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Abstract 

Motifs of radionuclide absorption particles (absorbers or fillers) for the nuclear waste treatment 

usually have crystal structures with nano-sized tunnels for fast ion diffusion. On the other hand, 

the accumulation of ions generates an electric field which affects the ion diffusion.  Therefore, 

the strong anisotropic kinetic properties and the electric field affect ion exchange kinetics, 

especially in an assembly of these particles which may block the fast diffusion tunnels for each 

other. In this work, we developed a mesoscale model to describe the effect of anisotropic kinetic 

properties and electric field on ion exchange kinetics.  With the model we simulated the effect of 

anisotropic diffusivity, electrochemical potential, particle morphology, size and aggregation on 

ion exchange kinetics during batch experiments. It is found that 1) ion exchange results in charge 

accumulation inside the particle because different ions have different diffusivities and different 

diffusion driving forces. The electric neutrality is not preserved; 2) the electric field speeds up 

the slower diffusion ions (either uptake or release) and slows down the faster diffusion ions to 

reduce charge accumulation and maintains charge neutrality; 3) the ion exchange becomes very 

slow at the later stages because a) diffusion driving force (electrochemical gradient, Cs+ 

concentration in the solution and Na+ inside the particle) continuously decreases, as observed in 

batch experiments; and b) the diffusivity decreases due to the Cs+ concentration dependence of 

ion diffusivity. This can explain the observed experimental phenomena that the radionuclide 
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capacity usually cannot be reached; 4) for needle-like particle and their clusters, both surface 

area and diffusion distance along the direction with the fastest diffusivities have significant 

impact on the ion exchange kinetics.  

 

Key words: Ion exchange kinetics; ion charge; anisotropic diffusivity; nuclear waste form.  

 

1. Introduction 

Radioactive effluents containing cesium and strontium isotopes are generated from 

nuclear power plants, radioactive nuclear fuel processing plants, and other nuclear facilities. 

These radioisotopes with half-lives of around 30 years [1] are soluble in water and extremely 

hazardous in the environment [2]. Therefore, they must be removed from wastewater resulting 

from ongoing nuclear energy generation as well as radiation clean-up activities. Hierarchical 

materials that have nano-sized tunnel networks and/or multiple porous structures have attracted 

much interest as candidate waste forms due to the potential to tailor their molecular/crystal lattice 

and higher scale features to immobilize specific radionuclides in an optimized matrix [3]. These 

hierarchical materials contain nanostructured fillers that are being developed to absorb and 

remove radionuclides from waste streams, for example, zeolites [4-7], hexacyanoferrates (metal-

HCFs) [8-12], hollandites [13-17], zirconium-containing metal-organic frameworks (MOFs)[18] 

and uranium salt inclusion materials (SIMs) [19]. In these materials, the common feature of their 

crystal structures is nano-sized cage networks and/or pore tunnels which allow the fast diffusion 

of radionuclides during ion exchange (or leaching) and have a high capacity for radionuclides. 

The crystalline tunnel structures imply anisotropic thermodynamic and kinetic properties which 

were demonstrated from experiments[20] and atomistic simulations[12, 21, 22]. The faceted and 

needle-like morphologies of their single crystals as shown in Fig. 1 also indicate anisotropic 

thermodynamic and kinetics properties[3].  For engineering applications, it is often necessary to 

sinter these crystalline particles to bulk waste form materials with macro, meso- and nano-pores 

providing large free surface to enhance the ion exchange efficiency[5, 20, 23]. However, the 

aggregation of nano-sized particles may block the fast diffusion tunnels. As a result, ions might 

accumulate and generate an electric field, especially in saline wastewater; both fast diffusion 

tunnel blocking, and electric field may affect ion exchange kinetics.  
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Fig. 1. (a) SEM image of LTA-zeolite particles (NaAlSiO4)[24]; (b) Optical image of salt 

inclusion single crystals [25-27]. 

 

In our previous work[28], a mesoscale model was developed to simulate the effect of 

particle aggregation on ion exchange kinetics. In this work, we extended the model to consider 

the effect of anisotropic kinetic properties and ion electric interactions on ion exchange. Batch 

experiments are commonly used to measure the adsorption equilibrium and kinetics of adsorbent 

materials in a liquid solution, which can provide the thermodynamic and kinetic properties 

required in the model and validate the model. The ion exchange between Na+ and Cs+ in Na-

zeolite particles in batch experiments was taken as a model system to describe the model [24, 

29]. In fact, radionuclides leaching from zeolite particles is the reverse process of uptake. 

Whether uptake or leaching occurs depends on the electrochemical potentials of ions inside the 

particle and the waste solution. Therefore, the model enables one to study the effect of particle 

morphologies, particle aggregation and microstructure in composites on ion exchange or 

leaching kinetics in the environment and materials of interest. 

 

2. Description of ion exchange model  

We considered a batch experiment in which a certain volume or weight fraction of 

radionuclide absorption particles were added into a container with nuclear waste solution 

resulting in ion exchange which is driven by the electrochemical potential difference of ions 

inside the particles and in the solution.  A simulation cell consisting of liquid solution and solid 

particles is shown in Fig. 2. The coordinate system used in the analysis is as follows: 𝐫𝐫 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3) represents the global coordinate while (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3) defines the orientation of single 

crystal particles in the global coordinate. We used 𝑐𝑐𝑖𝑖(𝐫𝐫, 𝑡𝑡)(𝑖𝑖 = 1, Na+; 𝑖𝑖 = 2, Cs+) to describe the 
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spatial distributions of Na+ and Cs+ concentrations, respectively. The order parameter field 

𝜂𝜂𝛼𝛼(𝐫𝐫) was employed to describe different phases/particles. In particular, 𝜂𝜂1 refers to the liquid 

phase and 𝜂𝜂𝛼𝛼 (𝛼𝛼 =2, ⋯, N) refer to the solid particles. Different order parameters were used for 

different particles to distinguish that they may have different orientations and morphologies from 

each other. We utilized 𝜑𝜑(𝐫𝐫, 𝑡𝑡) to describe the electrostatic potential field due to the ion 

distribution. 

  
Fig. 2. Schematic of particle cluster and simulation cell.  𝜂𝜂𝛼𝛼 =  𝜂𝜂𝛼𝛼(𝐫𝐫) is an order parameter to 

distinguish different phases/particles: 𝛼𝛼=1, liquid phase; 𝛼𝛼 = 2,⋯ ,𝑁𝑁, solid particles.  N=2 refers 

to the case with a single particle or a cluster with particles well separated. 

 

The uptake of Cs+, i.e., diffusion and exchange of Na+ and Cs+, in the hierarchical 

structure (the cluster of particles) are described by the Cahn-Hilliard equations: 

 𝜕𝜕𝑐𝑐𝑖𝑖(𝐫𝐫,𝑡𝑡)
𝜕𝜕𝑡𝑡

= ∇ ∙ �𝐃𝐃𝑖𝑖∇ �
𝜇𝜇𝑖𝑖
𝑅𝑅𝑅𝑅
�� ,       𝑖𝑖 = 1, Na+; 𝑖𝑖 = 2, Cs+, (1) 

where 𝑐𝑐𝑖𝑖, 𝐃𝐃𝑖𝑖 and 𝜇𝜇𝑖𝑖 are, respectively, the concentration, diffusivity tensor, and chemical potential 

of species 𝑖𝑖.  R and T are the ideal gas constant and the absolute temperature, respectively. 𝑅𝑅 =

8.314 [ J
mol K

], and T is in K. The diffusivity tensor, 𝐃𝐃𝑖𝑖 = �𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘�, is a symmetric positive definite 

matrix, in general, by considering anisotropic diffusion and 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘 (𝑘𝑘, 𝑙𝑙 = 1,2,3) is a component of 

𝐃𝐃𝑖𝑖. t is time and ∇= � 𝜕𝜕
𝜕𝜕𝑥𝑥1

, 𝜕𝜕
𝜕𝜕𝑥𝑥2

, 𝜕𝜕
𝜕𝜕𝑥𝑥3

�. Any letter with boldface represents a tensor matrix or a 

vector in this work. Under the given boundary conditions and initial conditions, we can obtain 

the spatial and temporal evolution of concentration 𝑐𝑐𝑖𝑖 by solving eq. (1). 



