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Abstract. The purpose of the present letter is to propose an efficient, accurate and robust FFT-based solver for
transient diffusion in heterogeneous materials with “realistic” BC, taking advantage of two recent advances
in terms of boundary conditions and finite difference schemes to overcome their actual limitations (periodic
BC and spurious oscillations). It is an essential step towards couplings between mechanics and other physics
(such as the diffusion of species) through FFT-based solvers. Discrete Trigonometric Transform are used
to implement non-periodic boundary conditions, and a finite difference (FD) scheme recently proposed by
Finel is advantageously compared to the common hexahedral FD scheme. “Accurate” refers to two properties:
accurate in term of locality with a small size of Finite Difference pencil to capture fluctuations around
material heterogeneities, and accurate in term of precision with the absence of spurious spatial oscillations
(at least in the reported cases with well-separated inclusions). The “robustness” is here associated to the
stability of the solver, especially associated to the implicit time integration method. The description of the
method focuses on thermal diffusion but applies to any other similar diffusion process (with the same type
of parabolic equation). As a by-product, the FD scheme proposed by Finel is introduced in a more general
(for mixing finite different schemes) and simple way (no introduction of FCC subgrids), extending its usage
to any type of grid parity (not only even grids).

Résumé. Cette note propose un solveur FFT efficace, précis et robuste pour la diffusion transitoire dans des
matériaux hétérogènes avec des conditions aux limites (CL) dites « réalistes ». Cette approche exploite deux
avancées récentes : le traitement des conditions aux limites non périodiques et l’utilisation d’un nouveau
schéma de différences finies limitant les oscillations parasites. Il s’agit d’une étape essentielle vers le couplage
entre la mécanique et d’autres phénomènes physiques (comme la diffusion d’espèces) à l’aide de solveurs
FFT. Les Transformées Trigonométriques Discrètes sont utilisées pour implémenter des conditions aux
limites non périodiques, tandis qu’un schéma de différences finies (DF) récemment proposé par Finel est
comparé avantageusement au schéma DF classique hexaédrique.

Le terme « précis » se réfère à deux aspects : (1) la précision locale, grâce à un schéma de DF de petite
taille permettant de capturer les fluctuations autour des hétérogénéités du matériau, et (2) la précision en
termes de fidélité, avec l’absence d’oscillations spatiales parasites (au moins dans les cas étudiés avec des
inclusions bien séparées). La « robustesse » fait référence à la stabilité du solveur, notamment grâce une
méthode d’intégration temporelle implicite. Bien que la description se concentre sur la diffusion thermique,
la méthode s’applique à tout processus de diffusion similaire (régie par une équation parabolique du même
type).

En complément, le schéma DF proposé par Finel est présenté de manière plus générale (pour mélanger
différents schémas de différences finies) et simplifiée (sans introduction de sous-grilles FCC), élargissant
également son usage à tout type de parité de grille (et pas seulement aux grilles paires).
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1. Introduction

