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1 1 INTRODUCTION

1 Introduction

In this document we will study a finite volume scheme with nodal fluxes for the following diffusion

equation:
op(x,t) — V.(k(x)u(x,t)) = f(x,t) VxeQ, tel0,T]
(

) Vxe
= h(x,t) Vxelp, tel0,T]
(k(x)u(x,t),nr,) = g(x,t) Vxely, tel0,T]

(1)

where
e Q C R?, with d the space dimension;
e p:Qx[0,T] = R is a scalar unknown;
e u=Vp:Qx[0,T] = R?is a vectorial unknown;
o f:Qx[0,7T] = R is the source function;
e po: Q= Ris a given function that is the initial condition of the problem:;

o k:Q — R¥ g the diffusion coefficient.
We are working in an anisotropic medium, which means the diffusion coefficient is a symmetric and
positive tensor that depends on space. Another property of k is that it is bounded: there exists
M > 0 a constant such that ||«[[q, ., = Erclgé((|||m(x)|||oo) < M, where ||A[|,, = max Z?:l la;;|, for

1<i<m
A e Rmxm,
e nr, is the normal to the boundary I' = 0f), directed torwards the outside of the domain;

e g:T'n x[0,T] — R. We will consider g = 0 for homogeneous Neumann boundary conditions;

e h:Tp x[0,T] — R. For homogeneous Dirichlet boundary conditions one has h = 0.

Proposition 1 (Uniqueness of the solution). Let Q be a bounded domain of R?. For convenience, let us
consider Q € C* as in [5]. Let f € L*([0,T], L*()), po € H'(Q), k € L=(Q), g,h € HY/?([0,T], L*(T)),
then the system (1) has a unique weak solution p € C°([0,T); HY(Q)) N C1([0,T], L*(Q)). The proof is
obtained with Lions’ Theorem from [5].

Proposition 2 (Conservation.). The system (1) with no source (f = 0) and periodical or Neumann
homogeneous boundary conditions is conservative, which means one has:

8t/ﬂpdx:0 (2)

Proof can be found in Appendiz B.1.

Proposition 3 (L? stability). The system (1) with no source and homogeneous boundary conditions is
stable in L? norm, which means:

Ollpllr, <0 (3)
Proof can be found in Appendiz B.2.

The choice of a finite volume scheme was made to ensure that the scheme is natively locally conser-
vative which would not necessarily be the case with a finite element method. Moreover the scheme has
to be consistent on unstructured meshes in order to be coupled with Lagrangian hydrodynamics codes
which can produce very distorted meshes.

The origin of the problem comes from the hyperbolic heat equation (4), or P; equation, which is an
approximation of a transport equation.
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1
Op + gv.u =0
1 . (4)
du+-Vp+ Zu=0
€ €

This model can be approximated by the following diffusion equation when ¢ tends to 0, thanks to a
simple Hilbert’s expansion:

dp— V. (%Vp) ~0 (5)

In this work we will study a numerical scheme for the system (1). This scheme has been obtained in
Emmanuel Franck’s thesis [14] as the asymptotic limit of a scheme for the hyperbolic heat system.

It leads to the choice of nodal fluxes, this way the scheme remains consistent on unstructured meshes
in its diffusion limit: it is asymptotic preserving (AP). Indeed with classical face fluxes the diffusion limit
of the P; scheme would have given a TPFA scheme [13] which is not consistent on distorted meshes. The
nodal scheme presents other advantages compared to other existing schemes with face fluxes: unlike Dia-
mond, Mimetic and MPFA [8, 18, 1] the nodal scheme does not need any auxiliary unknowns. Moreover
there are no dual diffusion problem to solve with the nodal scheme, as opposed to DDFV [15].

In E. Franck’s thesis and in [6] the limit diffusion scheme is built and studied in its semi-discrete ver-
sion, with periodical boundary conditions and a constant scalar diffusion coefficient which is insufficient
for applications. The objective of this document is to study more in depth the nodal diffusion scheme
by adding to it a time discretization, boundary conditions and a tensorial diffusion coefficient in order to
simulate an anisotropic domain.

The organization of this work is as follows: in Section 2 one can find the definitions, notations and
properties of the mesh that are needed in the rest of the document. In Section 3 we built the scheme
with Neumann, Dirichlet and mixed boundary conditions, added an Euler implicit time discretization to
it and gave the conditions on the mesh for the invertibility of 8,.. In Section 4 properties of the scheme
are given: uniqueness, exactness, stability, consistency and convergence, for every boundary conditions
and Euler implicit method. In Section 5 we extended the time discretization to a second-order in time
Crank-Nicolson method, and proved the properties of stability, consistency and convergence in that case.
This nodal scheme (in Euler implicit and Crank-Nicolson version) gave us some surprising results de-
pending on the mesh as one can see on the numerical results in Section 7. In order to fix the problems
encountered with the nodal scheme, in Section 6 we built a hybrid face-node scheme that is a correction
of the purely nodal scheme and does not require any auxiliary unknown either. Doing this we recover a
scheme similar to the one proposed in [2] in the case of straight edges. Finally, all the numerical results are
given in Section 7 for linear, quadratic, trigonometric, non-stationary solutions and with a non-constant
coefficient diffusion on several meshes of quad and triangle and for the Euler implicit and Crank-Nicolson
versions of the nodal and hybrid scheme, with Neumann and Dirichlet boundary conditions.

2 Notations and properties

All over the document, some definitions, notations and general properties will be used that are listed and
proved in this section.

2.1 Definitions

Definition 1. Let us define the scalar product of two vectors u = (uy,...,uq) and v = (v1,...,04) in
dimension d, noted (u,v) as the sum of the product of their coefficients:

d
(u,v) = Zuivi (6)
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Definition 2. Let us define the classical norm of a vector u associated to the classical scalar product of
Definition 1 as

[ul = v{u,u) = (7)
Definition 3. Let u = (uy,...,uq) be any vector in R?.
Then
(w,ut) =0 and uAu’=|ul? (8)
In particular, if d = 2, we chose
ut = (—uz,u) (9)
Then
(w,ub) = —wjug +uouy; =0 and uAut =u?+ul = |lul?

Definition 4. Let us introduce A € R¥™?, and u,v € R? such that A=u® v. Then

Aw-:uivj, Vi,jzl,...,d (10)

Definition 5. Let us introduce A € R¥™?. Then its transpose matriz At is defined by

A=A Vij=1,...d (11)

Definition 6. Let us introduce A € R¥?. Then its symmetric part A® is defined by

A+ A
A= 27 (12)
2
Definition 7. Let us introduce A € R?*2. The determinant of the matriz A is given by
a b
det(A) = c d= ad — bc (13)
Definition 8. Let us introduce A € R¥™?. The trace of the matriz A is given by
d
tr(A) = Z Aii (14)
i=1

2.2 Construction of the mesh
2.2.1 Notations
Let us define:

o {25 a cell of the mesh;

» X; the center of a cell Qj;
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Figure 1: Unstructured mesh on €2

e X, a vertex of the mesh;
e C the set of cells of the mesh;

e V the set of vertices of the mesh;

Ui, = |09 ], the length of Q; N Q;

n;; the normal exterior to ;.

Remark 1. We can add one or two indices to the previous sets in order to restrain them:
e C, is the set of cells having x, for common vertex;
o C; is the set of cells that share a common face or node with €;;
o L; is the set of cells at the edge of €;;
o V; is the set of vertices of the cell €);;
e Cir=L;NCy;
o Vi =V; N Vi
« Vi=V;\I'is the set of vertices of Q; inside the domain (not on the boundary);
. le? =V; NT is the set of vertices of {1; on the boundary of the domain, except for the corners;

V7 is the set of “corner nodes”, that is the set of nodes on the boundary belonging to a unique cell
as one can see in Figure 2;

b _ b i

Definition 9. We call corner a node belonging to a single cell (ie. |C,.| = 1) so that two edges sharing
this node belong to the boundary. One can see an example in Figure 2.

Definition 10. We call angle a node belonging to a several cells (ie. |C.| > 1) so that two of the edges
sharing this node belong to the boundary. One can see an example in Figure 3.
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Iy

xr+1

Tr42

Figure 2: Construction of a corner x,. € V;

nb

Figure 3: Construction of an angle x,

Remark 2 (Notation for the sums). For the whole document, for any g:
. Zjec g; is the sum of ¢; over all the cells of the mesh;
e > ¢y r is the sum of ¢, over all the vertices of the mesh;

. Zrevj gjr is the sum of g;, over all the vertices of the cell €;;

« > jec, Gir is the sum of g;, over all the cells that have x, for common vertex.

Note that for all g;,:

Z Z qQjr = Z Z djr (15)

JECTreV; rev jec,

Definition 11 (Control volumes V,. and Vj,.). The control volume is defined by the closed loop: . .. X1 XG XL

Where Xj, 1 are the center of the edges around x,.. We can see the control volume V,. in Figure 4.

One can divide V,. into smaller areas delimited by the points X, Xjp1, X5, X; These areas are

i=3"
named Vj, and they verify: U Vir = V.. They are represented in Figure 4
JjeCr

2.2.2 Properties of the mesh

Proposition 4. One has

=Y % ®C, (16)
T‘GV]‘

where
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xr+1

Figure 4: Control volume V,. on a mesh of quads

o || is the volume of the cell Q;;

. IAd is the identity matriz;

1
o Cjr = 5(lang + Lienyi).

Proof. By definition of the volume and thanks to Green’s theorem, one has the following identity:

|Qj|IAd:/ dex:/ X ®n; do

where n; is the normal to the boundary of €;, directed towards the outside of the cell.

Let us divide the integration on each side of 9€);, called 0%y,

/ x®njd0:2/ x®n; do
29,

keLl; Ok

where £; represents the cell at the edge of ;.

Knowing that 9€);;, is a straight line, one has
/ x Q@ n; do = Xj, ® njplip
Q1

where
o X;ji is the middle of the face 99;;
e njj is its exterior normal;

o Ui =|0Q; ] is its length.

Then

Xk @ nypliy = L Xr @l = Xr ® L il
> >3 5

keﬁj ke[,j TEij T‘GVJ’ ke[rjr
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with Vji the vertices of 9, and L, the cells at the edge of Q; for which x,. is a vertice.
Let us introduce Cj,., that is represented in Figure 1, such that
1 1
Cir=735 D mly = 5 (el + 0l (17)
keLjr

where ); and ), are adjacent to €2;, having x,. as a common vertice.

Therefore we retrieve the identity (16) and it ends the proof.

Remark 3. Let us consider the trace of the equation (16)
tr(|Q;|1a) = tr( > %, ® Cjp)
reV;
Knowing that the trace function is linear and considering the property Proposition 35, one has in
dimension 2:
29| = Z (xr, Cjr)
reV;

Which leads to 1
191 = 5 > (%, Cjo)

reV;

Proposition 5. The vector C;,. € R can also be defined as the gradient of the volume of the cell §;
with respect to the verter X,

Cj'r = Vx,.

1
Q;] = §(XT71 - Xr+1)l (18)

Proof. This proof is based on the definition of Cj, in [10].
In dimension 2, the oriented area of the triangle defined by the points (O, x,,X,+1), where O = (0,0)
1
is the origin of the mesh is: 5 (acryrﬂ — mrﬂyr). The sum of these oriented areas on r € V; gives the
surface [€2;]
1
|QJ| = Z §($ryr+1 - xr+1y7’)
T‘EV]'
Let us now derivate this formula according to x,
1

le = Vx, 5 (xrerrl - errlyr)

2
reV;

_ 1 Yr+1 — Yr—1
2 —Tr41 + Tr—1
_ 1 ~(Yr—1 = Yr41)
2 (xr—l - $r+1)
1 1

= §(xr71 - Xr+1)

Let us get back to the definition of Cj,. given in (17):

Vx,

1
Cjr = g(ﬁjlnjl + Ljkn)

As we can see on Figure 1, 9Q;; = [x,, X,4+1] and 0Q = [x,_1,%,] and

(Xr - XT—‘rl)J—

[%r41 — X2
)J_

Cii = |Ixr41 —%rfl2 and my =

(erl — Xr

Uik = %r—1 = %,[l2 and  ngp = [
T— T
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Thus 1 1
1L
er - 5 ((XT - Xr—‘,—l)l + (Xr—l - X’I‘)L> - Q(Xr—l - X7'+1)
Finally we obtain Cj, = Vi, [€);| and this ends the proof.
O
Proposition 6. The mesh satisfies
> Cjr=0vreV and Y C;=0 (19)

jec, ’I‘GVj

Proof. Let us begin by proving the second equation of (19).

1
We showed earlier that |Q;] = 3 Z (%7, Cjr). In the case where all the x,, coincide (ie 3 x such that
reV;
X =X, Vr €V;), then |Q;| = 0. Therefore

0= % Z <Xr,er> = %<Xﬂ Z CjT>

reV; reV;

This formula is true for any x, hence Z C,.=0.
reV;

For the first equality of (19), let us get back to the definition of Cj,:
1
Cjr = 5 (Gumji + L)
where [ and k are the indices of the neighbor cells of €2;.

Summing this equation over j € C, will create a loop and each term will cancel out with its neighbor:
Lymy + ¢ yny; = 0 for all j,1 € C,.

Thus, as all the terms of the sum cancel out each other, one has Z C; =0.

Jj€eCr
O
Remark 4 (Assumptions on the mesh). We assume the caracteristic length of the mesh is
h= mjax(dz’am[ﬂj]) (20)
By assumption, there exists a constant C' such that
1Cjrll2 < Ch (21)

We make the assumption that the mesh is regular in the sens that there are two constants C; and Cy
such that
C1h? < 1] < Cyh?, Vj uniformly with respect to h. (22)

and that
C1h? < |V.| < Coh?, Vr  uniformly with respect to h. (23)

Remark 5 (Notations). In this document, C,C; and C3 are undefined positive constants.
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3 Construction of the nodal scheme

3.1 Space discretization
Let us consider the problem (1), which we integrate over the cells ;.

Bt/ pdxf/ <nu,n>d0:/ fdx
Q; 89; Q;

J

1 1
Let us introduce p; = —/ p dx and f; = —/ f dx. The equation becomes:
%] Jo, 1% Ja,

1191, — /6 (ru,m) do = |,

Q;

In nodal formulation, we approach the integral over the boundary of €1; by the sum over its vertices
X

/(mj@iu,n) do ~ Z (kru(x;), Cjr)

reV;

Knowing that V = VU V® U V¢, and since k, = k(x,) is symmetric, the problem becomes:

1€20ep; — ( > (ux,), 5 Cir) + Y (u(x,), 5:Cir) + > <U(Xr),/frcjr>) = |9;lf; (24)

i b c
reV; revy reV;

In the case of a periodic domain, there are no boundary conditions to the problem (ie. V*¢ = ). We
will study the boundaries and the corners of the domain for different boundary conditions later in this
section.

In order to approach u(x;,), we consider Taylor’s expansion of p(x;):
p(x;) = p(x,) + (u(x,), x5 — %,) + O(h?)

Which means

JjeCr JjeCr JeCr

& > ) —p())Cjr = D Cjr @ (3 — xj)u(x,) + O(h?)
JEC, J€ECr

g Z (p(xr) - p(xj))cjr = Bru(xr) + O(h2) (25)
JeCr

with 3, = Z Bjr = Z er & (Xr - Xj)'
JjeCr JjeCr
Using Proposition 6 on 7 € V?, one has Z C,, = 0. This way, we obtain:
jEC,
Bru(xr> ~ - Z p(xj)cjr Vre VZ
jec,

Then the semi-discrete diffusion scheme, in nodal formulation on a periodic domain writes:
19510ip; — > (up, 5,Cj) = [
TGV;

Bru, = — ijcjr Vore)p

JjeCr

(26)
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Remark 6. For the nodal flux solver to be well posed, we need the matrix /3, to be invertible, which will
bring some conditions on the mesh. These conditions are given in Section 3.4.

Remark 7. The scheme (26) finds its origin in the nodal scheme for the P; equation (4) built by E. Franck
in his thesis [14]. This scheme has the advantage of being consistent on unstructured meshes. It is given
in ((27)-(28)).

1
12510ep; + - > (u,,Cy) =0
1 - (27)
125105 + - > pirCjr = —1l 5y

with the fluxes

g
Pjr = Pj + <uj - uranjr> - E(uraxr - Xj>
g
(ZC]'T K nj,. + g chr & (XT — Xj))ur = ijCjT + ZC]'T Q@ nj-u;
J J J J

The Hilbert expansion of the P; scheme ((27)-(28)) gives the limit diffusion scheme (26).

(28)

The P; scheme was built to be asymptotic preserving, which means the solution of its diffusion
limit (26) converges towards the solution of the diffusion equation (1) with periodic boundary conditions,
even on unstructured meshes.

3.2 Boundary conditions

Let us now study the same problem with Neumann or Dirichlet boundary conditions, which leads to
adding respectively (29) or (30) to (1):

k(x)u(x,t).nr = g(x,t) Vxel, te[0,T] (29)
p(x,t) = h(x,t) VxeTl, tel0,T] (30)

3.2.1 Neumann boundary conditions

Let us get back to (24):

1€20ep; — ( > (ux,), 5 Cir) + Y (u(x,), 5:Cir) + > <U(Xr),/€rcjr>) = |9;lf;

i b c
reV; reVy reV;]

On the boundary (r € le-’), one can decompose (k,u(x,),C,,) in the direction of n,, the normal to

the boundary of the domain at the point x,., and t, = n;-:

> rulx,), Cir) = 3 ({reu(x,), Cirny ) + (ru(x,), Co by 1))

b b
TEVJ. T'EVJ.

= Z (<era n,) (kru(xy),n.) + (kru(x,), (b @ tr)cjr>)

TEVJI.’
Thanks to Neumann boundary condition (29) we obtain, V r € le-’
> rux,), Cir) = 3 ((Chromr)gr + (5u(x,), (6 @ ,)C50))
revy revy

= 3 (Cormg + (mrutx), (T~ me ©m,)C1))

b
T'EVJ.

(31)

where g, = g(x,).
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Remark 8. The normal vector n,. is used on the nodes of the boundary. Therefore, at the “angles” defined
in Definition 10, (ie. if the three adjacent nodes of this boundary are not aligned), the definition of n,. is
not, obvious.

Let us define, on the node x,. € T’

1
> Ci > 5 (Gintn + Liknjr)

n, = I S _ nzl?l + nlzilz (32)
H Z Cjr H Z i(gjhnjh +£jknjk)H ey &1 4 1, s |
jecC, jec,

because inside the domain the sum on the adjacent cells is null (ie. Z n;, .45, 5, = 0). One can see it
J1,32¢T
on Figure 5.