5 
 

In the model system, there are two phases: radionuclide absorption particles (such as 

zeolite or salt inclusion compound) and liquid solution. The chemical free energy of species i 

(Na+ or Cs+) near equilibrium can be approximated by a parabolic function of Na+ and Cs+ 

concentrations [30]. Since the chemical potential is the derivative of the chemical free energy 

with respect to concentration, the chemical potential of species i in the multiple phase/particle 

(N) system can be described as: 

   𝜇𝜇𝑖𝑖 = 𝑅𝑅𝑅𝑅∑ 𝐴𝐴𝑖𝑖(𝛼𝛼)𝑁𝑁
𝛼𝛼=1 �𝑐𝑐𝑖𝑖 − 𝑐𝑐𝑖𝑖

𝑒𝑒𝑒𝑒(𝛼𝛼)� 𝜂𝜂𝛼𝛼 ,   𝑖𝑖 = 1, 2,                                         (2) 

where 𝑐𝑐𝑖𝑖
𝑒𝑒𝑒𝑒(𝛼𝛼) (i=1, 2) is the equilibrium concentrations of Na+ and Cs+ in phase 𝛼𝛼, respectively. 

In addition to the dimensionless concentrations 𝑐𝑐𝑖𝑖 (including 𝑐𝑐𝑖𝑖
𝑒𝑒𝑒𝑒), 𝐴𝐴𝑖𝑖(𝛼𝛼) is a dimensionless free 

energy coefficient of phase/particle 𝛼𝛼 (𝛼𝛼 = 1, 2, ⋯, N) that corresponds, respectively, to liquid 

phase (𝛼𝛼 =1) and radionuclide absorption particles (𝛼𝛼 =2, ⋯, N). The equilibrium concentrations 

𝑐𝑐𝑖𝑖
𝑒𝑒𝑒𝑒(𝛼𝛼) and coefficients 𝐴𝐴𝑖𝑖(𝛼𝛼) can be determined once we know the free energies of these 

phases/particles. The order parameter 𝜂𝜂𝛼𝛼 =  𝜂𝜂𝛼𝛼(𝐫𝐫) was used to distinguish different 

phases/particles and has its definition as 𝜂𝜂𝛼𝛼(𝐫𝐫) = 1 when 𝐫𝐫 is inside phase/particle 𝛼𝛼 and 

𝜂𝜂𝛼𝛼(𝐫𝐫) = 0 once 𝐫𝐫 is outside phase/particle 𝛼𝛼. 𝜂𝜂𝛼𝛼(𝐫𝐫) varies continuously from 1 to 0 across the 

interface of phase/particle 𝛼𝛼 and its neighboring phases. In this work, the order parameters are 

spatially dependent but don’t evolve with time. They were obtained by running a phase field 

model of particle nucleation and growth which is similar to the grain growth model[31]. 

Controlling the nucleation densities, nucleus sizes, and growth rates, a 3D hierarchical structure 

as shown in Fig. 2 or a single particle with different morphologies can be obtained. These order 

parameters vary smoothly from 1 to 0 across particle surfaces. The spatial distributions of the 

corresponding order parameters are used to describe the inhomogeneous and anisotropic kinetic 

properties in the ion exchange model.  

Diffusivity tensor 𝐃𝐃𝑖𝑖 can be different in different phases/particles. 𝐃𝐃𝑖𝑖 is usually much 

larger on interfaces and grain boundaries than inside the particles. Since Na+ and Cs+ diffuse 

through porosity in the form of channels and only occupy certain lattice sites in zeolites, the 

occupation of Na+ and Cs+ inside zeolite crystals changes the chemistry, which may result in 

lattice distortions and/or phase transitions. As a result, the diffusivity may strongly depend on the 

concentrations of Na+ and Cs+. Therefore, the diffusivity of Na+ and Cs+ are spatial and 
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concentration dependent. The following equation was used to describe the inhomogeneous 

diffusivity in this work: 

𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘(𝐫𝐫) = 𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ)∑ ℎ(𝛼𝛼)𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(𝛼𝛼)𝑁𝑁

𝛼𝛼=1 ,                                                           (3) 

where 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(𝛼𝛼) is the diffusivity component of species 𝑖𝑖 in phase/particle 𝛼𝛼 and a constant.  

ℎ(𝛼𝛼) = �1.0, 𝜂𝜂𝛼𝛼 ≥ 𝜂𝜂𝑐𝑐𝑐𝑐𝑖𝑖𝑡𝑡 = 0.5,
0.0, 𝜂𝜂𝛼𝛼 < 𝜂𝜂𝑐𝑐𝑐𝑐𝑖𝑖𝑡𝑡 = 0.5,                                                                      (4) 

𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ) = 1 + 𝑑𝑑𝑖𝑖,𝑖𝑖𝑖𝑖ℎ

exp�−𝑘𝑘�� 𝑐𝑐2
𝑐𝑐2
𝑒𝑒𝑒𝑒,𝑆𝑆Φ�

2

−𝑎𝑎𝑘𝑘��+1

,  𝑐𝑐2 = 𝑐𝑐𝐶𝐶𝐶𝐶+, Φ = ∑ 𝜂𝜂𝛼𝛼2𝑁𝑁
𝛼𝛼=2 .             (5) 

Function ℎ(𝛼𝛼) in eq. (4) is a sharp description cross the interface of neighboring particles or the 

interface of solid phase and liquid phase. It is used to distinguish different particles or phases 

having different diffusion anisotropy. As 𝜂𝜂𝛼𝛼 = 1, (𝛼𝛼 = 2,⋯ ,𝑁𝑁) represents the radionuclide 

absorption solid particle 𝛼𝛼, Φ = 1 refers to the solid phase consisting of all solid particles 

considered; Φ = 0 refers to the liquid phase. 0 < Φ < 1 refers to the interface between the solid 

phase and liquid phase or between the solid particles.  The variables 𝑑𝑑𝑖𝑖,𝑖𝑖𝑖𝑖ℎ, 𝑘𝑘, and 𝑎𝑎𝑘𝑘 are model 

parameters to describe the concentration 𝑐𝑐2 and structure Φ dependence of diffusivity. 𝑐𝑐2
𝑒𝑒𝑒𝑒,𝑆𝑆 =

𝑐𝑐2
𝑒𝑒𝑒𝑒(𝑆𝑆) is the equilibrium concentration of 𝑐𝑐2 in the solid particle phase.  

During ion exchange, a phase transition takes place from initial Na+ rich zeolite phase 

with concentration (𝑐𝑐10(𝑆𝑆) = 1.0, 𝑐𝑐20(𝑆𝑆) = 0.0 or a small value such as 0.00001 used in the 

simulations) to Cs+ rich zeolite phase with an equilibrium concentration with (𝑐𝑐1
𝑒𝑒𝑒𝑒(𝑆𝑆) =

0.001, 𝑐𝑐2
𝑒𝑒𝑒𝑒(𝑆𝑆) = 𝑐𝑐2

𝑒𝑒𝑒𝑒,𝑆𝑆 = 1.0). Because the atomic volumes of Na+ and Cs+ are different, the 

lattice distortion and chemistry change with the exchange of Cs+ for Na+, which affects the 

diffusion barrier of Na+ and Cs+ in the zeolite. We designed the concentration dependent function 

described by eq. (5) to capture the diffusivity change due to the transition from the Na+ rich 

phase to the Cs+ rich phase.  
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Fig. 3. Function 𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ = 1) in eq. (5) with the parameters listed in the inset varying from 1 to 

0.001 with the increases of concentration 𝑐𝑐2 from 0 to 1. 

