposition, one can also perform parallel in time simulations of the neutron
transport equation, cf. [30, 31, 200]. Another approach to improve computation time inline is to use
reduced basis method [14, 238].

As we look for the smallest eigenvalue keff of Equation (6.1.14), the solution (p, ϕ, keff ) can be
computed by the inverse power iteration algorithm, which is detailed in Appendix A.1.

We refer to [A10, P6, A11] for more details on the multigroup SPN and diffusion neutron equations
and the general algorithm to solve them. From now on, we focus on the study of the neutron diffusion
equation.

6.2 Neutron diffusion, source problem [A11]

First, we consider equations (6.1.14), with a source term Sf , namely we focus on the linear system solver
step of the above algorithm. We split the boundary of the domain R into three disjoint, open parts such
that: ∂R = ΓD ∪ ΓN ∪ ΓR. The neutron mixed diffusion equation reads:

Find (p, ϕ) such that
D−1 p+∇ϕ = 0 in R
divp+Σaϕ = Sf in R

ϕ = 0 on ΓD
p · n = 0 on ΓN

−p · n+ αϕ = 0 on ΓR

. (6.2.1)

Note that the current p is such that p ∈ L2(R). Define H1
0,ΓD

(R) := {ψ ∈ H1(R) |ψ|ΓD = 0}. Recall
that (p, ϕ) is governed by (6.2.1): as p ∈ L2(R), we deduce that ϕ ∈ H1

0,ΓD
(R). Furthermore, we can

rewrite equivalently equations (6.2.1) with the flux ϕ ∈ H1
0,ΓD

(R) as the only variable, governed by:
Find ϕ such that
−div (D ∇ϕ ) + Σaϕ = Sf in R,

D∂nϕ = 0 on ΓN ,

D∂nϕ+ αϕ = 0 on ΓR.

(6.2.2)

Then, we recover p using the relation p = −D ∇ϕ. About Eqs. (6.2.1) and (6.2.2), one has the
elementary results below.

Theorem 6.2.1. There exists a unique solution ϕ ∈ H1
0,ΓD

(R) to Problem (6.2.2).

Define H0,ΓN (div;R) := {q ∈ H(div;R) |q · n|ΓN = 0}. By construction, we have that p ∈
H0,ΓN (div;R) and also p · n|ΓR ∈ L2(ΓR). So, we introduce the natural functional space and related
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norm for the currents

Q := {q ∈ H0,ΓN (div;R) |q · n|ΓR ∈ L2(ΓR)}, ∥q∥Q :=

(
∥q∥2H(div;R) +

∫
ΓR

(q · n)2
)1/2

.

Since (6.2.1) is equivalent to (6.2.2), we infer from Theorem 6.2.1 the second result below.

Theorem 6.2.2. There exists a unique (p, ϕ) ∈ Q×H1
0,ΓD

(R) to Problem (6.2.1), such that ϕ satisfies
Problem (6.2.2).

6.2.1 Variational formulation

Let us set X = Q × L2(R), endowed with the norm: ∥(q, ψ)∥X =
(
∥q∥2Q + ∥ψ∥2L2(R)

) 1
2

. Consider the
bilinear form c : X×X→ R such that for all ( (q, ψ), (r, φ) ) ∈ X×X

c((q, ψ), (r, φ)) =

∫
R

(
−D−1q · r+ φ divq+ ψ div r+Σaψ φ

)
−
∫
ΓR

1

α
(q · n)(r · n). (6.2.3)

The bilinear form c(·, ·) is T-coercive.

Theorem 6.2.3 ([A11, Theorem 3]). Assume that the data D and Σa satisfy assumptions given in
(6.1.7). Then it exists T ∈ L(X), bijective, it exists αT > 0 such that for all (q, ψ) ∈ X,

|c((q, ψ), T (q, ψ))| ≥ αT ∥(q, ψ)∥2X.

Proof. Consider T ∈ L(X) s.t. T ((q, ψ)) = (q⋆, ψ⋆) = (−q, 1
2ψ + 1

2 (Σa)
−1 div q). We obtain:

c((q⋆, ψ⋆), (q, ψ)) ≥ min

(
(D

∗
)
−1
, (2(Σa)

∗
)
−1
, α

−1
,
(Σa)∗

2

)
∥(q, ψ)∥2

X,

∥T ((q, ψ))∥2
X = ∥(q⋆, ψ⋆)∥2

X ≤ max
(
1 + 1

2 ((Σa)∗)
−2, 1

2

)
∥(q, ψ)∥2

X.

The injectivity of operator T is clear: given (q⋆, ψ⋆) ∈ X, choosing (q, ψ) = (−q⋆, 2ψ⋆+(Σa)
−1 div q⋆ yields T ((q, ψ)) = (q⋆, ψ⋆).

Hence, the operator T ∈ L(X) is bijective. ⋄

Let consider the linear and continuous form ℓSf ∈ L(X) such that for all (q, ψ) ∈ X, ℓSf ( (q, ψ) ) =∫
R
Sf ψ. The mixed variational formulation governing (p, ϕ) reads:

Find (p, ϕ) ∈ X such that for all (q, ψ) ∈ X c ( (p, ϕ), (q, ψ) ) = ℓSf ( (q, ψ) ) . (6.2.4)

According to the abstract T-coercivity theory, one has the

Theorem 6.2.4. Assume that the data D and Σa satisfy assumptions given in (6.1.7). Then, there exists
a unique solution (p, ϕ) ∈ X of the mixed variational formulation (6.2.4), and moreover this solution
satisfies problem (6.2.1).

6.2.2 Discretization

We recall below the definition of the Raviart-Thomas-Nédélec (or RTN) finite element [213, 204]. Let
(Kℓ)1≤ℓ≤L be a conforming mesh, or triangulation, ofRmade of parallelepipeds (a mesh, or triangulation,
is said to be conforming if in every Kℓ, D and Σa are smooth). Let P (Kℓ) be the set of polynomials
defined over Kℓ. For integer values l,m, p ≥ 0, we consider the following subspace of P (Kℓ):

Ql,m,p(Kℓ) =

q(x, y, z) ∈ P (Kℓ) | q(x, y, z) =

l,m,p∑
e,j,k=0

ae,j,k x
e yj zk, ae,j,k ∈ R

 .
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For integer k ≥ 0, let us set k′ = k + 1 and introduce the vector polynomial space:

Dk(Kℓ) = [Qk′,k,k(Kℓ)× 0× 0]⊕ [0×Qk,k′,k(Kℓ)× 0]⊕ [0× 0×Qk,k,k′(Kℓ)].

We can now define the RTN[k] finite element subspace of H(div,R)× L2(R):

Qk
h =

{
q ∈ H(div,R) | ∀ℓ ∈ {1, . . . , L}, q|Kℓ ∈ Dk(Kℓ)

}
,

Lkh =
{
ψ ∈ L2(R) | ∀ℓ ∈ {1, . . . , L}, ψ|Kℓ ∈ Qk,k,k(Kℓ)

}
.

(6.2.5)

For later use, we denote π0 the L2(R) orthogonal projector on its subspace L0
h. By construction, it holds

range(π0) = L0
h where π0 is defined by:

∀ψ ∈ L2(R), ∀ψh ∈ L0
h, (π0ψ − ψ,ψh)L2(R) = 0. (6.2.6)

According to [146, Proposition 1.135]:

∀z ∈ L2(R), ∥z − π0z∥L2(R) ≲ ∥z∥L2(R),

∀z ∈ PH1(R), ∥z − π0z∥L2(R) ≲ h ∥z∥PH1(R),

∀z ∈ PW 1,∞(R), ∥z − π0z∥L∞(R) ≲ h ∥z∥PW 1,∞(R).

(6.2.7)

For the last two inequalities, the result holds provided that the triangulations are conforming with respect
to the partition, namely for all triangulations, for all elements K of a triangulation, it holds that there
exists i ∈ IR such that K ⊂ Ri. Similar results hold on subsets of R.

As required, it holds divQk
h ⊂ Lkh and L0

h ⊂ Lkh. We recall that for any q in H(div,R), its RTN[k]-
interpolant qkR ∈ Qk

h satisfies:
∀ψh ∈ Lkh, b(q− qkR, ψh) = 0. (6.2.8)

In addition thanks to the commuting diagram property, cf. [50, §2.5.2], it holds

∀q ∈ H(div,R), divq0
R = π0(divq). (6.2.9)

Let q ∈ Hr(R), such that divq ∈ Hs(R), 0 < r, s < rmax. According to [34, Lemma 3.3]:

∥q− q0
R∥L2(R) ≲

(
hr|q|Hr(R) + h ∥divq∥L2(R)

)
,

∥ div(q− q0
R)∥L2(R) ≲ hs|divq|Hs(R).

(6.2.10)

Similar results hold on subsets of R, provided the discretizations are conforming.

Remark 6.2.1. • Note that the Neumann boundary condition corresponds to essential boundary
conditions for the discrete vector fields, so that we will have to eliminate the degrees of freedom on
ΓN if it exists. By construction, for all q ∈ Qk

h, one has automatically that q · n|∂R ∈ L2(∂R),
and it follows that Qk

h ⊂ Q. In other words, the discretization Xk
h is conforming in X. Moreover,

we have divQk
h ⊂ Lkh: consistency is ensured.

• If one chooses another discretization, all results presented hereafter hold provided the estimates
(6.2.10) remain true. For instance, for the RTN[k] finite element defined on tetrahedral triangula-
tions of R, cf. [50, §2.3.1]. To prove (6.2.10) in this case, one has simply to apply the results of
[34, §3.2]. On the other hand, provided that the field q and its divergence are "smooth" in the sense
that they belong to PHm+1(R) for some integer m ≥ 0, using the RTN[m] finite element one can
recover interpolation estimates in O(hm+1), cf. [50, §2.5.5]. For meshes made of affine elements
such as tetrahedra or parallelepipeds, the approximation estimate (6.2.10-top) does not require the
term with the divergence (see, e.g. [50], §2.5.1).
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The discrete variational formulation reads:

Find (ph, ϕh) ∈ Xk
h s.t. ∀(qh, ψh) ∈ Xk

h: c((ph, ϕh), (qh, ψh)) =

∫
R
Sf ψh. (6.2.11)

Problem (6.2.11) is well-posed, cf. [217, 146]. We prove it using the discrete T-coercity.

Theorem 6.2.5 ([A2, Theorem 4.5]). It exists Th ∈ L(Xk
h), bijective, it exists αTh such that for all

for all (qh, ψh) ∈ Xk
h,

|c((qh, ψh), Th(qh, ψh))| ≥ αTh ∥(qh, ψh)∥2X. (6.2.12)

Proof. We follow the proof of Theorem 6.2.3, using consistency property of the finite element spaces Qk
h and Lkh. One

can remark that if Σa is piecewise-constant, 1
2 (Σa)

−1 divph is automatically in Lh. Otherwise, we project (Σa)
−1 on the

piecewise-constant functions. One chooses Th( (qh, ψh) ) := (−ph,
1
2ϕh + 1

2π
0((Σa)

−1) divph). According to Equation (6.2.7),
∥(Σa)−1 − π0((Σa)

−1)∥L∞(R) ≲ h, which allows us a uniform discrete inf-sup condition. ⋄

6.2.3 A priori estimates

Convergence result can be found in [217] (see Theorem 13.2, p. 582, and (6.19-6.20) pp. 553-554). It
makes use of local estimates.

Theorem 6.2.6 ([A11, Theorem 4]). The discrete solution converges to the exact solution as h goes
to zero. Moreover, if ϕ ∈ Hµ(R), p ∈ Hp(R) and divp ∈ Hp′(R) with f, p, p′ ≥ 1, it exists a constant
C > 0 independent of h such that

∥p− ph∥H(div,R) + ∥ϕ− ϕh∥L2(R) ≤ C hα
(
|ϕ|Hµ(R) + |p|Hp(R) + |divp|Hp′ (R)

)
, (6.2.13)

where α = min(k, µ, p, p′).

Several illuminating comments can be made about these convergence results:

• One has always ϕ ∈ H1(R).

• On the other hand, if Sf belongs to L2(R) (minimal regularity), then divp = Sf − Σaϕ ∈ L2(R)
according to (6.2.2).

• Suppose that D = 1 over R: as a consequence, the relation between ϕ and p reads p = −∇ϕ. It
follows that the regularity of the vector field p is always equal to that of the scalar field ϕ minus
one: p = µ− 1.

• Suppose still that D = 1 over R: then p ∈ L2(R), curl p = 0 and divp ∈ L2(R). In addition, the
boundary conditions yield p×n|ΓD = 0 (because ϕ|ΓD = 0), p ·n|ΓN = 0, and p ·n|ΓR ∈ H1/2(ΓR).
According to [166, 167], one has p ∈ Hp(R), with p > 1/4 in all configurations, and p > 1/2

provided that ΓD is perpendicular to ΓN and ΓR.

• The estimate (6.2.13) can be generalized in the following way. Following the proofs given in [217],
one finds that the regularity assumptions on ϕ, p and divp need only to be local. In other words,
only piecewise regularity of the solution is required for (6.2.13) to hold, which can be of great
importance if the coefficients D and Σa are themselves piecewise constant coefficients.

Consider the low regular case, i.e. Sf ∈ Hµ(R) with µ ∈]0, rmax[, rmax < 1/2:

Theorem 6.2.7 ([A2, Theorem 4.7, Theorem 4.10]). Under the assumptions of Proposition 4.4.1,
it holds, with rmax < 1/2: ∀µ ∈]0, rmax[, ∀Sf ∈ Hµ(R),

∥p− ph∥H(div,R) + ∥ϕ− ϕh∥L2(R) ≲ hµ ∥Sf∥Hµ(R), (6.2.14)

∥ϕ− ϕh∥L2(R) ≲ h2µ ∥Sf∥Hµ(R). (6.2.15)
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Remark 6.2.2. In particular, for "smooth data" Sf , i.e. Sf ∈ Hrmax(R), one expects a convergence
rate at least in hrmax−η for η > 0 arbitrary small: by a slight abuse of notation there and in the sequel,
we shall write hrmax . Also, the previous analysis can be extended to the case where rmax is in [1/2, 1] and
µ < rmax (or µ ≤ 1 if rmax = 1). Furthermore, for a "smooth" solution, one may recover a convergence
rate like O(hm+1) for an RTN[m] discretization of order m ≥ 0.

6.2.4 Explicit T-coercivity

Let T be defined as in the proof of Theorem 6.2.3: T ((q, ψ)) = (−q, 12ψ + 1
2 (Σa)

−1 divq). Since T is
bijective, the variational formulation (6.2.4) is equivalent to:

Find (p, ϕ) ∈ X such that for all (q, ψ) ∈ X c′((p, ϕ), T ((q, ψ))) = ℓSf (T (q, ψ)). (6.2.16)

By design, the form c′ : ((p, ϕ), (q, ψ)) 7→ c((p, ϕ), T ((q, ψ))) is coercive. Using T ((q, ψ)) = (−q, 12ψ +
1
2 (Σa)

−1 divq), one can compute its expression:

c′((p, ϕ), (q, ψ)) =
∫
R
D−1p · q+

1

2

∫
R
(Σa)

−1 divp divq+
1

α

∫
ΓR

(p · n) (q · n)

−1

2

∫
R
ϕ divq+

1

2

∫
R
ψ divp+

1

2

∫
R
Σaϕψ.

(6.2.17)

Let us set ℓ′Sf (q, ψ) = ℓSf (T (q, ψ)), we have:

ℓ′Sf (q, ψ) =
1

2

∫
R
Sf
(
ψ + (Σa)

−1 divq
)
.

We can write problem (6.2.16) with two equations as follows (with γ = 1
2 ):

Find (p, ϕ) ∈ Q× L2(R) such that∫
R
D−1p · q+ γ

∫
R
(Σa)

−1 divp divq+
1

α

∫
ΓR

(p · n) (q · n)

−(1− γ)
∫
R ϕ divq = γ

∫
R
Sf (Σa)

−1 divq ∀q ∈ Q

γ

∫
R
ψ divp+ γ

∫
R
Σaϕψ = γ

∫
R
Sfψ ∀ψ ∈ L2(R)

. (6.2.18)

Recall the continuous problem (6.2.1):
Find (p, ϕ) ∈ Q×H1

0,ΓD
(R) such that

D−1 p+∇ϕ = 0 in R (i)
divp+Σaϕ = Sf in R (ii)
−p · n+ αϕ = 0 on ΓR (iii)

. (6.2.19)

We can obtain the first equation of problem (6.2.18) by a stabilization method, with γ = 1
2 :

1. Multiply (6.2.19)-(i) by q ∈ Q and integrate over R, use (6.2.19)-(iii) to integrate the gradient
term by parts.

2. Multiply (6.2.19)-(i) by γ(Σa)−1 divq, where q ∈ Q and γ > 0, and integrate over R.

3. Add these two equations together.
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Remarks 6.2.1. We observe that

• In the case where γ = 0, the first equation of (6.2.18) is independent of ϕ. We can calculate the
unknown ϕ once p is evaluated.

• We can solve problem (6.2.16) directly. When we apply the explicit T-coercivity to solve magneto-
static systems, cf. Section 5.2, we obtain a pertubed approach. In the case of the Stokes problem,
cf. Section 7.7, we need an initial guess for the pressure.

6.3 Neutron diffusion, generalized eigenproblem [A2, 163]

6.3.1 Mixed formulation

We now consider the neutron diffusion eigenproblem (6.1.14). We recall that the approximation of
eigenvalue problems has been studied among others by Osborn et al in [206, 18], and in particular by
Boffi et al [51, 52, 49] when the eigenproblem is in a mixed form. In our case however, their theory
does not ensure the spectral correctness of the approximation so we design a new proof to obtain this
result. On the other hand, we can adapt the work of Boffi et al [53] to exhibit a convergence rate for the
eigenvalues.

Consider the generalized eigenvalue problem (6.1.14) with the assumptions given in 6.1.7, supple-
mented with νΣf ∈ PW 1,∞(R).

Find (p, ϕ) ∈ H(div,R)× L2(R) and keff such that
D−1p+∇ϕ = 0

div p+Σa ϕ = λνΣf ϕ

ϕ|∂R = 0

keff = 1/minλ λ

. (6.3.1)

Let 0 ≤ µ < rmax be given, we introduce an operator Bµ associated to the source problem (6.2.2): given
f ∈ Hµ(R), we call Bµf = ϕ ∈ H1(R) the second component of the couple (p, ϕ) that solves (6.2.1) with
ΓD = ∂R and a source Sf = νΣff . Since νΣf belongs to PW 1,∞(R), it holds ∥Sf∥Hµ(R) ≲ ∥f∥Hµ(R)

because µ < 1
2 . Hence, Bµ is a bounded operator from Hµ(R) to itself:

∥Bµf∥Hµ(R) ≲ ∥Bµf∥H1(R) = ∥ϕ∥H1(R) ≲ ∥Sf∥L2(R) ≲ ∥Sf∥Hµ(R) ≲ ∥f∥Hµ(R) ; (6.3.2)

we write Bµ ∈ L(Hµ(R)) for short. In addition, since the second component of the solution actually
belongs to H1(R) with continuous dependence (∥ϕ∥H1(R) ≲ ∥f∥Hµ(R)), it follows that Bµ is a compact
operator. Denote by σ(Bµ) its spectrum. By construction, λ−1 ∈ σ(Bµ) if, and only if, λ is an eigenvalue
of problem (6.1.15).

6.3.2 Estimates for the generalized eigenproblem

Consider the discretization of problem (6.3.1) with RTN[k] finite elements. We call the discrete oper-
ator Bhµ associated to the discrete source problem (6.2.11): given f ∈ Hµ(R), we call Bhµf the sec-
ond component of the couple (ph, ϕh) that solves (6.2.11) with source Sf = νΣff , so that it holds:
limh→0 ∥B0f −Bh0 f∥L2(R) = 0 for all f ∈ L2(R). This property is the so-called pointwise convergence.

However, for a mixed formulation, the fact that the family (Bh0 )h converges pointwise towards the
compact operator B0 is not sufficient to guarantee that the family (Bh0 )h converges in operator norm
towards B0.
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Convergence in operator norm

According to [206], proving that limh→0 ∥Bµ − Bhµ∥L(Hµ(R)) = 0 for discrete approximants (Bhµ)h is
a sufficient condition to obtain convergence of the eigenvalues. In order to ensure the convergence in
operator norm of the family (Bhµ)h towards the compact operator Bµ, we need a technical assumption
on the triangulations.

Definition 6.3.1. A family of triangulations (Th)h is regular+ if it satisfies:

∃0 < θ ≤ 1, ∀h, h2−θ ≲ min
K∈Th

diam(K). (6.3.3)

It corresponds to a triangulation such that h/minK∈Th diam(K) ≲ hθ−1, which may limit adaptive
h-refinement.In particular, a quasi-uniform family of triangulations is regular+(take θ = 1 in (6.3.3)).
For a regular+ family, one has the following inverse inequality, whose proof follows [33, Section 2].

Lemma 6.3.1 ([A2, Lemma 4.13]). Let µ ∈ [0, 1/2[. For a regular+ family of triangulations, it holds:

∀h, ∀ψh ∈ Lkh, ∥ψh∥Hµ(R) ≲ h−2µ+θµ∥ψh∥L2(R). (6.3.4)

Theorem 6.3.1 ([A2, Theorem 4.14]). Under the assumptions of Proposition 4.4.1 with rmax < 1/2

plus νΣf ∈ PW 1,∞(R), let µ ∈ [0, rmax[. Provided that the family of triangulations is regular+, one has:

∥Bµ −Bhµ∥L(Hµ(R)) ≲ hθµ. (6.3.5)

Proof. Using the triangular inequality, [33, Theorem 2.3] and the inverse inequality (6.3.4), it holds:

∥Bµf − B
h
µf∥Hµ(R) ≤ ∥Bµf − π

0
(Bµf)∥Hµ(R) + ∥π0

(Bµf) − B
h
µf∥Hµ(R),

≲ h
1−µ∥ϕ∥PH1(R) + h

θ−2µ∥π0
(Bµf) − B

h
µf∥L2(R).

Using the triangular inequality and estimate (6.2.15) and inequality (6.3.2), we have:

∥π0
(Bµf) − B

h
µf∥L2(R) ≤ ∥π0

(Bµf) − Bµf∥L2(R) + ∥Bµf − B
h
µf∥L2(R) ≤ h ∥f∥Hµ(R) + h

2µ ∥f∥Hµ(R).

We obtain (6.3.5) gathering the above estimates. ⋄

Thanks to [206], convergence of the discrete eigenvalues to the exact ones is guaranteed, and so is
the absence of spectral pollution:

• Given any closed, non-empty disk D ⊂ C such that D ∩ σ(Bµ) = ∅, there exists h0 > 0 such that,
for all h < h0, D ∩ σ(Bhµ) = ∅.

• Given any closed, non-empty disk D ⊂ C such that D ∩ σ(Bµ) = {λ}, with λ of multiplicity mλ,
there exists h0 > 0 such that, for all h < h0, D ∩ σ(Bhµ) contains exactly mλ discrete eigenvalues.

Optimal convergence rate

Let the assumptions of Theorem 6.3.1 hold. We determine now the rate of convergence of the eigenvalues
in the spirit of [53]. Let ν = λ−1 be an eigenvalue of Bµ. For simplicity, let us assume that ν is a simple
eigenvalue, and denote by W the associated eigenspace. We remark that φ 7→ ∥φ∥W = ∥(νΣf )

1
2φ∥L2(R)

is a norm over W (2), and this norm is induced by the inner product

(φ,φ′)W = (νΣfφ,φ
′)L2(R).

According to the absence of spectral pollution, for h small enough, the closest discrete eigenvalue, denoted
by νh, is also simple ; we denote by Wh the associated eigenspace.

2If ∥φ∥W = 0, then νΣfφ = 0. By definition of W , φ is solution to (6.3.1) with zero right-hand side. Thus, by
uniqueness of the solution it follows that φ = 0.
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Definition 6.3.2. Let ων > 0 be the regularity exponent of the eigenfunction, i.e. either W ⊂ PH1+s(R)
for s < ων and W ̸⊂ PH1+ων (R), or W ⊂ PH1+ων (R) and W ̸⊂ PH1+s(R) for s > ων . Let
ω = min(ων ,m+ 1), where m ≥ 0 is the order of the RTN finite element.

Clearly, ων , and as a consequence ω, can be greater than rmax. We shall prove that the approximation
converges with a rate equal to twice the exponent ω defined above: this result is stated in corollary 6.3.1
at the end of the subsection.
Let µ ∈ [0, rmax[ be given. As we defined Bµ (resp. Bhµ), we define Aµ (resp. Ahµ): for f ∈ Hµ(R),
we call Aµf = p ∈ H(div,R) (resp. Ahµf = ph ∈ Qk

h) the first component of the couple (p, ϕ) (resp.
(ph, ϕh)) that solves (6.2.4) (resp. (6.2.11)) with source Sf = νΣff .

Proposition 6.3.1 ([A2, Proposition 4.17]). Let ω be as in Definition 6.3.2. For every φ in W ,
the following inequalities hold:

∥(Bµ −Bhµ)φ∥L2(R) ≲ hω∥φ∥W and ∥(Aµ −Ahµ)φ∥H(div,R) ≲ hω∥φ∥W .

Proof. These two inequalities come from the first Strang’s Lemma. The method is the same as for Theorem 6.2.7 (see
remark 6.2.2 for the "smooth" case). Here, we use the equivalence of all norms on W to state the result. ⋄

Introducing δ(Z,Z ′) = supz∈Z, ∥z∥L2(R)=1 infz′∈Z′ ∥z − z′∥L2(R) for Z, Z ′ closed subspaces of L2(R),
the gap between W and Wh is defined by: δ̂(W,Wh) = max[δ(W,Wh), δ(Wh,W )]. It allows us to evaluate
the approximation of the continuous eigenfunctions by their discrete counterparts. Classically, this gap
can be bounded with the help of Proposition 6.3.1, following [206, Theorem 1]:

δ̂(W,Wh) ≲ hω. (6.3.6)

Let us now define Eh as the projector from L2(R) onto Wh such that

∀φ ∈ L2(R), ∀ψh ∈Wh, (νΣf (φ− Ehφ), ψh)L2(R) = 0. (6.3.7)

Lemma 6.3.2 ([A2, Lemma 4.18]). The operators Eh and Bhµ commute.

Let Fh be the restriction of Eh to W . One has the following simple results as a consequence of the
gap property.

Lemma 6.3.3 ([A2, Lemma 4.19]). For h small enough, Fh is a bijection from W to Wh and

∀φ ∈W,
∥∥∥(νΣf ) 1

2 (φ− Fhφ)
∥∥∥
L2(R)

≲ hω∥φ∥W . (6.3.8)

Let Sh = F−1
h Eh − I ∈ L(L2(R)) for h small enough.

Lemma 6.3.4 ([A2, Lemma 4.20]). For h small enough, W ⊂ ker(Sh) ; the sequence of operators (Sh)h
is uniformly bounded.

One can then prove an "orthogonality" result involving Sh.

Proposition 6.3.2 ([A2, Proposition 4.21]). For all f in L2(R) and φh in Wh, one has for h small
enough (νΣfShf, φh)L2(R) = 0.

To obtain an optimal convergence rate, we restrict the operators Bµ and Bhµ to the eigenspace W .
We denote finally by B̂µ and B̂hµ the operators, from W to itself, B̂µ = Bµ|W and B̂hµ = F−1

h BhµFh.

Theorem 6.3.2 ([A2, Theorem 4.22]). Let ω be as in Definition 6.3.2. For h small enough, the
following estimate holds:

∥B̂µ − B̂hµ∥L(W ) ≲ h2ω. (6.3.9)
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Proof. Let φ′ ∈ W . It holds: (B̂µ − B̂hµ)φ
′ = Bµφ

′ − F−1
h BhµFhφ

′ = Bµφ
′ − F−1

h BhµEhφ
′ by definition. Hence, using

successively lemmas 6.3.2 and 6.3.4, and the definition of Sh, it holds (with δBµ = Bµ − Bhµ):

(B̂µ − B̂
h
µ)φ

′
= Bµφ

′ − F
−1
h EhB

h
µφ

′
= δBµφ

′
+ B

h
µφ

′ − F
−1
h EhB

h
µφ

′
+ ShBµφ′

= δBµφ
′
+ ShδBµφ′

.

Given φ, φ′ ∈ W , we bound |(φ, (B̂µ − B̂hµ)φ
′)W | = |(νΣfφ, (B̂µ − B̂hµ)φ

′)0| by |(νΣfφ, δBµφ′)0| + |(νΣfφ,ShδBµφ′)0|, where
(·, ·)0 := (·, ·)L2(R). Noticing that a(·, ·) and t(·, ·) are symmetric, one show that (with δAµ = Aµ − Ahµ):

(νΣfφ, δBµφ
′
)0 = a(δAµφ, δA

′
φ) + b(δAµφ

′
, δBµφ) + b(δAµφ, δBµφ

′
) + t(δBµφ, δBµφ

′
).

The first part of the sum can then be bound as follows:

|(νΣfφ, δBµφ′)0| ≲ ∥δAµφ∥0∥δAµφ′∥0 + ∥ div δAµφ
′∥0∥δBµφ∥0 + ∥ div δAµφ∥0∥δBµφ′∥0 + ∥δBµφ∥0∥δBµφ′∥0

≲ h2ω∥φ∥W ∥φ′∥W .

Using successively Proposition 6.3.2 with f = δBµφ
′ and φh = Fhφ; the uniform continuity of Sh in h; the first inequality of

Proposition 6.3.1 and the estimation (6.3.8), we bound the second part as follows (with δφ =: φ− Fhφ):

|(νΣfφ,ShδBµφ
′
)0| = |(νΣfδφ,ShδBµφ

′
)0| ≤ ∥νΣf δφ∥0∥ShδBµφ′∥0 ≲ ∥νΣf δφ∥0∥δBµφ′∥0 ≲ h

2ω∥φ∥W ∥φ′∥W .

Therefore we have obtained (6.3.9). ⋄

From this estimation and the work of Osborn in [206, Theorem 2], one derives an optimal estimate
on the error on the eigenvalues.

Corollary 6.3.1. Let ω be as in Definition 6.3.2. Then for h small enough, the error on the eigenvalue
is given by |ν − νh| ≲ h2ω.

Remark 6.3.1. If ν has an algebraic multiplicity mν > 1, the previous analysis and the a priori estimate
are still valid with νh = 1

mν

∑mν
i=1 νh,i, where (νh,i)i=1,mν are the m discrete eigenvalues closest to ν, see

again [206, Theorem 2].

6.4 Domain decomposition

Studying numerically the steady state of a nuclear core reactor is expensive, in terms of memory storage
and computational time. In order to address both requirements, one can use a domain decomposition
method, implemented on a parallel computer. We present here such two methods for the mixed neu-
tron diffusion equations, discretized with Raviart-Thomas-Nédélec finite elements. The first method is
based on the Schwarz iterative algorithm with Robin interface conditions to handle communications, see
Section 6.5. In the second method, communications are handled with Lagrange multipliers, so that the
domain decomposition method can be non matching in the sense that the traces of the finite element
spaces may not fit at the interface between the subdomains, see Section 6.6. We analyse both method
from the continuous point of view to the discrete point of view, and we give some numerical results
in a realistic highly heterogeneous 3D configuration. We refer to [212, 134] for an overview of domain
decomposition methods for partial differential equations. See [218] for a domain decomposition method
for crack problems.

Let R be a domain of Rd. We consider the following problem:

Find ϕ ∈ H1
0 (R) such that − div(D∇ϕ) + Σa ϕ = Sf on R. (6.4.1)

where Sf ∈ L2(R), D, Σa ∈ L∞(R) satisfying assumptions given in 6.1.7.

Problem (6.4.1) can also be written as a mixed problem with two unknowns (p, ϕ):{
Find (p, ϕ) ∈ H(div,R)×H1

0 (R) such that
divp+Σa ϕ = Sf and D−1p+∇ϕ = 0 in R. (6.4.2)

Wellposedness of problems (6.4.1) and (6.4.2) are stated in Theorems 6.2.1 and 6.2.2. Consider a partition

74



of R in N (non empty) subdomains {R̃i}i∈ĨR
3, with ĨR := {1, . . . , ÑR}: R̃ = ∪i∈ĨR

R̃i. The partition
is such that for all (i, j) ∈ ĨR × ĨR, i ̸= j, R̃i ∩ R̃j = ∅. For i ∈ ĨR, we let ni be the unit outgoing
normal to ∂R̃i and, for p ∈ [1,∞] and z ∈ Lp(R), we let here zi := z|R̃i

.

We set for i ̸= j, Γij = int(R̃i ∩ R̃j) if the Hausdorff dimension of R̃i ∩ R̃j is equal to d − 1

(the subdomains are neighbours); and Γij = ∅ otherwise. We have by construction: Γij = Γji, we
will use indifferently both notations. Remark that ni|Γij = −nj |Γij . On the interface Γij , we set
nij = nmin(i,j)|Γij . We may write: ∂niϕ = ∇ϕ · ni on ∂R̃i and ∂nijϕ = ∇ϕ · nij on Γij .
We then introduce the following index and pair spaces:

IS := {i ∈ ĨR | ∂R̃i ∩ ΓS = ∂R̃i}, (inner subdomains)
IR̃i

:= {j ∈ ĨR |Γij ̸= ∅}, ∀i ∈ ĨR (subdomains neighbouring R̃i)
IJ := {(i, j) ∈ ĨR × ĨR, i < j |Γij ̸= ∅}, (neighbouring subdomains pairs).

(6.4.3)

For i ∈ ĨR, we call Σi the union of the interfaces of ∂R̃i: Σi = ∪j∈IR̃i
Γij . We define the interface ΓS

and the wirebasket ∂ΓW by:

ΓS =
⋃

(i,j)∈IJ
Γij , ∂ΓW =

⋃
(i,j)∈IJ

∂Γij .

The resulting interface ΓS doen’t need to coincide with the physical interface between the cells. When
d = 2, the wirebasket is made up of the vertices of the interface, which are isolated points.
When d = 3, the wirebasket is made up of the vertices and (open) edges of the interface.
Wirebasket points not located on the boundary ∂R̃ are crossing points.
For i ∈ ĨR we introduce the open Γi = ∂R̃i\ΓS . By construction, ∂R̃i = Σi ∪ (∂ΓW ∩ ∂R̃i) ∪ Γi, and
the partition is disjoint.

We define for all i ∈ ĨR the subspace of functions of H1(R̃i) vanishing on ∂R:

Vi := {ψ ∈ H1(R̃i) |ψ|Γi = 0}. (6.4.4)

We introduce the following product spaces endowed with their product norms:

P̃V =
∏
i∈ĨR

Vi, ∥ψ∥P̃V =

∑
i∈ĨR

∥ψi∥2H1(R̃i)

1/2

,

P̃H(div,R) =
∏
i∈ĨR

H(div, R̃i), ∥q∥P̃H(div,R) =

∑
i∈ĨR

∥qi∥2H(div,R̃i)

1/2

.

(6.4.5)

Remark 6.4.1. These spaces can be described equivalently as follows:

P̃V = {ψ ∈ L2(R) | ∀i ∈ ĨR, ψi ∈ Vi}, P̃H(div,R) = {q ∈ L2(R) | ∀i ∈ ĨR, qi ∈ H(div, R̃i)}.

For ψ ∈ P̃V , we introduce the jump of ψ on Γij :

∀(i, j) ∈ IJ , [ψ]ij := ψi|Γij − ψj |Γij . (6.4.6)

The jump [ψ]ij is well defined in H
1
2 (Γij). The global jump [ψ] of ψ on ΓS is defined by:

∀(i, j) ∈ IJ , [ψ]|Γij := [ψ]ij . (6.4.7)

For all pair (i, j) ∈ IJ , we denote by Hij := H̃
1
2 (Γij), the space of H

1
2 (Γij) functions which extension

3Each sub-domain has a sufficiently regular boundary.
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by zero in ∂R̃i is in H
1
2 (∂R̃i) (cf. §4.1). We can prove that Hij = Hji (cf. e.g. [16, chap. 2]). We call

H ′
ij the dual space of Hij (see e.g. [151]).

For all q ∈ P̃H(div,R), we introduce the jump of its normal component on Γij :

∀(i, j) ∈ IJ , [q · n]ij := qi · ni|Γij + qj · nj |Γij . (6.4.8)

The jump [q · n]ij is well defined in H ′
ij , cf. §4.2.2. The global jump [q · n] of the normal component on

ΓS is defined by:
∀(i, j) ∈ IJ , [q · n]|Γij := [q · n]ij . (6.4.9)

By definition, it holds: [q · n] ∈ M̃ , where M̃ is the product space: M̃ :=
∏

(i,j)∈IJ H
′
ij . Finally, we

introduce the following Hilbert spaces:

M =

ψS ∈
∏

(i,j)∈IJ
L2(Γij)

 , ∥ψS∥M =

 ∑
(i,j)∈IJ

∥ψS∥2L2(Γij)

1/2

;

Q̃ =
{
q ∈ P̃H(div,R) | [q · n] ∈M

}
, ∥q∥Q̃ :=

(
∥q∥2P̃H(div,R)

+ ∥[q · n]∥2M
)1/2

.

(6.4.10)

By construction, M ⊂ M̃ . In the definition of elements q = (qi)i∈ĨR
of Q̃, it is important to note that

for (i, j) ∈ IJ , it is not required that qi · ni|Γij ,qj · nj|Γij ∈ L2(Γij). This definition is based on the fact
that, as far as problem (6.4.1) is concerned, the normal trace of the gradient on the interface, ∇ϕ ·n|ΓS ,
may not belong to M . On the other hand, since the jump [D∇ϕ · n] is zero, it systematically belongs
to M . We’ll use this observation to build a conformal variational formulation in Q̃.

The following formulas for integration by parts will be useful for constructing variational formulations,
following the work of [A6]. According to the integration by parts formula (4.2.2), we have for all i ∈ ĨR:

∀(qi, ψi) ∈ H(div, R̃i)×H1(R̃i),
∫
R̃i

(ψi divqi +∇ψi · qi) = ⟨qi · ni, ψi⟩H1/2(∂R̃i)
.

We introduce, for H ∈ {H1(R), H1
0 (R), (Vi)i∈ĨR

, P̃V }:

H− := {ψ ∈ H |ψ = 0 in a neighbourhood of ∂ΓW }.

We now recall some density results proven in [119].

Theorem 6.4.1. Let H ∈ {H1(R), H1
0 (R), (Vi)i∈ĨR

, P̃V }: H− is dense in H.

Using one of these density results, we can establish a new formula for integration by parts.

Corollary 6.4.1. We have the integration by parts formula:

∀(q, ψ) ∈ Q̃×H1
0 (R),

∫
R
(∇ψ · q+ ψ divq) =

∫
ΓS

[q · n] ψ|ΓS . (6.4.11)

Proof. For i ∈ ĨR the IBP formula (4.2.2) (with duality brackets cut out) in R̃i becomes, using the Hij trace space:

∀(qi, ψi) ∈ H(div, R̃i) × (Vi)− ,

∫
R̃i

(∇ψi · qi + ψi div qi) =
∑

j∈IR̃i

⟨qi · ni, ψi⟩Hij .

Consider q ∈ Q̃ and ψ ∈
(
H1

0 (R)
)
−. For all (i, j) ∈ IJ , we have ψi|Γij = ψj|Γij = ψ|Γij . In particular, we can define
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µ = ψ|ΓS ∈ M , and we can write:4

∫
R

(∇ψ · q + ψ div q) =
∑
i∈ĨR

∫
R̃i

(∇ψi · qi + ψi div qi) +
∑
i∈ĨR

∑
j∈IR̃i

⟨qi · ni, ψi⟩Hij

=
∑

(i,j)∈IJ

⟨qi · ni + qj · nj , ψ|Γij ⟩Hij =
∑

(i,j)∈IJ

⟨[q · n]ij , µ⟩Hij =

∫
ΓS

[q · n] µ.

According to Theorem 6.4.1, the result is still true for ψ ∈ H1
0 (R) and q ∈ Q̃. ⋄

We now consider problem (6.4.2) posed into local problems.

Theorem 6.4.2 ([A6, Theorem 1]). Problem (6.4.2) is equivalent to the following problem:

Find (p, ϕ) ∈ P̃H(div,R)× P̃V such that:
∀i ∈ ĨR, divpi +Σa,i ϕi = Sf,i in R̃i (0)
∀i ∈ ĨR, (Di)

−1 pi +∇ϕi = 0 in R̃i (i)
∀(i, j) ∈ IJ , [ϕ]ij = 0 on Γij (ii)
∀(i, j) ∈ IJ , [p · n]ij = 0 on Γij (iii)

, (6.4.12)

with the identification for all i ∈ ĨR, (pi, ϕi) = (p|R̃i
, ϕ|R̃i

) and Sf,i = Sf |R̃i
.

We can write (6.4.12)-(ii) and (6.4.12)-(iii) this way:

∀(i, j) ∈ IJ
{

ϕi = ϕj on Γij (i)
pi · nij = pj · nij on Γij (ii)

. (6.4.13)

Notice that the trace ϕi|Γij ∈ Hij , and can be extended by zero on ∂R̃j to obtain a function of H
1
2 (∂R̃j).

By virtue of the surjectivity of the trace application (see Theorem 4.2.1), there is a lifting in Vj , which
by definition belongs to the space V ij such that:

V ij := {v ∈ Vj | v|∂R̃j\Γij = 0}. (6.4.14)

Next, we will see study different domain decomposition methods: the Optimized Schwarz Method in
Section 6.5 and the DD+L2-jumps method in Section 6.6. To perform industrial computations, we use
some components of the APOLLO3®, the latest neutronics code of CEA/DES, developed in collaboration
with EDF and Orano [164, P8, P10]. In particular, we use the MINOS solver, one of the deterministic
solvers, to compute numerically keff . More specifically, the MINOS solver [28, 29, P8] is a 3D, multigroup
SPN solver on structured cartesian and hexagonal grids. The unknown (p, ϕ) is discretized using RT[k]

finites elements on structured cartesian grids. Note that the DD version is parallelized in the APOLLO3®

code, contrary to the plain version. Hence, computational times are greatly reduced: we refer to [A11]
for the analyses of algorithms and their parallelization.

6.5 Optimized Schwarz method [A11, A10, P6]

Schwarz iterative algorithm was designed in 1869 [229] in order to study the Laplace operator on ir-
regular domains: Hermann Schwarz’s original idea was to split the original domain into overlapping
regular subdomains (such as rectangles or disks) and to write an iterative solver using solutions on
the regular subdomains to converge to the global solution on the irregular domain. Convergence was
proved by Lions in 1988 [195], we proposed in 1990 to modify the interface conditions (6.4.13) in order
to achieve convergence without overlap [196, 212]. Optimized Schwarz method is widely used for other
models: Maxwell’s equation [108, 133], Helmholtz equation [219, 106], Stokes problem [78], acoustics
[107], parabolic problems [77].

4Strictly speaking, the integral on R is valid for extensions of q and (divq) in R.
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Suppose here that the solution (p, ϕ) is such that for all (i, j) ∈ ĨR × IR̃i
, pi · nij |Γij ∈ L2(Γij), and

introduce spaces Qi, for i ∈ ĨR endowed with the inner norm:

Qi :=
{
q ∈ H(div, R̃i) : q · ni|Σi ∈ L2(Σi)

}
, ∥q∥2Qi

:= ∥q∥2
H(div,R̃i)

+ ∥q∥2L2(Σi)
. (6.5.1)

For all (i, j) ∈ ĨR × IR̃i
, we introduce couples (αiij , α

j
ij) of positive coefficients such that αiij + αjij > 0.

The Dirichlet (resp. Neumann) interface conditions (6.4.13)-(ii) (resp. (6.4.13)-(iii)) can be combined to
write the following interface conditions:

For all (i, j) ∈ IJ ,
{

pi · nij + αiijϕi = pj · nij + αiijϕj on Γij ,

pj · nij − αjijϕj = pi · nij − αjijϕi on Γij .
(6.5.2)

They can also be expressed as a single equation as follows:

For all (i, j) ∈ I × IR̃i
, pi · ni + αiijϕi = −pj · nj + αiijϕj on Γij . (6.5.3)

Problem (6.4.12) is equivalent to the following problem:
Find (p, ϕ) ∈∏i∈ĨR

Qi × P̃V such that for all i ∈ ĨR and for all j ∈ IR̃i
:

divpi +Σa,i ϕi = Sf,i in R̃i (0)
(Di)

−1 pi +∇ϕi = 0 in R̃i (i)
pi · ni + αiijϕi = −pj · nj + αiijϕj on Γij (ii)

. (6.5.4)

As we don’t know the values of ϕi|Σ nor pi ·ni|Σ, we propose to solve problems (6.5.4) iteratively, locally
in subdomains (R̃i)i∈ĨR

, and to approximate the interface conditions. In order to solve Problem (6.5.4),
we now propose the following iterative Schwarz algorithm:∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

initialization
∀i ∈ ĨR, (p0

i , ϕ
0
i ) ∈ Qi × Vi is given.

iterations: for ℓ = 1, . . . , ∀i ∈ ĨR,
Find (pℓi , ϕ

ℓ
i) ∈ Qi × Vi such that
divpℓi +Σa,i ϕ

ℓ
i = Sf,i in R̃i (0)

(Di)
−1 pℓi +∇ϕℓi = 0 in R̃i (i)

∀j ∈ IR̃i
, −pℓi · ni + αiijϕ

ℓ
i = pℓ−1

j · nj + αiijϕ
ℓ−1
j on Γij (ii)

,

untill convergence.

(6.5.5)

The initial choice is assumed to be such that for all (i, j) ∈ ĨR × IR̃i
, p0

i · nij |Γij ∈ L2(Γij).
We can prove (cf. §A.2) the

Theorem 6.5.1 ([B1, Theorem 11.1]). Suppose that for all (i, j) ∈ IJ , αiij = αjij. Then the sequence
((pℓi , ϕ

ℓ
i))i∈ĨR

)ℓ converges to the solution to (6.4.2) in P̃H(div,R)× P̃V .

