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Abstract. The simulation of industrial crystallizers needs the implementation of multi-compartment models to handle 
the spatial heterogeneities at lower cost. In this context the study of recycle streams appears as an intermediate step to 
solve complex reactor networks. In this work, an accelerated fixed-point algorithm is applied to the solution of the crystal 
size distribution and the liquid phase composition in a structure including two compartments and one recycle stream. The 
numerical strategy, including fixed-point formulation, acceleration method, initial condition and convergence criteria, is 
introduced. One of the strengths of the proposed algorithm is that it does not depend on the numerical method used to 
solve the population balance equation in each compartment. As a case study, the numerical method is performed on the 
uranium oxalic precipitation. Thanks to this approach, local values of crystallisation kinetics, mass transfer and crystal size 
distribution are obtained. The evolution of the actinide concentration and the average crystal size follow the theory of the 
crystallisation mechanisms. Finally, the very satisfactory numerical performances open the way to simulate more complex 
and demanding reactor network structures.  

1. Context and numerical issue 

In process engineering, most unit operation equipment is characterised by complex hydrodynamics 
leading to heterogeneous properties all over the geometrical volume. To model real operations, the 
multi-compartment model presents an alternative between the high resource-consuming CFD 
simulations and the global homogeneous models [1]. The development of a multi-compartment 
model can be performed following three successive steps:  

 First, the size and number of compartments and the flowrates between the compartments are 
fixed.  

 Second, the physicochemical phenomena taking place in every single homogeneous volume 
are defined.  

 Finally, a suitable solving methodology is performed to consider the interactions between the 
different homogeneous compartments. 

Following this methodology, this research work appears as an intermediate step in the simulation of 
the oxalic precipitation in a vortex reactor. First, the hydrodynamics of the reactor was studied 
numerically via Large-Eddy Simulations (LES) [2]. As a result, the complex hydrodynamics taking place 
in the reactor can be described in a simplified way by five homogeneous compartments (Figure 1 c)). 
In this concern, a robust numerical methodology was developed to solve the population balance 
equation in each homogenous compartment (Figure 1 a)) [3,4].  

The current work focuses on developing a numerical methodology to solve the reactor network. To this 
end, we propose to consider the recycling stream as an elementary block in the solution process and 
to reuse the algorithm previously introduced to solve each compartment [3,4]. A global fixed-point 
strategy manages the convergence of the global network solution. In the next section, the fixed-point 
method used to solve the entire crystal size distribution is described. Then in Section 3, the case study 
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under consideration is introduced: the uranium oxalate precipitation including nucleation and growth 
in a simple recycling structure (cf. Figure 1 b)).  

 

 
Figure 1. Different reactor networks strategies (𝐹𝑖 and 𝑅𝑖 state for the ith stream and the ith reactor respectively). 

2. Numerical method 

The numerical strategy presented in this section aims to determine the limiting reactant 
concentration 𝐴 (mol m-3) and the crystal size distribution 𝑵 (m-3) of the recycle stream. The internal 
algorithms used to solve the population balance equation in each compartment (𝑓𝑅𝑖) determine the 
objective function: 

(𝐴,𝑵) = 𝑓𝑅𝑛 (𝑓𝑅𝑛−1 (…𝑓𝑅1  (𝐴1, 𝑵1)))                                                         (1) 

Whit 𝑖 the number of compartments. The reader must note that the dependence on the other process 
variables such as volume, temperature and flowrate is omitted for clearness purposes. 

2.1 Fixed point algorithm and acceleration method 

When one of the feeding streams is obtained by recycling a part of the product stream (see Figure 1 
b) for example), at the steady-state the input variables of the entire system are partially set by the 
product characteristics itself. From a mathematical point of view, the self-dependence of an output 
variable can be expressed as a fixed-point problem: 𝑿 = 𝑓(𝑿), with 𝑿 the unknown vector. In the 
precipitation context the fixed point problem becomes: (𝐴,𝑵) = (𝐴,𝑵).  In the particular case of Figure 
1 b), we hence have: 

(𝐴5, 𝑵5) = 𝑓(𝐴5, 𝑵5) = 𝑓𝑹𝟐 (𝒇𝑹𝟏(𝐴5, 𝑵5, 𝐴1, 𝑵1))                                  (2) 

In this case, the outgoing crystal size distribution 𝑵5  and the concentration of the limiting reagent (𝐴5, 
namely the iterating variable) are defined by the solution of the population balance equations of 
reactor 𝑅1 followed by reactor 𝑅2 (𝑓𝑅2(𝑓𝑅1)). These population balance equations depend on the crystal 
size distribution 𝑵5  and the concentration in the feed stream 𝐴5 itself.  