 

For given model parameters 𝑘𝑘, 𝑎𝑎𝑘𝑘, 𝑑𝑑𝑖𝑖,𝑖𝑖𝑖𝑖ℎ, 𝑐𝑐2
𝑒𝑒𝑒𝑒,𝑆𝑆, and Φ = 1, Fig. 3 shows the variation of 

𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ = 1) in terms of 𝑐𝑐2. From Fig. 3 we can see that when concentration 𝑐𝑐2 changes from 0 

to 𝑐𝑐2
𝑒𝑒𝑒𝑒,𝑆𝑆 = 1, 𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ = 1) varies from 1 to (1 + 𝑑𝑑𝑖𝑖,inh). Thus, the diffusivities 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘 of Na+ (i=1) 

and Cs+ (i=2) change accordingly. For example, inside of particle 𝜂𝜂2 (where 𝜂𝜂2 = 1, therefore, 

Φ = 1) the diffusivity changes from 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(2)   (Na+ rich zeolite phase) to (1 + 𝑑𝑑𝑖𝑖,inh)𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘

(2)  (Cs+ rich 

zeolite phase) when 𝑐𝑐2 changes from 0 to 𝑐𝑐2
𝑒𝑒𝑒𝑒,𝑆𝑆. When 𝑐𝑐2 is between these two phases, the 

associated diffusivity varies smoothly from 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(2)  to (1 + 𝑑𝑑𝑖𝑖,inh)𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘

(2) . It requires a concentration 

dependent diffusion barrier to accurately describe the change for the intermediate concentration 

𝑐𝑐2. In principle, the concentration dependence of the diffusion barrier could be obtained from the 

density function theory (DFT) calculations. But these data are not available now for the system 

of interest. Therefore, we used the concentration dependence described in eq. (5). In phase-field 

models, a shape function like 𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ) is often used to construct microstructure and 

concentration dependence of thermodynamic and kinetic properties [28].  A specific functional 

may affect the driving force or kinetics but it should qualitatively capture the physics. Similarly, 

the functional 𝜉𝜉𝑖𝑖(𝑐𝑐2,Φ) also describes the diffusivity which smoothly changes from 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(1)  (liquid 
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phase) to 𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(𝛼𝛼) (𝛼𝛼 ≥ 2, solid phase) with the change of 𝜂𝜂1 from 1 to 0 as well as a smooth change 

across the interface between any two solid particles. 

To consider the effect of ion charge, the electrostatic potential 𝜑𝜑 from the charge density  

 𝜌𝜌(𝐫𝐫) = Ω∑ 𝑧𝑧𝑖𝑖[𝑐𝑐𝑖𝑖(𝐫𝐫) − 𝑐𝑐𝑖𝑖0(𝐫𝐫)]2
𝑖𝑖=1                                                                    (6) 

is integrated into the chemical potential:  

𝜇𝜇𝑖𝑖 = 𝑅𝑅𝑅𝑅∑ 𝐴𝐴𝑖𝑖(𝛼𝛼) �𝑐𝑐𝑖𝑖 − 𝑐𝑐𝑖𝑖
𝑒𝑒𝑒𝑒(𝛼𝛼)� 𝜂𝜂𝛼𝛼 + 𝐹𝐹𝑐𝑐𝑧𝑧𝑖𝑖𝜑𝜑𝑁𝑁

𝛼𝛼=1 ,   𝑖𝑖 = 1,2,                               (7) 

where 𝑐𝑐𝑖𝑖0(𝐫𝐫) is the initial spatial distribution of 𝑐𝑐𝑖𝑖(𝐫𝐫). iz  is the valence of species 𝑖𝑖, and 𝐹𝐹𝑐𝑐 is 

Faraday’s constant, 𝐹𝐹𝑐𝑐 = 96485.33 [ C
mol

]. Ω is a conversion coefficient from dimensionless 

concentration to the unit of coulomb/m3 or C/m3. We assumed that there is no charge at initial 

stage and Na+ and Cs+ occupy the same lattice during ion exchange. 

The electrostatic potential, 𝜑𝜑, can be obtained by solving the Poisson’s equation,  

𝛻𝛻 ⋅ [𝝐𝝐(𝐫𝐫)𝛻𝛻𝜑𝜑] + 𝜌𝜌 = 0                                                                 (8) 

where 𝛜𝛜(𝐫𝐫) = {𝜀𝜀𝑘𝑘𝑘𝑘(𝐫𝐫)}𝜖𝜖0 is the dielectric permittivity tensor and 𝜖𝜖0 = 8.854 × 10−12  F
m

 is the 

vacuum permittivity.  

𝜀𝜀𝑘𝑘𝑘𝑘(𝐫𝐫) = ∑ ℎ(𝛼𝛼)𝜀𝜀𝑘𝑘𝑘𝑘
(𝛼𝛼)𝑁𝑁

𝛼𝛼=1 ,                                                            (9) 

where 𝜀𝜀𝑘𝑘𝑘𝑘
(𝛼𝛼)is the relative dielectric permittivity component in phase/particle 𝛼𝛼 and a constant.  

Since the considered particles may be anisotropic in diffusion and dielectric permittivity, 

coordinate transformation is needed to solve eqs. (1) and (8). Assume particle 𝛼𝛼 has a coordinate 

transformation matrix {𝑡𝑡𝑡𝑡𝑚𝑚𝑖𝑖(𝛼𝛼)}, 

   {𝑡𝑡𝑡𝑡𝑚𝑚𝑖𝑖} = 

�
𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓1 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓2 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓1 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓2 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓1 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓2 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓1 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓2 𝑐𝑐𝑖𝑖𝑠𝑠 𝜃𝜃 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓1
𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓1 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓2 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓1 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓2 − 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓1 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓2 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓1 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓2 − 𝑐𝑐𝑖𝑖𝑠𝑠 𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓1

𝑐𝑐𝑖𝑖𝑠𝑠 𝜃𝜃 𝑐𝑐𝑖𝑖𝑠𝑠 𝜓𝜓2 𝑐𝑐𝑖𝑖𝑠𝑠 𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃
�,

  

(10) 

where {𝜓𝜓1,𝜃𝜃,𝜓𝜓2} are the three Euler angles of the crystal axes (𝑦𝑦1, 𝑦𝑦2,𝑦𝑦3) of the solid particle 𝛼𝛼 

rotating from the reference coordinates (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3). In the reference coordinates (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3),  

𝐷𝐷𝑖𝑖,𝑘𝑘𝑘𝑘
(𝛼𝛼) = ∑ 𝑡𝑡𝑡𝑡𝑘𝑘𝑚𝑚(𝛼𝛼)∑ 𝑡𝑡𝑡𝑡𝑘𝑘𝑖𝑖(𝛼𝛼)𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖

(0,𝛼𝛼)3
𝑖𝑖=1

3
𝑚𝑚=1 ,                                                          (11) 

