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Abstract

We analyse a posteriori error estimates for the discretization of the neutron diffusion equations with
mixed finite elements. We provide guaranteed and locally efficient estimators on a base block equation, the
one-group neutron diffusion equation. We pay particular attention to AMR strategies on Cartesian meshes,
since such structures are common for nuclear reactor core applications. We exhibit a robust marker strategy
for this specific constraint, the direction marker strategy. The approach is further extended to a Domain
Decomposition Method, the so-called DD+L? jumps method, as well as to the multigroup neutron diffusion
equation.

Keywords—
Neutronics, diffusion equation, eigenvalue problem, mixed formulation, low regularity solution, a posteriori error
estimates, mesh refinement.

Introduction

The diffusion equation can model different physical phenomena, for instance Darcy’s law, Fick’s law or the
neutron diffusion. Among models that are used in the nuclear industry, the multigroup neutron diffusion
equation plays a central role [15]. The base block is the one-group neutron diffusion equation. In [11, 10], the
first author and co-authors carried out the numerical analysis of this one-group neutron diffusion equation with
a source term, discretized with mixed finite elements. The numerical analysis is also performed when a domain
decomposition method, called the DD+ L?-jumps method, is applied. The analysis included in particular the
case of low-regularity solutions. A priori estimates were derived in the process. A natural question is then the
a posteriori analysis of the method, to further optimize the cost of the numerical method. This the main topic
we address in this paper.

A posteriori analysis for mixed finite elements has been extensively studied, see [7, 22, 23, 29] and references
therein for the Poisson equation, [31] for the diffusion-reaction equation (one-group neutron diffusion equa-
tion), and [28] for the convection-diffusion-reaction equation. We also mention [1, 30] where a posteriori
estimates are derived for a domain decomposition method.
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"minh-hieu.do@cea.fr
Hrancois.madiot @cea.fr



Nuclear reactor cores often have a Cartesian geometry. Indeed, in the models, the base brick, which is called a
cell, is a rectangular cuboid of R3. The global layout is a set of cells, that are distributed on a 3D grid, so that
the global domain of the reactor core is represented by a rectangular cuboid of R3. Each cell can be made of
fuel, absorbing or reflector material. To account for the different materials, the coefficients in the models are
piecewise-polynomials (possibly piecewise-constant) with respect to the position, ie. their restriction to each
cell is a polynomial [15, 19, 20]. In practice the coefficients characterizing the materials may differ from one
cell to another by a factor of order 10 or more.

The outline is as follows.

In Sections 1 and 2, we introduce some notations and our model problem. Then in Section 3, we recall how it
can be solved in a mixed setting. To that aim we build the well-known equivalent variational formulation, and
provide the existing a priori numerical analysis results that allow one to compare the discrete solution to the
exact one. For the discretization, we choose the well-known Raviart-Thomas-Nédélec finite element RTN,
where k£ > 0 denotes the order.

In Section 4, we propose the a posteriori analysis of the model. We begin by the reconstruction of the solution
(via post-processing), which can be devised in at least two ways: one is specific to the lowest-order, and the
second one can be applied to any order. We also mention an averaging approach for the reconstruction. In
Section 5, we propose some numerical experiments to compare the resulting strategies. For that, we focus on
a specific discretization, based on Cartesian meshes. This kind of discretization is of particular importance for
nuclear core simulations.

In Section 6, we consider the same problem, now solved with the DD+L?-jumps method. Finally, we carry
out the same analysis on a more general model for the neutron diffusion, the multigroup neutron diffusion
equation. This is the subject of Section 7.

1 Notations

We choose the same notations as in [11, 10]. Throughout the paper, C' is used to denote a generic positive
constant which is independent of the mesh size, the mesh and the quantities/fields of interest. We also use the
shorthand notation A < B for the inequality A < C'B, where A and B are two scalar quantities, and C' is a
generic constant.

Vector-valued (resp. tensor-valued) function spaces are written in boldface character (resp. blackboard char-
acters) ; for the latter, the index sym indicates symmetric fields. Given an open set O C R9,d = 1,2, 3, we
use the notation (-, -)o,o (respectively || - [|o.0) for the L2(O) and L?(O) := (L?(0))? scalar products (resp.
norms). More generally, (-,-)s 0 and || - ||s,0 (respectively | - | 0) denote the scalar product and norm (resp.
semi-norm) of the Sobolev spaces H*(0) and H*(O) := (H*(0))? for s € R (resp. for s > 0).

If moreover the boundary 0O is Lipschitz, n denotes the unit outward normal vector field to 0O. Finally, it is
assumed that the reader is familiar with vector-valued function spaces related to the diffusion equation, such
as H(div; O), Hy(div; O) etc.

Specifically, we let € be a bounded, connected and open subset of R for d = 2, 3, having a Lipschitz bound-
ary which is piecewise smooth. We split €2 into /N open disjoint parts {€2; }1<;<n with Lipschitz, piecewise
smooth boundaries: Q = Ui<i< N and the set {Qi}1<i<n is called a partition of 2. For a field v defined
over (2, we shall use the notations v; = v|Q;» forl <7 <N.

Given a partition {€2; }1<;<n of €, we introduce a function space with piecewise regular elements:

PWLe(Q) = {DeL®(Q)|D; e Whe(Q,),1<i< N},

To measure 1) € PW1*°(Q), we use the natural norm 9]l pwi.ee () = maxi=1 N [[¥il[w1.00(,)-
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2 The model

Given a source term Sy € L*(Q), we consider the following neutron diffusion equation, with vanishing
Dirichlet boundary condition. In its primal form, it is written:

{ Find ¢ € H}(Q) such that 0

—divDgrad ¢ + ¥, ¢ = Sy in (2,

where ¢, D, and X, denote respectively the neutron flux, the diffusion coefficient and the macroscopic ab-
sorption cross section. Finally, Sy denotes the fission source. When solving the neutron diffusion equation, D
is scalar-valued. We choose to consider more generally that D is a (symmetric) tensor-valued coefficient. The
coefficients defining Problem (1) satisfy the assumptions:

(D, £4) € L, () x L®(9),
iD,,D* >0, Yz € R?, D,||z||?> < (Dz, 2z) < D*||z||? ae. in Q, )

A(Xa)s, (Xa)* >0, 0 < (Bg)s < Xg < (X,)* ace. in Q.

Classically, Problem (1) is equivalent to the following variational formulation:

{ Find ¢ € H}(2) such that 3)

VY € Hy(Q), (Dgrad¢,grad)oq + (Zad, )00 = (Sf.1¥)o0-

Under the assumptions (2) on the coefficients, the primal problem (1) is well-posed, in the sense that for all
Sy € L%*(12), there exists one and only one solution ¢ € H}(£2) that solves (1), with the bound [|§1,0 <

~

|S¢l0,0- Provided that the coefficient D is piecewise smooth, the solution is smoother (see eg. Proposition 1
in [11]). Instead of imposing a Dirichlet boundary condition on 952, one can consider a Neumann or Fourier
boundary condition ur¢ + (D grad ¢) - n = 0, with g > 0. Results are similar.

3 Single domain variational formulation and discretization

Let us introduce the function space:

1/2
X = {&:=(av)Hdv,2) x @)}, [élx = (laly o) + 1¥150)

From now on, we use the notations: ( = (p, ¢) and £ = (q, ¥).

3.1 Mixed variational formulation

The solution ¢ to (1) belongs to H'(2), so if one lets p := —Dgrad ¢ € L2(1Q), the neutron diffusion
problem may be written as:

Find (p, ¢) € H(div, Q) x H}(Q2) such that
—D'p — grad$ =0in Q, 4)
divp + Xe¢ = Syin .

Solving the mixed problem (4) is equivalent to solving (1).

Proposition 1. Let D, Y, satisfy (2). The solution (p,$) € H(div,Q) x H}(Q) to (4) is such that ¢ is a
solution to (1) with the same data. Conversely, the solution ¢ € HE(Q) to (1) is such that (—D grad ¢, ¢) €
H(div, Q) x H(Q) is a solution to (4) with the same data.



To obtain the variational formulation for the mixed problem (4), let q € H(div, ) and v € L?(Q2), multiply
the first equation of (4) by q, the second equation of (4) by 1/ € L?(f2), and integrate over €. Adding up the
contributions, one finds that:

—(D7 ' p,a)o — (grad ¢,q)o.0 + (¢, divp)oo + (Sad, V)00 = (Sr. )0 Q)

One may integrate by parts the second term in the left-hand side, which yields: —(grad ¢, q)o.o = (¢, divq)o .
We conclude that the solution to (4) also solves:

{ Find (p, ¢) € X such that
V(q,v) € X, —(D'p,a)on+ (¢,diva)eqg + (¥,divp)oa + (Za ¢ ¥)0.0 = (S, ¥)oa-

Because D is a symmetric tensor field, the form

c: ((p,9), (@)~ —(D 'p,a)og + (¢, diva)oe + (1, divp)oa + (Za ¢, 1)o.0 (7)

is continuous, bilinear and symmetric on H(div , Q) x L?(2). For further use, we introduce:

(6)

o { H(div,Q) x H(div,Q) — R ‘ ®)
' (p,a) = —(D7'p,qg
5. { H(div,Q) x L?(Q) — R ©)
. (q7 ¢) = (¢>divq)0,Q ’
[ L2(Q) x L) — R
t { (6.0) = (Sudloq | (10
and the continuous linear form
[ H(div,Q) x L?(Q) — R |
f. { (%W = (Sfﬂﬁ)o,(z (1 )
We may rewrite the variational formulation (6) as:
{ Find (p, ¢) € H(div, Q) x L?(Q) such that (12)
V(q, ) € H(div,Q) x L*(Q), ¢((p,9), (a,¥)) = f((a, ).

