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Charge hopping transport is typically modeled by Marcus theory with the coupling strengths
and activation energies extracted from the constrained density functional theory. However, such
a method may not be a practical route for amorphous materials due to the tremendous amount
of hopping paths, therefore computationally unreachable. This work presents a general approach
combining the ab initio method and model Hamiltonian, yielding similar results to constrained
density functional theory. Such an approach is computationally efficient, allowing us to consider all
23220 hopping paths between oxygen vacancies in our demonstrated amorphous hafnium dioxide
model containing 324 atoms. Based on these hopping rates, charge mobility in amorphous HfO2 is
investigated as a function of oxygen vacancies concentration. It is found that a minimum oxygen
vacancies concentration 0.7×1021 cm−3 is required to enable the connectivity of the charge-hopping
network.

Charge transport in amorphous materials is crucial to
many technological applications, such as transistors[1–
3], memories[4–6], sensors[7, 8], and batteries[9, 10]. In
semi-conducting amorphous materials, the electric con-
duction is significantly contributed by charge hopping
transport among trapping sites. Defects in oxides can
serve as trapping sites, like the oxygen vacancies (OVs) in
amorphous hafnium dioxide (a-HfO2) [11, 12]. The local-
ization of a charge results in a rearrangement of surround-
ing atoms to minimize the system’s total energy. There-
fore, a charge hopping process accompanies a collective
motion of atoms, known as the reaction coordinate, since
atoms are in different positions in the initial and final
states. Along the reaction coordinate, the charge carrier
must pass over an energy barrier, the saddle point on
the energy surface connecting the initial and final states.
[13] Therefore, high temperature is conducive to charge
hopping, evidenced by increased conductivity with tem-
perature [14].

Marcus theory can describe Charge-hopping transport
with two essential parameters: 1) the activation energy,
the minimum energy required to pass over the barrier,
and 2) the coupling strength between the two trapping
sites, originating from the overlap of wave functions.[13]
Determining these parameters requires analyzing two en-
ergy surfaces along the reaction coordinate for the charge
carrier to remain at the initial and final trap sites. The
constrained density functional theory (CDFT) [15, 16]
has been employed to extract these parameters for vari-
ous oxide crystals[17–19]. However, the CDFT is hardly
applicable to amorphous systems because of the enor-
mous number of hopping paths, which are different. To
compute all paths is computationally expensive.

In the following, we present a more computationally
efficient approach by combining the ab initiomethod and
model Hamiltonian to extract the required parameters in
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Marcus theory. Such a method allows us to evaluate all
23220 hopping paths in our a-HfO2 model. The extracted
parameters are comparable to those from CDFT. Finally,
we evaluated the connectivity of the hopping network
and the charge carrier mobility dependence on the OV
concentrations in a large a-HfO2 cell.

Density functional theory with PBE functional [20] im-
plemented in VASP [21] was used to relax atomic struc-
ture relaxation, to determine the energy of defect states,
and to obtain total energy of the system either neutral
or charged. A plane-wave basis set is used with a cut-
off energy of 400 eV. The electronic density is converged
within 10−8 eV for the total energy. A threshold of 10−5

eV is set for the convergence of structural relaxation. The
Brillouin zone sampling is restricted at the gamma point
due to the large cell of the amorphous model.

An OV in HfO2 creates a defect state in the band gap.
Such an OV defect state tends to trap a positive charge
(hole), and the charge carrier hops in the OV network.
The a-HfO2 model considered here (Fig. 1(a)), which is
identical to our previous work on the OV migration[12],
consists of 216 oxygen and 108 hafnium atoms in a cubic
cell with the edge of 16.45 Å, corresponding to the density
of 8.48 g/cm3 in contrast to 10.24 g/cm3 in mono-clinic
hafnium dioxide (m-HfO2). Fig. 1(b) shows the position
of the defect state, the conduction band minima (CBM),
and valence band maxima (VBM) for all possible sin-
gle OV (in total 216 configurations) in the amorphous
model. The position of the VBM is relatively stable, and
CBM has minor variation. The defect state varies largely
and spans about 2 eV. The distribution of defect state
is Gaussian-like (Fig. 1(c)), similarly for double OVs of
23220 configurations (Fig. 1(d)).