𝜀𝜀𝑘𝑘𝑘𝑘
(𝛼𝛼) = ∑ 𝑡𝑡𝑡𝑡𝑘𝑘𝑚𝑚(𝛼𝛼)∑ 𝑡𝑡𝑡𝑡𝑘𝑘𝑖𝑖(𝛼𝛼)𝜀𝜀𝑚𝑚𝑖𝑖

(0,𝛼𝛼)3
𝑖𝑖=1

3
𝑚𝑚=1 ,                                                            (12) 
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where 𝜀𝜀𝑚𝑚𝑖𝑖
(0,𝛼𝛼) and 𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖

(0,𝛼𝛼) are, respectively, the components of the relative dielectric permittivity 

and diffusivity of phase 𝛼𝛼 in its local coordinate.  𝜀𝜀𝑚𝑚𝑖𝑖
(0,𝛼𝛼)=𝜀𝜀𝑚𝑚𝑖𝑖

𝑆𝑆  when 𝛼𝛼 ≥ 2; 𝜀𝜀𝑚𝑚𝑖𝑖
(0,1)=𝜀𝜀𝑚𝑚𝑖𝑖

𝐿𝐿 . 𝜀𝜀𝑚𝑚𝑖𝑖
S  and 

𝜀𝜀𝑚𝑚𝑖𝑖
𝐿𝐿  are the relative dielectric constants in the solid crystal under its lattice coordinate and in the 

liquid, respectively. Same are for 𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖
(0,𝛼𝛼), 𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖

(0,𝛼𝛼)=𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖
𝑆𝑆  when (𝛼𝛼 ≥ 2) and 𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖

(0,1)=𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖
𝐿𝐿 .  

For cubic and needle particles, the diffusivity may be orthotropic. Without loss of 

generality, the diffusivity matrix can be described as, 

�𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖
𝑆𝑆 � = �

𝐷𝐷𝑖𝑖,11𝑆𝑆 𝐷𝐷𝑖𝑖,12𝑆𝑆 𝐷𝐷𝑖𝑖,13𝑆𝑆

𝐷𝐷𝑖𝑖,21𝑆𝑆 𝐷𝐷𝑖𝑖,22𝑆𝑆 𝐷𝐷𝑖𝑖,23𝑆𝑆

𝐷𝐷𝑖𝑖,31𝑆𝑆 𝐷𝐷𝑖𝑖,32𝑆𝑆 𝐷𝐷𝑖𝑖,33𝑆𝑆
� = �

𝐷𝐷𝑖𝑖,11𝑆𝑆 0 0
0 𝐷𝐷𝑖𝑖,11𝑆𝑆 0
0 0 𝐷𝐷𝑖𝑖,33𝑆𝑆

� = 𝐷𝐷𝑖𝑖,33𝑆𝑆 �
𝑑𝑑𝑖𝑖,aniso 0 0

0 𝑑𝑑𝑖𝑖,aniso 0
0 0 1

�, (13) 

where 𝑑𝑑𝑖𝑖,aniso = 𝐷𝐷𝑖𝑖,11𝑆𝑆 /𝐷𝐷𝑖𝑖,33𝑆𝑆 .  Liquid phase has usually isotropic diffusivity, thus, 

�𝐷𝐷𝑖𝑖,𝑚𝑚𝑖𝑖
𝐿𝐿 � = �

𝐷𝐷𝑖𝑖,11𝐿𝐿 𝐷𝐷𝑖𝑖,12𝐿𝐿 𝐷𝐷𝑖𝑖,13𝐿𝐿

𝐷𝐷𝑖𝑖,21𝐿𝐿 𝐷𝐷𝑖𝑖,22𝐿𝐿 𝐷𝐷𝑖𝑖,23𝐿𝐿

𝐷𝐷𝑖𝑖,31𝐿𝐿 𝐷𝐷𝑖𝑖,32𝐿𝐿 𝐷𝐷𝑖𝑖,33𝐿𝐿
� = �

𝐷𝐷𝑖𝑖,11𝐿𝐿 0 0
0 𝐷𝐷𝑖𝑖,11𝐿𝐿 0
0 0 𝐷𝐷𝑖𝑖,11𝐿𝐿

� = 𝐷𝐷𝑖𝑖,11𝐿𝐿 �
1 0 0
0 1 0
0 0 1

�.       (14) 

Since all species, either Na+ or Cs+, have larger diffusivities in the liquid phase than in the solid 

phase, we assumed they have the same diffusivity in the liquid phase, i.e., 𝐷𝐷1,11
𝐿𝐿 = 𝐷𝐷2,11

𝐿𝐿 = 𝐷𝐷0𝐿𝐿. 

But they may have very different diffusivities in the solid phase. Thus, we used  

𝑑𝑑ratio = 𝐷𝐷2,33
𝑆𝑆 /𝐷𝐷1,33

𝑆𝑆                                                                          (15) 

to denote the diffusivity difference of the two species.   

For the case that the dielectric permittivity is isotropic, the dielectric permittivity tensor 

can be described as 𝜀𝜀𝑚𝑚𝑖𝑖
𝑆𝑆 = 𝜀𝜀0𝑆𝑆𝛿𝛿𝑚𝑚𝑖𝑖 and 𝜀𝜀𝑚𝑚𝑖𝑖

𝐿𝐿 = 𝜀𝜀0𝐿𝐿𝛿𝛿𝑚𝑚𝑖𝑖 where 𝛿𝛿𝑚𝑚𝑖𝑖 is the Kronecker delta function, 

𝛿𝛿𝑚𝑚𝑖𝑖 = 1 when 𝑚𝑚 = 𝑠𝑠 and 𝛿𝛿𝑚𝑚𝑖𝑖 = 0 when 𝑚𝑚 ≠ 𝑠𝑠. 

Solving eqs. (1) and (8) under given boundary conditions and initial conditions, we have 

the evolution of electric field 𝜑𝜑(𝐫𝐫, 𝑡𝑡) and concentration fields 𝑐𝑐𝑖𝑖(𝐫𝐫, 𝑡𝑡), hence, the uptake amount 

and ion exchange kinetics. 

 

3. Numerical methods 

In the simulations, the following normalizations were used: 𝐫𝐫∗ = 𝐫𝐫
𝑘𝑘0

, 𝑡𝑡∗ = 𝑡𝑡𝐷𝐷0
𝑘𝑘02

,  where 𝑙𝑙0, 

𝐷𝐷0 = 𝐷𝐷1,33
𝑆𝑆  are the characteristic length and diffusivity, respectively. By letting 𝜑𝜑∗ = 𝜖𝜖0𝜑𝜑

𝑘𝑘02Ω
, the 

electrostatic potential equation (8) is replaced with  
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∇∗ ⋅ [𝜺𝜺(𝐫𝐫)∇∗𝜑𝜑∗] + 𝜌𝜌∗(𝐫𝐫) = 0,                                                              (8’) 
where ∇∗= 𝑙𝑙0∇, and  

𝜌𝜌∗(𝐫𝐫) = ∑ 𝑧𝑧𝑖𝑖[𝑐𝑐𝑖𝑖(𝐫𝐫) − 𝑐𝑐𝑖𝑖0(𝐫𝐫)]2
𝑖𝑖=1 .                                                            (6’) 

Then, equation (7) is rewritten as  

 𝜇𝜇𝑖𝑖∗ = 𝜇𝜇𝑖𝑖/𝑅𝑅𝑅𝑅 = �∑ 𝐴𝐴𝑖𝑖(𝛼𝛼) �𝑐𝑐𝑖𝑖 − 𝑐𝑐𝑖𝑖
𝑒𝑒𝑒𝑒(𝛼𝛼)� 𝜂𝜂𝛼𝛼 + 𝐸𝐸scale 𝑧𝑧𝑖𝑖𝜑𝜑∗𝑁𝑁

𝛼𝛼=1 �,   𝑖𝑖 = 1,2,                       (7’) 

where 𝐸𝐸scale = 𝑘𝑘02Ω𝐹𝐹𝑐𝑐
𝑅𝑅𝑅𝑅𝜖𝜖0

 is a dimensionless quantity. The normalized evolution equation (1) 

becomes  
𝜕𝜕𝑐𝑐𝑖𝑖(𝐫𝐫∗,𝑡𝑡∗)

𝜕𝜕𝑡𝑡∗
= ∇∗ ∙ �𝐷𝐷𝑖𝑖∗∇∗(μ𝑖𝑖∗)�,       𝑖𝑖 = 1, Na+; 𝑖𝑖 = 2, Cs+.                                                (1’) 

The equation number with prime refers to the equation with the same number but being 

normalized.  