Proposition 2. The solution ¢ = (p, ¢) to (12) satisfies (4). Hence, problems (12) and (4) are equivalent.

One may prove that the mixed formulation (12) is well-posed, see Theorem 4.4 in [10]. As a matter of fact,
the result is obtained by proving an inf-sup condition in X = H(div,2) x L?(£2), which we recall here.

Theorem 1. Let D and ¥, satisfy (2). Then, the bilinear symmetric form c fulfills an inf-sup condition:

. (¢, §)
In >0, inf sup +—"—"5— 2> 1. (13)
eX gex [IClIx [I€]1x

3.2 Discretization and a priori error analysis

We study conforming discretizations of (12). Let (73,);, be a family of meshes, made for instance of simplices,
or of rectangles (d = 2), resp. cuboids (d = 3), indexed by a parameter h equal to the largest diameter of
elements of a given mesh. We introduce discrete, finite-dimensional, spaces indexed by h as follows:

Q;, € H(div,Q), and L, C L*(Q).

4



The conforming discretization of the variational formulation (12) is then:

{ Find (pp, ¢rn) € Qpn X Ly such that
Y(dn, ) € Qn X Li,  ¢((Phs &), (n, ¥n)) = f((an, ¥n))-

Following Definition 2.14 in [16], we assume that (Qp,)p, resp. (Lyp)p, have the approximability property in
the sense that

(14)

h—0 \gr€eQn

(15)
v & 22@), Jimy (int 10~ vnloa) =0,

Vq € H(div, ), lim ( inf |lg — qnllE@iv ,Q)> =0,

We also impose that the space L?L of piecewise constant fields on the mesh is included in Ly, and that div Qp C
Ly,. We finally define:

Xp={& = (an,¥n) € Qp x Ly} , endowed with || - ||x .

Remark 1. At some point, the discrete spaces are considered locally, i.e.. restricted to one element of the
mesh. So, one introduces the local spaces Q,(K), Lp(K), X,(K) for every K € T,

Provided the above conditions are fulfilled, one may derive a uniform discrete inf-sup condition under the
same assumptions as in theorem 1 (cf. Theorem 4.5 in [10]).

Theorem 2. Let D € PW1°(Q), resp. ¥, € PWL°(Q), satisfy (2). Assume that (Qp)p, (Ly)p fulfill (15),
L(})L C Ly and div Qy, C Ly, for all h. Then the bilinear form c fulfills a uniform discrete inf-sup condition in

X,
c(Ch»&n) /

dn’ >0, Vh, inf sup > (16)

ChE€Xh ¢eXy, m

The classical a priori error analysis follows. Let ¢, = (pp, ¢n) be the solution to (14).

Corollary 1. Let D € PWH°(Q), resp. ¥, € PW1L(Q), satisfy (2). Assume that (Qp)n, (Ln)p fulfill (15),
L(})L C Ly and div Qy, C Ly, for all h. Then there holds:

3C >0, Vh, |IC—Glx, <C gile"if 1€ = &nllx,- (17)
hEXp

In this paper, we focus on the Raviart-Thomas-Nédélec (RTN) Finite Element [26, 24]. For simplicial meshes,
that is meshes made of simplices, the finite element spaces RTN,, can be described as follows, where £ > 0 is
the order of the discretization for the scalar fields of L;, see eg. [5].

The boundary of a simplex K € 7}, is made of the union of (d — 1)-simplices, called facets from now on,
and denoted by (FX)1<.<qy1. We let P;(K) be the space of polynomials of maximal degree k on K, resp.
P (FX) the space of polynomials of maximal degree k on FXX. The definition is

RTN.(K) = {q € L}(K)|3a € (Px(T))%, 3b € Px(T), Vx € K, q(x) = a + bx
andVe € {1,--- ,d+1}, (q-n)px € Pr(FX)Y.

The definitions of the finite element spaces RTNy, are then
Qi = {an € H(div, Q) | VK € T, anjic € RTNy(K)}, Ly = {¢b, € L*(Q) | VK € T, tnx € Pi(K)}.

Remark 2. For rectangular or Cartesian meshes, a description of the Raviart-Thomas-Nédélec (RTN) finite
element spaces can be found for instance in Section 4.2 of [20]. We consider those meshes explicitly for the
numerical examples, see Section 5.



4 A posteriori studies for a mixed Finite element discretization

To develop the study of a posteriori estimates, we use the so-called reconstruction of the discrete solution. To
that aim, we consider that

V := H}(Q), the original space of solutions, see (1),

is the default space of scalar reconstructed fields. We also introduce the broken space H(div;7;,) = {¢ €
L*() |y € H(div; K),VK € Tp,}.

A first approach has been suggested in [18, Chapter 8]. The reconstruction fh = (DPh, gBh) is defined as
Pr =PpPn € Qn C H(div; ),
ngh eV.

Remark 3. For other boundary conditions, i.e.. for a Neumann of Fourier boundary condition, the default
space V of scalar reconstructed fields would be equal to H*(£2).

In Section 4.1, we recall some reconstruction approaches for RTN finite element spaces. Section 4.2 is devoted
to the derivation of a posteriori estimates.

4.1 Reconstruction of the discrete solution

In this section, we investigate some approaches to devise a reconstruction of the discrete solution (py,, ¢p) €
X}, here obtained with the RTN, finite element discretization, for £ > 0 .
For illustrative purposes, we consider simplicial meshes. Let us introduce some further notations, given such
a mesh 7. The set of facets of 7Ty, is denoted Fy, and it is split as Fp, = .7-",?; U F, with Fy (resp. .7-",’;) being
the set of boundary facets (resp. interior facets). We denote by P (7;,) the space of piecewise polynomials of
maximal degree k on each simplex K € Tj,. We let V,’f be the set of interpolation points (or nodes) where the
degrees of freedom of the V-conforming Lagrange Finite Element space of order k are defined. And, for a
node a € V}’f , we denote by 7, the set of simplices K such that a € K.
We recall the definition of the (original) Oswald interpolation operator [25] Zps : Pr(Tn) — Pr(7,) NV
such that
& 1
Von € Pe(Th), Ya € VE, Tos(én)(a) = — Y onx(a).
|7;| KeT,
A second, modified Oswald operator is defined in [28] as follows. Let

Wo(Th) = {wh € L3(Th) | VK € Tinihnc € H'(K);VF € F, /Fw —0,VF ¢ fz,/th - 0} ,

where [Yn)|F = ¥n|Kk, DK, + Yn|k,nK, denotes the jump of ¢, on the facet I € F shared by elements
K and K3 and ng, , is the unit outer normal of the mesh element K2 € 7p,. Then, the modified Oswald
operator! Zyso : Po(Tr,) N Wo(Tr) — Py(Tr) NV is such that
Yo € Po(Th) N Wo(Th), Ya € Vi,
Turo(én)(a) = { Zos(én)(a) if ais not located at a barycenter of a facet ‘
m(op, a) else

Above, the values (m(¢p,ar))rer, at the barycenters of the facets are then defined so that the means of
Zrro(pp) on every facet is equal to the means of ¢p,.

Remark 4. Observe that the results presented in this section can be extended to the case of rectangular or

cuboid meshes [29].
'Recall thatd = 2 or d = 3.




4.1.1 Averaging operator

We introduce the averaging operator of the neutron flux Z,, : P (77) — Pi+1(7n) NV such that

Von € P(Th), Ya € VI, T(on)(a) = = 3 dnicla).

7l
The average reconstruction is C, = (pn, Zaw(dn))-
4.1.2 Post-processing approaches
In order to recover the relation p = —IDgrad ¢ at the discrete level, some post-processing techniques have

been introduced for mixed finite element method [28, 29]. The first one is specific to a discretization with the
RTNj finite element, whereas the second one can be applied to any discretization with a RTN, finite element,
i.e.. k can be any integer, possibly equal to 0.

