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Abstract — In this work we analyze the ballistic phase of displacement cascades. Monte Carlo simulations performed with realistic cross-
sections were used to calculate the probability density function, pL(l), describing the length traveled by a particle between two successive
collisions within the binary collision approximation framework. From the analysis of pL(l), this work shows that the trajectories set displays
a bifractal behavior. The comparison of different MC simulations clearly shows that this bifractality is only due to the long tail of pL(l). The
unusual form of pL(l) implies that atoms displaced in the collision cascade during irradiation follow a Levy flight. Since the Levy law is scale
invariant, an anomalous diffusion of atoms at large distances is then expected under irradiation and may explain experimental results.

Introduction. — The ion solid interaction is of significant interest to both academic and industrial researchers. lon implantation
revolutionized the microelectronic industry offering a control over the number and depth of dopant atoms in semiconductor materials.
One of the main characteristic features of ion irradiation [1,2] is an athermal diffusion of atoms during the penetration of an incident ion in
a solid. During the first step of a collision cascade, incident particles with a kinetic energy below few MeV transfer mainly their energy to
the target atoms through elastic collisions. As the kinetic energy of knocked-on particles remains large, most of the collisions occurring in
the target can then be treated as separate binary collisions and the binary collision approximation (BCA) can be applied [3,4]. At the end of
the collision cascade, the kinetic energy of recoils is always small. The collisions get a more collective behavior with many atoms suffering
small random displacements in a limited volume called the displacement spike [5,6]. The molecular dynamics (MD) method is nowadays
extensively used to describe the slowing-down of particles in the displacement spike [7,8]. MD simulations allow to calculate the
spontaneous recombination volume and then the amount of stable defects. However, MD simulations of a displacement cascade initiated
by high-energy particles (above few keV) is very time consuming [8]. The contribution of high-energy events in a cascade is therefore out of
reach in MD. This analysis points out that the BCA remains then an useful theoretical framework to study the migration of atoms at large
distance generated during a displacement cascade. Many models first developed in the 1960s by Lindhard, Scharff and Schiott (LSS theory)
[3] and in the 1970s by Winterbon, Sigmund and Sanders (WSS theory) [9] were then built up to describe the displacement of atoms within
the BCA using simple interatomic potentials. According to these models [10—12], atoms involved in a cascade display a Gaussian
displacement distribution at low temperature, where defect-mediated diffusion is negligible. A ballistic diffusion coefficient can then be
derived to describe the effect of irradiation on the diffusion of atoms in solids. However, experimental profiles induced by irradiation of
light targets by high-energy particle, i.e. few thousands of keV, exhibit large tails [13—15] which cannot be understood within this diffusion
approximation framework.

The aim of the present work is to estimate the impact of the displacement of atoms at large distance on the set of trajectories in the
displacement cascade and on the diffusion of atoms at large distances. To reach such a goal, the universal Biersack-Ziegler-Littmark (BZL)
potential, extensively used to describe the interatomic pair potentials at short distance in MD, allowed to build trajectories of atoms in
motion in a displacement cascade in a realistic way within the BCA.

In the first part of this work, we describe in detail the elementary probability density functions used in our MC simulations. In the second
part, the fractal property of the trajectories set extracted from these MC simulations is then analyzed within the multifractal formalism
framework. In the last part of this letter, we then study the diffusion of atoms at large distances induced by collision cascades, using the
fractal properties of collision cascades.

Monte Carlo simulation of a displacement cascade within the BCA. — To generate trajectories of atoms in motion in a displacement
cascade, the energy transfered between atoms during a collision as well as the lengths traveled by atoms after a collision need to be
known. Within the BCA, the probability density function for an incident particle with energy x to loose an amount of energy (x - y) during a
collision is equal to k(x, y) = do(y,x) /dy* 1/ o(x) , where do(y, x) and o(x) are the differential and total cross-sections, respectively. The
function k(x, y) is no more than the conditional probability of the distribution of y provided x. In this work, MC simulations are performed
using a realistic BZL differential cross-section derived from the universal Biersack-Ziegler-Littmark interatomic potential. This approximation
permits to define accurately the energy transferred to recoils over a large energy range [16,17]. The strength of this inter atomic potential
depends only on the average ionic charge, Z, between incident particles and atoms at rest in the solid. Moreover, simpler interatomic
potentials were also used to compare our results with previous works [6,10,18,19]. Even if these approximations describe crudely the
energy transferred between atoms during collisions, they can be considered as guidelines to analyze MC simulations performed using the
BZL approximation. The hard-sphere (HS) differential cross-section has often been used as a convenient starting point to study the slowing-
down of atoms in motion in a displacement cascade [6]. Using such a toy model, the energy lost by atoms during a collision is analytically
calculated. However, k(x, y) does not evolve with y for this approximation. The power law (PL) differential crosssection in conjunction with
the inverse power potential gives a more realistic description of the energy transferred by an incident particle to an atom at rest in the
solid because k(x, y) depends on y as expected. However, the PL differential cross-section describes the transfer of energy between atoms
only in a limited range of energy since the strength of the interatomic pair potential m which describes the binary collision is a constant [5].

