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Abstract—Fuzzy logic has been successfully used in various
crisis management systems. In such systems, the geographical
aspect is usually very important and relies on Geographical
Information Systems. Most of the approaches are focused on 2D
information. In this paper, we use the fuzzy morpho-mathematics
framework to define new relations to reason on the topography
with a digital terrain model. In particular, we focus on the
characterisation of the line of greatest dip. Without loss of
generality, we then illustrate those relations on a case of runoff
from a building and a terrain.

Index Terms—Fuzzy morpho-mathematics; topographic fuzzy
reasoning; Geographical reasoning; topographic fuzzy relations;
Crisis management

I. INTRODUCTION

Fuzzy logic has been successfully applied to crisis manage-

ment [1], [2] thanks to its ability to deal with the vagueness

of the involved knowledge and the uncertainty of the events.

Some systems are directly connected to a Geographical In-

formation System (GIS) [3], [4] to enhance the reasoning on

spatial objects that is often needed in such scenarios. These

spatial decision support systems use either GIS to visualise

information [5], to gather attributes and fuzzify them, or to

get 2D objects and reason vaguely on them [6].

There are multiple ways to represent and assess spatial

relations in fuzzy logic. In [7], the authors define topological

and directional relations, adapting Allen’s relations to spatial

objects. They use an abstract spatial graph, a data structure that

maintains all necessary information. Schockaert et al. [8] adapt
region connection calculus to fuzzy logic, defining topological

relations between vague regions. In [9], the authors model

imprecise or uncertain regions using triangulated irregular

networks. Finally, Bloch et al. [10] propose the Fuzzy Mathe-
matical Morphology framework, which allows assessing both

topological and directional relations, based on the fuzzification

of two base operations: the dilation and the erosion.

Nevertheless, most of these approaches reason on 2D

objects only [11], [12]. In some cases, it is important to

consider the elevation to handle the topography of a terrain. In

particular, and without loss of generality, it is the case of liquid

runoff. Liquid runoff occurs when there is more liquid than

This work is part of the ResponDrone project, which is funded by the
European Union’s H2020 Research and Innovation Programme under Grant
Agreement No. 833717.

the land can absorb or when the liquid cannot be absorbed by

the land. For given types of crises, like flooding or industrial

liquid leaks, it is important to determine the areas that may

be impacted.

In this article, we propose a new approach to reason on a

Digital Terrain Model (DTM), based on Fuzzy Mathematical

Morphology framework, which is seamlessly applicable on

higher dimension than 2D. 3D applications have been docu-

mented in the medical domain [13], but they lack applications

in the domain of geographical relations. We define relations

that are able to define the areas that are impacted by runoff,

without simulation or fluid mechanics insights. The idea is

to have a compositional approach based on three relations: a

directional relation (that needs the computation of the direction

of greatest dip), a proximity one and one linked to the ground

surface. We illustrate these reasoning abilities, without loss of

generality, on a toxic liquid runoff from a building and a water

runoff from a real historical site in Corsica.

This paper is organised as follows. Section II gives an

overview of the approach to compute the fuzzy runoff area.

Sections III to V give more details about the different formal-

isations. We then present the computation of the fuzzy runoff

area and illustrate it on concrete examples in section VI and

draw some conclusions.

II. GENERAL APPROACH TO THE COMPUTATION OF A

FUZZY RUNOFF AREA

In this paper, we consider any geographic feature of interest

(a building, an area, ...) that can be represented by a spatial

fuzzy set, a DTM of any kind, and we aim at computing the

fuzzy set that is the outcome of a runoff from the original

object of interest (represented as a fuzzy set), along the local

lines of greatest dip of the DTM.

To achieve this, it is first necessary to define 2D and 3D

structuring elements and eventually fuzzy landscapes for the

spatial relations that are of particular interest for this runoff

computation. First, the relation “In the direction of ” with
any azimuth angle has to be defined and computed, then

associated with the elementary spatial relation “Near”. Since
the computation is performed on a DTM, it is further necessary

to compute the local direction of the line of greatest dip at each

point of interest across the landscape, therefore the algorithm
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required for successive points of the runoff from one given

point has to be implemented. The DTM itself allows us to

generate a fuzzy set for the spatial relation “At ground level”
as we want to narrow down our outcome fuzzy set to the areas

of R3 where most actual human activity takes place.