RTN, post-processing A post-processing is introduced in [28] for the RTNj finite element, that is with
k = 0. Briefly, the author proposes one post-processed scalar variable Z,,,(pp, ¢n) = ¢n € P2(7r), which is
such that

~ i, 1
VK € Tn, —Dk(gradén)x = Pak; (d)h|K)|OK = bn|k- (18)

Problems (18) are local and independent on each element K € 7;,. We define the RTNj post-processing by
Zos © Ipy. The reconstruction associated to the RTN( post-processing is (;, = (Pr, Zos © Zpp(Ph, Or))-

RTN post-processing In the general case of the RTNy, finite element, for £ > 0, there exists no solution to
Problem (18). We present here the approach proposed in [2] for the general case. It is shown there that the
solution to (14), (= (pPn, ¢n) € Xy, is also equal to the first argument of the solution of a hybrid formulation,
where the constraint of continuity of the normal trace of the current p;, € Qy, is relaxed. Let

Ap={X € L*(F) | 3an € Qu, Aoy = i -1y, VF € Fi },

be the space of the Lagrange multipliers and let X, =11 KeT, Xn(K) be the unconstrained approximation
space with the RTN, local finite element spaces. By definition, X}, is a strict subset of Xj.
The hybrid formulation is:

Find (Cu, An) € Xj, % Ay, such that
V(&h, itn) € Xp X Ay e(Cnibn) — /Fkh[%'n]Jr > /Fuh[ph'n] = f(&n)- (19)

FeF] FeF}



LetIIyy, : X, x Ay — M, be the projection onto an appropriate space? such that, given (¢, A\,) € X, X Ap,
its projection ¢p, = Iy, (Cp, Ap) is governed by

Y, € L, (6, vn)oe = (6, Yn)ogs

i€ e Y [ Gum=Y [ v

FeF} F FeF}

Then, the reconstruction associated to the RTN post-processing is (i, = (pn, Iaz, (Ch, An))-

Finally, we refer to [17] for an application of this technique in the field of neutronics. The RTN post-processing
is defined here by T3y : X X A, — Pryo(T,) NV such that

1

(G M) € X X A, Va € V™2, Tion (G An)(a) = [ 7al

Z (Mag, (Chy An)) i (@),

KeT,

The reconstruction associated to the RTN post-processing is (, = (pa, Zapn(Chr An))-

4.2 A posteriori error estimates

In this section, we detail the derivation of a posteriori estimates.

We define

dS(Cvg) = _a(p7q) + t(¢)¢)
dA(Cv 5) = b(p7 1/}) - b(qu ¢)
d(¢,€) = ds(¢, &) + da(¢, &) = c(C, (—a,¥)).

The definition is extended to piecewise smooth fields on 7}, by replacing / by Z / .
Q K

KeTy,
We define the following norm on X, for all { € X,
IKIE = ds(C.Q)+ > 157" %divpllf
KeTy,
= (D7 'p,plogo+ (Zad P+ Z |2212div p|3 -

KeTh

For K € T, we introduce N(K) = {K' € Tp,dimyg(0K' NOK) = d — 1}, where dimy is the Hauss-
dorff dimension, and Xx = {¢ = (p, ¢) € X | Supp(¢) C K, Supp(p) C N(K)}. Then one can define the
following X g-local norm, for all { € X,

(g = sup  d((8). (20)
§€X e [iglls<1

The space M}, is defined here as My, = T e, My, (K), with for all K € T,

{ton € Prya(K) : Ynlpx € Prya(FL) forl <e<d+1}  ifkiseven,

My(K) = .
(K) {{thPHS(K);QphFBKePk(Ff)@Pk+2(F)for1§e§d+1} if k is odd,

where Py, »(F) denotes the L?( F)-orthogonal complement of Py, 1 (F)) in P42 (F') for any facet ' € Fj,. We refer to [2] for the
definition of ad hoc finite-dimensional spaces M, for various families and types of elements.



Observe that the norm ||-|| s measures elements of X in H(div , 73) x L?(£2) norm. This corresponds precisely
to the energy norm (cf. [18, Chapter 8]).

We propose two alternatives, the first one is to measure the error with respect to the | - |+ x norm (20),
the second one is to measure the elements of X in the weaker L2(Q) x L?(Q2) norm. Both approaches are
respectively developed in sections 4.2.1 and 4.2.2.

4.2.1 Estimatesin |- | x norm (20)
Lemma 1. Let ¢ and (;, be respectively the solution to (12) and (14). Let fh = (ph, éh) be a reconstruction
of Cn,. We have for all £ € X,

d(¢ — Cn, &) = (Sy — divpp — Sadn, ¥)oo — (D~ 'py, + grad ép, q)o.0- 1)

Proof. Let & be in X. According to (12), we have
d(¢ = Cn,€) = (S5 — divpn — Zadn, ¥)oa — (D' pr, @)og + (dn, diva)oo
Owing to the fact that ¢y is in V, we can integrate by part the last integral:

d(¢ = Cn, &) = (S5 — divpp — Sadn, ¥)o0 — (D7 pr, @)oo — (grad ép, q)oo
This concludes the proof. 0

We now derive a similar lemma where the reconstruction gbgR belongs to the Crouzeix-Raviart approximation
space

= {¢n € L*(Th) | VK € Th, ¥ )ic € H'(K);VF € f;;,/F[qph] = 0;VF € Ff, ¥nr = 0}.

Lemma 2. Let ¢ and (p, be respectively the solution to (12) and (14). Let fh = (pn, égR) be such that
pr € Qp and ¢S € VOB We have for all ¢ = (q,v) € X, such that q € H*() for some s € (0,1/2),

a(C — G €) Z/ (S5 — divpy, — SadSR)p — Z/ (D' py + grad 45%) - g

KeT, KeTy,
1 ~CR
+F§m / < m /F (l> : [¢h . (22)

Remark 5. Let s € (0,1/2). For a vector field q € H*(K) with divq € L*(K), it holds that q - np €
H~1/2+s (OK). Hence one may split duality brackets over OK into the sum of duality brackets over the facets.
To emphasize this point, we use integrals instead of duality brackets.

Proof. Let £ be in X. According to (12), we have
AC—Gne) =Y / (87— divpy — SadByp— 3 / D lpy-at+ Y / HRdiva,
KeTy, KeT, KeT,
Owing to the fact that gb isin VCR we can integrate by part the last term:

a(C — G €) Z/ (85 — divpp, — SadR)p — Z/D ph- q—Z/gradqb

KeTy KeTy, KeTy

+ 3 [a]

Fery



Above, we use integrals over facets, see remark 5. Using the definition of VhCR, we obtain that

AC=Gn8) = X [ (5 —divon-%,05M0 - Y [ Dpia= Y [ erad "

KeTy, KeTy, KeTy,

P ACR Y ORC]

FeF}

This concludes the proof.

O]

Theorem 3. Let ( and (y, be respectively the solution to (12) and (14). Let fh = (Ph, &h) be a reconstruction

of Ch = (Ph, On) in Qp x V. Forany K € T, we define the residual estimator

K = |!E;1/2(5f — divpy, — Satn)

the flux estimator
Kk = |D'*(D""'py, + gradgy)|lo,x
and the non-conforming estimator
e,k = | S50 — on)lo,x -

Then it stands for all K € T,

1/2
¢ = Chlyx < Mk + Z TIJ%,K’ )
K'eN(K)
1/2 1/2
¢ = Chlr < | Mk + Z e + | Tnex + Z e K
K'eN(K) K'eN(K)

Proof. Using the triangle inequality, we obtain for all K € Tj,

Chl+.k-

According to lemma 1, we have

d(¢ — Cny &) = (Sy — divpn — Zadn, ¥)o.o — (D™ 'pp + grad én, q)o.o

(23)

(24)

(25)

(26)

27)

(28)

(29)

Let K € Tp and £ = (q,%) € X be such that Supp(y)) C K, Supp(q) C N(K). Applying Cauchy Schwarz

inequalities successively in L?(K ), L>(K") for K’ € N(K), and then in R™ V(%) we get

d(C = &) < mrllSY*Wlox + Y. npwllD7Vq
K'eN(K)
1/2

< |k + Z e 1829115 & + Z ||]D)_1/2Q||3,K/
K'eN(K) K'eN(K)
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We infer (26) from the definition of the | - |+ x norm (20). Now, we want to bound the second term of the
right-hand side of (28). We look for an upper bound to

d(Ch — Cnr &) = ds (G — Gy €) +dal(Ch — iy €)
< (Za(dn — én),¥)o,x — (diva, én — dn)oo

< uerlEY 200k + S Mo [Z5 Y 2divallo s
K'eN(K)
1/2 1/2

<Mookt Y. Mhes IS201Ex + > IS divallf e |, (30)
K'eN(K) K'eN(K)

where we used Cauchy-Schwarz inequalities in the last two lines. Collecting (26), (28) and (30), we get the
desired estimate. O

Remark 6. Using the same arguments as in the proof of theorem 3, there holds for all K € T,

1/2
K S (ﬁr,K +77nc,K Z nf,K’ )
K'eN(K)
1/2 1/2
K<\ g +mex)+ D i | A Thex+ D, Mhert |
K'eN(K) K'eN(K)

where 1), g = ][2;1/2(Sf — divpn, — Xadn) |0,k By definition, it holds that 1, k' < 0. ik + e, K-

Actually, we observe numerically that the residual estimator 1), ic is “close” to the non-conforming estimator
Nne,i» See Section 5.5. This property is closely related to the weak variational formulation (14). In other
words, the second equation in (4) being imposed weakly, it is expected that 1), g << e, K-

In order to state the next theorem, we will use the following assumption.

