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TOWARD AN ALGEBRAIC MULTIGRID METHOD FOR THE
INDEFINITE HELMHOLTZ EQUATION *

ROBERT D. FALGOUT!, MATTHIEU LECOUVEZ}, PIERRE RAMETS, AND CLEMENT
RICHEFORT*

Abstract. It is well known that multigrid methods are very competitive in solving a wide range
of SPD problems. However achieving such performance for non-SPD matrices remains an open prob-
lem. In particular, three main issues may arise when solving a Helmholtz problem : some eigenvalues
may be negative or even complex, requiring the choice of an adapted smoother for capturing them,
and because the near-kernel space is oscillatory, the geometric smoothness assumption cannot be
used to build efficient interpolation rules. Moreover, the coarse correction is not equivalent to a pro-
jection method since the indefinite matrix does not define a norm. We present some investigations
about designing a method that converges in a constant number of iterations with respect to the
wavenumber. The method builds on an ideal reduction-based framework and related theory for SPD
matrices to improve an initial least squares minimization coarse selection operator formed from a set
of smoothed random vectors. A new coarse correction is proposed to minimize the residual in an
appropriate norm for indefinite problems. We also present numerical results at the end of the paper.

Key words. Algebraic Multigrid, Helmholtz Equation, Linear Algebra, Polynomial Smoother,
Indefinite matrix

1. Introduction. The numerical simulation of various physical phenomena leads
to potentially very large linear systems of equations written Az = b in matrix form.
These systems can be solved directly by a convenient factorization of A, or iteratively
by computing and refining an approximation of the solution @ starting from an initial
guess xg. Multigrid methods [6, 25] work iteratively and are known to be scalable
and quasi-optimal for solving sparse linear systems of equations for many classes of
problems. Each multigrid iteration combines a projection method on a coarser space
to capture the eigenvectors associated with the small eigenvalues, and a few iterations
of a smoothing method to capture the remaining eigenvectors generally associated
with the large eigenvalues.

To simplify the discussion in what follows, we use the term ”small/large eigenvec-
tor” to designate an eigenvector with small/large eigenvalue. We similarly say ”pos-
itive/negative eigenvector” when referring to the eigenvalue sign. Additionally, capi-
tal italic Roman letters (A, E, P) denote matrices and bold lowercase letters denote
vectors (u, v, 7, ). Other lowercase letters denote scalars (o, \), while capital calli-
graphic letters denote sets and spaces (C,F,K).

1.1. Multigrid methods. While errors composed of small eigenvectors are
known to be more difficult to eliminate for most iterative methods, multigrid methods
accelerate the convergence to the solution by projecting them onto a coarser space.
The coarse projection of those difficult eigenvectors is repeated recursively until reach-
ing a small enough coarse matrix for which the factorization by a direct solver is fast.
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2 R. FALGOUT, M. LECOUVEZ, P. RAMET, C. RICHEFORT

Assuming the matrix is symmetric positive definite (SPD), the best approximation
of the solution within the coarse projection space is computed by minimizing the ap-
proximation error in A-norm. The core idea in multigrid methods is to make this
projection practical by recursively defining smaller subspaces by way of sparse op-
erators P, called interpolation operators. The computation of x is accelerated by
way of a hierarchy of coarse problems A;x; = r;, where 7; is the residual of the level
l in the grid hierarchy. P, determines the coarse projection subspace of the level [,
and transfers the information from level [ + 1 to [. In most symmetric applications,
coarse matrices are constructed following the Galerkin formula A;; = PlTAlPl. The
two-level coarse correction operator denoted by

(1.1) 4 (P):= P(PTAP)"'PTA

is an A-orthogonal projector onto range(P) and coincides with a minimization problem
in the SPD case such that

(1.2) argmin || — &||a =4 (P)r.
Zespan{P}

Two-level methods actually need both types of solvers. The coarse correction (1.1)
requires a direct method for factorizing the coarsest matrix whereas the remaining
error is eliminated on the fine level through a few iterations of an iterative method
called a smoother. From Equation (1.1), the error propagation matrix for the coarse
correction of a two-level method is

(1.3) E=1-T4(P).
Likewise, the error propagation matrix for the smoother is
(1.4) Ey=I-M1A

where M ! is an approximation of A~!. The smoother is applied before each restric-
tion and after each interpolation, as illustrated in Algorithm 1.1.

Algorithm 1.1 Two-level cycle

1: Inputs : b right-hand side, & approximation of @ or initial guess, » = b — A& residual
2: A initial matrix, M smoother, P interpolation operator
3: for j=1,vdo

4: E— &+ M 1r

5: r<«b— A%z

6: end for

7 re + Ply

8: éc + Solve(PTAP,r¢)

9: &+ &+ Pec

10: r < b— A%

11: for j=1,v do

12: T+ E+ M 1r

13: r<—b— Az

14: end for

15: Output : & approximation of @ at the end of the cycle

Finding a smoother and a coarse correction that are complementary is a major concern
in the design of the method. Moreover, the context in which a multigrid method
is applied determines what kind of operators should be used in the method. In
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TOWARD AN AMG METHOD FOR THE INDEFINITE HELMHOLTZ EQUATION 3

particular, the near-kernel space of smallest eigenvectors is especially important in
the design of interpolation. In elliptic problems such as the Laplace equation whose
spectrum is illustrated in Figure 1.1, the convergence of multigrid methods is well
known. The matrix A is SPD, so smoothers like w-Jacobi or Gauss-Seidel are known to
be good smoothers since they damp the large eigenvectors without modifying the small
ones. In this elliptical context, these small and large eigenvectors are characterized by
low and high frequency oscillations respectively. Hence, while the smoother damps the
oscillatory modes, the interpolation must target the slowly varying modes associated
with small eigenvalues (see Figure 1.1b). For this reason, the geometric smoothness
of the near-kernel space is generally a key assumption, and makes the construction of
good interpolation rules more convenient in the initialization of the method.

4 0.1}
< 27 § 0¢
0 ' —0.1 |
: : : : | : : : : >
0 20 40 60 80 100 0 20 40 60 80 100
(a) Eigenvalues (b) Eigenvectors

Fig. 1.1: Laplace eigenvalues and three smallest eigenvectors

Likewise in classic algebraic multigrid [26, 23, 11], the interpolation operators are
designed to target what is called algebraically smooth components. The smoothed
aggregation method [9] is particularly efficient for solving problems with an a pri-
ori known near-kernel space, for instance in diffusion [28] or elasticity [27] where
the target small eigenvectors are the constant vector and rigid body modes respec-
tively. Those vectors are split between disjoint aggregates over the entire domain
to initiate a tentative block interpolation operator. A few smoothing iterations are
applied to the tentative interpolation operator to extend its pattern, but especially
in order to clean the tentative interpolation range from high frequencies. Usually, a
few iterations of the Jacobi relaxation method are enough, but this step of energy
minimization has been generalized to Krylov methods such as the conjugate gradient
[21] by enforcing sparsity constraints in the minimization space to keep a practical
interpolation operator. If near-kernel space information is lacking, test vectors can
still be computed algebraically, as in adaptive smoothed aggregation [5]. Furthermore,
because the choice of the interpolation strategy is essential in the convergence of the
method, an ideal framework maximizing the complementarity between the smoother
and the coarse correction [12] has been established to guide the algorithm develop-
ment. While this idealistic scenario of convergence is mostly used as a theoretical tool,
some reduction-based methods enable a good approximation of the ideal interpolator
given some initial coarse and fine variable splitting [19, 29].