Eventually, when putting together the set of computed

runoff points and the conjunction of the three spatial relations

“Near, at the ground level, in the direction of the greatest
dip”, the final fuzzy set is computed, representing the most
probable path followed by a runoff, thus showing the locations

of interest for first responders.

III. DEFINITION OF A GEOGRAPHIC DIRECTION AS A

FUZZY LANDSCAPE

Following the definition of fuzzy landscape for cardinal

directions defined by [14], we extend this notion to any angle

G ∈ [0, 2π[.

A. Definition of the Structuring Element

Let us denote by νPG the structuring element of the spatial

predicate “In the direction G” taking the set of parameters
P = {θ1, θ2}, with θ1 being the lower cut angle and θ2 being
the upper cut angle. Considering each point of the space R3,

with East, North and elevation coordinates, the problem is

reduced to East and North coordinates, since the membership

score of a point does only depend on the azimuth angle and

does not depend on the elevation angle.

Let us consider the point X of coordinates (EX , NX , zX),
and the origin of the structuring element O of coordinates

(0, 0, 0). The bearing of vectorOX with respect to the North is

computed as ωOX = atan2(EX , NX), where atan2(x, y) =
Arg(x+ iy), with i2 = −1.
We denote as ΔG

X the angular difference between ωOX

and G as seem from point O. By construction, ΔG
X takes

values in [0, π]. For the points of the space for which the
angular difference to G is inferior to the lower cut angle θ1,
the membership score to the spatial predicate of interest is

maximum. In addition, for the points of the space for which

the angular difference to G is superior to θ2, the membership
score to the spatial predicate of interest is minimum. Any

intermediate value will result in an intermediate membership

score, which decreases as ΔG
X increases, and following a

trigonometric function. Here the choice of the trigonometric

function is arbitrary, other functions (linear or not, continuous

or not, as long as defined at all points) could be used.

∀X ∈ R
3 \O,

νPG(O)(X) =

⎧
⎪⎨

⎪⎩

1 if ΔG
X ≤ θ1

cos
ΔG

X−θ1
θ2−θ1

if θ1 < ΔG
X < θ2

0 if ΔG
X ≥ θ2

(1)

By construction, θ1 ≤ θ2 and it is expected that θ2 ≤ π
2

to avoid getting positive membership values for points that

are completely outside the range of coordinates in the desired

direction. Two instances of this structuring element are shown

in Figure 1. In this Figure, and in all Figures of this paper,

membership values rank between 0 and 1, from white (lower

membership scores) to black (higher membership scores).

Fig. 1. Two structuring elements νG representing the predicate “In the
direction G”. The red dot represents the centre of the structuring element.
Set of parameters are as follow: left picture G = 300◦, θ1 = π/12 and
θ2 = π/2 ; right picture G = 10◦, θ1 = 0 and θ2 = π/5

B. Fuzzy Dilation

The fuzzy dilation of an object B by the structuring element

νPG is presented here, as it will generate μ
P
G as an outcome, as

shown in [13]. For the remaining of this paper, let us consider

a fuzzy object of interest that we denote B (the membership

function being μB), which is bi-dimensional in R
2 problems

and tri-dimensional in R3 problems. The membership value of

the dilation of B by νPG at each point X is denoted μP
G(B)(X)

and computed as the supremum of the membership values of

νPG when applied to each point of B, or the local value of μB ,

whichever is greater.

∀X ∈ R
3,

μP
G(B)(X) = ⊥(

μB(X), sup
b∈B

(�(μB(b), ν
P
G(b)(X))

))
(2)

where �(·, ·) is a t-norm and ⊥(·, ·) is a t-conorm. Figure
2 shows the dilation of objects (in red) by the two structuring

elements shown in Figure 1.

Fig. 2. Fuzzy landscape of two objects (crisp in this example) dilated by
νG. Set of parameters are as follow: left picture G = 300◦, θ1 = π/12 and
θ2 = π/2 ; right picture G = 10◦, θ1 = 0 and θ2 = π/5

C. Spatial Proximity Predicate

On top of the general consideration towards the direction, a

consideration on the distance to the object can be considered,
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leading to the use of both “near” and “In the direction of
G” and thus creating the predicate “Near, in the direction of
G”. In this respect, we define an operator “near” that has a
structuring element that we denote as νP

′
n , taking the set of

parameters P ′ = {δ1, δ2}. Those parameters are δ1 which is
the lower cut distance, or the greatest distance for which the

membership score is 1 and δ2 which is the upper cut distance,
or the smallest distance for which the membership score is

0. As one of the elementary spatial primitives, as defined in
[15], its definition is kept as simple as possible, to be later

combined with other spatial predicates.