Figure 5: Construction of n, on a node

For the corners defined above (r € V5), one has 3, = C;, ® (X, — x;) which is non invertible due to
Proposition 36. Therefore we have to manipulate the formula as follows so that we don’t have to invert
the matrix 5,.

By definition, at a corner x, € V;

0, 4
Cj = 5 + 721112

Then, thanks to Neumann boundary condition (29) one has

> (o). Cor) = 3 Lt m) + 30 e ny)

T'EV; T'EV;‘ T'EV;
1
= Z i(gllg’f‘l +€lgg7’2) (33)
T‘EV;

where g, gr, are the boundary conditions at the point x,., respectively in the direction n;, and n;,, and
¢;, and /;, are the lengths of €);’s faces, respectively on the boundaries I'; and I'.

Remark 9. In the code, g, , the boundary conditions at the nodes of the boundary are approximated
by their value at the faces of the boundary g;, , = (s, ,u(xy, ,),ny, ,), which are given by the boundary
conditions.
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One can replace (31) and (33) into (24) and obtain the first equation of the semi-discrete scheme for
Neumann Boundary conditions

~

2105 = (D (ke Cio) + D (e, (Ta =1 ©1,)Cy) ) = 19511

TGV; TEV]Z.’
+ Z < J?"vnT gr + Z Ellgll +£lng)
TGVJ’? TEVC

We have already built an equation for u,,¥ r € V' in (26) thus we have to determine u,,V r € V°.

Repeating the process of the previous section, we consider Taylor’s expansion of p(x;) (25), but this
time Proposition 6 does not stand, therefore we are left with a third equation for the scheme:

By = > (pr—p;)Cjr VreV (34)
Jj€Cr
where we have to determine p,, a discrete approximation of p(x,.) for r € V.
KprDy

and w, = v
[ e |

ro-

To do so, let us introduce v, =

We can consider the scalar product of (34) against v,., for all r € V:
(), ve) = (B0 ) (p(xr) = p(%;))Cirs Vi) (35)
JjE€Cr

Let us now consider Neumann boundary condition (29)

<u(XT)? Vr> = I (36)

(| 5rn |

Combining (35) and (36) and isolating p,., one gets

<B’“_1 Z (p(%r) — p(%))Cjr, V) = _9r

jec, [|5rn |
CODIEDPED
= = HH nrH
where 6, = <ﬁ;1CjT,vT>. Let us assume that Z 6, # 0:
jEeC,
gr
)= (X 0r) (Z Oirp) H)
jec, rilp

Thus we obtain the discrete approximation for p,:

= (2 0) (Zeﬂpﬂ Tl

jec,

(Z"arm ToaT) (37)

j€c,
with 0, = ) 0.
JjeCr
Then the semi-discrete scheme for Neumann boundary conditions writes:

|Qj|atpj - ( Z <I€7’u7”7 CJT> + Z </€Tur7 (j;l —n, ® nr)er>) = Bj

TEV} TGVJb
Bru, = — Z p;jCjr VreV: (38)
JECr
Brur = Z (pr —pj)er Vr € Vb

Jjelr
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where
1
o Bj=|Qlf; + Z (Cjrymy)gr + Z 5(511911 + 1, 91,);
TEV;.’ revs
-1 gr .
Py = HT ( Z HjT.pj + m>7
jec, rilpy

. gjr = <5qjlcjr»vr>~

3.2.2 Dirichlet boundary conditions

Let us get back to (24), with Dirichlet boundary conditions (30), which gives us immediately the first
equation of the scheme:
1
Opj — m( Z (u(x), 5-Cjr) + Z (u(x;), £ Cjr) + Z (u(x;), Krcjr>) =/ (39)
j

v A
revi rev? rEVS

Let us now determine u, for all 7 € V°. To do so we will consider Taylor’s expansion of p (25) and
replace p(x,) with Dirichlet boundary condition (30)

Bru(x,) &~ Z (hy — p(x;))Cj  Vr e VP
JEC
It gives us the third equation of the semi-discrete scheme for Dirichlet boundary conditions
Beay = > (hy —p;)Cjr Vr eV’
j€Cr

Let us now consider r € V¢ (ie. x, is on a corner with a unique cell), as stated in Proposition 36, in
that case 3, is non invertible. We will try to approximate (8, with an invertible matrix. To do so, let us
divide the corner cell into two as one can see on Figure 6. In that case (3, rewrites

57? = leT & (XT - le) + Cj27‘ ® (XT - XjQ)

1
with C;,, = = (xr_l — XH_Q)J‘, Cj,r = 5 (xr+2 — xH_l)L and x;,, X;, respectively the barycenters of the
newly divided cells Q;, and §;,.

Therefore the problem is well-posed (ie. 5¢ is invertible) if C;,, and C,,, are non collinear, which
means X,_1,X,4+1 and X,;o are not aligned. One can see the forbidden configuration in Figure 7.

Thus we obtain the fourth equation of the scheme
Bou, =Y (hy —p;)Cjr Vre Ve
jeCxr

Finally it gives us the following semi-discrete scheme for Dirichlet boundary conditions:

125105 = Y (krur, Cjp) = |91 f;
reV;
Bru, = — ijCjT lf’f‘EV;
e (40)
6rur = Z (hr - pj)er ifre V]b
jeCr
B, =3 (hy — p;)Cjo if r € VS

Jjetr
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Jir

r

xr+1

r

Figure 7: Example of forbidden mesh at the corner

3.2.3 Mixed boundary conditions

Let us now consider the case where some of the boundaries have a Neumann boundary condition and
some other have a Dirichlet one. In practice the boundary conditions are implemented on every face of
the boundary, but we are working on the boundary vertices. Each one of them is linked to two faces,
therefore it can have several boundary conditions, descripted below and visible on Figure 8:

 Say r; is linked to two Neumann faces, let us call it Neumann, then r € VV;
« Say 7y is linked to two Dirichlet faces, it is considered Dirichlet and r € VP;

e Say rg is linked to one Neumann face and one Dirichlet face, then the Dirichlet boundary condition
prevails and the node is considered Dirichlet: » € V.
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Then the semi -discrete scheme is a mix of the two previous ones:

~

|Qj|8tpj B ( Z <K’7‘ur> CjT> + Z <K7'ur’ (Id - Q nT)CjT)) - Bj
TGV; TEV;-V’b
B, =~ pCyy if r €V
jeCr

/Brur — Z (pr —p])er lf re VN’b (41)
Jj€EC,

Bruy =Y (hy —py)Cyr  ifr eV
jec,

Bou, = Y (he—p))Cjr ifr eV
j€eC,

where
= Bi=I9lfi+ Y (Cirmy)g- + Z 5t + 6,01
TEV]N’ TEV

( Z ejrpj H H) for all r € VN,b;

e 0j, = (B,1Cj,,v,) forall j € C,r € VNVt

Ty Dirichlet BC

T,

. €X;
T Jj+1

Neumann BC

Figure 8: Representation of the nodes boundary conditions

3.3 Time discretization

In order to discretize the scheme in time, let us use the backward Euler method (or implicit Euler method).
We chose the implicit scheme because it will give us unconditional stability in Section 4. Let us introduce
the time step At > 0, such that t" = nAt < T, with T the final time.

The scheme writes, for periodic boundary conditions

n+1 _pn
€2 |TJ - Z <u7+lv“rcjr> = |Qj|f}1+1
reV; (42)

n+1 Z pn+lc

jeCr
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For Neumann boundary conditions
TL+1 _ pn N
1, |7tﬂ - ( S (et C) + S (et (T - m @ nr)er>> — !
rEVJ’f TGV;
Beuptt = =" prtic;, Vre) (43)
jeCr
Brapth =" (pptt —pithCy VP e’
jeC,
where
® B]T‘H_l = |Qj|f]n+1 + Z< jranr gr + Z ellgh +glzglz)
rev? TEVC
. n+1 _ 0 ( 0 rpn+1 )
PO A e
o« Ojr = (BCjr, V).
For Dirichlet boundary conditions
7l+1 _ pn
= 3 et ) = (1
T‘EV]'
=-> prt'c, if r € Vi
J€Cr (44)
Beaptt =" (hy — p}T)Cy, if reVy
jEC,
peaptt =3 " (he — piTHCy, if r € V¢
j€Cr
And for mixed boundary conditions
n+1 _ p N
1, |7J - ( Soreut C)+ Y (ke (- n,9n,)C0) + Y (reul T Cy)
revi revj\’* revP*"
+ 3 wuthCy)) = By
’I“€VJ
u'tl = Z p;H'lCJT ifr e V;
j€C
Brurtt = Z (prtt — p?H)CjT if r € Vb
jeC,
Beat ™t =N " (h, —piTHCy i r eVt
S
Braptt = 3" (h —piHCy, i re Ve
JjEC,
(45)
where
® B]T'hLl = |Qj|ff+1 + Z < j’l’7nT 9r + Z gllgll +legl2)
rey¥? revy
o pitl = ( 0, p"t + ) for all r € YN:b:
Z I ””rnrn

jEeC,



17 3 CONSTRUCTION OF THE NODAL SCHEME

o 0y =(B1Cj,,v,) forall j € C, r € VNI

3.4 Invertibility of 3,

In this section, we will study the conditions on the mesh such that (3, is positive, that is
(x,8,x) >0 VxeR, x#0.

Proposition 7 (Decomposition of 8,.). The matriz 3, satisfies

By =Vl +P (46)

* Vitd TXivs T X
o 1[4 is the identity matriz.

One has the formula
tr(B;) = 2|V;| (47)

with V,. the control volume given in Figure /.

Proof. Using the same principle as previously for the volume ||, one can write

|VT\IAd:/ dex:/ X ®n do
v, oV,

r

with n the exterior normal to the control volume V..

We can decompose the integral on each cell of the control volume:

xX®ndo = / x®n do
S >

jec, ' Vir

where Vj, is defined in Definition 11. As a reminder it is the area delimited by the points x;., X1 1,X),X
One can see it in Figure 4.

i=3
Knowing that the identity is linear and the boundaries of Vj, are straight lines, one can write
1 1 1 1L
oo do = 5 (X504 %) @ (% = X;33) " + 5 (%23 %) © (x5 = %))
Which leads to

- 1 1
Vella = XC: 2 06 +39) @ (65 = xp0y) T 5 05y +30) @ (g =) (48)
J€Cr

Since j € C, forms a loop, one has Z (x];
Jj€eCr

z(; (-3 = Xj+%)L O = ZC: (% — Xj+é)l ® %, + (x;_1 —Xj)L @x, =0
JeCr Jjelr

— Xj+%) = 0, therefore

Nl
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We can deduct this expression from the equation (3.4) and we obtain

~ 1 L 1 1
Vol la = Z (g(xﬂé +x5) - Xr) ® (x; —%;11)" + (g(xjf% +x5) - XT) ® (x;_1 — ;)
j€Cr

1 1
= (§(Xj+% —Xj) + X; —Xr) ® (Xj —xj_i_%)L + (§(Xj—% —Xj) + X; —XT) & (xj_% —Xj)

Let us get back to the definition of Cj,:

1 1
er = i(X’,«_l — XT-‘rl) = (X]+l - Xj—

We can replace it into (49) and we obtain

~ 1 1
Villa = (xp —x;) @ Cjr + Y <§(Xj+% =%5) @ (% = X5 ) T+ 5 (%o —x5) @ (x5 = Xj)l)

Jj€ECr jeCr
E E 1 1
J€ECr j€C

We know thanks to Proposition 33 that x ® y = (y ® x)".

Thus
1 1 1
VI = (V| T) EC:CJ,@ x;) — 2;2(vj+;®vj+é—wj_;®wj_é)
JjE JECr
:/B’I"_P

with P, v; 41 and w; defined earlier.

1
That way, we obtain the equality (46).
Thanks to know that, for all vector v, tr(v: ® v) = (v, v) = 0. Which means
tr(8,) = tr(|Vi| o) + tr(P) = d|V;|
with d = 2 because we are in a two-dimensional space.
Therefore we obtain (47) and it ends the proof.
Remark 10. We would like to study (3,’s invertibility with its determinant. One has:
det(B,) = det(|V;| Iy + P)

Unfortunately there is no formula that can help us determine the determinant of a sum, therefore we
will study f,’s positivity in order to obtain its invertibility. This property will be useful as a hypothesis
for the stability of the scheme when k = 1.

Because of the circular numbering around the control volume V., one can write

L L
Z () =%j-3)" @ (xj1 = %) = Z (%51 = X554) " @ (51 = X1

JECr JEC,
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Therefore

Let us write

B = (Vprlla+ ;) (50)

Jjecr

> (Wlla+ ) (51)

JjeCr

where

e Vjr is defined by (x;,%;,%;,1,%;41):

o Vi, is defined by (xr,xj_%,xj,xj+%):

1
_ (vl — )
. P]*Q(Vﬁ%@"ﬂ% Wii1 ®W; 1);
. ]Slfl(vJ‘ RV, 1 — W1 QW, 1)'
7T 9 \Vj+g Jtg i+s gtz )

Proposition 8 (8,’s positivity). [, is positive under one of the following conditions:
Forall j €C,

1
QHXj — 5 (g +x5-3)

Vil > HX;'+§ — X1

Or

Vel > |

Xj+1 — Xj 2ij+%
with ||x]|2 = /22 + y2, for all x = (z,y).
Proof. Based on (50), one can write
0 B) = S (WirlIxl + (e, Pix)) = S (il = () 1
JE€Cr JjeCr
with
1
+ P7 the symmetric part of the matrix Pj: P} = §(Pj + P));

o p(A) the spectral radius of the matrix A. Let us introduce A, ..., A, the eigenvalues of A, then its
spectral radius is p(A) = _max [Ail;
1€l,...,n

e ||| the norm corresponding to the euclidian scalar product (.,.).

This formula remains true if we consider (51) instead of (50).

Proving that (3, is positive is equivalent to showing that for all j € C,., |Vj,| — p(PF) > 0.

Let us now introduce C' = v @v—w'@w, with v = (a,b), vt = (=b,a) and w = (a,b), w’ = (=b,a).

Then -
, ab—da d2—a2—b2—|—b2
:C+C _ * B
2 a? —a® — 0 +
2

CS

ab — ab

Wenotex:(afd),y:(bfl;),oz:%(bqtg) andﬂ:%(aqtd).
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tr(C) + tr(C?)

Knowing that for all v, tr(v ® v) = 0, we have tr(C*) = — = 0.
~ G2 — a2 — 2 4 p2
One can see that ab — ab = xa + yB and i 5 R —Bzx + ay.
Then ) s e o
- G2 — a2 — b2 4 b2\ 2
det(C*) = —(ab— ab)* — (" + ) = —(@a+yp)? — (Bz - ay)?
21 2
=~ + 20?4 8 = =] |5ov e 9]

with -] = (.,.).

Since C® is a two-dimensional matrix, Proposition 32 says that its characteristic polynomial writes
A2 —tr(C*)A 4 det(C*) = 0

with A its eigenvalues.

Hence

) = e = HCLASTCTTECT e o[ 1w,

Replacing C' with P;, the positivity condition for 3, rewrites

1
5 vy,

2

Viel > p(P) = vy = w,

1
2

1
R e

2

Doing the same for (51) leads to

-~ 1
[Vir| > ij+% — 5 (x4 +Xj+1)H2‘ Xj41 = XjH2
Therefore we obtain (52) and (53), the conditions on the mesh so that 3, is positive thus invertible.

O

Remark 11. When considering non periodic boundary conditions, the problem is ill-posed if there is only
one cell in the angles of the mesh (as we can see on Figure 9), then the matrix 8, = C;, ® (x, — x;) is
a rank one matrix, therefore is is non invertible. It will be necessary to study specifically the corners of
the mesh, for Neumann, Dirichlet and mixed boundary conditions.

4 Properties of the scheme

4.1 Uniqueness of the solution

In order to prove the uniqueness of the discrete solution, we want for the matrix of the problem to be
invertible.

Proposition 9. Let us consider the discrete diffusion scheme (44) with homogeneous Dirichlet boundary
conditions.
Let us make the assumption that k.03, is positive:
VxeQ (xX,6:0:%x)>0 VreV (54)

Under the condition thatu, =0 Vr eV &p; =0 VjeCl, the diffusion matrizx M is invertible
and the discrete diffusion problem admits a unique solution.
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Lr

Figure 9: Construction of C;, on a corner of {2

Proof. Let us consider PTMP = 0.

In the first place, one has

(MP); = Mjpr = Y (5rur, Cjp)

kec rev;

Then

PMP = ij ZMjkpk- = ij Z (kruy, Cjp)

jec keC jEC  TEV;
= Z<K/rur7 Z ijjr> = - Z<Kruraﬁrur>
rey jEeC, rey

Thanks to the assumption (54), we know that x,f, is positive, hence (k.f,u,,u,) >0 V r € V.
Therefore PPTMP=0 < u, =0 Yre).

Knowing that the matrix M is invertible under the condition that PTMP = 0 if and only if P = 0
(ie. pj =0 Vj €C), one can deduce that u, =0 Vr eV & p; =0 Vj € C implies that M is
invertible. And that ends the proof.

O

Let us now study the conditions such that

ijCjTZO V’I"Gvi

jeCr

Z (hr _pj)CjT =0 Vre Vb’c
jeCr

u =0 VreyVs

Since we consider homogeneous Dirichlet boundary conditions, h, = 0 for all » € V*¢, then we are
left with » " p;Cjr =0 Vre Ve
JECr

 In dimension 1, let us number the vertices from x,, to x,, and the cells from €;, to ;.
We know that u, =0 for r € {ro,...,rn} and we want to determine p;, j € {j1,...,jn}.
Since in dimension 1, C;. = %1, one has u,, = pj,,, —pj, =0, forall k € {1,...,N — 1} and
u,, =p;; =0, u,, =p;, =0. A simple induction gives p; =0 for all j € {1,...,N}.
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e In dimension 2, let us consider the structured mesh presented in Figure 10. One can see that the
point x,, is linked to two cells, therefore the system Z p;Cjr, = 0 has two equations for two
j€Cs
unknowns, thus it has a unique solution which is (p;,, p;,) = (0,0). Then we can do the same thing
with the vertice x,.,, linked to four cells with two of them for which p; is known. Once again we can
deduce (pj,,pj,) = (0,0). This method can be extended to the whole domain, in every direction.
This result is also true for non Cartesian structured meshes.