Furthermore, the asymptotic study of Nataf and Nier [201] makes it possible to optimise the choice
of parameters αiij [A11, §5.5]. At the lowest order, the optimal parameters are such that:

αiij = (Σa,j Dj)
1
2 . (6.5.6)

We refer to [84] for a rigorous study on the optimized parameters.
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6.5.1 Variational formulation

To build the variational formulation associated to Problem (6.5.5), we first multiply (6.5.5)-(i) by qi ∈ Qi

an we integrate over R̃i, using integration by parts (4.2.2):∫
R̃i

(
(Di)

−1pℓi · qi − ϕℓi divqi
)
+
∑
j∈IR̃i

∫
Γij

ϕℓi qi · ni = 0. (6.5.7)

According to the transmission condition (6.5.5)-(ii): ϕℓi = (αiij)
−1pℓi · ni + (αiij)

−1pℓ−1
j · nj + ϕℓ−1

j , so
that substituting ϕℓi in Eq. (6.5.7), it reads:∫

R̃i

(
(Di)

−1pℓi · qi − ϕℓi divqi
)
+
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓi · ni qi · ni

= −
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓ−1

j · nj qi · ni −
∑
j∈IR̃i

∫
Γij

ϕℓ−1
j qi · ni.

(6.5.8)

We consider the product spaces X+
i = Qi × L2(R̃i) for i ∈ ĨR, endowed with the product norm

∥(q, ψ)∥X+
i
=
(
∥q∥2

H(div,R̃i)
+ ∥q · ni∥2L2(Σi)

+ ∥ψ∥2
L2(R̃i)

)1/2
.

In this case, we cannot keep the trace of the ϕℓ−1
j on Γij , we integrate by parts

∫
Γij

ϕℓ−1
j qi ·ni, introducing

q⋆j ∈ Qj , a lifting of qi ·ni|Γij in H(div, R̃j), such that q⋆j = ∇ψ⋆j where ψ⋆j ∈ V ij (the space V ij is defined
in (6.4.14)) solves the following elliptic problem:

Find ψ⋆j ∈ V ij such that
∆ψ⋆j = c(qi) in R̃j
∂njψ

⋆
j = −qi · ni|Γij on Γij

∂njψ
⋆
j = 0 on ∂R̃j \ Γij

.

Above, the constant c(qi) is chosen so as to satisfy the compatibility condition of the Neumann problem,

i.e. (cf. [97]),
∫
R̃j

c(qi) +

∫
Γij

qi · ni = 0.

By construction, divq⋆j = c(qi) in R̃j , and q⋆j · nj = −qi · ni on Γij , q⋆j · nj = 0 on ∂R̃j \ Γij . In the
following, we propose a "natural" choice of discrete lifting. The integration by parts formula (4.2.1) in
R̃j allows to write:

−
∫
Γij

ϕℓ−1
j qi · ni =

∫
Γij

ϕℓ−1
j q⋆j · nj =

∫
∂R̃j

ϕℓ−1
j q⋆j · nj =

∫
R̃j

∇ϕℓ−1
j · q⋆j +

∫
R̃j

ϕℓ−1
j divq⋆j ,

=

∫
R̃j

(
−(Dj)

−1pℓ−1
j · q⋆j + ϕℓ−1

j divq⋆j
)
, from (6.5.5)-(i).

Equation (6.5.8) now reads:∫
R̃i

(
(Di)

−1pℓi · qi − ϕℓi divqi
)
+
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓi · ni qi · ni

=
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓ−1

j · nj q⋆j · nj +
∑
j∈IR̃i

∫
R̃j

(
−(Dj)

−1pℓ−1
j · q⋆j + ϕℓ−1

j divq⋆j
)
.

(6.5.9)
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To take account of (6.5.5)-(0), we simply use the equivalent variational equality:

∀ψi ∈ L2(R̃i), 0 =

∫
R̃i

(divpℓi +Σa,i ϕ
ℓ
i − Sf,i)ψi. (6.5.10)

For i ∈ ĨR, by subtracting the variational equalities (6.5.9) and (6.5.10), we conclude that if (pℓi , ϕℓi) is
a solution to (6.5.5), then (pℓi , ϕ

ℓ
i) is a solution to the variational formulation below:

Find (pℓi , ϕ
ℓ
i) ∈ X+

i such that for all (qi, ψi) ∈ X+
i∫

R̃i

(
−(Di)

−1pℓi · qi + ϕℓi divqi + ψi divp
ℓ
i +Σa,i ϕ

ℓ
iψi
)

−
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓi · ni qi · ni

=

∫
R̃i

Sf,iψi −
∑
j∈IR̃i

∫
R̃j

(
−(Dj)

−1pℓ−1
j · q⋆j + ϕℓ−1

j divq⋆j
)

−
∑
j∈IR̃i

∫
Γij

(αiij)
−1pℓ−1

j · nj q⋆j · nj .

(6.5.11)

In the following, for i ∈ ĨR, we will use the bilinear forms ai2(·, ·), continuous on X+
i ×X+

i :

ai2 : ((q, ϕ), (r, ψ)) 7→
∫
R̃i

(
−(Di)

−1q · r+ ϕ div r+ ψ divq+Σa,i ϕψ
)
. (6.5.12)

The bilinear form ãi2(·, ·) related to variational formulation (6.5.11) writes:
ãi2 : X+

i ×X+
i → R

((q, ϕ), (r, ψ)) 7→ ai2((q, ϕ), (r, ψ))−
∑
j∈IR̃i

∫
Γij

(αiij)
−1q · ni r · ni . (6.5.13)

Suppose that αiij > 0. According to Theorem 6.2.3, the bilinear form ãi2(·, ·) is T -coercive on X+
i , and

Problem (6.5.11) is well posed.

6.5.2 Discretization

We define a family of triangulation (R̃i,h)h of R̃i made of Ni meshes such that: R̃i,h = ∪l∈ITi Ri,l with
ITi = {1, . . . , Ni}; and F+

i faces (fi,m)m∈If+i
with If+i = {1, . . . , F+

i }. We set:

Ifi = {m ∈ If+i | fi,m ̸⊂ Σi}, Ifi,ij = {m ∈ If+i | fi,m ⊂ Γij}.

We suppose that for all (i, j) ∈ IJ , triangulations R̃i,h and R̃j,h share their faces on Γij , and we denote
by Fij := |Ifi,ij | = |Ifj,ij |.

We discretize X+
i with RTN[k] finite elements Xk

i,h := Qk
i,h × Lki,h, where Qk

i,h and Lki,h correspond
to the spaces Qk

h and Lkh defined in §6.2.2 with Rh = R̃i,h, and k ≥ 0. Let us set (ψ
i,l
)l∈Ii the basis

functions of Lki,h, such that: ψ
i,l|Ri,l′ = δl,l′ . We denote by (ωi,m)m∈If+i

the basis functions of Qk
i,h.

For all (i, j) ∈ IJ , triangulations R̃i,h and R̃j,h being identical on interface Γij ,the spaces of the traces
which are normal to Γij ,

Tfi,ij := span
(
(ωi,m · ni|Γij )m∈Ifi,ij

)
, Tfj,ij := span

(
(ωj,m · nj |Γij )m∈Ifj,ij

)
(6.5.14)
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are the same: for all mi ∈ Ifi,ij it exists a unique mj ∈ Ifj,ij such that ωi,mi · ni|Γij = −ωj,mj · nj|Γij .
The discrete liftings can then be chosen as follows:

∀(i, j) ∈ IJ , ∀(mi,mj) ∈ Ifi,ij × Ifj,ij such that fi,mi = fj,mj :

- the basis function ωj,mj is a lifting of ωi,mi · ni|Γij in R̃j ;
- the basis function ωi,mi is a lifting of ωj,mj · nj |Γij in R̃i.

(6.5.15)

Let us set Xi,h := X1
i,h. We look for (pℓi,h, ϕ

ℓ
i,h)i∈ĨR

∈
∏
i∈ĨR

Xi,h, an approximation of (pℓi , ϕℓi)i∈ĨR
such

that for all i ∈ ĨR: pℓi,h =
∑

m∈Ia+i

P ℓi,m ωi,m and ϕℓi,h =
∑
l∈ITi

Φℓi,l wi,l.

The discretization of the variational formulation (6.5.11) writes:
Find (pℓi,h, ϕ

ℓ
i,h)i∈ĨR

∈
∏
i∈ĨR

Xi,h such that for all i ∈ ĨR, for all (l,m) ∈ ITi × Ifi :

ai2((p
ℓ
i,h, ϕ

ℓ
i,h) , (ωi,m, ψi,l)) =

∫
R̃i

Sf,i ψi,l, (6.5.16)

and for all i ∈ ĨR, for all j ∈ IR̃i
, for all (l,mi) ∈ ITi × Ifi,ij :

ai2((p
ℓ
i,h, ϕ

ℓ
i,h) , (ωi,mi , ψi,l))−

∫
Γij

(αiij)
−1pℓi,h · ni ωi,mi · ni

=

∫
R̃i

Sf,i ψi,l −
∫
R̃j

(
−(Dj)

−1pℓ−1
j,h · ωj,mj + ϕℓ−1

j,h divωj,mj

)
−
∫
Γij

(αiij)
−1pℓ−1

j,h · nj ωj,mj · nj .

(6.5.17)

This algorithm corresponds to a block Jacobi to solve (A.3.1). In Appendix A.3, we express algorithm
(6.5.17) with matrices.

6.5.3 Numerical illustration

The results presented here concern a pressurized water reactor core of capacity 900 MWe (3D PWR 900

MWe core). The cross sections that we use come from experimental results [182] and they are highly
heterogeneous. We solve Problem (6.1.12) (SP1 approximation) with two groups of energy (cf. G = 1 in
§6.1.2). The domain decomposition algorithm substitute the space solver in the inverse power algorithm
(A.1). The α-parameter is set using Equation (6.5.6). It may differ from one group of energy to another
and from one cell to another, since the cross-sections are highly heterogeneous. In Table 6.1, we present
the results for computations of the MINOS solver from 1 to 128 computational cores with RT0 finite
elements. The data of this table is:

• Nc: The number of cores (ie. the number of subdomains).

• NDD: The 3D Cartesian (Nx
DD, Ny

DD ,Nz
DD) decomposition.

• Nout: The number of iterations of the inverse power algorithm to converge.

• Err.: The (unsigned) difference between the computed and the converged eigenvalues, either se-
quentially or in parallel, times 10−5.

• CPU : The CPU time spent within the MINOS solver, given in seconds.

• Eff.: The efficiency (in %): namely, T1/(NDD × TN ), where T1 (resp. TN ) is the total sequential
(resp. parallel, on NDD cores) CPU time.
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The method scales relatively well: its efficiency ranges from 67% to 88%. The number of outer iterations
does not increase much, and accuracy is steady.
More details are given in [A11, §7]. We also studied the use of both GPU and domain decomposition
in [P8]. Additional results are presented in [A10, P6], where we give details on the optimized Schwarz
method applied to the SPN approximation (6.1.6).

Nc NDD (x, y, z) Nout Err. 10−5 CPU (s) Eff. (%)
1 (1, 1, 1) 380 0 284 100
2 (2, 1, 1) 380 0 166 85
4 (2, 2, 1) 379 0 105 67
8 (2, 2, 2) 377 0 53 67
16 (4, 4, 1) 377 0 25 71
32 (4, 4, 2) 385 0 10 88
64 (8, 8, 1) 393 0 5 88
128 (8, 8, 2) 393 0 2.6 85

Table 6.1: Computations results with the proposed numerical scheme.

The Optimized Schwarz method is simple to implement and it has proven its effectiveness. Nev-
ertheless, for some nuclear reactor core configurations, it would be usefull to manage local refinement
(cf. Figure 6.2(b)). To this end, we have developed a domain decomposition method in which interface
conditions are handled using Lagrange multipliers.

6.6 DD+L2-jumps method [A6, A2, P5]

Again, we wish to solve Problem (6.4.13). The idea developed below is that, rather than considering the
normal trace of p on each side of the interfaces separately, we are interested directly in the difference
between these traces on the interfaces (what we have called the jump). We need a Lagrange multiplier
ϕS representing the trace of ϕ on ΓS belonging to H

1
2
−(ΓS)

H
1
2
−(ΓS) =

{
ψS ∈M |ψS,ij ∈ H

1
2 (Γij), ∀(i, j) ∈ IJ

}
, (6.6.1)

where we recall that M =
{
ψS ∈

∏
(i,j)∈IJ L

2(Γij)
}

and where we set ψS,ij := ψS|Σij . We endow

H
1
2
−(ΓS) with the graph norm.

Problem (6.4.12) is equivalent to Problem (6.6.2) below:

Find ((p, ϕ), ϕS) ∈ (P̃H(div,R)× P̃V )×H
1
2
−(ΓS) such that:

∀i ∈ ĨR divpi +Σa,iϕi = Sf,i in R̃i (0)
∀i ∈ ĨR (Di)

−1pi +∇ϕi = 0 in R̃i (i)
∀i ∈ ĨR ∀j ∈ IR̃i

, ϕi = ϕS on Σij (ii)
∀(i, j) ∈ IJ [p · n]ij = 0 on Σij (iii)

. (6.6.2)

We introduce finally the following Hilbert spaces (the space Q̃ is defined in (6.4.10)):

X̃ =
{
ξ := (q, ψ) ∈ Q̃× L2(R)

}
, ∥ξ∥X̃ :=

(
∥q∥2

Q̃
+ ∥ψ∥2L2(R)

)1/2
;

W =
{
w := (ξ, ψS) ∈ X̃×M

}
, ∥w∥W :=

(
∥ξ∥2

X̃
+ ∥ψS∥2M

)1/2
.
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6.6.1 Variational Formulation

On the one hand ϕ ∈ L2(R). On the other hand, we notice, cf. (6.4.8), that [p · n]ij ∈ H ′
ij for all

(i, j) ∈ I × IR̃i
. Morevover, L2(Σij) ⊂ H ′

ij , cf. §4.1. Noticing that 0 ∈ L2(Σij), we conclude from,
(6.6.2)-(iii), that in particular, [p · n]ij ∈ L2(Σij) for all (i, j) ∈ I × IR̃i

, and [p · n] ∈M . Thus, p ∈ Q̃,
where Q̃ is defined in (6.4.10) and we have to find (p, ϕ) ∈ Q̃×L2(R). We then build a new variational
formulation. Recall that, since Problem (6.4.12) is equivalent to Problem (6.4.1) or (6.4.2), ϕ ∈ H1

0 (R).
We can use first the integration by parts formula (6.4.11), for q ∈ Q̃, and then (6.6.2)-(ii) to identify the
trace of ϕ on ΓS , obtaining: ∫

R
∇ϕ · q = −

∫
R
ϕ divq+

∫
ΓS

[q · n] ϕS .

Using (6.6.2)-(i), we get:∫
R
∇ϕ · q =

∑
i∈ĨR

∫
R̃i

∇ϕi · qi = −
∑
i∈ĨR

∫
R̃i

(Di)
−1pi · qi = −

∫
R
D−1p · q.

Thus, for all q ∈ Q̃, it holds: −
∫
R
D−1p·q+

∫
R
ϕ divq−

∫
ΓS

[q · n] ϕS = 0. Moreover, for all v ∈ L2(R),

using (6.6.2)-(0), we have:
∫
R
(divp + Σaϕ)ψ =

∫
R
Sfψ. Finally, for all ψS ∈ M , from (6.6.2)-(iii) it

follows that:
∫
ΓS

[p · n] ψS = 0. To conclude, if the triplet (p, ϕ, ϕS) is solution to (6.6.2), then it solves

the variational formulation: Find (p, ϕ, ϕS) ∈ Q̃× L2(R)×M such that ∀(q, ψ, ψS) ∈ Q̃× L2(R)×M :∫
R

(
−D−1p · q+ ϕ divq+ ψ divp+Σaϕψ

)
−
∫
ΓS

([q · n] ϕS + [p · n] ψS) =
∫
R
Sfψ

. (6.6.3)

Above, ϕS , ψS play the role of Lagrange multipliers, with M the space of those Lagrange multipliers.
We call the mixed, multi-domain variational formulation (6.6.3) the domain decomposition+L2-jumps
method (or DD+L2-jumps method). From now on, we use the notations:

• u = (ζ, ϕS), ζ = (p, ϕ), p = (pi)i∈ĨR
and ϕ = (ϕi)i∈ĨR

;

• w = (ξ, ψS), ξ = (q, ψ), q = (qi)i∈ĨR
and ψ = (ψi)i∈ĨR

;

and we define the bilinear forms:

c : W× W→ R, c(u, w) =

∫
R

(
−D−1 p · q+ ϕ divq+ ψ divp+Σa ϕψ

)
, (6.6.4)

ℓS : W× W→ R, ℓS(u, w) =

∫
ΓS

[p · n]ψS , (6.6.5)

cS : W× W→ R, cS(u, w) = c(u, w)− ℓS(u, w)− ℓS(w, u). (6.6.6)

Let f ∈ L(W,R) such that for all wt ∈ W f(w) =

∫
R
Sfψ. We write the DD+L2-jumps method (6.6.3) as:

Find u ∈ W such that ∀w ∈ W: cS(u, w) = f(w). (6.6.7)

Notice that cS(·, ·) is symmetric. We can prove that solution to (6.6.7) satisfies (6.6.2), cf. [A6, Theorem
2]. In order to prove the well-posedness of (6.6.7), we need to define a lifting of the Lagrange multipliers.
Consider ϕ⋆S ∈M .

• If i ∈ IS (∂R̃i ∩ ΓS = ∂R̃i), we let ϕ̃i = −
1

2
|R̃i|−1

∫
∂R̃i

ϕ⋆S and ϕ̃i,S := ϕ⋆
S|∂R̃i

.
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• If i ̸∈ IS , we let ϕ̃i = 0. We consider ϕ̃i,S ∈ L2(∂R̃i), the continuation of ϕ⋆
S|∂R̃i∩ΓS

by a constant

value γi,S to ∂R̃i. The constant γi,S is chosen so that the mean value of ϕ̃i,S vanishes.

For i ∈ ĨR, one has ϕ̃i ∈ L2(R̃i) and ϕ̃i,S ∈ L2(∂R̃i) with: ∥ϕ̃i∥L2(R̃i)
+∥ϕ̃i,S∥L2(∂R̃i)

≲ ∥ϕ⋆S∥L2(∂R̃i∩ΓS)
.

We choose to solve the equivalent problem:
Find (vi, ui) ∈ H(div, R̃i)×H1(R̃i) such that
−vi +∇ui = 0, in R̃i
− divvi = ϕ̃i, in R̃i
vi · ni =

1

2
ϕ̃i,S on ∂R̃i

. (6.6.8)

Well-posedness and continuity of the lifting follow, indeed for the latter we have

∥vi∥H(div,R̃i)
≤ Clift,i ∥ϕ⋆S∥L2(∂R̃i∩ΓS)

. (6.6.9)

Regarding now the regularity of vi, there holds vi ∈ H1/2(R̃i), and ∥vi∥H1/2(R̃i)
≲ ∥ϕ⋆S∥L2(∂R̃i∩ΓS)

. An
equivalent, mixed variational formulation of Problem (6.6.8) reads, cf. [50, §7]:

Find (vi, ui) ∈ H(div, R̃i)× L2(R̃i) such that ∀ (q0
i , ψi) ∈ H0(div, R̃i)× L2(R̃i):∫

R̃i

vi · q0
i +

∫
R̃i

divvi ψi +

∫
R̃i

divq0
i ui = −

∫
R̃i

ϕ̃i ψi,

vi · ni =
1

2
ϕ̃i,S on ∂R̃i.

(6.6.10)

One actually solves the problem in the variable v0
i := vi− vlifti ∈ H0(div, R̃i), where vlifti ∈ H(div, R̃i)

is a continuous lifting of the normal trace
1

2
ϕ̃i,S , and we can use basic T-coercivity to prove the well-

posedness of Problem (6.6.7).

Theorem 6.6.1 ([A6, Theorem 3]). Under assumptions given in (6.1.7), the continuous bilinear form
cS (·, ·) is T -coercive on W × W. The variational formulation (6.6.7) is then well posed. In particular, it
exists a constant C > 0 depending only on R, Σa and D such that for all Sf ∈ L2(R), it exists a unique
tuple ((p, ϕ), ϕS) solution to (6.6.7) such that

∥p∥Q̃ + ∥ϕ∥L2(R) + ∥ϕS∥L2(ΓS) ≤ C ∥Sf∥L2(R).

Proof. For all i ∈ ĨR, we consider (vi, ui) the solution to Problem (6.6.10). Consider T ∈ L(W) such that T ((p, ϕ, ϕS)) =

(q, ψ, ψS) where: 
qi = −pi − αvi ∈ H(div, R̃i), for i ∈ ĨR ,

ψi =
1

2
ϕi +

1

2
(Σa,i)

−1
divpi ∈ L2(R̃i), for i ∈ ĨR ,

ψS = ϕS − [p · n] ∈ M.

The coefficient α depends on Clift,i, on the ratio maxi∈ĨR
(|∂R̃i| |R̃i|)i∈ĨR

and on the data. ⋄

6.6.2 Discretization

The discretization of the product space Q̃×L2(R) is the product space Q̃h×Mh where Q̃h :=
∏
i∈ĨR

Qki
i,h

and Mh :=
∏
i∈ĨR

Lkii,h, where Qki
i,h and Lkii,h correspond here to the spaces Qki

h and Lkih defined in §6.2.2
with Rh = R̃i,h, and ki ≥ 05. Using a Lagrange multiplier, the faces of two neighbouring subdomains
may not match, and the approximation order of two neighbouring subdomains may differ. Let Ti,h be

5Compare to the optimized Schwarz decomposition method, we can choose different order approximation in each sub-
domain.
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the space of the normal traces of elements of Qki
i,h on ∂R̃i ∩ ΓS :

Ti,h :=
{
qi,h ∈ L2(∂R̃i ∩ ΓS) | ∃qi,h ∈ Qki

i,h | qi,h = qi,h · ni|∂R̃i∩ΓS

}
. (6.6.11)

notice that Ti,h|Γij = Tfi,ij , defined by Equation (6.5.14). Several situations6 can occur on a given
interface Γij :

(1) non-nested meshes: Ti,h ̸⊂ Tj,h and Tj,h ̸⊂ Ti,h ;

(2) nested meshes: Ti,h ⊂ Tj,h or Tj,h ⊂ Ti,h ;

(3) matching meshes: nested meshes with Ti,h = Tj,h.

Remark 6.6.1. Matching domain decompositions correspond to matching meshes ; resp., non-matching
domain decompositions correspond either to non-nested, or nested but non-matching, meshes.

Usually, the term nested meshes is used to describe a family of successively refined meshes. In this paper,
we will use this expression to express that on all interfaces Γij , case (2) described above holds.

Let us denote by Mh ⊂ M the discrete space of the Lagrange multipliers, and by M ij
h ⊂ L2(Γij)

the discrete space of the Lagrange multipliers restricted to the interface Γij . We introduce the discrete
projection operators from the spaces of normal traces Ti,h to Mh, and vice versa:{

ΠS,i : Ti,h → Mh

qi,h 7→ ΠS,i(qi,h)
,

{
πS,i : Mh → Ti,h

ψS,h 7→ πS,i(ψS,h)
.

These projections are defined by:

∀qi,h ∈ Ti,h, ∀ψS,h ∈ Mh


∫
∂R̃i∩ΓS

(ΠS,i(qi,h)− qi,h) ψS,h = 0∫
∂R̃i∩ΓS

(πS,i(ψS,h)− ψS,h) qi,h = 0
. (6.6.12)

As the operators ΠS,i and πS,i are orthogonal projections, they are continuous, with a continuity modulus
equal to 1.

Proposition 6.6.1. The following inequalities hold:

∀qi,h ∈ Ti,h, ∀ψS,h ∈ Mh

{
∥πS,i(ψS,h)∥L2(∂R̃i∩ΓS)

≤ ∥ψS,h∥L2(∂R̃i∩ΓS)

∥ΠS,i(qi,h)∥L2(∂R̃i∩ΓS)
≤ ∥qi,h∥L2(∂R̃i∩ΓS)

. (6.6.13)

We also introduce the orthogonal projection operator Π0
S : M → M0

h , where M0
h is the subspace of

piecewise constant fields. According to [146, Proposition 1.135], letting hS be the meshsize on ΓS , we
have:

∀ψS ∈ H1/2
− (ΓS), ∥ψS −Π0

S(ψS)∥M ≲ h
1/2
S ∥ψS∥H1/2

− (ΓS)
. (6.6.14)

Next, let ph ∈ Q̃h. We define the discrete jump of the normal component of ph on the interface Γij as
[ph · n]h,ij :=

∑
l=i,j

ΠS,l(pl,h · nl|Γij ). The discrete global jump of the normal component, [ph · n]h ∈Mh,

is defined by: [ph · n]h|Γij := [ph · n]h,ij , for i, j ∈ I. We finally define:

X̃h =
{
ξh := (qh, ψh) ∈ Q̃h × Lh

}
, endowed with ∥ · ∥X̃ ,

Wh =
{
wh := (ξh, ψS,h) ∈ X̃h ×Mh

}
, endowed with ∥ · ∥W .

6Non-nested meshes are also called sliding meshes in the literature, see [246].
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In our setting, the conforming discretization of the variational formulation (6.6.7) reads:
Find ((ph, ϕh), ϕS,h) ∈ Wh, such that ∀((qh, ψh), ψS,h) ∈ Wh:∫

R

(
−D−1 ph · qh + ϕh divqh + ψh divph + σ ϕh ψh

)
−
∫
ΓS

[ph · n]ψS,h −
∫
ΓS

[qh · n]ϕS,h =

∫
R
Sf ψh.

(6.6.15)

Or equivalently:
Find uh ∈ Wh such that ∀wh ∈ Wh, cS(uh, wh) = f(wh). (6.6.16)

For the study of the well-posedness in the discrete case, we have to lift continuously the discrete Lagrange
multipliers. To that aim, one simply discretizes the variational formulation (6.6.10). So we assume that,
given ϕS,h ∈ Mh, there exists for all i ∈ ĨR a discrete lifting vi,h ∈ Qki

i,h that satisfies the discrete
counterpart of (6.6.9) and of (6.6.10) (the constant is denoted by C ′

lift). We label those two discrete
conditions (6.6.9h)-(6.6.10h). We can use discrete T-coercivity to prove the well-posedness of Problem
(6.6.16).

Theorem 6.6.2 ([A6, Theorem 4]). Assume that the conditions

∃βh > 0, ∀qh ∈ Q̃h,

∫
ΓS

[qh · n]h [qh · n] ≥ βh
∫
ΓS

[qh · n]2 (6.6.17)

and
∃γh > 0, ∀ψS,h ∈Mh,

∑
(i,j)∈IJ

∫
Γij

(
πS,i(ψS,h)

2 + πS,j(ψS,h)
2
)
≥ γh∥ψS,h∥2M (6.6.18)

hold, then the bilinear form cS(·, ·) is T -coercive on Wh × Wh. If in addition βh and γh can be chosen
independently of h in these two inequalities, the constant is independent of h.

Remark 6.6.2. In other words, (6.6.17)-(6.6.18) can be seen as the algebraic conditions. We discuss
these conditions in the next subsection.

Below, we also use the orthogonal projection operators π0
i : L2(R̃i)→ L0

i,h (see (6.2.6)).
Proof. Consider uh := ((ph, ϕh), ϕS,h) ∈ Wh, and define Th(uh) = wh := ((qh, ψh), ψS,h) ∈ Wh as


qi,h = −pi,h − α′vi,h, for i ∈ ĨR,

ψi,h =
1

2
ϕi,h +

1

2
π
0
i ((Σa,i)

−1
) divpi,h, for i ∈ ĨR,

ψS,h = ϕS,h + [ph · n]h,
(6.6.19)

where α′ depends on the ratio maxi∈ĨR
(|∂R̃i| |R̃−1

i )i∈ĨR
, on the data, on the constant C′

lift and on the constant γh. The
discrete lifting vi,h of ϕS,h is governed by (6.6.9h)-(6.6.10h) with data ϕ⋆S = πS,i(ϕS,h). ⋄

A straightforward consequence of (6.6.17) is obtained by taking ((qh, ψh), ψS,h) = ((0, 0),−[ph ·n]h) ∈
Wh as a test-function in (6.6.15), which leads to

0 =

∫
ΓS

[ph · n] [ph · n]h ≥ βh
∫
ΓS

[ph · n]2.

Hence, [ph · n] = 0 and so ph ∈ Q̃h ∩H(div,R).
One infers the classical convergence result below [148, Lemma 27.17].

Corollary 6.6.1. Assume that the algebraic conditions (6.6.17)-(6.6.18) are fulfilled uniformly in h,
that the discretization Q̃h × Lh satisfies approximability properties and that it is globally conforming in
Q̃×L2(R). Then the solutions (uh)h to the DD+L2-jumps method converge to the solution u to (6.6.7).
According to the first Strang’s Lemma, and because cS(·, ·) satisfies a uniform discrete inf-sup condition,
the error reads:

∥u− uh∥W ≲ inf
w∈Wh
∥u− wh∥W. (6.6.20)
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The matrix system derived from (6.6.15) to be solved is detailed in [163, §7.1]. We propose next to
study the conditions (6.6.17)-(6.6.18).

6.6.3 A study of the conditions (6.6.17)-(6.6.18)

Let us begin by some observations regarding the two conditions.
First, we noted that if (6.6.17) holds, then [ph · n] = 0 and ph ∈ Q̃h ∩H(div,R).
Second, if (6.6.18) holds, then ψS,h 7→

(∑
i,j∈IJ

∫
Γij

(πS,i(ψS,h)
2 + πS,j(ψS,h)

2
)1/2

is a norm on Mh.
Indeed, we conclude from (6.6.13) that ∀ψS,h ∈Mh

γh ∥ψS,h∥2M ≤
∑

i,j∈IJ

∫
Γij

(
πS,i(ψS,h)

2 + πS,j(ψS,h)
2
)
≤ 2 ∥ψS,h∥2M .

To realize the conditions (6.6.17)-(6.6.18), one can think of two alternatives depending on whether the
discrete space of the Lagrange multipliers Mh is build/inferred directly with the help of the discrete
spaces of normal traces (Ti,h)i∈ĨR

. That is, whether
∑
i∈ĨR

Ti,h ⊂Mh or not.

The case
∑
i∈ĨR

Ti,h ⊂Mh

One can disregard the situation where
∑
i∈ĨR

Ti,h is a strict subset of Mh. In this case, there exists
ψ⊥
S,h ̸= 0 that belongs to the orthogonal subspace of

∑
i∈ĨR

Ti,h in Mh, and if ((ph, ϕh), ϕS,h) is a
solution to (6.6.15), then so is ((ph, ϕh), ϕS,h + ψ⊥

S,h). This is a straightforward consequence of the fact
for all test-functions ((qh, ψh), ψS,h), it holds [qh · n] ∈

∑
i∈ĨR

Ti,h and so
∫
ΓS

[qh · n]ψ⊥
S,h = 0: the

discrete solution is not unique. Hence in order to obtain a well-posed problem, Mh must be chosen as:

Mh =
∑
i∈ĨR

Ti,h. (6.6.21)

In this setting, conditions (6.6.17)-(6.6.18) follow readily with constants βh and γh independent of h. In
particular, all projections Πi are equal to the identity so that :

∀qh ∈ Q̃h,

∫
ΓS

[qh · n]h [qh · n] =
∫
ΓS

[qh · n]2.

When Mh is defined by (6.6.21), there are two alternatives. For nested meshes on Γij , the definition is
straightforward, M ij

h is the larger of the two spaces Ti,h and Tj,h. On the other hand for non-nested
meshes, the explicit construction of M ij

h can be delicate. We refer to Gander et al [155, 156] for an
implicit approach that allows to build the space Mh and the action of its test-fields in the variational
formulation via an algorithm that is only used when the computations are performed.

Other constructions

To our knowledge, the other alternative has been first studied by Yotov [247] (in case of RTN finite
elements). This is a situation where nested meshes are considered, but where Ti,h + Tj,h and M ij

h can
be different on all interfaces Γij . Here, the space M ij

h must be taylored with care to obtain conditions
(6.6.17)-(6.6.18). As an example, in [247], a 2D domain R was considered, with P0 discrete normal
traces with given meshsize hS = hi on Γij , P 1 discrete Lagrange multipliers with meshsize 2hS and
where the triangulation used for the normal traces is a subdivision of the triangulation used for the
Lagrange multipliers. The best constant in (6.6.17) can be computed on the reference element, with a
value of the parameter β̂ = 3

4 , so that βh = 3
4 . Other examples can be constructed for 3D geometries.

For instance, with Q0 normal traces with given meshsize hS = hi on Γij , Q1 discrete Lagrange multipliers
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with meshsize 2hS and the same rule governing the triangulations as above. In this case one finds that
βh = β̂ = 17

32 . Also, one readily checks that π̂ψ̂ = 0 implies ψ̂ = 0 on the reference element, so condition
(6.6.18) is fulfilled too with a constant γh that is independent of h. We postulate that these results
could be extended as follows. Let m ≥ 2: in 2D (resp. 3D), P0 (resp. Q0) discrete normal traces with
meshsize hS = hi, in conjunction with Pm (resp. Qm) discrete Lagrange multipliers with meshsize mhS
and again the same rule governing the triangulations as above.

6.6.4 A priori estimates

We consider here the case where for all i ∈ ĨR, ki = 0. Let q ∈ H(div,R) ∩ P̃Hµ(R), with 0 < µ.
A global RTN interpolant of q is defined on every subdomain R̃i via its restriction qi, and denoted by
q̃i,R for i ∈ ĨR. One may thus define the global interpolant of q in Q̃h, denoted by q̃R henceforth:
q̃R|R̃i

= q̃i,R for i ∈ ĨR. Below, we also use the orthogonal projection operators π0
i : L2(R̃i)→ L0

i,h (see
(6.2.6)) and Π0

S :M →M0
h (see (6.6.14)). One has the following result:

Lemma 6.6.1 ([A2, Lemma 6.1]). Assume that the meshes are nested, non-matching, on the interface
Γfc, and that they are quasi-uniform on Γfc. To fix ideas, we assume Tc,h|Γfc ⊂ Tf,h|Γfc with Tc,h|Γfc ̸=
Tf,h|Γfc(

7). Let q ∈ H(div,R) ∩Hµ(R) with 0 < µ < 1/2, it holds:

∥[q̃R · n]∥L2(Γfc) ≲ h
1/2
f ∥qf ∥H(div,R̃f )

.

Theorem 6.6.3 ([A2, Theorem 6.2]). Let the assumptions of Proposition 4.4.1 hold, with rmax < 1/2.
One has for matching meshes:

∀µ ∈]0, rmax[, ∀Sf ∈ Hµ(R),
∥p− ph∥H(div,R) + ∥ϕ− ϕh∥L2(R) + ∥ϕS − ϕS,h∥M ≲ hµ ∥Sf∥Hµ(R).

(6.6.22)

For nested, non-matching meshes, the result holds under the assumption that on an interface Γij where
the meshes Ti,h|Γij and Tj,h|Γij are non-matching (Ti,h|Γij ̸= Tj,h|Γij ), the families of triangulations of
Ti,h|Γij and Tj,h|Γij are quasi-uniform.

Proof. We bound the different contributions in the RHS of (6.6.20) for some appropriately chosen discrete field wh.
Matching meshes. We know that [p · n] = 0. For matching meshes, one has also [p̃R · n] = 0, so [(p− p̃R) · n] = 0. Starting from
(6.6.20), the conclusion follows. Indeed, according to the a priori estimates (6.2.7), (6.2.10) and (6.6.14), wh = (p̃R, π

0ϕ,Π0
S(ϕS)) ∈

Wh is such that

∥u − wh∥2
W =

∑
i∈ĨR

∥pi − pi,R∥2

H(div,R̃i)
+ ∥ϕ− π

0
ϕ∥2
L2(R)

+ ∥ϕS − Π
0
S(ϕS)∥

2
M

≲ h
2µ

(|p|2Hµ(R) + ∥ divp∥2
Hµ(R)) + h

2∥ϕ∥2
P̃H1(R)

+ hS∥ϕS∥2

H
1/2
− (ΓS)

≲ h
2µ ∥Sf∥2

Hµ(R).

Hence we conclude that for matching meshes it holds (recall that u = ((p, ϕ), ϕS)):

∥u − uh∥W ≲ h
µ ∥Sf∥Hµ(R). (6.6.23)

Nested meshes. In this case, [p̃R · n] ̸= 0 in general. Nonetheless, one can use the result of lemma 6.6.1, to find that

∥ [(p − p̃R) · n] ∥M ≲ h
1/2 ∥p∥H(div,R),

provided that the meshes are quasi-uniform on the part of the interface where they are non-matching. The estimate (6.6.23) still
holds for nested meshes under this condition.
Conclusion. Noting that it always holds [p · n] = [ph · n] = 0 (recall that ph ∈ Q̃h ∩ H(div,R)), developing the norm ∥u − uh∥W,
one concludes:

∥p − ph∥H(div,R) + ∥ϕ− ϕh∥L2(R) + ∥ϕS − ϕS,h∥M ≲ h
µ ∥Sf∥Hµ(R).

In other words, we have the a priori error estimate (6.6.22). ⋄

As in the plain case, for "smooth data" Sf , i.e. Sf ∈ Hrmax(R), one expects a convergence rate at
least in hrmax .

7f refers to fine discretization, while c refers to coarse discretization.
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Remark 6.6.3. Within our framework, we obtain error estimates that generalize those of [67, 245] for
low-regularity solutions. In addition, the technical aspects we propose remain quite simple and natural
since the discretization remains conforming (i.e. Q̃h × Lh ⊂ Q̃× L2(R)).

To derive improved estimates on the error ∥ϕ − ϕh∥L2(R), we adapt the calculations of estimate
(6.2.15) to the DD case. Let Qh = Q̃h ∩H(div,R) and Xh = Qh × Lh. We already know that when
conditions (6.6.17)-(6.6.18) hold, the solution ((ph, ϕh), ϕS,h) ∈ X̃h ×Mh of (6.6.16) (discrete DD case)
is such that (ph, ϕh) ∈ Xh, since ph ∈ Qh. Then restricting the test-fields in (6.6.16) to elements of
Xh ×Mh we observe that (ph, ϕh) satisfies (6.2.11) too (discrete plain-case), because all interface terms
vanish. Hence, to estimate ∥ϕ− ϕh∥L2(R) in the DD case, we explicitly consider that the discrete fields
(ph, ϕh) are also the solution to the variational formulation of the plain-case (6.2.11). Let us begin by a
technical result.

Lemma 6.6.2 ([A2, Lemma 6.4]). Let the assumptions of lemma 6.6.1 hold. Let q ∈ H(div,R) ∩
Hµ(R) with 0 < µ < 1

2 , and define δqfc ∈ Qf,h by δqfc · n|Γfc = (q̃c,R · n − q̃f,R · n)|Γfc and zero

extension in R̃f \ Γfc. It holds

∥δqfc∥H(div,R̃f )
≲ hµ

(
∥qf∥Hµ(R̃f )

+ ∥ divqf∥L2(R̃f )

)
.

Theorem 6.6.4 ([A2, Theorem 6.5]). Under the assumptions of Theorem 6.6.3 with rmax < 1/2, one
has for nested meshes:

∀µ ∈]0, rmax[, ∀Sf ∈ Hµ(R), ∥ϕ− ϕh∥L2(R) ≲ h2µ ∥Sf∥Hµ(R). (6.6.24)

Proof. Matching meshes. In this case, one can use the theory already developed in §6.3.2 for the plain case, to conclude
that (6.6.24) holds.
Nested meshes. The difficulty for non-matching meshes is that one can not define the global RTN-interpolant of p directly. Instead
it is defined via its subdomain interpolants (p̃i,R)i∈ĨR

. Introduce, for i ∈ ĨR, Ii as the set of indices j such that Tj,h|Γij ⊂ Ti,h|Γij
(since we are dealing with nested meshes, it holds Tj,h|Γij ⊂ Ti,h|Γij or Ti,h|Γij ⊂ Tj,h|Γij ). We proceed as follows to obtain an
H(div,R)-conforming approximant, i.e. an element of Qh. On all interfaces Γij , introduce δpij · n = p̃c,R · n|Γij − p̃f,R · n|Γij
where p̃f,R is the interpolant from the finer discretization on Γij , resp. p̃c,R is the interpolant from the coarser discretization on
Γij . By construction, δpij ·n = 0 when Ti,h|Γij = Tj,h|Γij . Then δpij ·n is extended by zero in R̃i to define an element of Qi,h ;
with a slight abuse of notation, we still denote the extension by δpij . The H(div,R)-conforming approximant pR ∈ Qh is then
defined subdomain by subdomain as

pi,R = p̃i,R +
∑
j∈Ii

δpij for i ∈ ĨR.

Indeed, [pR · n]Γij = 0 for (i, j) ∈ IJ by direct inspection. It remains to evaluate

∥p − pR∥2
H(div,R) =

∑
i∈ĨR

∥pi − pi,R∥2

H(div,R̃i)
, with

∥pi − pi,R∥
H(div,R̃i)

≤ ∥pi − p̃i,R∥
H(div,R̃i)

+
∑
j∈Ii

∥δpij∥H(div,R̃i)
for i ∈ ĨR.

Above, the fact that the index j belongs to Ii implies that if δpij ̸= 0, then the finer discretization on Γij automatically originates
from R̃i. To evaluate ∥δpij∥H(div,R̃i)

, one uses the results of lemma 6.6.2 to find

∥δpij∥H(div,R̃i)
≲ h

µ
(
∥pi∥Hµ(R̃i)

+ ∥ divpi∥L2(R̃i)

)
.

Again, this bound holds under the condition that the meshes are quasi-uniform on the part of the interface where they are non-
matching. Due to (6.2.10), one has ∥pi − pi,R∥

H(div,R̃i)
≲ hµ ∥Sf∥Hµ(R) for i ∈ ĨR, and it follows that ∥p − pR∥H(div,R) ≲

hµ ∥Sf∥Hµ(R). As a consequence (following the proof of Theorem 6.2.15) we conclude that the estimate (6.6.24) holds. ⋄

6.6.5 Estimates for the generalized eigenproblem

Let 0 ≤ µ < rmax be given, we introduce an operator Bµ associated to the source problem (6.6.7): given
f ∈ Hµ(R), we call Bµf = ϕ ∈ H1(R) the second component of the triple (p, ϕ, ϕS) that solves the
source problem with Sf = νΣff . For the same reason as in the plain case §6.3, Bµ is a bounded and
compact operator.
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Convergence in operator norm

Next, let us consider the discrete operator Bhµ associated to the discrete source problem: given f ∈
Hµ(R), we call Bhµf the second component of the triple (ph, ϕh, ϕS,h) that solves (6.6.16) with source
Sf = νΣff . Using estimate (6.6.24), we obtain, like in the plain case, the result below.

Theorem 6.6.5. Under the assumptions of Theorem 6.6.3 with rmax < 1/2 plus νΣf ∈ PW 1,∞(R), let
µ ∈]0, rmax[. Provided that the families of triangulations are regular+ on every subdomain, one has for
nested meshes:

∥Bµ −Bhµ∥L(Hµ(R)) ≲ hθ̃µ, (6.6.25)

where θ̃ = mini∈ĨR
θi > 0, and for i ∈ ĨR, θi is defined by (6.3.3) on R̃i.

We conclude to the absence of spectral pollution.

Optimal convergence rate

Let the assumptions of Theorems 6.6.3 and 6.6.5 hold, and in particular the conditions for nested, non-
matching meshes. We use the same notations as in §6.3.2. In particular, let ω̃ν > 0 be the regularity
exponent associated to ν with respect to (P̃H1+s(R))s>0, and introduce ω̃ = min(ω̃ν , k + 1).

Let µ ∈ [0, rmax[ be given. As we defined Bµ (resp. Bhµ), we define Aµ and Cµ (resp. Ahµ and Chµ): for
f ∈ Hµ(R), we call Aµf = p ∈ Q̃ and Cµf = ϕS ∈ M (resp. Ahµf = ph ∈ Q̃h and Chµf = ϕS,h ∈ Mh)
the first and the third components of the triple (p, ϕ, ϕS) (resp. (ph, ϕh, ϕS,h)) that solves (6.6.7) (resp.
(6.6.16)) with source Sf = νΣff .

For the DD+L2-jumps method, the transposition of Proposition 6.3.1 writes:

Proposition 6.6.2 ([A2, Proposition 6.8]). For every φ in W , the following inequalities hold for
the DD+L2-jumps method with nested meshes:

∥(Bµ −Bhµ)φ∥L2(R) ≲ hω̃∥φ∥W ; and ∥(Aµ −Ahµ)φ∥H(div,R) ≲ hω̃∥φ∥W .

Estimate (6.3.6) on the gap between W and Wh is still valid: δ̂(W,Wh) ≲ hω̃. Let Eh be the operator
defined in (6.3.7). We recall that Eh and Bhµ commute (lemma 6.3.2 holds). The restriction of Eh to
W , denoted by Fh is a bijection that satisfies estimate (6.3.8), for h small enough. We will also make
use of Sh = F−1

h Eh− I that satisfies lemma 6.3.4 and Proposition 6.3.2. We recall that B̂µ = Bµ|W and
B̂hµ = F−1

h BhµFh. The transposition of Theorem 6.3.2 is stated next. The proof is identical (replace ω
by ω̃).

Theorem 6.6.6. For h small enough, one has for the DD+L2-jumps method with nested meshes:

∥B̂µ − B̂hµ∥L(W ) ≲ h2ω̃. (6.6.26)

Corollary 6.6.2. For h small enough, the error on the eigenvalue for the DD+L2-jumps method with
nested meshes is given by: |ν − νh| ≲ h2ω̃.

6.6.6 Numerical illustrations

The tests are carried out in two dimensions: the cartesian coordinates are denoted by (x, y). We define
the discrete space of Lagrange multipliers Mh as in (6.6.21).

Checker board benchmark

We study a singular toy problem described on Dauge’s website [125] for a magnetic problem and adapted
here for the neutron diffusion equation with Neuman boundary condition. Set R :=] − 1, 1[2, and
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divide it into four subsquares (see Figure 6.1 left). Let D, be a scalar, piecewise-constant, coefficient:

y = 0

x = 0

(0, 0)

D1 = D D2 = 1

D3 = DD4 = D

R1 R2

R3R4

(1, 1)(−1, 1)

(−1,−1) (1,−1)

hc hchc hc

hc hc

hc hc

hc hchc hc

hf

hf

hf

hf

Figure 6.1: The domain of study, and the subdomain mesh sizes.