The coupling strength between two OVs can be evalu-
ated using the single-particle energy of defect states, as
they directly accommodate the charge carrier. The two
defect states in the case of the double OVs (A and B)
are the eigenvalues (E1 and E2 shown in the insert of
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FIG. 1. Extraction of coupling strength and activation energies of charge hopping for any pair of OVs in a-HfO2. (a) The
atomic structure of the a-HfO2 model without any OV contains 216 oxygen and 108 hafnium atoms. (b) Defect state (green
cross), valence band maxima (red dot), and conduction band minima (blue square) for single OV, which runs over all 216 oxygen
sites in the a-HfO2 model. The distribution of the defect states for (c) 216 single OV configurations and (d) 23220 double
OV configurations. (e) The averaged coupling strength and f) the averaged activation energy versus the distance between the
two OVs. The insert in (e) demonstrates the extraction of the coupling strength from the defect state energy for structures
of individual OVs (EA and EB) and the structure of two OVs (E1 and E2). The insert in (f) demonstrates the extraction of
activation energy from the four energies of the system corresponding to two ground states with the charge located at A/B OV
(Eg

A+B
and Eg

AB+) and two excited states with the charge at A/B OV but atomic structure relaxed with the charge at B/A

OV (Ee
A+B and Ee

AB+). The activation energy for AB+ → A+B is indicated. The coupling strength and activation energy for
mono-clinic HfO2 from CDFT[18] are reported in (e) and (f).

Fig. 1(e)) of the following Hamiltonian:

H =

[
EA t
t EB

]
, (1)

where EA(B) is the energy of defect state for single OV
at A(B), and t is the coupling strength. By using this
method, we extracted the coupling strength of all pairs
of OVs in the amorphous model. Fig. 1(e) shows the
averaged coupling strength decreases with the distance
between two OVs, which is as expected. In addition,
we extracted the coupling strength in m-HfO2. The ten-
dency and values are comparable to the coupling strength
in a-HfO2. The values are consistent with CDFT calcula-
tion at a long distance [18]. However, some discrepancy is
noticed at short-range coupling, where the CDFT yields
larger coupling strength, which will be discussed later.

The activation energy for charge carrier hopping from
OV A to OV B accompanies the reorganization of atomic

structures. Along the reaction coordinates x, the en-
ergy for the charge carrier stays in the OV (A or B) is
a parabola under harmonic approximation, as shown by
the following equations

EA+B(x) = Eg
A+B + λA+Bx

2; (2)

EAB+(x) = Eg
AB+ + λAB+(1− x)2; x ∈ [0, 1], (3)

where λA+B is the reorganization energy, the energy dif-
ference between the excited state Ee

A+B at the final co-
ordinate and the ground state Eg

A+B at the initial co-
ordinate, similarly for λAB+ . The activation energy is
evaluated at the intersection of the two energy surfaces
depicted by the insert of Fig. 1(f). With the reaction co-
ordinate at the intersection xi, the energies are the eigen-
values of the following Hamiltonian, taking into account
the tunneling,

H =

[
EA+B(xi) t

t EAB+(xi)

]
. (4)
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FIG. 2. Extraction carrier mobility. (a) The constructed model contains three layers: A, B, and C. Each layer is 3× 3 of the
a-HfO2 model. For a given OV concentration, the corresponding number of oxygen atoms is randomly removed. Mobility is
evaluated by the hopping rate along the path connecting layers A and C. (b) the connectivity: the number of edges divided
by the number of vertex; and the number of paths connecting A and C versus OV concentration. (c) Carrier mobility versus
temperature for various OV concentrations. (d) Carrier mobility versus OV concentration at various temperatures.