! !
I I
I I
¢ ---=-=--- o---=---- * - - -
1 |
. ! . !
xh | x]a !
[ ] | [ ] |
| l
I
l ‘
Ty @ ----- :1; - - - - - - --
T | !
| ) !
I $]4 !
[ ) | () |
Ljy !
| I
[ I * - - ----- & - —-
| I
| I
I

Figure 10: Structured mesh

e This method can not be extended to most of the unstructured meshed, especially with triangles.
Indeed for a vertice x, if the number of neighbor cells for which p; is unknown is greater than 2,
then it is impossible to assert that p; =0 V j € C.

4.2 Exactness of the scheme for linear solutions

In this section, we will study the exactness of the scheme with Neumann and Dirichlet boundary con-
ditions for different types of solutions. We do not study it for periodic boundary conditions because we
haven’t implemented it but it can be easily extended to this case.

4.2.1 Neumann boundary condition

Proposition 10. Let us consider the scheme (43), with no source (f; =0, V j € C) and with homoge-
neous Neumann boundary conditions (g, =0, ¥ r € V>°).

Then the scheme is exact for a constant solution p(x) = C, for all j € C.

Proof. Let us write the scheme (43) with no source and homogeneous boundary conditions:

n+l n N
|Qj|’% (S tmtt i)+ 3 et (T - e @ m,)Cpr) ) = 0

i b
r€1G rel@

— Bpultt = Z p;-LHCjT VeV (55)
JECH

fruntt = 3 (- ey, Vel
Jj€Cr

with pptt = (>0 eﬁ)fl S 0,00+ and 6;, = (B71Cj,v,).

j€eC, j€eC,
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Let us now consider that p is a constant at the time t"*!, which means that we inject p;H_l =(C in
the scheme. Then the second equation of (55) becomes, V r € V'

—Buptt =>"CCj=C)Y Cj=0

jec, jec,
& utl=0 Vre)!

due to Proposition 6.

On the other side, when r € V?, knowing that p;”rl

= (X 0,) Y ec=c

j€Cr j€Cr

= C one has

Hence the third equation of (55) becomes
— Bunt! = Z(O* C)Cj=0
j€C,
s utl=0 Vre)?
One can now replace the values of u?”*! inside the first equation of (55) and obtain
Pyt —pf
At

Then the scheme is constant in time and a constant is an exact solution.

1€ =0

O
Proposition 11. Let us consider the scheme (43), with no source (f; =0, ¥ j € C). Let us chose for

the boundary condition g(x) = g ,knr). Assume that k is a constant.

Then the scheme is exact for a linear solution p(x) = ax + fy + 7.

Proof. Knowing that the scheme is linear, we can split the solution p defined above in the base (1, z,y).
We already proved in Proposition 10 that the scheme is exact when p is a constant. Thus we are left
with p(x) = az (by symmetry the proof will be the same for p(x) = By). The corresponding boundary

condition is g, = ( (g , krny) (respectively g, = (<g> , Kr1y)).

Let us now inject the linear solution p(x) = ax into the scheme. It means for all j € C, one can

replace p?“ with az;.
Let us consider the second equation of (43) with p?“ = ax;:
—Brutt = Z az;Cj. Yrel (56)

JeCr

This is a system of two equations for two unknowns, therefore it has a unique solution. Let us now

calculate —3,u*! with u?*! = (O; . Thanks to the definition of 3, one has
el o a
_Br <0> = - Z er ® (Xr _Xj) <0> = Z er ® X; (0)
j€C, JEC,
e c<—”y’> <a)
— gr 3 gr 93 — C(l) 4 0(2) )
(2) (2) z( Jr Lj Jr €Tj)

jec, (er zj Cjyj 0 jEC,

= Z ax;Cj,

jecr
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e
Thus u” ™! = (

O> is the unique solution of this system for all » € V°.

Let us now study the problem at the boundary of the domain: r € V°. The third equation of (43),
associated with the Neumann boundary condition gives the following system

ﬂrur = Z (pT _pj)cjr
j€c, (57)

<u7‘» ﬁrnr> = 9gr

with g, = < <g) ,Iirl’lr> and p; = ax; as stated in the beginning of the proof.

Knowing that 3, is invertible for all » € V* and this system has 3 equations for 3 unknowns (p, of
dimension 1 and u, of dimension 2), it admits a unique solution for the couple (p,,u,.), for all r € V.

Let us inject u, = <g) into the system (57).

< (8‘) ,mnr> = gr

The second equation gives

which is true by definition of g,..

Let us now consider the left term of the first equation of the system (57), with u = (g):

5:.(5) = T aretn-x)(5) = e -x. (5 )icn

jecC, JE€C,
= a(w, —2;)Cjpr = Y (az, —p;)Cyy
jec, jec,

The first equation of (57) is verified if p, = ax,.

Knowing that the system has a unique solution, (p.,u,) = (az,, (a O)t) is the unique solution of
this system, for all » € V?.

(67

We obtained u?*! = (O

the scheme (43).

) for all » € V¥, hence we can inject this value inside the first equation of

n+1

1 (b (§) €+ s (5) - me ome) = By

i b
rEVj rEVj

. 1
with B;,H'l — Z <eranr>gr + Z 5(&1911 + 612912).
TGVJ‘? reVs

Let us assume that s, is a constant, then thanks to Proposition 6 one has

> s(5) Con =0

reV;

s Y <H(‘8‘>,cﬁ>+ Z<H(g‘>,ch>=o

rEV;’b TGV;
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Moreover
a) = o fe!
S e (5 ) oG- meom)cs) = S 0e(5) €= e (5 ) v wncsn)
rev? revy revt
= Z (k (g) ,Cir) — Z (K (g) , (n,, Cjr)n,.)
evy rev?
o «
= X 0e(p) - Tttt (3) om0
revy rev?
a
= () G- T (Cirmg
revy revy
Then
o a) = o
S0 (5) o+ Tt (§) - meomic) = ¥ te(3) € - E(Cmilan
revi rEVJ’.’ reV]’f’b rGV;?
o
—- St (5) 0= T (Crmila
T‘EV; TEV;?
Finally, we are left with
pﬁ+1 —p? «a 1
1 Yt (3) €+ (ol = 3 (Coramdar + 3 5+ )
revi revy revy revs
n+l n
Thus the solution is constant in time (ie. |QJ|I% =0) if
«@ 1
PRG (0> Cir) =Y 5l gn + bag12)
revs revs
1
= ;C 5(&1 (K (g) ) + b, (K (g) ,nr,))
= > e (y L (b, + i)
= O ’ 2 1 1 2 2

By definition of C;,, on the corner one has Cj, = %(&lnll +4,ny,).

Remark 12. The approximation g,, , ~ g, , we made in Section 3.2.1 is exact in this case since the
boundary condition g is a constant for the linear solution. Therefore this approximation doesn’t compro-
mise the exactness of the scheme.

In conclusion, the solution is constant in time, which means that the scheme is exact for p(x) = az.
As said in the beginning of the proof, the method is the same for p(x) = Sy, and we have already proved
that the scheme is exact for a constant solution.
Therefore thanks to the linearity of the scheme, it is exact for any linear function p(x) = az + Sy + 7.
O

4.2.2 Dirichlet boundary condition

Proposition 12. Let us consider the scheme (44), with no source (f; =0, V j € C) and with constant
Dirichlet boundary conditions (h, = C, ¥ r € V).

Then the scheme is exact for a constant solution p(x) = C, for all j € C.
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Proof. Let us write the scheme (44) with no source and with h, = C, V r € V¢

pn+1 _ pn
9055 = D (e Gy = 0
reV;
Brwtth == 3" prtic, if r €V
JEC
Beaptt =N " (C - pithC, if reV?
jecl,
pruptt =" (C - pithCye if r € V§
jecC,

Let us now inject the constant solution p”Jrl C in the second, third and fourth equations of the
system. Then on V* and V¢ we immediately obtain that u?*! = 0 and thanks to Proposition 6 one has
'ttt =0Vvre)

Then one can replace u”*! by its value inside the first equation of the system and obtain:
b

12—

=0
Which means if one injects a constant solution in the scheme with the correct boundary conditions,

it stays constant. And that ends the proof.
O

Proposition 13. Let us consider the scheme (44), with no source (f; =0, ¥V j € C). Let us chose for
the boundary condition h(x) = ax+ By +~y. Assume that the mesh respects the following statement: there
is no corner with a unique cell (ie.V° =0). Assume that k is a constant.

Then the scheme is exact for a linear solution p(x) = ax + By + v if the mesh respects the condition
mentioned above.

Proof. In the same way as Proposition 11, one can decompose the solution and the boundary condition
in the base (1,z,y). It gives: p(x) = az and h(x) = ax.

One can rewrite the scheme (44) with the source and boundary conditions of Proposition 13, and
according to the condition on the mesh with the discretization of h: h, = ax,

n+1

— p”l
2,/ AL > (reuptt Cyr) =0
reV;
Bruptt == piticy, if r €V
jec,
Braptt = (az, —pi T, if r e V!
JeCr

Let us now inject the linear solution into the scheme, by replacing p}”l with ax;.

From the second equation, one gets

1_ 1 . i
ut Z p;”r C;, ifre V}
jEC,

which is the same as in Proposition 11. Therefore, using the same principle of proof we obtain that this

system of two equations for two unknowns admits a unique solution, which is u”** = g , for all r € V%,
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The third equation of (44) writes

Bruptt = Z (ax, — ax;)Cy  ifreV?
Jjelr

Knowing that ;. is invertible for r € V;-’, the equation admits a unique solution for u”+1.

Let urt! (a) Then the left hand side of the equation gives

0
Br (g) =3 Cjpr®(x —x;) (g)

JECr
a
= (e —xj (0>>er
JjECr
= Z a(z, —z;)Cj,
JeCr

o
0

Thanks to the condition on the mesh that states V¢ = ), one has V = V* U V. Thus

uf“z(%) Vrey

We can replace this value inside the first equation of the scheme (44)

Hence the third equation of the scheme is verified by the solution u?*! = ( ) , Vel

n+l

p; Py o
|Qj|JTtJ =) (ks (0> ,Cjr) =0

reV;

Once again under the condition that x, = k is a constant, the solution is constant in time when
we inject a linear function in the scheme with the corresponding Dirichlet boundary condition. The
result is the same for the two other elements of the base (1, z,y). Thus the scheme is exact for a linear
solution. 0

Remark 13. If the condition on the mesh is not respected, which means that V¢ # (), then the scheme is
not exact for a linear solution.

Indeed on the corners with a unique cell, we approached 3, with 5¢ so that it becomes invertible. But

then if we try to test the fourth equation of the scheme (44) with u?*! = (a

0) in writes

() = (€ @ 00 =30+ G 05,320 ()

[0 «
= <Xr — Xjp, <O>>Cj1r + <Xr — Xy, (0>>Cj2r

= a(mr - le)c.jl"’ + a(x”‘ - x]é)cjo

= al’rcjr - a(wjl leT’ + x]écjﬂ”)
since by definition Cj, = Cj,» + Cj, .
In order to retrieve the right hand side of the fourth equation of the scheme (44), we need

lecjﬂ” + x]écjﬂ = E : ijjT < Tj = Tj, =T
jeye

because in a corner with a unique cell there is only one index j € V¢, therefore the sum over j disappears.
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This condition is impossible because it leads to 5¢ = £, which is not invertible, then the scheme is
ill-posed. Thus the solution is not exact for a linear solution as soon as there are some unique cells at
the corners of the mesh.

4.3 Stability

In order to study the stability, consistency and convergence of the scheme, let us consider the problem
with no source: f(x,t) = 0 and homogeneous boundary conditions: g(x) = 0 and h(x) = 0. The gener-
alization to the case where f # 0 and non-homogeneous boundary conditions is straightforward.

This section as well as the two next ones (consistency and convergence) are inspired by the class of
B. Després [11].

Proposition 14 (L? Stability of the periodic scheme). Let us keep on with the assumption that k.3, is
positive:
VxeQ (xX,6:6:%x)>0 VreV (58)

Then the implicit diffusion scheme (42) with no source (f(x,t) = 0) and periodic boundary conditions
is unconditionally stable in L? norm, which means the following inequality stands

15l z2c0) < I llr2@) ¥ At =0 (59)

Remark 14. Saying that the scheme is unconditionally stable means that no CFL condition is needed on
At for the scheme to be stable.

Proof. The scheme (42) rewrites:

Pt - Z P Cr) = 1
TEV (60)
uth = ZP?HCJT
j€eCr

We can multiply the first equation of (60) by p}”‘l, and sum it over j € C:
Zm I(p n+1 AtZ( n+1 Z n+1,/€rcjr>> - Zm |pn+1 n
jec jec reV; jec
By permuting the sums on r and j, and using (15), we obtain:
S IR A Y (e 30 R = 5 S Il g S 165 - X Il
jec rey Jj€Cr ]EC ]EC jeC
Using the second equation of (60) the equation becomes
1
Z\Q ()2 + ALY (upth kgt o+ Z\Q (™ = p})? = 52\%\(1)}’)2
JEC rey JEC jec

Obviously,
Z'Q | n+1_p}z)2 >0

]EC

Thanks to the assumption (58), we have
ALY (g Bt >0

reV

Therefore
IPr L2 < llpkll2) ¥V AL >0

and this ends the proof.
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Proposition 15 (L? Stability with Neumann boundary conditions). Let us make the two following
assumptions:

(X, K pxX) >0 Vr eV (61)
(%, kr(Ig =0, ®1,.)3,x) >0 Vr eV (62)
Then the implicit diffusion scheme (43) with no source (f(x,t) = 0) and homogeneous Neumann

boundary conditions (g(x) = 0) is unconditionally stable in L? norm, which means the following inequality

stands
IPr L2y < llpillz2) ¥V At>0 (63)

Proof. The scheme (43) rewrites:

ol — At( St Co) + S et (- n @ n,.)cj,_>> = p"
reV’: TEV;
— Bpuptt =" prticy, Vre )’ (64)
jecl,
Beaptt =" (pptt =it Gy Vre )’
jeir

We can multiply the first equation of (64) by p;H'l, and sum it over j € C:

31yt Atzpn-‘rl( > (reurtt Ch) + > (keul (I — 1, @ 1,)Cyy ) S 19,00l

Jjec jec revi rev? jec

By permuting the sums on r and j, and using (15), we obtain:

STl — A Y (rur L S — A Y (koul T (T - me 0,) G

jec reyi jec reVb jec
Z\Q (P72 + §Z|le(pj)2 ZIQ Py = p})?
JEC jec gec

Using the second equation of (64) the equation becomes

= Z 192;1(p; nT2 At Z (kpu™TH Boul Ty 4+ At Z (kpul*! (I; —m, ® n,)3urtC;,)
JEC rey? TEV”

65)
n 7 T n T 1 n (
ALY (eurt (I -, @m,) > prtCy, ZIQ 5™ = p)? =5 D 1102
reyb jeC, JEC jec
By definition of n,., one has
Z pn+lc ;CL+1 Z C.; = p;l+1 v
JEC, JECH jec,
Then, thanks to Proposition 38, (65) becomes
Z 192;1(p; n2 At Z (kpu™TH Boal T 4+ At Z (kpu T (IAd —n, ®n,)8urtCy,)
C i repb
JE rey GV (66)
by SIS = B = 5 Y Il
JEC ]EC
Obviously,

7Z|Q| n+l ) >0

jec



30 4 PROPERTIES OF THE SCHEME

And thanks to the assumptions (61) and (62), we have

At Z< ntl g Beu™ ) >0 and At Z W+ (T — ne @ mp) Bt > 0
reyt reyb

Therefore
thHHH(Q) < epllzz), ¥V At >0
and this ends the proof.
O

Proposition 16 (L? Stability with Dirichlet boundary conditions). Let us make the assumption that
KrBr and k.5 are positive:

VxeEQ, (xkpx)>0 Vreph? (67)
and
Vxe (x,6:0:x) >0 VreVe (68)

Then the implicit diffusion scheme (44) with no source (f(x,t) = 0) and homogeneous Dirichlet

boundary conditions (h(x) = 0) is unconditionally stable in L? norm, which means the following inequality
stands

I z2e) < Ipillcz) ¥ At>0 (69)
Proof. The scheme (44) rewrites:

+1 1
B AL S G =
reV;
Beuptt == 3" prtic;, vre v (70)
jec,
c n+1 Z n+1C v Ve
D e
jec,

We can multiply the first equation of (70) by p}”l, and sum it over j € C:

Z|Q| n+1) Atz(nHZ ntl, > Z|Q|n+1n

jec jec reV; jec

By permuting the sums on r and j, and using (15), we obtain:

IR EItS ST e as N R SN RS DI (7 S S [k

jec rey j€ec, jEC ]EC jEC

Using the second and third equations of (70) the previous equation becomes

S DIl A ST (st ) A S (s ST Il )2

jec reyib reye jEC
1
IS ol
jec
Obviously,

7Z|Q| n+l _ ) >0

jec

Thanks to the assumptions (67) and (68), we have

At Z <u”+1 /@Tﬂru"Jrl) >0
reyib
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and

At Z< n+1 F':rﬁc n+1> >0

reye

Therefore
IPr L2y < llpillz2) ¥V AL >0

and this ends the proof.

4.4 Consistency

For this whole section, let us assume that the solution is smooth: p € W2°°([0,T],€). Let us introduce
P} = p(x;,t"), u = u(x,,t") and x, = r(x,). We will study the consistency errors aj; and by of the
scheme.

Let us define the discrete L? norm of these consistency errors

lailZa) = D 141(a})*  and  |[bRlIZa) = Y [Villby

jec rey

Where ||| is any norm over the coefficients of b,.

For the scheme with periodic boundary conditions (42) the consistency errors are defined as follows

n+1_7

n p] p] Z n+1
a! = —-—
J
At ‘Q ‘ reV; (71)
b7 — L( it — 3 e )
Vi 2

Proposition 17 (Counsistency of the periodic scheme). Let us consider the scheme (42) with no source
(f(x,t) = 0) and periodic boundary conditions and the consistency errors (71). There exists a constant
C such that, if nAt<T

lakllz2() < C(At + h) (72)
and
b7l L2y < Ch (73)
Proof. We have
n+1 n
n_ P p; 1 s
a - = <ur 7/{TC r>
At 19| ; ’
J
Knowing that
p;}-‘rl pn

j _ n+1
A L =0T 4+ O(At)

and since pj is p evaluated on the center of the cell €y,

api Tt = 5 I/ Op"t1(x) dz + O(h)

_ IQ'I/Q-V'H(X)UM(X) da + O(h)

1

= m o0, <1€(X)117L+1(X)7nj> d0'+0(h)



32 4 PROPERTIES OF THE SCHEME

By definition of C;,, and based on Figure 1, one has

c. = Witk gelie By |Tye| + Ay Uy
e 2 B 2

with ﬁjr = Ny, |Fjr| = fjl and fljr_l = Njg, |Fjr_1| = fjk.
This way, one can rewrite

3 (e, Ch) = 3 1 [Ty | +f1jr—1|Fjr—1|>
r y “ir) = T y
TEV]‘ TEVj 2

1 ECES RTES I
= 5( D (g Ty + ) <f<«'rur+1anjr—1|rjr—1|>>

reV; reV;

As V; is a loop, we can change the indices of the second sum:

1 T .
= 5 (2 e A+ > (e Ay D))

reV; reV;

T, . T
Brpuply + ceup ™
= E 9 vnj7'|rj7“
’I‘EVJ‘

Finally, by transforming the sum over the vertices of €); into a sum over its edges, we obtain the
formula

— s UL () + s (x)urH (x5)
; <KZTUT+1, er> = l; |8Q]l|< J J B J J 7l’ljl>
revi J

where X;-; and X, are the ends of 0€2;;, the common face of €; and ;.