To estimate particle trajectories in a displacement cascade within the BCA, the length traveled by a particle after a collision, |, needs to be
calculated. Neglecting memory effects from a collision to the next due to spatial correlation between scattering atoms, the conditional
probability density of | for a given y value is a exponential law [20]:



plly) =N ofy)e ™", (1)

where N is the number of scattering atoms per unit volume. In all our MC simulations, the length | traveled by a particle of energy y after a
collision is sampled using the inversion method from eq. (1). Moreover, the function k(x, y) allows to sample the energy y lost by a particle
during a collision. Since no analytical formulation for the BZL differential cross-section is available, the rejection method [21] is used to
sample y. For the HS and PL approximations, analytical expressions for differential cross-sections exist:

doty, ) = Cox " ((x =)/ %) dix~y), (2)

where Cm and m are constants independent of the energy. For the HS approximation, f((x —y)/ x) is equal to 1 and y varies from O to x. For
the PL approximation, f((x —y)/ x) is equal to ((x—y)/ x) ™" and y varies from 0 to x(1 - €) where € is a cut-off factor insuring a finite value

for the total crossection. As k(x, y) can be analytically calculated from these differential cross-sections, y can be sampled using the inversion
method for these two approximations [21].

This double sampling in energy and in length allows then to determine accurately the trajectory of each displaced atom in the displacement
cascade. The simulation stops when the energy of all atoms in motion decreases below the displacement energy threshold, xd. In all our
MC simulations, the numerical values Cm, N, and x4 were equal to 1 °*AZeV®™, 1°A” and 10 eV, respectively. For the PL approximation, MC
simulations were performed using different values of € ranging from 107 to 107°. Only small | values evolve slightly as a function of €.
However, the nature of the trajectories set does not depend on €. For this reason, € was set to 10™ in this work.

To investigate the impact of the strength of the interatomic pair potentials on the geometric properties of the trajectories set, MC
simulations were performed. In these simulations, Z then varies from 1 to 99. In the same way, MC simulations were performed with
different m values, corresponding to different energy ranges [7] for the HS and PL approximations. For that, m varies from 0 to 1 to scan
both low- (below 10 keV) and high-energy (above few hundreds of keV) domains.

Multifractal analysis of collision cascades. — The pattern of the trajectories set extracted
from MC simulations is composed of separated domains in which the main part of

1 collisions occurs and exhibits a fractal property. Previous authors have already observed
the fractal behavior of trajectories in a displacement cascade [6,10,16—19]. Cheng was the
1 first one to point out the fractality of a deterministic idealized collision cascade using the
HS approximation [6]. However, the random nature of both y and | in its idealized

1 displacement cascades was neglected. To describe more accurately the random nature of
y, different authors analyzed the geometric properties of the displacement cascades using
the PL and the BZL approximations [16—19]. However, they did not take into account the
random nature of |. Some authors take into account the random nature of . In their works,

Fig. 1: Comparison of pL(l) extracted from MC simulations

the probability density function describing the evolution of | is not linked to the physics of
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gles) and PL (open dots) approximations, MC simulations were  DINATY collisions [16,17]. In our work, eq. (1) describes the density probability function of |
performed with £ =2 for the BZL approximation (black stass). 3¢ 3 fynction of the energy y of the particle after a collision without introducing any cut-off
The functions pr(l) caleulated for different cross-sections follow

the same power law over many decades (dashed line). for I. Since the length distribution is the physical parameter of the problem, the total cross-
section o(x0) of incident particles of energy x0 and the number of atoms per unit volume in the solid, N, are used to define the
characteristic length of the problem L =1/ (No(xo)) . Summing over all energies transferred to atoms of the medium during the collision
cascade, the probability density function associated with the length traveled by an atom between two successive collisions, pL(l), can be