1.2. Why Helmholtz problems are difficult for multigrid. The Helmholtz
equation (1.5) involves indefinite matrices with potentially wide and oscillatory near-
kernel spaces [10]. This equation is our target in this paper.

—Au—Fku =f onQ

(1.5) (Continuous Helmholtz problem) < { b e on 99
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4 R. FALGOUT, M. LECOUVEZ, P. RAMET, C. RICHEFORT

In fact, the Helmholtz equation can be seen as a shifted Poisson equation, where
geometrically smooth eigenvectors (i.e., low Fourier modes, see Figure 1.1b) can be
negative eigenvectors because of the shift. In the same way, the smallest eigenvectors
of the shifted Laplacian are higher in frequency (see Figure 1.2b).

0 20 40 60 80 100

(a) Eigenvalues (b) Eigenvectors

Fig. 1.2: Helmholtz eigenvalues and three smallest eigenvectors

This complication breaks the near-kernel space geometric smoothness assumption, a
keystone of many multigrid methods. To design a coarse correction and smoothers
that are complementary in this context, interpolation rules must reproduce the near-
kernel oscillation, and contrary to usual relaxation methods, smoothers have to deal
with both positive and negative eigenvalues. More importantly, the coarse correction
is not equivalent to a minimization problem anymore since the indefinite matrix does
not define a norm (i.e., the equality (1.2) is not valid for Helmholtz). Whereas the
coarse correction is guaranteed to not amplify the error for SPD matrices, the ap-
proximation error can be amplified in the indefinite case because the spectrum of the
matrix has both signs.

For these reasons, finding a recurring process to build a scalable multilevel method
is still an open question. Multiple correction [18], wave-ray [4, 17], and Complex-
Shifted Laplacian [8] approaches have already been investigated to address this issue.
In this paper, we present a fully algebraic approach built on ideal reduction-based
ideas, and demonstrate its potential for solving the Helmholtz problem with constant
iteration count independent of the wavenumber k. Certain discretization matrices re-
sulting from the continuous problem (1.5) can be non-symmetric due to the boundary
conditions. To center the discussion on the indefinite nature of Helmholtz, the next
approaches address the symmetric indefinite shifted laplacian matrix arising from the
following 5-pts stencil

~1
(1.6) A=| -1 4—(kn)*> -1
-1

In Section 2, we start by presenting a normal equation polynomial smoother specif-
ically designed to damp the desired proportion of largest eigenvalues independently
of their signs, while interpolation rules for propagating oscillatory near-kernel infor-
mation are established in Section 3. The Section 4 gives more details on why the
indefiniteness can corrupt the coarse correction by introducing a concept of pollution
and Section 5 exposes an alternative coarse correction to the classical one which avoids
the divergence scenarios. Finally, Section 6 presents benchmarks of this new multigrid
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TOWARD AN AMG METHOD FOR THE INDEFINITE HELMHOLTZ EQUATION 5
method for different Helmholtz problems, with varying shift kh and wavenumber k.

Along the different approaches presented in this paper, v; denotes the i*" eigenvector
of A associated with the eigenvalue \;. Moreover, we always assume the eigenvalues
to be ordered in magnitude (i.e., Vi < n, |A;| < |Ait1]) such that V, := [v1,..., v, ]
and Vy 1= [vnc 1 ,’un] contain the small and large eigenvector sets of size n. and
ny respectively. Naturally, the full set of eigenvectors are given by V' = [V,, Vy], and
n=n;+ny.

2. Polynomial Smoothers for Indefinite Problem. Working with a smooth-
ing method whose behavior on the spectrum is a priori known is interesting to guar-
antee the effectiveness of the cycle. Here, the smoother must damp large positive
and negative eigenvalues, which is problematic for most standard methods. Gener-
ally, a polynomial method with degree greater than one can work. Krylov iterations
are good polynomial smoothers in the indefinite case but they minimize the global
residual norm regardless of the eigenvalues and are non-linear because of their right-
hand side dependence. A linear polynomial is more convenient for generating the
set of smoothed candidates vectors needed to construct the interpolation operator
described in Section 3.

2.1. General considerations on polynomial smoothers. One way to en-
sure that both positive and negative eigenvectors are damped is to consider a normal
equation polynomial smoother. In general, the degree m of the polynomial must be
greater than one to damp positive and negative eigenvectors, as the polynomial il-
lustrated in Figure 2.1 does. Resorting to normal equations enables the polynomial
to treat eigenvalues with respect to their magnitude rather than their sign, which is
equivalent to work with even powers of A if the matrix is hermitian, which is what
we assume in this section. In the future, it might be interesting to investigate more
general polynomials to avoid normal equations and consider odd exponents. In this
first approach, we use the convenient symmetry property enabled by normal equations
in the Chebyshev framework.

Let p,(A?) be a polynomial of degree m that approximates A=2. From Equation
(1.4), let gmi1(A2) be the associated error propagation matrix of the polynomial
smoother such that

(2.1) Gmi1(A?) =T — p,, (A% A2
Additionally, let v be an eigenvector of A associated with the eigenvalue A. Hence,
(2.2) Q1 (020 = (1 = p(A2)N2)0.

In multigrid methods, a good smoother eliminates the large eigenvalues that the coarse
correction does not capture and vice-versa. Let a and b be real scalars such that 0 <
a < b. Assume these large squared eigenvalues are contained in the interval [a, b]. The
construction of a relevant interval will be discussed in the next. Since the polynomial
smoother p,,(A?) is an inverse approximate of A=2 the polynomial function p,, ()
can be constructed to approximate the function x=! [15] from m + 1 interpolation
points z; selected within the interval of large eigenvalues [a, b]. In particular, selecting
the scaled first kind Chebyshev polynomial roots as interpolation points

_b+b b—a O‘((Qi—l—l)ﬂ

(23) xX; :

=1,... 1.
2 2 2(m+1)>’2 oMt
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6 R. FALGOUT, M. LECOUVEZ, P. RAMET, C. RICHEFORT

gives the minimal error propagation function ¢,,+1(z) on the interval [a,b]. The
polynomial is constructed to satisfy the m + 1 following constraints

1
(2.4) x; € [a,b] , pm(x;) = ;(:)qm(aci)zo, i1=1,....m+1.

K2

Because the selected nodes z; are the roots of ¢;,+1 and ¢,+1(0) = 1, then the
Lagrange formula yields

m+1 m—+1 m—+1

] 1 T — T T — T
(25) pm(x) = Z; ; H 7 — 7 s Q7rz+1(x) = H T

=1 i=1 ’

First kind Chebyshev polynomials are defined by the three-terms recurrence relation
(2.6) vie [-1,1] , Co(t) =1, C1(t) =t , Cpmy1(t) = 2tCp(¢) — Cr—1 ().

The roots of g,,+1 are the roots of C,, 41 but scaled on [a,b], the error propagation
function ¢,,41 can be derived as the following re-scaled Chebyshev polynomial

b+a—2zx
CmJFl ( J;)a—a JV)
; .
Cmt1 (bJ—rZ)

As explained in [2], the upper bound of Cy,11(t) on [—1,1] equals one for ¢t = 1
and is strictly monotonically increasing for ¢ > 1. Accordingly, the supremum of
the numerator on [a, b] equals one for z = a, and the denominator is strictly greater
than one because 2% > 1. Last, ¢y,41(0) = 1 and gy is strictly monotonically
decreasing for x € [0,a]. As a consequence, |¢mn+1(x)] < 1 on the interval (0,].
Assuming b > A2, then the spectral radius p (¢m+1(A%)) < 1. In other words, the
smoother is a convergent iterative method and does not amplify any region of the

spectrum.