A well-known numerical method to improve convergence of the fixed-point iterations (which is often 
only linear and very slow) is to use acceleration methods [5,6]. In the specific case of the nucleation 
and growth problem, the concentration 𝐴5 is the objective variable of the numerical methodology to 
solve the population balance equation, for this reason the acceleration method is applied only on the 
variable 𝐴5. Indeed, the acceleration of a part of the output vector has demonstrated to be numerically 
efficient to converge strongly coupled multi-physics mathematical problems [7]. Three acceleration 
methods are tested to solve equation (2), namely: crossed secant, alternate secant and Steffensen. 
The last one is the only one to improve the convergence of the standard fixed-point iterations. In such 
a case, the accelerated iterate is defined as follows: 
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2.2 Convergence criteria 

The population balance equation does not respond to a unique solution criterion. Indeed, several 
crystal size distributions 𝑵5 can satisfy the same value of the limiting reagent concentration 𝐴5. For this 
reason, the convergence criteria of the fixed-point algorithm is determined by the convergence in 
terms of concentration (equation (4)) and crystal size distribution (equation (5)). 

|A5
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 − A5
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| −  εC < 0                                                                                (4) 

max(k)  (|𝑓(𝐍5
j
) − 𝐍5

j
| − εa − εr |𝐍5

j
|) < 0                                       (5) 

with 𝐍5
j  the value of the iterate in the 𝑗𝑡ℎ iteration, A5

j  the concentration of the limiting reagent in the 
same iteration 𝜀𝐶 , εa and εr the convergence parameters. To converge, both equations (4) and (5) 
should be satisfied at the same iteration. 

2.3 Initial condition 

Iterative algorithms are particularly sensitive to the choice of a suitable initial condition. In this 
particular case, the iterating variable (𝐴5 ) is strongly coupled to the crystal size distribution (𝑵5 ) via 
the mass and population balances. For this reason, the initial condition concerns these two variables. 
The best initial condition is then given by the solution of both balances in the second reactor. 

The recycle stream initial condition problem is then transferred to the initial condition of the inlet 
variables of the second reactor (𝐴3 and 𝑵3 in the stream 𝐹3 in Figure 1 b)). A previous work [3] 
demonstrated that the best initial condition to solve the population and mass balances in a 
homogenous reactor is a pure clear solution (𝑵30 = 0). Regarding the initial condition for the 
concentration, a zero value is not suitable because of the thermodynamic limit of the liquid-solid 
equilibrium. In addition, the initial condition cannot be equal to the solubility because this value implies 
a supersaturation equal to 1 and the absence of crystallisation phenomena. Consequently, the initial 
concentration (𝐴30) is chosen to be over the equilibrium value. Hence, the initial condition reads:  

(𝐴5
0, 𝑵5

0) = 𝑓𝑅2(𝐴3
0, 𝑵3

0) ,       𝑵3
0 = 0   ,      𝐴3

0 = 𝜀𝑖 ∗  𝐴𝑒𝑞 ,        𝜀𝑖 > 1              (6) 

Several values of the constant 𝜀𝑖 were tested between 1.01 and 1.5. As a result, the convergence of the 
entire algorithm remains acceptable all over the interval. Also, 𝜀𝑖 = 1.1 represents the best final value 
of the concentration 𝐴30.  

3. Results 

As a case study, the numerical methodology presented in the last section is applied to the uranium 
oxalic precipitation in a recycling structure): 

 𝑈(𝑁𝑂3)4 + 2𝐻2𝐶2𝑂4
𝐻2𝑂
→  𝑈(𝐶2𝑂4)2, 6𝐻2𝑂 + 4𝐻𝑁𝑂3                                    (7) 

At the industrial scale, the oxalic precipitation of uranium is carried out by adding simultaneously both 
reactants to the vortex reactor. However, in Figure 1, the stream 𝐹1 represents the flowrate of both 
reactant streams. This simplification is merely schematic and does not modify the results of the 
modelling strategy. 

 The recycling structure is depicted in Figure 1b) and the volumes of the two reactors represent the 
hydrodynamics of the vortex reactor. Thus, the first reactor accounts for 5% of the total volume (forced 
vortex), the second is for 95% (free vortex) while the recycling ratio is 30%. Details on the crystallisation 
kinetics and the operating conditions can be found in the literature [3,8,9]. The numerical 
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methodology used to solve the mass and population balances is identical to the one developed for 
the precipitation of uranium oxalate [4]. 