derived from eq. (1):

prl)= [ plluw)g (=g, v)dy,

where g(xo, y) is the probability density function associated with the number of atoms in motion 10" /
1w'p 1
q=0

with an energy y generated by an incident particle of energy X, in a displacement cascade [22].
' / ]
Figure 1 shows the evolution of p(l) as a function of | L derived from MC simulations. The w / E
—
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functions p,(l) exhibit a large tail over many decades. Since the function x4 /y” is equal to g(xo, y) ]
for the HS approximation and fits g(xo, y) over a large energy range for the PL approximation, o't
p.(l) was analytically calculated from eq. (3). The function p(l) is then equal to b/(1"**) over a WL . L t
large length range, where qc is a numerical constant and b = xq/ Xo q.[(1 + q)L* for these two N N '-m' v
approximations. Since the PL cross-section describes on a first approximation the cross-section Fig. 2: Variation of Z(g, L) extracted fr
derived from the BZL interatomic potential, the function b/( 1"**)is also used to approximate py(l) ‘fiﬂ'i}::;“::;2”{1ffif[:l‘,;*"‘::‘Il){‘r:‘;'%lii:?:ul .
extracted from MC simulations for the BZL approximation. Figure 1 clearly displays then that py(l)  The fiseasity of these curves &
is a power law of | over a large range for all the approximations (dashed line) since | for a given y

value is sampled by eq. (1).

MC simulations

as a function of
1 PL (open dots)
(; approximation.
The linearity of these curves insures the fractality of the
trajectories set

To study in detail the impact of the large tail of p(I) on the fractal property of the trajectories, we introduce the normalized moments Z(q,L)
[23] describing the different moments of py(l):

||’[.I - prii)idl
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where q is a real number varying from —oo to +o° and Nc is the total number of collisions occurring in the cascade. Nc is extracted from MC
simulations.

Figure 2 shows the evolution of Z(q,L) as a function of L for different g values. For large . . . .
L values, Log(Z(q,L)) is proportional to Log(L). This point insures that the trajectories set
clearly possesses a fractal behavior [24] for all the approximations. This fractality of the
trajectories set is not linked to the peculiar form of the crossections. Moreover, fig. 2
clearly shows that the slopes of the different lines do not depend on the energy of the
incident particle but vary only with g. This variation of the slopes with q is the signature
of the multifractality of the trajectories set [24]. From this analysis, we deduce that
Z(q,l) ~ LY for large L values, i.e. for irradiations by few hundreds of keV particles.
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To analyze the multifractality of collision cascades, the evolution of the exponent T (q),
called the mass exponent [24], is plotted as a function of g in fig. 3. The evolution of Fig. 3: Evolution of the mass exponent 7(g), extracted from MC
. . . . ) simulations as a function of g for the different approximations
the mass exponent vs. q is composed of two straight lines for all the approximations. (black triangles for HS with m =1, open dots for PL with
. 1 s e . L ootorg T with T — o .
Since pL(|) ~ b/( | +qc) over many decades, as shown in flg. 1’ T (q) exhibits two different m = 3, stars for BZL with Z = 90). The kink of the two slopes

at g, 15 the proof of the bifractal property of the trajectories set.

slopes defined as the Holder exponents [24] for g <qc and q > qc insuring the bifractal
behavior of collision cascades. A kink of the slopes appears then clearly for gc.

Table 1: Caleulation of different coefficients 7(g), ge and the

two Holder exponents ay and az defining the fractality of — This gnalysis shows that the origin of the bifractality is only due to the particular power

the trajectories set for different approximations. For the HS ) ) .

and PL approximations, these coefficients can be explicitly  law form of pL(l) as in studies on aggregation processes [25]. For the HS and PL
caleulated and depend only on m. For the BEL approximation, . t d th t H |d t b | t ” | | t d
these different eoefficients extracted from MC simulatior approximations, T(q), qc and the two Holder exponents can be analytically calculated.
For g > g., a constant Zy equal — These functions do not depend on the energy and are only functions of m which

q). The correlation coeffi

are
fitted as functions of Log
to 0.6 £ 0.05 is needed to it

p, assessing the quality of fits are equal to 0.99 for all fits. " characterizes the strength of the interatomic pair potentials. For the BZL approximation,
S 2nd PL L the same analysis was performed and the evolution of these functions is also
. L o if) independent of the energy in agreement with MC simulations performed in this work. As
o h expected from the fractality, these functions evolve only with Z which defines the