(2.7) gm1(z) =

2.2. Constructing an appropriate target interval. One way to determine
an interval [a,b] without preliminary information [2, 1] is to compute a few power
iterations to determine b by an overestimation of the largest eigenvalue, and choose
the lower bound a according to b, for example a = %b. However, to respect the com-
plementarity principle, the percentage of damped eigenvalues by the smoother must
approximate the proportion of non-coarse variables (i.e. the ny largest eigenvalues
in our case). For instance, if a coarse level is one quarter the size of the finer level,
then three-quarters of the largest amplitude eigenvectors should be damped by the
smoother, while the coarse correction deals with the remaining small eigenvectors.
Consequently, since eigenvalues are not necessarily uniformly separated, a should be
determined so that a proportion of eigenvalues belongs to the interval [a,b]. More-
over, the spectral distribution of coarse matrices are unknown in a multi-level setting.
Therefore, a good interval should satisfy

(2.8) Mg a,b] & )\ € {f\/l;,f\/a} U {\/5, \/l;} L1 =N, ..., NF.
While this interval can be fixed using geometric information, we first compute a

rough approximation of the matrix spectral density as detailed in [16]. This spectral
density permits to determine which portion of the spectrum should be damped by

This manuscript is for review purposes only.
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TOWARD AN AMG METHOD FOR THE INDEFINITE HELMHOLTZ EQUATION 7

the smoother, and is defined by the distribution function ¢(¢) that represents the
probability of finding an eigenvalue at each point t € [—1,1]. We set the lower bound
a of the Chebyshev node interval in a second step so that the probability within
the interval equals the target proportion, for instance half of the total area in a
scenario of exact balance between coarse and non-coarse variables. As defined in (2.6),
the distribution function ¢ is approximated by a linear combination of orthogonal
Chebyshev polynomial functions, such that

n“

(2.9) $(t) = > ukCr(t) = Y pCi(t).
k=1 k=1

Because Chebyshev functions are naturally defined over [—1,1], the spectral density
function must evaluate the spectral density of the scaled matrix B = %Az —1. Since b
is assumed to bound the eigenvalues of A2, the spectrum of B belongs to [—1,1]. The
coefficients uy are then determined by a moments matching procedure, which gives

2o
- onm

(2.10) Lk x Trace(Cy(B)).

Here, n corresponds to the matrix size and di9 the Kronecker symbol. The trace
can be approximated by a stochastic trace estimation from a set of mye. random
and orthogonal vectors z;, where each element of these vectors is chosen following a
normal distribution with zero mean and a unit standard deviation. Therefore, the
trace approximations are given by

1 Nvec

Z ZZTC]C(B)Zl ,k=1,... Ny
nVeC
=1

(2.11) Trace(Cy(B)) =

According to (2.11), each trace can be estimated by a sample mean of nye. products
2] C(B)z, and the n, vectors Ci(B)z can be computed from the three-term re-
currence defined in (2.6). Once the distribution function ¢ is approximated following
Equation (2.9), a rough area approximation by trapezoid rule yields a correct lower
bound that satisfies a proportion around %f This lower bound only needs to be
remapped on the initial interval to return the correct value for a. The interval [a, ]
constitutes a purely algebraic interval in which the polynomial smoother is the most
efficient. The bounds a and b are represented in Figure 2.1, where x5qy illustrates a
theoretical lower bound target for the shifted laplacian matrix resulting from (1.6).
Last, the total number of matrix vector products required by the spectral density
approximation step for the construction of a relevant interval is nyec X 1.

3. Constructing good interpolation rules. Interpolators are used both to
construct the coarse level matrices and to transfer information across levels. SPD and
geometric smoothness assumptions cannot be used to determine appropriate interpo-
lation operators in our case. Some methods such as smoothed aggregation [9, 20] and
bootstrap-AMG [3] use candidate vectors that are close to the near-kernel space to
design the interpolation rules. These test vectors are either deduced from geometric
information [4, 22] or algebraically as in adaptive multigrid methods [5]. Here, we
prefer to stick to a fully algebraic and recurring process to create our interpolation
operators. Candidate vectors will be generated from random vectors smoothed by the
polynomial presented in Section 2, and used by the least squares minimization frame-
work to determine good fine variable interpolation rules. This initial least squares
interpolation operator is used as a coarse variable operator in the ideal reduction-
based framework [12].
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8 R. FALGOUT, M. LECOUVEZ, P. RAMET, C. RICHEFORT

Fig. 2.1: Spectrum of the polynomial smoother error propagation matrix for kh = 1.65

3.1. Ideal framework. Even though the ideal framework requires an SPD as-
sumption and has not been generalized to indefinite problems, the idea of removing
irrelevant information from the interpolation range is of particular interest for cap-
turing the near-kernel space of oscillatory problems, and will be our guiding principle
in this section.

Accordingly, we assume A is SPD in this section dedicated to the ideal framework.
Following [12], let C and F be complementary coarse and fine variable subsets of Q
respectively of size n. and ny. Let RT : R" — R"™ and S : R"™ — R™ be coarse
and fine variable operators respectively, such that RS = 0. The space defined by the
coarse variable operator RT must be handled by the coarse correction, whereas the
fine variable operator S defines a space where smoothing must operate in order to re-
spect the complementarity principle. The Ideal Interpolation operator is a theoretical
operator that is the best that satisfies RP = I., in the sense that it minimizes the
difference between variables and interpolated coarse variables, within a space that is
the most complementary to the range of the smoother M. The ideal interpolation
operator is given by

(3.1) P, = argmin

|1 = PR)e||ar
oo

max ) = (I—-S(STAS)"'START.
e0 llella

Let P.; and RTZ be the i*" columns of P and RT respectively. Each column of the
ideal interpolation operator is therefore defined by

(32) P;=Rl —s; withs;= argmin ||R, — §[|4a = S(STAS)"'ST AR,
s€Range(S)

In fact, the matrix that multiplies each column of R in (3.2) and (3.1) is a projection
operator onto the A-orthogonal complement of the range of S. The ideal interpolation
operator is constructed by extracting from R” the information that can already be
solved in the subspace S. Such information is irrelevant at a coarse level and should
be handled by the smoother. Under the assumption that the smoother captures the
space spanned by S, the best coarse matrix is therefore a matrix where S-related
information is subtracted. Even if applying (STAS)™! is too expensive, it gives
insight for building a more practical method.

This manuscript is for review purposes only.
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3.2. Least Squares Minimization Interpolation Operator. As mentioned
at the beginning of Section 3.1, demonstrating that the interpolation operator (3.1) is
ideal in the theoretical framework of [12] requires A to be symmetric positive-definite.
However, the reduction viewpoint which consists in cleaning the range of interpola-
tion by extracting irrelevant information at a coarse level perspective is of interest.
In addition, numerical experiments reveal that the classical coarse variable operator
RT = [0 I.]7 does not have good approximation property for the oscillatory near-
kernel space that characterizes Helmholtz. Therefore, a new coarse variable operator
has to be designed algebraically. Using the smallest eigenvectors V. from Section 3.1
to enforce the representation of the near-kernel space within the interpolation range
is not practical. Instead, we construct a set of vectors approximating an oscillatory
and potentially large near-kernel space by using the normal equations polynomial
smoother developed in Section 2.