Assumption 1. The parameters D, 3, are piecewise constant on T, and Sy € Ly,

Under Assumption 1, one may define

D - D

D%az’ _ su ( q, (;)O,K7 D%ln _ 2in ( q, c;)O,K
qerz(nfoy  llallg x acL?(K\{0}  lallg &

Theorem 4 (local efficiency of the a posteriori error estimators). Let K € Ty, and let ), i and 1y i be the

residual estimators respectively given by (23) and (24). Under Assumption 1, the following estimates hold

true

€1y

Dmaz Dnaz 1/2
{02 v O s } : (32)
D% h3: X Kk

where c and C are constants which depend only on the polynomial degree k of Sy, d, and the shape-regularity
parameter ki = |K|/h%.
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Proof. The proof follows that given in [28, Lemma 7.6]. Let vx be the bubble function on K, given as the
product of the d + 1 linear functions that take the value 1 at one vertex of K and vanish at the other vertices,
and let us denote ), = (Sy — divpp — Xa¢p) on a given K € Tp,. Note that 1, is a polynomial in K by
Assumption 1. Then the equivalence of norms on finite-dimensional spaces gives

cllvnll§ x < (Wr, Yrctr)o i, (33)
1Y llo, e < ||¥rllo,x (34)

with the constant ¢ depending only on the polynomial degree & of S, d, and k. Let §, x = (0, ¥ ,) € X,
we immediately have (cf. the proof of lemma 1)

d(¢ =y &) = (U, VU)o,

and by definition (20) of the | - |4 x norm,

d(¢ = ¢ &r i) < 1C = Chl i léniclls
<1¢ = Gl & IZ8 >t o,k (35)
Combining (33), (34) and (35), one comes to
cllvrllf ke < 16 = Gl rcllterllo s (Sa,i) 2.

Using the definition of 1, x by (23) concludes the proof of (31):

_ 1 =
Mk = (Sax) Y2 Uellox < EK — Chle k-

We now proceed similarly for the second estimate. Let us denote q5 = (D~ 'pj,+grad ggh) onagiven K € 7.
Note that q is a polynomial in K by Assumption 1. Then the equivalence of norms on finite-dimensional
spaces and the inverse inequality (cf., e.g., [8, Theorem 3.2.6]) give

claglt s < (ap, vray)ox (36)

lvrarllorx < llafllo.x (37)
. C

div (Yray)llo,x < EWquHO,K, (38)

with the constants ¢ and C' depending only on the polynomial degree k of Sy, d, and ki. Let {yx =
(Yrday,0) € X, we immediately have (cf. the proof of lemma 1)

—d(¢ — G &r.x) = (ap, rdy)ox,

and again by definition (20) of the | - | x norm,

—d(¢ = G &p.x) < 1¢ = Cnl k€7 ks

<1¢ = Cul k(D2 (Wrcap) 5 i + 12512 div ($reap) 1§ 12

<1¢ = Cal k ADE™) N @rap) 1§ & + (Sar0) M Idiv (¥rcap)lIg 3

< ¢ = Gl k {DFE™) T + C* (kS r) Y2 (e ap) o,k (39)
where we used the inverse inequality (38) to reach the last line. Combining (36), (37) and (39), one comes to

claslsx < 16— Glv.xlagllox{F™) " + C*(h5Tax) '},

Considering the definition of 77 ;¢ by (24) concludes the proof. O
Remark 7. Assume in addition in Theorem 4 that there exists a constant k > 0, such that ming e, KK > K,

for all h > 0. Then, the constants c and C do not depend on kg (but on k).

12



4.2.2 Estimates in L?(Q) x L?(Q) norm

In this section, we define

IEN, = ds(&&) = > el

KeTy

where

€117 = ID™2allf & + 15615 k-

(40)

Theorem 5. Let ¢ be the weak solution of Problem (12). If (;, = (Pn, ¢n) is the discrete solution to Prob-

lem (14) and fh = (pn, <Z~5h) € X is a reconstruction of (y, then

1/2
NS =Gulllm < | Y. mr+min|
KeTy,
1/2 1/2
N =Gulllm < | D mr+min|  + /| D nhex
KeTy, KeTy

Proof. We have
1S = Culll3, = ds(¢ = ¢, ¢ — Cn) = d(¢ =y € — Gn)
<I¢ = Gulll7, sup  d(C— G, ).

£eX[[€lll7, =1

We observe that Equation (21) in lemma 1 may be written as

d(¢ = Cp ) = Y (Sp+divpy — Zagn, ¥)ox — (D' ps + grad én, qo k-

KeT,,

Using Cauchy-Schwarz inequalities, we obtain

d(¢ =G &) < D (kIS *Vllo.x + nr.x D™ 2alllo, i)
KeTy,
< Z (UE,K —"_T]?‘,K)l/z‘HfH‘K
KeTy,
1/2
<UD we+nie ] el
KeTy

Collecting (43), (44) and (45), we infer (41). Using the triangle inequality, we obtain

1€ = Galllm < 1M1E = Gulllm + 111Sh = Culll7.-

From the definition of the reconstruction, we get
1/2

116h = Gl = | D Whe

KeTy

This concludes the proof.
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Theorem 6 (local efficiency of the a posteriori error estimators). Let K € Ty, and let ), i and 1y i be the
residual estimators respectively given by (23) and (24). Under Assumption 1, the following estimates hold
true

5 Dnaz 1/2
i < ||I¢ = 2yt K 46
e < lIC= Gl (@ + e E) (6)

(47)

(DR g DR\
< — c — 4+ C
neE > |HC Ch“K( D%zn h%(za,K)
where c and C are constants which depend only on the polynomial degree k of Sy, d, and the shape-regularity
parameter K.

Proof. The proof follows that given in [28, Lemma 7.6]. Let 1) be the bubble function on K defined as in
the proof of Theorem 4, and let us denote 1, = (S§ — divpy, — 3q¢p) on a given K € Tj,. Note that 1,
is a polynomial in K by Assumption 1. Then the equivalence of norms on finite-dimensional spaces and the
inverse inequality (cf., e.g., [8, Theorem 3.2.6]) give (33), (34) and

DY 2grad (Vi ¥y)llo.x < COR™) 2R [vkrllok, (48)

with the constants ¢ and C' depending only on the polynomial degree k of Sy, d, and kg. Let § g =
(0,¥x1) € X, we immediately have (cf. the proof of lemma 1)

d(¢ =y &) = (U, VR U)o,k

and ,

d(¢ — Cn &) = t(d — b, Vi) + b(P — Ph, Vrcibr)
— 16— by brct) — / (b - p) - grad (v
K

~ 1/2
< 116 = Galllie (I 2grad (Wil i + IS 2excvrl) s @9)

where we integrated by parts the second term in the second line. Combining (33), (34), (48) and (49), one
comes to

e _ 1/2
el i < N1IC = Galllclnllox (C2DRah2 + 55 1) 2.

Considering the definition (23) of 7, - concludes the proof of (46).

We now proceed similarly for the second estimate. Let us denote q ¢ = (D~ 'pp+grad qgh) onagiven K € Tp.
Note that q is a polynomial in K by Assumption 1. Then the equivalence of norms on finite-dimensional
spaces, and the inverse inequality (cf., e.g., [8, Theorem 3.2.6]) give (36)-(37)-(38) with the constants ¢ and C
depending only on the polynomial degree k of S¢, d, and k. Let {¢ x = (Vrqy,0) € X, we immediately
have (cf. the proof of lemma 1)

—d(¢ — G &rx) = (ap, rdy)ox,

and
—d(¢ = &r i)
= a(p — P, ¥xdy) + b(Vrays, ¢ — dn)
- 1/2
< NI¢ = Gl (D72 (k) & + 155V 2div (bxap) Bx) - (50)
Combining (36), (37), (38) and (50), one comes to

cllaglls. e < IS = Culllxlagllo.x (C*(hiSa,x) ™" + (DE™) )
Considering the definition of 77 ;¢ by (24) concludes the proof. O

1/2
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4.2.3 Estimates in the primal energy norm

In this section, we aim to briefly recall the a posteriori error framework introduced in [28]. The energy norm
associated to the primal form is

1l9l[12 = |DY2grad ¢|[3 o, + |25/ 6|3 o

Therefore, we define

w27 = Z 12 &
KeTy,
where
I1Y]|[2 & = DY grad ¥} x + IS Y13 «- (51)

We have the following a posteriori error estimate [28, Theorem 4.2, p.1578].