Denoting DE(O,X) as the Euclidean distance between O
and X , ∀X ∈ R

3, δ1 ≥ 0, δ2 ≥ δ1

νP
′

n (O)(X) =

⎧
⎨

⎩

1 if DE(O,X) ≤ δ1
1− DE(O,X)−δ1

δ2−δ1
if δ1 < DE(O,X) < δ2

0 if DE(O,X) ≥ δ2
(3)

Figure 3 shows the membership function of νP
′

n and a

representation of the structuring element in the (E,N), in the
horizontal plane that is at z = 0. Please take into consideration
that the structuring element is actually of spherical shape.

Fig. 3. Left: membership function for the “Near” relation. Right: correspond-
ing structuring element νn with δ1 = 4 and δ2 = 9

D. “Spatial proximity in a direction” Predicate

The novel approach of this paper consists in considering

both spatial predicates of direction and proximity in one single

structuring element applied to the object of interest. We are

therefore using a t-norm as we aim at performing a fuzzy

intersection between the two concepts, as we use the approach

of [10] using t-norms and t-conorms as fuzzy intersection and

fuzzy union. For the sake of simplicity and without loss of

generality, the only t-norm that will be used in all illustrations

of this paper is the product; however, it remains valid with

any other t-norm that may be used to put the stress on specific

behaviours.

Following the notations of Eq.1 and Eq.3, the membership

value of the dilation of B by νPG and νP
′

n at each point x is

denoted μP,P ′
NG (B)(x) and computed as the supremum of the

membership values of the t-norm operation on νPG and νP
′

n

when applied to each point of the initial set. We denote the

resulting structuring element νNG and it is computed in each

point X of R3 from any point b of B as

νP,P ′
NG (b)(X) = �(νPG(b)(X), νP

′
n (b)(X)) (4)

where �(·, ·) is a t-norm. Then we compute μP,P ′
NG as,

∀X ∈ R
3,

μP,P ′
NG (B)(X) = ⊥(

μB(X), sup
b∈B

(�(μB(b), ν
P,P ′
NG (b)(X))

))

(5)

where �(·, ·) is a t-norm and ⊥(·, ·) is a t-conorm.
Figure 4 shows the dilation of the same objects with the

same parameters of Figure 2 but with the structuring element

νNG instead of νG

Fig. 4. The same objects of Figure 2 dilated by νNG with the same sets of
parameters, adding δ1 = 2 and δ2 = 7 for both pictures, considered in the
plane of interest (z = 0)

IV. COMPUTATION OF THE DIRECTION OF GREATEST DIP

Let us consider a point of interest X represented by a set

of geographic coordinates (EX , NX , zX) representing the East
(or x-axis), North (or y-axis) and altitude. Let us consider a

DTM, consisting of nodes describing the evolution of the ter-

rain in 3D, on any network, in the general case a Triangulated

Irregular Network. However, in this paper, we use a regular

East and North grid, with an altitude value for each node,

implemented in such a way that it is applicable to any network.

More precisely, we use the DTM of the French National

Institute of Geographic and Forest information (IGN), freely

available online1, with a grid step of 5 meters in both East

and North directions, the coordinates are following the French

Lambert92 system and altitudes are expressed in meters with

a centimetric precision in the IGN78 altimetric system.

Let us consider that such a DTM represents the surface of

the Earth and thus can be divided in triangular sections (to cre-

ate either Voronoi diagram), so that each point of the surface

is part of the triangle defined by its three surrounding points.

Let us denote those points as I , J and K, of coordinates
(EI , NI , zI), (EJ , NJ , zJ) and (EK , NK , zK) respectively.
In the frame of the determination of the line of dip at

point X , we compute the equation of the plane of the sur-
face generated by those three vertexes. Let us compute the

plane as a · E + b · N + c · z + d = 0, taking generating
vectors V1 = J − I = (EJ − EI , NJ − NI , zJ − zI) and

1https://geoservices.ign.fr
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V2 = K− I = (EK −EI , NK −NI , zK −zI). We compute n
as V1×V2, then by definition a = nE , b = nN and c = nz , and

d is determined from any of the I , J and K points for which

the three coordinates are known by solving the equation.