A representative volume element (RVE) with a dimension of 128l0 × 128 l0 × 128 l0 was 

used. That means, the RVE was divided into 128×128×128 uniform grids and l0 is the length 

between the nearest two grids. Periodic boundary conditions were applied in all directions. An 

iteration method [32] was used to numerically solve eq. (8’). The fast Fourier spectral method 

[33] for spatial discretization and a forward Euler scheme for time derivatives were employed to 

solve eq. (1’).  

 

4. Model parameters in idealized batch experiment  

Since ion diffusion in the solution is much faster than that in the particle phases (zeolite) 

we assumed that Cs+ and Na+ are always uniformly distributed in solution. In the simulations, to 

increase the simulation efficiency we used a small RVE by reducing the volume of the liquid 

solution phase. Thus, the liquid phase volume fraction in the RVE is much less than that in a real 

batch test. To ensure that the simulation is equivalent to the batch test, we scaled the uniform 

concentration in the liquid solution by the solution volume in the batch test. The uniform 

concentration in the solution can be calculated as: 

 𝑐𝑐1BC(𝑡𝑡)�
Φ=0

= ℂ1,𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑡𝑡)
𝑉𝑉𝐿𝐿

,   𝑐𝑐2BC(𝑡𝑡)�
Φ=0

= 𝑐𝑐20(𝐿𝐿) − ℂ2,𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑡𝑡)
𝑉𝑉𝐿𝐿

. (16) 

In eq. (16), 𝑉𝑉𝐿𝐿 is the liquid solution volume in the batch test. Φ = 0 represents the liquid solution 

phase. ℂ1,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘 is the total amount of Na+ entering the liquid solution phase, and ℂ2,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘 is the 

total amount of Cs+ entering the particle phase. They can be calculated by  
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 ℂ1,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘 = 𝑐𝑐10(𝑆𝑆)𝑉𝑉𝑆𝑆 − ∫ 𝑐𝑐1(𝐫𝐫, 𝑡𝑡)𝑑𝑑𝑉𝑉𝑆𝑆𝑉𝑉𝑆𝑆
,  (17) 

 ℂ2,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘 = ∫ 𝑐𝑐2(𝐫𝐫, 𝑡𝑡)𝑑𝑑𝑉𝑉𝑆𝑆𝑉𝑉𝑆𝑆
,                                                           (18) 

where 𝑉𝑉S is the total particle phase volume in the batch test. 𝑐𝑐10(𝑆𝑆) is the initial concentration of 

𝑐𝑐1 (i.e., 𝑐𝑐Na+) inside of the particles and 𝑐𝑐20(𝐿𝐿) is the initial concentration of 𝑐𝑐2 (i.e., 𝑐𝑐Cs+) in the 

liquid solution. Equation (16) can be regarded as time-dependent Dirichlet boundary conditions 

for the solid phase domain which were used for all simulations. 

Consider a batch test where 30-mg of Cs+ adsorbent are added to a solution of 100-mL 

containing an initial Cs+ concentration varying from 0.35 mmol/L to 14.0 mmol/L[34]. That 

means, in the batch test, the total Cs+ content is about 0.035~1.4 mmol. Assume the Cs+ 

adsorbent particles have a density of 461kg/m3 with the concentration of Na+ of 0.365 

mmol/cm3=0.365 mol/L.  Therefore, 30-mg Cs adsorbent has a volume of 0.065cm3 and a 

content of 0.024 mmol Na+. The Na+ concentration in the adsorbent particles corresponds to the 

amount of Cs+ that can be completely exchanged from the solution with a ratio of 1:1 to account 

for the charge. Thus, its maximum exchange capacity is 0.8 mmol/g for Cs+. In the following 

simulations, 𝜎𝜎0=0.365 mol/L is used to obtain normalized concentrations. These data are listed in 

Table 1. 

 

Table 1. Material properties and initial concentrations. 

Adsorbent particles Cs+ solution 

Na+ concentration 𝜎𝜎0 = 0.365 mol/L Cs+ concentration (0.35~14.0)× 10−3 mol/L 

Normalized 

concentration 
𝑐𝑐10(𝑆𝑆)  = 1.0  

Normalized 

concentration 
𝑐𝑐20(𝐿𝐿)  =0.00096~0.0384 

Volume 𝑉𝑉𝑆𝑆 0.065 mL Volume 𝑉𝑉𝐿𝐿 100 mL  

Mass of adsorbent 30 mg Mass of Cs+ (0.035~1.4) mmol 

Exchange capacity 
0.8mmol (Na+) / g 

(adsorbent) 
 

106 mg Cs+/ g 

(adsorbent) 

 

Table 2. Model parameters. 

Concentration 𝑐𝑐1 = 𝑐𝑐Na+, 𝑧𝑧1 = 1 Liquid Solid 
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𝑐𝑐2 = 𝑐𝑐Cs+ , 𝑧𝑧2 = 1  (𝛼𝛼 = 1 or 𝐿𝐿) (𝛼𝛼 = 2,⋯ ,𝑁𝑁 or 𝑆𝑆) 

Initial 𝑐𝑐10(𝛼𝛼)  0.0001 1.0 

Initial 𝑐𝑐20(𝛼𝛼)  (0.00096~0.0384) 0.00001 

Equilibrium (after 

ion exchange) 
𝑐𝑐1
𝑒𝑒𝑒𝑒(𝛼𝛼)  0.001 0.001 (assumed 

solubility) 

Equilibrium 𝑐𝑐2
𝑒𝑒𝑒𝑒(𝛼𝛼)  0.0002 1.0  

potential 𝐴𝐴1(𝛼𝛼), Na+  2 × 103  2 × 103  

coefficient 𝐴𝐴2(𝛼𝛼), Cs+  (1~6) × 103  2 × 103  

Dielectric 

permittivity 
𝜀𝜀0𝛼𝛼  175.0 175.0 

Inhomogeneous 

coefficient 
𝑑𝑑𝑖𝑖,inh  0.0 (0~-0.999) 

Ratio of diffusivities 𝑑𝑑ratio = 𝐷𝐷2,33
𝑆𝑆 /𝐷𝐷1,33

𝑆𝑆   N/A (1.0~0.1) 

Anisotropic 

coefficient 
𝑑𝑑𝑖𝑖,aniso =

𝐷𝐷𝑖𝑖,11
𝑆𝑆

𝐷𝐷𝑖𝑖,33
𝑆𝑆 =

𝐷𝐷𝑖𝑖,22
𝑆𝑆

𝐷𝐷𝑖𝑖,33
𝑆𝑆   N/A (1.0~0.01) 

Electric interaction 

coefficient 

𝐸𝐸scale = 𝑙𝑙02Ω𝐹𝐹𝑐𝑐/(𝑅𝑅𝑅𝑅𝜖𝜖0)  (0~4 × 107) (0~4 × 107) 

Coefficients  𝑘𝑘  20.0 20.0 

in eq. (5) 𝑎𝑎𝑘𝑘  0.4 0.4 

 

5. Results of ion exchange 

We started the simulation by considering a spherical particle with a volume fraction 

1.07% of the simulation cell (128 l0)3. Its radius is about 17.5l0. Assume the considered spherical 

particle has a radius of 200 μm. Then l0= 11.4 μm.  Table 2 lists the dimensionless parameters 

used in the simulations with a time step of Δ𝑡𝑡∗ = 1.0 × 10−6.  