In this section, we present a coarse variable operator RT of size n x n, construc-
ted by a least squares minimization strategy [3]. Let the columns of T be a set of &
smoothed random vectors z; that approximates the near-kernel space such that

(3.3) Ti=qmi(ADz, 1=1,... K.

where T.; designate the I*" column of the set T. We assume a C/F splitting with n..
and ny their respective size. C-points are interpolated to the finer level with a sim-
ple injection rule, while interpolation rules of F-points are determined by the least
squares minimization method presented in this section. Due to this splitting, the
coarse interpolation block in RT corresponds to a ne X ne identity matrix denoted by
I., while R? designate the block of interpolation for the F-points.

Let i be an F-point and #; the vector containing the non-zero elements of the ‘"
row of RT. The idea consists of constructing each F-point interpolation rule by min-
imizing the squared difference between F-values of the near-kernel candidate vectors
and the interpolation from their connected C-points in C;. Denote by T; . a row vector
containing the i*® values of each test vector, and T¢, 1 a vector containing the values
in T:; of the C-points that are connected to variable 7. Then

(3.4) Vie F, #; = argmin Zu}l i1 — 7 Te, ))? =: argmin L;(7)

peCeard(©) T FeCeard(C;)

where w; are scaling weights (for instance w; = 1/|x,| if T' contains near-kernel eigen-
vectors). Finding the minimum of the convex loss function £; is equivalent to solving

(3.5) VLi(#) = 0.

Equation (3.5) can be rewritten element-wise

(3.6) Zml =7 Te,)Te, 1 =0,Yj=1,..., card(C;).

1]1

(‘97‘1 j

Finally, (3.6) leads to a system of linear equations to solve for each fine variable i

(3.7) FIe, WTg = T,WTE,

This manuscript is for review purposes only.
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The matrix is full rank and the solution of Equation (3.7) is unique if we have at
least k = max; {Card(C;)} locally linearly independent test vectors. Even if it
is statistically always the case when starting from random candidate vectors, the
matrix singularity can be detected during the factorization. In that special case, a
pseudo-inverse can be computed to find an optimal solution in the least squares sense.

3.3. Ideal approximation from least squares coarse operator. In Section
3.2, we presented a coarse variable operator for Helmholtz designed by a least squares
minimization strategy. Using the framework presented in 3.1, define

(3.8) RT = [}ﬂ and § = [_I}J%f]

where RT is the least squares coarse variable operator presented in Section 3.2 and
R? is its F-points interpolation block. Note that RS = 0 as required. Hence, since
the least squares operator is designed to propagate the candidate vectors that are
composed of small eigenvectors due to the Chebyshev polynomial smoother of Section
2, the space spanned by S is, by orthogonality, mostly composed of large eigenvectors.
Accordingly, the aim of using the ideal framework in this oscillatory context is to im-
prove the coarse variable operator by extracting the irrelevant information related to
these large eigenvectors that can be solved in S,

However, two major issues arise in the use of the ideal interpolation operator (3.1).
The first is a general concern related to the fine block ST AS, which is usually not
practical to invert, and would lead to a dense interpolation operator P. To circumvent
this problem, an approximation based on sparsity constraints must be applied. The
second issue is related to the indefiniteness of the initial matrix. Indeed, as shown by
the equation (3.2), applying the left operator of the ideal formula removes the infor-
mation contained in the range of S by minimizing an approximation error in A-norm.
However, such a norm does not exist in the indefinite case. Ignoring this problem
may still give interesting results in practice, but we consider instead the A7 A-norm
to ensure the effectiveness of the interpolation operator. Since S is sparse, we control
the sparsity of P by restricting the search space to a few columns of S only. Define X;
to be the injection operator of ones and zeros of size ny x n; with n; < n; that selects
n; columns of S’, S‘Xi. From (3.2), let s; be the solution of the ideal minimization
problem such that

A N N N -1 N o
(3.9) s;:= argmin ||RT, - 3|44 = SX, (X} STATASXi) XTSTATART,.
.§€Range(é’Xi)

Accordingly, columns of the reduction-based interpolation operator are computed by

(310) [:)71 = RT:Z — 8; = RY:Z — SXipni,
where p,,, is the solution of the n; x n; linear system
(3.11) XISTATASX pn, = XFSTATART,.

The choice of the non-zero pattern of P must satisfy a good trade-off between ap-
proximation properties of the near-kernel space and complexity. While improving the
sparsity of this interpolation operator is a topic of future research, one strategy is
to choose the columns of S based on the entries of S”TATA}?E. In fact, each entry
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corresponds to the scalar product between a column of S and ]A%Tl in AT A-norm. A

large entry designates a column of S that contributes a lot in the solution of the
minimization problem (3.9). The column selection phase iterates until the entries
associated with the selected columns represent a percentage 7 of the entire set of
non-zero entries. At each iteration, the column associated with the largest entry of
S’TATAR?:Z- is selected, which is equivalent to extending X; with the euclidean basis
vector with one at the index of the chosen column and zeros elsewhere. Because the
columns with the largest entries in S'TATARTZ- are selected first, the set of selected
columns is the smallest set that satisfies

(3.12) |X;:STATART|? > 7 x ||STATARE,|?, with 7 € [0,1].

We note that even though setting 7 = 1 selects all the column associated with non-
zero entries in the right-hand side, the remaining columns associated with zero entries
are omitted, and therefore the matrix X7 ST AT ASX; still correspond to a principle
sub-matrix of STATAS. The Figure 3.3 represents the error of interpolation of every
eigenvector for two different shifted problems resulting from (1.6) with respect to 7.
The red dots correspond to the error when no ideal approximation is used at all (i.e.
7 = 0 and therefore P = ]A%T), whereas blue and green dots represent the error of
interpolation for 7 = 0.5 and 7 = 1 respectively. The legend for each color associates

the percentage 7 with the average number of non-zero entries “** in the resulting

interpolation operator. Because the subspace SX; grows with 7, larger values of 7
leads to denser interpolation operators. For both shifts, the portion of the spectrum
for which the least-squares minimization interpolation operator is the most accurate
corresponds to the smallest eigenvalues in magnitude. This feature is an expected
and desired effect of generating the set of test vectors from the polynomial smoother
introduced in Section 2. However, the interpolation error increases with the shift.
Therefore, the ideal approximation correction becomes necessary as the problem gets
more indefinite. In particular, Figure 3.3 shows that the interpolation error decreases
as more columns of S are added to approximate the ideal interpolation operator. One
drawback of this gain in accuracy is the fill-in of the matrix.

1.5 % 1.5 %
5 er=00, 22 — 23 ’07:1.0,n22:14.8‘
—~
g or =05, ™2 65
7 11 0 Q@ @geee
= ]
&
&
05
~
= Fo !
1y e o 3
0 M r . . 0 . . .
0 2 4 6 —2 0 2
Fig. 3.1: kh =0.625 Fig. 3.2: kh=2.0

Fig. 3.3: Error of interpolation with respect to the shift and sparsity
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4. Alteration of the coarse correction in the indefinite case. While both
smoothers and interpolation operators are now designed to face two inconvenient prop-
erties of the Helmholtz equation, signed eigenvalues and oscillatory near-kernel space,
the effectiveness of the classical coarse correction is not guaranteed in an indefinite
context. Worse still, the classical coarse correction can amplify the error associated
with small eigenvectors although P has good approximation properties. Before dis-
cussing an alternative coarse correction, let us highlight how the matrix indefiniteness
can corrupt the classical coarse correction with a simple illustration.