Among many other applications, the development of an FFT-based solver for transient diffusion
in heterogeneous material is essential to study the diffusion of species coming from the surface
of the material and their coupling with mechanics. For such coupled simulations, the concen-
tration of atoms induces a deformation of the crystal taken into account through an eigenstrain
(stress-free strain) directly proportional to the concentration of atoms [1, 2]. Therefore, an ac-
curate description of the concentration field is required. Besides, the boundary conditions gen-
erally used in this context are Dirichlet boundary conditions (applied concentration at the sur-
face of the material, e.g. [3, 4]) or Neumann BC (applied flux, e.g. [5]). Hence, for such simu-
lations, the finite element method is an appropriate numerical tool (e.g. [3–5]). However, the
method is quite heavy in terms of memory or computation time, especially when considering
3D complex microstructures. FFT-based solvers for heterogeneous materials, initially proposed
in the context of static mechanics by Moulinec and Suquet [6], provide an efficient alternative
to standard FE solvers. The method introduces a homogeneous material on which the solution
of an auxiliary problem is directly obtained by using Discrete Fourier Transforms (named FFT,
for Fast Fourier Transform, in the following) through the application of the discrete Green op-
erator. This efficient resolution of the auxiliary problem is used as a step of a fixed-point algo-
rithm [6]. Described by similar partial differential equations, the method applies similarly to sta-
tionary diffusion problems on heterogeneous materials. Besides their efficiency, these solvers
suffer from two important drawbacks in the present context. First, using Discrete Fourier Trans-
forms, the boundary conditions (BC) are implicitly periodic. To circumvent this limitation, var-
ious teams have recently investigated the question for diffusion [7–9] and mechanics [10–12],
taking advantage of Discrete Trigonometric Transforms (DTT), using both Finite Difference or
Galerkin based spatial approximations. Second, the original method [6] suffers from spurious
oscillations attributed to the Gibbs phenomenon. Using discrete Green operators built on Finite
Difference schemes drastically reduces these artefacts. Among them, the most popular scheme,
initially proposed by Willot and referred as the rotated scheme [13], is equivalent to the use
of hexaedral linear finite elements with reduced integration (with a single Gauss point), noted
HEX8R [14]. However, if the HEX8R is insensitive to Gibbs phenomenon, it comes with another
kind of oscillations known as hourglass phenomenon [15]. Various techniques propose to sta-
bilize hourglass [15], even in the context of FFT-based solvers [16], but they introduce an ad-
ditional numerical parameter to be adjusted. Very recently, Finel proposed another type of Fi-
nite Difference scheme and its FFT-based implementation for static mechanics, completely re-
moving the spurious oscillations observed with HEX8R [17], without any additional numerical
parameter.

The purpose of the present letter is to propose an efficient, accurate and robust FFT-based
solver for transient diffusion in heterogeneous materials with “realistic” BC, taking advantage of
two recent advances in terms of boundary conditions and finite difference schemes to overcome
actual limitations (periodic BC and spurious oscillations). “Accurate” refers to two properties:
accurate in term of locality with small sizes of Finite Difference pencils to capture fluctuations
around material heterogeneities, and accurate in term of precision with the absence of spurious
spatial oscillations. The “robustness” is here associated to the stability of the solver, especially
associated to the implicit time integration method. The description of the method focuses
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on thermal diffusion but applies to any other similar diffusion process (with the same type of
parabolic equation). As a by-product, the FD scheme proposed by Finel [17] is introduced in
a more general (for mixing finite different schemes) and simple way (no introduction of FCC
subgrids), extending its usage to any type of grid parity (not only even grids).

2. Method

2.1. Implicit FFT-based resolution with non-periodic boundary conditions

The volume equations governing the transient thermal diffusion problem reads:ρcp
∂T

∂t
+div(q) = 0

q =−K ·∇∇∇T
(1)

with ρ, cp and K , the density, specific heat capacity and thermal conductivity; material parame-
ters that can be heterogeneous over the domainΩ, a parallelepiped domain of size L×L×L m3. T
and q are respectively the temperature and the heat flux. A set of “realistic” initial and boundary
conditions is proposed. The initial temperature T0 is assumed homogeneous except on the face
x = 0, where T (x = 0) = T left. The boundary conditions are Dirichlet BC on faces x = 0 and x = L
with respectively T (x = 0) = T left and T (x = L) = T0, for any time. The four other faces are isolated
(i.e. Neumann BC with q ·n = 0, n being the outer normal vector to the face).

Equation (2), with dT as unknown field, discretizes Equation (1) in space and time, with a θ-
method in time, purely implicit when θ = 1 (Euler implicit) and purely explicit when θ = 0 (Euler
explicit). The case θ = 0.5 corresponds to the implicit Cranck–Nicholson method. The method is
implicit as soon as θ > 0. The equation reads:

ρcp
dT

dt
−divD(K ·∇∇∇D(T t +θdT )) = 0, (2)

with T t the temperature field, known at the beginning of the time step (t ), T t +dT , the tempera-
ture at the end of the time step (t +dt ), and dT the unknown field. The subscript (D) corresponds
to a finite differences (FD) approximation for operators div and ∇∇∇. The domain Ω is regularly
discretized in small elements (or voxels). For the two FD schemes considered below, the tem-
perature is defined at voxels’ corners, as well as divD(q), and the heat flux q is defined at voxels’
centres, as ∇∇∇DT . The grid of centres has a size n3 and the grid of corners has a size (n +1)3.