(q) (¢ <4q) F*Log(Z) strength of the BZL interatomic potential. Using empirical approximations for the BZL

) (9>q) g5  q- SLog(z)+ Ll interatomic pair potential [26], the strength of the BZL differential crossection is roughly
" i ALog(2) a function of Log(Z). Such a function has then been used to fit the evolution of T (g), qc
N Xy ‘o)1 and the two Holder exponents for this approximation. Table 1 summarizes the different

variations of T (q), qc and the two Holder exponents for all the approximations.

The mass exponent T (q) allows also to define the generalized dimensions D(q) = t(q) /(1-q) of the trajectories set [24,27]. From Z(0, L), the
LSS path length [18,19,28], Ltot and the number of collisions Nc previously used to point out the fractal behavior of the trajectories in the
collision cascades [6,10] can be easily calculated. In our work, these two values are proportional to L” The fractal dimension associated
with Ltot and Nc is then D(0) = 1 /(2m) in agreement with the fractal dimension of idealized cascade displacements already determinated in
previous works [6,10,18,19,28] for the HS and PL approximations. However, fig. 3 clearly shows that the fractal properties of collisions
cascades can then not be defined by an unique fractal dimension [6,19,28]. Moreover, the fractal behavior of displacement cascades
dictates that the fractal dimension D(0) must not depend on the energy and cannot be used as a criterion to define the sub cascade
formation [6,29].

Diffusion of atoms at large distances. — The probability density function, pn(z|yo), associated with the total length, z, traveled by a particle
with an initial energy y0, after n collisions can be written as [30]

Pnlz(wo) =

N e s n
1T [ [ k(s )P0 | ]{l_u_,.dn'_..e.\(:—Z!_i). (5)
J0 J0 j=

i=1

(21

Pc

where | and y; are the length traveled by the incident particle and its energy after the j-th
collision, respectively. The function k(x, y) insures that the lengths lj are not independent.
This equation describes a non-Markovian random walk process with correlation between
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the lengths of the subsequent steps. Fig. 4 Bvolution of pae{z) & & function of = extracted from
MC simulations. Simulations were performed with incident

. . .. . . . articles of energy 0.5 MeV and m=1 for the HS a roxi-

The function pn(z|yo) is similar to the relocation function in the WSS theory [31]. To take Tnation (black tringles) and for the PL approsimation (apen
into account the displacements of all atoms in the displacement cascade, the function dote). For the BIL approximetion (black stars), MC shumla-

tions were carried out with Z =2, For all the approximations,
pn(z|yo) needs to be averaged by g(x, Yo), the amount of atoms set in motion directly or o0(2) tends to a Levy law and exhibit long tails proportional
indirectly by the incident particle. This procedure allows to introduce the probability

density function, pn(z), associated with the total length, z, traveled by a particle after n collisions whatever its trajectory:

(dashed line)

This coarse-graining procedure insures that pn(z) depends only on the energy of the incident particle. ForZ>32orm<1/4,i.e.qc>2,(l)
and o(l), the mean value and the standard deviation of pL(l) exist. From the central limit theorem [30], u, = (zn-n(l))/ (Vno(l)) tends in law to
a Gaussian function, LG(0, 1). On the other hand, forZ<32 orm > 1/ 4, i.e. qc < 2, these values are large and u, = zn /(n”“) oru,=
(zn-n(1))/ n”* tend in law to a Levy function Lb qc,0(u) [32] for qc < 1 and qc > 1, respectively. Figure 4 clearly displays that p,(z,) tends to a
Levy function p(z) and justifies this analysis. Assuming that all the yj are independent random variables, eq. (6) reduces to a convolution



product of n independent variables associated with the same probability density function pL(l). For qc < 2, the density probability function
associated with zn tends then to a Levy law p(z) [30]. Since k(x, y) is a decreasing function of y, the random variables yj and yj.; can be
considered as independent for large r values. This point insures that zn follows a Levy flight as shown in fig. 4.

From this analysis, it appears clearly that replacing eq. (1) by its mean value [6,10,28,29] introduces an artificial cut-off for pL(l). This cut-off
forbids the appearance of the large tail of pL(l) and then the description of p(z) by a Levy law.