Altitudes on the plane, including the one of X can be

computed as

z = − 1

nz
· (nE · E + nN ·N + d) (6)

and the line of greatest dip θ is computed as

tan(θ) = nE

nN
if nN �= 0

θ = π
2 if nN = 0 and nE > 0

θ = −π
2 if nN = 0 and nE < 0

undefined if nN = 0 and nE = 0

(7)

We deem this last case as highly unlikely, since it would

require that all three points are at the exact same centimetric

altitude, however would this case take place, the direction of

the line of greatest dip would not be computed, as no favoured

direction would exist.

Fig. 5. Two fields of lines of greatest dip, with the line of greatest dip showing
a runoff from the centre of the field is shown in red.

Procedure 1 shows the iterative process that leads to the

generation of the trajectory of the runoff, under the form of

a track, as it can be shown in Figure 5. Major parameters

of the algorithm are E, the Eastern coordinate (or longitude),
N , the Northern coordinate (or latitude), Λ, a digital terrain
model, constituted by a series of Eastern, Northern and altitude

coordinates (EΛ, NΛ, zΛ). In addition, there are some minor
parameters of the algorithm: s, a numerical value representing
the distance of the step forward for the computation of the

coordinates for the next iteration, Ξ, a bounding box for both
coordinates, out of which we want the computation to stop and

m, an integer standing for the maximum number of iterations
before stopping the computation even if the points are still

within Ξ. The output of the algorithm is RE,N,Λ,s,Ξ,M , that

we denote RE,N for the sake of simplicity, and is a set of 3D

points.

V. DEFINITION OF THE GROUND LEVEL AS A FUZZY

LANDSCAPE

In this section, we are interested in creating a fuzzy land-

scape for the determination of the ground level, i.e. the area
of space that is just above the ground. This landscape covers

Procedure 1 Compute the runoff track
Input: E,N,Λ, s,Ξ,m
Output: RE,N

RE,N ← [ ] {Output array is created empty}
e← E {Variable initialisation}
n← N {Variable initialisation}
k ← 0 {Counter initialised}
while (e, n) ∈ Ξ and k < m do
k ← k + 1 {Counter incremented}
z = f1(e, n,Λ) {cf. Eq.6}
θ = f2(e, n,Λ) {cf. Eq.7, unchanged if undefined}
RE,N ← RE,N

⋃{e, n, z} {Point is added to output}
e← e+ s · sin(θ) {Next point East coord. is computed}
n← n+s·cos(θ) {Next point North coord. is computed}

end while

the whole area of interest, and rather than considering the

geometrical distance between the surface (represented by a

collection of polygons) and the point of interest, we consider

the vertical distance between the point and the surface, as it

takes into consideration the only direction that matters in terms

of height: the z-axis.

A. Membership Score

Let us consider a point X of coordinates (EX , NX , zX) in
R

3. Let us compute z0, the altitude according to the DTM
of interest, computed as shown in Eq.6. Let us define Δz =
zX−z0 as the height above the ground at the point of interest.
Figure 6 shows such membership function, as defined by Eq.8.

∀X ∈ R
3, τ1 ≥ 0, τ2 ≥ τ1,

μ(Δz) =

⎧
⎪⎪⎨

⎪⎪⎩

0 if Δz < 0
1 if 0 ≤ Δz ≤ τ1
1− Δz−τ1

τ2−τ1
if τ1 < Δz < τ2

0 if Δz ≥ τ2

(8)

Fig. 6. Membership function “at ground level” with respect of the computed
value of Δz for any point X of R3

B. Application to a Digital Terrain Model

We then apply the simple membership function shown in

Figure 6 to the whole surface of the DTM, by applying the

μ(Δz) function to all points of the terrain within the boundary
box of interest, according to the local height at each point. The

resulting 3D fuzzy set is denoted μT . An illustration of the

terrain and of the resulting fuzzy set computed with the set of

parameters τ1 = 1 m and τ2 = 3 m is shown in Figure 7.
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Fig. 7. Left: 20m × 20m excerpt of the DTM. Right: Fuzzy set for the
spatial relation “At Ground Level” on the same DTM area. Centered on E =
1201690, N = 6147769, for the sake of the example

VI. FUZZY RUNOFF AREA COMPUTATION AND

APPLICATION TO A BUILDING

We contextualise an application around a spill of liquid

from a building. The spatial extent of the building, denoted

B, is known, as well as the local terrain. The computation
process takes three steps, the first one being the computation

of all runoff tracks from all the points of the object, defined

as a fuzzy set denoted μR. The second step consists of the

dilation of μR by νNG, the structuring element considered at

the point of interest. Last, the third step consists to take into

consideration the ground surface μT as computed in Section V.