D := D = 0.1 in R1 ∪R3, and 1 elsewhere, Σa = 1 and νΣf = 1. We consider the following problem:

divD ∇ϕ+ ϕ = λϕ in R, ∇ϕ · n|∂R = 0 on ∂R. (6.6.27)

The singularity exponent is rmax ≈ 0.39. Implementation is in Octave.

We study the error on the four first eigenvalues (excluding λ0 = 1), with two different partitions
{R̃i}1∈I . The results are given in Table 6.2, which data are:

• h: the meshsize,

• Nϕ: the number of degrees of freedom of ϕ,

• ελi = |λh,i − λi|/|λi|: the relative error for the eigenvalue λi, i = 1, 4.

In the last line, we report the average rate of convergence of the computations.
The partition is based on Ñ = 16 square subdomains, represented in Figure 6.1 right. As indicated on
this figure, the four centered subdomains have a meshsize equal to hf whereas the other subdomains
have a meshsize equal to hc = 2hf , so that the parameter is h = hc. The results are given in Table 6.2.

1/h Nϕ ελ1 ελ2 ελ3 ελ4

4 448 2.88× 10−3 3.92× 10−2 5.49× 10−3 2.00× 10−2

8 1 792 7.22× 10−4 2.36× 10−2 1.38× 10−3 5.00× 10−3

12 4 032 3.22× 10−4 1.74× 10−2 6.12× 10−4 2.22× 10−3

16 7 168 1.81× 10−4 1.40× 10−2 3.44× 10−4 1.25× 10−3

20 11 200 1.16× 10−4 1.18× 10−2 2.20× 10−4 8.00× 10−4

24 16 128 8.05× 10−5 1.02× 10−2 1.53× 10−4 5.05× 10−4

rate 2 0.76 2 2

Table 6.2: Results with 16 subdomains.

Industrial simulation

This industrial test models a pressurized water large reactor core with heavy-steel reflector similar to the
one described in [225]. The neutron transport equation is discretized using the multigroup simplified PN
(SPN ) equations, with two groups of energy, and SP1 and SP3 angular orders. We recall that, for each
group, the neutron SP1 equation is similar to the neutron diffusion equation, whereas the neutron SP3

equation corresponds to two coupled neutron diffusion equations. The different homogenization steps
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that allow to obtain the coefficients of this discretization on square cells lead to 229 different media. The
coefficients are thus parametrized according to the medium, the energy group and the angular order,
which depend respectively on the position, the energy and the direction of the neutrons.

In Figure 6.2(a), we draw a top view of a PWR-like core model, which has a Cartesian geometry.
Each square, which represents a part of the reflector or an assembly, is made itself of cells, which are
rectangular cuboids of R3. In Figure 6.2(b), we make a zoom on a patch of six (3 × 2) assemblies:
each coloured square represents a cell containing fuel, absorbing or reflector material. In our model,
the coefficients are polynomial (possibly constant) in each cell [143, A10, A11]. The global domain of
the reactor core (see again Figure 6.2(a)) is represented by a rectangular cuboid of R3. In practice the
coefficients characterizing the materials may differ from one cell to another by a factor of order 10 or
more.

(a) Reactor core model (b) Patch of six assemblies

Figure 6.2: 2D depiction of a PWR core and a zoom on six assemblies.

The subdomains {R̃i}1≤i≤361 of the partition correspond to the 19 × 19 cells.In each subdomain,
the coarser triangulation is also such that the coefficients are piecewise constant. The meshes of the
subdomains are nested.

In neutronics, the quantity of interest is the inverse of the smallest eigenvalue, which is called the
criticality, and is denoted by keff . Below, we make comparisons on the criticality, the reference value,
denoted by krefeff , being computed on a conforming mesh made of 1.5 e+ 7 (resp. 7.5× 10+6) rectangles
in SP1 (resp. SP3).

In Table 6.3, we present the results obtained with the MINOS solver for different levels of refinement.
The data are:

• h: the meshsize,

• Nϕ: the spatial number of degrees of freedom of the neutron flux ϕ,

• ε1 (resp. ε3): the relative error made on the criticality |keff − kref
eff |/k

ref
eff , for a computation using

the SP1 (resp. SP3) approximation.

• rate: the averaged rate of convergence.

Convergence rates are higher than 1, seemingly indicating the absence of strong singularities in the
first eigenfunction. Instead, we hypothetize that we are still in the pre-asymptotic regime (for the first
eigenfunction): on the one hand, the norm of the "more singular" part is small compared to the norm of
the "more regular" part, and on the other hand there are only a few degrees of freedom per characteristic
length (cf. Figure 6.2(b)). Further results are given in [P5, 163].

We proposed and analysed two domain decomposition methods. First a domain decomposition
method with Optimized Robin interface conditions, which enables the use of non-overlapping subdomains
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1/h Nϕ ε1 ε3
285 5.40× 10+5 1.35× 10−4 1.37× 10−4

380 9.60× 10+5 8.01× 10−5 8.79× 10−5

570 2.16× 10+6 4.10× 10−5 5.12× 10−5

665 2.94× 10+6 3.26× 10−5 4.30× 10−5

950 6.00× 10+6 2.09× 10−5 3.15× 10−5

rate h1.55 h1.22

Table 6.3: Results with 361 subdomains.

and a speed up in the convergence. Second the DD+L2-jumps method which allows non-conforming grids.
These methods could be combined to leverage their strengths: a better conditionning in the global linear
system and the use of non-conforming meshes. This approach is developped in [1] for a finite volume
discretization.

In the next section, we study the numerical analysis of the neutron multigroup SPN equation dis-
cretized with a discontinuous Galerkin finite element method.

6.7 Numerical analysis of the multigroup SPN equation [A12]

Let E ⊂ R. Let W (E) be a scalar functional space on E. In this section, we set: W (E) = (W (E))N̂×G,
W(E) =W (E)d, and we have for all (ϕ, ψ) ∈W (E)×W (E):

(ϕ, ψ)W (E) =
∑
g∈IG

∑
m∈Ie

(ϕgm, ψ
g
m)W (E) and ∥ϕ∥2W (E) =

∑
g∈IG

∑
m∈Ie

∥ϕgm∥2W (E).

In the same way, for all (u,v) ∈W(E)×W(E):

(u,v)W(E) =
∑
g∈IG

∑
m∈Ie

(ugm,v
g
m)W(E) and ∥u∥2W(E) =

∑
g∈IG

∑
m∈Ie

∥ugm∥2W(E).

We use the notation: V (R) := H1
0 (R).

Under assumptions of properties (6.1.10) and (6.1.11) the matrices Te and T−1
o are positive definite.

Moreover, one can show that ∥H ∇ϕ∥L2(R) ≳ ∥∇ϕ∥L2(R) [163]. We infer that the matrix D is positive
definite and that there exists a constant CD > 0 such that for all ξ ∈ RN̂×G,

∥D ξ∥2 ≤ CD∥ξ∥2. (6.7.1)

From now on, we suppose that this property holds.

6.7.1 Variational formulations

Consider Problem (6.1.8) posed with zero-flux boundary condition, i.e. for all m ∈ Ie, g ∈ IG, (ϕgm)|∂R =

0. The variational formulation reads:

Find ϕ ∈ V (R) such that for all ψ ∈ V (R) : c(ϕ, ψ) = ℓ(ψ), (6.7.2)

where:{
c : V (R)× V (R) → R

c(ϕ, ψ) 7→ (D ∇ϕ,∇ψ)L2(R) + (Teϕ, ψ)L2(R)

,

{
ℓ : V (R) → R

ℓ(ψ) 7→ (Sf , ψ)L2(R)

.
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The bilinear form c(·, ·) and the linear form ℓ(·) are continuous. Under the hypothesis on D, the
bilinear form c(·, ·) is coercive: we can apply Lax–Milgram Theorem to state

Theorem 6.7.1. Suppose that D is positive definite. For a given source term Sf ∈ L2(R), it exists a
unique ϕ ∈ V (R) that solves Problem (6.7.2). In addition,∥ϕ∥V (R) ≲ ∥Sf∥L2(R).

The variational formulation of Problem (6.1.9) reads:

Find ϕ ∈ V (R) such that for all ψ ∈ V (R) : c(ϕ, ψ) = λ ℓf (ϕ, ψ), (6.7.3)

where:
{
ℓf : L(R)× L2(R) → R

ℓf (ϕ, ψ) = (Mfϕ, ψ)L2(R)

.

The bilinear form ℓf (·, ·) is a continuous onto L(R)× V (R). The space V (R) is a subset of L(R) with
a compact embedding. We can then apply the theory of Babuška and Osborn in [18] to state

Theorem 6.7.2. Suppose that D is positive definite. There exists a unique compact operator Tf :

L2(R)→ L2(R) such that for all ∀(ϕ, ψ) ∈ L2(R)× V (R): c(Tfϕ, ψ) = ℓf (ϕ, ψ).

Thus, the couple (ϕ, λ) is a solution to Problem 6.7.3 iff the couple (ϕ, λ−1) is an eigenpair of operator
Tf . Moreover, Problem (6.7.3) admits a countable number of eigenvalues.

6.7.2 Discretization with discontinuous Galerkin finite elements

Let (Th)h be a shape- and regular mesh sequence of R [130, def. 1.38]. We use the notations of §4.7, but
the elements may be polygons when d = 2 or polyhedra when d = 3. We denote by N∂ the maximum
number of mesh faces composing the boundary of mesh elements

N∂ := max
ℓ∈IK

card IF,ℓ. (6.7.4)

Let us set V kh = (Pkdisc(Th))N̂×G. We consider ch : V kh × V kh → R such that

∀(ϕh, ψh) ∈ V kh × V kh, ch(ϕh, ψh) = cTh(ϕh, ψh) + cFh(ϕh, ψh), (6.7.5)

with

cTh(ϕh, ψh) = (D ∇h ϕh,∇h ψh)L2(R) + (Teϕh, ψh)L2(R) ,

cFh(ϕh, ψh) =
∑
f∈IF

α

hf
([ϕh] , [ψh])L2(Ff )

−
∑
f∈IiF

(
( {D ∇h ψh} · nf , [ϕh])L2(Ff )

+ ( {D ∇h ϕh} · nf , [ψh])L2(Ff )

)
,

where α is a stabilization parameter.

The Symmetric Interior Penalty Galerkin method (SIPG) associated to Eq. (6.7.2) reads:

Find ϕh ∈ V kh such that ∀ψh ∈ V kh : ch(ϕh, ψh) = ℓ(ψh). (6.7.6)

Let us denote by PhW 2,p(R) = {v ∈ Lp(R) | ∀ℓ ∈ IK , v|Kℓ ∈W 2,p(Kℓ)}.
We set PhW 2,p(R) =

(
PhW 2,p(R)

)N̂×G.

Hypothesis 6.7.1 (Regularity of exact solution and space V ⋆(R)). Assume that d ≥ 2 and that
there is 2d/(d+ 2) < p ≤ 2 such that, for the exact solution ϕ ∈ V ⋆(R) := V (R) ∩ PhW 2,p(R).

This assumption requires p > 1 for d = 2 and p > 6/5 for d = 3. This holds for our assumptions on
the coefficients, which are piecewise constant with respect to the triangulation [202]. In particular, we
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observe that, in two space dimensions, ϕ ∈ PhW 2,p(R) in polygonal domains. Moreover, using Sobolev
embeddings [70, §9.3], this implies

ϕ ∈ V (R) ∩ PhḢ
1+αp

(R) where PhḢ
1+αp

(R) :=
⋂

0≤s<αp
PhH1+s(R) with αp =

d+ 2

2
− d

p
> 0.

We state the following lemma [130, Lemma 1.46].8

Lemma 6.7.1. Suppose that (Th)h is a shape- and contact-regular mesh sequence. Then there exists
Ctr > 0, independent of h such that:

∀h > 0, ∀ψh ∈ V kh, ∀ℓ ∈ IK ,∀f ∈ IF,ℓ, h
1/2
ℓ ∥ψh∥L2(Ff ) ≤ Ctr∥ψh∥L2(Kℓ), (6.7.7)

We aim at asserting the discrete coercivity using the following norm:

∀ψh ∈ V kh, |||ψh|||2sip := cTh(ψh, ψh) + ∥ψh∥2J where ∥ψh∥2J :=
∑
f∈IF

1

hf
∥[ψh]∥2L2(Ff )

.

Under assumptions given in (6.1.7), there exists β > 0, independent of h such that for all ψh ∈ V kh

cTh(ψh, ψh) ≥ β
(
∥∇h ψh∥2L2(R) + ∥ψh∥2L(R)

)
, (6.7.8)

so that |||ψh|||2sip ≥ β
(
∥∇h ψh∥2L2(R) + ∥ψh∥2L(R) + ∥ψh∥2J

)
. Following the proof of [130, Lemma 4.12],

we can prove

Lemma 6.7.2 (Discrete coercivity). Let α := (Ctr)
2N∂

CD
β , where Ctr depends on (6.7.7), N∂ is

defined in (6.7.4) and CD is defined in (6.7.1). For all α ≥ α, the SIP bilinear form defined by (6.7.5) is
coercive on V kh with respect to the |||·|||sip-norm, i.e.,

ch(ψh, ψh) ≥ Cα|||ψh|||2sip, with Cα := (α− α)min

(
1

2
, β (α+ α)

−1

)
.

Let V ⋆,h = V ⋆(R) + V kh and the following norm

|||ψ|||sip,⋆ :=
(
|||ψ|||psip +

∑
ℓ∈IK

(hℓ)
1+γp

∥∥∇ψℓ · n|∂Kℓ
∥∥
Lp(∂Kℓ)

)1/p

,

where γp =
d(p−2)

2 and ψℓ = ψ|Kℓ . Following [130, §4.2], we obtain the following results.

Lemma 6.7.3 (Boundedness). There exists Cbnd, independent of h, such that for all (ϕ, ψh) ∈ V ⋆,h×V kh

ch(ϕ, ψh) ≤ Cbnd |||ϕ|||sip,⋆|||ψh|||sip

Theorem 6.7.3 (Convergence). Suppose that assumptions (6.1.7) hold. According to proposition 4.4.1,
there exists rmax in (0, 1] such that ϕ ∈ V (R) ∩ PhḢ

1+rmax
(R) where

PhḢ
1+rmax

(R) :=
⋂

0≤µ<rmax

PhH1+µ(R).

Then, the solution of (6.7.6) is such that for all µ ∈ [0, rmax[:

∃C > 0 independent of h, |||ϕ− ϕh|||sip ≤ C |ϕ|PhW 2,p(R) h
µ.

8In the case of simplicial meshes, it corresponds to Eq. (7.3.13).

95



We can then apply the Aubin-Nitsche trick similarly as in [130, Theorem 4.25].

Theorem 6.7.4 (L2-norm estimate). Suppose that assumptions (6.1.7) hold. According to propostion
4.4.1, there exists rmax in (0, 1] such that ϕ ∈ V (R) ∩ Ḣ1+rmax

(R). Then, the solution of (6.7.6), ϕh is
such that for all µ ∈ [0, rmax[: ∥ϕ− ϕh∥L2(R) ≲ h2µ∥Sf∥L2(R).

We now have the tools to prove

Theorem 6.7.5 ([A12, Theorem 13]). Let µ be the regularity of the eigenfunction φ associated to λ,
and ω = min(µ, k). Let λh be the discrete eigenvalue associated to Problem (6.7.3). The following a
priori error estimate holds: |λ− λh| ≲ h2ω.

Proof. We apply the theory developed in [6]. The proof is decomposed as follows. We first show that there is no spectral
pollution. Then, we derive the error estimate. Let V h := V (R)+V kh and E : V h → V h be the continuous spectral projector relative

to λ defined by E = 1
2πß

∫
Γ

(
z − T|V h

)−1
dz, where here Γ is a circle in the complex plane centred at λ which lies in ρ(T|V h )

and encloses no other points of σ(T|V h ). The absence of spectral pollution relies on two properties. First, using interpolation

results [130, assumption 4.31] we have for all ϕ ∈ E(V h), inf
ψh∈V k

h
|||ϕ− ψh|||sip ≲ hµ. Second, using regularity results [202], we

have for all ϕh ∈ V kh, for all r ∈ [0, rmax[:

|||(T − Th)ϕh|||sip ≲ h
r |Tϕh|PhW2,p(R) ≲ h

r ∥Tϕh∥PhḢ
1+αp (R)

≲ h
r∥ϕh∥L2(R) ≲ h

r∥ϕh∥Lp(R) ≲ h
r|||ϕh|||sip,

Applying [6, Theorem 3.7], we obtain that there is no spectral pollution. Moreover, we apply [6, Theorem 3.14] to state the error
estimate on the eigenvalue, |λ− λh| ≲ δhδ∗,h, where

δh = γh +
∣∣∣∣∣∣∣∣∣(T − Th)|E(V h)

∣∣∣∣∣∣∣∣∣
sip

and δ∗,h = γ∗,h +
∣∣∣∣∣∣∣∣∣(T∗ − T∗,h)|E∗(V h)

∣∣∣∣∣∣∣∣∣
sip
,

with γh = δ(E(V h), V kh), γ∗,h = δ(E∗(V
h), V kh), where δ(Y, Z) = supy∈Y,|||y|||sip=1

(
infz∈Z |||y − z|||sip

)
, and E∗ : V h → V h is

the continuous spectral projector of the adjoint operator T∗|V h relative to λ̄. Using again elliptic regularity results [202] and
Theorem 6.7.3, we obtain ∣∣∣∣∣∣∣∣∣(T − Th)|E(V h)

∣∣∣∣∣∣∣∣∣
sip

≲ h
µ and

∣∣∣∣∣∣∣∣∣(T∗ − T∗,h)|E∗(V h)

∣∣∣∣∣∣∣∣∣
sip

≲ h
µ
.

Using elliptic regularity results, we get ∥φ∥
PhḢ

1+αp (R)
≲ ∥φ∥L2(R) ≲ ∥φ∥V (R). Applying Theorem 6.7.3, we infer that γh ≲

hµ and γ∗,h ≲ hµ. ⋄

In the next paragraph, we provide a numerical illustration.

6.7.3 Numerical illustration

We consider the test case Model 2, case 1 from the benchmark of Takeda and Ikeda [235]. The geometry
of the core is three-dimensional and the domain is {(x, y, z) ∈ R3, 0 ≤ x ≤ 140 cm; 0 ≤ y ≤ 140 cm; 0 ≤
z ≤ 150 cm}. This test is defined with G = 4 energy groups, isotropic scattering and vacuum boundary
conditions. In Figure 6.3, we represent the cross-sectional geometry on the plane z = 75 cm.

Core
Radial Blanket
Reflector

Figure 6.3: Cross-sectional view of the core (z = 75 cm).

Since the scattering is isotropic, the SP3 formulation can easily be reformulated as a multigroup
diffusion problem with 8 energy groups and an isotropic albedo boundary condition [29]. We then made
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the computations with the PRIAM solver from the code CRONOS2 [185] for the conforming case and
with the MINARET solver [198] from the APOLLO3® code [P10] for the SIPG discretization.

In Figure 6.4(a), we consider the convergence of the fundamental mode where we used the SP3

formulation with Q1 finite elements and a regular cartesian mesh of size h. The computations were
performed using the CRONOS2 code. The approximated order of convergence is 2.22.

In Figure 6.4(b), we consider the convergence of the fundamental mode for different SPN formulations
with P1

disc finite elements and a prismatic mesh of size h . The computations were performed using the
APOLLO3® code. The approximated order of convergence is equal to 1.88 (resp. 1.96, 1.92) for the SP3

(resp. SP3, SP5) approximation: it seems that the fundamental eigenmode is regular.

(a) Error on keff,h, Q1.

10−0.6 10−0.4 10−0.2 100 100.2
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−
k
eff
,h
|
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SP5

SP7

(b) Error on keff,h, P1
disc.

Figure 6.4: Error on keff,h with Q1 or P1
disc finite elements.

6.8 Coupling neutronics and thermal-hydraulics [A7, P2]

In this Section, we are interested in the coupling of the neutron diffusion equation and the low Mach
number thermal-hydraulics model. This coupling is important to simulate nuclear reactors. Usually, the
resolution is iterative. Here, we prove for a simple model that there exists a solution to the coupling
and we propose a numerical procedure to compute it. This work could help to validate other resolution
methods.

6.8.1 The model

We construct an analytic solution of the low Mach number thermal-hydraulics model
d

dz
(ρ u) = 0, (i)

d

dz
(ρ u2 + π) = ρ g, (ii)

ρu
dh

dz
= EΣf (h)ϕ (iii)

(6.8.1)

coupled to the simplified neutronic model based on the diffusion approximation with one energy group
(cf. (6.1.14) for d = 1)

− d

dz

[
D(h)

dϕ

dz

]
+

[
Σa(h)−

νΣf (h)

keff

]
ϕ = 0. (6.8.2)

In (6.8.1) and (6.8.2), z ∈ [0, L] is the spatial variable, L > 0 being the length of the nuclear core.
Moreover, in (6.8.1), ρ(z), u(z), π(z) and h(z) are respectively the density, the velocity, the dynamical
pressure and the internal enthalpy of the flow. The source term ρg is a volume force e.g the gravity field).
The constant E is the energy released by a fission (E > 0 is in Joule), Σf (h) is the fission (macroscopic)
cross section (Σf (h) > 0 is in m−1) and ϕ(z) (the solution of (6.8.2) is the scalar neutron flux (ϕ(z) ≥ 0
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is in m−2 . s−1). Recall that in (6.8.2), D(h) is the diffusion coefficient (D(h) > 0 is in m), Σa(h) is the
absorption (macroscopic) cross section (Σa(h) > 0 is in m−1) and ν is the average number of neutron
produced by a fission. Moreover, the density ρ and the internal enthalpy h are linked through the
equation of state ρ = ϱ(h) where ϱ(·) is a given function9.

Using (6.8.1), we obtain ρ u = De where De > 0 is a positive constant defining the flow rate. Thus,
(6.8.1)-(iii) and (6.8.2) give the simplified neutronics/thermal-hydraulics system

De
dh

dz
= EΣf (h)ϕ, (i)

− d

dz

[
D(h)

dϕ

dz

]
+

[
Σa(h)−

νΣf (h)

keff

]
ϕ = 0. (ii)

(6.8.3)

We supplement this system, written for ϕ ∈ H1
0 ([0, L]) and h ∈ C1([0, L]), with the constraint ϕ ≥ 0 on

[0, L] and with the boundary conditions

h(0) = he and h(L) = hs. (6.8.4)

Knowing h(z), the density ρ(z) is given by ρ(z) = ϱ[h(z)]. This allows to obtain the velocity u(z)

with u(z) = De
ρ(z) . At last, the dynamical pressure π(z) is obtained by integrating (6.8.1)-(ii) and

by using the boundary condition π(L) = π∗ where π∗ is the pressure at the outlet of the nuclear
core. Finally, one notice that thanks to the enthalpy equation (6.8.3)-(i) which imposes the relation
De(hs − he) = E

∫ L
0
Σf (h(z))ϕ(z)dz, System (6.8.3)–(6.8.4) reads

dh

dz
=

(hs − he)EΣf (h)ϕ∫ L

0

EΣf (h(z))ϕ(z)dz
and − d

dz

[
D(h)

dϕ

dz

]
+

[
Σa(h)−

νΣf (h)

keff

]
ϕ = 0,

again coupled to the boundary conditions (6.8.4). This new system, which is often used in the field of
neutronics/thermal-hydraulics coupling, is invariant with respect to the transformation ϕ 7→ µϕ where µ
is a positive constant.

The traditional approach for this type of coupling is to solve iteratively the two equations. In [128], the
authors construct an analytical solution to (6.8.3)–(6.8.4) when D(h) and Σf (h) are positive constants,
Σa(h) being a non-constant function of h (to enforce the coupling). Here, we generalize this result by
supposing that D(h) and νΣf (h) are also functions depending on h.

6.8.2 An analytical solution [A7]

To construct an analytical solution of (6.8.3)–(6.8.4), we assume that the given functions Σf (h), Σa(h)
and D(h) verify the two following hypotheses:

Hypothesis 6.8.1. The enthalpy always belongs to a fixed domain [hmin, hmax] on which Σf (h), Σa(h)
and D(h) are continuous functions.

Hypothesis 6.8.2. There exists αf > 0, αa > 0 and αd > 0 such that in [hmin, hmax]

Σf (h) ≥ αf , Σa(h) ≥ αa and D(h) ≥ αd. (6.8.5)

Using a classical property of Sturm-Liouville operators [110, Chapter 8], we have the following result10:

Lemma 6.8.1 ([A7, Lemma 2.1]). Under Hypotheses 6.8.1 and 6.8.2, for any (he, hs) ∈ [hmin, hmax]
2,

9The fact that the equation of state ϱ(h) depends only on h is a consequence of the low Mach speed [127].
10We can also use Sobolev embedding theorem.
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there exists a unique function X ∈ C1([he, hs]) solution of

− d

dh

[
D(h)νΣf (h)

dX
dh

]
=

Σa(h)

νΣf (h)
, X (he) = X (hs) = 0 (6.8.6)

and there exists a unique function Y ∈ C1([he, hs]) solution of

− d

dh

[
D(h)νΣf (h)

dY
dh

]
= 1, Y(he) = Y(hs) = 0. (6.8.7)

Moreover, X and Y are positive on ]he, hs[.

We will use these two functions to construct a direct solution to problem (6.8.3)–(6.8.4). Write

ϕ(z) = (De /EΣf (h))
dh

dz
and use it in (6.8.3)-(ii):

− d

dz

[
D(h)

dϕ

dz

]
+
νDe

E

[
Σa(h)

νΣf (h)
− 1

keff

]
dh

dz
= 0.

Thus, using (6.8.6) and (6.8.7), we find

− d

dz

[
D(h)

dϕ

dz

]
− νDe

E

{
d

dh

[
D(h)νΣf (h)

dX
dh

]
− 1

keff

d

dh

[
D(h)νΣf (h)

dY
dh

]}
dh

dz
= 0.

Using the chain rule, we recognize the (weak)11 derivative with respect to z:

D(h)νΣf (h)
dX
dh
− 1

keff
D(h)νΣf (h)

dY
dh

.

There exists a constant K0 such that

−D(h)
dϕ

dz
− νDe

E

[
D(h)νΣf (h)

dX
dh
− 1

keff
D(h)νΣf (h)

dY
dh
−K0

]
= 0.

We multiply this equation by the continuous function ϕ(z)/D(h) = (De/D(h)EΣf (h))
dh

dz
:

−ϕ(z)dϕ
dz
−
(
νDe

E

)2 [
dX
dh
− 1

keff

dY
dh
− K0

D(h)νΣf (h)

]
dh

dz
= 0.

Under hypothesis 6.8.1 and 6.8.2, we can define the C1-diffeomorphism

θ : [he, hs]→ [0, θs] such that θ(h) =
∫ h

he

(D(h′)νΣf (h
′))

−1
dh′, with θs = θ(hs). (6.8.8)

Using the chain rule and the weak derivative of ϕ2, we get that it exists a constant K1 such that

−1

2
ϕ2(z)−

(
νDe

E

)2 [
X (h)− 1

keff
Y(h)−K0 θ(h)−K1

]
= 0.

The boundary conditions ϕ(0) = ϕ(L) = 0 and X (he) = X (hs) = Y(he) = Y(hs) = 0 yield K0 = K1 = 0.

Finally, by replacing ϕ(z) by (De/EΣf (h))
dh

dz
, we obtain

1

2

(
dh

dz

)2

= (νΣf (h))
2

[
1

keff
Y(h)−X (h)

]
.

11We have only here a weak derivative because, although X is of class C1([he, hs]), D(h)νΣf (h) is a priori only continuous.
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A necessary condition on the solution h is thus
1

keff
Y(h(z)) − X (h(z)) ≥ 0 on [0, L] that is to say

keff ∈]0, k∞] (keff ̸= 0 since L ̸= 0) where:

k∞ := min
h∈[he,hs]

Y(h)
X (h) =

Y(h∗)
X (h∗)

.

Let us now suppose that ϕ(z) ≥ 0. Thus, h′(z) ≥ 0. When keff ∈]0, k∞[, this allows to deduce from the
previous relation that (

νΣf (h)

√
2

[
1

keff
Y(h)−X (h)

])−1

dh

dz
= 1. (6.8.9)

Since h(0) = he and h(L) = hs, we deduce that:

∫ hs

he

(
νΣf (h)

√
2

[Y(h)
keff

−X (h)
])−1

dh = L. (6.8.10)

Let us now define L(k) on [0, k∞[ so that:

L(k) =
∫ hs

he

(
νΣf (h)

√
2

[Y(h)
k
−X (h)

])−1

dh. (6.8.11)

We cannot write that (X ,Y) ∈
(
C2([he, hs])

)2 since Σf and D are a priori only continuous on [he, hs].
Nevertheless,with an ad hoc change of variable, one has extra regularity: letting x(θ) = X (h(θ)), y(θ) =
Y(h(θ)), equations (6.8.6) and (6.8.7) become:

−d
2x

dθ2
= D(h(θ)) Σa(h(θ)) := fx(θ) and − d2y

dθ2
= D(h(θ)) νΣf (h(θ)) := fy(θ).

These new functions satisfy the following regularity results:

Lemma 6.8.2 ([A7, Lemma 2.2]). Under Hypotheses 6.8.1 and 6.8.2, the functions x, y belong to
C2([0, θs]). Moreover, the function

x

y
belongs to C1([0, θs])∩C2(]0, θs[). At last, y(θ) = (θs−θ)θ r(θ) with

r(θ) ≥ 1

2
ν αf αd > 0 and r ∈ C0([0, θs]).

Proof. Due to Hyp. 6.8.2, the functions x and y are concave on [0, θs], positive on ]0, L[ and x′(0) > 0, y′(0) > 0, x′(θs) < 0,
y′(θs) < 0. Due to Hyp.6.8.1, the functions fx and fy are continuous. Morevoer:

x(θ) = − (θs − θ)

∫ 1

0

x
′
[θs + t(θ − θs)] dt, y(θ) = −(θs − θ)

∫ 1

0

y
′
[θs + t(θ − θs)] dt, (6.8.12)

y(θ) = − (θs − θ) θ r(θ) where r(θ) =

∫ 1

0

∫ 1

0

t fy [tθs + τ t(θ − θs)] dτ dt. (6.8.13)

Since y′(θs) < 0, one deduces from (6.8.12) that x
y ∈ C1

(
[ θs2 , θs]

)
. A similar equality shows that x

y ∈ C1
(
[0, θs2 ]

)
. Note that

r ∈ C0([0, θs]) and, under Hyp. 6.8.2, we find that r is bounded below by 1
2ναfαd. ⋄

Next, we will need the

Lemma 6.8.3 ([A7, Lemma 2.3]). Under Hyp. 6.8.1 and 6.8.2, the function L(k) defined in (6.8.11)
is an increasing one to one function that maps [0, k∞[ into [0,+∞[.

Proof. The proof comes from the two following observations:
(i) Recall that θ(h) is given by (6.8.8) and θs = θ(hs). Notice that:

L(k) =

√
k

2

∫ θs

0

(y(θ) − k x(θ))
− 1

2 D (h(θ)) dθ ≤ αd

√
k

2

∫ θs

0

(y(θ) − k x(θ))
− 1

2 dθ.
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We deduce from Lemma 6.8.2 that
∫ θs
0

(y(θ))−1/2dθ < +∞.
Thus, limk→0 L(k) = 0 and by continuity, L(0) = 0.
(ii) According to Lemma 6.8.2, xy is continuous on [0, θs] and admits a maximum equal to 1

k∞ . There are two possibilities:
(ii-1) There exists θ(h∗) ∈]0, θs[ such that x

y [θ(h∗)] = 1
k∞ . Since x

y ∈ C2(]0, θs[), applying Taylor-Lagrange formula, it exists

θ̃[θ, θ(h∗)] ∈ [θ(h∗)− δ, θ(h∗) + δ] such that x(θ)
y(θ)

= 1
k∞ + 1

2 [θ− θ(h∗)]
2
(
x
y

)′′
(θ̃). In this case, there exist δ > 0 and m0 > 0 such

that [θ(h∗) − δ, θ(h∗) + δ] ⊂ ]0, θs[ and

∀θ ∈ [θ(h∗) − δ, θ(h∗) + δ] :
1

k
− 1

k∞
=

1

k
− x

y
[θ(h∗)] ≤

1

k
− 1

k∞
+

1

2
m0[θ − θ(h∗)]

2
. (6.8.14)

Finally, since we have also L(k) =

∫ θs

0

D(h(θ))

(√
2y(θ)

[
1

k
− x(θ)

y(θ)

])−1

dθ, we obtain (using a lower bound on (y(θ))−
1
2 ) that

there exists m > 0 such that

L(k) ≥ m

∫ θ∗+δ

θ(h∗)−δ

(√
1

k
− 1

k∞
+

1

2
m0[θ − θ∗]2

)−1

dθ =: J(k, δ), where θ∗ = θ(h∗).

Changing the variable θ = θ∗ +

√
2
m0

(
1
k − 1

k∞

)
t, we have J(k, δ) = 2m

√
2

m0

∫ β(k,δ)

0

(1 + t
2
)
−1/2

dt with limk→k∞ β(k, δ) :=

δ
(

2
m0

(
1
k − 1

k∞

))−1/2
= +∞. Hence, limk→k∞ J(k, δ) = +∞ which implies that limk→k∞ L(k) = +∞.

(ii.2) The maximum of xy (θ) is obtained at θs.

In this case, one writes x
y (θ) = 1

k∞ + (θ − θs)
(
x
y

)′
[θ̃(θ, θs)], with

(
x
y

)′
[θ̃(θ, θs)] ≥ 0 on [θs − δ, θs].

Hence, there exists m0 such that 1
k − x

y (θ) ≥ 1
k − 1

k∞ +m0(θs − θ) i.e. y(θ)
[

1
k − x

y (θ)
]
≥ (θs − θ)θr(θ)

[
1
k − 1

k∞ +m0(θs − θ)
]

(r is defined in Lemma 6.8.2). Thus, using a lower bound of m0θr(θ) on [θs − δ, θs], we find M > 0 such that

L(k) ≥ M

∫ θs

θs−δ

(
(θs − θ)

[
1

m0

(
1

k
− 1

k∞

)
+ θs − θ

])−1/2

dθ = M
′
∫ t0

0

(t+ t
2
)
−1/2

dt,

where M ′ is another positive constant and t0 =
δm0

1
k

− 1
k∞

. Hence, limk→+∞ L(k) = +∞.

The case where the maximum is reached at θ = 0 is treated similarly. ⋄

We can now propose a three steps resolution to solve (6.8.3)–(6.8.4):

Proposition 6.8.1 ([A7, Proposition 2.1]). Let us suppose that (6.8.3)–(6.8.4) admits a solution
(h, ϕ, keff ) belonging to C1([0, L])×H1

0 ([0, L])× R+ and such that ϕ(z) ≥ 0 on [0, L]. Then:

1. keff ∈]0, k∞]. Moreover, keff is solution of L = L(keff ) (cf. eq. (6.8.11)).

2. Once keff is obtained, h(z) is solution of

∫ h(z)

he

(
νΣf (h)

√
2

[Y(h)
keff

−X (h)
])−1

dh = z. (6.8.15)

3. Once h(z) is obtained, ϕ(z) is given by

ϕ(z) =
νDe

E

√
2

[
1

keff
Y(h)−X (h)

]
. (6.8.16)

Lemma 6.8.2 and Proposition 6.8.1 allow to prove the main result on the existence of a solution to
Problem (6.8.3)–(6.8.4):

Theorem 6.8.1 ([A7, Theorem 2.1]). Suppose that Hypotheses 6.8.1 and 6.8.2 hold. Then, there
exists a unique solution (h, ϕ, keff ) ∈ C1([0, L]) × H1

0 ([0, L])×]0, k∞[ to Equations (6.8.3)–(6.8.4) such
that ϕ(z) ≥ 0 on [0, L]. Moreover, ϕ(z) > 0 on ]0, L[ and ϕ ∈ C1([0, L]).

Proof. Using Lemma 6.8.2, we obtain the existence and unicity of (h, ϕ, keff ) constructed in Proposition 6.8.1 (with keff ∈
]0, k∞[ since L > 0 and L < +∞). Using Hypothesis 6.8.1, relations (6.8.15) and (6.8.16) prove that (h, ϕ) ∈ C1([0, L])×H1

0 ([0, L]).
And since keff ∈]0, k∞[, we have 1

keff
Y(h) − X (h) > 0 on ]he, hs[ i.e. ϕ(z) > 0 on ]0, L[. Moreover, (6.8.3)-(ii) implies that

D(h)ϕ′ ∈ C1([0, L]). Thus, ϕ′ ∈ C0([0, L]), i.e. ϕ ∈ C1([0, L]). ⋄
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The regularity of h (resp. ϕ) is a priori not better that C1([0, L]) because we only suppose that Σf (h)
(resp. D(h)) is continuous. We now increase the regularity of Σf (h) by supposing that:

Hypothesis 6.8.3. The function Σf (h) belongs to C1([hmin, hmax]).

This allows to obtain the following result:

Proposition 6.8.2 ([A7, Proposition 3.1]). Assume Hypotheses 6.8.1-6.8.3 and let (h, keff ) be the
solution obtained in Theorem 6.8.1. Then:
(i) The operator

P (h) := −(νΣf (h))−
1
2
d

dz

{
D(h)

d

dz

[
(νΣf (h))

− 1
2

]}
+

Σa(h)

νΣf (h)

is a self-adjoint positive operator belonging to L[H1
0 ([0, L]), H

−1([0, L])].
(ii) The real 1

keff
is the smallest eigenvalue of P (h).

(iii) The function (νΣf (h))
1
2ϕ where ϕ is given by (6.8.16) is an eigenvector of P (h) associated to the

eigenvalue 1
keff

.

We exhibited an analytic solution of a simplified stationary neutronics/thermal-hydraulics model
with minimal hypotheses on the absorption and fission cross sections, and on the diffusion coefficient.
The construction of this solution underlines in particular that the coupling is not an eigenvalue problem
although it is possible to prove that, when the internal enthalpy is known, the scalar neutron flux is also
solution of an eigenvalue problem. Nevertheless, since this coupling is non-linear, the internal enthalpy
cannot be known independently of the scalar neutron flux. Even though one recovers the classical set-up
of neutronic equations (where the flux is an eigenvector and 1

keff
is the smallest eigenvalue), it is only a

a posteriori result for the coupling problem

6.8.3 Numerical illustation [P2]

We apply the three steps resolution of proposition 6.8.1 to solve equations (6.8.3)–(6.8.4) with data
(Σia)

N
i=1, (νΣif )

N
i=1, (Di)Ni=1 that are known for a given list of temperatures (Ti)Ni=1, and we use the linear

approximation h = Cp T , Cp being the thermal capacity. We assume that he = Cp Te and hs = Cp Ts
are given. We perform the following steps that we summarize here.

First, we consider the polynomial (νΣf (h))−1 of degree N − 1 which value is (νΣif )
−1, at each point

(h1, . . . , hN ), with hi = Cp Ti. We express all quantities using the normalized variable

X(h) = −1 + 2
U(h)− U(he)

U(hs)− U(he)
, with U(h) =

∫ h

0

(νΣf (h
′))−1dh′.

Second, we built polynomials X̃ (h) and Ỹ(h) which are approximations of X (h) and Y(h) with P 3

finite elements. We then obtain an approximation of problem (6.8.9). With an ad hoc transformation,
we need to solve the following problem to obtain keff

Fm(keff)(π/2) =

√
C0(keff )

2
L,

where Fm(ϑ) =:

∫ ϑ

0

(1−m sin2 τ)−1/2dτ is the Jacobi elliptic function, and C0 depends on the coefficients

of polynomials X̃ and Ỹ. We solve this equation numerically. We find successively keff , h(z) and ϕ(z).

We consider the following example: L = 4.06m, N = 3, Te = 559K, Ts = 633K. Using the values
of the fission cross section (νΣif )

3
i=1, we obtain the dimensionless values of Xi := X(Ti) from which one

deduces
X (h(X)) = (1−X2)(aX X + bX Y )Y(h(X)) = (1−X2)(aY X + bY Y )
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with (aX , bX) = (−3.38× 10−3, 9.91× 10−2), (aY , bY ) = (−4.68× 10−3, 1.02× 10−1). We also compute
the interpolation polynomials (in cm−1, cm, cm)

D(X) = 2.49× 10−1 (1 + 1.656.10−2X + 1.06.10−2X2),

νΣf (X) = 5.15× 10−2 (1− 1.04.10−1X − 3.17.10−2X2),

Σa(X) = 4.98× 10−2 (1− 6.91.10−2X − 1.48.10−2X2).

We obtain: keff = 1.014. In Figure 6.5(a), we represent the neutron flux obtained with constant
coefficients in red (a sinus), and the neutron flux solution of the coupling in blue. In Figure 6.5(b), we
represent the corresponding temperature. We note that the neutron flux decreases (more neutrons are
captured ) as the temperature increases, which is known as the thermal Doppler broadening.

Our numerical procedure allows to obtain through a realistic approximate solution with real nuclear
data. An alternative algorithm, based on Cranck-Nicholson scheme for the equation h′ = ϕ is proposed
in [140].

(a) Neutron flux (red: uncoupled,
blue: coupled)

(b) Temperature (in K)

Figure 6.5: Neutron flux and temperature against z (in cm).
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Chapter 7

Fluid mechanics

The work presented in this Chapter relates to articles [A9, A5, W1], proceedings [P3, P4] and PhD thesis
[210], which references are recalled below:

[A13] Description and convergence order analysis of the Finite Element-Volume spatial discretization
method, M. A. Puscas, P.-E. Angeli, N. Nouaime, E. Jamelot,
International Journal for Numerical Methods in Fluids, 2025..

[A5] Explicit T-coercivity for the Stokes problem: a coercive finite element discretization,
P. Ciarlet Jr, E. Jamelot, Computers & Mathematics with Applications, 188, pp. 137–159, 2025.

[A9] Stability estimates for solving Stokes problem with nonconforming finite elements,
E. Jamelot, Comptes Rendus. Mathématiques, 363, pp. 115-137, 2025.

[W1] Convergence analysis of the P1
nc × (P 0 + P 1) discretization in the TrioCFD code,

P.-E. Angeli, H. Bertrand, E. Jamelot, submitted to Computers & Mathematics With Applications.

[P4] Improved Crouzeix-Raviart scheme for the Stokes and Navier-Stokes problem,
É. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
New trends in complex flows, 2022, Sept. 19-21, Institut Henri Poincaré, Paris.

[P3] Improved Crouzeix-Raviart scheme for the Stokes problem,
É. Chénier, E. Jamelot, C. Le Potier, A. Peitavy,
Finite Volumes for Complex Applications 10, 2023, Oct. 30-Nov. 3, Strasbourg.

[210] Schémas de discrétisation en pression et éléments finis de Crouzeix-Raviart pour les écoulements
de fluides incompressibles, A. Peitavy, PhD thesis, Université Gustave Eiffel, 2024.

This Chapter is organized as follows. In Section 7.1, we recall Navier-Stokes equations and Stokes
problem. In Section 7.2, we prove that Stokes problem is well posed using basic T-coercivity. Then, in
Section 7.3, we introduce discretization notations and useful properties. In Section 7.4, we study the
stability and convergence of Stokes problem discretized with nonconforming finite elements [121, Section
5], say Pk

nc×P k−1
disc for k ∈ N⋆, using discrete T-coercivity. To do so, we need to exhibit a Fortin operator,

that is given for k = 1 d = 2 or 3 in §7.4.1, and for k = 2, d = 2 in §7.4.2. We give estimates of the
stability constants in both cases. In Section 7.4.3, we illustrate the importance of using a divergence-free
velocity on some numerical experiments.

In the TrioCFD code [145, 175, 153], the discrete pressure space is built with P1-Lagrange plus P0

basis functions. This leads to the P1
nc × (P 0 + P 1) mixed finite element method. This method shows

interesting numerical results. However, only an incomplete proof of the stability is available in [175, 153].
In Section 7.5, we gather the evidence and to write it as clearly as possible, we derive error estimates and
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we prove some super-convergence results obtained in 2D [P7, W1]. We also provide numerical results to
illustrate its efficiency [A13, W1]. A description of the time discretization scheme of the TrioCFD code
is given in Appendix B.1.1.

In Section 7.7, using the T-coercivity, we propose to solve Stokes problem with the P1×P0 scheme on
a stabilized discrete scheme [A5]. We prove convergence and give numerical results showing the interest
of the method.

7.1 Context

The TrioCFD code is a computational fluid mechanics (CFD) simulation software developed at the
CEA. It is a C++ open source and massively parallel code. It is dedicated to the numerical simulation of
turbulent flows for scientific and industrial applications, particularly in the nuclear field [9]. A summary
of the numerical scheme and convergence properties is given in Appendix B. To meet the expectations
of code users, it is important to understand the discretisation method used in the TrioCFD code, and
also to investigate on how to improve it.

The incompressible Navier-Stokes equations are among the most widely used models for describing
the motions of a Newtonian liquid or gaseous fluid, with applications in meteorology, aeronautics, the
automotive industry and energy production systems. In the case of an isothermal, incompressible fluid1,
these equations can be written in the following dimensionless form:

Find (u, p) such that
∂tu− ν∆u+ (u · ∇)u+∇p = f , ∀(t, x) ∈ (0, T ]× Ω, (i)

divu = 0, ∀(t, x) ∈ (0, T ]× Ω, (ii)
u(x, 0) = u0, ∀x ∈ Ω. (iii)

(7.1.1)

The domain of study (0, T ) × Ω is such that T > 0 and Ω be domain of Rd, simply connected with a
Lipschitz boundary and time independent. We must also define boundary conditions for velocity and
boundary conditions or uniqueness condition for pressure. The unknown u(x, t) = dx

dt represents the
fluid velocity field and the unknown p(x, t) ∈ R represents the fluid pressure field divided by the fluid
density. The constant parameter ν represents the kinematic viscosity. The data f(x, t) ∈ Rd represents
a source term of body force, divided by the fluid density. Equation (7.1.1)-(i) is called the momentum
equation. It corresponds to Newton law, applied to a fluid. Equation (7.1.1)-(ii) corresponds to the
conservation of mass equation for incompressible fluids. The term −ν∆u is called the viscous diffusion
term and the nonlinear term (u ·∇)u is called the convection term. It comes from the acceleration term,
which is written as du

dt = ∂tu+u · (∇u). By calculation, we can see that u · (∇u) = (u · ∇)u. We refer
to [161] and [64] for more details on the study of Navier-Stokes equations.