The Figure 4.3 plots the smallest eigenvector of a two-dimensional shifted Lapla-
cian matrix in blue for two different shifts. The shift of 4.2 is greater than the shift
of 4.1. As expected, the higher the shift, the more oscillatory the problem. In red are
plotted the results of the coarse correction when applied to the blue eigenvectors. In
this example, the coarse correction is implemented with the reduction-based interpo-
lation operator introduced in Section 3. Additionally, the green curves represent the
best representation of both eigenvectors in the interpolation range. First, note that
the blue and green curves align almost perfectly in both sub-figures, which means that
the interpolation range introduced in Section 3 offers a good approximation to the
potentially oscillatory smallest eigenvector. In both cases, P has good approximation
properties. In Figure 4.1, where the problem is discretized with 10 points per wave-
length, the red coarse correction vector is relatively close to the blue eigenvector. The
slight difference between both is only a matter of amplitude. In contrast, while the
oscillations of the coarse correction vector illustrated in Figure 4.2 are synchronized
with the oscillations of the smallest eigenvector, its direction is reversed. In that case,
while the interpolation range is almost perfect, the error of the smallest eigenvector
is not reduced by the coarse correction, but amplified.

At this stage, let us define a concept of pollution to better understand how the matrix
indefiniteness can corrupt the coarse correction.

THEOREM 4.1. Let A be an n X n matriz, and V its orthonormal set of eigen-
vectors, each associated with the corresponding element of the diagonal eigenvalue
matriz A. Also, let P be an n x n. interpolation operator. Assuming VI P is non-
singular, we write the linear decomposition of the post-scaled interpolation operator as
P (VCTP)f1 = VK, where K is the following n X n. matriz of coefficients

(4.1) K:=VTpWwvrIp)~! = [II(J .

The block I. corresponds to the identity matriz of size n. X n., and the block Ky
18 a ny X n. matriz such that Ky = VfTP(VCTP)_l. The interpolation error of the
eigenvector v; of V. is given by

(4.2) of (I —TI(P))w; = 1 — [(IC + K}fo)’l} :

i
where [']; ;. denotes the entry (j,k) of the bracketed matriz.

Proof. First, note that post-multiplying P by any non-singular matrix M, of size
ne X n. does not change the ly-projection

(PM.)((PM)T(PM,)) " (PM.)T = PM .M Y (PTP) M T M PT
(4.3) =P(PTP)'PT =T1(P).
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Fig. 4.1: kh =0.625
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Fig. 4.2: kh =1.71

Fig. 4.3: Layering of : v; (blue) vs. P(PTP)~1PTv; (green) vs.
P(PTAP)~1PT Av; (red), for two different shifts

In particular for M, = (VI P)~1

I-TI(P)=1-PPTP)~'PT
(4.4) =1~ P(VIP) " (P(VIP) )TPWVIP) ™) (P(VIP) YT,
Since P(VI'P)~! = VK, it follows that

[-T1(P) = I - (VE)(VK)" (V)" (VE)”

(4.5) =I-VK(KT"K)'KTvT.
For any eigenvector v; of A, let e; := V7wv; be the canonical unit vector with a
one at the i*" position and zero elsewhere. Assuming v; € V. (¢ < n¢), the vector

c; := K"e; of size n. is also a unit vector with a one at the i*? position. Consequently,
the damping factor of v; € V, is

vl (I -TI(P)v; =v] V(I - K(KTK) 'K\ VT,
=el(I - K(KTK)'KT)e;
(4.6) =1-c¢/(K"K)'e;=1-[(I.+ K[Ky)7']. .. O

1,7

Since the ls-projection is unchanged by post-multiplication of P, we assume for what
follows that K has the form (4.1). The block K, designates what we call “pollu-
tion”. This block of pollution causes the slight difference between an eigenvector
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v; of V. and its best representation in the range of P. When a column of K is
null, the interpolation error of the associated eigenvector equals zero, such that blue
and green curves align perfectly. In practice however, this property is unlikely to be
satisfied for Helmholtz, because P should be sparse for cost considerations and the
smallest eigenvectors are usually unknown. Moreover, the near-kernel space of the
Helmholtz equation is oscillatory. This makes the construction of good interpolation
rules more difficult, and tends to pollute the interpolation range. In fact, this pollu-
tion is probably unavoidable and the columns of K; are unlikely to be zero. While
the pollution decreases the convergence speed of multigrid methods for SPD prob-
lems, we demonstrate that it can corrupt the coarse correction and make the method
diverge in the indefinite case, as illustrated by the reversed red vector of Figure 4.3(b).

In that direction, let us discuss the effectiveness of the coarse correction by looking at
the contraction of the n. small eigenvectors V. only, assuming the ny large eigenvectors
V; are damped by the smoother.

THEOREM 4.2. Define A and P as in the setting of Theorem 4.1. Also, let the
matriz K be defined as in (4.1). The contraction of an eigenvector v; of V.. after the
coarse correction is given by

(47) ol Bo =1- A (A + KT AgRp) ™|

i,

Proof. By the same reasoning of the proof for Theorem 4.1, we note that post-
multiplying P by any non-singular matrix M, of size n. X n. does not change the
coarse correction

(PM)(PM)TA(PM,))" Y (PM)T = PM MY (PTAP) * M7 T MI PT
(4.8) = P(PTAP)~'PT
In particular for M, = (VI'P)~1,
E=1-PPTAP)"'PTA
(49) =1 PWVIP)TH(PVIP)THTAPVI P (P(VIP) )T A
Similar to (4.5), the equality P(V.I P)~! = VK leads to
(410) E=1—-(VE)(VE)TAVEK) " (VE)TA=V(I - K(KTAK) " 'KTA)VT.

Define the euclidean basis vectors e; and ¢; as in the proof of Theorem 4.1. Subse-
quently, the contraction of v; € V, is

vl Bv; =v] V(I - K(KTAK) ' KTA) VT v;
=el'(I - K(KTAK)'KTA)e;
(4.11) = 1= Al (KTAK) e = 1= A [ (A + KTASK) ] O

[

Theorem 4.2 shows that the damping factors rely on a combination of the small ei-
genvalues A, plus the large eigenvalues A, such that the mix is given by the entries
of the pollution K.
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The effectiveness of the coarse correction is well-known in the SPD case. If all ei-
genvalues are positives, one can remark that

—1
(412) Vi<ne, 0< |(Ac+KTAPKY) | < [A7Y,, = Xi=0< 0By <1,
1,1 ’
Hence, the coarse correction always operates a contraction on v; regardless the block
of pollution K. In the indefinite case however, the property (4.12) does not hold. In
fact, a necessary condition for the coarse correction to be a contraction is

(413)  Vi<n, [ofBu|<1=0< A [(A+ KFAK,) | <2

From Equation (4.13), it follows that each diagonal entry must have the same sign as
its associated eigenvalue, and be smaller than twice the inverse of the eigenvalue in
magnitude. Nothing guarantee such conditions to be satisfied in the case where small
and large and either negative or positive eigenvalues are mixed. Especially for very
small eigenvalues, the mix can easily lead to a diagonal entry of the opposite sign
even though K is small, because its entries are weighted by the large eigenvalues
Ay. Therefore, a good interpolation operator can still cause the coarse correction to
amplify the error. For very near-zero eigenvalues, even a round-off error can eventually
lead to divergence in the indefinite case. The following example better depicts how
the pollution can cause divergence in the indefinite setting for a 2 x 2 matrix.