Introducing homogeneous quantities (ρcp )0 and k0 allows for defining a fix-point algorithm
on dT :

(ρcp )0

dt
dT −θk0∆D dT = (ρcp )0 −ρcp

dt
dT +divD(K ·∇∇∇D(T t +θdT )−θk0∇∇∇D(dT )) (3)

Actually, for a given field dT , the right hand-side (rhs) term can be evaluated in real space using
the FD scheme (D). Noting p the rhs term, and assuming periodic BC for dT (non-periodic BC
are considered later), the left hand-side (lhs) term is inverted using Discrete Fourier Transforms
to obtain dT as follows:

d̂T = p̂
(ρcp )0

dt +θk0∥ξD∥2
= Ĝ0(ξ)p̂ (4)

where ξD are “modified” wave-vectors that are functions of the classical wave-vectors ξ. The
expression of ξD depends on the chosen FD scheme (D) (various expressions can be found for
different FD schemes in [18]).
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In the case of non-periodic boundary conditions, expression (4) still holds but with Discrete
Fourier Transform performed on 2 (or 4) times extended signals, evaluated by Discrete Trigono-
metric Transforms (DTTs). The correspondence between the DTTs and the types of BC are re-
ported in Appendix A. For a detailed description, readers are invited to consult various recent pa-
pers considering the extension of FFT-based solvers to non-periodic BC [7–9] and especially [7]
written for various FD schemes, including the HEX8R scheme used below, and for any type of BC.

Regarding the BC applied in the present case, dT is assigned to null Dirichlet BC (on faces
x = 0 and x = L), and null Neumann BC on the other faces. As explained in [7], the null Dirichlet
BC on faces x = 0 and x = L are enforced during derivation in real space by assuming an anti-
symmetric field dT for the points located outside the domain (i.e. x < 0 and x > L). The equivalent
in Fourier space is achieved by using the Discrete Sine Transform of type I (DST1). For the four
other faces, the null flux is enforced during derivation by assuming a symmetric field dT on the
points located outside the domain (i.e. y < 0 and y > L, z < 0 and z > L). The equivalent in Fourier
space is achieved using the Discrete Cosine Transform of type I (DCT1). Note that for the two FD
schemes considered below (HEX8R and TETRA2), the gradient terms ∇∇∇D(·) of Equation (3) are
evaluated at voxels’ centres from the temperature field defined at voxels’ nodes. Hence, their
evaluation with these FD schemes do not rely on quantities located outside the domain. On
the contrary, the divergence term divD(·) of Equation (3) is evaluated (with HEX8R or TETRA2
scheme) at voxels’ nodes from the quantity (K · ∇∇∇D(T t + θdT )− θk0∇∇∇D(dT )) defined at voxel’s
centres. Hence, the evaluation of the divD(·) term relies on a quantity defined outside the domain
using appropriate symmetries. For the quantity K ·∇∇∇D(T t+θdT )−θk0∇∇∇D(dT ), the symmetries are
those of ∇∇∇D(dT ) (for each component of the gradient, the derivation in a given direction inverses
the type of symmetry in that direction (symmetry ↔ anti-symmetry) and let unchanged the type
of symmetry in the two other directions, see [7]).

2.2. Focus on two finite difference schemes

The presentation above introduces the θ-method in time without any precision on the FD
scheme used in space. Focus is put on small size Finite Difference pencils: the widely adopted
HEX8R scheme [13, 14] and the recently proposed tetrahedral-based scheme [17], denoted
TETRA2 in the following (the “2” standing for the two tetrahedras used to define the scheme).