When the convection term is negligible compared to the viscous diffusion term (ν >> 1), Navier-
Stokes equations can be simplified. In the steady-state case, we obtain the following system, called Stokes
problem:

Find (u, p) such that − ν∆u+∇p = f , divu = 0, (7.1.2)

endowed with boundary conditions.

The Stokes problem (7.1.2), describes the flow of a stationary incompressible Newtonian fluid. Notice
that from the point of view of numerical analysis, the study of this problem represents an essential step
in constructing a good discretization of the Navier-Stokes equations.

In TrioCFD code, the spatial discretization of the Navier-Stokes equations is based on the so-called
Crouzeix-Raviart finite element method [121, Example 4] for which we use the nonconforming linear
finite element P1

nc to discretize the fluid velocity and the P 0 finite element to discretize its pressure.
In their seminal paper [121], Crouzeix and Raviart actually exhibited four finite elements, and among

1i.e. the fluid density is assumed to be constant
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them, two were conforming. Hence, we will write P1
nc × P 0 scheme instead of Crouzeix-Raviart finite

elements. This scheme presents nice feature to solve Stokes problem: it is stable (unlike the P1 × P 0

scheme), the velocity mass matrix is diagonal in 2D, and can be lumped in 3D. The discrete velocity is
divergence free element by element. Moreover, the stencil of the stiffness matrix is equal to 5 in 2D and 6

in 3D, and there is no cross-point, which makes parallel computations easier.Nevertheless, this scheme is
often inaccurate when solving Navier-Stokes equations [145, 180]. There exists different cures, such that
building a divergence free subspace of the discrete velocity space [174], projecting the test functions on
some H(div)-conforming space [194], or adding P 1-Lagrange degrees of freedom for the pressure, as it is
done in the TrioCFD code. Another direction consists in writing Stokes problem with three unknowns:
the velocity, the pressure, and the vorticity ω := curl u [141, 142, 223, 224].

In this Chapter, we explore different directions. In Section 7.4, we use order 2 nonconforming finite
elements [A9]. In Section 7.5, we study TrioCFD discretization. In Section 7.6, we consider a finite
volume scheme to discretize the pressure [P3, P4]. In Section 7.7, we use stabilized P1 × P 0 finite
elements as post-treatment [A5].

Let us first prove the well-posedness of the Stokes problem in the light of the T-coercivity theory.
We consider here that Ω ⊂ R3, the domain of study, is a Lipschitz polyhedron. We refer to [43] for the
study of Stokes problem coupled with Darcy equations in a porous media with cracks.

7.2 Basic T-coercivity for the Stokes problem

For convenience, we consider the generalized Stokes problem (i.e. we may have divu ̸= 0):

Find (u, p) such that − ν∆u+∇ p = f , divu = g. (7.2.1)

with Dirichlet boundary conditions for the velocity u and a normalization condition for the pressure p:
p ∈ L2

zmv(Ω). If the Dirichlet boundary conditions are homogeneous, we write (7.2.1)H , and (7.2.1)NH
else. The natural function space for the velocity is H1(Ω) and if homogeneous boundary conditions are
prescribed, it is H1

0(Ω), while for the pressure the natural function space is L2
zmv(Ω). The data is (f , g).

The vector field f ∈ H−1(Ω) represents a body forces divided by the fluid density. The scalar field
g ∈ L2

zvm(Ω) is some abstract data that will be useful for the analysis of the case of nonhomogeneous
Dirichlet boundary conditions. The variational formulation of Problem (7.2.1)H reads:

Find (u, p) ∈ H1
0(Ω)× L2

zmv(Ω) such that
ν(u,v)H1

0(Ω) − (p,divv)L2(Ω) = ⟨f ,v⟩H1
0(Ω) ∀v ∈ H1

0(Ω) ;

(q,divu)L2(Ω) = (g, q)L2(Ω) ∀q ∈ L2
zmv(Ω).

(7.2.2)

Recall V := {v ∈ H1
0(Ω) | divv = 0}, as defined in Section 4.3. We recall the following regularity result,

in the case where g = 0, i.e. u ∈ V:

Proposition 7.2.1 ([184], [121, Equation (3.34)]). Suppose that Ω is convex. Then, the mapping
(v, q) 7→ −ν∆v+∇ q is an isomorphism of (V∩H2(Ω))× (L2

zmv(Ω)∩H1(Ω)) onto L2(Ω), and it holds:

ν|v|H2(Ω) + |p|H1(Ω) ≤ ∥f∥L2(Ω) where f := −ν∆v +∇ q.

Problem (7.2.2) is a saddle point-problem. Using classical theory, one proves that Problem (7.2.2) is
well-posed with the help of Poincaré-Steklov Theorem 4.2.2 and Proposition 4.3.1. Check for instance
the proof of [161, Theorem I.5.1]. Let us set X = H1

0(Ω) × L2
zmv(Ω) which is a Hilbert space which we

endow with the following norm:

∥(v, q)∥X ,ν =
(
∥v∥2H1

0(Ω) + ν−2 ∥q∥2L2(Ω)

)1/2
. (7.2.3)
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This norm is chosen to account for physical phenomena due to small viscosity. Typically, if the result
of a physics experiment is (u, p), the ratio of the two components of the norm ∥(u, p)∥X ,ν , respectively
equal to ∥u∥H1

0(Ω) and ν−1∥p∥L2(Ω), varies linearly with ν.

We define the following bilinear symmetric and continuous form:{
a : X × X → R

(u′, p′)× (v, q) 7→ ν(u′,v)H1
0(Ω) − (p′,divv)L2(Ω) − (q,divu′)L2(Ω)

.

We also define the linear and continuous form:{
ℓ : X → R
(v, q) 7→ ⟨f ,v⟩H1

0(Ω) − (g, q)L2(Ω)
.

We can write Problem (7.2.1)H in an equivalent way as follows:

Find (u, p) ∈ X s.t. a ((u, p), (v, q)) = ℓ( (v, q) ) ∀(v, q) ∈ X . (7.2.4)

Let us prove that Problem (7.2.4) is well-posed using basic T-coercivity [26, 60].

Proposition 7.2.2. The bilinear form a(·, ·) is T -coercive.

Proof. We follow here the proof given in [60, 26]. Let us consider (u′, p′) ∈ X and let us build (v⋆, q⋆) = T (u′, p′) ∈ X
satisfying (4.6.2) (with V = W = X ). We need three main steps.

1. According to Proposition 4.3.1, there exists ṽp′ ∈ V⊥ such that:

div ṽp′ = p
′ in Ω and ∥ṽp′∥H1

0(Ω)
≤ Cdiv ∥p′∥L2(Ω). (7.2.5)

Let us set (v⋆, q⋆) := (λu′ − ν−1ṽp′ ,−λp′), with λ > 0 to be fixed. We obtain:

a
(
(u

′
, p

′
), (v

⋆
, q
⋆
)
)
= ν λ∥u′∥2

H1
0(Ω)

+ ν
−1 ∥p′∥2

L2(Ω)
− (u

′
, ṽp′ )H1

0(Ω)
. (7.2.6)

2. In order to bound the last term of (7.2.6), we use the Young inequality and then inequality (7.2.5), and it follows that

∀η > 0, (u
′
, ṽp′ )H1

0(Ω)
≤ η

2
∥u′∥2

H1
0(Ω)

+
η−1

2
(Cdiv)

2 ∥p′∥2
L2(Ω)

. (7.2.7)

3. Using the bound (7.2.7) in (7.2.6): a
(
(u

′
, p

′
), (v

⋆
, q
⋆
)
)
≥
(
ν λ− η

2

)
∥u′∥2

H1
0(Ω)

+

(
ν
−1 − η−1

2
(Cdiv)

2

)
∥p′∥2

L2(Ω)
. We

look for η > 0 such that 2νλ > η and η > ν
2 (Cdiv)

2, which amounts to requiring λ > 1
4 (Cdiv)

2.

According to the above, provided that λ > 1
4 (Cdiv)

2, we have proved that the operator Tλ ∈ L(X ) defined by Tλ
(
(u′, p′)

)
=

(λu′ − ν−1ṽp′ ,−λp′) is such that: ∃αλ > 0, ∀(u′, p′) ∈ X , a
(
(u′, p′), Tλ

(
(u′, p′)

))
≥ αλ ∥(u′, p′)∥2

X ,ν .
The injectivity of the operator Tλ follows. Given (v⋆, q⋆) ∈ X , choosing (u′, p′) = ((λ−1v⋆ − ν−1λ−2ṽq⋆ ,−λ−1q⋆) yields
Tλ((u

′, p′)) = (v⋆, q⋆). Hence, the operator Tλ ∈ L(X ) is bijective. ⋄

Remark 7.2.1. In the above proof, we established that the bijective operator Tλ ((u
′, p′)) = (λu′ −

ν−1ṽp′ ,−λp′) leads to T-coercivity as soon as λ > 1
4 (Cdiv)

2. Observe that one can have even more
flexibility in the choice of T by choosing a different factor in front of ṽp′ , and then choosing λ accordingly.

We can now prove the following result for the generalized Stokes problem:

Theorem 7.2.1 ([A5, Theorem 2]). Problem (7.2.4) is well-posed, so it admits one and only one
solution for any (f , g) ∈ H−1(Ω) × L2

zmv(Ω). Writing u = u0 + u⊥ with u0 ∈ V and u⊥ ∈ V⊥, the
solution is such that:

∀f ∈ H−1(Ω), ∀g ∈ L2
zmv(Ω)


∥u⊥∥H1

0(Ω) ≤ Cdiv∥g∥L2(Ω),

∥u0∥H1
0(Ω) ≤ ν−1 ∥f∥H−1(Ω),

∥p∥L2(Ω) ≤ Cdiv ∥f∥H−1(Ω) + ν C2
div ∥g∥L2(Ω).

(7.2.8)
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Proof. According to Proposition 7.2.2, the continuous bilinear form a(·, ·) is T -coercive. Hence, according to Theorem 4.6.1,
Problem (7.2.4) is well-posed. Let us now derive (7.2.8). Consider (u, p) the unique solution of Problem (7.2.4), where u = u0+u⊥
with u0 ∈ V and u⊥ ∈ V⊥. Choosing v = 0, we obtain that divu⊥ = g, so that ∥u⊥∥

H1
0(Ω)

≤ Cdiv∥g∥L2(Ω). Now, choosing

v = u0 and using orthogonality, we have: ν ∥u0∥2

H1
0(Ω)

= ⟨f ,u0⟩H−1(Ω),H1
0(Ω)

≤ ∥f∥H−1(Ω) ∥u0∥H1
0(Ω)

, so that: ∥u0∥H1
0(Ω)

≤
ν−1 ∥f∥H−1(Ω). Next, we choose, in (7.2.4), q = 0 and v = −ṽp ∈ V⊥, where div ṽp = p and ∥ṽp∥H1

0(Ω)
≤ Cdiv ∥p∥L2(Ω) (see

Proposition 4.3.1). Since u0 ∈ V, it holds that (u0, ṽp)H1
0(Ω)

= 0. This gives:

∥p∥2
L2(Ω)

= (p, div ṽp)L2(Ω) = −⟨f , ṽp⟩H1
0(Ω)

+ ν⟨∆u⊥, ṽp⟩H1
0(Ω)

,

≤
(
∥f∥H−1(Ω) + ν∥u⊥∥

H1
0(Ω)

)
∥ṽp∥H1

0(Ω)
≤ Cdiv

(
∥f∥H−1(Ω) + ν Cdiv ∥g∥L2(Ω)

)
∥p∥L2(Ω),

so that: ∥p∥L2(Ω) ≤ Cdiv ∥f∥H−1(Ω) + ν C2
div ∥g∥L2(Ω). ⋄

The discretization of Stokes problem poses a well-known difficulty: it is indeed difficult to reproduce

the orthogonal splitting H1
0(Ω) = V

⊥
⊕ V⊥ at a discrete level. Before proposing different discretizations

taking into account this difficulty, we introduce some useful notations.

7.3 Discretization notations

We use the notations given in Section 4.7. Consider (Th)h a triangulation sequence of Ω, cf. Section 4.7.
For all f ∈ IF , Mf denotes the barycentre of Ff , and nf its unit normal (outward oriented if Ff ∈ ∂Ω).
We set Sf = |Ff |nf , and we call hf the diameter of Ff . For all ℓ ∈ IK , for all f ∈ IF,ℓ, we call nf,ℓ
the normal vector of Ff outgoing of Kℓ. We call K̂ the reference simplex. For all ℓ ∈ IK , we denote by
Tℓ : K̂ → Kℓ the geometric mapping such that ∀x̂ ∈ K̂, x|Kℓ = Tℓ(x̂) = Bℓx̂ + O⃗Si, where Bℓ ∈ Rd×d

and i ∈ IS,ℓ so that O⃗Si ∈ Rd. Let us set Jℓ = det(Bℓ). Recall that we have [147, Lemma 11.1]:

|Jℓ| = |Kℓ| |K̂|−1, ∥Bℓ∥ = hℓ (ρK̂)−1, ∥Bℓ−1∥ = hK̂ (ρℓ)
−1. (7.3.1)

For all v ∈ L2(Ω), we set:

vℓ = v|Kℓ , vℓ =

∫
Kℓ

v / |Kℓ|, v̂ℓ = v ◦ Tℓ. (7.3.2)

By changing the variable, we get:
∥vℓ∥2L2(Kℓ)

= |Jℓ| ∥v̂ℓ∥2L2(K̂)
. (7.3.3)

By changing the variable, we have:

∀ℓ ∈ IK , ∀vℓ ∈ H1(Kℓ), ∇ vℓ = (Bℓ−1)T ∇x̂ v̂ℓ and ∇x̂ v̂ℓ = (Bℓ)T ∇ vℓ. (7.3.4)

Hence, for all ℓ ∈ IK , ∀vℓ ∈ H1(Kℓ), it stands:

∥∇ vℓ∥2L2(Kℓ)
≤ ∥Bℓ−1∥2 |Jℓ| ∥∇x̂ v̂ℓ∥2L2(K̂)

, (7.3.5)

∥∇x̂ v̂ℓ∥2L2(K̂)
≤ ∥Bℓ∥2 |Jℓ|−1 ∥∇ vℓ∥2L2(Kℓ)

. (7.3.6)

Let us recall the Poincaré-Steklov inequality in cells [147, Lemma 12.11]:

∀ℓ ∈ IK ,∀vℓ ∈ H1(Kℓ), ∥vℓ − vℓ∥L2(Kℓ) ≤ π−1hℓ∥∇ vℓ∥L2(Kℓ). (7.3.7)

For all ℓ ∈ IK and f ∈ IF,ℓ, we denote by Tf,ℓ the geometric mapping such that ∀x ∈ Ff , Tf,ℓ(T−1
ℓ (x)) =

x. We let F̂f,ℓ = Tf,ℓ(Ff ) and |Jf,ℓ| = |Ff | |F̂f,ℓ|−1. For all v ∈ PH1, for all ℓ ∈ IK and f ∈ IF,ℓ, we set:

vf,ℓ = vℓ|Ff , vf,ℓ =

∫
Ff

vf,ℓ / |Ff |, v̂f,ℓ = v ◦ Tf,ℓ (7.3.8)
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By changing the variable, we get:

∥vf,ℓ∥2L2(Ff )
= |Ff | |F̂f,ℓ|−1 ∥v̂f,ℓ∥2L2(F̂f,ℓ)

. (7.3.9)

Let us set nF̂f,ℓ the unit normal vector of the face F̂f,ℓ outgoing from K̂. We have :

nf,ℓ = |Jℓ| |Jf,ℓ|−1 (Bℓ−1)T nF̂f,ℓ . (7.3.10)

We will need [121, Inequality (3.17)]:

∀ℓ ∈ IK , ∀f ∈ IF,ℓ |Jf,ℓ| |Jℓ|−1 ≤ ∥B−1
ℓ ∥ ≲ (ρℓ)

−1. (7.3.11)

Let k > 0 and Ck,d = ((k + 1)(k + d)/d)
1
2 . The following inequality holds [243, Theorem 5]:

∀ℓ ∈ IK , ∀vℓ ∈ P k(Kℓ), ∥vℓ∥L2(∂Kℓ) ≤ Ck,d
(
|∂Kℓ| |Kℓ|−1

) 1
2 ∥vℓ∥L2(Kℓ). (7.3.12)

Using successively (7.3.12) and (7.3.11), we obtain:

∀ℓ ∈ IK , ∀vℓ ∈ P 1(Kℓ),∀f ∈ IF,ℓ, ∥vℓ − vℓ∥L2(Ff ) ≲ (ρℓ)
− 1

2 ∥vℓ − vℓ∥L2(Kℓ). (7.3.13)

Proposition 7.3.1. The following inverse inequality holds:

∀ℓ ∈ IK , ∀vℓ ∈ P 1(Kℓ), ∥∇ vℓ∥L2(Kℓ) ≲ (ρℓ)
−1∥vℓ − vℓ∥L2(Kℓ). (7.3.14)

Proof. Let vℓ ∈ P 1(Kℓ). Since vℓ is a constant and ∇ v is a constant vector, it holds:

∥∇ vℓ∥2
L2(Kℓ)

= ∥∇(vℓ − vℓ)∥
2
L2(Kℓ)

= |Kℓ| | ∇(vℓ − vℓ)|
2
= |Kℓ|−1

∣∣∣∣∣
∫
Kℓ

∇(vℓ − vℓ)

∣∣∣∣∣
2

.

We deduce that:

∥∇ vℓ∥2
L2(Kℓ)

= |Kℓ|−1

∣∣∣∣∣
∫
∂Kℓ

(vℓ − vℓ)n|∂Kℓ

∣∣∣∣∣
2

using an integration by parts,

≤ |Kℓ|−1

(∫
∂Kℓ

|vℓ − vℓ|
)2

since
∣∣∣n|∂Kℓ

∣∣∣ ≤ 1.

≤ |Kℓ|−1 |∂Kℓ| ∥vℓ − vℓ∥2
L2(∂Kℓ)

using Cauchy-Schwarz,

≲ (ρℓ)
−2∥vℓ − vℓ∥2

L2(Kℓ)
using (7.3.11) and (7.3.13).

⋄

We need the following estimates inspired by [147, Lemma 12.15]:

Proposition 7.3.2. For all ℓ ∈ IK , for all v ∈ H1(Kℓ), for all f ∈ IF,ℓ, it holds:

∥v − vℓ∥L2(Ff ) ≲ (σℓ hℓ)
1
2 |v|H1(Kℓ), (7.3.15)

∥v − vf∥L2(Ff ) ≲ (σℓ hℓ)
1
2 |v|H1(Kℓ). (7.3.16)

Proof. Let πf0 ∈ L(L2(Ff ),R) be the operator such that for all v ∈ L2(Ff ), π
f
0 (v) = vf . It holds: ∥πf0 ∥L(L2(Ff ),R) ≤ 1.

Notice that v−vf = (Id−πf0 )(v−vℓ), hence ∥v−vf∥2
L2(Ff )

≤ 2∥vℓ−vℓ∥2
L2(Ff )

: inequality (7.3.16) is a consequence of (7.3.15).

Changing the variable, using the trace theorem in the reference element, and changing the variable again, we obtain that:

∥vℓ − vℓ∥
2
L2(Ff )

≲ |Ff | |Kℓ|−1
(∥vℓ − vℓ∥

2
L2(Kℓ)

+ (hℓ)
2 ∥∇ vℓ∥2

L2(Kℓ)
).

We conclude using the discrete Poincaré-Steklov inequality (7.3.7) and (7.3.11). ⋄

We recall a classical approximation estimate: changing the variable, using Bramble-Hilbert/Deny-
Lions Lemma [147, Lemma 11.9] in the reference element, changing the variable again, we have that for
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k ≥ 0, for all m ∈ {0, . . . , k + 1}, ℓ ∈ IK , for all v ∈ Hk+1(Kℓ):

inf
vh∈Pk(Kℓ)

|v − vh|Hm(Kℓ) ≲
hk+1

ρm
|v|Hk+1(Kℓ). (7.3.17)

Recall that π0 in defined in Section 4.7. By summation over ℓ ∈ IK , we deduce from (7.3.7) that:

∀v ∈ PhH1, ∥v − π0(v)∥L2(Ω) ≤ π−1h∥∇h v∥L2(Ω). (7.3.18)

7.4 Nonconforming finite elements [A9]

For all ℓ ∈ IK , for all i ∈ IS,ℓ, λi,ℓ denotes the barycentric coordinate related to the vertex Si in Kℓ. We
can endow P1(Th) with the basis (ϕi)i∈IS such that:

∀ℓ ∈ IK , ϕi|Kℓ =
{
λi,ℓ if i ∈ IS,ℓ
0 otherwise

, so that P1(Th) = vect ((ϕi)i∈IS ) .

The nonconforming finite element method was introduced by Crouzeix and Raviart in [121] to solve
Stokes problem (7.2.1). We approximate the vector space H1(Ω) component by component by piecewise
polynomials of order k > 0.

Let us consider Xh (resp. X0,h), the space of nonconforming approximation of H1(Ω) (resp. H1
0 (Ω))

of order k:

Xh =

{
vh ∈ P kdisc(Th) ; ∀f ∈ IiF , ∀qh ∈ P k−1(Ff ),

∫
Ff

[vh]Ff qh = 0

}
;

X0,h =

{
vh ∈ Xh ; ∀f ∈ IbF , ∀qh ∈ P k−1(Ff ),

∫
Ff

vh qh = 0

}
.

(7.4.1)

The condition on the jumps of vh on the inner facets is often called the patch-test condition. Due
to the patch test, one can prove the following results, which are useful for the numerical analysis of
nonconforming finite elements. In the spirit of [130, §1.3], we let X⋆

0,h = X0,h +H1
0 (Ω). It holds:

Proposition 7.4.1. Let (v, q) ∈ X⋆
0,h ×H1(Ω). We have:∣∣∣∣∣∣

∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ , q)L2(Ff )

∣∣∣∣∣∣ ≲ σ h ∥v∥h ∥∇ q∥L2(Ω). (7.4.2)

Let (v, q) ∈ X⋆
0,h × P1(Th). We have:∣∣∣∣∣∣

∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ , q)L2(Ff )

∣∣∣∣∣∣ ≲ σ ∥v∥h ∥q − π0(q)∥L2(Ω). (7.4.3)

Proof. We are inspired by the proof of [42, Lemma 3.1]. Let (v, q) ∈ X0,h ×H1(Ω). It holds:

∑
ℓ∈IK

∑
f∈IF,ℓ

(vf , q)L2(Ff ) =
∑
f∈Ii

F

∫
L2(Ff )

[vf q]f = 0 and
∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ − vf , qℓ
)L2(Ff ) = 0.

By summation and using Cauchy-Schwarz, we deduce that:

∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ, q)L2(Ff ) =
∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ − vf , q − q
ℓ
)L2(Ff ) ≤

∑
ℓ∈IK

∑
f∈IF,ℓ

∥vℓ − vf∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ).
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Using (7.3.15) and (7.3.16), we have: ∥vℓ − vf∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ) ≤ σℓ hℓ ∥∇ vh∥L2(Kℓ)

∥∇ q∥L2(Kℓ)
. For q ∈ P1(Th),

using (7.3.13), we get: ∥vℓ − vf∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ) ≤ σℓ ∥∇ vh∥L2(Kℓ)

∥q − π0(q)∥L2(Kℓ)
. We conclude using the discrete

Cauchy-Schwarz inequality. ⋄

The space X0,h is not a subspace of H1
0 (Ω), but we can prove a discrete Poincaré-Steklov inequality,

following the proof of [226, Theorem D.1]. The proof of [148, Lemma 36.6] is similar, but the vector s

defined in Corollary 4.3.1 is constructed in [148, Lemma 36.6] as the gradient of a scalar function, so
that it gives a lower estimate when Ω is non-convex. Alternative proofs are given in [68, 242].

Proposition 7.4.2. The following discrete Poincaré–Steklov inequality holds:

∀vh ∈ X0,h, ∥vh∥L2(Ω) ≲ σ CΩ hΩ ∥vh∥h. (7.4.4)

Proof. Let vh ∈ X0,h. According to Corollary 4.3.1, it exists s ∈ H1(Ω) such that:

div s = vh and ∥s∥L2(Ω) + hΩ∥∇ s∥L2(Ω) ≤ CΩ hΩ∥vh∥L2(Ω) (7.4.5)

We have, by integration by parts:

∥vh∥2
L2(Ω)

= (vh, div s)L2(Ω) = −
∑
ℓ∈IK

(∇ vh, s)L2(Kℓ)
+
∑
ℓ∈IK

∑
f∈IF,ℓ

(vh, s · nf,ℓ)L2(Ff ). (7.4.6)

The first term can be bounded as follows: (∇ vh, s)L2(Kℓ)
≤ ∥∇ vh∥L2(Kℓ)

∥s∥L2(Kℓ)
. Using (7.4.2), we have:

∑
ℓ∈IK

∑
f∈IF,ℓ

(vh, s · nf,ℓ)L2(Ff ) ≤
∑
ℓ∈IK

∑
f∈IF,ℓ

σℓ hℓ ∥∇ vh∥L2(Kℓ)
∥∇ s∥L2(Kℓ)

.

Combining these two last results, (7.4.6) now reads: ∥vh∥2
L2(Ω)

≲
∑
ℓ∈IK

∥∇ vh∥L2(Kℓ)

(
∥s∥L2(Kℓ)

+ σℓ hℓ ∥∇ s∥L2(Kℓ)

)
.

We obtain (7.4.4) using the discrete Cauchy-Schwarz inequality and (7.4.5). ⋄

As a consequence of Proposition 7.4.2, we have the

Proposition 7.4.3. The broken norm vh → ∥vh∥h is a norm over X0,h.

Let Jh : X0,h → Y0,h, with Y0,h = H1
0(Ω) ∩ Pkdisc(Th) be the averaging operator defined in [147,

§22.4.1]. There exists a constant CncJh ≈ σ independent of h such that:

∀vh ∈ X0,h, ∥Jhvh∥H1
0 (Ω) ≲ CncJh ∥vh∥h. (7.4.7)

The space of nonconforming approximation of H1(Ω) (resp. H1
0(Ω)) of order k is Xh = (Xh)

d (resp.
X0,h = (X0,h)

d). We set Xh := X0,h × Qh where Qh = P k−1
disc (Th) ∩ L2

zmv(Ω). which is a Hilbert space

which we endow with the following norm: ∥(vh, qh)∥Xh,ν =
(
∥vh∥2h + ν−2 ∥qh∥2L2(Ω)

) 1
2

. We consider the
discrete continuous bilinear form ah(·, ·) such that:{

ah : Xh ×Xh → R
(u′
h, p

′
h)× (vh, qh) 7→ ν(u′

h,vh)h − (divh vh, p
′
h)L2(Ω) − (divh u

′
h, qh)L2(Ω)

.

Let us set V0,h the discrete space of discrete divergence-free velocities:

V0,h :=
{
vh ∈ X0,h | ∀qh ∈ Qh, (divh vh, qh)L2(Ω) = 0

}
. (7.4.8)

We recall that [79, Lemma 3.1]:

Proposition 7.4.4. For all vh ∈ V0,h, for all ℓ ∈ IK , divvh|Kℓ = 0.
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Let ℓf ∈ L(Xh,R) be such that for all (vh, qh) ∈ Xh:

If f ∈ L2(Ω) : ℓf ( (vh, qh) ) = (f ,vh)L2(Ω).

If f ∈ H−1(Ω) : ℓf ( (vh, qh) ) = ⟨f ,Jh(vh)⟩H1
0(Ω).

(7.4.9)

The nonconforming discretization of Problem (7.2.4) reads:{
Find (uh, ph) ∈ Xh such that
ah ((uh, ph), (vh, qh)) = ℓf ( (vh, qh) ) ∀(vh, qh) ∈ Xh.

(7.4.10)

To prove that Problem (7.4.10) is well-posed, we use the T-coercivity theory, with the help of a Fortin
operator. This operator will be explained latter, using the discrete basis functions. The discrete stability
constant depends on this operator (hence polynomial order k).

Proposition 7.4.5 (Discrete T-coercivity). Suppose that there exists a Fortin operator Πnc ∈
L(H1(Ω),Xh) such that

∃Cnc | ∀v ∈ H1(Ω) ∥Πncv∥h ≤ Cnc∥∇v∥L2(Ω), (7.4.11)

∀v ∈ H1(Ω) (divhΠncv, qh)L2(Ω) = (divv, qh)L2(Ω), ∀q ∈ Qh, (7.4.12)

where the constant Cnc does not depend on h. Then, the bilinear form ah(·, ·) is T -coercive.

Remark 7.4.1. We will exhibit Cnc, obtaining Cnc = 1 for k = 1, d = 2, 3 in §7.4.1, and Cnc = σ2 + 1

for k = 2, d = 2 in §7.4.2 .

Proof. We will follow the proof of Proposition 7.2.2. Let us consider (u′
h, p

′
h) ∈ Xh and let us build (v⋆h, q

⋆
h) = Th(u

′
h, p

′
h) ∈

Xh satisfying (4.6.2) (with V = W = Xh). We need three main steps.

1. According to Proposition 4.3.1, there exists ṽp′
h

∈ V⊥ such that: div ṽp′
h

= p′h and ∥ṽp′
h
∥
H1

0(Ω)
≤ Cdiv ∥p′h∥L2(Ω).

Consider vh,p′
h

= Πncvp′
h
, for all qh ∈ Qh, we have: (divh vh,p′

h
, qh)L2(Ω) = ν

−1
(p

′
h, qh)L2(Ω) and

∥vh,p′
h
∥h ≤ ν

−1
C
nc
div ∥p′h∥L2(Ω) where Cncdiv = Cdiv Cnc. (7.4.13)

Let us set (v⋆h, q
⋆
h) := (λncu

′
h − ν−1ṽh,p′ ,−λncp′h), with λnc > 0 to be fixed. We obtain:

ah
(
(u

′
h, p

′
h), (v

⋆
h, q

⋆
h)
)
= ν λnc∥u′

h∥
2
h + ν

−1 ∥p′h∥
2
L2(Ω)

− (u
′
h, ṽh,p′

h
)h. (7.4.14)

2. In order to bound the last term of (7.4.14), we use the Young inequality and then inequality (7.4.13), and it follows that
for all ηnc > 0:

(u
′
h, ṽh,p′ )h ≤ ηnc

2
∥u′
h∥

2
h +

η−1
nc

2
(C

nc
div)

2 ∥p′h∥
2
L2(Ω)

. (7.4.15)

3. Using the bound (7.4.15) in (7.4.14): ah
(
(u

′
h, p

′
h), (v

⋆
h, q

⋆
h)
)
≥
(
ν λnc − ηnc

2

)
∥u′
h∥

2
h +

(
ν
−1 − η−1

nc

2
(C

nc
div)

2

)
∥p′h∥

2
L2(Ω)

.

We look for ηnc > 0 such that 2νλnc > ηnc and ηnc > ν
2 (Cncdiv)

2, which amounts to requiring λnc > 1
4 (Cncdiv)

2.

According to the above, provided that λnc > 1
4 (Cncdiv)

2, we have proved that the operator Th ∈ L(Xh) defined by Th
(
(u′
h, p

′
h)
)
=

(λncu
′
h − ν−1ṽh,p′

h
,−λncp′h) is such that: ∃αλnc > 0, ∀(u′

h, p
′
h) ∈ Xh, ah

(
(u

′
h, p

′
h), Th

(
(u

′
h, p

′
h)
))

≥ αλnc ∥(u′
h, p

′
h)∥

2
Xh,ν

.

The injectivity of the operator Th,λnc follows. Given (v⋆h, q
⋆
h) ∈ Xh, choosing (u′

h, p
′
h) = ((λ−1

nc v
⋆
h−ν−1λ−2

nc ṽh,q⋆h
,−λ−1

nc q
⋆
h) yields

Th((u
′
h, p

′
h)) = (v⋆h, q

⋆
h). Hence, the operator Th ∈ L(Xh) is bijective. ⋄

We can now prove the discrete counterpart of Theorem 7.2.1.

Theorem 7.4.1 (Discrete well-posedness). Suppose that there exists a Fortin operator Πnc satifying
(7.4.11)-(7.4.12). Then the bilinear form ah(·, ·) is T -coercive. Problem (7.4.10) is well-posed. It admits
one and only one solution such that:

if f ∈ L2(Ω) : ∥uh∥h ≲ ν−1 Cnc0 ∥f∥L2(Ω) , ∥ph∥L2(Ω) ≲ 2Cnc0 Cncdiv ∥f∥L2(Ω)

if f ∈ H−1(Ω) : ∥uh∥h ≲ ν−1 CncJh ∥f∥H−1(Ω), ∥ph∥L2(Ω) ≲ 2CncJh C
nc
div ∥f∥H−1(Ω)

, (7.4.16)
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where Cnc0 = σ CΩ hΩ.

Proof. Consider (uh, ph) the unique solution of Problem (7.4.10). Choosing vh = 0, we obtain that divh uh = 0. Let
f ∈ L2(Ω). Now, choosing vh = uh in (7.4.10), using Cauchy-Schwarz inequality, we get that: ∥uh∥h ≤ ν−1 σ CΩ hΩ ∥f∥L2(Ω)

using inequality (7.4.4). Consider (vh, qh) = (vh,ph , 0) in (7.4.10), where vh,ph = Πncvph is built as vh,p′
h

in point 1, setting

p′h = ph. Suppose that f ∈ L2(Ω). Notice that ν−1 ∥ph∥2
L2(Ω)

= ν (uh,vh,ph )h − (f ,vh,ph )L2(Ω). Using Cauchy-Schwarz

inequality, we have: ν−1 ∥ph∥2
L2(Ω)

≤ ν ∥uh∥h ∥vh,ph∥h + ∥f∥L2(Ω) ∥vh,ph∥L2(Ω). Using Poincaré-Steklov inequality (7.4.4),
Fortin stability (7.4.11), and the previous estimate on ∥uh∥h, we have:

∥ph∥2
L2(Ω)

≲ 2σ CΩ hΩ ∥f∥L2(Ω) ∥vh,ph∥h ≲ 2σ CΩ hΩ C
nc
div ∥f∥L2(Ω) ∥ph∥L2(Ω).

Let f ∈ H−1(Ω). We apply the same reasoning, using inequalities (7.4.7) and (7.4.4). ⋄

As a corollary of Theorem 7.4.1, we have the following a priori errors estimates:

Theorem 7.4.2 ([121, Theorem 3, Theorem 4, Theorem 6] and [152, Equation (47)]). Under
the assumption of Theorem 7.4.1, suppose that (u, p) ∈ (H1+k(Ω) ∩H1

0(Ω)) × (Hk(Ω) ∩ L2
zmv(Ω)), we

have the estimates:

∥u− uh∥h ≲ σl hk
(
|u|Hk+1(Ω) + ν−1 |p|Hk(Ω)

)
, (7.4.17)

ν−1 ∥p− ph∥L2(Ω) ≲ σl hk
(
|u|Hk+1(Ω) + ν−1 |p|Hk(Ω)

)
. (7.4.18)

Suppose moreover that the domain Ω is convex. Then we have:

∥u− uh∥L2(Ω) ≲ σ2 l hk+1
(
|u|Hk+1(Ω) + ν−1 |p|Hk(Ω)

)
, (7.4.19)

The hidden constants depend on k but they don’t depend on mesh. The parameter σ is the shape regularity
parameter and the exponent l > 0 depends on k. When k = 1, d = 2, 3, we have: l = 1 and when k = 2,
d = 2, we have: l = 2.

Remark 7.4.2. When Ω is nonconvex, if the solution to Problem (7.2.1) is such that (u, p) ∈ H2(Ω)×
H1(Ω), one can prove that ∥u − uh∥L2(Ω) ≲ σ2 h1+s ∥(u, p)∥ν for all s ∈] 12 , sΩ[, where sΩ ∈] 12 , 1[, cf.
[124, 1.A].

The main issue with nonconforming mixed finite elements is the construction of the basis functions.
In a recent paper, Sauter explains such a construction in two dimensions [227, Theorem 1.3], and gives
a bound to the discrete counterpart βT (Ω) of β(Ω) defined in (4.3.3):

βT (Ω) = inf
qh∈Qh\{0}

sup
vh∈X0,h\{0}

(divh vh, qh)L2(Ω)

∥qh∥L2(Ω) ∥vh∥h
≥ cT (log(k + 1))−α, (7.4.20)

where the parameter α is explicit and depends on k and on the mesh topology; and the constant cT
depends only on the shape-regularity of the mesh.

We will now look at different nonconforming discretizations, and provide some numerical results.
Hence, we define below our errors estimators.

Definition 7.4.1. Let Ih,nc be the interpolation operator from C0(Ω) to Xh. Let Ih,dg be the projection
operator from C0(Ω) to Pkdisc(Th), k ≥ 0. Let δhu = Ih,ncu−uh and δhp = Ih,dgp−ph, where (u, p) solves
(7.2.1) and (uh, ph) ∈ Xh ×Pkdisc(Th) is a discrete approximation of (u, p). In our numerical results, we
will give the velocity error εν0(uh) in L2(Ω)-norm and the pressure error εν0(ph) in L2(Ω)-norm:

εν0(uh) = ∥δhu∥L2(Ω)/∥(u, p)∥X ,ν , εν0(ph) = ν−1 ∥δhp∥L2(Ω)/∥(u, p)∥X ,ν . (7.4.21)

We also define the velocity error εν1(uh) in Xh-norm

εν1(uh) = ∥δhu∥h/∥(u, p)∥X ,ν . (7.4.22)
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7.4.1 The P1
nc × P 0 finite element

We study the linear nonconforming Crouzeix-Raviart mixed finite elements [121, Example 4], usually
simply called Crouzeix-Raviart finite elements even though Crouzeix and Raviart analysed four types of
mixed finite elements in their seminal paper [121]. Let us consider Xcr = (Xcr)

d (resp. X0,cr = (X0,cr)
d),

the space of linear nonconforming approximation of H1(Ω) (resp. H1
0(Ω)) where:

Xcr =

{
vh ∈ P 1

disc(Th) ; ∀f ∈ IiF ,
∫
Ff

[vh]Ff = 0

}
;

X0,cr =

{
vh ∈ Xcr ; ∀f ∈ IbF ,

∫
Ff

vh = 0

}
.

(7.4.23)

For all ℓ ∈ IK , for all f ∈ IF,ℓ, λf,ℓ denotes the barycentric coordinate related to the vertex Sf,ℓ opposite
to face Ff in Kℓ. We endow Xcr with the basis (ψf )f∈IF such that:

∀ℓ ∈ IK , ψf |Kℓ =
{

1− dλf,ℓ if f ∈ IF,ℓ
0 otherwise

, so that Xcr = vect ((ψf )f∈IF ) .

Note that:
∫
Ff′

ψf = |Ff |δf,f ′ , [ψf ]f = 0 if f ∈ IiF and X0,cr = vect
(
(ψf )f∈IiF

)
.

For all ℓ ∈ IK , we define πℓcr : H1(Kℓ)→ P 1(Kℓ) such that:

∀ℓ ∈ IK , ∀v ∈ H1(Kℓ), πℓcrv =
∑
f∈IF,ℓ

vfψf |Kℓ . (7.4.24)

Notice that for all ℓ ∈ IK , for all v ∈ P 1(Kℓ), πℓcrv = v. We recall the following result.

Proposition 7.4.6 ([13, Lemma 2]). The norm of the operator πℓcr is independent of Kℓ:

∀ℓ ∈ IK , ∀v ∈ H1(Kℓ), ∥∇πℓcrv∥L2(Kℓ) ≤ ∥∇ v∥L2(Kℓ). (7.4.25)

Hence: ∥πℓcr∥L(H1(Kℓ),P 1(Kℓ)) ≤ 1.

Proof. Using integration by parts, it holds: |Kℓ| ∇πℓcrv =
∫
Kℓ

∇πℓcrv =
∫
∂Kℓ

πℓcrvn|∂Kℓ =
∫
∂Kℓ

vn|∂Kℓ =
∫
Kℓ

∇ v. ⋄

In order to prove convergence estimates, we need the following result.

Proposition 7.4.7. The following estimates hold, for all ℓ ∈ IK , for all s ∈ [0, 1], for all v ∈ H1+s(Kℓ):

∥v − πℓcrv∥L2(Kℓ) ≤ 2 (hℓ)
1+s |v|H1+s(Kℓ), (7.4.26)

∥∇(v − πℓcrv)∥L2(Kℓ) ≤ 2σℓ (hℓ)
s |v|H1+s(Kℓ), (7.4.27)

∥v − πℓcrv∥L2(∂Kℓ) ≤ 2 (σℓ hℓ)
1
2 (hℓ)

s |v|H1+s(Kℓ). (7.4.28)

Proof. Since for all vh ∈ P 1(Kℓ), v − πℓcrv = (Id− πℓcr)(v − vh), we have:

∥v − π
ℓ
crv∥H1(Kℓ)

≤ ∥Id− π
ℓ
cr∥L(H1(Kℓ),P

1(Kℓ))
inf

vh∈P1(Kℓ)
∥v − vh∥H1(Kℓ)

≤ 2 inf
vh∈P1(Kℓ)

∥v − vh∥H1(Kℓ)
.

Using estimate (7.3.17), we deduce that, for m = 0, 1:

∥v − π
ℓ
crv∥L2(Kℓ)

≤ 2 (hℓ)
1+m |v|H1+m(Kℓ)

and ∥∇(v − π
ℓ
crv)∥L2(Kℓ)

≤ 2σℓ(hℓ)
m |v|H1+m(Kℓ)

.

We obtain (7.4.26) and (7.4.27), using interpolation property [237, Lemma 22.2] We estimate ∥v − πℓcrv∥L2(∂Kℓ)
with the same

tools, changing the variable, using the trace theorem in the reference element, and changing the variable again. ⋄
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Let πcr : H1(Ω)→ Xcr (resp. Πcr : H
1(Ω)→ Xcr) be the Crouzeix-Raviart interpolation operator:

∀v ∈ H1(Ω), πcrv =
∑
f∈IF

vf ψf , (7.4.29)

∀v ∈ H1(Ω), Πcr(v) = (πcr(vi))
d
i=1. (7.4.30)

The space of the discrete velocities of the Crouzeix-Raviart finite element is X0,cr. The space of the
discrete pressure is Q0,h, such that:

Q0,h := P0
disc(Th) ∩ L2

zmv(Ω) (7.4.31)

Let V0,cr be the subspace of X0,cr functions which divergence is discretely vanishing:

V0,cr :=
{
vh ∈ X0,cr | ∀q0,h ∈ Q0,h, (divh vh, q0,h)L2(Ω) = 0

}
. (7.4.32)

The discrete velocities in V0,cr are piecewise divergence free, cf. Proposition 7.4.4. We have the tools to
establish the following result.

Proposition 7.4.8. Let s ∈ [0, 1]. The Crouzeix-Raviart interpolation operator Πcr can play the role of
a Fortin operator for the P1

nc × P 0 finite element:

∀v ∈ H1(Ω) (divhΠcrv, qh)L2(Ω) = (divv, qh)L2(Ω), ∀qh ∈ P0
disc(Th). (7.4.33)

∀v ∈ Hs+1(Ω) ∥v −Πcrv∥h ≤ 2σhs|v|Hs+1(Ω). (7.4.34)

Moreover, we have the following estimates:

∀v ∈ H1(Ω), ∥Πcr(v)∥h ≤ ∥∇v∥L2(Ω). (7.4.35)

∀v ∈ H1+s(Ω),∀ℓ ∈ IK , ∥v −Πcrv∥L2(∂Kℓ) ≤ 2 (σℓ hℓ)
1
2 (hℓ)

s |v|H1+s(Kℓ). (7.4.36)

Proof. Notice that for all v ∈ H1(Ω), πcrv|Kℓ = πℓcrv. Then, we deduce (7.4.35) from (7.4.25), (7.4.34) from (7.4.27)
and (7.4.36) from (7.4.28). By definition of Πcr and using an integration by parts, we obtain that for all ℓ ∈ IK : (div(Πcrv −
v), qh)L2(Kℓ)

=
∑
f∈If,ℓ

−qh|Kℓ
∫
Ff

(Πcrv − v) · nf = 0. We deduce (7.4.33) by summation. ⋄

We will need the following Lemma in §7.5.1. The construction of vq0,h is explained in the proof of
Proposition 7.4.5, letting vq0,h = vh,p′h and Cnc = 1.

Lemma 7.4.1. For all q0,h ∈ Q0,h, it exists vq0,h ∈ X0,cr such that:

−(divh vq0,h , q0,h)L2(Ω) = ν−1 ∥q0,h∥2L2(Ω), (7.4.37)

∥vq0,h∥h ≤ ν−1 Cdiv ∥q0,h∥L2(Ω). (7.4.38)

Using estimates (7.4.35) and (7.4.4), we apply the proof of Theorem 7.4.1 to state the

Theorem 7.4.3. Let Xh = Xcr. Then the continuous bilinear form ah(·, ·) is T -coercive and Problem
(7.4.10) is well-posed.

Here Cncmin = min( (Cdiv)
2, 1) = 1 and Cncmax = Cmax: the stability constant of the nonconforming

Crouzeix-Raviart mixed finite elements is independent of the mesh. This is not the case for higher order
(see [81, Theorem 2.2]).

For higher order, we cannot built the interpolation operator component by component, since higher-
order divergence moments must be preserved. Thus, for k > 1, we must build Πnc so that for all

v ∈ H1(Ω), for all ℓ ∈ IK , for all q ∈ P k−1(Kℓ):
∫
Kℓ

q divΠncv =

∫
Kℓ

q divv. We recall that by
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integration by parts, we have:∫
Kℓ

q divΠncv +

∫
Kℓ

∇ q ·Πncv =

∫
∂Kℓ

qΠncv · n|∂Kℓ . (7.4.39)

Hence, to obtain a local estimate of ∥∇Πncv∥L2(Kℓ), we will need the following lemma (proven using an
integration by parts and Cauchy-Schwarz):

Lemma 7.4.2. Let v ∈ H1(Kℓ) and q ∈ P k−1(Kℓ) ∩ L2
zmv(Kℓ). We have:∣∣∣∣∫

∂Kℓ

q (v − vℓ) · n|∂Kℓ

∣∣∣∣ ≲ hℓ ∥∇ q∥L2(Kℓ) ∥∇v∥L2(Kℓ) (7.4.40)

Proof. We have by integration by parts, and then using Cauchy-Schwarz inequality:

∣∣∣∣∣
∫
∂Kℓ

q (v − vℓ) · n|∂Kℓ

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
Kℓ

q div(v − vℓ)

∣∣∣∣∣+
∣∣∣∣∣
∫
Kℓ

∇ q · (v − vℓ)

∣∣∣∣∣ ,
≤

√
d ∥q∥L2(Kℓ)

∥∇(v − vℓ)∥L2(Kℓ)
+ ∥∇ q∥L2(Kℓ)

∥(v − vℓ)∥L2(Kℓ)
,

≤ (
√
d+ 1)π

−1
hℓ ∥∇ q∥L2(Kℓ)

∥∇v∥L2(Kℓ)
, using (7.3.7) twice.