EXAMPLE 4.3. Let A be a 2 X2 matriz, and v1 and vy ils eigenvectors respectively
associated with eigenvalues |A\1| < |A2|. Let P be an interpolation operator of size 2x 1
targeting the smallest eigenvector vy, such that

(4.14) P = v + ev,.
From definition (4.1), the K matriz can be derived by

(4.15) K=VTP®IP)"" =[v,v]" - [v1 + € x va] = H :
From Theorem 4.2, the action of the coarse correction on vy is given by
_ A
4.16 TBor =1 A [(Ae+ KFAK,) | =1- 2
(4.16) vy Evy 1| (Ac+ K7 ApKy) 11 A+ €2y

The figure 4.4 depicts the action of the coarse correction on vy, with respect to the
pollution block KfAfo = €?X\y. A first observation is that the coarse correction
does not amplify the smallest eigenvector if eigenvalues have the same sign. If the
eigenvalues are oppositely signed, then the coarse correction amplifies vy for €)Xy <
—A1/2. Therefore, the condition on the pollution K; = € that drives the error of
interpolation is particularly difficult respectively for small and large values of A1 and
Ag.

The next theorem derives a more general condition for the coarse correction to be a
contraction of the smallest eigenvalues in the indefinite case based on the concept of
pollution.

THEOREM 4.4. If A is indefinite, then

(4.17) |An. (KfAsKy)| < %|)\1| = Vo, € Ve,

v;‘rEvi’ <1
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v Bv,
/ “0 Amplification area
Contraction interval
1
-1 —A1/2
f * 5

A1/2 A1 € Ao
T T

Fig. 4.4: Contraction of the coarse correction with respect to the pollution

Proof. Define My = I.+ Ac_leTAfo. From the shape of the matrix K defined
in Equation (4.10), we have

VIEV, =VIV(I - K(KTAK) ' KT"A VTV,

=1, — (KTAK)™'A,

=I.— (Ic+ AJ'KFAKp)T'ATA,
(4.18) =1I.— Mg".
Hence, it follows that
(4.19) Vv, € V., U;‘FEUZ- = e;?FVCTEVCei =1- e?Mglei.
where e; is the i'"' vector of the euclidean basis in R™e. Therefore, vl Ev;| < 1 if
(4.20) Vo, €V., -1 <vlEv; <1 & 0<el My 'e; <2.

We begin by deriving a condition for the right bound of (4.20), and will show, in a
second time, that it also satisfies the left one. Let & and y two vectors of R™ linked
by the relation & = Myy. The right bound is satisfied if

M—l M —1
(4.21) maxw = maxM = (min|Ky||) < 2.
20 ||| v#0 [[Miyll - \wzo |yl
Therefore, the condition (4.21) is equivalent to
M 1
(4.22) min MYl L
v20 |yl T2

Let 0;(M) be the i*" largest singular value of a given matrix M (we omit the matrix
between parenthesis when referring to the singular values of the initial matrix A). In
addition, let us recall the following triangle inequality ||y + z|| > ||y|| — ||z|| , Yy, z €
R"™e. Thus, we have that

Myl ACKTA Kyl (1 . |A61K?Afoy||>

vA0 Iyl w0 [yl T w0 [yl
ALKTAGK
(4.23) _ 1 e K A Bl
y#0 lyll
=1-o0y,, (AJ'KfAfKy).
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It follows that the condition (4.22) is satisfied if o, (A;'KfAfKf) < 3. Finally,

since 0y, (AT KFAfKy) < 07 'on (KfArKy) and the singular values coincide with
eigenvalues in magnitude because both A, and K}FAfK ¢ are hermitian, the right
bound of (4.20) is satisfied if

1
(4.24) e (KFATKS) | < 50l

We now address the left bound of (4.20) assuming the condition (4.24) holds. Our
goal is to prove that all diagonal entries of M 1;1 are positives. In that direction, let
F (M) be the field of values of a given matrix M of size n. such that

(4.25) F(M):={«"Mx |Vx € C" |, 2"z =1}.
If M is hermitian, one can show that (e.g. [14, chapter 4])

(4.26) min £*Mx = Apin (M) and max * Mz = Apax (M) .

xrx=1 x*xr=1

Accordingly, let F(A.) and F(K?Afo) be the field of values of A. and K}:Afo
respectively. Since A is non-singular, then 0 ¢ F (A.). Therefore, the spectrum of
AglK};Afo is included as follows (e.g. [13, chapter 1])

(4.27) Vi<ne, \j (AJ'KfA;Kf) € F(KfAfKy) [F(Ae).

The set ratio in (4.27) has the usual algebraic interpretation such that

F <KTAfo) max ’m*KTAfom’ max ‘x*KTAfom‘
(4.28) Yo € ! , —ze=l ! <o Zr=l d .
F (Ac> min m*Acm‘ min ‘cc*Ac;c
xrrr=1 xrr=1

Furthermore, matrices A, and K?A 7K are hermitian so the property (4.26) holds
for both of them. Because the spectrum belongs to the set ratio as in (4.27), we have

(429) — M|7h A (KFAGK)| <X (AT'KFAFKS) < My (KFAfK) |- A7
Therefore, assuming the condition (4.24) is satisfied, it follows

_ _ 1
(4.30) N (AJTKTAGKS) > = [ A, (KFAFKG)| x [A]7! > —5

Adding one to each member of the inequality (4.30) finally gives

1
(4.31) A (M) =X (T +A'KfAfKyf) > 3
The condition (4.24) implies that all eigenvalues of My are positives. Subsequently,
det (Mg) > 0. The adjugate formula for the inverse of My shows that diagonal
entries are positives if the determinant of principal sub-matrices are also positives. In
that direction, denote by | - ] q_, the principal sub-matrix obtained by deleting the ith
row and column of a matrix. Since A. is diagonal, one can show that

- -1

(4.32) [A'KFAGK], = [Adg, [KfAMK],

—i
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18 R. FALGOUT, M. LECOUVEZ, P. RAMET, C. RICHEFORT
As in Equation (4.27), the spectrum is included such that

Visne—1 0 (Aol KT AL, ) € F(IKFAK ], ) /F ([8da)
and therefore the following bound holds

@33) o (I0da" [KFAK A, )2 -

i

Mot ([KTAK ] )| < Il
The matrix K]?A K¢ being hermitian, Cauchy’s interlace theorem states that

(4.34) A; (KT ArKG) < A5 ([KTASKS ] ) < N (KFASKS), j =1, ne =1,

As a consequence, and from the inequality (4.30), we have

_ 1
(435) (Aol [KTAKS ), ) = = e (KTAZKD) < [l > 5.

Hence, eigenvalues of principal sub-matrices also satisfy

@36)  n (Mo, ) = A (T + NG [KFASKS], ) > 0.

Because eigenvalues of the principal sub-matrices are positives, so are the determi-
nants. From the adjugate formula of M I§17 it follows that

det ([Mklq
(4.37) e-TMKlei:[MKl],.:w>0,i=1,"'7nc

Z det (M)
As a consequence, both left and right bounds of (4.20) are satisfied. Finally,
1
(4.38) Ao (KFALEp)| < Sl = Yo € Ve, ol Bugf <1 O

The condition provided by Theorem 4.4 is that the amplitude of the block KfA Ky
never exceeds half of the smallest eigenvalue in magnitude. No assumption can be
made on the sign of eigenvalues in the indefinite case, so that the condition pre-
vents the coarse correction from amplifying the error in the case where eigenvalues
are oppositely signed. Applied to the previous example 4.4, Theorem 4.4 states that
|€2X\a| < |A1|/2. That said, the condition is extremely strict and probably impossible
to satisfy in practice for very small eigenvalues. In a practical method, the block K¢
will never be sufficiently small for solving all type of indefinite problems because of
a potentially very near-zero eigenvalue. As illustrated by Figure 4.3, a good inter-
polation operator with small K; can still cause divergence although it satisfies good
approximation properties. The classical coarse correction is hopeless for indefinite
problems.