The function p(z) ties the geometry of displacement cascades with the ability of a displacement cascade to shift atoms. Since g(xo, y) can be
determined from MC simulations for all our approximations, the deviation angle between the trajectory of each atom in motion and the
incident beam, 6, can be evaluated within the BCA. The probability for 6 to be above 1° is then inferior to 10% in the ballistic phase of
collision cascades induced by incident particles of energy x, above few keV. Since only highenergy particles with a small deviation angle
contribute to significative z values, z is then roughly equal to the projected range. The function p(z) describes the physics of collision
cascades and determines the long time evolution of an atomic profile, c(z, t), under irradiation. This equation is analogous to the
Kolmogorov-Fokker-Planck equation used to describe the macroscopic kinetic behavior of macrovariables in chaotic processes [33]. For a
given experiment, the nature and the energy of particles in motion define gc. From this analysis, gc plays the role of a critical parameter
[34] for this kinetic equation. Neglecting sputtering effects and overlapping of collisions cascades [35], the effect of an homogeneous
irradiation at constant flux, &, on c(z, t) is given by a one-dimensional balance equation for t>tc ~ 107 s, the last of the collision cascade:

dc(z, t) ot =dao(x0) +o0 0 p(A)c(z - A, t) - p(A)c(z, t)dA, c(z, 0) = 6(z - 0). (7)

Since p(z) displays two distinct behaviors as a function of gc, the evolution of c(z, t) as a function of qc needs to be studied. For qc > 2, p(z)
is a Gaussian law and eq. (7) is reduced to a diffusion equation. The concentration profile c(z, t) follows also a Gaussian law. The second
moment of c(z, t), defined by (|z|%t), exists and is proportional to the fluence ® = ¢t in agreement with experimental data [10,12]. A
diffusion coefficient proportional to the flux ¢ can then be extracted from this Gaussian profile. For qc < 2, the leading term of p(z) is b/
7% for large z values. For (/L) > ( xa/ Xo' ' % ~ 107, ¢(z, t) is then approximated by a Levy law L®® ., (z/t Y4 The function c(z, t)
exhibits then a large tail which could explain large tails of impurities profiles measured at low temperature in many experiments [13-15].
From the scaling properties of the Levy law, the r-moments of c(z, t), (|z| ";t) can be calculated for r<qc< 2. These moments are
proportional to ® 7 (|z|"; 1). It appears then that (|z|% t). is large and proportional to ®" with an Hurst exponent [24], H = 2 /qc, always
greater than 1 for long irradiation times. This point insures that (|z|? t). is no more a linear function of @ for Z < 32. We expect then that
an anomalous diffusion must then take place in mixing experiments when light targets, Z < 32, are irradiated by few hundreds of keV
particles at low temperature. Since the diffusive mixing occurring in the displacement spikes that dominates at the end of atom trajectories
takes place over small distances largely inferior to L( X4 /X0 ) Yae [8], this anomalous diffusion should then not be washed out during the
displacement spike and could explain experimental results [13-15].

Conclusion. — In this work, we investigate the geometric properties of collision cascades within the binary collision approximation using a
physically sounded function to handle the physics of binary collisions. The universal BZL interatomic pair potential permits then to perform
accurate MC simulations of the trajectories set taking into account the displacement of atoms at large distances. Introducing the natural
length for the problem, L, we clearly show that the probability density function associated with the length traveled by a particle between
two successive collisions, pL(l), exhibits a large tail. This work clearly ties the long tail of pL(I) to the fractal nature of trajectories. Applying
the multifractal analysis formalism, a study of the generalized moments insures that the trajectories set is bifractal. MC simulations
performed with different cross-sections assess that this bifractality does not depend on a differential peculiar form of cross-sections. The
long tail of pL(l) is only responsible for this bifractality. This bifractality of collision cascades permits to establish a macroscopic kinetic
equation for the evolution of an atomic profile c(z, t). For Z < 32, this profile follows a Levy law. This unusual form of c(z, t) could explain the
long tail of experimental profiles observed in many experiments [13—15]. From the self-similarity property of the Levy laws, we expect, in
this case, an anomalous diffusion of atoms at large distances. Such an anomalous diffusion could be evoked to explain the unusual diffusion
of impurities in nanometric materials under irradiation [36]. Moreover, its impact on the calculation of the ballistic jump frequency,
extensively used to study the stability of solids under irradiation, has to be taken into account [37].
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