The model parameters were given in Table 2 except 𝐴𝐴2(𝐿𝐿), 𝑐𝑐20(𝐿𝐿), 𝑑𝑑𝑖𝑖,inh, 𝑑𝑑ratio, 𝑑𝑑𝑖𝑖,aniso, 

and 𝐸𝐸scale . The notations of 𝛼𝛼 = 1 or 𝐿𝐿 indicating liquid phase and 𝛼𝛼 = 2,⋯ ,𝑁𝑁 or 𝑆𝑆 indicating 

solid phase is used consistently throughout the manuscript as well as Table 2. These parameters 

represent the chemical potential coefficient 𝐴𝐴2(𝐿𝐿) of Cs+ in the liquid phase, the initial Cs+ 

concentration 𝑐𝑐20(𝐿𝐿) in the liquid phase, the diffusion inhomogeneous coefficient 𝑑𝑑𝑖𝑖,inh in eq. (5), 
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the ratio of diffusivities of the two exchange ions in the solid phase 𝑑𝑑ratio, the anisotropic 

coefficient 𝑑𝑑𝑖𝑖,aniso, and the effective coefficient of electric potential 𝐸𝐸scale , respectively. In the 

following we demonstrated their effects on the kinetics of ion exchange.  The ion exchange was 

quantified by the normalized quantity of Na+ that has left the solid phase  

𝑄𝑄1(𝑡𝑡) = ℂ1,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘(𝑡𝑡)/(𝑐𝑐10(𝑆𝑆)𝑉𝑉𝑆𝑆),                                                                              (19) 

and the normalized quantity of Cs+ that has entered the solid phase 

𝑄𝑄2(𝑡𝑡) = ℂ2,𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑘𝑘(𝑡𝑡)/(𝑐𝑐10(𝑆𝑆)𝑉𝑉𝑆𝑆).                                                                              (20) 

𝑄𝑄1(𝑡𝑡) and 𝑄𝑄2(𝑡𝑡) quantities were normalized by the initial total Na+ in the solid phase. 

 

5.1 Effect of the Cs+ chemical potential and initial concentration in the solution phase 

For a given equilibrium concentration of Cs+ in the solution phase, the free energy 

coefficient 𝐴𝐴2(𝐿𝐿) and initial concentration 𝑐𝑐20(𝐿𝐿) of Cs+ determines the chemical potential of Cs+ 

as described by eq. (7), hence, the diffusion driving force. In the simulations, a spherical particle 

with a radius of 17.5𝑙𝑙0, which sits at the center of the simulation cell 128𝑙𝑙0 ×128𝑙𝑙0 ×128𝑙𝑙0, was 

considered. We fixed the model parameters (𝑑𝑑ratio = 1.0, 𝑑𝑑𝑖𝑖,aniso = 1.0, 𝑑𝑑𝑖𝑖,inh = 0.0, and 

𝐸𝐸scale = 0.0), and studied the effect of 𝐴𝐴2(𝐿𝐿) and 𝑐𝑐20(𝐿𝐿) on ion exchange kinetics by ignoring the 

effect of charge (𝐸𝐸scale = 0.0). The quantities 𝑄𝑄1 (Na+ released into the liquid) and 𝑄𝑄2 (Cs+ 

absorbed into the solid) versus time are shown in Fig. 4. In all cases evaluated, the Na+ released 

into the liquid approaches 100% of the initial concentration in the particle. It is found from Fig. 

4(a) that the uptake kinetics of Cs+, i.e., 𝑄𝑄2, decreases with the increase of 𝐴𝐴2(𝐿𝐿) while the 

release kinetics of Na+ is independent of 𝐴𝐴2(𝐿𝐿).  From eq. (7), increasing 𝐴𝐴2(𝐿𝐿) increases the 

diffusion driving force which should speed up the diffusion of Cs+ in the solution phase. 

However, across the interface, Cs+ diffuses from a lower concentration region (liquid) to a higher 

concentration region (solid). Increasing 𝐴𝐴2(𝐿𝐿) in eq. (7) increases the chemical potential barrier 

which slows down the diffusion of Cs+ across the interface. Therefore, the overall uptake kinetics 

of Cs+ is controlled by the competition between diffusion driving force and chemical potential 

barrier at the interface. For the given model parameters, increasing 𝐴𝐴2(𝐿𝐿) slow down the ion 

exchange kinetics. Increasing the initial Cs+ concentration increases the diffusion driving force in 

the liquid phase but does not affect the free energy, hence, the chemical potential barrier at the 

interface. As expected, increasing the initial Cs+ concentration speeds up the uptake kinetics of 
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Cs+ as shown in Fig. 4(b). The same effect of the initial Cs+ concentration on the uptake kinetics 

of Cs+  was observed in hexacyanoferrate loaded onto silica[35].  

In Fig. 4, we can see that in most cases the total amount 𝑄𝑄2 of Cs+ uptake is not equal to 

the total amount 𝑄𝑄1 of Na+ release. When a sodium ion (Na+) releases from the particle a 

negative charge vacancy is left behind. 𝑄𝑄1 > 𝑄𝑄2 means that the particle has a negative charge. 

The results reveal that if the effect of charge is not considered, the charge neutrality inside the 

particle is not maintained and would generate an electric field. 

 

    
Fig. 4. Ion exchange of Na+ (Q1) and Cs+ (Q2) versus square root normalized time (a) as a 

function of 𝐴𝐴2(𝐿𝐿); (b) as a function of 𝑐𝑐20(𝐿𝐿). The inset image was the simulation cell with a 

spherical particle. 

 

5.2 Effect of ion charge 

By setting 𝐸𝐸scale to a non-zero value, we turn on the effect of the electric field associated 

with the charge accumulation on ion exchange in the model. In addition, inhomogeneous 

diffusion of Cs+ ions was considered for two cases with 𝑑𝑑𝑖𝑖,inh = 0.0 and − 0.999, respectively. 

From eqs. (3-5), 𝑑𝑑𝑖𝑖,inh = 0.0 means that ion diffusivity only depends on the phase (solid, 

interface, or liquid); 𝑑𝑑𝑖𝑖,inh = −0.999 means that the diffusivity of ion 𝑖𝑖 depends on both the 

phase and Cs+ concentration. When Cs+ concentration reaches the equilibrium concentration in 

the zeolite solid phase, both diffusivities of Na+ and Cs+ decrease by about three orders of 

magnitude. The concentration dependent diffusivity aims to describe the physics that an ion 



15 
 

(Cs+) with a larger size replacing a smaller ion (Na+) causes lattice distortions and creates a 

compressive stress that increases the diffusion barrier.  

With the same simulation cell in section 5.1, 𝑐𝑐20(𝐿𝐿) = 0.00096, 𝐴𝐴2(𝐿𝐿) = 6 × 103, 

𝑑𝑑ratio = 1.0 and 𝑑𝑑𝑖𝑖,aniso = 1.0 were used to assess the impact of charge density. The results 

were plotted in Fig. 5. It is observed that for both cases Na+ release (𝑄𝑄1) and Cs+ uptake (𝑄𝑄2) 

approach the same kinetics (overlaid lines in blue) when the contribution of static electric energy 

to the electrochemical potential increases, i.e., as 𝐸𝐸scale  increases. 𝑄𝑄1(𝑡𝑡) = 𝑄𝑄2(𝑡𝑡) means that the 

overall charge inside the particle remains at zero during ion exchange. For the cases with 

𝐸𝐸scale =0.0, 4 × 107 and 𝑑𝑑𝑖𝑖,inh = 0.0,−0.999, the ion charge density distributions at the late 

stage (i.e., (𝑡𝑡∗)1/2 = 1.41) were plotted along a diameter direction of the spherical particle in 

Fig. 6. The ion charge density was regarded as zero in the liquid solution phase. When 

𝐸𝐸scale =4 × 107, the nearly zero charge density indicates charge neutrality inside the particle. 