5. Alternative coarse correction for indefinite problems. As discussed in
the previous section, the classical coarse correction is not equivalent to a minimization
problem in the indefinite case, and improving P will never be enough to remedy
this loss of equivalence. Moreover, because the interpolation operator developed in
Section 3 targets the smallest eigenvectors of each level, every coarser matrix is more
indefinite than its fine parent. Then, as the number of coarse levels increases, the
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balance between negative and positive eigenvalues reaches an equilibrium, and makes
the effectiveness of the classical coarse correction difficult to predict. Nevertheless,
Figure 4.3 shows that the interpolation operator has good approximation properties
for the oscillatory near-kernel space. In particular, the Figure 4.3(b) suggests that only
the direction of the coarse correction vector has to be changed; the shape is correct.
Hence, a coarse correction that amplifies or flips the smallest eigenvectors can still
provide pertinent information for solving the system. In this section, we propose to
minimize the approximation error in a proper norm for indefinite problems and within
a space composed of vectors returned by the classical coarse correction. Moreover, to
decrease the eigenvector pollution, each coarse correction vector is smoothed by the
polynomial smoother of Section 2.

5.1. Notations and general considerations on GMRES. The Generalized
Minimal RESidual (GMRES) method [24] approximates the solution in a Krylov
subspace by minimizing the residual in the Euclidean norm. The method can solve
any class of matrix system since the norm is valid independent of the context, which
is of particular interest for the indefinite case. Let us first define some notation before
introducing the alternative coarse correction. Let W), be the n x p rectangular matrix
containing the p orthonormalized Krylov vectors such that

(5.1) range (W,) = span {b, Ab, A®b, ..., AP"'b}.

Each column of W, is orthonormalized following a Gram-Schmidt process. The co-
efficients of the orthonormalization are stored in the rectangular Hessenberg matrix
H,, of size p+ 1 x p. The square matrix H, is of size p x p and obtained from H, by
deleting its last row. Both matrices W), and H,, are linked by

(5.2) AW, = W1 Hy, and W) AW, = Hy,
which leads to the following equality
argmin ||b — AZ||s = argmin||b — AW, p,|l2 = argminHWpr — Hypyll2
&ecrange(Wp) pm€CP ppEeCP

—1y/T
(5.3) = W,H, ‘Wb

In practice, GMRES takes advantage of the convenient Hessenberg shape of H, to
construct an upper triangular matrix by applying Given’s rotations. The minimization
of the residual then relies on a backward substitution. The relation (5.2) can be

generalized [7] to any arbitrary subspace W, = [w1, ..., w,] such that
(5.4) ] argm(ivr[ll ) b — AZ||y = W,H, ' Z! b with AW, = Z,H,
xerange(W,

and where Z, denotes the orthonormalized basis of AW,. Note that the Arnoldi
relation (5.4) does not define any particular recurrence relation since W, is arbitrary
and not necessarily designed by successive matrix vector products. In addition, the
only matrix that needs to be orthonormal in the generalized setting is Z,.

5.2. Minimization within a space of coarse correction vectors. As men-
tioned in the introduction of this section, the interpolation operator has good ap-
proximation properties for the oscillatory near-kernel space. Even though the small
eigenvectors that constitute each coarse correction vector are likely to be oriented in
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the wrong direction or amplified because of the pollution effect introduced in Sec-
tion 4, they still provide useful information about the near-kernel space. For ease of
discussion, we present this idea on a two-level method. The multi-level case will be
depicted in the next section dedicated to numerical experiments.

In that direction, let W; be the set of coarse correction vectors of the i*! iteration
linked by the Arnoldi relation (5.4) with its orthonormal counterpart Z;. Accordingly,
let w; € W; and z; € Z; denote the jth vectors of the set W; and Z; respectively.
At each iteration 4, the classical coarse correction returns a new coarse correction
vector that is smoothed by the Chebyshev polynomial smoother presented in Section
2. This new smoothed coarse correction vector is therefore added to the previous set
such that

(55) Wl = [Wi,1 s wz] with w; = q;;LJrl(Az)HA (P) ’I'(i),

where r(?) designates the residual at the i*" iteration. From the Arnoldi relation (5.4),
we have

(5.6) H,=ZI' AW, = H; "WTIAT AW, |, Z; = AW;H; .

Hence, solving the minimization problem (5.4) is equivalent to solve the normal equa-
tions within the subspace spanned by W;

W,H ' ZI A=W, (WFATAW,) ™ H 27 A
(5.7) — W, (WEATAW,) " W AT A = Tlyr 4 (W5) .

The concept of pollution also drives convergence in the alternative setting. Section
4 demonstrated that the block K¢ pollutes the range of P and therefore impacts the
classical coarse correction. Because the minimization W; resorts to the classical coarse
correction by way of Equation (5.5), the block of pollution still impact the capture of
the small eigenvectors. Resorting to euclidean norm in (5.4) prevents from divergence,
but it also squares the eigenvalues of the initial problem because of the equivalence
with an AT A-orthogonal projection. This naturally increases the gap between small
and large eigenvalues, and therefore decreases the contraction of the smallest over the
largest.

Smoothing the classical coarse correction vectors by way of the polynomial ¢, | (A?)
compensates this effect by decreasing the distribution of large eigenvectors in the min-
imization space. This idea of damping the large eigenvalues to reveal the smaller ones
is also used to generate a relevant set of test vectors for the construction of the least-
squares minimization operator introduced in Section 3. Omnce the coarse correction
vector is smoothed and included in W;, the set Z; is extended as follows

i—1
(58) Zi = [Zi—l s Zi] with zZ; = A'wi — Z hjﬂ' “Zi |,
j=1

where coefficients h;; result from the orthogonalization process of the new vector
Aw;. Those coefficients are stored in the squared upper triangular matrix
hip
H. : . <Zj, Zi> lfj <1
(59) HZ = i—1 : with hj,i =

hii1s |zill2  ifj =i

5

0 - 0 hiy
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714 The algorithm 5.1 presents the alternative two-level cycle, and can be compared with
the classic one in Algorithm 1.1.

Algorithm 5.1 Two-level cycle with the alternative coarse correction

Inputs : b right-hand side, & approximation of @, » = b — Aw residual
A initial matrix, M smoother, P interpolation operator
for j =1,v do
&+ &+ p(A?)r
r<b— A%
end for
re + PTr
ec < Solve(PT AP, r¢c)
w qT”Hl(AQ)Pec
w, H; < Orthonormalize(w, Z;_1)
Wi, Z; = Wi, w], [Z;—1 , W]
for j =1,v do
&+ &+ p(A?)r
r<+ b— AZ
end for
&« &+ W H ' ZTr
r<+<b— Az
Output : & approximation of @ at the end of the cycle

716 EXAMPLE 5.1. Let us pursue Example /.3, where A is a 2 X 2 matriz, with vy
717 and vy its eigenvectors respectively associated with eigenvalues |Ai| < |A2|. The in-
718 terpolation operator P targets v1 as defined by (4.14). Let Wy be the minimization
719 space of dimension 1 constructed following (5.5) such that

M

720 (5.10) Wi = g1 (A*)ILa(P)or = PV W

(qm+1(>\%)'v1 + Qm+1(>\§)€v2) .