For the HEX8R scheme, the gradient is evaluated at a voxel’s centre from the 8 values at voxel’s
corners and the divergence at a voxel’s corner from the 8 values defined at the 8 neighbouring
voxel’s centres. In both cases, the finite difference derivation can be deduced from the approxi-
mated volume averages given below (whereΩD =ΩH is an hexahedra depicted on Figure 1, whose
vertices are whether voxels’ corners, for the temperature gradient, or the voxels’ centres for the
flux divergence): 

∇∇∇TD = 1

VD

Ñ
ΩD

∇∇∇T dv = 1

VD

Ï
∂ΩD

T n ds

divD(q) = 1

VD

Ñ
ΩD

div(q)dv = 1

VD

Ï
∂ΩD

q ·n ds
(5)

The approximation of integrals, on each face of ∂ΩD, by a discrete sum on nodal quantities
allows defining the complete FD scheme. Note that in that case, the same finite difference
scheme is used for gradient and divergence, the only difference comes from the location of the
derived quantity (whether a grid of corners, for the temperature, or a grid of centres, for the flux).
The usage of the HEX8R scheme in FFT-based methods is well documented and the expression
of the associated modified wave-vectors, necessary for the FFT-based implementation, can be
found in [13, 18].
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Figure 1. Definition of the volumes used for the different Finite Difference schemes (see
Equation (5)).

The TETRA2 scheme corresponds to a very recent proposition by Finel [17], in the context
of numerical periodic homogenization for mechanics. Introduced in a rather complex way, a
simplified description is proposed below. The main idea is that the temperature gradient is
evaluated on two grids, both located at voxels’ centres (same location as with the HEX8R scheme).
Referring to a finite element perspective, they can be regarded as two Integration Point (IP) grids
(instead of a single one for HEX8R). For each IP grid, the temperature gradient is evaluated with
one of the two tetrahedral FD schemes, T1 and T2 (see Figure 1). As the two tetrahedras are
defined within an hexaedra, this finite difference scheme has the same support as HEX8R (i.e. the
same points are used).

In practice, the two temperature gradient fields, ∇∇∇T1T and ∇∇∇T2T , are evaluated using a
tetrahedral Finite difference (using Equation (5) withΩD =ΩT1 orΩD =ΩT2, the two tetrahedras
defined on Figure 1). Taking into account the two associated fluxes qT1 and qT2 (with qTi =
−K ·∇∇∇TiT ), the discrete flux divergence is defined from a mixture of the two fluxes, qT1 and qT2,
as follows:

divT(q) = 1
2 (divT1(qT2)+divT2(qT1)), (6)

so that, the implicit Equation (2) becomes:

ρcp
dT

dt
− 1

2
(divT1(K ·∇∇∇T2(T t +dT ))+divT2(K ·∇∇∇T1(T t +dT ))) = 0, (7)

and finally, the fix-point algorithm corresponding to Equation (3) reads:

(ρcp )0

dt
dT −θk0∆T1T2 dT = (ρcp )0 −ρcp

dt
dT

+1

2
(divT2(K ·∇∇∇T1(T t +dT )−θk0∇∇∇T1(dT ))+ divT1(K ·∇∇∇T2(T t +dT )−θk0∇∇∇T2(dT ))) (8)

As previously, evaluating in real space the r.h.s term of Equation (8), denoted p, from a given
dT field, is the first step of the fix-point algorithm, and the second step consists of inverting the
lhs term in Fourier space to determine a new dT , used to evaluate a new rhs term and so on. The
notation ∆T1T2 stands for 1/2(divT1(∇∇∇T2(·))+divT2(∇∇∇T1(·))). In Fourier space, the divergence and
gradient operators reads:

�∇∇∇TiT = iT̂ξTi = iT̂dTi exp

(
i(ξx +ξy +ξz )

2

)
ádivTi(q) = iq̂ ·ξTi = iq̂ ·dTi exp

(
− i(ξx +ξy +ξz )

2

) (9)

The definition of dTi can be found in [17] and it must be emphasized that dT1 and dT2 are
complex conjugate (dT1 = dT2). Hence, the application of the operator ∆T1T2 in Fourier space
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corresponds to a multiplication by the term −dT1 ·dT1 = −∥dT1∥2(= −∥dT2∥2). Finally, the lhs
term of Equation (8) can be easily inverted, replacing ∥ξD∥2 by ∥dT1∥2 in Equation (4).