Therefore

1 k(xDurti(xh) + k(x5 )ur (x5
o =080 + 00 + 30 ( [ sl () do — o OO
J leC; at

Since the function under the integral is approximated by the trapezoidal rule, the error of integration
is O(h?), which means there exists a C' > 0 such that

T (x) 4+ k() aT (o
K/ KT (30 dor— [, |05 . Sl (Xﬂ),nﬂ>\ < CR20%| < CI?
Ole

Dividing by [£2;] and using the lower bound of (22), we obtain a} < C(At + h).

Therefore we have

laq 2 = > 194110} < (C(At + 1))
jec
= |aplle2) < C(At+h)

Which gives us (72).
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Let us now consider b}.

1
n+1 n+1 .
()
jEC
1 n n
\( e I LA DYTAR Y
r jeC, jeC,
nl
(= Z b —xaF ey - 3 ey
]EC jEC,
|v\( 2 Ol Xﬂ’“?“”p"“))

Let us write Taylor’s expansion of p

P =t (x = x up ) + O(h?)

Now we have

because

(= 3 CnF T+ 00)

jEC,
( > G 0()
T JjEC,

Z C]rp:’H_l — n+1 Z er =0

JjecCr jec,

Thanks to (23) and (21), we obtain

b! h O(h? h
rfchggcjc O(h?) = O(h)

Which means ||b}|| = O(h), and

1/2
B3 1120 = (32 VAIBEIZ) = O(h)

rey

And that ends the proof.

O
Let us now define the consistency error of the scheme with Neumann boundary conditions (43)
n+l _ F
n _ £y J n+l L
aj—it |Q|ZI{T ,Cir) —|Q|Z (kruy Id—nT®nr)Cj,«>
rev; TGVI’
1 4
by = (_ gttt = 3 i ) Vr e Vi (74)
‘ 7" ]EC
n 1 Cont+l 71 1 n 1 b
br:VT( Bt 4 gc: Tt er) VreV

Proposition 18 (Consistency with Neumann boundary conditions). Let us consider the scheme (43) with
no source (f(x,t) =0) and homogeneous Neumann boundary conditions (g(x) = 0) and the consistency

errors (74).

and

Then there exists a constant C such that, if nAt <T
lakll2(@) < C(At+h) (75)

bl L2y < Ch (76)
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Proof. Let us consider

PP 1
A VR 7] ;muw i) \Q | Zv (k0 T (Ig = n, @ 1,)Cj)
T ; S
Pyt =)
T L S o - LY e )
At |Q| = lQl )
IQ | > (ki (0, @ n,)Cjp)
evb
+1 S
p; — D] 1 e u
f — ‘Q]‘ r; <f€ru7@ ‘Q ‘ zv:b ’iru? nT ®nT>CjT>
' S

Thanks to Proposition 34, we have

<"<57‘u¢4+1 (nr ® nr)er> — </€ru?+17 <er7nr>nr> = <er7 nr><"€ru:}+17 nr)

The Neumann boundary condition states that (k,u ”‘H, n,) = 0.

Then, we obtain

n+1

ZU _-557 n+1
e VR Z Cir)
TEV
1 ,
b — ( Bt — Z p;%“cjr) Vr e Vi (77)
v
1 n T n
by = |( B Y (T =g G, eV
JjEeC,

Note that the first equation of (77) is the same as in Proposition 17. Knowing that no property of the
periodic domain has been used in its proof, the method to prove the consistency for a; with Neumann
boundary conditions is identical. However, we have to work a little bit more with by,.

Inside the domain, when r € V¥, the proof is the same as is Proposition 17, thus we obtain
b, =O(h) Vrel (78)

Let us now consider b}’ on the boundary of the domain.

—_

=7 ( Beuptt 4 > (ppt - p?“)cjr)
r JEC
1
\V | ( Z Cjr @ (xr —x;)u w4 Z Pt - nH)er)
" j€Cr Jj€Cr
1
( X_]a u’r‘ C]r + Z n+1 n+1)cj7‘)
JEC Jj€ECr
(X ol W ) + Y G
jeC, jeC,

Let us write Taylor’s expansion of p

P = (xy - x, ul )+ O(h2)
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Now we have

b = “i | (— St o) + > Wcj,.)
" jec,

jec,
—1
= m( > CJTO(hZ))
" jec,

Therefore on the boundary, when r € V*, we can do the same as in the proof of Proposition 17, and

we obtain
Ib.| = O(h) ¥reVt (79)

Thanks to (78) and (79), we obtain ||bl*|| = O(h)V r € V, thus

1/2
D50y = (32 WalIBZIZ) = 0h)

rey

And that ends the proof.

O
Let us define the consistency errors of the scheme with Dirichlet boundary conditions (44)
ntl o
o — p;T b _72 L
Toooar g
1 .
b= |( Brup T — Z e ) Vr e Vi (80)
1
b;L |V | ( Bc ntl Z p;_LJrlcjr) Vr e V¢
S

Proposition 19 (Consistency with Dirichlet boundary conditions). Let us consider the scheme (44) with
no source (f(x,t) = 0) and homogeneous Dirichlet boundary conditions (h(x) = 0) and the consistency
errors (80). Then there exists a constant C' such that, if nAt <T

laillz2 (@) < C(At+h) (81)

and
Ibrllz2) < Ch (82)

Proof. In this section, the formula for a} is the same as in Proposition 17 and in its proof not any prop-

erty of the periodic boundary conditions have been used. Hence (81) is proved immediately.

One can notice that the third equation of (80) is the same as the second one, with 5, = 8¢. Then we
will study the two equations in one with 8, = ¢ on the corners.

Let us now consider b for r € Vb,

1 -
by = [V, | ( - &u?“ — Z p?+lcjr>
' JECr
1 — ]
:|V\( ZCW@Q X, — Xj)u +1 ZPHC )
" j€eCr =
1
- \% \(_ Z<X X17U?+1>er _ Z RESe )
T reer jec
1
= |‘/r‘ ( - Z er(<X X]’u?+1> +pn+1))
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Let us write Taylor’s expansion of p

T =pi T 4 (%, —xp,ul ) + O(h?)

Now we have 4 -
7 ( Z Cr (Pt + O(hz)))

Jj€EC,

( > CjTO(h2)>

JeCr

b =

r

-1
[Vl
because

Z erp?H = p?—H Z er Vr e Vb’c

J€ECr jec,

and p"tl =0 Vr € V»¢, thanks to the homogeneous Dirichlet boundary conditions.

Thanks to (23) and (21), we obtain

—1
e > ChO(?)=0(h) VreV

JjeCr

b, <

Which means ||b]|| = O(h), and

1/2
D320 = (2 VA IBE2) " = O(h)

rey

And that ends the proof.
O

Remark 15. We showed that the scheme is consistent and stable for each boundary condition. Now we
would like to use Lax theorem as in [9] which states that if a linear scheme is stable and consistent in a
certain norm, then it is convergent in the same norm. Unfortunately we can’t because the scheme is not
consistent in the sense of the finite differences. Indeed in the proofs of the previous propositions u?*1! is
considered to be exact in the expression of a7 while in reality it should be u ™ + O(h). Therefore in ay;
one has

1 1 .
m Z (krO(h),Cjp) = mO(h )~ 0(1)

reV;

since |2;] is homogeneous to h?.

Therefore aj is not consistent anymore.

4.5 Convergence
Let us define two error variables

e =p) —plx;.t") and £ =ul — u(x,. ")

and their norm

1/2 1/2
ez = (D219l 12) " and 1€l ) = (D IVHIIEFIP)

jec rey

Proposition 20 (Convergence of the periodic scheme). Assume that p € W3 and the periodic scheme
is consistent: (72)-(73) are verified. Assume there exists a constant o > 0 such that

Vx €Q, Vr eV, (x,(kB)"x) > o|V,|||x]? (83)
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with A® the symmetric part of A defined in Definition 6.

Then the scheme (42) is convergent for all final time T > 0: there exist a constant C such that

le" L2y < C(At + h) (84)
Proof. By construction
en+1 n
J fnJrl — "
At |Q | Z a;
reV; (85)
BE T+ Y Corel ™ =V
JECr

We can multiply the first equation of (85) by At\Qj\e?H and sum it over j € C:

SIller =D lert el = At ety " (k£ Chp) — ALY [Qy]el  al

jec ject jec reV; jec
1 1 1
5 Il = 5 D llef 2 = =5 DT IR llet - P+ ALY (5, £ Y e HICy,)
jec jec jec rey Jj€eCr
—AtY " |Q;lefay

jec
We can now replace the sum in the scalar product with the second line of the equation (85)

DIl TP =D 1Qllep P = = D 1Qlles T = ep P 208 Y (k£ B V)

jec jec jec rey

—2AL > (k£ BT — 248 Qe al
rey jec

Thanks to Proposition 39 and the assumption (83), we know that there exists o > 0 such that

—2A¢ ;}Wfﬁl, B EnTy = —2A¢ ;}w“, (ke B,)°E0H1) < —2A¢a[E7|[2. -

One can write

—2Atz 1Q;lenal = _QAtZ 19,1 (el — elal — 2Atz Qe a?
jec jec jec

Young’s inequality gives us the following results:

—20t ) |l(eft —ef)ap < Y|l T — el + A Y19 lay

jec jec ject
—2At Y [Qlefal < ALY T |Qllef P + At [y laf?
jec jec jec
1
QALY |VR(EH kb)) < Ate > V|7 + At > Valllsebrf?
rey rey rey

Finally, we obtain the following inequation, with £ > 0

n n " (X n n
e 32 @) = e By < Ate[[E7 [0y + A2 b7 ) — At2a[€° 72 0y + AP " Bagey

+ALa™ |72y + Atlle™] 720
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where |||/<;|||522 o = ma5(|||/<cr||| « Which is a discretization of the infinity norm defined in the statement of
’ re

the problem. Therefore the majoration of x still holds with this discrete norm.

One can chose ¢ = 2« and rewrite

Il

e+ 220y < (14 Al [F2qy + At((1+ A a3 () + 5= D" 320

Using the consistency estimates (72)-(73), one can write

2
e ey < (4 D01 g + (1 A (e 1+ L)
< (L+ At)[le™|| 72 + K AL((1 + At)(At + h)* + h?)
< (L+ A" [|72 () + KAL(AL + h)?
where M
K = 3K’ = 3max (C’l, %02)
with M the upper bound of ||| .-

Thanks to Gronwall’s lemma, we obtain

n—1

le™ M [Fegq) < D P KALAL + h)?
p=0

Which means, for nAt < T
le™* |72 () < QAL+ h)?

where
Q=KTe"

And that ends the proof. O

Proposition 21 (Convergence with Neumann boundary conditions). Assume that p € W3 and the
scheme with Neumann boundary conditions is consistent: (75)-(76) are verified. Assume there exists two
constants ay, ag > 0 such that

Vx €9, Vre V', (x,(kB,)°x) > an|Vo|[Ix]|? (86)

and
Vx € Q, Vr €V, (x, (ko (Ig — 1, @1,)5,)%) > as|V;|[x]|? (87)

with A® the symmetric part of A defined in Definition 6.

Then the scheme (43) is convergent for all final time T > 0: there exists a constant C such that

le"lL2(@) < C(At+h) (88)
Proof. By construction
e?—i_l B 6? 1 n+1 1 n+1 T n
o Z (kof] T, Cjy) — Tl Z (k£ (Is — 0y @ ,.)Cjp) = —aj
9] = 921 =5,
J J
BT+ Y Chrett = 02|V (89)

JjeCr

/Brfrm_l - Z er(eiH_l - B?Jrl) = b |V
J€ECr
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We can multiply the first equation of (89) by At\Qj\e?H and sum it over j € C:

SOIller T =D ler rer = AtY el Ty (k1 Chp) + ALY et T (ks £

jec jec jec revi jec revy

(Is =1, ®10,)Cjp) — ALY [Qler T ar
jec
1

5 Il = S ST IO =~ ST Il - e A Y (e, Y et Cy)

]GC ]EC jec reyi jeCr
HAE D (P (I =1, @m,) > elTICy) — ALY Qe T al

rey? j€Cr jec

We can now replace the sums in the scalar products with the second and third lines of the equation (89)

DIl = I llep P = =Y llef T = ef P 288 Y (kg7 VE]) — 288 Y (o 7 B, 80

jec jec jec reyi reyt
208 Y (5 £ (Ig = np @ 0 B2 V) + 288 > (ko7 (Ig—np @ my) Y er 1Oy
repb reyb j€Cr
ALY (k£ (I — np @) B8 — 248> |0 lel T
reyb jec

By definition of n, and thanks to Proposition 38, one has

200 S (k0 (T —m, @m,) 3 e 1Cy) =280 S (k£ (T —m, @ nT)efHH 3 ¢l =0

rey? Jjelsr reyb JeCr

Which leads to
SOl =D llef P = =Y 19,llel T — e P+ 248 Y (ke £ BMVE]) — 248 > (k£ BE8HY)

jec jec jec reyi reyi

208 > (k1T (Ig — 0 @ B2 V,]) — 288 > (k71 (Ig — mp @ np) Bo£7 ) — 248> |Q]ef T al
reyd reyt jec

Thanks to Proposition 39 and the assumptions (86) and (87), we know that there exists aq,as > 0
such that

20> (k£ BT = <248 Y (ET (ke Be) E0T) < —2Atan Y |V [[£7T)?

reyi reyi reyi

and

2L Y (e £ (Tamme@n, ) BE ) = <28 30 (6, (k5 (Ta—mp0m,)8,)° 604 < —24taz D |V, |62
reyt reyt reyt
Thus
AL Y (k£ (Tg =, @m,) B ) =288 Y (ko7 BT < —2Atmin(on, az) Y [Vl [£7 2
reyd reyt rey
One can write

—2Atz 1Q;leral = _QAtZ 1951 (el — e)al — 2Atz |Q;lea”
jec jec jec
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Young’s inequality gives us the following results:

288 Y 1t - ey < DI llet - e+ AR S |0 lja P

jec jec jec
—2At Y [Qyleral < AEY |Qy]ler ] + At | [Q]]al]?
jec jec jec
. n . 1 n
208 Y (VA n ) < Ate S (VIR + At S Vil b
rey? reyt rey’
~ 1 ~
248 Z VA6 k(g — mr @ m)b7t) < Atp Z VAIE 12 + A= Z Velllkr (s — 0, @ 1) byt 12
reyh reve reve

Let us now gather the previous inequalities
1 ) 2
e ey = e 7a) < Ate Y [VAIEHIZ + A2 3 |Velllarby|* — 24t min(as, az)[[[€ ]
reyi reyi

1 ~
+AL Y VIIEH? 4+ At= > [Vel[lkr(Ta — 0 @ my) b2
reyb reyt

FAL 0|72 () + Atfle™ 720y + Atlla" |72,

Let us chose = & = 2min(ay, as), therefore some of the terms simplify:

Firstly

Ate > VIET P+ At Y [Vl IE2T? = At2min(aq, a) Y [V [£7F* = At2min(ay, az)|[[£||7,
reyt reyt rey

Secondly

1 n 1 7 n
At 3 VallrbEPAE S Vel (T =y )b

reyi repb
1 9 ~ 2
=At——— Vilbr + At ‘H I —n, ) ‘ Vb7 2
Tmin(ara )\Hmlllgm > ViR + st ag Wl | T = me @ mo| pRIAILE]
reyt repb
1 2 2 1 2 2
=At———— V,|[b2 = Aft—— bn
Qmin(al, 042) H‘K:|||Q,oo TGZV | |H T H 2min(a1, Ckz) |H"{|”Q,oo||| r |||Q,oo
~ 2
because ’H(Id —n,®n,) ‘ =1

Finally, we obtain

3, )
" 320y < (14 Ab)[le™ |32 + At (m\\\b”mm(m +(1 +At>||anuizm))

Using the consistency estimates (75)-(76), one can write

. . [
€ By < (1 A0 e By + At((1+ AOCHAL+ 1) 4+ - 212 )

2min(aq, a2)2a

< (L+ Ab)[[e™[| 720 + K AL((1+ At)(At + h)* + B?)
<(1+ At)He"HLz + KAt(At + h)?
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where
M

K = 3K' = 3max (01, _702)
2min(ay, o)

with M the upper bound of ||| .-

Thanks to Gronwall’s lemma, we obtain

n—1
" M [Faiq) < D A KALAL + h)?
p=0

Which means, for nAt <T
le™ 720y < QAL+ h)?

where
Q=KTeT

And that ends the proof. O

Proposition 22 (Convergence with Dirichlet boundary conditions). Assume that p € W3 and the
scheme (44) with Dirichlet boundary conditions is consistent: (81)-(82) are verified. Assume there exists
two constants ay,ay > 0 such that

Vx € Q, Vr e VP, (x, (krfBr)°x) > ozl\Vr|||x||2 (90)

and
Vx € Q, Vr e VO, (x, (k,5)°%) > aa|V,[|x]? (91)

with A® the symmetric part of A defined in Definition 6.

Then the scheme (44) is convergent for all final time T > 0: there exists a constant C such that

lle" | z2() < C(At + h) (92)

Proof. By construction, and choosing to write the third equation of (44) as the second one with 3, = 8¢
when r € V¢, one has

n+1 n
e, 6
J n+1 _ n
At |yl ]| 2 {wef —
reV; (93)
Bt T+ > Clpet T =BV, Vrey
JEC,

The rest of the proof is the same as in the one of Equation 84, choosing o = min(ay, «2) in order to
have the following inequality

Vx € Q, Vr eV, (x,(k6,)x) > a|V,|||x|?

Finally we obtain (92) with
C=KTer

where K = 3max (C’l, %02). And that ends the proof.