Iheorem 7. Let ¢ and (;, be respectively the solution to (12) and (14) with RTNy finite elements, and let
on = Lpp(Pn). For all K € T, we define the residual estimator

iir i = mgl|Sy + div (Dgrad ép,) — Zadnllo.rc, (52)

with

_ hy 1
m? := min {de]]])mm’ 5. K}

where Cpq is the Poincaré constant defined in [28, Definition (2.1)], and the nonconformity estimator

Tne, k= |1én — Inro(on)llp,x
Then, under Assumption 1, it holds that

1/2 1/2

o= onlllpr S D e ¢ +13 > ok - (53)

KeTy KeTy,

The following theorem states the local efficiency of the residual estimator [28, Theorem 4.4, p.1578-1579].

Theorem 8. Let ¢ and (p, be respectively the solution to (12) and (14) with RTNy finite elements, and let
&n = Lpp(én). Under Assumption 1, there holds on every K € Ty,

]D)yly(lax 1/2
e < llo = dullx (Fher ) 54

with the constant C depending only on the polynomial degree k of Sy, the space dimension d, and the shape-
regularity parameter K.
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5 Numerical results

This section is devoted to the numerical experiments we performed on adaptive mesh refinement strategies
(AMR). In fact, the AMR strategy can be classified into some categories: the h-refinement (mesh subdivi-
sion), which amounts to refining the mesh where large errors occur [27]; the p-refinement (local high or-
der approximation), which increases the order of the polynomial functions [4], or the r-refinement (moving
mesh) that moves the nodes of the mesh to increase the mesh density [6], in the regions of interest where
large variations of the solution occur. The above strategies can be mixed, such as hp-refinement [3, 12] and
hr-refinement [21].

We are interested in the case of heterogeneous coefficients which may induce some singularities in the solution
of Problem (1), that is a loss of regularity of the solution due to the interaction among the materials. Therefore,
we focus on mesh subdivision strategy in this section.

The performance of adaptive mesh refinement is assessed with respect to various criteria such as the error
estimator, the marker strategy and the threshold parameter. We recall that the context of our applications is
modelling nuclear reactor cores, in particular geometries composed of rectangular cuboids of R3. This is the
reason why the discretization in this section is applied on Cartesian meshes.

Mesh subdivision strategies are introduced in Section 5.1. Section 5.2 presents the set of test cases con-
sidered throughout the whole Section 5. Section 5.3 focuses on the marker strategies. The sensitivity with
respect to the threshold parameter is investigated in Section 5.4. Section 5.5 compares various reconstruction
approaches. Section 5.6 examines different error estimators.

5.1 An adaptive mesh refinement strategy

We recall in this section the h-refinement approach.

From the initial mesh 7y,,, we generate a sequence of meshes 73, by using the AMR strategy which is in
general an iterative loop where at each iteration, we consider the following four modules:

\Z !

ESTI-
SOLVE MATE == MARK —)ﬂ

Assuming that the mesh 7}, is computed, module Solve indeed corresponds to solving Problem (14). The
output of the module Estimate is (7)) KETh, where 7nx is an a posteriori error estimator. The stopping
criterion of the algorithm is given by

max Nk < €EAMR
KeTy g ’

where € 4p/r > 0. Module Mark returns the set of the marked cells based on the error estimators (75 ) KETy, -
In other words, this module selects a set of elements to be refined. To be convenient, for S C 73, , let us denote
n(S) = (X jes %) For a fixed threshold parameter 0 < ¢ < 1, the classical bulk chasing (Doffler’s
marking strategy [14]) is to select the (smallest) set of elements such that

n(S) = 0n(Tn,.)- (55)
Lastly, module Refine performs the mesh refinement according to the selected mesh elements.

This strategy is generic and can be applied to any kind of mesh.
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In order to have Cartesian mesh preserving, it is essential to refine the mesh according to the whole lines in
each direction (e;),—1 4 Which contain at least one of the selected cells. As a consequence, it is obvious to
see that this cell marker strategy is really costly since we use the error indicator of just some selected cells
to refine the other cells located in the same line for a given direction. Due to this drawback, it is extremely
important to point out some other marker cell strategies based on more information. Therefore, instead of
using the classical bulk chasing (Doffler’s marking strategy) defined on a single cell, we modity it to propose
some other error indicators according to the lines of each direction and also on the "cross" value (the total
error indicators of all the lines) respectively denoted the direction marker and cross marker method.

The direction marker method consists in selecting for each direction e,z = 1,...,d, the small set of lines
L, C Ty, parallel to e, such that

where 0 < 6; < 11is a fixed threshold parameter. The resulting selected set is Uz—1 ¢(Lz).
The cross marker method corresponds to selecting for each K € T, the small set of elements S C 7p,, such
that

> n(Ck) = 0en(Thy), (57)

KeS

where 0 < 6. < 1 is a fixed threshold parameter and C'k is the union for all direction (e;),—1 4 of the lines
containing K. The resulting selected set is Uxcs(Ck). Interestingly, performing the mesh refinement is
straightforward with both the direction marker and cross marker methods. In addition, they both preserve the
Cartesian structure of the mesh.

5.2 Setting of the test cases

This section is devoted to the definition of the test cases considered, namely the Dauge test case, the Checker-
board test case, the Center test case and the Rotation Center test cases. In the following test cases, we perform
the numerical simulations on the domain €2 = (0, 1)2. We consider here a simple source term given by .S =1L
Moreover, we assume that the diffusion coefficient D is a scalar, piecewise constant given by Figure 1. We
also set X, = 1.

In the following, the initial mesh of the AMR strategy is chosen to be uniform in all directions. The mesh size
of the initial mesh of the Dauge test case, the Checkerboard test case, the Center test case and the Rotation
Center test cases are respectively equal to 1/4, 1/8, 1/6 and 1/8.
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Figure 1: The diffusion coefficient D: the region B corresponds to D = 10 and the other region B stands for
D=1.

5.3 Influence of the marker cell strategy

We now study the influence of the marker cell strategy on the AMR approach for our set of test cases. In this
section, the Dauge test case, the Center test case and the Checkerboard test case are performed with RTNg
finite elements, while the Rotation Center test cases are performed with RTN; finite elements. The AMR
strategies are based on the error estimator introduced in (27) and the average reconstruction defined in Section
4.1.1.

The Dauge test case is a singular toy problem (see also in [13], [11], [18] and references therein for more
details). In this test case, the singularity is located at (0.5,0.5) and we expect refinement in this region.
Adaptive mesh refinement is performed with a stopping criterion equal to € 437z = 2 x 1073, Figure 2 shows
that mesh refinement is more located near the singularity for the direction marker strategy than the other
strategies. Moreover, Figure 3 shows that the direction marker needs at least three times less mesh elements
than the other strategies. All the other test cases yield the same conclusions.

So, from now on, the adaptive mesh refinement is always performed with the direction marker method.
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Figure 2: Dauge test case: the numerical flux on refined meshes for different marker strategies with RTNg.
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Figure 3: Dauge test case: Evolution of the number of elements and the maximum of the total error estimator
for different marker cell strategies.

5.4 Sensitivity with respect to the threshold parameter

In this section, we evaluate the sensitivity with respect to the threshold parameter 6; defined in (56) on the set
of test cases presented in Section 5.2. For unstructured meshes like triangular meshes, the typical value for the
threshold parameter 6; is 0.5. However, the choice of an optimal value for the threshold parameter ¢; remains
a difficult question. Therefore, we numerically investigate the optimal value of the threshold parameter.

The stopping criterion of the Checkerboard test case is eaasr = 5 x 1073, For the other test cases, the
stopping criterion is set to € 437z = 2 x 1073,

Figures 4 and 5 indicate that the optimal value of 6; for the Dauge and Checkerboard test case is around 0.35
while Figure 6 shows that the optimal value of this parameter for the Center test case is around 0.6. Moreover,
the optimal value of parameter 6 for the Rotation Center test case with « = § and v = 7 are around 0.45 and
0.4 respectively, see Figures 7 and 8. Figure 9 shows the numerical flux on the refined mesh with an optimal
value of 0; for the different test cases.
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Figure 5: Checkerboard test case.
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Figure 8: Rotation Center, o« = 7 /4.
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Figure 9: The numerical flux ¢, of the different test cases

5.5 Influence of the reconstruction

In this section, we investigate the influence of the reconstruction on the error estimator defined in (27). To this
aim, we compare the reconstruction approaches defined in Section 4.1 on the Dauge test case.

First, the stopping criterion is fixed at e4psg = 1.5 x 1073, As can be seen in Figure 10, the average re-
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construction and RTN post-processing need more elements to reach the stopping criterion than the RTNg
post-processing. It is related to the fact that the flux estimator is the dominant contribution of the total estima-
tor. We do not show here the residual estimator which is similar to the non-conforming estimator. Figure 11
shows the numerical flux on the refined mesh for the different reconstructions.