In this section, all figures are shown with the following set

of parameters: P = [π/12, π/4], P ′ = [5, 20], and when
necessary τ1 = 1 and τ2 = 3.

A. Computation of the Runoff Area

When B is fuzzy, the collection of runoff tracks, denoted

μR, is a fuzzy set, the membership score for each point of the

runoff being determined from the membership score of the

point of B from which it originated. We define the resulting

fuzzy set μR as the fuzzy union of all runoff tracks from all

points of the object B. We compute this set in several steps.
First, we denote all points originating from bth element of B
as the fuzzy set μRb

μRb
= {(X,μB(b)

)|X ∈ REb,Nb
} (9)

taking μB(b) as membership value of B at point b and where
REb,Nb

is the set of points computed by Procedure 1 given

that Eb and Nb are the coordinates of point b.

Then, we compute μR is such a way that

μR = ∪
b∈B

μRb
(10)

where ∪ is the fuzzy union of two fuzzy sets such that
∀b, b′ ∈ B, b �= b′,

μRb
∪ μRb′ = {

(
X,max(μRb

(X), μRb′ (X))
)|

X ∈ REb,Nb
∪REb′ ,Nb′ }. (11)

B. Generation of the Runoff Area Dilation

According to Eq. 5, the raw runoff fuzzy set is dilated by

νNG and the resulting set is denoted μNG
B , and computed

∀X ∈ R
3 as

μNG
B (X) = ⊥(

μR(X), sup
b∈B

(�(μR(b), νNG(b)(X))
))

(12)

where ⊥(·, ·) is a t-conorm and �(·, ·) is a t-norm.
C. Consideration of the Ground Level

The last step consists in performing the intersection of μNG
B

and μT . The resulting fuzzy set, the fuzzy runoff area, denoted

μ∗B , is computed as, ∀X ∈ R
3,

μ∗B(X) = �(μNG
B (X), μT (X)) (13)

where �(·, ·) is a t-norm. Figure 8 shows the outcome of
the computation for the same runoff in both 2D and 3D visual

representation.

Fig. 8. Two-dimensional from above (left) and three-dimensional (right)
representations of the same runoff area

This method allows highlighting the cases in which various

parts of the initial set (the building) will lead to distinct runoff

areas, due to the local topography. While Figure 8 shows

a rather homogeneous runoff direction, Figure 9 shows two

different runoff areas that are constituted by a plurality of

branches.

Fig. 9. Examples of runoff from crisps polygons, with various shapes and
from different points on the DTM
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D. Application to an Actual Building

In this section, we want to show an application of the

method not to a polygon figuring a building, such as shown

in section VI-C but to an actual building, extracted from an

ad hoc database. To this end, we have selected the Corte
castle, located in Corte, France, and extracted its geometry

using publicly available data from Open Street Map2. This

analysis could be performed with any building for which the

geometry is known, but this castle, located at the top of a

rocky peak, displays complex topographic surroundings, and

the generation of a runoff map would be advantageous to

first responders. Figure 10 shows a picture of the castle, to

underline its topographic features.

Fig. 10. View of the Corte castle (from South)

The outcome of the computation is shown in Figure 11,

showing for instance the discharge ways of water in the event

of intense rainfalls.

Fig. 11. Runoff area from the Corte castle

2https://www.openstreetmap.org/

VII. CONCLUSION

In this paper, we use the fuzzy morphomathematics frame-

work to define three-dimensional topographic relations involv-

ing the line of greatest dip and the notion of ground level. The

use of morphomathematics was motivated by its adaptability to

3D relations. Those relations have been defined with our own

structuring elements, through which fuzzy objects are dilated.

We applied such relations to the computation of a runoff area,

the outcome of which being a fuzzy set computed upon a local

DTM, providing a clearer understanding of the scene to first

responders.

We exemplify this framework with a runoff from the castle

of Corte, France. Future work will focus on the definition of

further relations to develop a broader set of topography-based

relations to reason on fuzzy geographical features in 3D.
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