Remarks. This presentation is rather different from the presentation proposed by Finel [17]. It
is believed simplified (without the introduction of FCC subgrids) and offers a quite general and
versatile framework for mixing finite differences operators. In addition, this description (as well
as its implementation) is independent of the grid size parity (odd or even number of voxels),
whereas Finel limits its usage to even grids.

2.3. Additional details

To reduce the number of implicit iterations, the initialization of the fix point algorithm, at each
time step, consists of a linear extrapolation from the solution fields dTn−2 and dTn−1 evaluated at
the last two times steps.

In the present implementation, the fix-point algorithm can be accelerated by an Anderson
acceleration technique [19] as proposed in [20] for accelerating FFT-based solvers in static
mechanics. However, the benefit of the acceleration was not so clear in the case presented in
Section 4, and numbers of iterations in Table 1 are given for the classical fix-point algorithm.

Table 1. Number of iterations as a function of the step size and the explicit or implicit
method (up to the time of interest t = 300dt∗CFL)

Number of steps HEX8R TETRA2
Explicit dt = dt∗CFL/2 600 600∗ 600∗

Implicit dt = dt∗CFL/2 600 2876 3257

Implicit dt = dt∗CFL 300 2406 2712

Implicit dt = 2dt∗CFL 150 2246 2584

* For the explicit method, each iteration is a direct evaluation (no iterative back and forth
in Fourier space).

The choice made for the reference thermal conductivity comes from the proposition of
Moulinec for isotropic materials [6]: k0 = 1/2(min(k)+max(k)). If materials are anisotropic, an
“isotropized” thermal conductivity can be take into account. Note that the choice of k0 do not
modify the solution but the convergence rate of the algorithm.

For the sake of brevity in Section 4, only the conductivity is considered heterogeneous and
(ρcp ) is assumed homogeneous. Note that simulations performed with heterogeneous (ρcp )
demonstrate similar results regarding spurious oscillations.

Finally, the relative error between two successive iterates is used as convergence criterion with
a low threshold ε0 to ensure the quality of the results:

∥dT k −dT k−1∥2

∥dT k∥2
< ε0 = 10−6 (10)

3. Validation on a homogeneous case

The algorithm and its implementation is partly validated on the homogeneous case for which
the analytical solution is known. Considering the initial and boundary conditions described in
Section 2.1, the 3D problem reduces to a 1D problem whose solution reads:

T (x, t ) =
(
1− x

L

)
T left + ∑

k∈N∗
−2T left

kπ
exp

(
−

(
kπ

L

)2 K

ρcp
t

)
sin

(
kπ

L
x

)
(11)
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The parameters used for the validation are L = 1 m, K = 10 W·m−1·K−1, ρ = 1000 kg·m−3,
cp = 1000 J·kg−1·K−1, T left = 100 K and T 0 = 0 K. For the numerical simulation, the 3D cubic
domain is discretized in 323 voxels (even if the solution is known invariant in directions y and z).

3.1. Stability of the methods

The numerical experiments performed with the HEX8R and TETRA2 schemes combined with
the explicit Euler method (θ = 0) were stable as soon as dt ≤ dtCFL/2, with dtCFL = ρcp dx2/K
and dx the voxel dimension, and systematically stable with the implicit Euler method (θ =
1). These observations are consistent with mathematical results obtained with an equivalent
1D algorithm, a θ-method in time and centred second derivative in space (i.e. d2T /dx2 ∼
(Tn+1 +Tn−1 −2Tn)/dx2). Actually, considering the loading and the homogeneous material,
the solution is uniaxial and, in that context, both 3D schemes (HEX8R and TETRA2) turns out
equivalent to this standard and well-known 1D algorithm that is conditionally stable for θ = 0
(stable if dt ≤ dtCFL/2), and unconditionally stable if θ ≥ 1/2.