—+~ Average reconstruction
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3 —e- RTN post-processing
W

—+ Average reconstruction r ~. 3

6000 | —8— RTN post-processing ,’ ‘~\ —e- RTN post-processing iy
— RTNp post-processing ,l N —a- RTNp post-processing W —a- RTNp post-processing
/ SN 107 \
5000 7 AN o \
H ! 1072 AN SN \-;\
£ ~
H 4000 H l\'\‘ N Sve
s ! b/ \-__' Sea
8 3000 + \, N
£ / \ N AN
2 ’ N N Sl
£ 2000 / .. \ ~ N
. A . ‘l\ ~ AN ~
- \ . AN 1074 \ \
1000 g 10 A\‘ \\. * \\ \\\
\ N
o L ] W e
[ 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 ) 1 2 3 4 5 6 7 8
The number of iterations The number of iterations The number of iterations
(a) Number of elements (b) Maximum of the total estimator ~ (c) Maximum of the non-conforming esti-
mator

Figure 10: Evolution of the number of elements and the maximum of the total estimator by using different

reconstruction methods.
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Figure 11: The numerical flux ¢, for different reconstruction methods.

Second, we modify the stopping criterion. Now, the stopping criterion is based on the Lo error with respect to
a reference solution. That is to say, the algorithm is stopped when

[@res — Pnlloo
H(z)ref’ 0,Q

where ¢, is a reference solution computed on a fine mesh. We fix € 4., = 2 X 1072, Figure 12 shows that
the RTN( post-processing and RTN post-processing give similar AMR strategies and that the resulting mesh
have fewer elements than with the average reconstruction.

< €der, (58)
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Figure 12: Evolution of the number of elements and the relative L? error (58) for different reconstruction
methods.

5.6 Comparison of the error estimators

In this section, we perform the Dauge test case with a stopping criterion on the relative L? error (58) with
respect to a reference solution at € 40, = 2 X 102, To be convenient, let Estimator 1, Estimator 2, Estimator
3 and Estimator 4 respectively stand for the error estimator defined in [Theorem 8.4, p.117][18], (27), (42)
and (53). For the sake of completeness, we recall here the different estimators for all K € Ty,

Nk = (ﬁfK + n]%,K + 97772107,() 12 where 7r K is defined in Remark 6,

1/2 1/2

77%( = UE,K + Z 77J2f7K/ + 7772w,K + Z n?zc,K’ ,
K'eN(K) K'eN(K)
1/2
77%( = (nz,K + UJQ‘,K) + e, K

77}1{ = ﬁnc,K + 'f]r,K-

We apply the reconstruction associated to the RTN post-processing to each error estimators. As can be seen
in Figure 13, we obtain similar meshes for the AMR strategies using Estimators 1, 2 and 3. On the other
hand, there is more refinement near the boundary for Estimator 4. The relative L? error on the neutron flux
are similar for the different AMR strategies according to Figure 14.
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6 Extension to the DD+L2-jumps method

In this section, we extend the derivation of the a posteriori estimators to a domain decomposition method
introduced in [11], namely the DD+L?2-jumps methods.
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To this aim, let us consider a partition {Q H <i<N of €2 which is independent from the physical partition
{2 }1<i<n introduced in section 1. For a field v defined over 2, we shall use the notation v; = v[Q ,forl <

7 < N. We denote by I';; the interface between two subdomains Q; and Qj for 7 # 7. if dimgy (89; N 8Qj> =
d — 1, then T;; = int(9Q; N 9KY;); otherwise, I';; = (). We define the interface I's by

Ts=UY, U S L

We also introduce the spaces

PH;(Q) = {¢ € LX(Q)l¢r € H'(Q )wlag\ps 0,1 <7< N},

PH(div,Q) = {q € L*(Q) | @z € H(div,;),1 <7 < N},
M = {ys € [ L*(Ty)}

= {q e PH(div,Q) | [q-n] € M},
W=Q x L*(Q) x M,
where [q - n] stands for the global jump of the normal component on the interface and is defined by
[ n]|r,; = q; - 07 + q; - ny, for1 <i<j<N.
We consider the following problem:

Find (p, ¢, $s) € Q x PHJ () x M such that
—]D){lpz —gradg; =0 in Q;, forl1<i<N,
divp; + Xa3¢7 = Sp;  in Q, forl <i<N,
¢i=¢s onQyNTy, forl<i<N,
[p-n]=0 onT;.

The variational formulation writes

Find u = (p, ¢, ¢s) € Wsuch that forallw = (q,¢,¥s) €W, cg(u,w) = f(w), (59)

where

estuw) = el(p. o). (@) + |

r

[p- nlys - /F (q-nlés,  and £(w) = (S, ¥)og

Above, we extended the definition (7) of the bilinear form c to piecewise smooth fields. We do the same
for the forms a, b and . We introduce discrete, finite-dimensional, spaces indexed by h as follows: QZ n C
H(div, ;) and L;;, C L?(€;), for 1 <7 < N. We impose the following requirements for all 1 < 7 < N

® gip-NE LQ(aflg) forall h > 0, for all q; ,, € Qs n;
o divQ;y C Liy forall h > 0;
e (Qjin)n and (Lj ), satisfy the approximability property (15) in Q.
We observe that, to build conforming discretizations, one uses meshes that are conforming with respect to the

partition {Q;}, << forall b, for all K € T, there exists 7 such that int(K) C Q;: we denote €; by Q.
We then set

N N
h= HQz,h, Ly = HLz,h, Wy = Qp X Lp X Mp,
=1 i=1
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where M}, C M is the discrete space of Lagrange multipliers. We assume that the space of piecewise constant
fields is included in M},. Following [11, Section 5], we introduce the discrete projection operators (I;), .,
from the spaces of normal traces

Tin = A{an € L*(006NTs) | 3aqin € Qins Gih = ih - 0o gt for 1 <7< N,
to My, resp. the discrete projection operators (77), ;. 5 from Mj, to (15 1,), <;« - Which are defined by
Vaqin € Tin, Vibsn € M,

/~ (Ii(gs,n) — qin)sp =0

0Q;NC'g

/~ (mi(sn) — Ysn)qn = 0.
00Q;NCg

Next, let p;, € Qh. We define the discrete jump of the normal component of pj;, on the interface I';; as
[Pr - 05 := Wi(pap - mgr,,) + 15(P5 0 - 0yi0,,)-
The discrete variational formulation associated to (59) writes

Find uy, = (pn, én, ds,n) € Wy, such that for all wy, = (qn, Yu, ¥Ysn) € Wh,  cs(up,wp) = f(wy).  (60)
We define

dS(u’W) = _a(p7q) + t(¢v¢)
da(u,w) = b(p,¥) — b(a, &) — / P nls + / (- nls

s I's

d(u,w) = dg(u,w) + da(u,w) = cs(u, (—q, 9, —vs)).

We define the following norm on W, for all u € W,

llz = dstau)+ > 1=, 2divele+ Y lp-nllgr+ sl
KeTy Fel'g

= (D7'p,ploa+ (Zad P+ Y 15 divpllix+ Y llp-nllgr+ loslin
KeT, Fel'g

and the following W -local norm, for all u € W,

‘u’-i-,K = sup d(u,w), (61)
WEWK7HWHSS1

where

Wi = {u = (p, ¢, ds) €W, Supp(¢) C K, Supp(ps) C OKNI's, Supp(p) C N(K)} ,

with N := N(K) N Q. Since pis in PH(div , Q), only the elements K’ of N (K) that belong to Qx have
to be considered above.

Assumption 2. We assume that there exists By, > 0 such that for all q;, € Qh,

/r [an - n]xlqn -n] > Bh/r [y, - n]?, (62)

and that there exists vy, > 0 such that for all 1 g, € Mp,

N N
Z Z /Fu_(m(lbs,h)? + 15(1bs.0)?) > nllvsnllis 63)
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It is proven in [11, Section 5.1] that, under Assumption 2, the discrete problem (60) is well-posed, and also
that the discrete solution fulfills [py, - n] = 0.

Lemma 3. Let u qnd uy, be respectively tlie solun;on to (59) and (60). Let u;, = (pp, ggh, qgs,h) be a recon-
struction of uy, in Qp X V' X M such that g, = ¢p, onT's. We have for all w € W,

d(u — tp,w) = (S; — divps — Zadn, ¥)o0 — (D" py + grad ¢p, q)o0- (64)

Proof. Let 1y be a reconstruction of uy in Q X V x M. We have forall w € W,

d(u —ap,w)

— (S — divph — Sadns o2 — (D' pas Qo + (s div Qo — / lq- nldsy
s

= (Sy — divps — Sadn, V)00 — (D~ 'pp + grad ¢, q)oq + /F la-n](dn — dsp),

where we integrate by parts using [11, Theorem 5].