5 Second order in time

The scheme as we built it is theoretically order 1 in space and time. We will see in Section 7 that its
numerical order in space is 2 and we want to obtain order 2 in time too.
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5.1 Crank-Nicolson method

5.1.1 Construction of the scheme

11
Crank-Nicolson method is based on the trapezoidal rule, let us introduce u I = i(u:}"’l +uy).

Therefore for periodic boundary conditions the new scheme writes

Pyt —p} 41 1
n+3 n+1 n
1 = S W k) = I+ A7)
reV; (94)
uth = ZP?HCJT
jec,

The schemes for Neumann, Dirichlet and Mixed boundary condition are the same as respectively (43), (44)

1
and (45) replacing each time u' " by 2(uP*! 4+ u?) in the first line of the system.

5.1.2 Matrix-vector form

In order to solve the problem with Crank-Nicolson method, let us get back to the scheme in vectorial
form

prtl_pr 1 1
Ig———— — (MP""' + MP") = _(B"*' + B" 95
o — 5(MP" 4 MP") = Z(B" 4 B") (95)
where
« P = (p? ‘e p}(,)t is known at each iteration, initialized with P in the statement;

e B™ I and M are the same as in Section C.1, known for all t* € [0, T].

Therefore the problem becomes:

Find P"*! such that

At At

(IQ _ 7M)Pn+1 At

- (B" 4+ B") + (Io + - M)P" (96)
5.2 Properties of the scheme

In order to study the stability, consistency and convergence of the scheme, let us consider the problem
with no source: f(x,t) =0 and homogeneous boundary conditions: g(x) =0 and h(x) =

5.2.1 Stability
Proposition 23 (L? Stability of the periodic scheme). Let us make the assumption that k.3, is positive:
VxeQ (x,k0:x) >0 VYreV (97)

Then the diffusion scheme with Crank-Nicolson method (94) with no source (f(x,t) = 0) and periodic
boundary conditions is unconditionally stable in L? norm, which means the following inequality stands

15l z2(0) < IRz ¥ At =0 (98)

Proof. The scheme (94) rewrites:

P g X G e G =
’I"EV (99)
n+1 Z anrlC

jeC,
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We can multiply the first equation of (99) by (p’ ntl p}), and sum it over j € C:

]. 7 3
Zm 5+ ) AtZ( i+ pj) Z<2( ™+ ) ) Z|Q 5 (0 + 1)

jec jec reV; jec

By permuting the sums on r and j, and using (15), we obtain:

S I - S S e 30+ 5)C) = 1

jec rey jecl, jec

Using the second equation of (99) the equation becomes

A
531 + S ST ), () = 5 319102

]EC rev jec
Thanks to the assumption (97), we have

2ES™ (4 ul), m (a4 ul)) > 0

rey

Therefore
i 2 @) < Ipkllz) ¥V AE=>0
and this ends the proof.
O

Proposition 24 (L? Stability with Neumann boundary conditions). Let us make the two following
assumptions:

KeBBr >0 Vrel! (100)

/{T(j(; —n,®n,)B >0 Vre) (101)

Then the diffusion scheme with Crank-Nicolson method with no source (f(x,t) = 0) and homogeneous

Neumann boundary conditions (g(x) = 0) is unconditionally stable in L? norm, which means the following
inequality stands

195 20y < lPhllee) ¥ AE>0 (102)
Proof. The scheme rewrites:
Q n+l At n+1 C n+1 f C _ Q n
[l = S (D0 e ), G+ D (e (™ ), (T = 1 @0,)C) ) = (919
reVvi revy
= Bpuptt =" prticy, Vre )
j€Cr
Brup =" (pptt = pithCy eV’
JjEeCr
(103)

In order to prove the stability of the scheme with Neumann boundary conditions with Crank-Nicolson
method, we will repeat the steps of the proof for the implicit scheme (Proposition 15) adapted as in
Proposition 23 for Crank-Nicolson method.

O

Proposition 25 (L? Stability with Dirichlet boundary conditions). Let us make the assumption that
KrBr and k.5 are positive:

VxeQ, (x,k0,x)>0 Vreph? (104)
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and
Vxe (x,60x)>0 VreVe (105)

Then the diffusion scheme with Crank-Nicolson method with no source (f(x,t) = 0) and homogeneous
Dirichlet boundary conditions (h(x) = 0) is unconditionally stable in L? norm, which means the following
inequality stands

o5 2@y < IPhllc2@) ¥ At>0 (106)

Proof. The scheme with Crank-Nicolson method rewrites:

5 = S D (! ul), kG = 19 18]
reV;
Bruntl = — Z pitICy, Wre vt (107)
jeCr
(' n+1 Z pn+lc Vr e Vc
jeC,

Once again the proof of stability for this scheme is the same as the one for the implicit scheme
(Proposition 16) adapted as in Proposition 23 for Crank-Nicolson method.
O

5.2.2 Consistency

For the scheme with periodic boundary conditions and with Crank-Nicolson method, the consistency
errors are defined as follows

“n+1

n p pT n+
aj = i——~4*2 * e Cir)
TEV (108)
n __ 1 n+1 n+1
b= g (- o)
J€eCr

Proposition 26 (Consistency of the periodic scheme with Crank-Nicolson method). Let us consider
the scheme (94) with no source (f(x,t) = 0) and periodic boundary conditions and the consistency
errors (108). There exists a constant C such that, if nAt <T

lak |2 (@) < C(AE + h) (109)
and
b7l 2y < Ch (110)
Proof. We have
n41 “n -
a; —W—WZ@ *,6,Cjr)
J reV;

Let us consider Taylor’s expansion of pJ and p"+1

—7_ n+i At Tail

and
I At I
P =ity 78@‘*2 +O(A#?)
Then
Pt -7

_ . nt3 2
At J —8tpj +O(At>
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This time, let us consider Taylor’s expansion of 8,51)7 and @p?“

AT At gt
O} = 0wy = SO+ O(AF)

and
a1t = atp?T% + %afp?? +0(A)
Then - -
p;”;; o atp?“; LIIND

Since p; is p evaluated on the center of the cell €2;, one has
[ 1 -
0w =g [ 0TI do+On)
€451 Jo,

_ |Q1J| /Q V(U (x) dz + O(h)

1 ut(x),n;) do
= m 8Qj<f£(x)u +t1(x),n;) do + O(h)
and )
opy = o 8Qj<'i(x)u"(x),nj> do + O(h)

Then we use the same manipulation of Cj;. as in Proposition 17 and we obtain

T Rxg)um s () + s )un 2 ()
> ket ) = Y 00l (— O i)

reV; leC;

where x;rl and X, are the ends of 9€;;, the common face of 2; and €2;.

Therefore

a} = O(A1) + O(h) + 1

— k(x5 untz (xh) + k(x5 u™t2 (x5
/ /{(x)u""'%(x) dO’-‘anl‘ ( jl) ( ]l) 5 ( jl) ( ]l)’njl>
BQ]-Z

Since the function under the integral is approximated by the trapezoidal rule, the error of integration
is O(h?), which means there exists a C' > 0 such that

T (x) 4+ k() a(x
K/ KT () dor— [ |20 . <O (Xﬂ),nﬂ>\ < CR209| < CI?
8le

Dividing by [§2;] and using the lower bound of (22), we obtain a}} < C(At* + h).

Therefore we have

lag 1320y = D 19510} > < (C(A + h))?
jec
= |lap|lr2@) < C(AE +h)

Which gives us (109).

The consistency error b} is the same as in Proposition 17, therefore the consistency error is the same.
Thus we obtain (110) and that ends the proof. O
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Let us now define the consistency error of the scheme with Neumann boundary conditions and Crank-
Nicolson method

pn+1 _pf T+l
aj = jitj a m Z Kyl *2 CJr \Q | Z Keuy 2 [d —n, ®n,)Cj)
revi revy
1 .
b= (= st =3 pC,) eV )
r jec,
1
b? _ ‘V | ( ﬁrunJrl Z n+1 n+1>er) Vr € Vb
T jeC.

Proposition 27 (Consistency with Neumann boundary conditions and Crank-Nicolson method). Let
us consider the scheme with no source (f(x,t) = 0) and homogeneous Neumann boundary conditions
(9(x) = 0) and the consistency errors (74). Then there exists a constant C' such that, if nAt <T

laill 2@y < C(AE? + h) (112)

and
Ibrllz2) < Ch (113)

Proof. The beginning of the proof is the same as for Proposition 18 replacing u"+1 with uy, +2.

Once we transformed the consistency error of (111) into (108), one has to follow the steps of Proposition 26
in order to prove (112) and (113).
O

Let us define the consistency errors of the scheme with Dirichlet boundary conditions and Crank-
Nicolson method

“n+1 -
n D, _p n+
Ry DI
TEV

1 )

by = m( — Brui - Z P;LHer) vr eyt (114)
T jec,
1

o L () e
" jec,

Proposition 28 (Consistency with Dirichlet boundary conditions and Crank-Nicolson method). Let
us consider the scheme with no source (f(x,t) = 0) and homogeneous Dirichlet boundary conditions
(h(x) = 0) and the consistency errors (114). Then there exists a constant C such that, if nAt <T

llahll20) < C(AL* +h) (115)

and

bl L2y < Ch (116)

Proof. The proof for the consistency error a! is the same as in Proposition 26 and the one for b}’ is the
same as in Proposition 19. Therefore (115) and (116) are immediately proved. O

5.2.3 Convergence

Let us use the same convergence errors as in Section 4.5 and the norm associated to them.
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Proposition 29 (Convergence of the periodic scheme with Crank-Nicolson method). Assume that p €
W3:°° and the periodic scheme with Crank-Nicolson method is consistent: (109)-(110) are verified. Assume
that At <1 and there exists a constant o > 0 such that

Vx €9, VreV, (x,(k5,)°%x) > a|V,|||x|? (117)
with A® the symmetric part of A defined in Definition 6.

Then the scheme (94) is convergent for all final time T > 0: there exist a constant C such that

le™] L2y < C(AE + h) (118)
Proof. By construction
et — el +
J e o
At \Q 2 (R, Cy) = o]
revi (119)
BT 4 Y Creftt = 0|V
JECr

nt+l 1
where £ = SE ).

We can multiply the first equation of (119) by At|€; |e % with en+2 = %(eg‘ﬂ +¢€7) and sum it over
jec:

1 1 1 s s
STIlertlel ™ =T lenel T = ALY el N (k£ Ch) — ALY Qe 2 al

jec jec jec reV; jec

1 1 n41 n+1 n+i
Il - S Sl = At i S ey - ar Y oyl Hay
jec jec rey Jj€ECr jec

We can now replace the sum in the scalar product with the second line of the equation (119)

n n n+2 b +bn ! n+2 n-i-2
DAl =D 19yllef|? = 24t Y (k, =) ) =208 (k£ BT

jec jec reV reV
n+% n
—2At E Qjle; " *aj

jec

Thanks to Proposition 39 and the assumption (117), we know that there exists o > 0 such that

—2AEY (A7 BT E) = 2 U (6,878 ) < —2ata e |
rey rey )
One can write 1
20t | ler P ar = —AEY D |Qylel el — At [Qylela
jec jec jec

and

n++ bn bnil n—+z n++
2At2<mfﬁ2,%|m|>:Athfﬁ%,bmww+At2<mfﬁ2,b¢*1|w>

rey rey rey
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Young’s inequality gives us the following results:

., At ., At
A Ilertiay < 3T Il + S Y 9y lla

jec jec jec
—AY |Qlefa) < — ZIQ lle1? + - > 19lla71?
jec jec jec
n+ n n+1 At "
A VEE b < Sl ST 4 58S Vel b
rey rey TEV
ALY VA2 kb Se IvHllEs B2 4 52 2 Vel bz
rey rey TGV

Finally, we obtain the following inequation, with € > 0

n n— 2
At|||/<;|||?2700 b |H2L2(Q) + H|b 1|HL2(
L2(Q) € 2

€+ oy — 1" 3aqay < el |2 £

—2Ata H

L2(Q)

+Atl|a ||2L2(Q) + ||€ ||L2(Q JF*HQ +1||L2(Q)

where |||I€|||?2 o = ma§(|”,‘€,«”|oo which is a discretization of the infinity norm defined in the statement of
? LS

the problem. Therefore the majoration of x still holds with this discrete norm.

One can chose € = 2« and rewrite

2
Aty n ALY . 101, D™ W2 gy + [I[B™l
(1—f)||e 2o < (1+?>||e ||%2(Q)+At(||a 2o + 50 il > L2<Q>)
A Aty At\=Lr lsll5,
And ” HL?'(Q (1 - 7) (1 + 7) ||€n||%2(g) + At(l — 7) (Ha”Hiz(Q) + Tj
"+ 116"
; )

Let us now use the method found in [19] in order to bound ||e”+1||22(Q

Thanks to the assumption that At < 1, then one has
(1 At) S 1 N (1 At)*l <9
2/ 72 2 -

Remark 16. Assuming that At < 1 is not a problem since we are considering the convergence of the
scheme when At tends to 0 which means it will eventually be as small as we need it to be.

Moreover

(1_%)_1<1+ AQt) - (1_A2t)_1+A2t(1_t)1_1

2
=53 0-F) 505
—1+At<1—%)71
<1+ 2At

Then the previous inequality on the error of convergence becomes

n n— 2
|||n|||é,oo ™ [1720 + [[|b 1H|L2<Q>)

€™ 20y < (1+ 280" 3 (q) + 288 (lla" 20y + >
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Using the consistency estimates (109)-(110), one can write

2
K
e 172 () < (1+2A8) €120 + ZAt(Cl(At2 + h)? + W@h?)

2
< (14 2A8)[[€"| 720 + K'At((AE + h)* + b?)
< (14 2A8)[|e"[|72 0y + KAL(AL? + h)?
where
K = 3K’ = 2max (201, %02)
o

with M the upper bound of ||| .-

Thanks to Gronwall’s lemma, we obtain

n—1
e M |72y < D PR KALAL + h)?

p=0

Which means, for nAt < T
€130y < QAL + h)?

where
Q = KTe*"

And that ends the proof.
O

Proposition 30 (Convergence with Neumann boundary conditions). Assume that p € W3 and the
scheme with Neumann boundary and Crank-Nicolson method conditions is consistent: (112)-(113) are
verified. Assume there exists two constants oy, as > 0 such that

vx € Q, Vr e Vi, (%, (krBr)°x) > a1 |Ve]|Ix]| (120)

and
Vx €0, Vr eV, (x, (/@T(f;l —n, @n,)53,)°x) > as|V,|||x]| (121)

with A® the symmetric part of A defined in Definition 6.

Then the scheme with Neumann boundary conditions and Crank-Nicolson method is convergent for all
final time T > 0: there exists a constant C such that

le” [l z2() < C(AL* + h) (122)

Proof. In order to prove this proposition, let us repeat the steps of Proposition 21 adapting it to the
Crank-Nicolson method as in the proof of Proposition 29.
O

Proposition 31 (Convergence with Dirichlet boundary conditions). Assume that p € W3 and the
scheme with Dirichlet boundary conditions and Crank-Nicolson method is consistent: (115)-(116) are
verified. Assume there exists two constants oy, g > 0 such that

Vx € Q, Vr € VO (x, (ke fr)°%) > a1 |V ||| x]? (123)

and
Vx € Q, Vr e V¢, (x, (kef5)°x) > aa|Vi|[Ix]? (124)

with A® the symmetric part of A defined in Definition 6.

Then the scheme with Dirichlet boundary conditions and Crank-Nicolson method is convergent for all
final time T > 0: there exists a constant C such that

le" L2y < C(A* + h) (125)
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Proof. Once again to prove this proposition, one can repeat the steps of Proposition 22 adapting it to
the Crank-Nicolson method as in the proof of Proposition 29.
O

6 Hybrid face-node scheme

We saw in Section 7 that the nodal scheme has its limits in the case of Cartesian quad or triangle meshes:
that is when spurious modes appear. In order to fix that, we propose to use an hybrid scheme with fluxes
on both faces and nodes of the mesh. This way each cell will communicate with all of its neighbors. It
can be viewed as a composite scheme as described in [16]. Similar construction for the gradient at the
middle of the faces can be found in [2, 4].

6.1 Space discretization

The idea is to get back to the integration of the continuous problem as seen in Section 3.1 and discretize
the gradient with a nodal and a face formulation.

1191, / (ru,m) do = |,

J

As a reminder in nodal formulation, we approached the gradient as follows:
/ (ku,n) do ~ Z (kru(x;), Cjr)
0% reV;
We now introduce the gradient discretized at the faces:
/ (ku,n) do ~ Z L (ka(xg),ng)
99, leF;

Knowing that F = F* U F?, and since x; = x(x;) is symmetric, one has:

sz, ) =Y flu(x), mmg) + Y blu(x), ki) (126)

lEF; leF} le}‘;?

In the case of a periodic domain, there are no boundary conditions to the problem (ie. F° = (}). We
will study the boundaries of the domain for different boundary conditions later in this section.

In order to approach u(x;), let us introduce j; 2, the indices of the cells that share the face . We
consider Taylor’s expansion of p at the points x;, and x;,:

p(x;,) = p(x1) + (u(x), x5, —x;) + O(h?)
p(x5,) = p(x1) + (u(x1), x5, — x1) + O(h?)

Then
(u(xi), x5, = x5,) = p(x;,) = p(x,) + O(h?) (127)

Now we have a formula for u(x;) in the direction x;, —x;, and we want one in the orthogonal direction.

In order to approach u(x;) in the direction (x;, — x;,)*, let us define an approximation of u(x;):

Q

(320, —x,0%) (128

reV;

<11(Xl), (le - Xj2)l>

Then the approximation of u at the point x; is entirely defined.
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Let us now introduce (ay,d;) € R? such that
Ky = og(xj, = X5,) "+ 0%, — ;)
Then from (128) and (127)
(u(x)), ko) = ag(u), (x5, = x5,)0) + 0(ulxa), x;, = xj,)

~ o Y (U g, ) + ()~ plx)
reV;

Finally, the face flux for the hybrid scheme writes
ur
(w, mim) =y (5 (x5 = x;,) ") + 61(pj, — pj) (129)
rev;

One can combine the nodal flux from Section 3.1 and the face flux from (129) with a coefficient
A € ]0,1] in order to build the semi-discrete hybrid scheme on a periodic domain:

19,[0p; — A D Glw, ) — (1= X) Y (5o, Cjp) = Q15
leF; rev:
u, ;
(w, k) = o Y (5 (x5 = xj,) ") + 0u(pj, —pj,) VIEF (130)
7’6\)}
BrurZ—ijer VreVi
jec.,

As a reminder, j; and js are the indices of the cells that share the face [ as one can see in Figure 11.
Since the face [ belongs to the cells §2;, £;, and ;,, one has Q; = Q;, or Q; = §;,. We chose §; =,
so that the vector x;,x;, is in the same direction as n;, thus «; and J; are positive.