3.2. Temperature profiles comparison

The times of interest for that comparison are 2dtCFL, 6dtCFL and 18dtCFL, and the considered
time steps are dtCFL/2, the limit of stability for the explicit method, and dtCFL, only accessible
to the implicit method. Figure 2(left) plots the temperature profiles comparing analytical and
numerical profiles. As expected from the remark in the previous subsection, HEX8R and TETRA2
schemes provide exactly the same results (“+” and “×” symbols are superimposed), in good
agreement with the analytical profiles. The normalized error between analytical and numerical
results, (Tan.−Tnum.)/T left, is plotted on Figure 2(right). For time t = 2dtCFL, results for the explicit
method (θ = 0), used with dt = dtCFL/2 (its limit of stability), exhibits an error of ∼6% that reduces
to ∼3% with the implicit method (θ = 1). With a larger time of interest, t = 6dtCFL (dashed lines),
the error decreases for both methods but the implicit scheme remains more precise (still with
dt = dtCFL/2). Using a twice-larger step size (i.e. dt = dtCFL) the explicit method provides a
similar precision w.r.t. the explicit method (with a twice-smaller step). As the purpose is more
the validation of the solver and its implementation than a detailed comparison between the two
methods (explicit vs implicit), widely explored in handbooks for this simple 1D case, the next
step focuses on the heterogeneous case, for which HEX8R and TETRA2 schemes are no longer
equivalent.

4. Application to the heterogeneous case

A simple case of application is proposed with a single spherical inclusion of radius 0.3 m at
the position (0.15 m, 0.4 m, 0.6 m) within a cubic domain of size 1 × 1 × 1 m3, discretized in
32 × 32 × 32 voxels. The mass density and specific heat capacity are assumed homogeneous
(same values as previously), while the thermal conductivity is set to 104 W·m−1·K−1. Compared
to the conductivity of the matrix, 10 W·m−1·K−1, the contrast is quite high (1000). As spurious
oscillations generally correlate with high contrasts, this case should allow for discriminating the
two FD schemes, which were equivalent in the homogeneous case used in the previous section.

4.1. Stability of the method

The stability condition for the explicit method (θ = 0) has been explored empirically on this
example: whether combined with the HEX8R or the TETRA2 scheme, the method is stable as
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Figure 2. Transient diffusion in a homogeneous material. (left) Numerical temperature
profiles compared to analytical solution for t = 2dtCFL, 6dtCFL and 18dtCFL. (right) Normal-
ized error (Tan.−Tnum.)/T left, for time t = 2dtCFL with continuous lines, and t = 6dtCFL with
dashed lines. In the legend, dt = 1/2 stands for dt = dtCFL/2, and dt = 1 for dt = dtCFL.

soon as the step size dt ≤ dt∗CFL/2, with dt∗CFL = ρcp dx2/max(K ), and unstable otherwise. This
condition also proved valid for simulations with a low conductivity inclusion. Note that this
definition of dt∗CFL allows for using the same stability condition than the homogeneous case with
dtCFL. For heterogeneous ρcp the condition proved valid for dt∗CFL = min(ρcp )dx2/K . For both K
and ρcp heterogeneous, a similar definition for dt∗CFL, if exists, is still under investigation. Finally,
all the tests performed with the implicit method (θ = 1) remained stable.