⋄

In the next Section, we will see that for k = 2, d = 2, we will need Lemma 7.4.2. For k ≥ 3, it could
be necessary to bound the tangential components of v − vℓ. To do so, we would need to preserve curl
integrals on Kℓ. Indeed, by integration by parts, we have:

For d = 2, v ∈ H1(Ω), q ∈ P k−1(Kℓ) :

∫
Kℓ

q (curl q · v − curlv q) =

∫
∂Kℓ

q v × n|∂Kℓ .

For d = 3, v ∈ H1(Ω), w ∈ Pk−1(Kℓ) :

∫
Kℓ

(w · curl v − curlw · v)

=

∫
∂Kℓ

(n|∂Kℓ × v × n|∂Kℓ) · (w × n|∂Kℓ).

7.4.2 The P2
nc × P 1

disc finite element

We consider here the case k = 2, d = 2 and we study the so-called Fortin-Soulie mixed finite elements
[152]. We consider a shape-regular triangulation sequence (Th)h.

Let us consider Xfs (resp. X0,fs), the space of nonconforming approximation of H1(Ω) (resp. H1
0 (Ω))

of order 2:

Xfs =

{
vh ∈ P 2

disc(Th) ; ∀f ∈ IiF , ∀qh ∈ P 1(Ff ),

∫
Ff

[vh]Ff qh = 0

}
;

X0,fs =

{
vh ∈ Xfs ; ∀f ∈ IbF , ∀qh ∈ P 1(Ff ),

∫
Ff

vh qh = 0

}
.

(7.4.41)

The space of nonconforming approximation of H1(Ω) (resp. H1
0(Ω)) of order 2 is Xfs = (Xfs)

2 (resp.
X0,fs = (X0,fs)

2). We set Xfs = X0,fs ×Qfs where Qfs := P 1
disc(Th) ∩ L2

zmv(Ω).
The building of a basis for X0,fs is more involved than for X0,cr since we cannot use two points per
facet as degrees of freedom. Indeed, for all ℓ ∈ Kℓ, it exists a polynomial of order 2 vanishing on the
Gauss-Legendre points of the facets of the boundary ∂Kℓ. Let f ∈ IF . The barycentric coordinates of
the two Gauss-Legendre points (p+,f , p−,f ) on Ff are such that:

p+,f = (c+, c−), p−,f = (c−, c+), where c± = (1± 1/
√
3)/2.
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These points can be used to integrate exactly order three polynomials:

∀g ∈ P 3(Ff ),

∫
Ff

g =
|Ff |
2

(g(p+,f ) + g(p−,f )) .

For all ℓ ∈ IK , we define the quadratic function ϕKℓ that vanishes on the six Gauss-Legendre points of
the facets of Kℓ (see Figure 7.1):

ϕKℓ := 2− 3
∑
i∈IS,ℓ

λ2i,ℓ such that ∀f ∈ IF,ℓ, ∀q ∈ P 1(Ff ),

∫
Ff

ϕKℓ q = 0. (7.4.42)

p1 p2

p3

p4

p5

p6

Figure 7.1: The six Gauss-Legendre points of an element Kℓ and the elliptic function ϕKℓ .

We consider the set of the elliptic functions ϕKℓ :

Φh := {ϕh ∈ L2(Ω); ∀ℓ ∈ IK , ϕh|Kℓ = vKℓϕKℓ , vKℓ ∈ R}. (7.4.43)

We also define the spaces of P 2-Lagrange functions:

XLG :=
{
vh ∈ H1(Ω); ∀ℓ ∈ IK , vh|Kℓ ∈ P 2(Kℓ)

}
, X0,LG :=

{
vh ∈ XLG; vh|∂Ω = 0

}
.

The proposition below, cf. [152, Proposition 1], allows to build a basis for X0,fs:

Proposition 7.4.9. We have the following decomposition: Xfs = XLG +Φh with dim(XLG ∩ Φh) = 1.
Any function of Xfs can be written as the sum of a function of XLG and a function of Φh. This
representation can be made unique by specifying one degree of freedom.

Notice that Φh ∩ XLG = vect(vΦ), where for all ℓ ∈ IK , vΦ|Kℓ = ϕKℓ . Then, counting the degrees
of freedom, one can show that dim(Xfs) = dim(XLG) + dim(Φh) + 1. For problems involving Dirichlet
boundary conditions we can prove thus that for X0,fs the representation is unique and X0,fs = X0,LG⊕
Φh. We have XLG = vect

(
(ϕSi)i∈IS , (ϕFf )f∈IF

)
where the basis functions are such that:

∀i, j ∈ IS , ∀f, f ′ ∈ IF : ϕSi(Sj) = δi,j , ϕSi(Mf ) = 0, ϕMf
(Mf ′) = δf,f ′ , ϕMf

(Si) = 0.

For all ℓ ∈ IK , we will denote by (ϕℓ,j)
6
j=1 the local nodal basis such that:

(ϕℓ,j)
3
j=1 = (ϕSi|Kℓ)i∈IS,ℓ and (ϕℓ,j)

6
j=4 = (ϕFf |Kℓ)f∈IF,ℓ .

The spaces Xfs and X0,fs are such that:

Xfs = vect
(
(ϕSi)i∈IS , (ϕFf )f∈IF , (ϕKℓ)ℓ∈IK

)
,

X0,fs = vect
(
(ϕSi)i∈IiS , (ϕFf )f∈IiF , (ϕKℓ)ℓ∈IK

)
.

(7.4.44)

We propose here an alternative definition of the Fortin interpolation operator proposed in [152]. Let us
first recall the Scott-Zhang interpolation operator [231, 93]. For all i ∈ IS , we choose some ℓi ∈ IK,i,
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and we build the L2(Kℓi)-dual basis (ϕ̃ℓi,j)
6
j=1 of the local nodal basis such that:

∀j, j′ ∈ {1, . . . , 6},
∫
Kℓi

ϕ̃ℓi,j ϕℓi,j′ = δj,j′ .

Let us define the Fortin-Soulie interpolation operator for scalar functions by:

πfs :

 H1(Ω) → XFS

v 7→ π̃v +
∑
ℓ∈IK

vKℓϕKℓ , with π̃v =
∑
i∈IS

vSiϕSi +
∑
f∈IF

vFfϕFf . (7.4.45)

• The coefficients (vSi)i∈IS are fixed so that: ∀i ∈ IS , vSi =
∫
Kℓ,i

v ϕ̃ℓi,ji , where ji is the index such

that
∫
Kℓi

ϕ̃ℓi,ji ϕSi|Kℓi = 1.

• The coefficients
(
vFf
)
f∈IF are fixed so that: ∀f ∈ IF ,

∫
Ff
π̃v =

∫
Ff
v.

• The coefficients vKℓ are fixed so that:
∫
Kℓ
πfsv =

∫
Kℓ
v.

The definition (7.4.45) is more general than the one given in [152], which holds for v ∈ H2(Ω).

We set vSi := ( π̃v1(Si), π̃v2(Si))
T and vFf := ( π̃v1(Ff ), π̃v2(Ff ) )

T .

We can define two different Fortin-Soulie interpolation operators for vector functions. First, let

Π̃fs :


H1(Ω) → Xfs

v 7→
∑
i∈IS

vSiϕSi +
∑
f∈IF

vFfϕFf +
∑
ℓ∈IK

ṽKℓϕKℓ ,

where the coefficients (ṽKℓ)ℓ∈IK are such that:

∀ℓ ∈ IK ,
∫
Kℓ

Π̃fsv =

∫
Kℓ

v. (7.4.46)

The interpolation operator Π̃fs preserves the local averages, but it doesn’t preserve the divergence. We
then define a second interpolation operator which preserves the divergence in a weak sense:

Πfs :


H1(Ω) → Xfs

v 7→
∑
i∈IS

vSiϕSi +
∑
f∈IF

vFfϕFf +
∑
ℓ∈IK

vKℓϕKℓ .

For all ℓ ∈ IK , the vector coefficient vKℓ ∈ R2 is now fixed so that condition (7.4.12) is satisfied. We
can impose for example that the projection Πfsv satisfies:∫

Kℓ

T−1
ℓ (x) div Πfsv =

∫
Kℓ

T−1
ℓ (x) divv. (7.4.47)

Notice that due to (7.4.42), the patch-test condition is still satisfied.

Proposition 7.4.10. The Fortin-Soulie interpolation operator Πfs is such for all 0 ≤ s ≤ 1, for all
v ∈ H1+s(Ω), we have:

∀ℓ ∈ IK , ∥∇(Πfsv − v)∥L2(Kℓ) ≲ (σℓ)
2 (hℓ)

s |v|H1+s(Kℓ), (7.4.48)

∥Πfsv − v∥h ≲ σ2 hs |v|H1+s(Ω). (7.4.49)

Remark 7.4.3. Albeit we are inspired by the proof of [121, Lemma 4], we changed the transition from
Equation (4.27) to (4.29) there by using only the properties related to the normal component of the
velocity, cf. (7.4.40). In the original proof, one needs a stronger assumption on the regularity of v
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(namely, v ∈
⋂

0<s<sΩ

H1+s(Ω) with sΩ > 1
2). Finally, because we do not split the integral over the

boundaries of elements into the sum of d + 1 integrals over the facets, we obtain purely local estimates,
which appear to be new for the Fortin-Soulie element in the case of low-regularity fields v.

Proof. Let v ∈ H
1
(Ω). We have:

∥∇ (Πfsv − v)∥L2(Kℓ)
≤ ∥∇ (Πfsv − Π̃fsv)∥L2(Kℓ)

+ ∥∇ (Π̃fsv − v)∥L2(Kℓ)
.

Notice that for all ℓ ∈ IK , (Πfsv − Π̃fsv)|Kℓ = (vKℓ − ṽKℓ )ϕKℓ . Using (7.3.5), we obtain that:

∥∇ (Πfsv − Π̃fsv)∥L2(Kℓ)
≲ |vKℓ − ṽKℓ | ∥∇ ϕKℓ∥L2(Kℓ)

≲ ∥Bℓ−1∥ |Kℓ|
1
2 |vKℓ − ṽKℓ |. (7.4.50)

Let us estimate |vKℓ − ṽKℓ |. On the one hand, we have2:

∫
Kℓ

(Πfsv − Π̃fsv) =

∫
Kℓ

(Πfsv − v) from (7.4.46),

=

∫
∂Kℓ

x (Πfsv − v) · n|∂Kℓ by IBP and using (7.4.47),

=

∫
∂Kℓ

(x − x) (Πfsv − v) · n|∂Kℓ since
∫
∂Kℓ

(Πfsv − v) · n|∂Kℓ = 0,

=

∫
∂Kℓ

(x − x) (Π̃fsv − v) · n|∂Kℓ from (7.4.42).

On the other hand, it holds:
∫
Kℓ

(Πfsv − Π̃fsv) = (vKℓ − ṽKℓ )

∫
Kℓ

ϕKℓ =
|Kℓ|
4

(vKℓ − ṽKℓ ). Hence we have:

|vKℓ − ṽKℓ | ≤ 4 |Kℓ|−1

∣∣∣∣∣
∫
∂Kℓ

(x − x) (Π̃fsv − v) · n|∂Kℓ

∣∣∣∣∣ . (7.4.51)

In order to bound the right-hand-side of (7.4.51) component by component, we can use Lemma 7.4.2, with q = xd′ −
∫
Kℓ

xd′/|Kℓ|

(d′ = 1, 2), so that ∥∇ q∥L2(Kℓ)
= |Kℓ|

1
2 . We obtain:

|vKℓ − ṽKℓ | ≤ 4 d× (
√
d+ 1) |Kℓ|−

1
2 π

−1
hℓ ∥∇(Π̃fsv − v)∥L2(Kℓ)

. (7.4.52)

Combining (7.4.50) and (7.4.52), we have:

∥∇ (Πfsv − Π̃fsv)∥L2(Kℓ)
≲ ∥Bℓ−1∥hℓ ∥∇(Π̃fsv − v)∥L2(Kℓ)

≲ σℓ ∥∇(Π̃fsv − v)∥L2(Kℓ)
.

For all v ∈ P2(Kℓ) we have Π̃fs(v) = v and ˆ̃Πfsv̂ℓ = v̂ℓ. Hence, using Bramble-Hilbert/Deny-Lions Lemma [147, Lemma
11.9], we have for m = 0, 1, for all v ∈ H1+m(Ω), for all ℓ ∈ IK , ∥∇(Π̃fsv − v)∥L2(Kℓ)

≲ σℓ (hℓ)
m |v|H1+m(Kℓ)

. We deduce

that for m = 0, 1, for all v ∈ H1+m(Ω), for all ℓ ∈ IK , ∥∇(Πfsv − v)∥L2(Kℓ)
≲ (σℓ)

2 (hℓ)
m |v|H1+m(Kℓ)

and by summation

∥∇(Πfsv − v)∥L2(Ω) ≲ σ2 hm |v|H1+m(Ω). Using interpolation property [237, Lemma 22.2], we obtain (7.4.48) and (7.4.49). ⋄

Hence, using the triangular inequality, we have:

∥∇Πfsv∥L2(Kℓ) ≤ ∥∇(Πfsv − v)∥L2(Kℓ) + ∥∇v∥L2(Kℓ) ≲ ((σℓ)
2 + 1)∥v∥H1(Kℓ).

By summation over ℓ, we deduce that the coefficient Cnc in (7.4.11) is here equal σ2 + 1. We recall that
the discrete Poincaré–Steklov inequality (7.4.4) holds.

Theorem 7.4.4. Let Xh = Xfs. Then the continuous bilinear form ah(·, ·) is T -coercive and Problem
(7.4.10) is well-posed.

Proof. According to Proposition 7.4.10, the operator Πfs satisfies (7.4.11)-(7.4.12), so that we apply Theorem 7.4.1. ⋄

Notice that in the recent paper [228], the inf-sup condition of the mixed Fortin-Soulie finite element

2Let set w = Πfsv − v = (w1, w2)T and x := (x1, x2)T . By IBP, we have for d′ = 1, 2:
∫
∂Kℓ

xd′ w · n|∂Kℓ =∫
Kℓ

xd′ divw +
∫
Kℓ

w · ed′ . Due to (7.4.47),
∫
Kℓ

xd′ divw = 0, so that for d′ = 1, 2:
∫
Kℓ

wd′ =
∫
∂Kℓ

xd′ w · n|∂Kℓ .
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is proven directly on a triangle and then using the macro-element technique [234], but it seems difficult
to use this technique to build a Fortin operator, which is needed to compute error estimates.

The study can be extended to higher orders for d = 2 using the following papers: [21] for k ≥ 4, k
even, [82] for k = 3 and [81] for k ≥ 5, k odd. In [131], the authors propose a local Fortin operator for
the lowest order Taylor-Hood finite element [239] for d = 3.

7.4.3 Improving consistency

Consider Problem (7.2.1) with data f = −∇ϕ, where ϕ ∈ H1(Ω) ∩ L2
zmv(Ω). The unique solution is

then (u, p) := (0, ϕ). By integrating by parts, the source term in (7.2.2) reads:

∀v ∈ H1
0(Ω),

∫
Ω

f · v =

∫
Ω

ϕ divv. (7.4.53)

Recall that the nonconforming space Xh defined in (7.4.1) is a subset of PhH1: using a nonconforming
finite element method, the integration by parts must be done on each element of the triangulation, and
we have:

∀v ∈ PhH1,

∫
Ω

f · v = (divh v, ϕ)L2(Ω) +
∑
f∈IF

∫
Ff

[v]Ff · nf ϕ. (7.4.54)

Using Lemma 7.4.2, we have:
∑
f∈IF

∫
Ff

[v]Ff ·nf ϕ ≲ h ∥vh∥h ∥∇ϕ∥L2(Ω). Applying (7.4.54) to the right-

hand-side of (7.4.10) and choosing vh = uh, it holds: ν ∥uh∥h ≲ h∥∇ϕ∥L2(Ω) (as expected by (7.4.17)).
Hence, the term with the jumps acts as a numerical source for the discrete velocity, which numerical
influence is proportional to h/ν. Thus, we cannot obtain exactly uh = 0.

Linke proposed in [194] to project the test function vh ∈ Xh on a discrete subspace of H(div; Ω),
like Raviart-Thomas or Brezzi-Douglas-Marini finite elements (see [213, 71], or the monograph [50]). Let
Πdiv : X0,h → Pkdisc(Th) ∩H0(div; Ω) be some interpolation operator built so that for all vh ∈ X0,h, for
all ℓ ∈ IK , (divΠdivvh)|Kℓ = divvh|Kℓ . Integrating by parts, we have for all vh ∈ X0,h:∫

Ω

f ·Πdivvh =

∫
Ω

ϕ divΠdivvh =
∑
ℓ∈Kℓ

∫
Kℓ

ϕ divΠdivvh =
∑
ℓ∈Kℓ

∫
Kℓ

ϕ divvh = (divh vh, ϕ)L2(Ω).

The projection Πdiv allows to eliminate the terms of the integrals of the jumps in (7.4.54).
Let us write Problem (7.4.10) as: Find (uh, ph) ∈ Xh such that

ah ((uh, ph), (vh, qh)) = ℓf ( (Πdivvh, qh) ) ∀(vh, qh) ∈ Xh. (7.4.55)

In the case of Xh = Xcr and a projection on Brezzi-Douglas-Marini finite elements, the following error
estimate holds if (u, p) ∈ H2(Ω)×H1(Ω):

∥u− uh∥L2(Ω) ≤ C̃ h2 |u|H2(Ω), (7.4.56)

where the constant C̃ if independent of h. The proof is detailed in [66] for shape-regular meshes and [12]
for anisotropic meshes. We remark that the error doesn’t depend on the norm of the pressure nor on the
ν parameter. We will provide some numerical results to illustrate the effectiveness of this formulation,
even with a projection on the Raviart-Thomas finite elements, which, for a fixed polynomial order, are
less precise than the Brezzi-Douglas-Marini finite elements.

For k ∈ N⋆, the space of Raviart-Thomas finite elements can be defined as:

XRTk :=
{
v ∈ H(div; Ω); ∀ℓ ∈ Ik, v|Kℓ = aℓ + bℓx | (aℓ, bℓ) ∈ P k(Kℓ)

d × P kH(Kℓ)
}
.
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Let k ≤ 1. The Raviart–Thomas interpolation operator ΠRTk : H1(Ω) ∪ Xh → XRTk is defined by:
∀v ∈ H1(Ω) ∪Xh,

∀f ∈ IF ,
∫
Ff

ΠRTkv · nf q =
∫
Ff

v · nf q, ∀q ∈ P k(Ff )

for k = 1, ∀ℓ ∈ IK ,
∫
Kℓ

ΠRT1
v =

∫
Kℓ

v
. (7.4.57)

Note that the Raviart–Thomas interpolation operator preserves the constants. Let vh ∈ Xh. In order to
compute the left-hand-side of (7.4.54), we must evaluate (ΠRTkvh)|Kℓ for all ℓ ∈ IK . Calculations are
performed using the proposition below, which corresponds to [158, Lemma 3.11]:

Proposition 7.4.11. Let k ≤ 1. Let Π̂RTk : H1(K̂) → Pk(K̂) be the Raviart–Thomas interpolation
operator restricted to the reference element, so that: ∀v̂ ∈ H1(K̂),

∀F̂ ∈ ∂K̂,
∫
F̂

Π̂RTk v̂ · nF̂ q̂ =
∫
F̂

v̂ · nF̂ q̂, ∀q̂ ∈ P k(F̂ )

for k = 1,

∫
K̂

Π̂RTk v̂ =

∫
K̂

v̂
. (7.4.58)

We then have: ∀ℓ ∈ IK ,

(ΠRTkv)|Kℓ(x) = Bℓ
(
Π̂RTkBℓ−1v̂ℓ

)
◦ Tℓ−1(x) where v̂ℓ = v ◦ Tℓ(x̂). (7.4.59)

The proof is based on the equality of the F̂ and K̂-moments of functions

(ΠRTkv)|Kℓ ◦ Tℓ(x̂) and Bℓ
(
Π̂RTkBℓ−1v̂ℓ

)
(x̂).

For k = 0, setting for d′ ∈ {1, . . . , d}: ψf,d′ := ψf ed′ , we obtain that:

∀ℓ ∈ IK , ∀f ∈ IF,ℓ , (ΠRT0
ψf,d′)|Kℓ = (d |Kℓ|)−1

(
x− O⃗Sf,ℓ

)
Sf,ℓ · ed′ , (7.4.60)

where Sf,ℓ is the vertex opposite to Ff in Kℓ.

For k = 1, the vector (ΠRT1
vh)|Kℓ is described by eight unknowns:

(ΠRT1
vh)|Kℓ = Aℓ x+ (bℓ · x)x+ dℓ, where Aℓ ∈ R2×2, bℓ ∈ R2, dℓ ∈ R2.

We compute only once the inverse of the matrix of the linear system (7.4.58), in R8×8.

In the Tables 7.1, 7.2 and 7.3, we report the L2 velocity error εν0(uh) (cf. definition 7.4.1), where
uh is the solution to Problem (7.4.10) (columns Xcr and Xfs) or (7.4.55) (columns Xcr + ΠRT0 and
Xfs +ΠRT1) and h is the mesh size.

We first consider Stokes problem (7.2.1) in Ω = (0, 1)2 with u = 0, p = (x1)
3 + (x2)

3 − 0.5 so that
f = ∇ p = 3

(
(x1)

2, (x2)
2
)T . We report in Table 7.1 εν0(uh) for h = 5.00× 10−2 and different ν values.

ν Xcr Xcr +ΠRT0
Xfs Xfs +ΠRT1

1.00× 10−4 7.96× 10−4 4.59× 10−17 8.81× 10−7 1.54× 10−16

1.00× 10−5 7.96× 10−4 4.59× 10−17 8.81× 10−7 1.54× 10−16

1.00× 10−6 7.96× 10−4 4.59× 10−17 8.81× 10−7 1.54× 10−16

Table 7.1: Values of εν0(uh) for h = 5.00× 10−2

Here we have ∥(u, p)∥X = ν∥p∥L2(Ω). Hence, the L2(Ω)-norm of the discrete velocity ∥uh∥L2(Ω) is
proportional to ν−1. Using the projection, we obtain εν0(uh) = 0 close to machine precision.
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We now consider Stokes problem (7.2.1) in Ω = (0, 1)2 with:

u =

(
(1− cos(2π x1)) sin(2π x2)

(cos(2π x2)− 1) sin(2π x1)

)
, p = sin(2π x1) and f = −ν∆u+∇ p.

We report in Table 7.2 (resp. 7.3) the values of εν0(uh) in the case ν = 1.00×10−3 (resp. ν = 1.00×10−4)
for mesh sizes. We observe that when there is no projection, εν0(uh) is independent of ν, whereas using
the projection, εν0(uh) is proportional to ν.

h Xcr Xcr +ΠRT0 Xfs Xfs +ΠRT1

5.00× 10−2 1.32× 10−3 2.74× 10−5 4.73× 10−6 5.05× 10−7

2.50× 10−2 3.30× 10−4 6.93× 10−6 5.06× 10−7 6.42× 10−8

1.25× 10−2 8.25× 10−5 1.74× 10−6 6.31× 10−8 8.10× 10−9

6.25× 10−3 2.04× 10−5 4.35× 10−7 7.44× 10−9 1.03× 10−9

Rate h2.00 h1.99 h3.08 h2.97

Table 7.2: Values of εν0(uh) for ν = 1.00× 10−3

h Xcr Xcr +ΠRT0
Xfs Xfs +ΠRT1

5.00× 10−2 1.32× 10−3 2.74× 10−6 4.70× 10−6 5.05× 10−8

2.50× 10−2 3.30× 10−4 6.93× 10−7 5.10× 10−7 6.43× 10−9

1.25× 10−2 8.25× 10−5 1.74× 10−7 6.37× 10−8 8.11× 10−10

6.25× 10−3 2.04× 10−5 4.36× 10−8 7.51× 10−9 9.77× 10−11

Rate h2.00 h1.99 h3.08 h2.99

Table 7.3: Values of εν0(uh) for ν = 1.00× 10−4

Let us consider Stokes problem (7.2.1) with a low-regular velocity. Let Ω = (0, 1)2, S0 = (0.5, 0.5),
and (r, θ) be the polar coordinates centred on S0. We set:

u = rαeθ, p = r so that f := −ν∆u+∇ p = ν (1− α2) rα−2 eθ + er.

We report in Table 7.4 the values of εν0(uh) for ν = 1.00 × 10−4, and for different for mesh sizes, with
α = 1 and α = 0.49. For α = 1, u = (−y, x)T ∈ H2(Ω). For α = 0.49, u ∈

⋂
0<s<α

H1+s(Ω), hence

u /∈ H2(Ω). It seems that the Raviart-Thomas projection is less efficient in that last case.
In order to enhance the numerical results, one could also use a posteriori error estimators to adapt the

α = 1 α = 0.45
h Xfs Xfs +ΠRT1

Xfs Xfs +ΠRT1

1.00× 10−1 3.03× 10−5 2.81× 10−6 3.05× 10−5 3.94× 10−6

5.00× 10−2 4.34× 10−6 1.54× 10−6 4.57× 10−6 2.15× 10−6

2.50× 10−2 4.72× 10−7 2.41× 10−8 9.70× 10−7 8.52× 10−7

Rate h3.00 h3.43 h2.48 h1.11

Table 7.4: Values of εν0(uh), regular and low-regular velocity, ν = 1.00× 10−4.

mesh near point S0 (see [123, 135] for k = 1 and [2] for k = 2).

Alternatively, using the nonconforming Crouzeix-Raviart mixed finite element method, one can build
a divergence-free basis, as described in [174] for k = 1. When k = 1, following the initial work of [42],
one can also add P 1-Lagrange basis functions to the space of the discrete pressures as explained in
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[P7]. The consistency of the discrete velocity is then improved. Note that Scott-Vogelius finite elements
[230, 221, 149] produce velocity approximations that are divergence free.

The code used to get the numerical results can be downloaded on GitHub [G1].

7.5 P1
nc × (P 0 + P 1) finite element [P7, W1]

It is well-known that the P1
nc×P 0 is inaccurate when solving Navier-Stokes equations [145, 180]. In order

to improve the accuracy, Bernardi and Hecht propose in [42] to replace Q0,h by the space of P 1-Lagrange
pressure (denoted here by Q1,h and defined in Eq. (7.5.1) below) plus local bubble functions, defined in
each element as the product of the barycentric coordinates. However, for this discretisation, convergence
of the discrete pressure is not guaranteed, as shown in Heib’s thesis [175]. In this thesis, a new element
is introduced, for which the space of the discrete pressures is the following:

Qh = Q0,h ⊕Q1,h, where
{
Q0,h := P0

disc(Th) ∩ L2
zmv(Ω)

Q1,h := P1(Th) ∩ L2
zmv(Ω)

. (7.5.1)

The sum is direct: Let (q0, q1) ∈ Q0,h×Q1,h be a couple such that q0 + q1 = 0. Then, we have q1 = −q0
over Th. Since q1 is continuous over Th, it means that q1 = −q0 are constant. They are equal to zero
since Qk,h ⊂ L2

zmv(Ω). Let us set:

Q̃1,h =

{
q ∈ Qh | ∀ℓ ∈ IK ,

∫
Kℓ

q = 0

}
. (7.5.2)

Proposition 7.5.1. The space Q̃1,h is such that Qh = Q0,h

⊥
⊕ Q̃1,h, and we have:

∀q ∈ Qh, ∥q∥2L2(Ω) = ∥π0(q)∥2L2(Ω) + ∥q − π0(q)∥2L2(Ω). (7.5.3)

Proof. Let q ∈ Qh. We set: q = q0 + q1, where for k ∈ {0, 1}, qk ∈ Qk,h(Th). Notice that: q − π0(q) = q1 − π0(q1) + q0 −
π0(q0) = q1 − π0(q1), since q0 = π0(q0). Setting q̃ = q1 − π0(q1), we have: (π0(q), q̃)L2(Ω) =

∑
ℓ∈IK

π0(q)(Kℓ)
∫
Kℓ

q̃ = 0, so

that: ∥q∥2
L2(Ω)

= ∥π0(q) + q̃∥2
L2(Ω)

= ∥π0(q)∥2
L2(Ω)

+ ∥q̃∥2
L2(Ω)

. ⋄

7.5.1 Stability of the P1
nc × (P 0 + P 1) finite element

In order to prove the inf-sup condition of the finite element X0,cr ×Qh, we need to construct an explicit
right inverse of the divergence operator, from Qh to X0,cr, cf. Lemma 7.4.1 and from Q̃1,h to X0,cr, cf.
Lemma 7.5.1, under Hypothesis [42, Hypothesis 4.1] given below:

Hypothesis 7.5.1. We suppose that the triangulation Th is such that the boundary ∂Ω contains at most
one edge in dimension d = 2 and at most two faces in dimension d = 3, of the same element Kℓ, ℓ ∈ IK .

Let us set: XT
0,cr := {v ∈ X0,cr | ∀f ∈ IF , vf · nf = 0}. By construction, XT

0,cr ⊂ V0,cr since:

∀v ∈ XT
0,cr, ∀ℓ ∈ IK ,

∫
Kℓ

divv = −
∑
f∈IF,ℓ

∫
Ff

v · nf,ℓ =
∑
f∈IF,ℓ

|Ff |vf · nf,ℓ = 0. (7.5.4)

Lemma 7.5.1. Under Hypothesis 7.5.1, for all q1 ∈ Q1,h, there exists vq1 ∈ XT
0,cr such that:

(divvq1 , π0(q))L2(Kℓ) = 0 ∀q ∈ Qh, (7.5.5)

(∇ q1 , vq1)L2(Ω) ≳ ν−1 σ−2 (d−2) ∥q1 − π0(q1)∥2L2(Ω), (7.5.6)

∥vq1∥h ≲ ν−1 σ2 ∥q1 − π0(q1)∥L2(Ω). (7.5.7)

Proof. Let us consider q1 ∈ Q1,h. For all ℓ ∈ IK , we set q1,ℓ = q1|Kℓ and q̂1,ℓ = q1 ◦ Tℓ. Since q1 ∈ H1(Ω) we have [16,
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Proposition 2.2.10]: for all f ∈ IiF such that Ff = Kℓ ∩Kℓ′ , ∇ q1,ℓ × nf = ∇ q1,ℓ′ × nf .
We can then construct vq1 ∈ XT

0,h such that3:

∀f ∈ IiF vq1 (Mf ) = ν
−1

(hf )
2
nf × (∇ q1 × nf ). (7.5.8)

Since vq1 ∈ XT
0,h, Equation (7.5.5) holds.

Let us prove (7.5.6). Noticing that ∀ℓ ∈ IK , ∀f ∈ IF,ℓ,
∫
Kℓ

ψf =
|Kℓ|
d+ 1

, we have:

(∇ q1,vq1 )L2(Kℓ)
= (d+ 1)

−1|Kℓ|
∑

f∈Ii
F,ℓ

∇ q1,ℓ · vq1 (Mf ),

= ν−1(d+ 1)
−1|Kℓ|

∑
f∈Ii

F,ℓ

(hf )
2 ∇ q1,ℓ · nf × (∇ q1,ℓ × nf ),

= ν−1(d+ 1)
−1|Kℓ|

∑
f∈Ii

F,ℓ

(hf )
2 |∇ q1,ℓ × nf |2 .

(7.5.9)

Using Equations (7.3.4) and (7.3.10), we have: ∇ q1,ℓ × nf = |Jℓ| |Jf,ℓ|−1 (Bℓ−1)T ∇x̂ q̂1,ℓ × (Bℓ−1)T nF̂f,ℓ
. By a direct compu-

tation, we show that: (Bℓ−1)T ∇x̂ q̂1,ℓ × (Bℓ−1)T nF̂f,ℓ
= (Jℓ)

−1(Bℓ)d−2 ∇x̂ q̂1,ℓ × nF̂f,ℓ
. Hence:

| ∇ q1,ℓ × nf | = |Jf,ℓ|−1
∣∣∣ (Bℓ)d−2 ∇x̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣ . (7.5.10)

Notice that we have:

∣∣∣(Bℓ)d−2
(
∇x̂ q̂1,ℓ × nF̂f,ℓ

)∣∣∣ ≥ ∥∥∥Bℓ−1
∥∥∥−(d−2) ∣∣∣∇x̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣ ≳ (ρℓ)
d−2

∣∣∣∇x̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣ . (7.5.11)

Using Equation (7.5.11) in (7.5.10) times hf , squared, we get: (hf )
2 |∇ q1,ℓ × nf |2 ≳ (|Jf,ℓ|−1

hf )
2
(ρℓ)

2 (d−2)
∣∣∣∇x̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣2.
Notice that (|Jf,ℓ|−1 hf )

2 ≳ (hf )
−2 (d−2) ≥ (hℓ)

−2 (d−2), hence: (|Jf,ℓ|−1 hf )
2 (ρℓ)

2 (d−2) ≳
(
hℓ
ρℓ

)−2 (d−2)
≥ (σℓ)

−2 (d−2).
It follows that:

(hf )
2 |∇ q1,ℓ × nf |2 ≳ (σℓ)

−2 (d−2)
∣∣∣∇x̂ q̂1,ℓ × nF̂f

∣∣∣2 . (7.5.12)

According to Hypothesis 7.5.1, we have for all ℓ ∈ IK :

∑
f∈Ii

F,ℓ

∣∣∣∇x̂ q̂1,ℓ × nF̂f

∣∣∣2 ≳ | ∇x̂ q̂1,ℓ|2. (7.5.13)

We can now bound the left-hand term in (7.5.9) using Equations (7.5.12) and (7.5.13):

(∇ q1,vq1 )L2(Kℓ)
≳ ν

−1
(σℓ)

−2 (d−2)|Kℓ| | ∇x̂ q̂1,ℓ|2. (7.5.14)

Using inequality (7.3.7) in the reference element and the change of variable (7.3.3), we have:

|Kℓ| | ∇x̂ q̂1,ℓ|2 = |Kℓ| |K̂|−1 ∥∇x̂ q̂1,ℓ∥2
L2(K̂)

,

≳ |Kℓ| ∥q̂1,ℓ − q
1,ℓ

∥2
L2(K̂)

,

≳ ∥q1,ℓ − q
1,ℓ

∥2
L2(Kℓ)

where q
1,ℓ

= |Kℓ|−1
∫
Kℓ

q1.

(7.5.15)

Thus, using (7.5.15) in (7.5.14), and summing over ℓ ∈ IK , we obtain (7.5.6).

Let us prove (7.5.7). For all ℓ ∈ IK , ∇vq1|Kℓ =
∑

f∈Ii
F,ℓ

vq1 (Mf ) ⊗ ∇ψf|Kℓ . We deduce that:

∥∇vq1∥
2
L2(Kℓ)

≲ |Kℓ|
∑

f∈Ii
F,ℓ

|vq1 (Mf )|2 | ∇ψf|Kℓ |
2
,

≲ ν
−2 |Kℓ|

∑
f∈Ii

F,ℓ

(hf )
4 |nf × ∇ q1 × nf |2 (|Kℓ|−2 |Ff |2) since | ∇ψf|Kℓ |

2 = |Kℓ|−2 |Ff |2,

≲ ν
−2 |Kℓ| (hℓ)4 (ρℓ)

−2
∑

f∈Ii
F,ℓ

|nf × ∇ q1 × nf |2 using (7.3.11),

≲ ν
−2

(σℓ hℓ)
2 |Kℓ| | ∇ q1|2 = ν

−2
(σℓ hℓ)

2 ∥∇ q1∥2
L2(Kℓ)

using Hypothesis 7.5.1,

≲ ν
−2

(σℓ)
4 ∥q1,ℓ − q

1,ℓ
∥2
L2(Kℓ)

using (7.3.14).

⋄

3In 2D, ∇ q1 × nf is a scalar, hence we make the following abuse of notation: nf × (∇ q1 × nf ) = (∇ q1 × nf )τf where
(τf ,nf ) is an orthogonal basis.
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Let bh be the bilinear form such that:

bh :

{
Xh ×Qh 7→ R

(v, q) → − ( divh v, q0 )L2(Ω) + (v,∇ q1)L2(Ω),
(7.5.16)

with q = q0 + q1 such that (q0, q1) ∈ Q0,h × Q1,h. Under Hypothesis 7.5.1, the bilinear form bh(·, ·) is
continuous and is satisfies a discrete inf-sup condition, as established in

Theorem 7.5.1 (Stability). The following continuity property holds:

∀v ∈ X0,h, ∀q ∈ Qh, |bh(v, q)| ≲ σ ∥v∥h ∥q∥L2(Ω). (7.5.17)

Under Hypothesis 7.5.1, the following inf-sup condition applies

∀q ∈ Qh, ∃v ∈ X0,h, bh(v, q) ≳ C−2
div σ

−2 d ∥v∥h ∥q∥L2(Ω). (7.5.18)

Proof. Let us prove (7.5.17). Consider (v, q) ∈ X0,h ×Qh, where q = q0 + q1, (q0, q1) ∈ Q0,h ×Q1,h. Integrating by parts
the last term of (7.5.16), we obtain that:

bh(v, q) = −(divh v, π0(q))L2(Ω) +
∑
ℓ∈IK

∑
f∈IF,ℓ

(v · nf,ℓ q1)L2(Ff ). (7.5.19)

On the one hand, using Cauchy-Schwarz inequality, we have:

|(divh v, π0(q))L2(Ω)| ≤
√
d ∥v∥h ∥π0(q)∥L2(Ω) (7.5.20)

On the other hand, using inequality (7.4.3), it holds:

∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(v · nf,ℓ q1)L2(Ff )

∣∣∣∣∣∣ ≲ σ ∥v∥h ∥q1 − π0(q1)∥L2(Ω) = σ ∥v∥h ∥q − π0(q)∥L2(Ω). (7.5.21)

We obtain (7.5.17) summing (7.5.20) and (7.5.21), and using (7.5.3).

Let us prove (7.5.18). Consider q ̸= 0. Let vπ0(q) be built like vh,q0 in Lemma 7.4.1 with q0 = π0(q) here and vq1 be built
like in Lemma 7.5.1. We have:

−
(
divh vπ0(q), π0(q)

)
L2(Ω)

= ν
−1∥π0(q)∥2

L2(Ω)
, (7.5.22)

∥vπ0(q)∥h ≤ ν
−1

Cdiv ∥π0(q)∥L2(Ω), (7.5.23)

(divh vq1 , π0(q))L2(Ω) = 0, (7.5.24)

(∇ q1 , vq1 )L2(Ω) ≳ ν
−1

σ
−2 (d−2) ∥q − π0(q)∥2

L2(Ω)
, (7.5.25)

∥vq1∥h ≲ ν
−1

σ
2 ∥q − π0(q)∥L2(Ω). (7.5.26)

Using equality (7.5.19) with v = vπ0(q), we have, due to (7.5.22):

bh(vπ0(q), q) = ν
−1∥π0(q)∥2

L2(Ω)
+
∑
ℓ∈IK

∑
f∈IF,ℓ

(vπ0(q) · nf,ℓ q1)L2(Ff ).

Using inequality (7.5.21) with v = vπ0(q), and applying (7.5.23), it holds:

bh(vπ0(q), q) ≳ ν
−1
(
∥π0(q)∥2

L2(Ω)
− C

σ
div ∥π0(q)∥L2(Ω) ∥q − π0(q)∥L2(Ω)

)
with Cσdiv = Cdiv σ.

Using Young inequality, we have for all ε > 0:

bh(vπ0(q), q) ≥ ν
−1

(
1 − ε

2
C
σ
div

)
∥π0(q)∥2

L2(Ω)
− ν

−1 ε
−1

2
C
σ
div ∥q − π0(q)∥2

L2(Ω)
. (7.5.27)

Now, using Equations (7.5.24) and (7.5.25), we have:

bh(vq1 , q) = (∇ q1,vq1 )L2(Ω) ≳ ν
−1
σ
−2(d−2) ∥q − π0(q)∥2

L2(Ω)
. (7.5.28)

Let us set v⋆ = µvπ0(q) + vq1 , where µ > 0 is a constant. We have: bh(v⋆, q) = µ bh(vπ0(q), q) + bh(vq1 , q). Summing Equation
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(7.5.27) times µ with Equation (7.5.28), we obtain:

bh(v
⋆
, q) ≳ µ ν

−1

(
1 − ε

2
C
σ
div

)
∥π0(q)∥2

L2(Ω)
+ ν

−1

(
σ
−2 (d−2) − µ ε−1

2
C
σ
div

)
∥q − π0(q)∥2

L2(Ω)
.

We need to enforce that 1 − ε

2
C
σ
div > 0 and σ−2 (d−2) − µ ε−1

2
C
σ
div > 0, which amounts to requiring

ε < 2 (C
σ
div)

−1 and µ < 2 (C
σ
div)

−1
σ
−2(d−2)

ε.

Setting for instance ε = (Cσdiv)
−1 and µ = (Cσdiv)

−1 ε σ−2 (d−2), we obtain:

bh(v
⋆
, q) ≳

1

2

(
µ ν

−1 ∥π0(q)∥2
L2(Ω)

+ ν
−1

σ
−2 (d−2)∥q − π0(q)∥2

L2(Ω)

)
.

Since Cdiv ≥ 1 and σ ≥ 1, we have: (Cσdiv)
−2 ≤ 1 and µ = (Cσdiv)

−2 σ−2 (d−2) ≤ σ−2 (d−2). Hence:

bh(v
⋆, q) ≳

1

2
ν
−1

(Cdiv)
−2

σ
−2 (d−1)

(
∥π0(q)∥2

L2(Ω)
+ ∥q − π0(q)∥2

L2(Ω)

)
. (7.5.29)

We will now bound ∥v⋆∥h by ∥q∥L2(Ω). Using Equations (7.5.23) and (7.5.26), we obtain:

∥v⋆∥2
h ≤ 2

(
µ2 ∥vπ0(q)∥2

h + ∥vq1∥
2
h

)
,

≤ 2 ν−2
(
σ−4 (d−1) (Cdiv)

−2 ∥π0(q)∥2
L2(Ω)

+ σ4 ∥q − π0(q)∥2
L2(Ω)

)
,

≤ 2 ν−2 σ4 ∥q∥2
L2(Ω)

.

Hence: ν−1∥q∥L2(Ω) ≥ 1√
2
σ−2 ∥v⋆∥h. Using this bound in (7.5.29), we obtain (7.5.18). ⋄

Remark 7.5.1. We exhibit that the bound of the discrete inf-sup condition depends on Cdiv and σ. We
could further optimize the choice of ε and µ in the proof above to obtain a sharper bound.

Let Vcr ⊂ V0,cr be the kernel of the bilinear form bh(·, ·):

Vcr := {v ∈ X0,cr | ∀q ∈ Qh, bh(v, q) = 0}. (7.5.30)

The P1
nc× (P 0 +P 1) finite element method allows to improve accuracy compared to the P1

nc×P 0 finite
element method:

Proposition 7.5.2. Let v ∈ Vcr. Then for all q1 ∈ Q1,h:
∑
f∈IF

(q1, [v]f · nf )L2(Ff ) = 0.

Proof. Let (v, q1) ∈ Vcr × Q1,h. We have (divh v, π0(q1))L2(Ω) + (∇ q1,v)L2(Ω) = 0. Integrating by parts on all the
elements, we get that:

0 = (∇ q1,v)L2(Ω) + (divh v, π0(q1))L2(Ω) +
∑
ℓ∈IK

∑
f∈IF,ℓ

(q1,v · nf,ℓ)L2(Ff
=
∑
f∈IF

(q1, [v]f · nf )L2(Ff ).

⋄

We proved the stability of the P1
nc × (P 0 + P 1) finite element, cf. Theorem 7.5.1 and we showed

that the accuracy is improved with respect to the P1
nc×P 0 finite element method, cf. Proposition 7.5.2.

Hence, we have the tools to prove that the discretization of Problem (7.2.1) with the P1
nc × (P 0 + P 1)

finite element is well posed.

7.5.2 Well-posedness

Let us set Xh := X0,h × Qh. We endow Xh with the norm: ∥(v, q)∥Xh := (∥v∥2h + ν−2 ∥q∥2L2(Ω))
1/2, so

that it is a Hilbert space. Consider the symmetric and continuous bilinear form ah : Xh ×Xh → R such
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that for all ( (u′
h, p

′
h), (vh, qh) ) ∈ Xh ×Xh:

ah( (u
′
h, p

′
h), (vh, qh) ) = ν(u′

h,vh)h + bh(vh, p
′
h) + bh(u

′
h, qh). (7.5.31)

The discrete variational formulation of Problem (7.2.1) with the P1
nc × (P 0 + P 1) finite element reads:

Find (uh, ph) ∈ Xh such that ∀(vh, qh) ∈ Xh, ah ( (uh, ph), (vh, qh) ) = ℓf (vh), (7.5.32)

The main consequence of the inf-sup condition (7.5.18) is that Problem (7.5.32) is well posed [50]. We
have the following result.

Theorem 7.5.2 (Stability of the solution). If Hypothesis 7.5.1 holds, for any data f , Problem
(7.5.32) has a unique solution (uh, ph) ∈ Xh such that:

∥uh∥h ≲ ν−1 σ Cf , (7.5.33)

∥ph − π0(ph)∥L2(Ω) ≲ 2σ2d−1 Cf , (7.5.34)

∥π0(ph)∥L2(Ω) ≲ 2σ2d Cdiv Cf . (7.5.35)

where Cf = CΩ hΩ ∥f∥L2(Ω) if f ∈ L2(Ω), or Cf = CJh ∥f∥H−1(Ω) if f ̸∈ L2(Ω).

Proof. We write the proof for f ∈ L2(Ω). It is very similar when f ∈ H−1(Ω), using inequality (7.4.7).