When 𝐸𝐸scale =0.0, the ion charge concentration can be seen in Fig. 6. When 𝑑𝑑𝑖𝑖,inh = −0.999, i.e., 

considering inhomogeneous diffusivity, the ion charge and therefore the ion concentration 

exhibit oscillations inside the particle. It is interesting to find that 1) the electric field slows down 

the faster process (Na+ release) and speeds up the slower process (Cs+ uptake); and 2) the ion 

kinetics dramatically slows down to maintain charge neutrality at the later stage. In experiments, 

it is observed that the full Na+ capacity of the liquid was not reached, even after a long 

incubation times. Both concentration dependent diffusivity and charge neutrality slow down the 

ion exchange kinetics, which may explain the observed phenomena.  
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Fig. 5. Effect of electric potential field (𝐸𝐸scale) and concentration dependent diffusivity on ion 

exchange kinetics, (a) 𝑑𝑑𝑖𝑖,inh = 0.0; (b) 𝑑𝑑𝑖𝑖,inh = −0.999. The inset image was the simulation cell 

with a spherical particle. 

 

 
Fig. 6. Ion charge density (𝜌𝜌∗) distribution along a diameter direction of the spherical particle at 

a late stage when (𝑡𝑡∗)1/2 = 1.41, (a) 𝑑𝑑𝑖𝑖,inh = 0.0; (b) 𝑑𝑑𝑖𝑖,inh = −0.999. 

 

5.3 Effect of diffusivity ratio 𝑑𝑑ratio 

The diffusivities of Cs+ and Na+ can be quite different because the ions have different 

atomic sizes. Figure 7 presents the effect of the diffusivity ratio 𝑑𝑑ratio on the ion exchange 

kinetics in a spherical particle. In the simulations, 𝑐𝑐20(𝐿𝐿) = 0.00096, 𝐴𝐴2(𝐿𝐿) = 6 × 103, 𝑑𝑑𝑖𝑖,inh =

−0.999, and 𝐸𝐸scale =4 × 107 were used.  Na+ diffusivity was assumed to remain the same while 

different 𝑑𝑑ratio = 𝐷𝐷2,33
𝑆𝑆 /𝐷𝐷1,33

𝑆𝑆 = 𝐷𝐷Cs+,33
𝑆𝑆 /𝐷𝐷Na+,33

𝑆𝑆  were used to describe the Cs+ diffusivity. 

Generally, the Cs+ species has a smaller diffusivity than Na+.  It is found that 1) 𝑄𝑄1(𝑡𝑡) and 𝑄𝑄2(𝑡𝑡) 

are almost the same for the entire process, i.e., the particle maintains charge neutrality; and 2) 

decreasing Cs+ diffusivity significantly slows down the ion exchange kinetics.  The uptake 

kinetics of Cs+ is controlled by Cs+ diffusivity, the slower diffusive species.  
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Fig. 7. Quantities 𝑄𝑄1 and 𝑄𝑄2 versus time and the diffusivity ratio of 𝑑𝑑ratio = 𝐷𝐷Cs+,33

𝑆𝑆 /𝐷𝐷Na+,33
𝑆𝑆 . 

The inset image was the simulation cell with a spherical particle. 

 

5.4 Effect of diffusivity anisotropy 𝑑𝑑𝑖𝑖,aniso 

In crystals with tunnel structures, ions may have strongly anisotropic diffusivities.  In this 

section, we studied the effect of diffusivity anisotropy 𝑑𝑑𝑖𝑖,aniso on ion exchange kinetics in a 

tetragonal particle with dimension of 19𝑙𝑙0 ×19𝑙𝑙0 ×57𝑙𝑙0 (i.e., a × b × c with a = b and c >

a and b) at the center of the simulation cell.  In these simulations, the direction of the fastest 

diffusion is along 𝑦𝑦3(or c)-direction which is assigned to be 𝐷𝐷𝑖𝑖,33𝑆𝑆 = 1.  The diffusivity 

anisotropy is defined as  𝑑𝑑𝑖𝑖,aniso = 𝐷𝐷𝑖𝑖,11𝑆𝑆 /𝐷𝐷𝑖𝑖,33𝑆𝑆 = 𝐷𝐷i,22𝐶𝐶 /𝐷𝐷𝑖𝑖,33𝑆𝑆 . In the simulations, 𝑐𝑐20(𝐿𝐿) =

0.00096, 𝐴𝐴2(𝐿𝐿) = 6 × 103, 𝑑𝑑𝑖𝑖,inh = −0.999, 𝑑𝑑ratio = 1.0 and 𝐸𝐸scale =4 × 107 were used. 

Figure 8(a) displays the uptake of Cs+ versus time and diffusivity anisotropy. Since 

𝐸𝐸scale =4 × 107 ensures 𝑄𝑄1(𝑡𝑡)=𝑄𝑄2(𝑡𝑡), i.e., charge neutrality is always maintained; only 𝑄𝑄2(𝑡𝑡), 

the absorption of Cs+, is shown in Fig. 8(a). The results in Fig. 8(a) demonstrate that the ion 

exchange kinetics is slowed with the decrease of 𝑑𝑑𝑖𝑖,aniso, i.e., as the diffusivity 𝐷𝐷i,11𝐶𝐶 = 𝐷𝐷i,22𝐶𝐶  on 

the 𝑦𝑦1-𝑦𝑦2 plane is reduced relative to the major axis (𝑦𝑦3 or c). For 𝑑𝑑𝑖𝑖,aniso =  0.1, the evolution 
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of Cs+ distribution on the center 𝑦𝑦2-𝑦𝑦3 plane is shown in Fig. 8(b). The diffusion distance along 

𝑦𝑦3 (or c)-direction is much longer than that along 𝑦𝑦1 (or a)- and 𝑦𝑦2 (or b)-directions. For a needle 

shaped particle, the faster diffusion direction or tunnel direction usually aligns with the needle 

(long) direction. The results indicate that the diffusivity in the plane normal to the needle 

direction significantly affects the ion exchange kinetics.  

  

       
                          (a)                                                                (b) 

Fig. 8. (a) uptake of Cs+ versus diffusivity anisotropy 𝑑𝑑𝑖𝑖,aniso for a tetragonal particle as shown 

in the inset image. (b) Cs+ distributions on the center 𝑦𝑦2-𝑦𝑦3 plane of the particle at the times 

marked by A, B, C, and D on the curve in Fig. 8(a) with 𝑑𝑑𝑖𝑖,aniso =  0.1. 