721 Furthermore, define Ew, to be the error propagation matriz of the alternative coarse
722 correction. One can show that

CIrQnH ()‘%))‘%
qgﬂ»l(/\%)/\% + q72n+1()\%)€2>\%

723 (5.11) o] By,v; = o] (I =T gr s (W))vy =1 —

24 To simplify the discussion, let us assume that the smallest eigenvector is preserved by
25 the smoother, such that qm11(\?) = 1. The following figure illustrates the contrac-
26 tion of vy after applying the alternative coarse correction with respect to the pollution
27 and the polynomial. As expected, the smoother increases the contraction and counter
8 balance the squared large eigenvalue Ao that weights the pollution Ky = € when mini-

mizing in euclidean norm.

- = = 7~ ==

W NN

31 6. Numerical Experiments. In the following numerical experiments, the in-
32 terval of the Chebyshev polynomial smoother is determined following the spectral
33 density approximation method presented in Section 2.2. The number n, of coeffi-
34 cients py in the moment matching procedure is fixed to 15, and nye. fixed to 5. The
35 degree m of the polynomial is 3. Regarding the construction of the interpolation
36 operator, the number of smoothed test vectors is fixed to 15. Last, the number of
37 interpolation points in the least square minimization strategy used to construct the
35 coarse grid selection operator R never exceeds 4 (i.e., max;er {Card(C;)} = 4).

b S B A B B B
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’ufEWvl
H gm0 =—1-—03—01
N/ X2 M 2o (D)3

Fig. 5.1: Tllustration of the contraction of a small eigenvector with respect to the
pollution and the polynomial smoother

6.1. Two-level experiment on the Two Dimensional Shifted Laplacian.
Let us first apply this new multigrid setting to the two-dimensional shifted laplacian
problem associated with the stencil matrix (1.6). The size of the shifted laplacian
matrix is fixed to n = 100. The following figures depict the number of iterations
with respect to the shift kh and using either the classical or the alternative coarse
correction. Recall that the matrix is the most indefinite (exact balance between neg-
ative and positive eigenvalues) when kh = 2, and that the near-kernel space becomes
more oscillatory as kh increases. Those number of iterations are also presented with
respect to the percentage 7 that governs the number of selected columns of S in the
approximation of ideal interpolation. The resulting operator complexity defined by

¢ = % for different values of 7 is provided by Table 6.1.

/100 01 02 03 04 05 06 07 08 09 1.0
¢ | 1.81 3.00 3.47 3.69 393 416 435 455 4.73 487 5.15

Table 6.1: Operators complexity of the two-level method with respect to 7

Last, the tolerance of the relative residual norm is set to 1076, and the maximal
number of iterations is fixed to 100. Peak values of the standard multigrid setting
on the left column denote divergence, whereas they stand for slow convergence in
the alternative setting plotted on the right column. Both left figures 6.3 and 6.1
correspond to a two-level method built on the classical coarse correction respectively
for v = 2 and v = 4. Whereas increasing the number of selected columns in S for
approximating the ideal interpolation operator by way of the parameter 7 generally
helps the convergence, the method remains likely to diverge for the reasons explained
in Section 4. Still, the best setting for the classical coarse correction is naturally
7 =1 and v = 4. Certain divergence scenarios that happens for v = 2 (for instance
around kh = 0.8) are fixed by doubling the number of smoothing iterations. Doing so
improves the set of test vectors in approximating the near-kernel space, and therefore
leads to a better least-squares minimization coarse variable operator that decreases the
pollution K. It remains however impossible to derive a general setting that ensures
the convergence of the standard method in all cases. Both right figures 6.2 and 6.4
represent the same experiment with the alternative coarse correction. The peaks
around kh = 2 depict slow convergence situation where the relative residual norm
is stuck around 10~° because of very near-zero eigenvalues. Beside those extremely
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T = e (). e 0.5 e 1.0
100
z 2
2 2
= 50 | &
0
Shift kh Shift kh
Fig. 6.1: Classical CC, v = 2 Fig. 6.2: Alternative CC, v =2
100 +--rp---"PFr--"""""-- 100
Z 2
2 2
8 8
= 50 | = 50 |
0 1 0
0 1 2 3 4
Shift kh Shift kh
Fig. 6.3: Classical CC, v =4 Fig. 6.4: Alternative CC, v =4

Fig. 6.5: Number of iterations of two-level methods with respect to kh and 7

indefinite cases, the method converges in all cases. We also remark that the divergence
of the standard method correlate with more iterations in the alternative setting. At
the cost of complexity, increasing 7 or v provides a better convergence factor.

6.2. Multi-level experiment on the Two Dimensional Helmholtz prob-
lem with absorbing boundary conditions.
The following numerical experiments depict the convergence for a two dimensional
Helmholtz problem using absorbing boundary conditions and with a discretization
coefficient set to kh = 0.625 (i.e. 10 points per wavelength, where k corresponds
to the wavenumber). Therefore, the discretization matrix is indefinite, complex and
non-hermitian, and grows with k. As a consequence, the restriction operation is made
through the transpose conjugate P~ Moreover, the squared matrix in the polynomial
setting is replaced by A*A. Also note that those numerical experiments result from
the alternative coarse correction only, and that Z7 is replaced by Z* in (5.4). The
first benchmark illustrated by Figure 6.6 exposes the convergence of the method by
fixing the number of selected column of S to the maximum (i.e., 7 = 1). Each curve
corresponds to a method following its number of levels. The y-axis corresponds to
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the number of iterations, while the wavenumber varies along the xz-axis. The number
of iterations is constant until the fourth level. The number of iterations of both the
five-level and six-level methods increase with the wavenumber.

150 »
Levels =82 8-3-8-4 5—8-6
R R el
2
=
5]
=50 |
[i

e 1 |
20 40 60 80 100 120 140 160 180 200

Fig. 6.6: Number of iterations following the wavenumber k, v =2, 7 =1

While setting 7 = 1 enables the method to converge almost constantly up to five
levels, the operator complexity is too high for practical implementation. Therefore,
the second benchmark exposes the number of iterations of a two-level method with
respect to the parameter 7. Figure 6.7 shows that the plain least-squares minimization

100 T = e (). () = (0.2 0.4

>
Z 10 0.6 —— 0.8 —— 1.0

5] o)

g g

2 9] /

) &)

— Jé 5 1
& =
o

0 : : : : | 0 : : : : f
20 40 60 80 100 20 40 60 80 100
Wavenumber k Wavenumber k

Fig. 6.7: Two-level method with alternative coarse correction - number of iterations
and operators complexity with respect to k and 7, v = 2

operator (i.e. 7 =0) is not a suitable choice as k is growing. Even though larger sub-
spaces SX; in the approximation of the ideal interpolation operator yields denser
matrices, the number of iterations tends to size independence as 7 grows. A trade-off
between convergence and complexity may be possible depending on the problem-size.
More generally, Figure 6.7 reveals how important is the role that plays the ideal
approximation step in the convergence. A better sparsification strategy is a topic of
further research.

7. Conclusions. Indefinite and oscillatory problems are difficult for multigrid
methods. The negative eigenvalues require an adapted smoother, and the interpolator
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should capture the oscillatory near-kernel space. More importantly, the coarse correc-
tion should be adapted to the indefiniteness of the initial matrix, which does not define
a norm. The normal equation polynomial smoother is designed to target a desired
proportion of eigenvalues according to their amplitude, and the range of our inter-
polator offers a good approximation of the near-kernel space despite its oscillations.
The alternative coarse correction space proposed in the paper permits to minimize the
global residual in a proper norm for indefinite problems, in a space approximating the
set of smallest eigenvectors known to be difficult for most iterative methods. Finding
a better trade-off between sparsity and accuracy of interpolation, and constructing
a polynomial without resorting to normal equations will be important points in our
future investigations.
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