Figure 11: Construction of the flux at the face I

Remark 17. For the nodal flux solver to be well posed, we need the matrix (3, to be invertible, which will
bring some conditions on the mesh. These conditions are given in Section 3.4.

Remark 18. What is interesting with the hybrid scheme when A\ = 1 is that on Cartesian meshes and
when k = I, it degenerates towards the most intuitive scheme with fluxes at the faces, named TPFA [13],
which we know is order 2 in space and even preserves the maximum principle.

Indeed, on Cartesian meshes the vector x; — x;, has the same direction as n;, therefore the scalar
product of w; with (x;, — x;,)* disappears. We are then left with the most intuitive gradient formula:

(u,mg) = Pjy — Pja-
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Remark 19. The choice of A is not obvious. Ideally we would like to chose A << 1 so that the scheme
stays as close as possible from the original nodal solver, with some of the fluxes that pass through the
faces. We would like for the hybrid scheme to correct the issues encountered with the nodal scheme
(spurious modes).

Unfortunately, even though we have good reasons to believe that the hybrid scheme will be efficient with
A =1, we have no certainty that it will work for 0 < A < 1. That is why we will implement the method
in a way that makes it possible to chose A € [0, 1] and make numerical tests to determine which are a
sufficient value for .

6.2 Boundary conditions

Let us now build the hybrid scheme with Neumann and Dirichlet boundary conditions. As a reminder,
working with Neumann or Dirichlet boundary conditions leads to adding respectively (131) or (132) to
the problem:

k(x)u(x,t).nr = g(x,t) Vxel, tel0,7T] (131)
p(x,t) = h(x, 1) Vxel, telo,T)] (132)

6.2.1 Neumann boundary conditions

Let us get back to the first equation of (130) with A = 1 so that the nodal flux disappears since we
already built its boundary conditions in Section 3.2:

1€|0ip; — ( > b{w,mm) + Y b, Hznz>) = [l

leF} le]—‘J’.’
< Q100 — Z O(wy, mimg) = Q5 f5 + Z bg;
le}‘} le}‘J’?

where g; = g(x;,t) which is given in the statement of the problem.

Therefore the semi-discrete hybrid scheme with Neumann boundary conditions writes, for A = 1:

1105 = D bl k) = |15+ Y g
leF} leF?
u, 7
(i, mmy) =i Y (5 (x5 = Xj) ") +0upj —pp) VIEF
revL 4 (133)
ﬂrur = — Z p]C]r VreV
jeCr
ﬁrur = Z (pr - pj)cjr Vr e Vb
JECr
where
° = 071 e‘r ; 797“ N
p T (Z ]pJJrH/@TnTH)7

jecr

. ejr = <6r_lcjrvvr>;

KpDly

V, = .
" [|5rn |

Remark 20. We do not have to consider r € V¢ since when [ € F°, we immediately replace (u;, x;m;) by
the Neumann boundary condition g; and on the other hand when [ € F?, YV, N V¢ = (.
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6.2.2 Dirichlet boundary conditions
With Dirichlet boundary conditions, we saw earlier in Section 3.2.2 that the nodal flux writes as follows
Bray = > (hy —p;)Cjr Vr eV’ (134)
jec,

with h,. = h(x,) which is given in the statement.

Let us consider the second equation of the scheme (130) and inject u, from (134) in it.

1
(w, mimy) = Y (58" > (A = p)Chr, (31 = X3) ) + S = py) (135)
reVp kecC,

Since we consider the boundary of the domain, the point x;, does not exist anymore, it would be
outside the domain. Therefore we chose x;, which is the middle of the face [, to replace it.

As the boundary values for Dirichlet boundary conditions are known at the vertices of the boundary
in the code, one can approximate p; as follows

hy
pr=h; = j{: 72* Vie ]ﬂ
rev;

Therefore the semi-discrete hybrid scheme with Dirichlet boundary conditions writes, with A =1

19510ip; — > bilw, mimy) = |9
lE]“j

u, 7
(w, king) = o ) <77 (x5, — Xj,) ")+ 6u(pj, —pjy) VIEF
reV;

u,
(w, ki) = o Y (5 (a —x5,)") +0(hi—pj,) VIeF
revp

4 (136)
Bru, = — Z p;Cjr VreV
Jj€ECr
Beay =3 (hy —p;)Cjr V1 eV

JECr

Bou, = Y (hy —p;)Cjr V7 eV
JeCr
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6.2.3 Mixed boundary conditions

The semi-discrete hybrid scheme for mixed boundary conditions with A = 1 is directly built from the
schemes (133) and (136):

1€2|0ep; — ( PRACTIINESS £z<ul,f<éznl>) =190+ Y b
leFi leFp? leF?
u, i
(g, k) =g Y (5 (i — X)) +0(pj, —pj)  VIEF
reV;
ur n n
(w,mm) =a; » (5 (= X))+ (b = pit) Ve FPY
TEVlb
Bray == p;Cjy VeV (137)
j€c,

5’rur = Z (pr - pj)cjr Vr e VNJ)
jec,

Beu, = Y (hy —p;)Cjr Vr e VPP
jec,

Beu, = Y (hy —p;)Cjr  Vre VP
j€CH

where
=0t 0..p; gr .
v (Zc 5 )
. er = <[3,T10jr,vr);
Kply
V= —.
[[£rm |

6.3 Time discretization

In order to discretize the scheme in time, let us use the same method as in Section 3.3 which is the
backward Euler method (or implicit Euler method). Let us reuse the time step At > 0, such that
t" = nAt < T, with T the final time.

The hybrid scheme writes, for periodic boundary conditions

n+1 n
I n n
I =AY Gl ) = (=2 Y (mewt, Gy = [l
leF} reV;
1 uyt? 1 +1_ on+l ‘ 138
(it ) = an (S (g, — x) ) + 005 ) YieF (138)
rev,
,BrufH:—Zp?“Cj,o VeV
jec,

In the rest of the section, for the sake of clarity we will consider that A = 1, which leads to the
disappearance of the nodal part in the first equation of the scheme.
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For Neumann boundary conditions one has

n+1
—p
1€2; | Lo a(att mmy) = (Q1f+ Y gt
leF} leF?t
unJrl .
(k) = o Y 5 (X5 —x5,) )+ oIt —pit) VieF (139
reV, 139
Beaptt = =" pitic;, VreV!
JjeC,
Bear ™t =N " (pptt = pItCy Vre V!
jec.
where
1 +1 n+1
e (e )
J; it |“rnr||
i 017" = <6r_10]’r>vr>;
KpD,
V= ————.
[|5rn |

And for Dirichlet boundary conditions:

anrl _ p
Q17— = >ttt ) = |9,1f
lEF;
1 n+1 € 1 1 1
Wt ) = a3 (T (x, - x)t) AT - pith) Ve F
reV;
1 n+l 1 1 b
Wt gmy) = o Z (%= x5,) )+ 6 (T =) Ve F
rev (140)
n+1 Z pn-‘rlc v re Vi
jEC,
Braptt =N (ptt = it Gy, VP e VP
jec,
BC n+1 _ Z (h?+1 *P?H)er Vr e V°
jec,
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Finally, for mixed boundary conditions the implicit hybrid scheme writes:

n+1

_p n n
12, [em— —(Zel Lem)+ > 4y +1,nlnl>) =15+ > gt
leF} leFp? 1eF?
n+1 u7’CL+1 1 n+1 n+1 %
(W k) = a1 ) | (X5 —x5) ) Ay —phT) VIEF
reV;
41 uyt! L 1 ot Db
(ut mmy) =a; Y o (= xg) ) ot =) vie B
TEVD’b
n+1 Z pn-‘rlC V re VZ (141)
JjeC,
ﬂ,,uf'H Z (p:}Jrl p;”rl)CjT vr e YVb
jeC,
Bruptt = (it =Gy, e vPe
J€Cr
ﬂc n+1 _ Z(h:}+1 p;L—H)C . Vre VD’C
JjEeCr
where
L +1 n+1
. n+ = 0_ ( 0, rpn )
jgc: I ||"<57n7 |
d ejr = <Br_1cjr7vr>;
Ky,
V= ——.
[|5rn |
7 Numerical results
Let us consider the following problem:
Find p such that
dip(x,t) = V.(k(x)u(x,t)) = f(x,1) VxeQ tel0,T]
,0) = Vxe
p(x,0) = po(x) x (142)

r(x)u(x,t).nr = g(x,t) Vxelp, t€[0,T]
p(x,t) = h(x,t) Vxeln, t€l0,T]

where I'y and I'p represent the boundaries of €2 with respectively Neumann and Dirichlet boundary
conditions.

We chose to study the convergence of the scheme on the domain Q = [0,1] x [0,1] discretized with
four non-cartesian meshes of quads, going from N = 10 cells per side to N = 80. We chose T' = 1 as final
time. As we consider the backward Euler method, let us chose At = a x h?, with h = % the space step.

We chose a = 10 so that the time step does not become too small when we refine the mesh.

We shall study the L? error of the scheme at the time T, calculated as follows

Err = (/Q |Pew (%, T) — pr(x, T)|? dx)%

where the exact solution p., is given for each test-case. The boundary condition and the source are
constructed using this exact solution, this way we do not need the computer to calculate a reference
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solution of the problems.

In this section, non Cartesian meshes of quads are made from Cartesian meshes in which the position
of the vertices is randomly shifted of a length between 0 and h. We obtain a mesh of quadrangular cells
that one can see on Figure 12b, with 20 cell per side.

POEESRYN N
%i‘«.‘h.'
]

7
T
BIPRS
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7

o
SN

famw
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U
pafhv.
BEARLY
o
e
L

s

(a) Example of Cartesian mesh of squares (b) Non Cartesian mesh of quadrangles

v

I

(A

Figure 12: Randomization of a mesh for N = 20 cell per side

7.1 Stationary solutions
7.1.1 Linear solution

Let us consider the following linear solution
p(x,t) =bzr+y+2 (143)
with a constant diffusion coefficient x = 1.

Then we have

5
f(x,t)=0 and g(x,t) = 1) .ap Vxely
h(x»t):5x+y+2 Vxelp

The convergence order of the scheme with Neumann boundary conditions is not given here because
the scheme is exact for this type of solution. As stated in Proposition 13 the scheme is not exact for
Dirichlet and mixed boundary conditions here because there are corners with a unique cell in our mesh.
Therefore one can see on Figure 13 that for Dirichlet and mixed boundary conditions the numerical order
of convergence in space is 2.

7.1.2 Trigonometric solution

Let us consider the following stationary solution
p(x,t) = sin(7x) sin(mwy) (144)

with a constant diffusion coefficient x = I.
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0.010000 ¢
Mixed BC —+—
Dirichlet BC
= Order 2
0.001000 - E
- F R
g <
w e
0.000100 =
0.000010
0.1

dx

Figure 13: Convergence graph of the linear solution (143) at T =1

Then we have

f(x,t) = 27 sin(mrz) sin(ry)

and

m cos(mx) sin(my)

olx,t) =

msin(ma) cos(my)

h(x,t) = sin(7z) sin(7y)

).np Vxelp
Vxely

One can see on Figure 14 that for every boundary condition the numerical order of convergence in
space is 2.

0.1
Neumann BC —+—
T— Mixed BC ——
T Dirichlet BC

- Order 2

error

0001 | T

0.0001

01
dx

Figure 14: Convergence graph of the constant solution (144) at T =1

Let us now represent the trigonometric solution (144) and its diagonal section on an annulus of center
O = (1,1) and radius R = 1. The solution is approximated with Neumann boundary conditions. This
way we can verify the definition of the normal n, at the “angle” nodes from Definition 10. The formula
for the normal at the “angles” is given in remark 8. With this test, we want to verify that this formula
is true when three adjacent points of the boundary are not aligned and when they do not form a right
angle. As one can see on Figure 15 the solution and its diagonal section on the annulus are correct. Thus
the formula for n, at the angles is verified in that case.

Remark 21. Note that the linear solution (143) was also tested on this domain and the scheme gave the
exact solution for Neumann and Dirichlet boundary conditions. For Dirichlet boundary conditions this
result is explained by the fact that there are no “corner” nodes that belong to only one cell in that mesh,
thus there is no approximation of 5, at the corner nodes that breaks the exactness of the scheme. More-
over this result shows that the definition of n, at the “angle” nodes preserves the exactness of the scheme.
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(b) Diagonal section of the solution

(a) Allure of the solution

Figure 15: Solution (144) on an annulus mesh of quads

7.2 Non stationary solutions

For this section we found the two following test-cases in Andrei D. Polyanin’s Handbook of linear partial
differential equations [20].

7.2.1 Linear solution
Let us consider the following stationary solution

p(x,t) = Az® + By® + 2(A+ B)t (145)
with a constant diffusion coefficient Kk = I; and A =2, B =1.

Then we have

2Ax
f(x,t)=0 and g(x,1) = 2By e vxelp
h(x,t) = Az? + By* +2(A+ B)t Vxely

Once again the numerical order of convergence in space is 2 for every boundary conditions as one can
see on Figure 16.

7.2.2 Non-linear solution

Let us consider the following stationary solution
p(x,t) = Ae P cos(ux — 2u’t + C1) sin(\y — 2X\%t + Cy) (146)
with a constant diffusion coefficient Kk = Iy and A =2, C; = A =1, Cy = 1.5 and p = 0.5.

Then we have

fxt) =0

(x,1) = —pAe A cos(Ay — 202t + Cy) (cos(px — 2p?t + C1) + sin(pa — 2p?t + C1)) ne Vxel
IHE =\ N Ae—na—r cos(pz — 2p%t + Cy) (cos(Ay — 2X%t + Ca) + sin(Ay — 2A%t + Cy)) ) r b
h(x,t) = Ae 1= cos(ux — 2u?t 4+ C1) sin(Ay — 222t + Csy) vVxelyn
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Figure 16: Convergence graph of the linear unstationary solution (145) at T' =1

Once again the numerical order of convergence in space is 2 for every boundary conditions as one can
see on Figure 17.

0.100000 g
E Neumann BC —+—
e Mixed BC ——
L Dirichlet BC
K“\K Order 2
0.010000 e ~ B
_7- = M‘H\“‘\
— \\.‘-"""‘._\_
I ) "'--a(.__r___ H-H'*‘-k —
0.001000 = T 4
—
% T—
‘H—‘""\-_
0.000100 B
0.000010
0.1
dx

Figure 17: Convergence graph of the non linear unstationary solution (146) at T =1

7.3 Non-constant and tensorial diffusion coefficient
Let us now consider the following solution
p(x,t) =t + sin(wz) sin(ry) (147)
With a diffusion coefficient that depends on space:

_ [cos?(z+y) +2sin*(x +y)  —cos(z + y)sin(x + y)
K(x) = ( —cos(z +y)sin(z +y)  sin?(z +y) + 2cos?(x + y)> (148)

Remark 22. Note that x = ODO? with 0 an orthogonal matrix and D a diagonal matrix defined as

follows ( ) ( )
__[cos(z+y) —sin(z+y _ (10
0= (sin(m +y) cos(z+y) ) and D= (0 2)

This way, k has for eigenvalues 1 and 2, thus it is positive. Moreover it is symmetric and bounded:

|5 (x)]l| ., = max(| cos 2(z+y)+2sin?(x+y)|+| —cos(x—i—y) sin(ac—f—y)\, | cos(z +y) sin(z +y)| + | sin?(z +
y) +2cos®(x 4 y)|) < 4, thus [[&]|q . = = max(|lx(x)llo0) <
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Then we can build the second member and the boundary conditions

f(x,t) = 14 3n%sin(nz) sin(my) — 7 cos(mx) sin(my) (2 cos(x + y) sin(x + y) + sin?(z + y) — cos?(z + y))
4272 cos(mx) cos(my) cos(z + y) sin(x + y) 4 wsin(rz) cos(my)(sin?(z + y)
—cos?(z +y) — 2sin(x + y) cos(z + y))

and .
=00 (TSI e e,
h(x,t) =t + sin(mrz) sin(mry) Vxely

One can see on Figure 18 that the numerical order of convergence in space is 2 for every boundary
conditions. Note that the Dirichlet and mixed boundary conditions graphs are overlaid on each other.

0.1 —
o Neumann BC —+—
T Mixed BC —+—
“‘\\\k Dirichlet BC
T Order 2
B T 4
r ~— H‘“""\.’._‘h-
§ ~__
k‘-“x
0.001 £ E
0.0001
0.1

dx

Figure 18: Convergence graph of the solution (147) with a diffusion coefficient that depends on space at
T=1

7.4 Crank-Nicolson method

Thanks to Crank-Nicolson method, the time order of error of the scheme is supposed to be the same as
its space order (Order 2). Let us see if this property is numerically verified.

Let us chose At =~ h and study the L? errors of the solutions on meshes going from N = 10 to 160
cells per side.

In this section, we will use the solutions mentioned earlier and their corresponding boundary condi-
tions, defined above.

First of all with the linear stationary solution
p(x,t) =bx+y+2 (149)

with a constant diffusion coefficient k = I, the scheme with Neumann boundary conditions is exact,
so we represent its convergence order with Dirichlet and mixed boundary conditions. One can see on
Figure 19 that the convergence graph tends to the order 2.

Let us continue with another stationary solution, but this time trigonometric:

p(x,t) = sin(7x) sin(7y) (150)
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Figure 19: Convergence graph for the linear solution (149)
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Figure 20: Convergence graph for the trigonometric solution (150)
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Order 2
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with a constant diffusion coefficient x = 1.

Once again, as expected order 2 is found in time and space on Figure 20.
Let us now consider the following unstationary linear solution

p(x,t) = Az? + By? + 2(A + B)t

with a constant diffusion coefficient Kk = I; and A =2, B = 1.

One has order 2 in time and space as one can see on Figure 21.

For the second unstationary solution, we will study:

p(x,t) = Ae 1= cos(px — 2p%t + C1) sin(Ay — 233t + Cs)
with a constant diffusion coefficient Kk = Iy and A =2, C; = A =1, Cy = 1.5 and p = 0.5.

One has order 2 in time and space as one can see on Figure 22.

Finally, let us consider another unstationary solution

p(x,t) =t + sin(wz) sin(ry)

with a diffusion coefficient that depends on space:

(%) = cos?(x +y) + 2sin?(z +y)
T\ —cos(z+y)sin(z+y) sin’(x+y)+2cos?(z +y)

Once again order 2 is found in time and space on Figure 23.