4.2. Temperature fields comparison

For that comparison, the time of interest is t = 300dt∗CFL, chosen to easily discriminate the two
schemes. Figure 3 displays the different temperature fields for the two schemes HEX8R (up)
and TETRA2 (bottom), obtained with the explicit (θ = 0) or implicit (θ = 1) method (respectively
left and right side). Explicit simulations have been performed using dt = dt∗CFL/2 and implicit
simulations with dt = 2dt∗CFL. The HEX8R scheme induces important spurious oscillations,
whether using an implicit or explicit method. Importantly, an overshoot is observed on the
colorbar: the temperature field can be locally higher than the applied temperature T left = 100 K.
On the other hand, the TETRA2 scheme used with the implicit or explicit method, do not exhibit
any sign of spurious oscillations or overshoot: the field is smooth within each material and the
transition is sharp at the interface between the two materials. Finally, the quasi-identical fields
obtained with the explicit method and the implicit method with 4 times larger step demonstrates
the interest of the implicit method in that case (especially for quite large times of interest).

As a conclusion regarding the quality of the solution, using the TETRA2 scheme appears a
relevant choice to avoid any artefact such as spurious oscillations and overshoot. This is a crucial
point especially when considering the solution field as an input for another coupled physics
(mechanics or phase transition, for example).

4.3. Performance

The purpose of this subsection is not to provide a deep analysis but rather a few elements of dis-
cussion on the choice of the step size, or between explicit or implicit method. Table 1 gathers the
cumulated number of iterations up to the time of interest t = 300dt∗CFL with different time steps
for the implicit method (all of them generate almost identical fields, as observed in Figure 3).
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Figure 3. Temperature field distribution with the HEX8R scheme (up) and the TETRA2
scheme (bottom), using the explicit method (θ = 0, dt = dt∗CFL/2, (left)), or the implicit
method (θ = 1, dt = 2dt∗CFL, (right)). Note the oscillations and overshoot (values higher
than 100 K on the colorbar).

Considering the choice between HEX8R and TETRA2, the number of iterations is a bit higher for
TETRA2. In addition, each iteration of the TETRA2 scheme is a bit more complex as the flux is
evaluated on two grids of centres (see Section 2). However, the price to pay, regarding the impor-
tant enhancement of the solution quality, is rather low. Considering the choice of the step size
for implicit algorithms: it is worth noting that while the step size is multiplied by 2 the number
of iterations is only divided by a coefficient between 1.02 and 1.2. Actually, when increasing the
step size, the number of fix-point iterations, required to solve each step, increases (especially at
the beginning of the simulation). Finally, considering the choice between explicit and implicit al-
gorithm, the difference in terms of iterations is rather important. In addition, an iteration of the
explicit algorithm has a much lower cost as it consists of a direct evaluation of div(q) in real space
and does not require any back and force in Fourier space. From that point of view, and for that
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given example (material, loading and time of interest), the explicit method appears much more
performant than the implicit scheme.

5. Example on a larger unit-cell

The present section is just an example showing that, despite of a non-optimized python imple-
mentation for this proof of concept, the method applies straightforwardly to a larger microstruc-
ture that consists of 125 randomly distributed spheres with a volume fraction of 22%. The size of
the unit-cell is 1×1×1 m3, discretized in 128×128×128 voxels. Microstructure is generated with
periodicity condition and periodic conditions are considered in the transverse directions (wrt to
the temperature gradient direction) and the same conditions are applied for the upper and lower
face (100 K and 0 K homogeneous applied temperature). Initial temperature is 0 K. The mass den-
sity and specific heat capacity are assumed homogeneous (same values as previously), while the
thermal conductivity is set to 104 W·m−1·K−1 for the inclusion and 100 W·m−1·K−1 for the matrix.
The temperature field displayed on Figure 4 is evaluated after 5000dt∗CFL. A second simulation
considers insulating inclusions with a thermal conductivity of 1 W·m−1·K−1. The temperature
field is evaluated at the same time (corresponding to 50dt∗CFL in that case). On this more realis-
tic application, the temperatures fields are still very smooth and comparison clearly exhibits the
influence of the inclusions, whether conducting or insulating, on the propagation of the temper-
ature with the composite material.

Figure 4. Example exhibiting the influence of conducting (left) or insulating (right) spheri-
cal inclusions within a matrix on the temperature field after the same propagation time (the
simulated unit-cell is shown at the centre).