The activation energy is the energy difference between
the lower eigenvalue of the above Hamiltonian and the
ground state energy Eg

A+B at the initial coordinate for
charge hopping from A to B, and the difference to Eg

AB+

for the reversed hopping direction B to A. In practice, the
four energies for double vacancies can be approximately
determined using single oxygen vacancy energies to avoid
tremendous structural relaxation calculation:

Eg
A+B ≈ EA+

A+ + EB
B − E0; (5)

Ee
A+B ≈ EA

A+ + EB+

B − E0; (6)

Eg
AB+ ≈ EA

A + EB+

B+ − E0; (7)

Ee
AB+ ≈ EA+

A + EB
B+ − E0, (8)

where EA
A+ is the energy of charged OV A (defined by the

subscript) at the atomic structure with OV A relaxed at
charge neutral (indicated by the superscript); similarly
for other energies of single OV, and E0 is the energy
free of OV. Fig. 1(f) shows the extracted activation en-
ergy in a-HfO2 increases with the distance between OVs.
In m-HfO2, the reorganization energy is always about
1.6 eV independent of the distance. Therefore, the ac-

tivation energy approaches λ/4 = 400 meV at long dis-
tances and reduces at shorter distances because of the
coupling strength, which shallows the energy barrier. In
CDFT, the coupling strength at short range reported in
Ref. [18] is larger than λ/4, resulting in the true ground
state at the intersection between A+B and AB+. There-
fore, the hopping transport picture depicted by the insert
in Fig. 1(f) is not valid.

With the extraction of coupling strength and activa-
tion energy, we determined the hopping rate for any pairs
of OVs in the amorphous model using Marcus theory [13]:

kET =
2π

h̄
|t|2

√
1

4πλkBT
exp(−Eact

kBT
) (9)

where kB is the Boltzmann constant, h̄ the reduced
Planck constant, and T the temperature.
To study the carrier mobility, we construct a larger

structure consisting of 3 layers: A, B, and C. Each layer
contains 3×3 unit-cell of the a-HfO2 model, as illustrated
in Fig. 2(a). Considering an OV concentration nd, the
corresponding amount of oxygen atoms are removed ran-
domly in the structure. Therefore, the structure remains
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atomistic, and the hopping rates are described using pa-
rameters extracted from the ab initio method mentioned
above. For the OV network, its connectivity is the num-
ber of edges (pairs of connected OVs) divided by the
number of OVs. The carrier mobility is evaluated by
the rate of transfer charges from layer A to C under an

electric field E⃗, which shifts the parabola EAB+ in Eq.3

by E⃗ · r⃗AB given r⃗AB the vector connects two OVs in
space. Therefore, the number of paths connecting layers
A and C is crucial. We studied 100 structures for each
OV concentration to have a statistical sampling.

Fig. 2(b) shows the connectivity increase linearly with
the OV concentration with slop of 1.7 per 1021 cm−3,
which implies that nd > 0.6 × 1021 cm−3 is required for
connectivity greater than unity. The number of paths
connecting layers A and C increases faster at larger OV
concentration and can be fitted by (nd/n0)

b as shown by
the blue curve in Fig. 2(b), with n0 = 0.96× 1021 cm−3

and b = 4.12.
The rate of charge carrier goes from layer A to C

through layer B kh is the sum of the rate in the indi-
vidual path, which is limited by the lowest hopping rate
between two OVs in the path:

kh =
∑
i

(
∑
j

k−1
i,j )

−1 (10)

, where i is the index of paths connecting A and C layers,
and j is the index of edges in a path. The mobility is es-

timated as µ = khlB/|E⃗|, where lB is the length of layer
B. Fig. 2(c) shows the mobility versus temperature. The
temperature dependence is strong for low nd, indicating

considerable activation energy due to the limited num-
ber of paths and large averaged distance between OVs.
The mobility varies about two orders of magnitude from
300 to 900 K for larger nd. Fig. 2(d) shows the mobil-
ity increases with OV concentrations, and the turning
point is about 0.7 × 1021 cm−3, in agreement with the
connectivity and path analysis.

By combining the ab initio method and model Hamil-
tonian, we proposed an efficient method to extract the
critical parameters in Marcus theory. This method
can be applied to amorphous materials to characterize
tremendous hopping paths as demonstrated by a-HfO2.
Also, we studied the density of the charge trapping site,
which is OV in a-HfO2, and evaluated its impact on
carrier mobility. It suggests a minimum OV density of
0.7 × 1021 cm−2 is required to turn on the connectivity
of the charge-hopping network.
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