Noticing that
¢s,n = ¢rponlg,
we obtain the desired result. O

Theorem 9. We suppose that Assumption 2 holds. Let u and uy, be respectively the solution to (59) and (60).
Letuy, = (pn, qgh, qgs,h) be a reconstruction of uy, in Qh XV x M such that (Bsyh = th onT'g. Forany K € T,
we define the residual estimator 1), ic as in (23), the flux estimator ny i as in (24) and the non-conforming
estimator Nye i as in (25); finally, for any F' € I's, we define the interface continuity estimator by

Nie.r = ||6sh — dsnllor (65)
Then, it stands for all K € Ty,
1/2
e N Z 7} K ) (66)
K'eN(K)
1/2

w—wlenx < | et Do 0t

K'eN(K)
1/2
+ n’?w,K + Z UTQLC,K/ + Z niQC,F ) (67)
K'eN(K) Fels k
where I's i is the set of facets associated to N (K) belonging to T'g.
Proof. Using the triangle inequality, we obtain for all K € Tj,
[u—up|ex < u—pl4 x + [Gn — uply k- (68)

We observe that Equation (64) in lemma 3 may be written as

d(u—tp,w) = Y (Sp+divpy — Zadn, ¥)ox — (D' ps + grad én, q)o k-
KeTy,
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Let K € T andw = (q,,tbs) € W be such that Supp(y)) C K and Supp(q) € N(K). Using Cauchy-
Schwarz inequalities, we obtain successively

d(u— 5, w) < i |S %0l + Y. Dl
K'eN(K)
1/2

<+ Y. nix | uls
K'eN(K)

We conclude from (61) that (66) holds.
Next, we bound the second term of the right-hand side of (68). Let w € W, we look for an upper bound to

d(ay, —up,w) = dg(Up — up, w) + da(@, — up, w)

< (Za(pn — én), ¥)oq — (dn — én,diva)oqa + / la-n](sn — dsn)

Is
e | 2o+ D e |20 Pdivallogr + D mierlla-nllor
K'eN(K) Fels k
1/2
S nncK"’ Z nncK’+ Z 77ch HwH57 (69)
K'eN(K) Fels i

where we used Cauchy-Schwarz in the last two lines. Collecting (67), (68) and (69), we get the estimate. []

Remark 8. We give here an example of reconstruction based on the averaging operator defined in Sec-
tion 4.1.1 in the case where L, = P, (Th). Let Tp bea V- -conforming mesh, that is without hanging nodes,
such that Ty, is a refinement of Ty,. We define here V”'H as the set of nodes of V N ]P’n+1 (Tr), and T is the set
of simplices sharing a node a € V"+1. For a node a onint(I's) N V”+1, we define £, has the set of interface
f)n+1

facets sharing a. Given a € , we distinguish three cases:

1. Ifa € Qj, ¢pla |T| Z bnir(a) ;

KeT,

2. Ifa € int(L's), ¢ - Z bs,ne(a)

‘ a| E€é&,

3. Ifa € 90N Yy, ¢pla) =0

Interestingly, this approach share some similarities with the construction of the discrete space of the Lagrange
multipliers My, detailed in [11, Section 5.2].

Theorem 10 (local efficiency of the a posteriori error estimators). Let K € Ty, and let 1, i and 0y i be the
residual estimators respectively given by (23) and (24). Under Assumptions 1 and 2, the following estimates
holds true

nrr < [u— )+ ke, (70)

1/2
Do o DR Y
DI S

npK < !u—ﬁhl+,K{02 7D

where ¢ and C are constants which depend only on the polynomial degree k of Sy, d, and the shape-regularity
parameter K, and with the | - |1 i norm defined as in (61).
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Proof. The proof follows that given in [28, Lemma 7.6]. Let ¥ i be the bubble function on K, and let us
denote ¢, = (Sy — divpy, — Zaah) on a given K € T,. We recall that, since 1), is a polynomial in K by
Assumption 1, the equivalence of norms on finite-dimensional spaces yields the bounds (33) and (34), with the
constant c there depending only on the polynomial degree k of Sy, d, and k. Let w,. x = (0, ¥k, 0) € W,
we immediately have (cf. the proof of lemma 3)

d(u — Up, WT,K) = (wra ¢KwT)O,K'

Then, by definition (61) of the | - | g norm,

wxlnklls < Jo =l k|28 20k Yo k- (72)

d(u—1Up,wpr i) < Ju—1uy,

Combining (33), (34) and (72), one comes to

1/2

cllvrllf x < fu—anls xllvrllo.r (Ba,x)

Using the definition of 7, x by (23) concludes the proof of (70).

We now proceed similarly for the second estimate. Let us denote qy = (D~ 'py + grad qgh) on a given
K € 7Tj. Note that q¢ is a polynomial in K by Assumption 1, hence the equivalence of norms on finite-
dimensional spaces gives the bounds (36) and (37), while the inverse inequality (38) holds. The constants ¢
and C there depend only on the polynomial degree k of S, d, and k. Let wy g = (¥rqy,0,0) € W, we
immediately have (cf. the proof of lemma 1)

—d(u— 9y, ws k) = (a7, YK df)o.K,
and, moreover,
—d(u — Uy, vy k) < [u—Wpl4 kllwyklls
< = e (D7 sl i + 127y (reapli )

~ min\— —-1\1/2
< Ju— i i (D) + C(h% S0 k)™)Y kcar ok (73)

where we used (38) in the last line. Combining (36), (37) and (73), one comes to

1/2

claglls x < Tu—nlsxllaglon (DE™ ™ + C(hikSax) ™)

Considering the definition of 77 ;¢ by (24) concludes the proof. O

7 Extension to the multigroup diffusion equations

The neutron flux density in the reactor core is determined by solving the transport equation which depends on
seven variables: the space (3), the direction (2), the energy or the speed (1), and the time (1). It physically
states the balance between the emission of neutrons by fission and the absorption, scattering, and leakage
at the boundaries of neutrons. The most common discretization of the energy variable is the multigroup
approximation where the energy domain is divided into subintervals called energy groups. In practice, the
neutron flux density is usually modeled by the multigroup diffusion equations [15, Chapter 7] at the reactor
core scale.

In many practical situations, only a steady-state solution is relevant and it requires to solve a generalized eigen-
value problem. In the companion paper [9], we perform adaptive mesh refinement for the multigroup diffusion

30



case on this so-called criticality problem. We present in this section some theoretical results underlying this
approach on a source problem.

For G > 2, we let Zg := {1,...,G} be the set of energy groups. Given a function space W, we denote
by W the product space W. We extend the notation (-, Jo,0 (respectively || - [|o,0) for the L%(O) and
L2(O) scalar products (resp. norms). Let q := (qg)gj’g, @’ = (¢¥)e=14 € Rifor1l < g < G, and

divq = (div xq?)9=1¢ € RE,

Let T, € (R)“*“ be the even removal matrix. It is a full matrix such that

S -uig? ifg=4,
v(gvg/) € IG X IG7 (Te)gg’ = { / 7
-X1 ifg#d,
where 22’:3 9 are the Legendre moments of order 0 of the macroscopic scattering cross sections from energy

group ¢’ to energy group g and the coefficient { is the macroscopic total cross section of energy group g [15,
Part 2, Chapter IV, Section A, p.124-127].

We denote T, € (R)GXG the odd removal matrix. It is a diagonal matrix such that
VgeZag, (Ts)gqe=1/D".

where DY is the diffusion coefficient of energy group g. The coefficients of the matrices T, , are supposed to
be such that:

0) Vg.g' €Zg, (DI, 50,2957, v8%) € PWHo(Q) x PWL(Q) x L(Q) x L=(Q),

(
Ez‘) 3(D),,(D)* >0, Vg € Ig, (D), < D9 < (D)* ae. inQ, a4
(

i) 3(Zr0)x (Xr0)* >0, Vg €Zg, (Zro)s < 7o < (Tro)* ae. inQ,
iii) Jee (0,(G—1)7"), Vg,0' €Ta, g # g, [5057] < €2y ae. in Q.

As a consequence of (74), the matrix T, is strictly diagonally dominant, so it is invertible and so is the diagonal
matrix T,.

Remark 9. Hypothesis (74)—(iii) models accurately the core of a pressurized water reactor and, in this case,
€ is a small fraction of (G — 1)~1. So on every row of T, the off-diagonal entries are much smaller than the
diagonal entries. Hence, the inverse of T, is well-approximated by the inverse of its diagonal.

In the multigroup case, the bilinear forms read:

L @xQ — R .
a.{ (p,a) + (—T0P7Q)0,Q ’ (72)
[ @xL — R
b'{ (@) — (diva)g ' (76)
LxL — R
t'{ (6,8) = (Ted,0)oq (7
and:
c-{XXX - R (78)
- (¢,&) — a(p,q)+0b(q,¢)+bp,v)+t(o,v) ’
‘ QxL — R
f‘{ (a¥) = (Sp¥)g 73



where Sy € L.