—cos(z + y) sin(z + y)

(151)

(152)

(153)

(154)
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Figure 21: Convergence graph for the unstationary linear solution (151)
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Figure 22: Convergence graph for the unstationary trigonometric solution (152)
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Figure 23: Convergence graph for the solution with a non constant x (153)

7.5 Spurious modes

As it is done in [6], let us study the scheme on Cartesian mesh. In that case the fluxes C;, point in the
direction of the diagonals of the square );, therefore the adjacent cells are not impacted by €2;, only the
diagonal ones are.

We can easily spot this problem by choosing a Dirac mass for initial condition. In Figure 24a we see
the initialization of the problem where only the center cell €2; is non-null. Let us chose the following
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initial condition:
po(X) =100 x 1x€Qj

with homogeneous Neumann boundary conditions, on a Cartesian mesh with 21 cell per side.

With this initial data we should obtain the fundamental solution of the heat equation. Its formula is
given in [20].

However as one can see on Figure 24b, spurious modes appear immediately at the beginning of the
simulation and they only fade away when the non-null values reach the boundary of the domain.
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- [ |
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[]U
0.0e+00
(a) Initialization (b) T=0.14

Figure 24: Spurious mode on a Cartesian mesh

Let us now study the same problem on a non Cartesian mesh.

The initialization is the same as for the Cartesian mesh, but on Figure 25b to Figure 25d, notice that
the situation is fixed quickly (after about 6 time iterations).

Another way to fix this problem is given in [6].

It consists in slightly changing the definition of Cj,.: one does not consider the middle of the edges
(xr—1,%;) and (X, X,41) called respectively x, _1 and x,., 1 but points shifted by =« where o = +h with
h the length of each edge. The choice of point on an edge must be the same for two cells having the edge

in common. Then for quadrangular meshes there are 16 groups of Cj;, that can be chosen.

In practice let (a,b) € {3,2}?. Let us now redefine the middle of the edges: x,_1 becomes x, +

a(x,—1 — x,) and x,. +1 becomes x, + b(x,11 — X,). This way the two following identities are preserved
inside the domain
> Cjr=0 and Y C;,=0 (155)
JjeC, reV;

Finally the scheme is defined by the average over the four choices for (a,b).

7.6 Triangle meshes

After studying this scheme on a square domain with meshes of quads, we are interested in testing the
method on meshes of triangles. To do so, we will consider the following meshes of triangles, cartesian
and random. Note that for the Cartesian mesh, the corner cells are quads in order to avoid the forbidden
mesh seen on Figure 7.
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Figure 25: Spurious mode on a non-Cartesian mesh

In this section the solutions are represented at the time 7' = 10 with a constant time step of At = 0.1.
Tests have been made and reducing the time step at every refinement of the mesh doesn’t impact the
convergence order, hence we chose to keep At constant so that the computation time doesn’t explode for
the finest mesh.

The domain remains the same as presented in the introduction of the section, such as the L? error
formula.

7.6.1 Linear solutions
Let us once again consider the linear solution (143):
p(x,t) =5z +y+2 (156)

with a constant diffusion coefficient k = I; and the same second member and boundary conditions as in
Section 7.1.1.

In this case the scheme is exact, therefore we won’t calculate its order of convergence but one can see
its L? error on different meshes and for different boundary conditions on Table 1.

Remark 23. At the first iteration the errors are on a 107'% scale which is the machine precision. The
slight augmentation of this error at the final time is due to approximations errors at every time step. We
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(a) Cartesian left triangle mesh (b) Cartesian alternated triangle mesh

(c) Random triangle mesh

Figure 26: Examples of triangle meshes for N = 20 triangles per side

Cartesian left triangles | Cartesian alternated triangles | Random triangles
Dirichlet BC 1.95 x 10~ 1% 43 %1071 9.3x 10714
Neumann BC 1.2x 10713 3.89 x 10713 1.41 x 10713
Mixed BC 5.83 x 10714 3.96 x 10713 6.33 x 10714

Table 1: L? error of the linear solution at 7' = 10 for N = 20 cell per side

can still assert that the scheme is exact in this case.

7.6.2 Quadratic solution

Let us consider the quadratic solution:
p(x,t) = 22 — 3> (157)

In Figure 27, one can see that the quadratic solution is very well approximated by the scheme as the
horizontal sections on the left sided triangle and the random triangle meshes show. Indeed the approxi-
mation and the exact solution overlay each other, and the final error with Dirichlet boundary conditions
and T = 10 is of order 10~%, which is satisfying.
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Figure 27: Allure of the solution (157) and its horizontal section at T = 10 with N = 80

7.6.3 Trigonometric solution

Let us now consider the trigonometric solution
p(x,t) = sin(mx) sin(ry) (158)

with a constant diffusion coefficient k = 1.
Once again the second member and the boundary conditions are the same as in Section 7.1.2.

In the first place, let us observe the solution obtained on a Cartesian mesh with alternated or left-
sided triangles and Dirichlet Boundary conditions. One can see on Figure 28a and Figure 28b that
some kind of spurious modes appear even though the initial condition is regular (in opposition with the
spurious modes on the quad mesh, where the initial condition had to be a Dirac mass for them to appear).

Let us consider the average solution at the nodes of the mesh, calculated with the values of their
neighbour cells. To do so we use a median dual mesh on which the center of each cell corresponds to the
nodes of the primal mesh. The solutions obtained can be seen on Figure 28c and Figure 28d. On that
new mesh the spurious modes disappear.

Refining the solution on a mesh of N = 80 cell per side makes the spurious modes fade away in the
case of the alternated triangles (see Figure 28e), but it worsens them on the refined left sided triangles
mesh (Figure 28f).
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Figure 28: Allure of the solution (158) on the cells and its node mean-value at T = 10

On Figure 29a and Figure 29b one can see the shape of the solutions on the horizontal section of the
domain {z = [0,1], y = 0.5}. The solution on the alternated triangle mesh is almost overlaid with the
exact solution while on the left sided triangles mesh the approximated solution has a completely different

shape from the exact solution.
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Remark 24. In order to explain this result, let us first redefine the node values 5,. In the particular case
of a Cartesian triangle mesh, one can rewrite 3, = |V,.|I4. V. is defined in Definition 11 and can be seen
in Figure 30 in the particular case of the Cartesian left-sided triangle mesh.
This new writing of 3, comes from Proposition 7 where we stated that

Vits T Xty T X

1, is the identity matrix.

ﬁr = |‘/;’|Id + P

In the Cartesian meshes of triangles, one has v, 1=Wia, therefore the terms of P cancel each other
two by two. We are left with P = 0 and we retrieve the new definition of 5.

Tanks to this new definition, it is immediate to see that the flux between some cells that share an
edge in a Cartesian triangle mesh is null in the case of an isotropic diffusion coefficient (take k, = Al
for example). Indeed, as one can see in Figure 30, Cj, and Cy, are orthogonal, therefore the flux in the
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matrix M is null between the cell j and k:

. A
(M’L)jk: = - Z <’€rﬁr_1ckmcjr> = - Z |‘/T| <Ck:rycjr> =0

rGV]?k reV_;.k

The same phenomenon appears at the boundary of the mesh where some cells aren’t impacted by the
boundary condition at one of their nodes that is on the boundary.

A
Cjr
» C
X'r‘2 sz
Xk
i+3
X
J
Ve
(G Xrq Xj—1
Y
Ck"f‘l
Xi

Figure 30: Control volume V;. on a left-sided triangle mesh and orthogonal C;,’s

Finally, let us observe the convergence graphs of the scheme on the primal (cell value) and the dual

(node mean-value) meshes. On Figure 31la one can see that on a mesh with alternated triangles the
L? error of the solution with Dirichlet or Neumann boundary conditions are the same. The order of
convergence is 2 with the cell values and the node mean-values, even though the average solution at the
nodes is six to sixty times more precise than the cell value one.
On the other hand, on the left-sided triangle mesh of Figure 31b, the cell value solution converges with an
order 1 towards the exact solution (for Neumann and Dirichlet Boundary conditions), while the average
value at the nodes converges with an order between 1.5 and 2 for the Dirichlet boundary conditions and
2 with the Neumann ones.

Let us now study the same solution on the random triangle mesh.

One can see on Figure 32a that the solution on the random triangle mesh presents a lot of incorrect
patterns. However when we consider the mean value of the solution at the nodes it seems to be better.
On this figure the solution is represented with Neumann boundary conditions but the result is the same
with Dirichlet ones.

Let us now focus on the convergence graph of this problem with Neumann and Dirichlet boundary
conditions. One can see on Figure 32c¢ that the order of convergence of the solution with Dirichlet bound-
ary conditions is 1 and the one for Neumann boundary conditions is 1.4.

As one can see on Figure 33a the solution on the refined mesh (N = 80 cell per side of the domain) still
presents the same patterns as in Figure 32a. Therefore even though it converges with an order 1.4, the
solution on a refined mesh is not smooth and the conclusion is the same for Dirichlet boundary conditions.

One can see the difference between the nodal scheme on a triangle mesh, the same scheme on a random
quad mesh and the Diamond scheme on a the same triangle mesh represented in Figure 33b and Fig-
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Figure 31: L? error graphs for the solution (158)

ure 33c. The irregularities of the solution only appear in the case of the triangle mesh for the nodal scheme.

The convergence graphs of these three problems is presented in Figure 33d. The order of convergence
of the Diamond scheme on triangles and the Nodal scheme on quads is 2 while it is 1 for the Nodal scheme
on triangles.

On Figure 34a and Figure 34b one can see the shape of the solutions on the horizontal section of the
domain {z = [0,1], y = 0.5}. The solution on the random triangle mesh is full of variations while the
one on a random quad mesh is more steady and it almost overlays the exact solution.

Finally, let us summarize the convergence graphs obtained for the trigonometric solution on the three
triangle meshes in Figure 35. One has order 1 on the left-aligned triangle mesh, order 1.4 on the random
triangle mesh and order 2 on the alternated triangle mesh.

Remark 25. As a reminder we did not prove in this document that the solution of the scheme is unique
in this particular case (unstructured mesh and non-null source term).

7.6.4 Non stationary solutions

Let us study the following unstationary solution:

p(x,t) = Ae M cos(pa — 2u%t + Oy ) sin(\y — 20%t 4 Cy) (159)
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Figure 32: Allure of the solution (158) at 7' = 10 with N = 20 and Neumann BC

with a constant diffusion coefficient Kk = I; and A =2, C; = A =1, Cy =15 and p = 0.5.
The second member and the boundary conditions are the same as in Section 7.1.2.

One can see on Figure 36b that the unstationary solution (159) does not present the spurious modes
as clearly as they appear on the same mesh for the trigonometric solution, and its diagonal section in
Figure 36b confirms that the approximation is correct. Likewise, the same unstationary solution on the
random triangle mesh (Figure 36c¢) is smooth and the diagonal section is of the approximation is close to
the one of the exact solution (see Figure 36d).

One can see in Figure 36e that the order of convergence of the nodal scheme is 1 for the left-aligned
triangle mesh, 1.4 on the random triangle mesh and 2 on the alternated triangle mesh, as for the trigono-

metric solution.

Let us now consider a second unstationary solution:

p(x,t) = x> — 6t (160)
with k = I; and
3% — 6t>
X,t) = .n Vxel
f(x,t) = —12z and g0x.t) ( 0 ; i
h(x,t) = 2 — 62t vVxeln

The second unstationary solution does not present any spurious modes and the approximation is cor-
rect on the left-sided and random triangle meshes as one can see in Figure 37.
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Figure 33: Allure of the solution (158) on different meshes with different methods

Let us now represent the solution (160) and its diagonal section on an annulus discretized with a
random triangle mesh. As one can see on Figure 38 the solution and its diagonal section with Neumann
boundary conditions on the annulus are correct.

7.7 Hybrid method

Once the hybrid method from Section 6 is implemented, we want to test its numerical performances. To
do so, we will begin with a constant A = 1, testing the scheme on quad and triangle meshes for the same
test cases as above. Then we will try it with A = A™, with different values of n so that the hybrid scheme

converges at different speeds towards the nodal scheme when h tends to 0. Similar constructions can be
found in [4, 3].

7.7.1 Hybrid scheme with A =1

For the linear solution, as one can see on Table 2 the hybrid scheme is exact for A = 1 on the Cartesian
quad mesh, the left aligned and the random triangle meshes for Neumann and Dirichlet boundary con-
ditions. The scheme is not exact for Dirichlet boundary conditions on random quad meshes because of
the approximation 3, ~ ¢ at the corners.
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Figure 34: Horizontal section of the solution (158) at T'= 10 with N = 80
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Figure 35: Convergence graph of the trigonometric solution on triangle meshes

Let us now consider the allure of the trigonometric solution and the order of convergence of the scheme
on triangle meshes, which was causing trouble on triangle meshes with the purely nodal scheme.

As a reminder, the trigonometric test-case is the following:

p(x,t) = sin(mx) sin(ry) (161)
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Figure 36: Allure of the solution (159) and its diagonal section at 7" = 10 with N = 80

with a constant diffusion coefficient x = 1.
The second member and the boundary conditions are the same as in Section 7.1.2.

One can see on Figure 39 that the hybrid scheme with A = 1 gives us smooth solutions on triangle
meshes and the horizontal sections of the approximated solution overlay the exact solution. One does not
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see the oscillations from the nodal scheme anymore. Moreover one can see on Figure 40 that the order
of convergence of this scheme is 2 for any quad or triangle mesh.

Remark 26. We chose to only represent the solution and the order of convergence of the scheme for the
trigonometric problem on random and left aligned triangle meshes since they were the ones causing the
most trouble with the nodal scheme. However tests have been made for the hybrid scheme with A =1
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Cartesian quad mesh | Left aligned triangle mesh | Random triangle mesh
Dirichlet BC 4.05 x 10716 1.91 x 10~ 1.3x 107
Neumann BC 1.82 x 10714 2.16 x 10713 1.96 x 10713
Mixed BC 5.32 x 10716 4.54 x 10715 2.08 x 10715

Table 2: L2 error of the linear solution for the hybrid scheme at 7' = 10 for N = 20 cell per side
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Figure 39: Allure of the solution (161) and its horizontal section at T' = 10 with N = 80 obtained with
the hybrid scheme

on all the quad and triangle meshes mentioned earlier and on all the test cases (linear, quadratic, non
stationary...) and solutions are smooth and the orders of convergence are always 2.

7.7.2 Hybrid scheme with A = A"

Let us now consider the hybrid scheme with A = h™ with n > 0. As a reminder, when A = 0 the scheme
is purely nodal which means when A\ = h™ the scheme converges towards the nodal scheme at the speed
of n as the mesh is refined.

Let us begin with the linear solution. The hybrid scheme is exact for any value of A since it is a convex
combination of two exact schemes for the linear solutions. For the same reason the scheme with A = A"

is order 2 in space for the quadratic and non stationary solutions on any type of quad or triangle mesh.

Let us now go back to the spurious modes problem and see if the hybrid scheme resolves it. Let us
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consider a Cartesian quad mesh, with for initialization
po(X) =100 x 1x€Qj

and homogeneous Neumann boundary conditions.

One can see without any surprise on Figure 41b that the spurious modes disappear when A = 1
since all the fluxes are spread through the faces of the cells. When A = h%, there are still no spuri-
ous modes appearing (see Figure 41c). However when A\ = h one can slightly see them on Figure 41d
at T = 0.14 but they will disappear as T increases. Finally on Figure 4le when A\ = h2, the spurious
modes are almost as bad as with the purely nodal scheme (Figure 41f) and they don’t disappear with time.

Therefore one can consider that the hybrid scheme corrects the spurious modes up to A = h™ where

1

Let us now focus on the trigonometric solution
p(x,t) = sin(mrz) sin(my)
on triangle meshes for different values of .

We know that for A = 1 the solution is smooth and the problems of the purely nodal scheme do not
appear. We will visualise the solution of the scheme with A = A", n > 0 on Figure 42. Let us begin with
n= % so that the hybrid scheme tends to the nodal one but not too fast. One can see on Figure 42a and
Figure 42b that the solution is smooth and we can not spot any pattern or oscillation on the horizontal
section of the solution. The result is the same with A\ = h and A = h? as seen in Figure 42c and Figure 42e.
However when A = h? the parasitic patterns appear once again in Figure 42g and the horizontal section
in Figure 42h is full of oscillations.

One can deduce from these results that when A = h3 the scheme converges too fast towards the purely
nodal scheme. Therefore we will study the order of convergence of the scheme for A = A", n € {0, %, 1,2}
in Table 3 for the random triangle mesh and in Table 4 for the left aligned triangle mesh.

In order to calculate the order of convergence let us use the following formula:

‘= log(e1/e2)
lOg(NQ/Nl)

where e 2 are respectively the errors associated with the meshes with N; and N3 cells per side.
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Figure 41: Spurious modes appearing depending the value of A

As one can notice in Table 3, the order of convergence of the hybrid scheme on random triangle mesh
tends to 2 when A — 1. That is what we expected since the scheme is order 2 in space when A = 1. From
A = h the order of convergence is superior to 1.8 which means the hybrid scheme raises significantly the
order of the purely nodal scheme.
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Dirichlet BC | Neumann BC
A=0 1.19 1.34
A= h? 1.27 1.42
A=nh 1.8 1.91
A=h? 1.93 1.98
A=1 1.95 2

Table 3: Order of convergence between N; = 80 and Ny = 160 for the trigonometric solution on the
random triangle mesh

On the left-aligned triangle mesh (Table 4) the results are even more extreme: the order of convergence
of the hybrid scheme is 1 for A € {0, h} and it switches to 2 (or almost 2) as soon as A = h", n < 1.

Dirichlet BC | Neumann BC
A=0 0.86 0.95
A= h? 0.97 1.14
A=h 1.97 2
A=h? 1.99 2
A=1 1.99 2

Table 4: Order of convergence between N; = 80 and Ny = 160 for the trigonometric solution on the
left-aligned triangle mesh

Remark 27. The order of convergence of the scheme for the trigonometric solution is only 0.86 between
N =80 and N = 160 cell per side but it becomes 0.93 with one more refinement. Thus in that case the
order of convergence still tends to 1.

8 Conclusion

In this document we have built the nodal diffusion scheme with a non constant tensorial diffusion coef-
ficient and Neumann, Dirichlet and mixed boundary conditions that preserve the order of the periodical
scheme. It was not an easy task because of the nodal fluxes. We have also built the Euler implicit
time discretization and the Crank-Nicolson one in order to extend it to second order in time. We have
also proved that the solution of the scheme is unique on structured meshes with homogeneous Dirichlet
boundary conditions. Then we proved that the scheme with no source is exact for linear solutions with
Dirichlet and Neumann boundary conditions. Finally, we proved under some conditions of positivity and
coercivity of k.0, the stability, consistency and convergence of the scheme with no source and periodic,
homogeneous Dirichlet and homogeneous Neumann boundary conditions with Euler implicit and Crank-
Nicolson time discretization. The theoretical convergence order obtained was 1 in space and up to 2 in
time.