3.1 Numerical analysis 

Figure 2 presents the evolution of some state variables over the fixed-point iterations. By a simple 
inspection, the mass balance is satisfied first at the 5th iteration. Indeed, the variation of the uranium 
concentration 𝐴5 is lower than 𝜀𝐶 , the imposed threshold. On the other hand, the population balance 
equation converges at about the 16th iteration even if the mean crystallite size remains stable from the 
6th iteration. Indeed, the average size of the entire population is very close in two successive iterations 
but the entire crystallite size distribution does not match. The evolution of these three variables 
demonstrates the numerical bias imposed by the multiple solutions problem. The solution 
methodology described in the last section overcame this numerical issue by the choice of two 
simultaneous convergence criteria. 

The numerical methodology developed in this paper is intended to be coupled with the agglomeration 
population balance equation and then applied to a more complex reactor network structure. In this 
concern, a low convergence time is required to contribute to the numerical performance of the entire 
algorithm. For the case presented in this paper, the convergence time is about 4 minutes in an Intel 
Core i7 machine (1.90 GHz/ 2.11 GHz) with 32 Go RAM. 

 
Figure 2. Numerical analysis over the number of iterations: a) Concentration convergence criterion (equation 

(4)) b) Concentration of uranium c) Crystal size distribution convergence criterion (equation (5)) d) Mean 
crystallite size 

3.2 Process variables 

The numerical methodology gives access to some valuable information on the recycle and the 
intermediate streams: Figure 3 depicts the crystal size distribution before and after the second reactor. 
For the same locations, the liquid phase composition, crystallisation kinetics, supersaturation, and 
suspension concentration are displayed in Table 1. 

The mass transfer to the solid phase is mostly operated in the first reactor, less than 0.2 % of the final 
crystal mass is due to the crystallisation phenomena in the second reactor. Additionally, the average 
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crystal size increases by 0.2 μm and the shape of the crystal size distribution significantly changes. 
Indeed, the amount of small particles extremely decreases from 8*1023 to 0 in the second reactor. This 
behaviour is explained by the relative values of the crystallisation kinetics in both homogeneous 
volumes. Nucleation and growth kinetics take lower values on the second reactor because of the drop 
in the supersaturation value. In fact, both heterogenous and homogeneous nucleation are negligible 
in the second volume, only the growth phenomenon takes place. Consequently, no crystal is born in 
the second reactor; the actinide precipitated is then consumed by growing the very small particles 
coming from the first reactor.  

 
Figure 3. Crystallite size distribution. 

Another revealing information is the relationship between the residence time and the solid 
concentration. Most of the solid phase is created in a very small volume due to the nucleation process: 
99.9% of the final uranium oxalate precipitates in 5% of the volume while only 0.1% occurs in 95% of the 
reactor volume. This demonstrates that the kinetics of the nucleation and growth processes are fast 
compared to the residence time. In addition, the volume of the reactor is large enough to bring the 
system until the thermodynamic limit imposed by the solubility of the uranium oxalate. 

 
Table 1. Liquid and solid characteristics after algorithm convergence. 

Variables  R1 R2 

Residence time (s) 𝜏 50 955 

Feeding ratio (-) 𝑅𝑆 0.36 0.006 

Supersaturation (-) 𝑆 6.3 1 

Final concentration  
(mol m-3) 

[U] 0.3 0.055 

[C2H2O4] 53.9 53.3 

[HNO3] 423.1 424.3 

Solid concentration (mol m-3) 𝐶𝑐 105.8 106 

Growth kinetics (m s-1) 𝐺 5.9 10-9 1 10-12 

Homogeneous nucleation kinetics (m s-1) 𝑅𝑁 9 109 0 

Heterogeneous nucleation kinetics (m s-1) 𝑅𝑁 4.8 1015 0 

Crystals average size (µm) 𝑑4,3 1.6 10-6 1.8 10-6 
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4. Conclusion and perspectives 

The study presented in this paper shows that the accelerated fixed-point algorithm appears to be 
adapted to the solution of the recycle stream in the reactor network approach. The resulting numerical 
methodology predicts the crystal size distribution and actinide concentration in the context of the 
uranium oxalate precipitation. 

The solution of the recycle stream coupled with the population balance solution methodology gives 
valuable information about the hierarchy between the crystallisation phenomena at the local scale. 
At industrial scale, this information can be used to simultaneously adjust the crystal size distribution 
and the actinide concentration in the product stream. 

The numerical methodology introduced in this study is easily adaptable to deal with any distributed 
variable over a recycle stream, independently of the numerical strategy adopted to solve the 
equations system in the homogenous volume. Future work will include the solution of the 
agglomeration phenomenon over the recycle stream. 
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