We may write the variational formulation as:
Find ¢ € X such that for all £ € X, ¢(¢, &) = f(§). (80)

We discretize this variational formulation using the same approach as before, see section 3.2, here applied to
each group. The associated discrete problem reads,

Find (j, € X, such that for all §, € X, ¢(Cn,&n) = f(&n)- (81)
We define
dS(Ca 5) = _Q(pv q) + t(¢7 d})

dA(Ca 5) = b(p> ¢) - b(qv ¢)
d((? 5) = dS((v 5) + dA(C?é) = Q(C? (7qa 1/)))

We define the following norm on X, for all { € X,

<130 = > 1dTY?pl§ i + AT ?BII5 i + > 1T, /2(divp)|§
KeTy KeTy

where dTé{f, resp. dT, (1/ 2, is the square root of the diagonal part of T, ,, resp. the inverse of the diagonal

part of T ,. For the multigroup diffusion model, we introduce the following X ;--local norm, for all ¢ € X,

[SESE sup d(¢.¢€), (82)

€eX i lI€lls <t
with
X ={¢=(p,¢) € X, Supp(¢) C K, Supp(p) C N(K)}.
Observe that the norm || - || s, 17 measures elements of X in H(div , 75) x L norm. This corresponds precisely

to the energy norm (cf. [18, Chapter 8]). In this section, we derive a posteriori estimates following the
approach of section 4.2.1.

Remark 10. It is also possible to extend the approach developed in section 4.2.2 to the multigroup diffusion
model.

Lemma 4. Let ¢ and (), be respectively the solution to (80) and (81). Let () = (Ph, g?)h)e Q, xV bea
reconstruction of (y. We have,

VEeX, d(¢— (€)= (S —divpn — Tedn ¥)oa — (ToPn + grad ¢y, q)o.o- (83)

We skip the proof which is identical to the proof of lemma 1. We are now in position to state the following
theorem.

Theorem 11. Let ¢ and (;, be respectively the solution to (80) and (81). Let CNh = (Ph, (]Eh) be a reconstruction
of ¢y, in gh x V. For any K € Ty, we define the residual estimators

nric = AT (S5 — divpn — Tedn) o i (84)
the flux estimator

npx = [T, Y2 (Topy, + gradép) ok, (85)
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and the two non-conforming estimators

Thne, K = Hd’]re_l/z']re((gh - ¢h)
Then it stands for all K € Tp,

0.K> Mnex,K = |dT(¢p, — on)lo,x- (86)

1/2
C=Clyx < [P+ D i | (87)
K'eN(K)
1/2 1/2
1= Cl4ix < "73,}( + Z 77,2{[(' + 77721071( + Z 7738,*,1(/ . (88)
K'eN(K) K'eN(K)

Proof. Using the triangle inequality, we obtain for any K € 7T},

¢ = Cul+ <1 = Cals +1Gh — Cal+- (89)

According to Lemma 4, (83) holds for all £ € X. Let K € T and £ = (q, ) be such that Supp(v)) C K,
and Supp(q) C N(K). Applying Cauchy-Schwarz inequalities, we get successively

(¢ = ¢ &) < mexldT Yo+ Y mpx T ?ql
K'eN(K)
1/2

<|mx+ Y. nw 1€lls.m16-
K'eN(K)

0,K’

We infer from the definition (82) of the | - | x norm that (87) holds.
Now, we want to bound the second term of the right-hand side of (89). We bound

d(Ch =y €) = ds(Cn — Cnr &) + da(Ch — ns &)
< (Te(dn — én), V)00 — (diva, n — dn)oo
< nnc,K”dTi/zl/)HO,K + Z Nnex, K' ||dTe_1/2 (le q)HO,K’

K'eN(K)
1/2
2 2
< e, K + Z e, K ”§HS,MG7
K'eN(K)
1/2
where we used Cauchy-Schwarz in the last two lines. Hence, |C,—Cp| .1 < 77,210, K+ Z nfw’*’ K
K'eN(K)
Using the triangle inequality (89), we get the desired estimate (88). ]
Remark 11. Using the same arguments as in the proof of theorem 11, we can show under the same assump-
tions that
1/2
C=Gle < | D i +njx :
KeT,
1/2 1/2
C=Culs < [ Do mr+min | | D) ek F e |
KeTy KeTy
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where the global | - |+ norm is defined for all { € X by,
|<|+ = sup d(Cug)

geX,|l€lls,ma<1
These estimates are similar to the one stated in the companion paper [9, Estimate (6)] where we use a slightly
different definition of the flux estimator.
In order to state the next theorem, we will use the following assumption.

Assumption 3. The matrices T, , are piecewise constant on T, and Sy € Ly,

Under Assumption 3, one may define

d Z}g{m = [%%g(Te)g,g]|K7 dTZ?}? = [;TeliIIé(Te)g,g]\K§ dTZ}?{I = [;E%E(To)g,ghf(a d Z}? = [g%l%g(To)g,g]\K~
Theorem 12 (local efficiency of the a posteriori error estimators). Let K € Ty, and let 1, i and 0y i be the
residual estimators respectively given by (84) and (85). Under Assumption 3, the following estimates holds
true

. drmas\ /2
i <[C— Ch|+,KC< - ) ; (90)

min
d’]I‘e’ %

dTmaz d'ﬂ"mzn -1 1/2
o, K C2 ( o, K ) } : (91)

<|c-¢ 2 , -
nf,K — ‘C Ch|+7K{c dr]r'g?}? h%{d’]r’gf}?

where ¢ and C are constants which depend only on the polynomial degree k of Sy, d, and the shape-regularity
parameter K, with the | - | i norm defined as in (82).

Proof. The proof follows that given in [28, Lemma 7.6]. Let i be the bubble function on K, and let us
denote ¢, = dT. 1 2(5 ¢ —divp, — Tedsh) on a given K € 7. Again, because 1, is a polynomial in K
by Assumption 3, the equivalence of norms on finite-dimensional spaces gives the bounds equivalent to
(33) and (34), with the constant c there depending only on the polynomial degree k of Sy, d, and kf. Let
& = (0,9k1,) € X, we immediately have (cf. lemma 4)

d(c - Cth fr,K) = (dTé/Q’lﬁr, ¢K¢T)07K7

so that

d(¢ = G &ri) < 1C = Gl ki lsva < 1C — Culo k 11ATY 2 ke o,k (92)

Combining (33), (34) and (92), one comes to

c(dTZE) 1015 ¢ < 16 = Cul s 1o

Using the definition of 1, x by (84) concludes the proof of (90).

We now proceed similarly for the second estimate. Let us denote qf = dT, 1/ 2("]I‘Eph + grad ggh) on a given
K € Tj. Note that qy is a polynomial in K by Assumption 3. Then the equivalence of norms on finite-
dimensional spaces gives the bounds analogous to (36) and (37), while the corresponding inverse inequality
(38) holds. The constants ¢ and C' there depend only on the polynomial degree k of Sy, d, and K. Let
&1k = (Ykdy,0) € X, we immediately have, according to Lemma 4, that

o,k (AT )2,

—d(¢ — G €p.x) = (dTY?qp, Yicay)o k-
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Then,
—d(¢ — &y &r i) <
<I¢- Eh

_ . 1/2
+,K(||de/2<quf>uaK + 4T 2 div (Yrcap) I )

(dTmam + C(h2 (dTmm)) )1/2 H'@qufHO:K (93)

Combining (36), (37) and (93), one comes to

min max minyy—1\1/2
c(dT7) Pl apl§ e < 1¢ = Culy i (AT + C (R (dTTR)) ) " llagllo.x

Considering the definition of 7y, x by (85) concludes the proof. O

8 Conclusion

In this manuscript, we derive a posteriori estimates associated to different norms for the numerical solution
of the neutron diffusion equation.

As a starting point, we consider the classical diffusion equation and observe that, although the approach
presented in [18, Chapter 8] is guaranteed, it remains difficult to prove the local efficiency of the estimator.
We address this issue by proposing a posteriori estimators that are guaranteed and locally efficient.

We focus on Cartesian meshes since such structures are relevant in nuclear core applications, and outline a
robust marker strategy for this specific constraint, the direction marker strategy. We observe numerically that
the AMR strategy is sensitive to the choice of the threshold parameter. We compare various a posteriori
estimators under different criteria. We show that the choice of the reconstruction has a strong influence on the
AMR strategy. The post-processing approaches are shown to be more efficient than the average reconstruction.
In the case of the lowest-order Raviart-Thomas-Nédélec finite element, the RTN post-processing gives a
more accurate reconstruction compared to the RTN post-processing. Also, we compare the different estimators
with the same choice of reconstruction. And we note that, if the stopping criterion is based on the L? error
with respect to a reference solution, the various refinement strategies yield similar results.

Finally, we consider more general models or settings. First, we extend our a posteriori estimators to a Domain
Decomposition Method, the so-called DD+L? jumps method. Then, we choose a more general model, widely
used for nuclear core simulations, the multigroup diffusion problem, for which we also provide a posteriori
estimators. We refer to [9] for an example of application.
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