Let (uh, ph) be the unique solution to Problem (7.5.32), with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h.

Let us prove (7.5.33). Choosing vh = 0 in (7.5.32), we have: uh ∈ Vcr. Choosing (vh, qh) = (uh, 0) in (7.5.32), we then
obtain: ν∥uh∥2

h = (f ,uh)L2(Ω). Using Cauchy-Schwarz inequality and the discrete Poincaré-Steklov inequality (7.4.4), we get
inequality (7.5.33).

Let us prove (7.5.34). Choosing (vh, qh) = (vp1,h , 0) in (7.5.32), where vp1,h is constructed like vq1 in Lemma 7.5.1 with
q1 = p1,h here, and reshuffling the terms, we obtain:

(∇ p1,h,vp1,h )L2(Ω) = (f ,vp1,h )L2(Ω) − ν(uh,vp1,h )h.

Using the triangular inequality and Cauchy-Schwarz, we get:

∣∣∣(vp1,h ,∇ p1,h)L2(Ω)

∣∣∣ ≤ ∥f∥L2(Ω) ∥vp1,h∥L2(Ω) + ν∥uh∥h ∥vp1,h∥h.

Now, using the discrete Poincaré-Steklov inequality (7.4.4) and inequality (7.5.33), we have:

∣∣∣(vp1,h ,∇ p1,h)L2(Ω)

∣∣∣ ≤ 2σ CΩ hΩ ∥f∥L2(Ω) ∥vp1,h∥h.

Using inequality (7.5.7), we deduce that:

∣∣∣(vp1,h ,∇ p1,h)L2(Ω)

∣∣∣ ≲ 2 ν
−1

σ
3
CΩ hΩ ∥f∥L2(Ω) ∥p1,h − π0(p1,h)∥L2(Ω).

Hence, using inequality (7.5.6), we get:

ν
−1

σ
−2(d−2) ∥p1,h − π0(p1,h)∥2

L2(Ω)
≲ 2 ν

−1
σ
3
CΩ hΩ ∥f∥L2(Ω) ∥p1,h − π0(p1,h)∥L2(Ω).

We conclude that:
∥ph − π0(ph)∥L2(Ω) = ∥p1,h − π0(p1,h)∥L2(Ω) ≲ 2σ

2 d−1
CΩ hΩ ∥f∥L2(Ω).

Let us prove (7.5.35). Consider (vh, qh) = (vπ0(ph), 0) in (7.5.32), where vπ0(ph) is built like vq0,h in Lemma 7.4.1 with
q0,h = π0(ph). Using Equation (7.5.19) with q = ph, Equation (7.4.37) and reshuffling the terms, it holds:

ν
−1∥π0(q)∥2

L2(Ω)
= (f ,vπ0(ph))L2(Ω) − ν(uh,vπ0(ph))h −

∑
ℓ∈IK

∑
f∈IF,ℓ

(vπ0(ph) · nf,ℓ, p1,h)L2(Ff ).

Using Cauchy-Schwarz and inequality (7.4.3), we have:

ν
−1∥π0(q)∥2

L2(Ω)
≤ ∥f∥L2(Ω) ∥vπ0(ph)∥L2(Ω) + ν∥uh∥h ∥vπ0(ph)∥h + σ ∥vπ0(ph)∥h ∥p1,h − π0(p1,h)∥L2(Ω).

Using the discrete Poincaré-Steklov inequality (7.4.4) and inequality (7.4.38), it holds:

∥π0(q)∥2
L2(Ω)

≤ Cdiv

(
σCΩ hΩ ∥f∥L2(Ω) + ν∥uh∥h + σ ∥p1,h − π0(p1,h)∥L2(Ω)

)
∥π0(q)∥L2(Ω).
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Using inequalities (7.5.33) and (7.5.34), we deduce (7.5.35). ⋄

In order to compute the error estimates, we need to exhibit a Fortin operator.

7.5.3 Fortin operator

In this section, we construct a Fortin operator, inspired by [42, Proposition 6.3]. Let us split XT
0,cr this

way: XT
0,cr = VT

cr⊕WT
cr, where VT

cr = Vcr ∩XT
0,cr and WT

cr is the orthogonal of VT
cr in XT

0,cr. We make
the abuse of using the same notation for bh(·, ·) and its extension to (X0,cr +H1

0(Ω))×Qh.
Proposition 7.5.3 (Fortin operator). Consider the projection operator Πh : H1

0(Ω) → X0,cr such
that: for all w ∈ H1

0(Ω), Πhw = Πcrw +wT , where wT ∈WT
cr satisfies:

∀q1 ∈ Q1,h, (wT ,∇ q1)L2(Ω) = (w −Πcrw,∇ q1)L2(Ω). (7.5.36)

Then, the projection operator Πh is such that:

∀w ∈ H1
0(Ω) bh(Πhw, qh) = bh(w, qh), ∀q ∈ Qh. (7.5.37)

∀w ∈ Hs+1(Ω) ∩H1
0(Ω) ∥w −Πhw∥h ≲ σ2d hs|w|Hs+1(Ω), s ∈ [0, 1]. (7.5.38)

Proof. Let w ∈ H1
0(Ω). Let q = (q0, q1) ∈ Q0,h ×Q1,h. It holds:

−(divh Πhw, q0)L2(Ω) = −(divh Πcrw, q0)L2(Ω) = −(divw, q0)L2(Ω).

Due to Lemma 7.5.1, wT exists and is unique. By construction, Equation (7.5.36) implies (7.5.37). Let w ∈ H1+s(Ω) ∩ H1
0(Ω).

Integrating by parts, we have, for all q1 ∈ Q1,h:

(wT ,∇ q1)L2(Ω) = −
∑
ℓ∈IK

(div(w − Πcrw), q1 − π0(q1))L2(Kℓ)
+
∑
ℓ∈IK

∑
f∈IF,ℓ

( (w − Πcrw) · nf,ℓ, q1 − π0(q1))L2(Ff ).

Hence, using (7.4.3) and the discrete Cauchy-Schwarz inequality, we deduce that:

|(wT ,∇ q1)L2(Ω)| ≲ (σ +
√
d) ∥w − Πcrw∥L2(Ω) ∥q1 − π0(q1)∥L2(Ω).

Using (7.4.34) and the discrete Cauchy-Schwarz inequality, we obtain that:

|(wT ,∇ q1)L2(Ω)| ≲ σ
2
h
s |w|H1+s(Ω) ∥q1 − π0(q1)∥L2(Kℓ)

. (7.5.39)

According to [161, Chapter I, Lemma 4.1 (iii)], thanks to Lemma 7.5.1, we have the following estimate:

∥wT ∥h ≤ σ
2(d−1)

sup
q1∈Q1,h\{0}

|(wT ,∇ q1)L2(Ω)|
∥q1 − π0(q1)∥L2(Ω)

. (7.5.40)

Using (7.5.39) in (7.5.40), we deduce that:
∥wT ∥h ≲ σ

2d
h
s |w|H1+s(Ω). (7.5.41)

We obtain (7.5.38) from (7.4.34) and (7.5.41), since ∥w − Πhw∥h ≤ ∥w − Πcrw∥h + ∥wT ∥h. ⋄

We exhibited a Fortin operator. Let us now study the convergence of the discretization of Problem
(7.2.1) with the P1

nc × (P 0 + P 1) finite element.

7.5.4 Classical error estimates

Definition 7.5.1. Let π1 be the L2-projection to Q1,h. Let q ∈ Q1,h. One can set π1(q) = π̃1(q) −
|Ω|−1

∫
Ω
π̃1(q), where π̃1 is the L2-projection to P1(Th). It holds [146, Lemma 1.131]4:

|π1(q)|H1(Ω) ≲ σ|q|H1(Ω). (7.5.42)
4cf. the proof of [248, Lemma 5.1.1], which uses Scott-Zhang interpolation [231]. We can exhibit σ from [231, Theorem

1].

129



Using the triangular inequality and (7.5.42), it holds:

|π1(q)− q|H1(Ω) ≤ |q|H1(Ω) + |π1(q)|H1(Ω) ≲ (σ + 1) |q|H1(Ω). (7.5.43)

Let q ∈ L2
zmv(Ω) ∩H1(Ω). Using inequality (7.3.18), and (7.5.43), it holds:

∥(π1(q)− q)− π0(π1(q)− q)∥L2(Ω) ≤ π−1 h (σ + 1) |q|H1(Ω). (7.5.44)

We have the tools to prove the convergence of the P1
nc × (P 0 + P 1) discretization. In what follows, we

set: ∥(u, p)∥ν = |u|H2(Ω) + ν−1 |p|H1(Ω).

Theorem 7.5.3 (Convergence of the discrete velocity). Suppose that Hypothesis 7.5.1 holds and
that the solution to Problem (7.2.1) is such that (u, p) ∈

(
V ∩H2(Ω)

)
×
(
L2
zmv(Ω) ∩H1(Ω)

)
. Let

(uh, ph) ∈ Vcr ×Q0,h be the solution to Problem (7.5.32). We have the following error estimates for the
discrete velocity:

∥u− uh∥h ≲ σ4d h ∥(u, p)∥ν , (7.5.45)

if Ω is convex ∥u− uh∥L2(Ω) ≲ σ4d h2 ∥(u, p)∥ν . (7.5.46)

Remark 7.5.2. Suppose that the solution to Problem (7.2.1) is such that (u, p) ∈ H2(Ω)×H1(Ω). When
Ω is nonconvex, one can prove that ∥u−uh∥L2(Ω) ≲ σ4d h1+s ∥(u, p)∥ν for all s ∈] 12 , sΩ[, where sΩ ∈] 12 , 1[
depends on the reentrant faces, cf. [124, 1.A].

Suppose that the solution to Problem (7.2.1) is such that (u, p) ∈ H1+s(Ω)×Hs(Ω) for all s ∈] 12 , sf [,
with sf ∈] 12 , 1[. One can prove that for all s ∈] 12 , sf [, ∥u − uh∥h ≲ σ2dhs ∥(u, p)∥ν . If Ω is convex, one
can prove that ∥u−uh∥L2(Ω) ≲ σ4d h1+s ∥(u, p)∥ν . If Ω is nonconvex, one can prove that ∥u−uh∥L2(Ω) ≲
σ4d hs+s

′ ∥(u, p)∥ν , s ∈] 12 , sf [ and s′ ∈] 12 , sΩ[.

The proof of Theorem 7.5.3 is similar to that of [121, Theorems 3 and 4], using the properties of the
Fortin operator Πh. We detail this proof in Appendix B.2. We can then prove the convergence of the
discrete pressure.

Theorem 7.5.4 (Convergence of the discrete pressure). Suppose that Hypothesis 7.5.1 holds and
that the solution to Problem (7.2.1) is such that (u, p) ∈

(
V ∩H2(Ω)

)
×
(
L2
zmv(Ω) ∩H1(Ω)

)
. Let

(uh, ph) ∈ Vcr ×Q0,h be the solution to Problem (7.5.32). We have the following error estimates for the
discrete pressure:

∥(p− ph)− π0(p− ph)∥L2(Ω) ≲ ν σ(4 d−2) h ∥(u, p)∥ν , (7.5.47)

∥π0(p− ph)∥L2(Ω) ≲ ν Cdiv σ
(4 d+1) h ∥(u, p)∥ν , (7.5.48)

Remark 7.5.3. Using Proposition 7.5.1, Equations (7.5.47) and (7.5.48) imply that

∥p− ph∥L2(Ω) ≲ ν Cdiv σ
(4 d+1) h ∥(u, p)∥ν . (7.5.49)

Let us prove Theorem 7.5.4.
Proof. Let (uh, ph) ∈ Xh be the solution to Problem (7.5.32) with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h. Integrating by
parts the right-hand side in variational formulation (7.5.32), we obtain that for all vh ∈ X0,h:

(f ,vh)L2(Ω) = −ν(∆u,vh)L2(Ω) + (∇ p,vh)L2(Ω) = ν(u,vh)h − ν
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,vh)L2(Ff ) + (∇ p,vh)L2(Ω). (7.5.50)

Developping (7.5.32) with qh = 0, noticing that the discrete velocity uh ∈ Vcr, and using (7.5.50), we deduce that:

ν(uh,vh)h−(divh vh, p0,h)L2(Ω)+(∇ p1,h,vh)L2(Ω) = ν(u,vh)h−ν
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,vh)L2(Ff )+(∇ p,vh)L2(Ω). (7.5.51)
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Reshuffling the terms in (7.5.51), we get:

−(divh vh, p0,h)L2(Ω) − (∇(p− p1,h),vh)L2(Ω) = ε(u,uh,vh), (7.5.52)

where:
ε(u,uh,vh) := ν(u − uh,vh)h − ν

∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf ,vh)L2(Ff ). (7.5.53)

We can bound ε(u,uh,vh) using (7.5.45) and applying (7.4.2) to all the components of ∇u ∈ H1(Ω) and vh, obtaining:

ε(u,uh,vh) ≲ σ
2 d
h ν ∥(u, p)∥ν ∥vh∥h. (7.5.54)

We first prove (7.5.47). Let vh ∈ V0,cr cf. (7.4.8). Equation (7.5.52) now reads:

−(∇(p− p1,h),vh)L2(Ω) = ε(u,uh,vh). (7.5.55)

Recall that π1 is the L2-orthogonal projection on Q1,h, cf. Definition 7.5.1. Let us write (7.5.55) this way:

−(∇(π1(p) − p1,h),vh)L2(Ω) = ε(u,uh,vh) + (∇(p− π1(p)),vh)L2(Ω). (7.5.56)

Notice that: (∇(p− π1(p)),vh)L2(Ω) =
∑
ℓ∈IK

∑
f∈IF,ℓ

(p− π1(p),vh · nf,ℓ)L2(Ff ).

Applying (7.4.2) to all the components of vh with q = p− π1(p), and using (7.5.43), we get:

∣∣∣(∇(p− π1(p)),vh)L2(Ω)

∣∣∣ ≲ (σ + 1)h|p|H1(Ω) ∥vh∥h. (7.5.57)

Using (7.5.54) and (7.5.57) to bound (7.5.56), we deduce that:

∣∣∣(∇(π1(p) − p1,h),vh)L2(Ω)

∣∣∣ ≲ σ
2 d
h ν ∥(u, p)∥ν ∥vh∥h. (7.5.58)

Consider vq1,h ∈ XT
0,h built like vq1 in Lemma 7.5.1 with here q1 = q1,h := π1(p) − p1,h. Using (7.5.6) and (7.5.7), it holds:

∥q1,h − π0(q1,h)∥L2(Ω) ∥vq1,h∥h ≲ σ
2 (d−1)

(∇ q1,h , vq1,h )L2(Ω).

Using now (7.5.58) with vh = vq1,h , we deduce from the above inequality that

∥q1,h − π0(q1,h)∥L2(Ω) ≤ σ
(4 d−2)

h ν ∥(u, p)∥ν . (7.5.59)

Using the triangular inequality, we have:

∥(p− ph) − π0(p− ph)∥L2(Ω) ≤ ∥q1,h − π0(q1,h)∥L2(Ω) + ∥(p− π1(p)) − π0(p− π1(p))∥L2(Ω).

Hence, using (7.5.59) and (7.5.44) with q = p, we obtain (7.5.47).

Let us prove (7.5.48). Integrating by parts the second term in (7.5.52) and moving it to the right-hand side, we get:

(divh vh, p− ph)L2(Ω) =
∑
ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff ) + ε(u,uh,vh). (7.5.60)

We write: p− p1,h = (p− π1(p)) + (π1(p) − p1,h) where π1(p) − p1,h ∈ P1(Th).
Hence, using (7.4.2) and (7.4.3), it holds, for all vh ∈ X0,h:

∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff )

∣∣∣∣∣∣ ≤ σ
(
h ∥∇(p− π1(p))∥L2(Ω) + ∥(Id− π0)(π1(p) − p1,h)∥L2(Ω)

)
∥vh∥h. (7.5.61)

According to (7.5.42), we have: ∥∇(p− π1(p))∥L2(Ω) ≤ σ ν ∥(u, p)∥ν . To bound the second term of (7.5.61), notice first that:

(Id− π0)(π1(p) − p1,h) = (Id− π0)(π1(p) − ph) = (Id− π0)(π1(p) − p) + (Id− π0)(p− ph).

Using a triangular inequality, we deduce that:

∥(Id− π0)(π1(p) − p1,h)∥L2(Ω) ≤ ∥(Id− π0)(π1(p) − p)∥L2(Ω) + ∥(Id− π0)(p− ph)∥L2(Ω)

We now use (7.5.44) and (7.5.47) to bound the first and the second term in the above equation:

∥(Id− π0)(π1(p) − p1,h)∥L2(Ω) ≲ ν σ h ∥(u, p)∥ν + ν Cdiv σ
4d ∥(u, p)∥ν .
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Finally, we have: ∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff )

∣∣∣∣∣∣ ≲ ν σ
4d+1

h ∥(u, p)∥ν ∥vh∥h. (7.5.62)

Using (7.5.62) and (7.5.54) in (7.5.60), it holds, for all vh ∈ X0,h:

∣∣∣(divh vh, p− ph)L2(Ω)

∣∣∣ ≲ ν σ
4d+1

h ∥(u, p)∥ν ∥vh∥h. (7.5.63)

Let q0,h = −π0(p− ph). Consider Equation (7.5.63) with vq0,h ∈ X0,h built like vq0,h in Lemma 7.4.1. We have:

ν
−1∥π0(p− ph)∥2

L2(Ω)
= (divh vq0,h , p− ph)L2(Ω) and ∥vq0,h∥h ≤ ν

−1
Cdiv∥π0(p− ph)∥L2(Ω).

Using this in (7.5.63), we deduce that:

ν
−1∥π0(p− ph)∥2

L2(Ω)
≲ ν σ

(4d+1)
h ∥(u, p)∥ν ∥vπ0(q)∥h ≲ σ

(4d+1)
Cdiv h ∥(u, p)∥ν ∥π0(p− ph)∥L2(Ω).

Simplifying by ν−1 ∥π0(p− ph)∥L2(Ω), we obtain (7.5.48). ⋄

Remark 7.5.4. Consider inhomogeneous boundary conditions: u|∂Ω = g ∈ H
1
2 (∂Ω) such that

∫
∂Ω

g ·
n|∂Ω = 0. One can proceed as explained in [121, Section 7]. Let us set γ∂Ω(Xh) := {vh|∂Ω such that vh ∈
Xh} and:

Gh :=

{
vh ∈ γ∂Ω(Xh) and

∫
∂Ω

vh · n|∂Ω = 0

}
, G̃h := {vh ∈ γ∂Ω(Xh) and ∀qh ∈ Qh, bh(vh, qh) = 0} .

According to [121, Lemma 9], Gh = {vh ∈ γ∂Ω(Xh) and ∀qh ∈ Q0,h, (divh vh, qh) = 0}. Hence, G̃h ⊂
Gh. Notice that we can extend the definition of our Fortin operator Πh from H1(Ω) to Xh (cf. Proposition
7.5.3). Alternatively, one can prove discrete T-coercivity of the bilinear form ah(·, ·), and use the second
Strang’s Lemma [148, §27.4.2] to compute error estimates. We won’t go into more detail here, as it’s
fairly technical.

We proved the convergence of the P1
nc× (P 0 +P 1) finite element. In the next section, we prove that

we can obtain optimal error estimates in 2D.

7.5.5 Optimal error estimates in 2D

We consider here Ω ⊂ R2. In order to exhibit some convergence properties of the P1
nc × (P 0 +P 1) finite

element method, we need the two next Lemmas:

Lemma 7.5.2. Let vh ∈ Vcr. Then for all q2,h ∈ Q2,h, (∇ q2,h,vh)L2(Ω) = 0.

Proof. Integrating by parts and using Proposition 7.5.2, we get that for all q2,h ∈ Q2,h and for all q1,h ∈ Q1,h:

∑
ℓ∈IK

(∇ q2,h,vh)L2(Kℓ)
= −

∑
f∈IF

∫
Ff

q2,h[vh]f · nf = −
∑
f∈IF

∫
Ff

(q2,h − q1,h)[vh]f · nf .

Hence, we obtain for all q2,h ∈ Q2,h and for all q1,h ∈ Q1,h:

∑
ℓ∈IK

(∇ q2,h,vh)L2(Kℓ)
= −

∑
f∈IF

∫
Ff

(q2,h − q1,h)[vh − vh,f ]f · nf

= −
∑
ℓ∈IK

∑
f∈IF,ℓ

∫
Ff

(q2,h − q1,h)(vh − vh,f ) · nf,ℓ.

Let us build q1,h ∈ Q1,h such that for all i ∈ IS , q1,h(Si) = q2,h(Si). Then, for all f ∈ IF , the polynomial (q2,h−q1,h)(vh−vh,f ),
which is of order 3, vanishes at the vertices and in the middle of Ff . Using the Simpson’s rule which is exact for order 3 polynomials,
we obtain that ∫

Ff

(q2,h − q1,h)(vh − vh,f ) · nf,ℓ = 0.

⋄
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Lemma 7.5.3. Let ϕ ∈ H3(Ω) ∩ L2
zmv(Ω) such that |ϕ|H3(Ω) ̸= 0. Then, for all vh ∈ Vcr:

(∇ϕ,vh)L2(Ω) ≲ σ h2 |ϕ|H3(Ω) ∥vh∥L2(Ω). (7.5.64)

Proof. Let I2,h be the P 2-interpolation operator on Th. Due to Lemma 7.5.2, for all v ∈ Vcr, we have: (∇ϕ,vh)L2(Ω) =

(∇(ϕ− I2,h(ϕ)),vh )L2(Ω). Using Cauchy-Schwarz inequality and [147, Theorem 11.13], we get that:

∣∣∣(∇ϕ,vh)L2(Ω)

∣∣∣ ≤ ∥∇(ϕ− I2,h(ϕ))∥L2(Ω) ∥vh∥L2(Ω) ≲ σ h
2 |ϕ|H3(Ω) ∥vh∥L2(Ω).

⋄

We can now prove the following result.

Theorem 7.5.5 (Pressure robustness). Suppose that Ω is convex. Let ϕ ∈ H3(Ω) ∩ L2
zmv(Ω) such

that |ϕ|H3(Ω) ̸= 0. Consider Problem (7.2.1) with f = ∇ϕ. Then the solution to Problem (7.2.1) is such
that: (u, p) = (0, ϕ). Let (uh, ph) be the solution to Problem (7.5.32). It is such that:

ν ∥uh∥h ≲ σ2 h3 |ϕ|H3(Ω), (7.5.65)

ν ∥uh∥L2(Ω) ≲ σ(2 d+1) h4 |ϕ|H3(Ω) (7.5.66)

∥(ϕ− ph)− π0(ϕ− ph)∥L2(Ω) ≲ σ2 d h2 |ϕ|H2(Ω), (7.5.67)

∥π0(ϕ− ph)∥L2(Ω) ≲ Cdiv σ
2 d+1 h2 |ϕ|H2(Ω). (7.5.68)

Proof. Setting vh = uh ∈ Vcr as test-function in Problem (7.5.32), using Lemma 7.5.2, integrating by parts, we have:

ν ∥uh∥2
h = (∇(ϕ− I2,h(ϕ)),uh)L2(Ω) =

∑
ℓ∈IK

∑
f∈IF,ℓ

(ϕ− I2,h(ϕ),uh · nf,ℓ)L2(Ff ).

Hence, using (7.4.2) and [147, Theorem 11.13], we obtain:

ν ∥uh∥2
h ≲ σ h ∥∇(ϕ− I2,h(ϕ))∥L2(Ω) ∥uh∥h ≲ σ

2
h
3 |ϕ|H3(Ω) ∥uh∥h.

We deduce (7.5.65). Using this estimate in the proof of (7.5.46), we obtain (7.5.66). The proofs of estimates (7.5.67)-(7.5.68)
are similar to the proofs of estimates (7.5.47)-(7.5.48), using (7.5.65)-(7.5.66) and the fact that since ϕ ∈ H3(Ω), ∥∇(ϕ −
π1(ϕ)))∥L2(Ω) ≲ σ h |ϕ|H2(Ω). ⋄

Remark 7.5.5. In the case of nonhomogeneous Dirichlet boundary conditions, we consider Problem
B.4.2 given in Appendix B.4. We can use T-coercivity to state the well-posedness of the bilinear form
ah(·, ·) defined (7.5.31). The proof of convergence relies on the second Strang’s Lemma [148, Lemma
27.15].

Numerical results illustrating the optimal convergence rates are given in §7.5.6.

7.5.6 Numerical illustration [A13, W1]

To get ph ∈ L2
zmv(Ω), we eliminate a degree of freedom in P0

disc(Th). We compute the discrete errors
values εν0(uh), εν1(uh) and εν0(ph) (cf. definition 7.4.1). Let τ0,u, τ1,u and τp be the averaged convergence
rates of εν0(uh), εν1(uh) and εν0(ph).

We first consider a 2D case illustrating Theorem 7.5.5, with the prescribed solution u = 0, f = ∇ψ
with ψ(x, y) = exp(−10(1−x+2y)). Figure 7.2 shows εν0(uh), εν1(uh) and εν0(ph) against h, for ν = 10−2,
with P 0 (left) or P 0 + P 1 (right) discrete pressures, comparing the P1

nc × P 0 [121, Example 4] and
P1
nc × (P 0 + P 1) schemes. Table 7.5 reports observed convergence rates, which are better for the

P1
nc × (P 0 + P 1) scheme.

Second, we consider stationary Navier-Stokes equations set in Ω = (0, 1)3: Find (u, p) such that
−ν∆u + u · ∇u + ∇ p = f and divu = 0 in Ω, with nonhomogeneous Dirichlet boundary conditions.
Computations are done with the TrioCFD code [11, A13] with the P1

nc × (P 0 + P 1) scheme. The
convection term is discretized using the MUSCL scheme [11, A13]. We study the prescribed solution
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u = (y − z, z − x, x − y)T , p = 1
2 (x

2 + y2 + z2) − xy − xz − yz − 1/4 so that f = 0. Figure 7.3 shows
εν0(uh) (left) and εν0(ph) (right) against h, for ν = 10−1; 10−2; 10−3. Table 7.6 reports the convergence
rates τ0,u (left), and τp (right).
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Figure 7.2: 2D case. Plots of εν0(uh), εν1(uh) and εν0(ph) for ν = 10−2.

P 0 P 0 + P 1

τ0,u 2.02 4.03
P 0 P 0 + P 1

τ1,u 1.01 3.07
P 0 P 0 + P 1

τp 1.60 2.10

Table 7.5: 2D case, averaged convergence rates on the last five meshes.
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Figure 7.3: 3D case. Plots of εν0(uh) and εν0(ph) for ν = 10−1, ν = 10−2 or ν = 10−3.

More numerical results are available in [175, 153, 11, 165]. The P1
nc × (P 0 + P 1) scheme shows good

approximation properties and should therefore be suitable for solving the Navier-Stokes equations in
the context of industrial simulation. More generally, it seems interesting to design and study discrete
pressure enrichment for higher order nonconforming Crouzeix-Raviart mixed FEM [227, 228].

Another strategy to improve the accuracy of the P1
nc × P 0 finite elements may be to modify the

discretization of the gradient of the pressure, as we will see next.
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ν 10−1 10−2 10−3

τ0,u 1.68 1.88 1.41
ν 10−1 10−2 10−3

τp 0.70 1.72 1.35

Table 7.6: 3D case, averaged convergence rates on the last three meshes.

7.6 The P1
nc × P 0

Mps scheme [P3, P4, 210]

We propose in this Section to use the symmetric MPFA scheme (where MPFA stands for multi-points flux
approximation) to discretize the pressure gradient term in (7.2.1), in the case of a simplicial triangulation.
This scheme is part of the gradient scheme formalism and the resulting diffusion operator is consistent
with the hypothesis given by [136, Theorem 12.5]. The discrete pressure space remains Q0,h. We call
this new scheme the P1

nc ×P 0
Mps scheme. Our aim is to design a scheme with only P 0 unknowns for the

pressure, and which would be more precise than the P1
nc × P 0 scheme.

7.6.1 Description of the scheme

The P1
nc × P 0

Mps scheme has been implemented in 2D on an Octave model and in 3D in the TrioCFD
code. We refer to [210, §5.2] for the 3D case. Another description of this scheme, based on the relation
between nonconforming finite elements and the symmetric MPFA scheme, is proposed in Appendix B.3.

Consider the 2D case. To design the scheme, initially proposed by Le Potier in [186, 187], we start by
splitting the triangles into three quadrangles, connecting the barycentre of the triangle to the midpoint
of each edges. Considering some qh ∈ Q0,h, we will calculate an affine approximation of Q0,h on each
quadrangle. To do so, we need to add temporary auxiliary unknowns located on the third of the edges.
Let us introduce some notations.

Let j ∈ IS . We define the macro-elementMj such thatMj :=
⋂

ℓ∈IK,j
Kℓ. Let renumber the vertices

so that: S0 = Sj , IS,0 = {1, . . . , NS,0} and for all i ∈ IS,0, SiSi+1 ∈ Fh (setting SNS,0+1 = SNS,0). For
i ∈ IS,0 we have:

• The triangle Ki = S0SiSi+1, and we call its barycentre Gi.

• The edge Fi = S0Si, of barycentre Mi.

• Fi,0 the edge opposite to S0 in Ki.

• The half-edges F̃i = S0Mi.

• The quadrangle Qi = S0MiGiMi+1.

For i, j ∈ IS,0, we denote by Si,j the normal vector outgoing of Ki in Fj and of norm |Fj |. For i ∈ IS,0,
we call Si,0 the normal vector outgoing of Ki at Fi,0. In Figure 7.4(a), we representM0 in case NS,0 = 6

and in Figure 7.4(b), we represent the triangle K1 with the vectors (S1,j)2j=0 and its barycentre G1. Let
qh ∈ Q0,h. We set qh|Kℓ := qℓ.

Suppose first that S0 ∈ Ω, as in Figure 7.5. We build a piecewise affine approximation of qh on each
quadrangle (Qi)i∈IS,0 , called q̃h. To do so, we introduce discrete pressure values (q̃i)i∈IS,0 on the thirds
of the inner edges of M0, cf. Figure 7.6(b). For all j ∈ IS,i, we define G0,i(qh) := ∇ q̃h|Qi , using an
integration by parts as it is done in [186, §3] and [188, §1.1.1]:

|Qi| G0,i =
∫
Qi

G0,i(qh) =
∫
∂Qi

q̃hn|∂Qi = q̃i
Si,i
d

+ q̃i+1
Si+1,i

d
+ qi

(
−Si,i

d
− Si+1,i

d

)
.
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Figure 7.4: Notations, NS,0 = 6 and j ∈ IiS .
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Figure 7.5: MPFA scheme, NS,0 = 6 and j ∈ IiS .
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Figure 7.6: MPFA scheme, NS,0 = 4 and j ∈ IbS .

Noticing that Qi = |Ki|/d+ 1, we have:

G0,i(qh) =
1

|Qi|

(
(q̃i − qi)

Si,i
d

+ (q̃i+1 − qi)
Si+1,i

d

)
=
d+ 1

d|Ki|
(q̃iSi,i + q̃i+1Si+1,i + qiS0,i) (7.6.1)

In order to (weakly) preserve the continuity of the normal component of the flux across the inner edges
of M0, we write:

∀i ∈ IS , G0,i · Si,i+1 + G0,i+1 · Si+1,i+1 = 0. (7.6.2)

Having NS0 equations and as many unknowns, we can evaluate the auxiliary discrete pressure values
(q̃i)i∈IS,0 with data (qi)i∈IS,0 , and then express pressure gradients (G0,i(qh))i∈IS,0 (7.6.1).
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Suppose now that S0 ∈ ∂Ω, as in Figure 7.6. We need to explicit the auxiliary discrete pressure
values located on ∂Ω (i.e. q̃1 and q̃4 in Figure 7.6(b)). Recall that ∇ p = f + ν∆u. Suppose that
f ·n|∂Ω ∈ L1(∂Ω). Noticing that ν may be very small, we impose that for all i ∈ IS,0 such that Fi ⊂ ∂Ω:∫

F̃i

Gi · n|F̃i =
∫
F̃i

f · n|F̃i . (7.6.3)

Again, the auxiliary discrete pressure values solve a well posed linear system. They can be written with
the P 0 values (qi)i∈IS,0 and we can explicitly express the gradients (G0,i(qh))i∈IS,0 .

For i ∈ IS , we let (Qi,j)j∈IS,i be the set of quadrangles built around Si, and we call Qh the mesh of
all the quadrangles Qh := ( (Qi,j)j∈IS,i )i∈IS . Let qh ∈ Q0,h and i ∈ IS . In the macro-element Mi, we
call Gi,j(qh) the local reconstructed gradient of qh. We now define the MPFA gradient reconstruction as
the operator Gh : Qh → P 0(Qh) such that for all qh ∈ Qh:

∀i ∈ IS , ∀j ∈ IS,i, Gh(qh)|Qi,j = Gi,j(qh|Mi
). (7.6.4)

Alternatively, one can enhance the space of discrete pressures, adding the auxiliary unknowns on the
boundary as degrees of freedom. The symmetric MPFA scheme applied to the diffusion operator exhibits
some properties:

Proposition 7.6.1 ([186, Proposition 2 and 3], [197, Theorem 3.2]). The consistent approxi-
mation of fluxes in the symmetric MPFA scheme is achieved using triangles and p ∈ C2(Ω). Additionally,
exact approximation of gradients for affine functions is obtained by selecting the auxiliary pressure un-
knowns at the thirds of the edges. Furthermore, the symmetric MPFA scheme exhibits properties of
consistency, coercivity, and convergence.

The discretization of (7.2.1) with g = 0 using the MPFA scheme to discretize the pressure gradient
reads: Find (uh, ph) ∈ Xh such that for all (vh, qh) ∈ Xh

ν(uh,vh)h + (vh,Gh(qh))L2(Ω) − (divh vh, qh)L2(Ω) = ℓf ( (vh, qh) ), (7.6.5)

where Xh = X0,h ×Q0,h and ℓf (·) is defined in (7.4.9).

We didn’t prove yet that problem (7.6.5) is well-posed. Nevertheless, we obtained interesting numer-
ical results.

7.6.2 Numerical results [P3]

We give some 2D numerical results which compare the P1
nc × P 0

Mps scheme to the P1
nc × P 0 and P1

nc ×
(P 0 + P 1) schemes. Computation are done with an Octave digital mockup.

Consider problem (7.2.1) set in Ω = (0, 1)2 with prescribed solution (u, p) = (0, φ). When φ is an
affine function, we obtain uh = 0 up to machine precision for both the P1

nc× (P 0 +P 1) and P1
nc×P 0

Mps

scheme. When φ is some quadratic function, we obtain uh = 0 up to machine precision for the P1
nc ×

(P 0 + P 1) scheme, cf. Lemma 7.5.2.

We consider problem (7.2.1) with prescribed solution (u, p) = (0, sin(2πx) sin(2πy)). In Figure 7.7,
we plot εν0(uh) and εν0(ph) against the mesh step h in the logarithmic scale. Notice that in that case,
these errors don’t depend on ν. The P1

nc × (P 0 + P 1) and P1
nc × P 0

Mps schemes are more accurate than
the P1

nc × P 0 scheme.

Second, we consider problem (7.2.1) with ν = 10−6 and prescribed solution

u =

(
(cos(2πx)− 1) sin(2πy)

− cos(2πy) + 1) sin(2πx)

)
, p = sin(2πx) sin(2πy)). (7.6.6)

In Figure 7.8, we plot εν0(uh) and εν0(ph) against the mesh step h in the logarithmic scale. Again, the
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P1
nc×(P 0+P 1) and P1

nc×P 0
Mps schemes are more accurate than the P1

nc×P 0 scheme. The convergence
rates are similar to that of the first test.

Other numerical results are available in [P3, P4, 210], in particular in 3D for the Navier-Stokes
equations. In [210], several variants of this scheme are described, in particular for the discretization
of the boundary auxiliary unknowns. This method delivers promising results and it could be a good
compromise between the P1

nc× (P 0 +P 1) and the P1
nc×P 0 schemes. Next, we intend to prove that the

(7.6.5) problem is well posed and to validate the scheme using industrial benchmarks.
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Figure 7.7: First test. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.8: Second test. Plots of εν0(uh) (left) and εν0(ph) (right).

Test τ P1
nc × P 0 P1

nc × (P 0 + P 1) P1
nc × P 0

Mps

Case 1 τu 2.06 4.00 2.89
τp 1.03 2.05 2.04

Case 2 τu 2.06 3.99 2.89
τp 1.03 2.05 2.04

Table 7.7: Average convergence rates.

Comparing the error estimates with respect to the mesh size, the P1
nc×P 0

Mps scheme is more effective
than P1

nc ×P 0 scheme, but it isn’t as effective as the P1
nc × (P 0 +P 1). Further investigation is required

in the 3D case. Notice that the MPFA scheme can be used on triangulations with general meshes. Thus,
one could expect to extend the P1

nc × P 0
Mps scheme with the lowest order of the Hybrid High Order

approximation for the velocity, cf. [122]. Indeed, this discretization, which is adapted polytopal meshes,
corresponds to the non-conforming discretization in the case of a simplicial triangulation.

In the next Section, we propose a new approach to improve the P1
nc×P 0 discretization, using explicit

T-coercivity.
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7.7 Explicit T-coercivity [A5]

We solve the classical incompressible Stokes model, with g = 0. Let λ > 1
4 (Cdiv)

2. In remark 7.2.1, we
introduced the operator Tλ ∈ L(X ) defined by:{

Tλ : X → R
(v, q) 7→ (λv − ν−1ṽq,−λ q)

, (7.7.1)

where ṽq ∈ V⊥ is given by (4.3.1): div ṽq = q and ∥ṽq∥H1
0(Ω) ≤ Cdiv ∥q∥L2Ω). We now write the varia-

tional formulation (7.2.4) with test function Tλ ( (v, q) ) instead of (v, q). Let us define ãλ ((u′, p′), (v, q)) =
a ((u′, p′), T (v, q)). We have:

ãλ ((u′, p′), (v, q)) = ν λ (u′,v)H1
0(Ω) − (u′, ṽq)H1

0(Ω)

−λ (p′,divv)L2(Ω) + ν−1 (p′, q)L2(Ω)

+λ (q,divu′)L2(Ω).

(7.7.2)

The term with ṽq requires some knowledge of the nonlocal right inverse of the divergence operator. We
will see next that it can be removed. According to Prop. 7.2.2, we have the

Proposition 7.7.1. The bilinear form (7.7.2) is coercive.

Introducing ℓλ( (v, q) ) := ℓ(T (v, q) ), we can propose a first new variational formulation to Problem
(7.2.1)H , which reads:

Find (u, p) ∈ X s.t. ãλ ((u, p), (v, q)) = ℓλ( (v, q) ) ∀(v, q) ∈ X . (7.7.3)

Using the bijectivity of T , it is obvious that (7.7.3) is equivalent to (7.2.4), so well-posedness of (7.7.3)
is a direct consequence of the well-posedness of (7.2.4), and vice versa.

Let us derive an "explicit" expression of ℓλ((v, q)), which will prove useful later on. We recall that
we have in the sense of distributions:

−∆(·) = curl curl(·)−∇ div(·), (7.7.4)

so that

∀f ′ ∈ H−1(Ω), ∃!(zf ′ ,wf ′) ∈ L2
zmv(Ω)×V | f ′ = ∇ zf ′ −∆wf ′ = ∇ zf ′ + curl curlwf ′ , (7.7.5)

where (wf ′ , zf ′) solves (7.2.1)H with ν = 1 and data f = f ′ and g = 0.

Proposition 7.7.2. Let f ′ ∈ H−1(Ω). Given q ∈ L2
zmv(Ω), let ṽq ∈ V⊥ be defined by (4.3.1). We have:

⟨f ′, ṽq⟩H1
0(Ω) = −(zf ′ , q)L2(Ω). (7.7.6)

Proof. Let f ′ be decomposed as in (7.7.5). On the one hand, integrating by parts twice and using (7.7.4), we get:

−⟨curl curlwf′ , ṽq⟩H1
0(Ω)

= −⟨curl curl ṽq,wf′ ⟩H1
0(Ω)

= ⟨∆ṽq,wf′ ⟩H1
0(Ω)

− ⟨∇ q,wf′ ⟩H1
0(Ω)

,

= −(ṽq,wf′ )H1
0(Ω)

+ (q, divwf′ )L2(Ω) = 0,

resp. since div ṽq = q, ṽq ∈ V⊥, wf′ ∈ V, and divwf′ = 0.
On the other hand, integrating by parts once, we have: ⟨∇ zf′ , ṽq⟩H1

0(Ω)
= − (zf′ , q)L2(Ω), so the claim follows. ⋄

As a consequence of (7.7.6), we have the

Corollary 7.7.1. The right-hand-side ℓλ is equal to (v, q) 7→ λ⟨f ,v⟩H−1(Ω),H1
0(Ω) + ν−1(zf , q)L2(Ω).

139



7.7.1 New variational formulation using orthogonality

Going back to the original Problem (7.2.1)H , we note that all solutions (u′, p′) to Problem (7.7.3) are
such that u′ ∈ V. So, in the statement of Problem (7.7.3), the term (u′, ṽq)H1

0(Ω) can be removed by
orthogonality from the expression (7.7.2) of the bilinear form ãλ: as a matter of fact, according to (4.3.1),
for all q ∈ L2

zmv(Ω), (u′, ṽq)H1
0(Ω) = 0 because ṽq ∈ V⊥. Interestingly, in this manner one stabilizes the

expression (7.2.6) in the proof of Proposition 7.2.2, because the cross term vanishes there: no treatment
is required and the resulting bilinear form is coercive for all λ > 0. So, we propose to remove the second
term in the expression (7.7.2) of the bilinear form with operator Tλ, that is, we introduce the bilinear
form aλ(·, ·) such that:

aλ : X × X → R
( (u′, p′), (v, q) ) 7→ ν λ (u′,v)H1

0(Ω) + ν−1 (p′, q)L2(Ω)

+λ
[
(q,divu′)L2(Ω) − (p′,divv)L2(Ω)

] . (7.7.7)

Proposition 7.7.3. The bilinear form (7.7.7) is coercive.

Proof. We have: aλ
(
(u′, p′), (u′, p′)

)
= ν λ ∥u′∥2

H1
0(Ω)

+ ν−1 ∥p′∥2
L2(Ω)

≥ ν min(1, λ) ∥(u′
, p

′
)∥2

X ,ν . ⋄

With the help of explicit T-coercivity and using orthogonality, we can now propose a second new
variational formulation to Problem (7.2.1)H , which reads:{

Find (u, p) ∈ X such that
aλ ((u, p), (v, q)) = λ⟨f ,v⟩H1

0(Ω) + ν−1 (zf , q)L2(Ω) ∀(v, q) ∈ X . (7.7.8)

By contrast with remark 7.2.1, the result below holds for all λ > 0.

Theorem 7.7.1. For all λ > 0, Problem (7.7.8) is well-posed and is equivalent to Problem (7.2.1)H with
g = 0.

Proof. The bilinear form aλ(·, ·) is continuous and coercive. Let f ∈ H−1(Ω), and let zf be given by (7.7.5), the linear form
ℓλ(·) is continuous. According to Lax-Milgram Theorem, Problem (7.7.8) is well-posed. It exists a unique solution (u, p) which
depends continuously on the data. Regarding the equivalence with Problem (7.2.1)H with g = 0, we already observed that solving
(7.7.3) is equivalent to solving (7.2.4), and that both of them are equivalent to solving Problem (7.2.1)H with g = 0. Then, if
(u, p) solves Problem (7.2.1)H with data f ∈ H−1(Ω) and g = 0, one has in particular that u ∈ V. Hence it follows from the above
that (u, p) solves (7.7.8) with data f and g = 0, resp. zf given by (7.7.5). Conversely, assume that (u, p) solves (7.7.8), with data
f ∈ H−1(Ω) and zf given by (7.7.5). Denote by (u†, p†) the solution to Problem (7.2.1)H with data f . According to the above and
by linearity, (u − u†, p − p†) solves (7.7.8) with vanishing data, hence to is equal to (0, 0) by uniqueness: in other words, (u, p)

solves Problem (7.2.1)H with data f . ⋄

Notice that we can write problem (7.7.8) with two equations as:
Find (u, p) ∈ X s.t. for all (v, q) ∈ X
(i) ν λ(u,v)H1

0(Ω) − λ(p, divv)L2(Ω) = λ⟨f ,v⟩H1
0(Ω),

(ii) λ(q,divu)L2(Ω) + ν−1 (p, q)L2(Ω) = ν−1 (zf , q)L2(Ω).

(7.7.9)

This new variational formulation appears as a stabilized variational formulation, in the sense of §II.1.2
in [161], pages 120-123. It can be solved once zf , or a suitable approximation of zf , is available. This
suggests to use (7.7.9) as a post processing step as follows:

• Compute zf by solving numerically the Stokes problem (7.2.2) with ν = 1, and data f ;

• Solve (7.7.9) with the data f and the computed zf .

Notice that we can recover that the solution u to (7.7.9) belongs to V in a simple manner: let us split
u = u0 + u⊥, where (u0,u⊥) ∈ V ×V⊥, so that divu = divu⊥. Choosing v = u⊥ in (7.7.9)-(i), and
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q = divu in (7.7.9)-(ii), we obtain:{
ν ∥u⊥∥2H1

0(Ω)
− (p,divu)L2(Ω) = ⟨f ,u⊥⟩H1

0(Ω) = −(zf ,divu)L2(Ω) (i)
λ∥ divu∥2L2(Ω) + ν−1(p,divu)L2(Ω) = ν−1(zf ,divu)L2(Ω) (ii)

. (7.7.10)

Summing (7.7.10)-(i) and (7.7.10)-(ii) times ν, we obtain: ν
(
∥u⊥∥2H1

0(Ω)
+ λ∥divu∥2L2(Ω)

)
= 0. Hence,

u⊥ = 0 and divu = 0.