Important remark: it must be mentioned that, in this example, the inclusions are well sepa-
rated from each others. Various tests, not reported in this short note, have revealed the existence
of spurious oscillations in cases where inclusions are “touching” each other(s). If the amount of
oscillation is still less than HEX8R scheme, this point must be kept in mind and needs further
investigations.

6. Conclusion and prospects

As a conclusion of this letter, it is demonstrated that combining recent developments using
DTTs, to apply non-periodic boundary conditions, with a recent Finite Difference scheme (noted
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TETRA2), allows for taking advantage of the efficiency of FFT-based solvers for simulating tran-
sient diffusion in heterogeneous materials with realistic boundary conditions. As demonstrated,
the method is robust in time (using an implicit solver), accurate in space as the solution fields do
not exhibit any spurious oscillations (at least if the material consists of a matrix with well sepa-
rated inclusions), and accurate in term of “locality” as the TETRA2 finite difference scheme only
considers the 8 points of an hexahedra to approximate the divergence or the gradient. In that
sense, it is as local as the HEX8R scheme but do not suffer from spurious oscillations originat-
ing from the hourglass phenomenon. To the author’s opinion, the presentation of the TETRA2
scheme, proposed by Finel in his original paper [17], has been simplified, generalized (towards
other mixing of finite differences) and a bit extended (its usage is not limited to even grids). From
the numerical experiments in Section 4, using the TETRA2 scheme is a bit less efficient than the
HEX8R scheme, however the quality enhancement is so important that theTETRA2 choice should
be favoured (author’s opinion). Regarding the choice of explicit or implicit method, and step size
for the implicit method, the question has been addressed for a specific case of application (homo-
geneous ρcp , high conductivity contrast, large time of interest) and the explicit method proved
more efficient than the implicit one. However, a strategy mixing Euler explicit and implicit to-
gether with an adaptive step size will probably be an efficient way to take benefit from the advan-
tages of the two methods.

As mentioned in Section 5, for matrix inclusion microstructures with inclusions touching each
other, spurious oscillations appear on the temperature field with the TETRA2 scheme. If less
important than with the HEX8R scheme, this point needs further investigations. The use of
composite voxels is generally an efficient way to smooth oscillations is such situations [21].

As a future prospect, the present FFT-based solver (θ-method in time and TETRA2 scheme
in space) can be considered as a reliable and essential component for coupling transient diffu-
sion with mechanics. Important applications in the context of materials science consider the dif-
fusion of species strongly coupled with mechanics through a stress-free strain directly propor-
tional to the concentration of diffusing atoms (e.g. [3–5]). Such couplings, generally performed
with standard Finite Element methods, could now take benefit from the present efficient, ro-
bust and accurate FFT-based solver adapted to heterogeneous materials and realistic boundary
conditions.

Finally, an implementation of this framework is in progress in the FFT-based code AMI-
TEX [22] in order to take advantage of massively parallel computers and deal with large scale
simulations.
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Appendix A. DTTs and boundary conditions

Table 2 gathers the different discrete symmetry types with the corresponding types of DTT
(according to the names defined in the FFTW library [23]) and the associated types of boundary
conditions.

For the definition of the symmetry TXTY:

• T has the value W, if the symmetry axis are located on the last points, or H, if the axis is
located a half element just after the last points. In the present paper, the temperature
being located at voxels’ corners, only W types of symmetry are considered,
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• X has the value S or A, whether the signal is Symmetric or Anti-symmetric on the left
point,

• Y has the value S or A, whether the signal is Symmetric or Anti-symmetric on the right
point.

Finally, an Anti-symmetry is associated to a Dirichlet BC and a Symmetry to a Neumann BC.

Table 2. DTTs and boundary conditions

Discrete symmetry type (TXTY) Discrete Trigo. Transf. [23] Boundary condition (left/right)
WSWS DCT1 Neumann/Neumann
HSHS DCT2
WSWA DCT3 Neumann/Dirichlet
HSHA DCT4
WAWA DST1 Dirichlet/Dirichlet
HAHA DST2
WAWS DST3 Dirichlet/Neumann
HAHS DST4
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