 

5.5 Effect of particle shape  

Particles with a same volume but different shapes have different surface areas, i.e., 

varying surface to volume ratios. Figure 9 displays the effect of particle surface area on the 

uptake kinetics of Cs+. In these simulations, 𝑐𝑐20(𝐿𝐿) = 0.00096, 𝐴𝐴2(𝐿𝐿) = 6 × 103, 𝑑𝑑𝑖𝑖,inh =

−0.999, 𝑑𝑑ratio = 1.0, and 𝐸𝐸scale =4 × 107 were used. Five particles with different shapes 

(sphere, and tetragonal with aspect ratio a/c=2.0, 1.0. 0.33 and 0.23) were considered. Two cases 

of (a) isotropic diffusivity 𝑑𝑑𝑖𝑖,aniso = 1.0 and (b) anisotropic diffusivity 𝑑𝑑𝑖𝑖,aniso = 0.1 (𝐷𝐷𝑖𝑖,33𝑆𝑆 > 

𝐷𝐷𝑖𝑖,11𝑆𝑆 and 𝐷𝐷𝑖𝑖,22𝐶𝐶 ) were simulated. For isotropic diffusivity properties, Fig. 9(a), shows that the 

uptake kinetics are controlled by the particle surface area. Particles with larger surface area 

relative to the volume (higher surface/volume ratio) have faster absorption rates. The spherical 

particle, which has smallest surface area for a given volume, has the slowest uptake kinetics. In 
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the anisotropic diffusivity case, Fig 9(b), however, both the surface area and the diffusion 

distance in the direction with the fastest diffusivity (the c-axis) are important. Increasing the 

surface area and decreasing the diffusion distance in the direction with the fastest diffusivity 

speed up the uptake kinetics. For the particles with a/c=1 and 2.0, the surface area increases and 

the diffusion distance in the direction with the fastest diffusivity decreases. It is found the uptake 

kinetics increases for this combination of particle shape and diffusion anisotropy. For the 

particles with spherical, tetragonal of a/c=0.33 to a/c=0.23 shapes, both the surface area and the 

diffusion distance in the direction with the fastest diffusivity increase, however, the uptake 

kinetics decreases. Therefore, a needle-shaped particle with the tunnel along the needle direction 

may have slow uptake kinetics if the diffusivity on the plane normal to the needle direction is 

extremely small. A needle-like particle with faceted surfaces, which usually have a high atom 

density, may have extremely small diffusivity in the normal direction of the faceted surface.     

 

     

Fig. 9. Effect of particle shape on the absorption of Cs+ (a) 𝑑𝑑𝑖𝑖,aniso = 1.0 and (b) 𝑑𝑑𝑖𝑖,aniso = 0.1. 

The inset image was the simulation cell with a tetragonal particle. 

 

5.6 Effect of particle aggregation  

Fig. 10(a) displays a particle aggregation/cluster used for simulating the effect of particle 

aggregation; A phase-field model of precipitation has been used to generate clusters of needle-

like particles.  In the particle aggregation/cluster simulation, the ratio of liquid volume (𝑉𝑉𝐿𝐿) and 

solid volume (𝑉𝑉𝑆𝑆) is the same for the particle cluster as for a single particle. The single particle 

case can be regarded as a particle cluster with particles well separated from each other.  With the 
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developed model, the effect of particle aggregation on uptake kinetics of Cs+ was simulated with 

the model parameters 𝑐𝑐20(𝐿𝐿) = 0.00096, 𝐴𝐴2(𝐿𝐿) = 6 × 103, 𝑑𝑑𝑖𝑖,inh = −0.999, 𝑑𝑑ratio = 1.0, and 

𝐸𝐸scale =4 × 107. The particles have a tetragonal shape with a/c=1/3 and a=5.5𝑙𝑙0. Fig. 10(b) 

shows the comparison of the Cs+ uptake kinetics in the single particle and particle cluster cases. 

The dashed lines represent the uptake kinetics in the single particle or particles well separated 

while the solid lines for the particle cluster.  Two observations can be seen with these results. 

First, the uptake kinetics in the cluster is slower than that in the single particle. The results show 

that increasing surface area (particles well separated) increases the uptake kinetics. Second, 

decreasing the diffusivity along the short edges, i.e., the 𝑦𝑦1 and 𝑦𝑦2 directions of the faceted 

particle decreases the uptake kinetics. We also evaluated the Cs+ distribution and the charge 

neutrality in the cluster during the ion exchange process. Figure 11 displays the spatial 

distribution of Cs+ and its evolution with time at a cross-section of the simulation cell. 

Heterogeneous distribution of Cs+ within the cluster illustrates the particle aggregation effect.   

 

 
(a)                                                                             (b) 

Fig. 10. (a) Particle aggregation/cluster; (b) Absorption of Cs+ as a function of diffusivity 

anisotropy. The tetragonal particles are of a/c=1/3 and a=5.5𝑙𝑙0.  𝑑𝑑𝑖𝑖,aniso = 𝐷𝐷𝑖𝑖,short edge𝑆𝑆 /

𝐷𝐷𝑖𝑖,long edge
𝑆𝑆 = 𝐷𝐷𝑖𝑖,𝑦𝑦1

𝑆𝑆 /𝐷𝐷𝑖𝑖,𝑦𝑦3
𝑆𝑆 .The dashed lines are the corresponding results for the same size of 

tetragonal particles but each particle well-separated from the others.  
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Fig. 11. The distributions of Cs+ for the case 𝑑𝑑𝑖𝑖,aniso = 0.1 at the stages A, B, C, and D which 

were denoted in Fig. 10(b). 

 

6. Conclusions 

In this work, we developed a mesoscale model of ion exchange in a particle cluster for 

batch experimental conditions. The model considered the inhomogeneous and anisotropic 

diffusivity in the particles and the electric field associated with ion accumulation. The effect of 

thermodynamic and kinetic properties, particle morphology and particle aggregation on the 

uptake kinetics, the evolution of ion charge, and electric field were systematically simulated. It is 

found that 1) ion exchange produces charge accumulation inside the particle because different 

ions have different diffusivities and different diffusion driving forces. The electric neutrality is 

not maintained; 2) the electric field speeds up the slower kinetics (ion uptake or ion release) and 

slows down the faster kinetics to reduce the charge accumulation and preserves charge 

neutrality; 3) the ion exchange becomes very slow in the later stages because a) the diffusion 

driving force (electrochemical gradient, Cs+ concentration in the solution and Na+ inside the 

particle) continuously decreases, as found in the batch experiments, and b) the diffusivity 
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decreases due to the Cs+ concentration dependence on ion diffusivity. This can explain the 

experimental observation that usually the maximum radionuclide adsorption capacity cannot be 

reached; 4) for needle-like particles and their clusters, both surface area and diffusion distance in 

the direction with the fastest diffusivity significantly impact the ion exchange kinetics. These 

results demonstrate that the developed model can be used to perform a systematic parametric 

study about the effect of particle morphology, particle aggregation, particle anisotropic and 

inhomogeneous kinetics properties on ion exchange kinetics.  

Accurate thermodynamic properties including the free energies of different phases, 

concentration dependent diffusivities of species, and electronic properties are required to 

quantitatively validate the modeling approach described herein. In our Energy Frontier Research 

Center (the Center for Hierarchical Waste Form Materials, an EFRC funded by the U.S. 

Department of Energy) (https://science.osti.gov/bes/efrc/Centers/chwm) measurements and 

evaluations of zeolite thermodynamic and kinetic properties are under way. Calorimetry is used 

to measure the formation enthalpies of zeolites with different Si/Al ratios and to study phase 

stability. The extra-framework cation locations in zeolites is investigated by X-ray diffraction 

(XRD) to correlate Na+, H+ and Cs+ accessibilities and thermodynamic stabilities. Density 

functional theory calculations are used to probe the incorporation of Cs+, H+ and Na+ ions into 

zeolites to determine energies for exchange and lattice stabilities [36, 37]. And kinetics and 

adsorption isotherms and specific Cs+ selectivity are measured by batch experiments [38]. All 

these data are important for quantitatively modeling and providing guidance on the design of 

hierarchical wasteforms with the desire to improve ion exchange efficiencies and increase 

radionuclide capacities. 
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