7.7.2 Numerical algorithms

We solve the classical incompressible Stokes model, with g = 0. We propose below two strategies de-
pending on whether zf is known or not. Below, we consider homogeneous Dirichlet boundary conditions
(see appendix B.4 for nonhomogeneous Dirichlet boundary conditions).
If zf is known, one solves (7.7.9) directly. If this is not the case, we propose to start from some approxi-
mate value of zf , and then to iterate by solving a series of problems like (7.7.9).
So, after discretization, if zf is known, one solves a linear system like

Find (U,P ) ∈ RNu × RNp such that:
νλAU − λBTP = λF

λBU + ν−1MP = ν−1MZ

(7.7.11)

where U ∈ RNu represents the discrete velocity, resp. P ∈ RNp the discrete pressure, while F ∈ RNu
stands for f , and Z ∈ RNp stands for zf . Classically, U 7→ (AU |U) measures discrete velocities, P 7→
(MP |P ) measures discrete pressures and, as a consequence, U 7→ (BU |M−1BU) measures the divergence
of the discrete velocities.
On the other hand, if zf is not known, starting from an initial guess P−1 ∈ RNp , for n = 0, 1, . . ., one
solves linear systems like 

Find (Un, Pn) ∈ RNu × RNp such that:
νλAUn − λBTPn = λFu
λBUn + ν−1MPn = ν−1MPn−1

. (7.7.12)

In this situation, one needs to prove that the iterative solver is actually converging, and to provide a
stopping criterion.

Remark 7.7.1. The matrix of Algorithm (7.7.12) is similar to the one of the first-order artificial com-
pressibility algorithm [232, 169, 170]. In [169] and [170], the space discretization is done with the MAC
approximation on a Cartesian grid [172]. In [170], it is also done with the Taylor-Hood finite element
[239].

Theorem 7.7.2 (Convergence). Assume that the matrices A ∈ RNu×Nu and M ∈ RNp×Np are symmet-
ric positive-definite. Then, the sequence (Un, Pn)n of solutions to (7.7.12) is converging, and it converges
to (U∞, P∞) ∈ RNu × RNp which is governed by

Find (U∞, P∞) ∈ RNu × RNp such that:
νAU∞ − BTP∞ = Fu

BU∞ = 0

M (P∞ − P−1) ∈ im(B)

. (7.7.13)

Proof. In the proof, we use the change of variable Y := M
1
2 P ∈ RNp , and specifically Y n = M

1
2 Pn for n ≥ −1. Then let

δPn = Pn − Pn−1 and δY n := (M
1
2 δPn) for n ≥ 0.

1/ We notice first that the following recursive relation holds:

∀n ≥ 1, (M + λBA−1BT )δPn = MδPn−1
, (7.7.14)
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where the matrix λBA−1BT is a symmetric positive matrix. By construction, δY n = −νλM− 1
2 BUn ∈ im(M− 1

2 B). Since RNp =

im(M− 1
2 B)

⊥
⊕ ker(BTM− 1

2 ), one has δY n ∈ ker(BTM− 1
2 )⊥ and (7.7.14) reads:

∀n ≥ 1, (I + λM− 1
2 BA−1BTM− 1

2 )δY
n

= δY
n−1

. (7.7.15)

The iteration matrix (I + λM− 1
2 BA−1BTM− 1

2 )−1 restricted to ker(BTM− 1
2 )⊥ is a symmetric positive definite matrix, whose

eigenvalues are all strictly smaller than 1. Hence, its spectral radius ρλ is strictly smaller than 1.
2/ We deduce that it exists Cλ ∈ (0, 1) independent of the data and of n such that for all n ≥ 1, |δY n|2 ≤ Cλ|δY n−1|2. Thus,
the series

∑
n≥1 δY

n is a convergent series. Noticing that
∑N
n=0 δY

n = Y N − Y −1, we conclude that the sequence (Y n)n is a

convergent sequence and we set Y∞ = limn→∞ Y n. By construction Y∞ −Y −1 ∈ im(M− 1
2 B) = ker(BTM− 1

2 )⊥, and for all n, the

algorithm doesn’t change the orthogonal projection of Y n onto ker(BTM− 1
2 ), which is equal to that of Y −1 onto ker(BTM− 1

2 ).

3/ Because M
1
2 is invertible, we obtain that the sequence (Pn)n is also a convergent sequence and we call P∞ = M− 1

2 Y∞ its
limit. In the same way, noting that A is invertible, we obtain that the sequence (Un)n is a convergent sequence and we call
U∞ = ν−1A−1(Fu + BTP∞) its limit.
Passing to the limit, it holds that BU∞ = 0 and M(P∞ − P−1) ∈ im(B). ⋄

Remark 7.7.2. In the above proof, we notice that the mapping λ 7→ ρλ is monotonically decreasing. In
§7.7.5 dedicated to the numerical experiments, we set the value of λ equal to 1 or 10.

Remark 7.7.3. There are two exclusive cases for Problem (7.7.13):

• either, im(B) = RNp : a discrete inf-sup condition holds. Uniqueness of P∞ is guaranteed and the
last line is trivial ;

• or, im(B) ⊊ RNp : there is no discrete inf-sup condition. However in this case, the last line
guarantees the uniqueness of P∞. As a matter of fact, the algorithm does not change the orthogonal
projection of Pn onto ker(BT ), which is equal to that of P−1 onto ker(BT ), where orthogonality is
understood with respect to the inner product (M · |·).

Let us consider that the assumptions of Theorem 7.7.2 hold. A critical ingredient is to define the
stopping criterion, in particular what are the relevant quantities of interest. By definition, (MδPn|δPn) =
|δY n|22 is strictly monotonically decreasing. Hence, denoting by | · |A : U 7→ (AU |U)1/2 the norm of the
discrete velocity, resp. | · |M : P 7→ (MP |P )1/2 the norm of the discrete pressure, we define the stopping
criterion by comparing the adimensionalized quantities |δPn|M and |Un|A (we note that both quantities
are easily computable). This amounts to setting the stopping criterion as

|δPn|M ≤ ϵ |Un|A (7.7.16)

for ad hoc ϵ > 0. In our numerical experiments, we fixed n = 1 or n = 8 with ϵ = 10−12.
Finally, we recall that BUn stands for the divergence of the discrete velocity divunh, and that one aims
at diminishing the value of its norm. Considering again the auxiliary variable δY n introduced in the
proof of Theorem 7.7.2, we find:

λ2|M−1/2BUn|22 = ν−2|δY n|22.

As a consequence of the proof of the previous Theorem, we infer that the sequence of norms (|M−1/2BUn|2)n
is strictly monotonically decreasing, and so is (∥divunh∥L2(Ω))n.

7.7.3 Discretization

We solve numerically the new variational formulation, written like in Problem (7.7.9). Below, we consider
homogeneous Dirichlet boundary conditions (see appendix B.4 for nonhomogeneous Dirichlet boundary
conditions).
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Discretizations

Consider (Th)h a simplicial triangulation sequence of Ω. We use the notations of Section 4.7. We define
the conforming spaces of P k-Lagrange functions:

V kh :=
{
vh ∈ H1(Ω); ∀T ∈ Th, vh|T ∈ P k(T )

}
, V k0,h :=

{
vh ∈ V kh ; vh|∂Ω = 0

}
.

We set Vk
h := (V kh )

d and Vk
0,h := (V k0,h)

d. We call Qkh := P kdisc(Th)∩L2
zmv(Ω). Notice that Vk

0,h×Qk
′

h ⊂
H1

0(Ω)× L2
zmv(Ω) and divVk

0,h ⊂ Qk−1
h .

Let k ≥ 1. The (conforming) discretization of Problem (7.7.9) with Taylor-Hood Pk × P k−1
disc finite

element reads: 
Find (uh, ph) ∈ Vk

0,h ×Qk−1
h s.t. for all (vh, qh) ∈ Vk

0,h ×Qk−1
h :

ν λ(uh,vh)H1
0(Ω) − λ(ph,divvh)L2(Ω) = λ⟨f ,vh⟩H1

0(Ω),

λ(qh,divuh)L2(Ω) + ν−1 (ph, qh)L2(Ω) = ν−1 (zf , qh)L2(Ω).

(7.7.17)

Write f = −ν∆u+∇ zf (recall (7.2.1) zf = p), so that Problem (7.7.17) reads:
Find (uh, ph) ∈ Vk

0,h ×Qk−1
h s.t. for all (vh, qh) ∈ Vk

0,h ×Qk−1
h :

ν λ(uh,vh)H1
0(Ω) − λ(ph,divvh)L2(Ω) = ν λ(u,vh)H1

0(Ω) − λ(zf ,divvh)L2(Ω),

λ(qh,divuh)L2(Ω) + ν−1 (ph, qh)L2(Ω) = ν−1(zf , qh)L2(Ω).

(7.7.18)

Remark 7.7.4. It is well known that discretizing (7.2.2) with the Taylor-Hood Pk×P k−1
disc finite element,

k ≥ 1, is not stable on all shape regular meshes [50]. A wide range of strategies to get round this problem
have been explored for years. Below is a quick overview of these strategies:

• The discrete velocity space can be enriched see [44, 15, 24, 83, 193] for k = 1.

• The discrete variational formulation can be stabilized, see [47, 25, 249, 5] for k = 1, [3] for k = 2.

• The mesh can be designed in such a way that the uniform discrete inf-sup condition applies, see
[149] for k = 1, [230, 221, 23] for k > 1.

Error estimate when zf is known

Let Πh,cg be the L2(Ω)-orthogonal projection operator from L2(Ω) to Vk
0,h and Πh,dg be the L2(Ω)-

orthogonal projection operator from L2(Ω) to Pk−1
disc (Th). We have the

Proposition 7.7.4. Let (u, p) ∈ X be the solution to Problem (7.7.9) and (uh, ph) ∈ Xh be the solution
to Problem (7.7.17). We have the following error estimate:

∥(uh − u, ph −Πh,dgzf )∥X ,√λν ≤ (1 +
√
dλ) ∥u−Πh,cgu∥H1

0(Ω). (7.7.19)

Suppose that u ∈ Pk(Ω). Then uh = u and ph = Πh,dgzf .

Notice that the error estimate for the velocity is fully independent of the pressure. Hence, the
(conforming) discretization of Problem (7.7.9) with Pk × P k−1

disc and for which zf is known is a so called
pressure robust method for which the discrete velocity uh tends to u independently of ν. The discrete
pressure ph tends to Πh,dgzf all the faster the smaller ν is. Interestingly, we remark that if u = 0, then
Πh,cgu = 0, so that uh = 0 and ph = Πh,dgzf , even for k = 1 (see Section 7.7.5).
Let us now prove Proposition 7.7.4.
Proof. Setting zf,h = Πh,dgzf , we have: (zf , div vh)L2(Ω) = (zf,h, div vh)L2(Ω) and (zf , qh)L2(Ω) = (zf,h, qh)L2(Ω) for all

vh ∈ Vk
0,h, and all qh ∈ Qk−1

h . Summing both equations of Problem (7.7.18) and reshuffling terms, it comes:

{
Find (uh, ph) ∈ Vk

0,h ×Qk−1
h s.t. for all (vh, qh) ∈ Vk

0,h ×Qk−1
h :

ν λ(uh − u,vh)H1
0(Ω)

+ ν−1 (ph − zf,h, qh)L2(Ω) = λ(ph − zf,h, div vh)L2(Ω) − λ(qh, divuh)L2(Ω).
(7.7.20)
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Choosing vh = uh − Πh,cgu = (uh − u) + (u − Πh,cgu) and qh = ph − zf,h in (7.7.20), and dividing by λ ν, we obtain:

∥uh − u∥2

H1
0(Ω)

+ (uh − u,u − Πh,cgu )
H1

0(Ω)
+ λ

−1
ν
−2∥ph − zf,h∥2

L2(Ω)
= −ν−1

(ph − zf,h, div Πh,cgu)L2(Ω).

Hence, using Cauchy-Schwarz inequality, letting δu = uh − u we get:

∥δu∥2

H1
0(Ω)

+ λ−1ν−2∥ph − zf,h∥2
L2(Ω)

≤ ∥δu∥
H1

0(Ω)
∥u − Πh,cgu∥H1

0(Ω)
+ ν−1∥ph − zf,h∥L2(Ω) ∥ div Πh,cgu∥L2(Ω)

≤ (∥δu∥2

H1
0(Ω)

+ λ−1ν−2∥ph − zf,h∥2
L2(Ω)

)1/2(∥u − Πh,cgu∥2

H1
0(Ω)

+ λ∥ div Πh,cgu∥2
L2(Ω)

)1/2.

Finally ∥ div Πh,cgu∥L2(Ω) ≤
√
d ∥u − Πh,cgu∥H1

0(Ω)
, so we have: ∥(uh − u, ph − zf,h)∥X ,

√
λν ≤

√
1 + dλ ∥u − Πh,cgu∥H1

0(Ω)
.

If u ∈ Pk(Ω), then Πh,cgu = u and the right-hand side is equal to 0. Hence, uh = u and ph = zf,h. ⋄

Error estimate when zf is not known

If zf is not known explicitly, let us assume that we have at hand an approximation poldh ∈ Qk−1
h and use

it to solve the following approximation of Problem (7.7.9):
Find (ũ, p̃) ∈ X s.t. for all (v, q) ∈ X :

ν λ(ũ,v)H1
0(Ω) − λ(p̃,divv)L2(Ω) = λ⟨f ,v⟩H1

0(Ω),

λ(q,div ũ)L2(Ω) + ν−1 (p̃, q)L2(Ω) = ν−1 (poldh , q)L2(Ω).

(7.7.21)

Let us write again f = −ν∆u+∇ zf , so that Problem (7.7.21) reads:
Find (ũ, p̃) ∈ X s.t. for all (v, q) ∈ X :

ν λ(ũ− u,v)H1
0(Ω) − λ(p̃− zf ,divv)L2(Ω) = 0,

λ(q,div ũ)L2(Ω) + ν−1 (p̃− poldh , q)L2(Ω) = 0.

(7.7.22)

Proposition 7.7.5. Let (u, p) ∈ X be the solution to Problem (7.7.9) and (ũ, p̃) ∈ X be the solution to
Problem (7.7.21). We have the following estimates:{

∥p̃− zf∥L2(Ω) ≤ ∥zf − poldh ∥L2(Ω),

∥ũ− u∥H1
0(Ω) ≤ (

√
λ ν)−1∥zf − poldh ∥L2(Ω).

(7.7.23)

Proof. Choosing v = ũ − u and q = p̃− zf in (7.7.22), summing both equations and dividing by λ ν, it comes:

∥ũ − u∥2

H1
0(Ω)

+ λ
−1
ν
−2

(p̃− p
old
h , p̃− zf )L2(Ω) = 0.

Writing p̃− poldh = (p̃− zf ) + (zf − poldh ), we obtain:

∥(ũ − u, p̃− zf )∥2
X ,

√
λν

= −λ−1
ν
−2

(zf − p
old
h , p̃− zf )L2(Ω) ≤ λ

−1
ν
−2∥zf − p

old
h ∥L2(Ω) ∥p̃− zf∥L2(Ω).

We obtain successively estimates (7.7.23). ⋄

The discretization of Problem (7.7.21) with Pk − P k−1
disc finite element reads:

Find (ũh, p
new
h ) ∈ Vk

0,h ×Qk−1
h s.t. for all (vh, qh) ∈ Vk

0,h ×Qk−1
h :

ν λ(ũh,vh)H1
0(Ω) − λ(pnewh ,divvh)L2(Ω) = λ⟨f ,vh⟩H1

0(Ω),

λ(qh,div ũh)L2(Ω) + ν−1 (pnewh , qh)L2(Ω) = ν−1 (poldh , qh)L2(Ω).

(7.7.24)

Theorem 7.7.3. Let (u, p) ∈ X be the solution to Problem (7.7.9) and (ũh, p
new
h ) ∈ X be the solution

to Problem (7.7.24). We have the following error estimate:

∥(ũh − u, pnewh −Πh,dgzf )∥X ,√λν ≤
√
dλ+ 1∥u−Πh,cgu∥H1

0(Ω)

+(
√
λν)−1 ∥Πh,dgzf − poldh ∥L2(Ω).

(7.7.25)
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Suppose that u ∈ (P k(Ω))d. Then Πh,cgu = u and we obtain the estimate below:

∥(ũh − u, pnewh −Πh,dgzf )∥X ,√λν ≤ (
√
λν)−1 ∥Πh,dgzf − poldh ∥L2(Ω). (7.7.26)

In particular, if poldh is a convergent approximation of Πh,dgzf , the solution (ũh, p
new
h ) is also a good

approximation of (u,Πh,dgzf ). Interestingly, the above with k = 1 corresponds to the P1 × P 0 finite
element pair, which is known to be unstable for the discretization of the usual variational formulation
(7.2.2) of the Stokes problem.

Let us prove Theorem 7.7.3.
Proof. Setting zf,h = Πh,dgzf , we have: ⟨f ,vh⟩H1

0(Ω)
= ν (u,vh)H1

0(Ω)
− (zf,h, div vh)L2(Ω) for all vh ∈ Vk

0,h. Hence, Problem

(7.7.24) can be written as:


Find (ũh, p

new
h ) ∈ Vk

0,h ×Qk−1
h s.t. for all (vh, qh) ∈ Vk

0,h ×Qk−1
h :

ν λ(ũh − u,vh)H1
0(Ω)

− λ(pnewh − zf,h, div vh)L2(Ω) = 0,

λ(qh, div ũh)L2(Ω) + ν−1 (pnewh − poldh , qh)L2(Ω) = 0.

(7.7.27)

Choosing (vh, qh) = (ũh − Πh,cgu, p
new
h − zf,h) in Problem (7.7.27), we have:

{
ν λ(ũh − u, ũh − Πh,cgu)H1

0(Ω)
− λ(pnewh − zf,h, div(ũh − Πh,cgu))L2(Ω) = 0,

λ(pnewh − zf,h, div ũh)L2(Ω) + ν−1 (pnewh − poldh , pnewh − zf,h)L2(Ω) = 0.

Summing both equations and dividing by λ ν, it now comes:

(ũh − u, ũh − Πh,cgu)H1
0(Ω)

+ λ
−1
ν
−2

(p
new
h − p

old
h , p

new
h − zf,h)L2(Ω) + ν

−1
(p
new
h − zf,h, div Πh,cgu)L2(Ω) = 0.

Noticing that ũh − Πh,cgu = (ũh − u) + (u − Πh,cgu) and pnewh − poldh = (pnewh − zf,h) + (zf,h − poldh ), we get:

∥(ũh − u, pnewh − zf,h)∥2
X ,

√
λν

+ (ũh − u,u − Πh,cgu)H1
0(Ω)

+λ−1ν−2 (zf,h − poldh , pnewh − zf,h)L2(Ω) + ν−1 (pnewh − zf,h, div Πh,cgu)L2(Ω) = 0.

Using Cauchy-Schwarz, we deduce that:

∥(ũh − u, pnewh − zf,h)∥2
X ,

√
λν

≤ ∥ũh − u∥
H1

0(Ω)
∥u − Πh,cgu∥H1

0(Ω)

+(
√
λν)−1 ∥pnewh − zf,h∥L2(Ω)

(
(
√
λν)−1 ∥zf,h − poldh ∥L2(Ω) +

√
λ∥ div Πh,cgu∥L2(Ω)

)
.

Using again Cauchy-Schwarz inequality as in the proof of Proposition 7.7.4, together with ∥ div Πh,cgu∥L2(Ω) ≤
√
d ∥u−Πh,cgu∥H1

0(Ω)
,

we obtain the estimates (7.7.25) and (7.7.26). ⋄

7.7.4 Discussion on the error indicators

As we noted after stating Theorem 7.7.3, if the error indicator on the pressure ∥zf ,h−poldh ∥L2(Ω) is small,
so is ∥zf ,h − pnewh ∥L2(Ω). Indeed, assuming that the errors on the velocities are negligible compared to
these indicators, one derives from (7.7.25) the bound ∥zf ,h−pnewh ∥L2(Ω) ≤ ∥zf ,h−poldh ∥L2(Ω). Interestingly,
this situation is likely to occur when the viscosity is small, since there is a multiplicative factor equal to
(
√
λν)−1 in front of the error indicators on the pressure. This further justifies the use of the iterative

algorithm presented in Section 7.7.2 in this case.

7.7.5 Numerical illustration

In this Section, the computations are performed on a Dell Precision 3581 Intel Core i7 laptop. We
propose some numerical experiments with g = 0, depending on whether or not zf is known explicitly. In
the latter case, we first compute some approximation poldh . In principle, either a classical, conforming or
nonconforming, discretization can be used to compute poldh . Hence, we apply an iterative approach with
a nonconforming initial computation followed by (several iterations of) our new formulation. we call the
second part the post-processing. For each test-case, (u, p) is given, whereas the viscosity ν can vary (see
the discussion after (7.2.3)). The numerical results are obtained on a github platform, implemented in
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Octave language, see [G2].

Resolution algorithm

Consider nonconforming discretization of the classical variational formulation (7.2.2), cf. §7.4. Let
(ψi)

Nu
i=1 be a basis of X0,h, and (ϕi)

Np
i=1 be a basis of Qh. We set: U := (U i)

Nu
i=1 where uh :=

∑Nu
i=1 U iψi,

P := (P i)
Np
i=1 where ph :=

∑Np
i=1 P iϕi, and Fu := (Fu,i)

Nu
i=1. Then Fu,i = ℓf ((ψi, 0)) where ℓf (·) is defined

in (7.4.9). Let A ∈ RNu × RNu be the velocity stiffness matrix, B ∈ RNp × RNu be the velocity-pressure
coupling matrix and M ∈ RNp × RNp be the pressure mass matrix. The linear system to be solved is

Find (U,P ) ∈ RNu × RNp such that:
νAU − BTP = Fu

BU = 0

. (7.7.28)

Let us set K = BA−1BT ∈ RNp × RNp . The matrix K is a symmetric matrix, furthermore it is positive
definite as soon as the kernel of BT is reduced to {0}. When it is the case, the coupled velocity-pressure
problem (7.7.28) can be solved using the three + one steps below (the fourth step being straightforward):

Prediction: Solve in U⋆ such that ν AU⋆ = Fu.

Pressure solver: Solve in P such that KP = −ν λBU⋆.
Correction: Solve in δU such that ν A δU = BT P .
Update: U = δU + U⋆.

(7.7.29)

One can check easily that the above computed solution (U,P ) solves (7.7.28). The pressure solver with
matrix K is based on the Uzawa algorithm, which is the conjugate gradient algorithm in the context
of the Stokes problem. It can be preconditioned by the inverse of the mass matrix associated to the
discrete pressure M (see e.g. [205, Lemma 5.9]). Thanks to the uniform discrete inf-sup condition, the
number of iterations of the conjugate gradient algorithm is independent of the meshsize. The matrices
M and B are kept with all the P k−1

disc degrees of freedom for the discrete pressure. To take into account
the zero mean value constraint, at each iteration of the preconditioned conjugate gradient algorithm,
the discrete pressure is first computed in L2(Ω), then orthogonally projected in L2

zmv(Ω). We use the
Cholesky factorization (computed once and for all) to solve linear systems with matrix A.

Consider next the Pk × P k−1
disc conforming discretization of the variational formulation (7.7.17) or

(7.7.24). Let (ψi)Nui=1 be the Lagrange basis of Vk
0,h and (ϕi)

Np
i=1 be the basis ofQk−1

h . We set: U := (U i)
Nu
i=1

where uh :=
∑Nu
i=1 U iψi and P := (P i)

Np
i=1 where ph :=

∑Np
i=1 P iϕi. We set Fu := (Fu,i)

Nu
i=1 where

Fu,i = ⟨f , ψi⟩H1
0(Ω) and F p := (F p,i)

Np
i=1 where F p,i = (zf , ϕi)L2(Ω), cf. (7.7.17), or F p,i = (poldh , ϕi)L2(Ω),

where the discrete pressure poldh is an approximation of zf , cf. (7.7.24). The linear system to be solved is
Find (U,P ) ∈ RNu × RNp such that:
νλAU − λBTP = λFu
λBU + ν−1MP = ν−1F p

. (7.7.30)

In that case, we set Aλ = A + λBTM−1B ∈ RNu × RNu , which is automatically a symmetric positive
definite matrix. To solve the coupled velocity-pressure problem (7.7.30), one relies on the two steps below
:

Velocity solver: Solve in U such that ν Aλ U = Fu + BTM−1F p.

Pressure solver: Solve in P such that MP = F p − νλBU.
(7.7.31)

One can check easily that the above computed solution (U,P ) solves (7.7.30). The matrix Aλ can be
assembled easily since M is a block-diagonal matrix. Using P1 × P 0 discretization, the computation of
P is straightforward. Again, matrices M and B are kept with all the P k−1

disc degrees of freedom for the
discrete pressure. We proceed as before to take into account the zero mean value constraint.
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Remark 7.7.5. We recall that solving the linear system (7.7.28) via the solver (7.7.29) is not so straight-
forward, even with ν = 1. Solving the linear system (7.7.30) is much easier.

Settings

We consider Problem (7.2.1) with homogeneous or non homogeneous boundary conditions in Ω = (0, 1)2.
Let (u, p) be the exact solution, and (uh, ph) be the numerical solution. We compare numerical methods,
showing how the coercive P1×P 0 formulation can be used in a post-processing step (i.e. solving (7.7.24)
with poldh known), improving then the approximation of the discrete velocity. In Figures 7.10 to 7.19,
and in Tables 7.10 to 7.14 we give the following names to our numerical methods:

• Method with Crouzeix-Raviart (CR): computations are made with the nonconforming Crouzeix-
Raviart P1

nc × P 0 formulation [121, Example 4], which is not a pressure robust method. We call
pnc the resulting discrete pressure.

• Method with exact pressure (EP): computations are made with the coercive P1 × P 0 formulation
(7.7.17) and λ = 1, knowing the exact pressure zf (i.e. we solve Problem (7.7.17)).

• Method with post-processing (Post): computations are made in two steps. In a first step, we
approximate the pressure by the CR-method. Then, in a post processing step, we use this numerical
pressure as the source term in the EP-method (i.e. we solve Problem (7.7.24) with poldh = pnc)
and λ = 1 when ν = 1, λ = 10 else. Unless the stopping criterion (7.7.16) is achieved, we iterate
eight times the second step, updating poldh at each new iteration. The algorithm corresponds to
Algorithm (7.7.12).

Let NT be the number of triangles. For the velocity, the number of unknowns is of order Nu ≈ 3NT
for the CR-method and Nu ≈ NT for the EP-method. For the pressure, the number of unknowns is
Np = NT − 1 for both methods. As a consequence, there are roughly twice as many unknowns for the
CR-method than there are for the EP-method. We report in Table 7.8 the number of unknowns "# dof"
for the numerical tests.

h # dof CR # dof EP # dof CR # dof EP
1.00× 10−1 1 048 566 2 184 1 114
5.00× 10−2 4 376 2 270 8 064 4 074
2.50× 10−2 17 368 8 846 30 464 15 314
1.25× 10−2 67 816 34 230 117 664 58 994
6.25× 10−3 272 624 136 954 464 448 232 866

Table 7.8: Number of unknowns: first two test cases (left), last test case (right).

We propose three numerical examples based on manufactured solutions. Let Ih,cg be the interpolation
operator from C0(Ω) to V1

0,h. We use the discrete L2-error for the velocity and for the pressure:

εν0(uh) = ∥Ihu− uh∥L2(Ω)/∥(u, p)∥X ,ν , εν0(ph) = ν−1∥Πh,dgp− ph∥L2(Ω)/∥(u, p)∥X ,ν (7.7.32)

where Ih is either equal Ih,nc (cf. definition 7.4.1) or Ih,cg. For the EP-method and the post-method,
we moreover compare the indicators ενD and εν1 defined by:

εν1 = ∥∇(Ih,cgu− uh)∥L2(Ω)/∥(u, p)∥X ,ν , ενD = ∥ divuh∥L2(Ω)/∥(u, p)∥X ,ν . (7.7.33)

We first plot the results as error curves for both the velocity and the pressure as a function of the meshsize,
and we give the numerically observed average convergence rates. Second, we report the elapsed CPU
times for the CR-method and the Post-method. In the tables, column "overhead" indicates the ratio
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between the cost of the second (post processing) step for the Post-method and the cost of the first step
(CR-method). Finally, we plot the errors of the two methods as a function of the elapsed CPU times of
the resolution algorithm.

For the Post-method "Post" plots represent the errors after a single iteration of the second step and
"Post-8" plots represent the errors after iterating the second step eight times, updating poldh at each new
iteration, cf. Algorithm (7.7.12).

Remark 7.7.6. The use of discrete mixed formulations with H(div)-conforming projection of the test
function on the right-hand side leads to a pressure robust discrete velocity [194, 66]. It has been proven
to be an efficient numerical solution to solve Stokes problem when the parameter ν is small, however the
H(div)-conforming discrete spaces must be chosen with care. The Post-method can also be used in that
case to obtain an H1-conforming reconstruction of the discrete velocity, see §7.7.5.

Regular manufactured solutions

We postulate that for the EP-method and the Post-method, εν0(uh) ≤ C0 h
2, where C0 is independent of

the meshsize. The error estimates for the CR-method are given by [121, Theorem 3, Theorem 4, Theorem
6]. Notice that the norm ∥(·, ·)∥X ,ν depends on the viscosity ν (7.2.3) and that the error estimates on
the pressure and the velocity are linked. We check the convergence rates and the viscosity dependency
of the error estimates. The first test enters the framework of Proposition 7.7.4.

• Test case with a linear velocity: Figures 7.9-7.12, Tables 7.9-7.10.

We consider Problem (7.2.1)NH with f = ∇ p, where: u = (−y, x)T and p = x3 + y3 − 1/2.

The number of unknowns are reported in Table 7.8 (left).

As expected in (7.7.19), the EP-method returns εν0(uh) = O(10−15), εν0(ph) = O(10−14) for ν = 1;
and εν0(uh) = O(10−18), εν0(ph) = O(10−17) for ν = 10−6, so the errors are not reported.

Figure 7.9 (resp. 7.10) shows the discrete error values εν0(uh) (left) and εν0(ph) (right) plotted against
the meshsize for ν = 1 (resp. ν = 10−6). Notice that the Post-method improves the approximation
initially computed with the CR-method.

Figure 7.11 shows the discrete error values εν1 and ενD plotted against the meshsize for ν = 10−6.
Notice that the ratio ενD/ε

ν
1 is of order 0.5 for the Post-method with a single iteration and of order 0.1

for the Post-method with eight iterations.

Table 7.9 shows the average convergence rates for the velocity, τu and the pressure, τp. For the
CR-method, the average convergence rate for the pressure, τp is better than expected, possibly because
the source term is a polynomial of degree 3 which gradient is numerically exactly integrated.

Table 7.10 shows the CPU times for the CR-method and the Post-method with either one, or eight,
iterations. With our stopping criterion, around 30 iterations of the preconditioned conjugate gradient
algorithm are needed to solve the pressure solver of algorithm (7.7.29) with the CR-method: this is
consistent with Remark 7.7.5. By design, the Post-method which includes the CR-method as its first
step requires more CPU time. However, we notice that the CPU time of the second (post processing)
step, the overhead, is only a small fraction of the first step, and also that it decreases dramatically as the
meshsize decreases. This can be explained by the fact that on the one hand, there are fewer unknowns
and, on the other hand, Algorithm (7.7.31) is faster than Algorithm (7.7.29) (cf. Remark 7.7.5). For the
Post-method, it seems worth doing eight iterations, especially when the meshsize is small.

Figure 7.12 shows the discrete error values εν0(uh) (left) and εν0(ph) (right) plotted against the CPU
time for ν = 10−6. To reach εν0(uh) ≲ 2×10−5, the required CPU time is 0.5 s for the Post-method with
one iteration and less than 0.01 s for the Post-method with eight iterations, to be compared with 20 s

for the CR-method.
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Figure 7.9: Linear velocity, ν = 1. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.10: Linear velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.11: Linear velocity, ν = 10−6. Plots of εν1 (left) and ενD (right).

• Test case with a sinusoidal solution: Figures 7.13-7.16, Tables 7.12-7.11

We consider Problem (7.2.1)H with f = −ν∆u+∇ p, where:

u =

(
(1− cos(2π x)) sin(2π y)

(cos(2π y)− 1) sin(2π x)

)
and p = sin(2π x) sin(2π y).

The number of unknowns are reported in Table 7.8 (left).

Figure 7.13 shows εν0(uh) (left) and εν0(ph) (right) plotted against the meshsize, for ν = 1. In that
case, for the Post-method, there is no need doing eight iterations, so we give numerical results for
computations with a single iteration only. The Post-method and the EP-method give similar velocity
errors. The CR-method and the Post-method give similar pressure errors. For a given meshsize h, the
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ν τ CR Post Post-8

1
τu 2.03 1.99 1.93
τp 1.55 1.59 1.71

10−6 τu 2.03 1.97 2.53
τp 1.55 1.68 1.78

Table 7.9: Linear velocity. Average convergence rates.

h CPU CR CPU Post overhead CPU Post-8 overhead
1.00× 10−1 4.34× 10−3 5.08× 10−3 17% 7.40× 10−3 70%
5.00× 10−2 2.32× 10−2 2.61× 10−2 13% 4.46× 10−2 92%
2.50× 10−2 2.51× 10−1 2.69× 10−1 7.2% 3.65× 10−1 45%
1.25× 10−2 3.00× 10+0 3.07× 10+0 2.3% 3.54× 10+0 10%
6.25× 10−3 4.89× 10+1 4.94× 10+1 1.0% 5.20× 10+1 6.3%

Table 7.10: Linear velocity, ν = 10−6. CPU time (s).
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Figure 7.12: Linear velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right) against CPU time (s).

velocity error is smaller for the EP-method and the Post-method than for the CR-method; and the
pressure error is smaller for the CR-method than for the EP-method, but it is obtained at a higher cost.
Notice that the Post-method reduces the velocity error without worsening the pressure error.

Figure 7.14 shows εν0(uh) (left) and εν0(ph) (right) plotted against the meshsize, now for ν = 10−6.
Both post-processings improve the initial computation. Even with eight iterations, the overhead cost
remains affordable, especially when the meshsize is small.
The EP-method gives much smaller velocity and pressure errors than the CR-method since it is a pressure
robust method. For a given meshsize h, we note that the Post-method allows to reduce the velocity error
by a factor larger than 10. The pressure error of the Post-method using one iteration is close to that of
the CR-method, while it is greatly improved using eight iterations.

Figure 7.15 shows the discrete error values εν1 and ενD plotted against the meshsize for ν = 10−6.
Iterating several times yields again a significant decrease of the indicators.

Table 7.11 shows the average convergence rates for the velocity, τu and the pressure, τp. In the case
ν = 1, the average convergence rates are as expected. In the case ν = 10−6, the average convergence rate
for the velocity, τu, is better than expected for the EP-method and the Post-method, and the average
convergence rate for the pressure, τp, is better than expected for the Post-method, probably because the
asymptotic convergence regime has not been reached.

Table 7.12 below shows the CPU times for the CR-method and the Post-method with either one, or
eight, iterations. As we have used the same meshes, the computation times are similar to those in Table
7.10, showing once again that the overhead cost decreases dramatically as the mesh size decreases.
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Figure 7.16 shows εν0(uh) (right) and εν0(ph) (left) plotted against the CPU time for the CR-method
and the Post-method with a single iteration ("Post" plot) or eight iterations ("Post-8" plot). In the
same way as for the first test, we note that to reach εν0(uh) ≲ 5× 10−6, the required CPU time is 0.2 s

for the Post-method with one iteration and less than 0.02 s for the Post-method with eight iterations, to
be compared with the CR-method which does not reach this threshold.
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Figure 7.13: Sinusoidal velocity, ν = 1. Plots of εν0(uh) (left) and εν0(ph) (right).

10−2 10−1
10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

h

εν 0
(u
h
)

CR EP
Post Post-8

10−2 10−1
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

h

εν 0
(p
h
)

CR EP
Post Post-8

Figure 7.14: Sinusoidal velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.15: Sinusoidal velocity, ν = 10−6. Plots of εν1 (left) and ενD (right).
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ν τ CR EP Post Post-8

1
τu 1.99 2.07 2.06 −
τp 1.03 1.06 1.11 −

10−6 τu 2.05 2.17 2.47 2.36
τp 1.31 1.07 1.47 1.74

Table 7.11: Sinusoidal velocity. Average convergence rates.

h CPU CR CPU Post overhead CPU Post-8 overhead
1.00× 10−1 3.85× 10−3 4.64× 10−3 21% 7.06× 10−3 83%
5.00× 10−2 2.22× 10−2 2.51× 10−2 13% 4.27× 10−2 92%
2.50× 10−2 2.43× 10−1 2.58× 10−1 6.2% 3.45× 10−1 42%
1.25× 10−2 4.27× 10+0 4.34× 10+0 1.6% 4.78× 10+0 12%
6.25× 10−3 4.53× 10+1 4.57× 10+1 0.7% 4.82× 10+1 6.4%

Table 7.12: Sinusoidal velocity, ν = 10−6. CPU time (s).
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Figure 7.16: Sinusoidal velocity, ν = 10−6. Plots of εν0(uh) and εν0(ph) against CPU time (s).

• Comment on the algorithm

At this stage, we noticed that eight iterations was a good compromise. In order to design an optimized
algorithm, another stopping criterion could be set by comparing two successive computations of poldh , i.e.
comparing |δPn|M to |δPn−1|M. The choice of λ could also be further optimized, depending on ν and on
the meshsize.
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• Some observations

The coercive P1×P 0 formulation (EP-method) gives pressure robust results, the obvious limitation being
that it requires to know explicitly the potential of the gradient part of the source term. If it is not known,
the two step method greatly reduces the velocity error, compared with the calculation carried out using
the Crouzeix-Raviart P1

nc×P 0 formulation (CR-method). Moreover, using the second (post processing)
step iteratively greatly improves the initial result. Finally, the reduction factor is greater the smaller ν
is.

Low regularity manufactured solution: Figures 7.17-7.19, Tables 7.13-7.14

Last, we consider Problem (7.2.1)NH with a low regularity solution. Let (ρ, θ) be the polar coordinates
centered in (0.5, 0.5). Let α = 0.45. We set f = −ν∆u +∇ p where (u, p) = (ραeθ, ρ −

∫
Ω
ρ). Results

are given for ν = 10−6. The number of unknowns are reported in Table 7.8 (right). We used a refined
mesh around (0.5, 0.5), where the solution is of low regularity.

Figure 7.17 shows the discrete error values εν0(uh) (left) and εν0(ph) (right) plotted against the mesh-
size. We remark that EP-method shows far better results than the CR-method, and that the Post-method
allows again to improve the approximation of the CR-method.

Figure 7.18 shows the discrete error values εν1 (left) and ενD (right) plotted against the meshsize. We
have ενD/ε

ν
1 ≈ 0.5 for the Post-method with a single iteration while ενD/ε

ν
1 ≈ 0.1 or the Post-method with

eight iterations.

Table 7.13 shows the averaged convergence rates between the successive meshes. For the EP-method
and the CR-method, we postulate that, asymptotically, τu = 1 + α and τp = α. In both cases, the
obtained convergence rates are better than expected, which suggest that the asymptotic convergence
regime is not reached.

Table 7.14 below shows the CPU times for the CR-method and the Post-method with eight iterations.
Again, the overhead cost decreases sharply with the meshsize.

Figure 7.19 shows the discrete error values εν0(uh) (left) and εν0(ph) (right) against the CPU time for
the CR-method and the Post-method with eight iterations. To reach εν0(uh) ≲ 10−5, the required CPU
time is 0.02 s for the Post-method with eight iterations, to be compared with more than 100 s for the
CR-method.
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Figure 7.17: Low regularity velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.18: Low regularity velocity, ν = 10−6. Plots of εν1 (left) and ενD (right).

τ CR EP Post-8
τu 2.0 2.2 2.8
τp 1.6 0.7 1.9

Table 7.13: low regularity velocity, ν = 10−6. Averaged convergence rates.
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Figure 7.19: Low regularity velocity, ν = 10−6. Plots of εν0(uh) and εν0(ph) against CPU time (s).

Numerical results using Raviart-Thomas projection

The use of Crouzeix-Raviart P1
nc×P 0 formulation with H(div)-conforming projection of the test function

on the right-hand side leads to a pressure robust discrete velocity [194, 66]. In this case too, we can use the
Post-method to obtain a precise H1-conforming approximation of the discrete velocity. In Figures 7.20-
7.22, we represent εν0(uh) and εν0(ph) against the meshsize for our three tests. For the CR-method, we use
the lowest order Raviart-Thomas projection [194, §3.2] to compute poldh , which is then used in the Post-
method with λ = 1. For the first test (linear velocity), we obtain εν0(uh) ≲ 10−13 and εν0(ph) ≲ 10−12, and
regardless, we observe that the errors (close to machine precision for the CR-method) do not deteriorate
when the Post-method is applied. The pressure error εν0(ph) remains unchanged for the other two tests.
The approximation of the velocity is improved for all three tests.
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h CPU CR CPU Post-8 overhead
1.00× 10−1 1.12× 10−2 1.92× 10−2 71%
5.00× 10−2 2.77× 10−1 3.31× 10−1 19%
2.50× 10−2 3.15× 10+0 3.40× 10+0 7.9%
1.25× 10−2 1.06× 10+1 1.20× 10+1 13%
6.25× 10−3 1.32× 10+2 1.39× 10+2 5%

Table 7.14: Low regularity velocity, ν = 10−6. CPU time (s).
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Figure 7.20: Linear velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.21: Sinusoidal velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Figure 7.22: Low regularity velocity, ν = 10−6. Plots of εν0(uh) (left) and εν0(ph) (right).
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Chapter 8

Perspectives

In Chapter 5, we studied three different electromagnetic models. Concerning the magnetostatic system,
with the help of explicit T-coercivity, we recovered a well-known perturbed variational formulation.
We carried analysis the numerical analysis of its discretization with edge finite elements with more general
assumptions. We also studied the mixed variational formulations of our three models with the weighted
regularization method. This method allows to use continuous vector finite elements, which can be of
interest in the case of Vlasov-Maxwell coupling. We now wish to prove the discrete inf-sup condition.

In Chapter 6, we carried out numerical analysis of the discretization of the neutron diffusion equation
with the DD+L2-jumps method. As I changed of department, this work was taken over by François
Madiot and Patrick Ciarlet. The PhD thesis of Léandre Giret was followed by the post-doc of Minh-
Hieu Do, on a posteriori estimators for this equation [132, 96]. Mario Gervais is currently working
on his PhD thesis on extending these a posteriori estimators to the DD+L2-jumps method, and to the
multigroup SPN equations [160]. These estimators are plugged into the APOLLO3® code, allowing to
improve its performance.

Using explicit T-coercivity for the neutron diffusion equation allows to exhibit an efficient pre-
conditionner. We plan to extend the study first to the DD+L2-jumps method and then, to other
models.

We also studied a simplified thermal-hydraulics and neutronics coupling, based on the pressurized
water reactor model. We now turn our attention to the molten-salt reactor model, for which we need to
take into account the Bateman equations, describing the evolution of the isotopic concentrations.

In Chapter 7, we detailed the spatial discretization of the TrioCFD code. First, in Section 7.4,
we studied nonconforming finite element. In Section 7.5, we proved the stability and computed errors
estimates P1

nc − (P 0 +P 1) discretization. In Section 7.6, we proposed an alternative scheme for the dis-
cretization of the pressure. In Section 7.7, we proposed and analysed a new variational formulation
of the Stokes problem using explicit T-coercivity. This variational formulation is coercive, and
can be discretized with the Pk × P k−1

disc finite element for all k ≥ 1. To solve the linear system resulting
from the discretization, we need to know the pressure, or at least some approximation of it, which in
our numerical tests is the discrete pressure obtained using the classical nonconforming method with the
Crouzeix-Raviart P1

nc × P 0 finite element. This two-step method improves the numerical results by
notably reducing the errors obtained after the use of the classical method, especially when the viscosity
is small.

In these three main Chapters, for the mixed problems, we used T-coercivity framework to find an
explicit realization of the inf-sup condition for the all-by-one bilinear forms. It provides useful insight
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on the design of suitable discretizations. Furthermore, the T operator may be used to express a coercive
variational formulation. Hence, although it does not provide any new theoretical results, T-coercivity
framework helps for the study and the approximation of mixed variational formulations [26, 95].

Concerning TrioCFD code, our aim is to enhance its capabilities. I am involved in supervising two
PhD students, working on aspects of this topic.

In order to handle triangulation with general meshes and to improve the simulation of vortices, we
want to use discontinuous Galerkin finite elements. Currently working on her PhD thesis, Mayssa
Mroueh is exploring different numerical schemes, based on the Symmetric Interior Penalty method
to solve the Stokes problem. Classically, the velocity is discretized with Pk

disc finite elements and the
pressure with P k−1

disc finite elements [162], where k > 1. One can also discretize the pressure with P kdisc
finite elements, with the help of a stabilization term [130, Section 6.1]. Mayssa proved that the stability
is achieved also when the pressure is discretized with P k+1

disc finite elements. Numerical results showed
that this new scheme may be interesting when the viscosity is small [P9, Section 6.2]. On the other
hand, we computed a priori error estimates for those different schemes when the source term is
of low-regularity [W2]. Mayssa is also studying DG schemes using exponential basis functions
instead of polynomial ones. Indeed, these functions provide a more accurate model of convective flows.
Implementation of the DG schemes in the TrioCFD code is currently underway. We intend now to study
a posteriori error estimators, in order to propose latter adaptive hp strategies. Another direction it to
extend the T-coercivity theory and study to Oseen problem (i.e. Stokes problem with an advection
term).

The TrioCFD code can simulate single-phase flows, and it contains a front-tracking algorithm to
simulate two-phase flows by interface tracking, using two meshes: a moving mesh for the interface,
and a fixed mesh on which fluid velocity, temperature and pressure are calculated. The Navier-Stokes
equations are solved in each phase, and the coupling between phases is modelled by a surface force field.
This module is being used more and more, but some calculations are too costly. In particular, when we
want to simulate the interface of a vortex, we have to refine drastically the mesh in the neighbourhood
of the vortex extremity. During the work-study period, Paulin Dempowo-Fouelefack analysed and
helped improve the front-tracking algorithm. He will now start a PhD thesis, during which we plan to
adapt the singular complement method proposed by Lefebvre-Lepot and Nabet [190] to simulate a flow
containing rigid particles. This method consists in taking into account explicitly the singular
part of the fluid velocity between particles, which would need a very fine mesh to be
approximated accurately. Only the regular part and a coefficient are computed on a rough mesh. In
their context, the authors show that for a given precision, this method allowed to use a coarser mesh.
We would like to adapt this strategy to take into account the interface singularities.
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Appendix A

Neutronics

A.1 Inverse power algorithm

Consider Problem (6.1.14). We look for the eigenpair ((p, ϕ), keff ) where keff is the inverse of the
smallest eigenvalue, so that we can use the so-called inverse power algorithm. After some initial guess
is provided, at iteration number m + 1, we deduce (pm+1, ϕm+1, km+1

eff ) from (pm, ϕm, kmeff ) by solving
Equations (6.1.14) with a source term. Set in a domain R, the inverse power iteration algorithm1 reads
(we choose below zero flux boundary conditions on ∂R):

Set (p0, ϕ0, k0eff ), m = 0.

Until convergence, do: m← m+ 1

Solve: 
D−1 pm+1 +∇ϕm+1 = 0 in R,
div pm+1 +Σa ϕ

m+1 =
1

kmeff
νΣf ϕ

m in R,

ϕm+1 = 0 on ∂R.
(A.1.1)

Compute: km+1
eff = kmeff

∫
R
( νΣϕm+1 )2∫

R
( νΣϕm+1 νΣϕm )

.

End

Above, the Eqs. (A.1.1) with unknowns (pm+1, ϕm+1) model the so-called source solver (here, the right-
hand side is a function of ϕm). The updated value km+1

eff is inferred as follows: assuming that div pm+1+

Σa ϕ
m+1 = (km+1

eff )−1νΣϕm+1, one can write (km+1
eff )−1νΣϕm+1 = (kmeff )

−1νΣϕm and, multiplying this
equation by νΣϕm+1 and integrating over the domain of computation R, we obtain the last equation
of (A.1.1). The convergence criterion is usually set on |km+1

eff − kmeff | and
∫
R( νΣϕm+1 − νΣϕm )2.

The inverse power iterations are called the outer iterations in opposition to the inner iterations, which
correspond to the iterations of the source solver. As a matter of fact, one can choose an iterative source
solver.

1This algorithm is described as well in [22] (algorithm 1, p. 2007).
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A.2 Proof of Theorem 6.5.1

We note ∀(i, j) ∈ IJ , αij := αiij = αjij > 0. We introduce the sequence of errors
(
(eℓi , e

ℓ
i)ℓ∈N

)
i∈IR

, where: eℓi := pℓi − pi ∈

H(div,Ri) and eℓi := ϕℓi − ϕi ∈ Vi. The sequence
(
(eℓi , e

ℓ
i)ℓ∈N

)
i∈IR

satisfy for all i ∈ IRi , and for all j ∈ IRi :


(0) div eℓi + Σa,i e

ℓ
i = 0 in Ri,

(i) (Di)
−1 eℓi + ∇ eℓi = 0 in Ri,

(ii) −eℓi · ni + αije
ℓ
i = eℓ−1

j · nj + αije
ℓ−1
j on Γij .

(A.2.1)

By induction on ℓ, we check that eℓi · ni|Γij ∈ L2(Γij). Multiplying (A.2.1)-(0) by eℓi and integrating on Ri gives:

∫
Ri

div e
ℓ
i e
ℓ
i + ∥(Σa,i)

1
2 e

ℓ
i∥

2
L2(Ri)

= 0. (A.2.2)

Multiplying (A.2.1)-(i) by eℓi , integrating on Ri, using Eq. (4.2.1), we have:

∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

−
∫
Ri

div e
ℓ
i e
ℓ
i = −

∑
j∈IRi

∫
Γij

e
ℓ
i · ni e

ℓ
i . (A.2.3)

To bound the integrals on Γij , we use that AB = ( (αA + B)2 − (αA − B)2)/(4α) with α = αij ; A = eℓi and B = eℓi · ni a.e. on
Γij ; and the transmission conditions on Γij (A.2.1)-(ii). Then we have for all i ∈ IR and for all j ∈ IRi :∫

Γij

e
ℓ
i · ni e

ℓ
i =

(
∥eℓi · ni + αije

ℓ
i∥

2
L2(Γij)

− ∥eℓ−1
j · nj + αije

ℓ−1
j ∥2

L2(Γij)

)
/(4αij). (A.2.4)

Summing (A.2.2) and (A.2.3), and using (A.2.4) we then obtain for i ∈ IR :

∥(Σa,i)
1
2 e

ℓ
i∥

2
L2(Ri)

+ ∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

=
∑

j∈IRi

(
∥eℓ−1
j · nj + αije

ℓ−1
j ∥2

L2(Γij)
− ∥eℓi · ni + αije

ℓ
i∥

2
L2(Γij)

)
/(4αij).

Summing the contributions of each sub-domain, we obtain for ℓ ∈ N∗ :

∑
i∈IR

(
∥(Σa,i)

1
2 e

ℓ
i∥

2
L2(Ri)

+ ∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

)
=
∑
i∈IR

∑
j∈IRi

(
∥eℓ−1
j · nj + αije

ℓ−1
j ∥2

L2(Γij)
− ∥eℓi · ni + αije

ℓ
i∥

2
L2(Γij)

)
/(4αij),

=
∑

(i,j)∈IJ

(
∥eℓ−1
j · nj + αije

ℓ−1
j ∥2

L2(Γij)
− ∥eℓj · nj + αije

ℓ
j∥

2
L2(Γij)

.

∥eℓ−1
i · ni + αije

ℓ−1
i ∥2

L2(Γij)
− ∥eℓi · ni + αije

ℓ
i∥2
L2(Γij)

)
/(4αij)

By summing over the iterations ℓ ∈ {1, · · · , N}, the contributions to successive iterations ℓ − 1, ℓ cancel each other out for
ℓ ∈ {1, · · · , N − 1} and it holds:

N∑
ℓ=1

∑
i∈IR

(
∥(Σa,i)

1
2 e

ℓ
i∥

2
L2(Ri)

+ ∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

)
+

∑
(i,j)∈IJ

∥eNi · ni + αije
N
i ∥2

L2(Γij)
/(4αij)

=
∑

(i,j)∈IJ

∥e0
i · ni + αije

0
i ∥

2
L2(Γij)

/(4αij)

We have therefore shown that the series
∞∑
ℓ=1

∑
i∈IR

(
∥(Σa,i)

1
2 e

ℓ
i∥

2
L2(Ri)

+ ∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

)
converges. This means that the

sequence

 ∑
i∈IR

(
∥(Σa,i)

1
2 e

ℓ
i∥

2
L2(Ri)

+ ∥(Di)−
1
2 e

ℓ
i∥

2
L2(Ri)

)
ℓ∈N

converges to zero, i.e. for i ∈ IR, the sequence (eℓi , e
ℓ
i)ℓ∈N

tends to zero in L2(Ri)×L2(Ri). Finally, using the relations (A.2.1)-(0) and (A.2.1)-(i), we obtain the convergence of the sequence

(eℓi , e
ℓ
i)ℓ∈N to 0 in H(div,Ri) × Vi.

A.3 Optimized Schwarz Method from algebraic point of view

Let i ∈ I. We denote by
(
(P ℓi,m)m∈If+i

, (Φℓi,l)l∈ITi

)
the decomposition of (pℓi,h, ϕ

ℓ
i,h) in their respective

basis. We set: P ℓi = (P ℓi,m)m∈If+i
, Φℓi = (Φℓi,l)l∈ITi and Si = (

∫
R̃i
Sf,iψi,l)l∈ITi .
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Let Mi,i
p ∈ RF

+
i ×F+

i and Mi
ϕ ∈ RNi×Ni be the symmetric, positive definite matrices such that:

∀ (m,m′) ∈ If+i × If+i (Mi,i
p )m,m′ =

∫
R̃i

(Di)
−1ωi,m′ · ωi,m.

∀ (l, l′) ∈ Ii × Ii (Mi
ϕ)l,l′ =

∫
R̃i

Σa,iψi,l ψi,l′ .

The matrices Mi
ϕ are block diagonal. We consider M̃i,i

p ∈ RF
+
i ×F+

i the symmetric matrix such that:

∀j ∈ IR̃i
,

 ∀(m,m
′) ∈ Ifi × If+i (M̃i,i

p )m,m′ = (Mi,i
p )m,m′ ,

∀(m,m′) ∈ Ifi,ij × If+i (M̃i,i
p )m,m′ = (Mi,i

p )m,m′ +

∫
Γij

(αiij)
−1ωi,m′ · ni ωi,m · ni.

Let j ∈ IR̃i
. We call M̃i,j

p ∈ RF
+
i ×F+

j the matrix linking pℓi,h and pℓj,h:

∀(m,m′) ∈ Ifi × Ifj + (M̃i,j
p )m,m′ = 0,

∀(mi,m
′) ∈ Ifi,ij × Ifj + (M̃i,j

p )mi,m′ =

∫
R̃j

(Dj)
−1ωj,m′ · ωj,mj −

∫
Γij

(αiij)
−1ωj,m′ · nj ωj,mj · nj ,

where the expression of (M̃i,j
p )(mi,m′)∈Iij,fi ×Ifj + is obtained following the choice of the lifting (6.5.15) on

the interface Γij . Let Bi,i ∈ RF
+
i ×Ni be the matrix linking the two unknowns inside the same subdomain:

∀ (m, l) ∈ If+i × ITi (Bi,i)m,l =
∫
R̃i

divωi,m ψi,l.

Let B̃i,j ∈ RF
+
i ×Nj be the matrix linking the two unknowns in neighbouring subdomains, cf. (6.5.15) for

the relationship between mi and mj :

∀ (m, l) ∈ If+i × Ii (B̃i,j)m,l =


∫
R̃j

divωj,mj ψj,l if m = mi ∈ Ifi,ij ,

0 if m ∈ Ifi .

Equations (6.5.16)-(6.5.17) finally take the form of the following linear system:
For all i ∈ I, find (P ℓi ,Φ

ℓ
i) such that:

Mi
ϕΦ

ℓ
i + BTi,iP ℓi = Si,

Bi,iΦℓi − M̃i,i
p P

ℓ
i =

∑
j∈IR̃i

M̃i,j
p P ℓ−1

j − B̃i,jΦℓ−1
j .

(A.3.1)

The discretization of algorithm (6.5.5) reads (the global matrix is not symmetric):∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

initialization: ∀i ∈ I, (P 0
i ,Φ

0
i ) ∈ RNi × RF

+
i is given.

iterations: for ℓ = 1, . . . , ∀i ∈ I, find (Φℓi , P
ℓ
i ) ∈ RNi × RF

+
i such that:(

−M̃i,i
p Bi,i

BTi,i Mi
ϕ

)(
P ℓi
Φℓi

)
=

(
0

Si

)
−
∑
j∈IR̃i

(
−M̃i,j

p B̃i,j
0 0

)(
P ℓ−1
j

Φℓ−1
j

)
,

until convergence.

(A.3.2)

Algorithm (A.3.2) corresponds to a block Jacobi to solve (A.3.1). We can also use a GMRES algorithm.
Algorithm (A.3.2) can be demonstrated using algebraic operations [A11, §6.2].
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Appendix B

Fluid mechanics

B.1 The TrioCFD code

The TrioCFD code is often called a "finite volume element" code, since one can express the P1
nc ×

P 0 scheme as a finite volume scheme. Moreover, when discretizing the Navier-Stokes equations, the
convection operator is discretized using a finite volume schema, enabling stability.

B.1.1 Finite volume version of the P1
nc × P 0 scheme

Let us first mention that the P1
nc × P 0 scheme can be expressed as a finite volume scheme. Here, we

denote by NT be the number of simplices and NF (resp. N i
F ), the number of faces in Ω̄ (resp. in Ω̄).

We let ID = {1, . . . , ND}, where ND is the dimension (ND = 2 or 3). Recall that IF = {1, . . . , NF } and
IT = {1, . . . , NT }. We refer to §4.7 and §7.5 for the other notations.

For the discrete velocity, the unknowns are located on the barycenters of the faces. Let Ff = K,
f ∈ IF be a face. If Ff ∈ Ω, it exists ℓ, ℓ′ such that Ff = Kℓ ∩Kℓ′ . The control volume related to Ff ,
denoted by ωf is constructed joining the barycenters of Kℓ and Kℓ′ to the vertices of Ff , as shown on
Figure B.1 in 2D. If Ff ∈ ∂Ω, it exists ℓ such that Ff ∈ ∂Kℓ. The control volume ωf is constructed
joining the barycenters of Kℓ to the vertices of Ff . For the discrete pressure, the unknowns are located
on the barycenters of the elements and the related control volume is the element. We let uh = (uf )f∈IF
and ph = (pℓ)ℓ∈IK .

After having substituted (u, p) by (uh, ph) in Equations (7.1.1), the weak formulation is obtained in
two stages. First, we integrate Equation (7.1.1)-(i) on ωf (resp. (7.1.1)-(ii) on Kℓ), taking into account
the discontinuties of the test functions. Next, we perform the scalar product between the NT (resp. N i

F )
equations obtained and the vector representing a test function of the discrete pressure space (resp. of
Xh). We will also need these equalities:

∀ℓ ∈ IK , ∀f ∈ IF,ℓ, |ωf ∩Kℓ| = |Kℓ|/(d+ 1). (B.1.1)

∀ℓ ∈ IK , ∀f ∈ IF,ℓ,
∫
∂Kℓ

ϕf |Kℓn = Sf,ℓ. (B.1.2)

∀f ∈ IF ,
∫
∂ωf∩Kℓ n = −Sf,ℓ, (B.1.3)

∀f ∈ IF , ∀ϕ ∈ L2(∂ωf ) :
∫
∂ωf

ϕ =
∑
ℓ∈IK,f

∫
∂ωf∩Kℓ ϕ. (B.1.4)

B.1.2 Discrete operators

Using Equations (B.1.4) and (B.1.3), we define operators ∆h and ∇̃h such that:
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Gℓ

Gℓ′

•

•

Gf

S1

S2

•

•

•

•Kℓ

Kℓ′

ωf

Figure B.1: 2D control volume ωf related to Ff .

• Operator ∆h : P1
disc(Th)→ L2(Ω), such that for all vh ∈ P1

disc(Th), for all f ∈ IiF :

−
∫
ωf

∆hvh = −
∑

ℓ∈IK,f

∫
∂ωf∩Kℓ

∇(vh|Kℓ ) · n = −
∑

ℓ∈IK,f

∇(vh|Kℓ ) ·
∫
∂ωf∩Kℓ

n,

=
∑

ℓ∈IK,f

∇(vh|Kℓ ) · Sf,ℓ.
(B.1.5)

• Operator ∇̃h : P0
disc(Th)→ L2(Ω), such that for all qh ∈ P0

disc(Th), for all f ∈ IiF :∫
ωf

∇̃hqh =
∑

ℓ∈IK,f

∫
∂ωf∩Kℓ

qh|Kℓ n =
∑

ℓ∈IK,f
qℓ

∫
∂ωf∩Kℓ

n = −
∑

ℓ∈IK,f
qℓ Sf,ℓ. (B.1.6)

B.1.3 Discretization of the diffusion operator

Let afv(·, ·) be the continuous and coercive bilinear form representing the discretization of the diffusion
term in Equation (7.1.1)-(i) using Equation (B.1.5).

afv : X0,h ×X0,h → R

(vh,wh) 7→ −ν
∑
f∈IiF

wf ·
∫
ωf

∆hvh = ν
∑
f∈IiF

∑
ℓ∈IK,f

∇(vh|Kℓ) : Sf,ℓ. (B.1.7)

Thus, for all f, f ′ ∈ IF , for all d, d′ ∈ ID, it holds:

afv(ϕf ′ ed , ϕf ed′) = δd,d′ ν Af,f ′ (B.1.8)

where :

Af,f ′ =


|Kℓ|−1 Sf ′,ℓ · Sf,ℓ if f ̸= f ′ and Ff , Ff ′ ⊂ ∂Kℓ ∑
ℓ∈IK,f

|Kℓ|−1

 |Ff |2 if f = f ′
. (B.1.9)

The bilinear form ah(·, ·) is the same as that of the finite element method:

afv(ϕf ed , ϕf ′ ed′) = δd,d′ ν (ϕf , ϕf ′)h.
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B.1.4 Discretization of the source term

Suppose that f ∈ L2(Ω). The discretization of the source term in Equation (7.1.1)-(i) reads:

ℓf : X0,h → R

vh 7→ (f ,vh)L2(Ω) =
∑
f∈IiF

(
vf ·

∫
ωf

f ϕf

)
. (B.1.10)

In the finite volume method, we should use instead of ℓfvf (·):

ℓfvf (vh) =
∑
f∈IiF

(
vf ·

∫
ωf

f

)
. (B.1.11)

Suppose f ∈ L∞(Ω). Using Cauchy-Schwarz inequality, we have:∣∣∣∣∣∣
∑

ℓ∈IK,f

∫
Kℓ

f ϕf −
∫
ωf

f

∣∣∣∣∣∣ =
∑

ℓ∈IK,f

∣∣∣∣∣∣
 ∑
f ′∈IF,ℓ,f ′ ̸=f

∫
ωf′∩Kℓ

f ϕf −ND
∫
ωf∩Kℓ

f λf,ℓ

∣∣∣∣∣∣
≤

∑
ℓ∈IK,f

 ∑
f ′∈IF,ℓ,f ′ ̸=f

(
|ωf ′ ∩Kℓ|

1
2 +ND ∥λf,ℓ∥L2(ωf∩Kℓ)

)
∥f∥L2(Kℓ)


We have: ∥λf,ℓ∥2L2(ωf∩Kℓ) ≤ ∥λf,ℓ∥

2
L2(Kℓ)

= |Kℓ|
ND! 2!

(ND + 2)!
. We obtain, using (B.1.1):

∣∣∣∣∣∣
∑

ℓ∈IK,f

∫
Kℓ

f ϕf −
∫
ωf

fh

∣∣∣∣∣∣ ≤
( |Kℓ|
ND + 1

) 1
2

∥f∥L2(Kℓ) ≲ hND ∥f∥L∞(Kℓ). (B.1.12)

The bilinear form obtained with the finite volume method is an approximation of that obtained with
the finite element method. Using it may deteriorate the accuracy of the P1

nc × P 0 and P1
nc × (P 0 + P 1)

schemes.

B.1.5 Discretization of the gradient of the pressure

Let bfv(·, ·) be the continuous bilinear form representing the discretization of the gradient term for
discrete pressures P 0 in Equation (7.1.1)-(i) (cf. (B.1.6)).

bfv : X0,h × P0
disc(Th) → R

(vh, qh) 7→
∑
f∈IiF

vf ·
∫
ωf

∇̃hqh = −
∑
f∈IiF

∑
ℓ∈IK,f

qℓ vf · Sf,ℓ . (B.1.13)

Thus, for all d ∈ ID, for all f ∈ IF , for all ℓ ∈ IK , it holds:

bfv(ϕf ed, ψℓ) = (B0,d)f,ℓ :=

{ −Sf,ℓ · ed if Ff ⊂ ∂Kℓ

0 else
. (B.1.14)

Let b̃fv(·, ·) be the bilinear form discretizing Equation (7.1.1)-(ii):

b̃fv : X0,h × P0
disc(Th) → R

(vh, qh) 7→
∑
ℓ∈IK

qℓ

∫
∂Kℓ

vh · n .
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We have then:

b̃fv(vh, qh) =
∑
ℓ∈IK

qℓ

∫
Kℓ

divvh|Kℓ =
∑
ℓ∈IK

qℓ
∑
f∈IF,ℓ

vf ·
∫
∂Kℓ

ϕf |Kℓn.

Using Equation (B.1.2), it holds:

∀(d, ℓ, f) ∈ ID × IK × IF , b̃fv(ϕf ed, ψℓ) = −bfv(ϕf ed, ψℓ). (B.1.15)

We use only the bilinear form b0,h(·, ·), which is the same as that of the coupling term between P1
nc

velocity and P 0 pressure in the finite element method: bfv(ϕf ed, ψℓ) = −(div(ϕf ed), 1)L2(Kℓ).

Note that a finite volume approach is proposed in [175] to describe the P1
nc × (P 0 + P 1) scheme.

For the P 1 component of the pressure, the control volume of a vertex corresponds to the P 2 submesh
surrounding the vertex.

B.1.6 Linear system

Recall that uh =
∑
f∈IiF

ufϕf . We let Uh,d = (uf · ed)f∈IiF and Uh = (Uh,d)d∈ID .

Recall that p0,h =
∑
ℓ∈IK

pℓψℓ. We let P 0,h = (pℓ)ℓ∈IK . We have p1,h =
∑
i∈IS piλi, and we let

P 1,h = (P 1,h)i∈IS .

Let A ∈ RNiF × RNiF be the stiffness matrix for scalar functions in X0,h, where Af,f ′ is defined in
Equation (B.1.9). Let [A] ∈ R(ND×NiF ) × R(ND×NiF ) be the stiffness matrix for vectorial functions of
X0,h, such that: for d, d′ ∈ ID, [A]d,d′ = δd,d′A (i.e. [A] is block diagonal).

Let B0,d ∈ RNiF × RNK where (B0,d)f,ℓ is given by (B.1.14). We set [B0] :=
(
B0,d

)
d∈ID .

Let B1,d ∈ RNiF × RNS be such that (B1,d)f,i := (ϕf ed,∇ψi)L2(Ω). We set [B1] :=
(
B1,d

)
d∈ID .

Let Fh,d ∈ RNiF be such that Fh,d =
(
ℓf (ϕf ed)f∈IiF

)
, and we set Fh =

(
Fh,d

)
d∈ID .

Find (Uh, P 0,h, P 1,h) such that
ν [A]Uh + [B0]P 0,h + [B1]P 1,h = Fh

−[B0]
T
Uh − [B1]

T
Uh = 0,∑

ℓ∈IK
|Kℓ| pℓ = 0,∑

ℓ∈IK
|Kℓ|

∑
i∈IS,ℓ

pi = 0.

(B.1.16)

The matrix [A] is a sparse, symmetric, positive-definite matrix. The matrix [B0] is a sparse matrix of
rank NT − 1. In order to compute p0,h ∈ Q0,h, we impose pℓ0 for some ℓ0 ∈ IK , cancelling column ℓ0
from matrix [B0] and line ℓ0 from vector P 0,h, and transferring [B0]:,ℓ0pℓ0 to the right-hand-side of the
first equation of (B.1.16). The matrix [B1] is a sparse matrix of rank NS − 1. In order to compute
p1,h ∈ Q1,h, we impose pi0 for some i0 ∈ IS , cancelling column i0 from matrix [B1] and line i0 from
vector P 1,h, and transferring the vector [B1]:,i0 pi0 to the right-hand-side of the first equation of (B.1.16).
Let [B1] = [B1]:,i∈IS\i0 . Problem (B.1.16) reads:

Find (Uh, P0,h, P1,h) such that
ν [A]Uh + [B0]P0,h + [B1]P1,h = Fh := Fh − [B0]:,ℓ0 pℓ0 − [B1]:,i0 pi0

−[B0]
T
Uh − [B1]

T
Uh = 0

, (B.1.17)
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where [B0] and [B1] are of maximal rank. The matrix [B] = ([B0], [B1]) is also of maximal rank. Let
Ph := (P0,h, P1,h)

T . Problem (B.1.17) reads:
Find (Uh, Ph) such that:
ν [A]Uh + [B]Ph = Fh

−[B]
T
Uh = 0

. (B.1.18)

The computation of ∥ph∥2L2(Ω) reads:

∥ph∥2L2(Ω)
=
∑

ℓ∈IK

|Kℓ| (pℓ)2 + C̃D

∑
ℓ∈IK

|Kℓ|

 ∑
i∈IS,ℓ

(pi)
2 +

∑
i,j∈IS,ℓ i ̸=j

pi pj

+ CD

∑
ℓ∈IK

|Kℓ| pℓ
∑

i∈IS,ℓ

pi, (B.1.19)

where we have: C̃D = 1/6, CD = 2/3 if ND = 2 and C̃D = 1/10, CD = 1/2 if ND = 3.

B.1.7 Discretization of the convection

Let c̃h(·, ·, ·) be the trilinear form discretizing the convective term in (7.1.1)-(i):

c̃h : X0,h ×X0,h ×X0,h → R

(uh;vh,wh) 7→
∑

f∈Ii
F

(
wf ·

∫
ωf

(vh · ∇h)uh

)
=
∑

f∈Ii
F

∑
ℓ∈IK,f

(
wf ·

∫
ωf∩Kℓ

(vh · ∇)uh

)
.

Notice that for uh ∈ V0,h, it stands:

c̃h(uh;vh,wh) =
∑
f∈IiF

∑
ℓ∈IK,f

(
wf ·

∫
∂ωf∩Kℓ

uh (vh · n)
)
.

Using this trilinear form, one cannot prove stability. FOr this reason, in the TrioCFD code, a finite
volume scheme is used to discretize the convective term. We preset here numerical results computed
with an upwind scheme, described below, and a MUSCL scheme1 with a Van Leer slope limiter [189].

Let Ff,f ′ = Ff ′,f := ∂ωf ∩ ∂ωf ′ and Sf,f ′ = −Sf ′,f be the normal vector leaving ∂ωf on Ff,f ′ and
such that |Sf,f ′ | = |Ff,f ′ | (see Figure B.2 for ND = 2). Let Gf,f ′ be the barycenter of facet Ff,f ′ .

Ff,f ′

• Gℓ

Gℓ′

•

•

Gf
Gf ′

•
•

S2

•

Sf,f ′ Gf,f ′
Kℓ

Kℓ′

ωf

Figure B.2: Facet Ff,f ′ and outgoing normal vector Sf,f ′ .

The trilinear form related to the upwind scheme is such that:

ch : X0,h ×X0,h ×X0,h → R
(uh;vh,wh) 7→

∑
f∈IiF

wf ·
∑

f ′∈IF,f
uf,f ′ (vh(Gf,f ′) · Sf,f ′),

1MUSCL means Monotonic Upstream-centered Scheme for Conservation Laws.
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where IF,f = {f ′ ∈ IF , f ′ ̸= f | ∂Ff ∩ ∂Ff ′ ̸= ∅} and uf,f ′ is defined as follows

uf,f ′ =

{
uf if vh(Gf,f ′) · Sf,f ′ > 0 on Ff,f ′

uf ′ else
. (B.1.20)

Let f ∈ IiF . Using the MUSCL scheme [189] in 2D, the flow across the edges of ∂ωf , (Ff,f ′)f ′∈IF,f , is
approximated with the following scheme:∫

Ff,f′

vh(vh · n) ≈
1

6

(
vh|Kℓ′ (S1)V1 · Sf,f ′ + 4vh(Gf,f ′)Vf,f ′ · Sf,f ′ + vh(Gℓ′)vh(Gℓ′) · Sf,f ′

)
,

where the notations are shown on Figure B.3 and where V1 and Vf,f ′ are such that:

If vh(Gf,f ′)·Sf,f ′ > 0 :

{
V1 = vf +∇ṽf :

−−−→
Gf S1

Vf,f ′ = vf +∇ṽf :
−−−→
Gf Gf,f ′

else:

{
V1 = vf ′ +∇ṽf ′ :

−−−→
Gf ′ S1

Vf,f ′ = vf ′ +∇ṽf ′ :
−−−→
Gf ′Gf,f ′

.

We use the Van Leer slope limiter in order to calculate ∇ṽf : Let Ff = S1S2 = ∂Kℓ ∩ ∂Kℓ′ . We have:

∀ d, d′ ∈ ID, (∇ṽf )d,d′ = Van Leer
(
(∇vh|Kℓ)d,d′ , (∇vh|Kℓ′ )d,d′)

)
with, for all a, b ∈ R: Van Leer(a, b) =


2 a b

a+ b
if a b > 0

0 else
.

Ff,f ′

Gℓ

Gℓ′

•

•

Gf
Gf ′

•
•

S1

S2

•

•

•Sf,f ′ Gf,f ′
Kℓ

Kℓ′

ωf

Figure B.3: Control volume ωf associated to Gf

B.1.8 Time discretization

Let T > 0 be the final simulation time. The semi-discretization in space of Equations (7.1.1), with
f ∈ L2(Ω), formulated with the P1

nc × (P 0 + P 1) scheme reads:

For all t ∈ (0, T ), find (uh(t), ph(t)) ∈ X0,h ×Qh such that:

uh(0) = Πcr(u0)
d

dt
(uh,vh)L2(Ω) + ν(uh,vh)h + ch(uh,uh,vh) + bh(vh, ph)

= (f ,vh)L2(Ω) ∀vh ∈ X0,h

−bh(uh, qh) = 0 ∀qh ∈ Qh

, (B.1.21)

We call M ∈ RNiF × RNiF the mass matrix of the velocity components, which is a diagonal matrix: for
all f, f ′ ∈ IiF , Mf,f ′ = δf,f ′ |ωf |. Let Mcr ∈ RNiF × RNiF be the mass matrix of X0,h functions, such
that: for all f, f ′ ∈ IiF , Mf,f ′ =

∫
Ω
ϕf ϕf ′ . When ND = 2, Mcr = M . When ND = 3, Mcr ̸= M ,
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but one can prove that these matrices are equivalent. Let [M ] the block diagonal matrix such that:
[M ]d,d′ = δd,d′M . Let [A] ∈ R(ND×NiF ) × R(ND×NiF ) be the stiffness matrix for vectorial functions of
X0,h. Let [B] ∈ RNP × R(ND×NiF ) The nonlinear system related to (B.1.21) reads:

For all t ∈ (0, T ), find (Uh(t), Ph(t)) such that:
Uh(0) = U0

[M ]
d

dt
Uh + ν [A]Uh + [L(Uh)]Uh + [B]Ph = Fh(t)

−[B]
T
Uh = 0

, (B.1.22)

where U0 ∈ R(ND×NiF ) is such that U0 = (U0,d)d∈ID and U0,d = (πf (u0 · ed))f∈IiF .

In the TrioCFD code, numerical simulations of Stokes problem are obtained as the asymptotic limit
of a transient state. There exist different time discretization schemes [10]. In the present work, all
the simulations are done using a semi-implicit scheme. Let δtn be the time step at step n, and Unh be
the approximation of Uh(tn). We approximate [L(Uh(tn))]Uh(tn) by [L(Un−1

h )]Unh and we use Euler’s
backwards scheme. Let U0

h = U0. Compute δt1. The space-time discretization scheme for (7.1.1) reads:
Find (Unh , P

n
h ) such that for all n ∈ N⋆

1

δtn
[M ](Unh − Un−1

h ) + ν [A]Unh + [L(Un−1
h )]Unh + [B]Pnh = Fnh

−[B]
T
Unh = 0

. (B.1.23)

The time step δtn+1 is evaluated at each iteration. We stop the iteration when
∑n−1
n′=1 δtn′ ≥ T . Let us

set [K(Un−1
h )] :=

1

δtn
[M ] + ν [A] + [L(Un−1

h )] and F̃nh = Fnh +
1

δtn
[M ]Un−1

h .

The time-discretization scheme (B.1.23) reads:
Find (Unh , P

n
h ) such that U0

h = U0 and for all n ∈ N⋆

[K(Un−1
h )]Unh + [B]Pnh = F̃nh

−[B]
T
Unh = 0

. (B.1.24)

The matrix [K(Un−1
h )] is a sparse positive-definite matrix. For a given time step n ∈ N⋆, the linear

system (B.1.24) is not solved exactly. Instead, one relies on the following three steps scheme [89, 240]:

Prediction: Solve in U⋆h : [K(Un−1
h )]U⋆h = F̃nh − [B]Pn−1

h .

Pressure solver: Solve in δPh : [B]
T
[M ]−1[B] δPh =

1

δtn
[B]TU⋆h .

Update: Unh = U⋆h −
1

δtn
[M ]−1[B] δPh, Pnh = Pn−1

h + δ Ph.

(B.1.25)

In practice, U0 is evaluated from the user data and P 0
h solves [B]

T
[M ]−1[B]P 0

h = [B]
T
[M ]−1 F 0

h . Notice
that this choice will not affect (Unh , P

n
h ). The diagonal matrix [M ] is of rank ND×N i

F . The sparse matrix
[B] is of maximal rank. Hence, the matrix of the second step [B]

T
[M ]−1[B] is a sparse, symmetric and

positive-definite matrix. We eventually can build it explicitly and store it. Moreover, the third step is
straightforward.

If we were using an explicit time discretization scheme (i.e. writing ν[A]Un−1
h + [L(Un−1

h )]Un−1
h

instead of ν[A]Unh + [L(Un−1
h )]Unh in Equation (B.1.23)), we would impose a Courant-Friedrich-Levy

(CFL) condition on the time step δ̃tn so that: δ̃tn = min(f δtn,stab , δtmax), where:

• The coefficient f and the time step δtmax are set by the user.

• The time step δtn,stab is computed at each time step n ∈ N this:

1

δtn,stab
=

1

δtn,conv
+

1

δtdiff
with δtn,conv =

h

max
d∈ID, f∈Ii

F

(|(Un−1
h )d,f |)

and δtdiff =
h2

2 ν
. (B.1.26)
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In most cases, δtdiff < δtn,conv. Using algorithm (B.1.25), we usually set δtn = min(f δtn,conv, δtmax),
which reduces efficiently the simulation time compare to using an explicit time discretization algorithm.

In the present work, the solver used for the first step of algorithm (B.1.25) is the iterative solver GMRES from
the PETSc library [222]. The solver used for the second step of algorithm (B.1.25) is based on PETSc solvers
using either a direct method (Cholesky decomposition) or iterative methods (preconditioned conjugate gradient
method with SSOR preconditioner).

B.2 Proof of Theorem 7.5.3

Let (uh, ph) ∈ Xh be the solution to Problem (7.5.32) with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h. We prove
(7.5.45) and (7.5.46), following the proofs of [121, Theorems 3 and 4]. For all vh ∈ Vcr:

∥u− uh∥h ≤ ∥u− vh∥h + ∥vh − uh∥h, (B.2.1)

∥vh − uh∥2h = −(u− vh,vh − uh)h + (u− uh,vh − uh)h (B.2.2)

Let vh ̸= uh. Using Cauchy-Schwarz in (B.2.2), it holds:

∥vh − uh∥2h ≤ ∥u− vh∥h ∥vh − uh∥h +
(u− uh,vh − uh)h

∥vh − uh∥h
∥vh − uh∥h.

We obtain that
∥vh − uh∥h ≤ ∥u− vh∥h + sup

wh∈Vcr\{0}

|(u− uh,wh)h|
∥wh∥h

. (B.2.3)

We deduce from (B.2.1) and (B.2.3) that for all vh ∈ Vcr:

∥u− uh∥h ≤ 2∥u− vh∥h + sup
wh∈Vcr\{0}

|(u− uh,wh)h|
∥wh∥h

.

Hence:
∥u− uh∥h ≤ 2 inf

wh∈Vcr
∥u−wh∥h + sup

wh∈Vcr\{0}

|(u− uh,wh)h|
∥wh∥h

. (B.2.4)

To bound the first term in the right-hand side of (B.2.4), we need the Fortin operator. Using (7.5.38), we have
indeed:

inf
wh∈Vcr

∥u−wh∥h ≤ ∥u−Πhu∥h ≲ σ2d h|u|H2(Ω). (B.2.5)

Let us bound the second term in the right-hand side of (B.2.4). Consider wh ∈ Vcr. It holds: ν(uh,wh)h =

(f ,wh)L2(Ω). Since f = −ν∆u+∇ p, we obtain by integration by parts:

ν(uh,wh)h = ν(u,wh)h − ν
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,wh)L2(Ff )
+

∑
ℓ∈IK

∑
f∈IF,ℓ

(p,wh · nf,ℓ)L2(Ff )
.

Hence, for all wh ∈ Vcr:

(u− uh,wh)h =
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,wh)L2(Ff )
− ν−1

∑
ℓ∈IK

∑
f∈IF,ℓ

(p,wh · nf,ℓ)L2(Ff )
. (B.2.6)

We apply (7.4.2) to all the components of ∇u ∈ H1(Ω) and wh ∈ X0,h to obtain:

|(u− uh,wh)h| ≲ σh
(
|u|H2(Ω) + ν−1|p|H1(Ω)

)
∥wh∥h. (B.2.7)

Summing (B.2.5) and (B.2.7), we can bound (B.2.2). We deduce (7.5.45).

Let us prove (7.5.46). It holds:

∥u− uh∥L2(Ω) = sup
w\{0}∈L2(Ω)

|(u− uh,w)L2(Ω)|
∥w∥L2(Ω)

. (B.2.8)

Suppose that Ω is convex. We obtain (7.5.46) using the Aubin-Nitsche trick. Let w ∈ L2(Ω). According to
Proposition 7.2.1, it exists (v, q) ∈ ( (V ∩ H2(Ω)) × (L2

zmv(Ω) × H1(Ω)) ) such that: −ν∆v + ∇ q = w. By
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integration by parts, letting δuh = u− uh, we have for all w ∈ L2(Ω):

(u− uh,w)L2(Ω) = ν(u− uh,v)h − ν
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇v : nf,ℓ,u− uh)L2(Ff )

+
∑
ℓ∈IK

∑
f∈IF,ℓ

(q, (u− uh) · nf,ℓ)L2(Ff )
.

(B.2.9)

Summing (B.2.6) and (B.2.9), letting δuh := u− uh, we deduce that for all w ∈ L2(Ω) and for all wh ∈ Vcr:

(u− uh,w)L2(Ω) = ν(u− uh,v −wh)h

+ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(∇u : nf,ℓ,wh)L2(Ff )

− (∇v : nf,ℓ, δuh)L2(Ff )

)

+
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(q, δuh · nf,ℓ)L2(Ff )

+ (p,wh · nf,ℓ)L2(Ff )

)
.

(B.2.10)

We now consider wh = Πhv. By Cauchy-Schwarz, and using (7.5.45) and (7.5.38), we have:

|ν(u− uh,v −Πhv)h| ≤ ν∥u− uh∥h ∥v −Πhv∥h ≲ ν σ4d h2 ∥(u, p)∥ν |v|H2(Ω).

We deduce, using Proposition 7.2.1 that:

|ν(u− uh,v −Πhv)h| ≲ σ4d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (B.2.11)

We apply (7.4.2) to all the components of ∇u ∈ H1(Ω) and wh ∈ X0,h:

ν

∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,Πhv)L2(Ff )

∣∣∣∣∣∣ = ν

∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,v −Πhv)L2(Ff )

∣∣∣∣∣∣ ,
≤ ν σ h |u|H2(Ω) ∥v −Πhv∥h.

Using (7.5.38) and Proposition 7.2.1, it holds:

ν

∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(∇u : nf,ℓ,Πhv)L2(Ff )

∣∣∣∣∣∣ ≲ νσ2d h2 |u|H2(Ω) |v|H2(Ω) ≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (B.2.12)

We apply (7.4.2) to all the components of ∇v ∈ H1(Ω) and δuh ∈ H1
0(Ω)+X0,h. Using (7.5.45) and Proposition

7.2.1, we obtain:

ν

∣∣∣∣∣∣
∑
ℓ∈IK

∑
f∈IF,ℓ

(∇v : nf,ℓ, δuh)L2(Ff )

∣∣∣∣∣∣ ≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω), (B.2.13)

Summing (B.2.12) and (B.2.13), we get:

ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(∇u : nf,ℓ,wh)L2(Ff )

− (∇v : nf,ℓ, δuh)L2(Ff )

)
≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (B.2.14)

Samely, one proves that the two last terms in the right-hand side of (B.2.10) are bounded like:∑
ℓ∈IK

∑
f∈IF,ℓ

(
(q, δuh · nf,ℓ)L2(Ff )

+ (p,wh · nf,ℓ)L2(Ff )

)
≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (B.2.15)

Summing the contributions (B.2.11), (B.2.14) and (B.2.15), we deduce from (B.2.10) that:

|(u− uh,w)L2(Ω)| ≲ σ4d h2 ∥(u, p)∥ν ∥w∥L2(Ω).

Applying this result to (B.2.8), we get (7.5.46).
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B.3 Symmetric MPFA and nonconforming finite elements

When we develop the condition (7.6.2), we obtain:

1

|Ki−1|
Si−1,i−1 · Si−1,i q̃i−1 +

(
1

|Ki−1|
+

1

|Ki|

)
|Si,i|2 q̃i +

1

|Ki|
Si,i · Si,i+1 q̃i+1

= − 1

|Ki|
Si,i · Si,S qi −

1

|Ki−1|
Si−1,i · S0,i−1 qi−1.

Let Q̃ = (q̃i)i∈IS and Q = (qi)i∈IS . We call K ∈ RNS,0×NS,0 and K0 ∈ RNS,0×NS,0 the matrices such that for all
i ∈ IS :

Ki,i =

(
1

|Ki−1|
+

1

|Ki|

)
|Si,i|2, Ki,i−1 =

1

|Ki−1|
Si−1,i−1 · Si−1,i, Ki,i+1 = Ki+1,i,

(K0)i,i =
1

|Ki|
Si,i · Si,S , (K0)i,i−1 =

1

|Ki−1|
Si−1,i · Si−1,S .

The equations (7.6.2) are then equivalent to solving the following linear system:

KP̃ = −K0P (B.3.1)

Let M̃S be the polygon formed by the midpoints (Mi)i∈IS,0 and faces (F̃i,S0)i∈IS,0 such that F̃i,S0 = MiMi+1.

S0

S1S2

S3

S4

S5

S6

M1

M2

M3

M4

M5

M6

Figure B.4: Macro-element M̃0.

The linear system (B.3.1) corresponds to the linear system obtained the P 1
nc finite elements of the following

problem: 
Find p ∈ H1(M̃0) such that:
−∆p = 0 in M̃0,

p|F̃i,S0
= pi for all i ∈ IS,0.

There exists a unique solution. By construction, according to 7.6.1, if p is linear, then the auxiliary pressures
(p̃i)i∈IS,0 correspond to the values of p located at the third of the edges (Fi)i∈IS,0 .

B.4 Nonhomogeneous Dirichlet boundary conditions

We now solve the classical incompressible Stokes model, with non zero Dirichlet boundary conditions. Hence, we
focus on Problem (7.2.1)NH with g = 0. The variational formulation reads:

Find (u, p) ∈ H1(Ω)× L2
zmv(Ω) such that

ν(u,v)H1
0(Ω) − (p, divv)L2(Ω) = ⟨f ,v⟩H−1(Ω),H1

0(Ω) ∀v ∈ H1
0(Ω),

(q,divu)L2(Ω) = 0 ∀q ∈ L2
zmv(Ω),

u = g on ∂Ω,

(B.4.1)
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where g ∈ H
1
2 (∂Ω) is some boundary data such that g · n ∈ L2

zmv(∂Ω). Let ug ∈ H1(Ω) be such that ug =

g on ∂Ω and −∆ug = 0 in Ω. Then consider (u0, p) ∈ H1
0(Ω) × L2

zmv(Ω) the unique solution to (7.2.1)H with
data (f + ν∆ug,−divug):{

Find (u0, p) ∈ X such that for all (v, q) ∈ X
a((u0, p), (v, q)) = ⟨f ,v⟩H−1(Ω),H1

0(Ω) + (q,divug)L2(Ω),
(B.4.2)

where we use that (ug,v)H1
0(Ω) = 0. Defining u = ug + u0 ∈ H1(Ω), we find that (u, p) is solution to Problem

(B.4.1). Uniqueness and continuous dependence with respect to the data are easily obtained. The next step is
to replace (v, q) by T ((v, q)) = (λv − ν−1vq,−λq). One finds by orthogonality that for all (v, q) ∈ X :

νλ(u0,v)H1
0(Ω) − λ(p, divv)L2(Ω) + ν−1(p, q)L2(Ω) + λ(q,divu0)L2(Ω)

= λ⟨f ,v⟩H−1(Ω),H1
0(Ω) − ν−1⟨f ,vq⟩H−1(Ω),H1

0(Ω) − λ(q,divug)L2(Ω).

Hence, a new variational formulation for nonhomogeneous boundary Dirichlet conditions is:
Find (u, p) ∈ H1(Ω)× L2

zmv(Ω) such that for all (v, q) ∈ X

νλ(u,v)H1
0(Ω) − λ(p, divv)L2(Ω) + ν−1(p, q)L2(Ω) + λ(q,divu)L2(Ω)

= λ⟨f ,v⟩H−1(Ω),H1
0(Ω) + ν−1(zf , q)L2(Ω).

(B.4.3)

This is the same variational formulation as the one with homogeneous Dirichlet boundary conditions, except that
u ∈ H1(Ω) and u|∂Ω = g.

Regarding the numerical algorithms, if zf is known, one solves a linear system like
Find (U,P ) ∈ RNu × RNp such that:
νλAU − λBTP = λF − νλAUNH

λBU + ν−1MP = ν−1MZ − λBUNH

(B.4.4)

where, in the right-hand side, UNH ∈ RNu accounts for ug. This is completely similar to (7.7.11). While, if zf
is not known, starting from an initial guess P−1 ∈ RNp , for n = 0, 1, · · · , one solves linear systems like

Find (Un, Pn) ∈ RNu × RNp such that:
νλAUn − λBTPn = λFu − νλAUNH

λBUn + ν−1MPn = ν−1MPn−1 − λBUNH

. (B.4.5)

Interestingly, one recovers the same results as those of Theorem 7.7.2, because one finds identical iterating
matrices, cf. (7.7.14) and (7.7.15).

The (conforming) discretization of Problem (B.4.3) with Pk × P k−1
disc finite element reads:

Find (uh, ph) ∈ Vk
h ×Qk−1

h s.t. for all (vh, qh) ∈ Vk
0,h ×Qk−1

h

ν λ(uh,vh)H1
0(Ω) − λ(ph, divvh)L2(Ω) = λ⟨f ,vh⟩H−1(Ω),H1

0(Ω),

λ(qh, divuh)L2(Ω) + ν−1 (ph, qh)L2(Ω) = ν−1 (zf , qh)L2(Ω),

uh|∂Ω = (Πh,cgug)|∂Ω.

(B.4.6)

For nonhomogeneous boundary Dirichlet conditions, one can study the error estimates by introducing u0,h =

uh − Πh,cgug ∈ Vk
0,h and using the results that have been obtained for the homogeneous boundary conditions.

First, in the estimate (7.7.23) of Proposition 7.7.5, we change the term ∥zf − z̃f ,h∥L2(Ω) in the right-hand side
of the two equations into ∥zf − z̃f ,h∥L2(Ω) + λν∥div(ug − Πh,cgug)∥L2(Ω). Second, in the estimate (7.7.25) of
Theorem 7.7.3, we add

√
λ∥ div(ug −Πh,cgug)∥L2(Ω) to the right-hand side.
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