After implementing and testing this scheme on various test cases (linear, quadratic, trigonometric,
non-stationary solutions and with a non constant tensorial diffusion coefficient) we obtained on the meshes
of quads a numerical order of convergence of 2 in time and space. The only problem on quad meshes is
the spurious modes appearing on Cartesian meshes when initializing the problem with the fundamental
solution of the heat equation, but it is a very specific test because the initial condition is not a function
(it is a measure). However when testing the scheme on meshes of triangle we had many more surprises.
First of all the order of convergence in space depends on the considered mesh, but it stays between 1
and 2 so it remains coherent with the theoretical proof of convergence. However the scheme presents
serious oscillations with the trigonometric test-case on triangle meshes even for regular initial conditions.
Unfortunately we can’t explain this behavior but we noticed that there was no flux between some cells
that share an edge.

The idea was then to use an hybrid scheme that allowed some of the flux to pass through the faces
and to make it converge towards the nodal scheme when the mesh is refined. This hybrid scheme gave
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us a good correction of the nodal scheme and we retrieved order 2 in space when A = A™, n < 1, where
A is the parameter of the convex combination between the nodal and the face fluxes.

A perspective of this work could be to finish the study of the hybrid scheme (theoretical study).
Another idea would be to take interest in the the M; model. This non linear model approximates the
transport equation and it is studied by B. Dubroca in [12] and C. D. Levermore in [17]. It has the partic-
ularity to be entropic, to preserve the maximum principle and to converge towards a diffusion equation.
In his thesis [14], E. Franck has built and studied an AP scheme for the M; model with nodal fluxes
which has been extended to conical meshes in [3]. Theoretical and numerical properties of this scheme
are also studied in [7]. Since it is asymptotic preserving it would be interesting to study the limit diffu-
sion of the Lagrangian part of this nodal scheme with an implicit time discretization and non periodic
boundary conditions, which means trying to prove that it is positive, conservative, stable, consistent and
convergent, without condition on the time step (see also [4], in the explicit context).

A Useful formulas

General formulas and properties used in the document are listed and proved in this section.

Proposition 32. Let A be a square matriz of size d = 2, and X its eigenvalues. Then its characteristic
polynomial writes
P(X\) = A* — tr(A)A + det(A) (162)

Proof. For d = 2, one can express the matrix A as A = <CCL Z)

Its characteristic polynomial writes
det(A — My) = (a—=A)(d— ) —be
=ad — a\ —d\ + \? — bc
=X\~ (a+d)\+ (ad — be)
=A% —tr(A)\ + det(A)

and that ends the proof.

O
Proposition 33. For any vector u,v € R?, one has
uev=(vou) (163)
Proof. Thanks to Definition 4, one can write
(u®Vv);; =uwv; =vju; = (veu);,
Thus u®@ v = (v®u)t.
O
Proposition 34. For any vector u,v and w € R?, one has
(u,v)w = (W®u)v (164)

Proof. By definition of the scalar product one has

d
((u, V>w)i:1,...,d = (Z ujvjwi)i:l,...,d
=1
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On the other hand by definition of the tensor product and the matrix-vector product

d
(w®u)v) Lod Z (W ®u); ;v;), Ld Zwlujvj Ld
i=1

Hence (164) is verified.

O
Proposition 35. For any vector u, v € R, one has
trlu®v) = (u,v) (165)
Proof. By definition of the tensor product, one has
d d
ru®v) =Y (Uev),=Y uv;=(u,v)
i=1 i=1
which gives us (165).
O

Proposition 36. For any vector u, v € R?, the tensor product u ® v is a rank one matriz.

Proof. Let us define x the kernel of u ® v such that

u®@vx =0
< (v,x)u=0

Then the space spanned by the orthogonal vectors to v is in the kernel of u ® v. Thus u ® v is a rank
one matrix.

O
In this part, let n be any vector in R?, and we chose t such that t = n', which means
(t,n) =0 (166)
Proposition 37. For any vector u € R? and any matriz A € R*¢, one has
(t®t)A(t®t)u,n) =0 (167)

Proof. Let us consider the left hand of (167). Using Proposition 34 two times in a row and thanks
o (166), we obtain

(t@t)A(t @ t)u,n) = ((t ® t)A{t,u)t, n)
= (t,u)((t ® t)At,n)
<t7 u)(t, At)(t, n)

And this ends the proof. O

Proposition 38. For any vector u € R, one has

(t®t)u,n) =(u,(t@t)n) =0 (168)
Proof. Using Proposition 34 and thanks to (166), one obtains

((t®t)u,n) = (t,u){t,n) =0

And this ends the proof.
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Proposition 39. For any vector u € R? and any matriz A € R4*4

, one has
(u, Au) = (u, A°u) (169)
with A® the symmetric part of A defined in Definition 6.

Proof. Let us consider

A+ At A- At A+ A 1 1
A A = A ) - ) = )

(u, Au) = (u, ( 5 5

because (u, Au) = (u, A'u) O

B Proofs

B.1 Proof of Proposition 2

Let us integrate the first equation of (1) over the domain Q. It gives

/6tp dxf/v.(nu) dx =0
Q Q

Using the divergence formula this equation becomes:

at/pdx—/<mu,n> do=0
Q r

Since we consider the scheme with homogeneous Neumann boundary conditions we obtain:

8t/de:0
Q

And that ends the proof.

B.2 Proof of Proposition 3

Let us begin with a multiplication of the first equation of (1) by p and an integration over (2:

/ pOyp dx — / pV.(ku) dx =0
Q Q

Using Green’s formula, and since u = Vp, we obtain:

1
—0yp* dx + / (u, ku) dx—&—/p(nu,nﬂ do =0
02 0 r

Knowing that x is positive by construction, one has

/(u, ku) dx >0
Q

Then with the homogeneous boundary conditions one has p|r = 0 or (ku|r,nr) = 0, therefore

/p(mu, nr) do =0
r

Thus we obtain ) )
[ 300" ax=3asl, <o
Q

And that ends the proof.
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C Construction of the matrices

C.1 Nodal scheme matrix
Let us rewrite the scheme in vectorial form with backward Euler method:

Pn+1 _ Pn
Io——F—~ Mprtt = prtt (170)

where
« P" = (p’f . p?v)t is known at each iteration, initialized with P in the statement;
o (In)jr = |9;]1;=k is the diagonal matrix with the volume of each cell j;
« B"= (B}t ... B]@'H)t is given in the statement of the problem;

e M is a matrix of size N X N to determine, with N = |C|, the number of cells in the mesh.

In order to resolve this problem, we want to write it under the form
(Iq — AtM)P" T = AtB™ 1 + P (171)
Let us now construct the matrix M.

Let us write M = M + M® + M¢ with M" the contribution of the vertices inside the domain to the
matrix M, M? the contribution of the boundary vertices to M and M¢ for the corner vertices contribu-
tion. We can decompose the vector B with the same method.

C.1.1 Inside the domain
The second equation of (45) gives, for all r € V*

wtt =gy " prtic,

jeC,

Let us replace u*! in the first equation of (42), it becomes

pn+17p
L+ > (B pp Cre, €)= (97

TGV’“ ke,

Now, we want to invert the sums over r and k so that we obtain the matrix-vector product.

Z K;T/B an+1ckrr; ]T Z Z K‘T/B 1Ck’rpk j’l">

T‘GV; keC,. keC; ’I"GV;

= Z Z <"€r/8r_1ckrpz+17 CJ’I")

keC rEV;k

Thus the matrix of contribution of the vertices inside the domain writes, for all j,k € C

(Mi)jk = - Z <’{'T/B':1Ck'7"7 Cj?“> (172)

rEV;k

And the second member gives
(B =191 f (173)
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C.1.2 On the boundary

Let us now focus on the boundary of the domain. First of all for Neumann boundary conditions we can
build MY-* and BNV:?,

The third equation of (45) gives, for all r € YNt

U.:,H_l 1 E rL+1 n+1 Cj'r’
jeC,

Replacing u?*! in the first equation of (45) gives us on the boundary with Neumann boundary
conditions:

- Z Krﬂ Z ptl n+1 Ck:ra (’(\1 n, ® nr)er>

rev it ke,
== > (w8 Y Cupy(lo—m, ©1,)Cy) 174
reVJN’b keC, ( )
+ > (B ppChr (Io— 1, @ 1,)C)
rev](\’,b keC,

We can replace p*! given in (37) in the first term of the right hand of (174)

Z <"$rﬂr_19r_1< Z ek'r‘anrl ) Z Cl'r‘a A — N, & nT)CjT>

e 2 o]
= = Y (B0 Cu Y Okt (I - n, ®0,)Cy)
revht lec,  keC,
. (175)
Z </fr5 10 ! Z Cl7 || , ( —n,® nr)er>
eyt lec, Forttr
with Oy, = </Br_1ckravr>~
Let us replace (175) into (174) and invert the sums on r and k
= Y B P = Pt Cre, (I — m @ 1,)Cy) (176)
TEVJN kecr
>3 (me (O =670k 3 Cu )i (la = @, )Cy)
kEC; peyNb lec,
’ _— g R (177)
_ Z <K/7~,6; 0; Z Clrm, (Id —n,® nr)CJT>
reviV? leC, r

One can notice that that the second line of (177) doesn’t depend on pj, thus it will go into the right-
hand side (BN-?)n+1,

This way we have built the matrix M™? with, for all j,k € C

(MNP == > (ke (Ckr — 07 0 Y Clr), (Io — n, ®n,)Cy,) (178)

N,b
revjk_ lecC,

And the contribution to the right hand side vector is for all j € C

(BN = Z gr(” 0; <f~wﬂ > Ci, (I nr®nr)cjr>+<cjr,nT>) (179)
rey?

_ lec,
J
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After that, let us build MP* and BP+® for Dirichlet boundary conditions.

Let us consider the fourth equation of (45)

n+l _ 1 n+1 D.,b
u; E Cjr Vrey;
Jj€ECr

Let us replace this formula into the first equation of (45) and invert the sums on r and k

_ Z (kB! Z (hy — P} Chy, Cj) = — Z (kB ZherT,CjTH

TEVJD keC, T‘EVjD'b keC,
—1 1
Z <’irﬂr Z pz+ CkT‘7CjT‘>
reyP:? keC,
J
—1 1 —1
= Z Z <’irﬂr Ckrpz+ 7Cj7'> - Z <"i7"57~ Z hrckra er>
heC eyt revP Rec,
J )

The second term of the right hand side of this equation does not depend on pZH, therefore it will go
into (BP:b)n+1,

Thus, we obtain the matrix MP* with for all j, k € C

(MD’b)jk? = - Z <'L€7‘ﬂr_1ckra er> (180)

TEVjDk’b
And the second member writes for all j € C

(B2 = N (k87D By Cr, i) (181)

revPh kec,

Thus we have built he matrix M® = MN? + M P and the second member B? = BN:® 4 BD:b,

C.1.3 On the corners

Finally, we will focus on the corner values r € V.

For the Neumann boundary condition vertices r € V¢, their contribution only appears in the second
member of the problem, thus one has

MNe =0 (182)
and for all j € C
" 1
(BN’C)_]’ = Z §(£l1gl1 +€lzglz) (183)
’I”GVJN'C

Let us finish with the Dirichlet boundary condition on the corners r € VP,

Let us consider the last equation of (45)

wtt = (397> (he — Ty, if r € V7
Jj€Cr

We will repeat the same steps as for the Neumann boundary condition on the boundaries and we
obtain for all j, k € C
(MP)j == k(87 Crr, Cjy) (184)

D,ec
TEV].k
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And the second member writes for all j € C

(BPM = N (5,087 Y heChr, Cjy) (185)

rev, keCr
Thus we have built he matrix M¢ = MN:¢ + MP:¢ and the second member B¢ = BN-¢ + BD:c,

Thus every component of the matrix M and the second member B is entirely built.

Remark 28. In the scheme one can see that the boundary conditions are taken at the nodes of the bound-
ary which is also true in the code for Dirichlet boundary conditions. However in the case of Neumann
boundary conditions, the values are given at the middle of the boundary faces.

In order to retrieve the node values on straight borders, let us use the following formula where the
boundary node 7 is linked to the cells j; and jo with their face on a boundary called respectively {; and
lg:
gty gL,

Gr = —F 1,
b, + 4,

where g stands for the Neumann boundary condition, g;, , and ¢;, , are respectively the value of the
boundary condition and the length of the faces I; and Is.

In order to preserve the exactness of the scheme for linear solutions (proved in Section 4.2), we need
to change the definition of the Neumann boundary values at the angles of the mesh. As a reminder, the

definition of an “angle” of the mesh is given in Definition 10.

Let us begin with finding the two coeflicients «, 5 such that n, = af;;n;, + 8¢;,n;,. This is easily
done by finding the solution of the following system

(1) (D( n(l)g
A (a> ={ where A= 1y, £, Iy “l2
B ng) nl(f)éll nl(j)ﬁlz

Gr = (K:Vpp,ny) = (6. Vor, my )by, + (6. VDr, 0y, )oly, = aly g1, + Bl, a1,

Then we know that

Note that this approximation is exact when x and Vp are constant, which are the hypothesis made to
prove the exactness of the scheme in Section 4.2.

If the node is linked to two different boundary conditions then the Dirichlet one prevails.

C.2 Hybrid scheme matrix

Using the same method as in Section C.1, we want to write the scheme under the form
(Ig — AtM)P™! = AtB"*! 4 p» (186)

with M =AMy + (1—A)My and B = ABy + (1 — \) By, where My and By are respectively the matrix
and the second member of the nodal scheme built in Section C.1.

Let us now construct the matrix My and the second member Bpy.

Let us write My = M}{ + Mg with MI’{ the contribution of the faces inside the domain and M?I the
contribution of the boundary faces. We can decompose the vector By with the same method.
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C.2.1 Inside the domain faces

Let us inject the second equation of (141) into the sum on the faces of the first equation which becomes

n é n n 7
PRACHREINESY (glal Dt (x5, = x5,) ") + st - Pj;rl)) (187)

leF} leF} rev

One can now replace u," ! into (187) given in the fourth to the sixth equations of (141):

=Y 3 fal SOGBTY o Crey (x5, — x5,)1) (188)

leF} rev; kecC,

+> 2 faz Z B or =) Cor, (x5, = %55) ) (189)
l€.7:1 TGV keC,

el — n

£ o 5 O (s, —xi)t) (190)
leF! revp? keCr

+ Y bdi(pit =Pt (191)
leF}

Let us now consider the first sum over [ (188). We want to bring the sum over k outside of the other
sums so that we obtain a matrix-vector product. It can be decomposed into three steps. The first one
consists in swapping the sums over [ and r. Secondly one can invert the sums over [ and k since they
do not depend on each other. Finally one can swap the sum over r and k, so that the sum over k is the
most external one:

-2 %O‘l DB T Ch (kg —xp) ) == Y Y %m(ﬂ:l > i Cre (3, — x5,) ")
= ;
= S S G (5, — 300

reVi k€Cr IEFE,

==> > > *al (B PR Chrs (x5, — %5,) )

keC; revi, 1eF:,

==>. > > %O‘Kﬂ?lpzﬂckm(xﬁ —xj,)")

keC revjk le}']'%'T
(192)

This contribution will be incorporated into the matrix M.

Thus the matrix of contribution of the faces inside the domain writes from (192) and (191), for all
jkeC

(M) =— > > —al B Crey (%5, = %3) 1) + Y li61(Ln=jy — Lr=js) (193)
rev_’ leP le]-‘;’

And the second member gives
(B)i+ =yl (194)

Let us now consider the second sum over ! (189).

- Z 70“ Z B Z - n+1)ckr7 (le - Xj2)l> = Z *al Z 5 Z p:““ Ckr, X4, — Xh)l}

le]—']? TEV keC,. le]-']’t reV keC,
£
—1 n+1 1
+) P d B Pt Cr, (x5, — x5,) )
leF! rey? kec,

(195)
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One can replace p™*! by its formula into the first sum of (195):

1

n+
o Z *al Z B Z p:‘H_ CkT’ Xj — XJZ Z 7al Z ( Z 0 TPZJFI | rnrH)

IEF! rev)y keC, leF} reyN? keC,
1
D Crr (x5, — x5,)T)
k'eC,
_ b 19 1 1
S Y e X Y G T e i)
leF} reyt k'eC. kec.
9 -1 9
IR I DO RS
leF! revit Frtirll e,

(196)

One can now replace (196) into (195) and invert the sums over I, r and k just like above in order to
obtain the matrix-vector product:

Z *O‘l Z ﬁ Z s n+1)CkTa (le _Xj2)l>

ZE]:Z TGV keC,
= _Z Z Z 70” (Ckr_e ' Z Cprr ) 1 (le _ij)L> (197)
kecC reVN vieF:, k'eCr
4 “1p-1 9r
Z Z (6 Tlu Tn [ Z Crrr, (x5, —%5,)")
revN e F], il iee,

The sum over k will be a contribution to the matrix Mg’b and the second sum will be added to (B,le’b)”ﬂ.

For now one has

(MNb = Z Z fOél (Ckr - 9;1 Z Ck’r)a (le - Xj2)J_> (198)

revi P IEF], k'eCr

and

( Nb n+1 Z Z ﬂ_l _1 gT Z Ck’r7 X — X]z)L> (199)

Tevale]:z ||H"Anr|| k' ec,

Finally, one can consider the third sum over [ (190) and invert the sums as before:

-y 2 *Oél STBY ( = P C (x5, —x,) ) = Y 2 *Oél Z B P Crrs (35, = x5)™)

leF] rEVlD’h kel leF] rEVl keCy
—1 +1 1
E 70‘l E <B7 § h’? Crr, (le - sz) >

leF} TEVD’b keC,

=2 > *O‘l By P Chrsy (x5, — %5,) ™)

keC T‘EVD b le]:l

Z Z 70” Z h?+1ckr7 (le - ij)J_>

TEVD b leF keC,
The sum over k will be a contribution to the matrix Mg’b and the second sum will be added to (B,?’b)”“.

Therefore for now one has

(Mp")je== > >, %alwr_lckra(xﬁ —x;,)") (200)

Db i
revjk_ ZGF;T
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and

BEY = Y Lot Y O (g, — %)) (201)

revPt IEF! keC.
! .

C.2.2 Boundary faces

In the case of the Neumann boundary conditions, since the boundary faces only appear in the second
member of the hybrid scheme, then it is obvious that nothing is added to the matrix (198), therefore for
all j,k in C one has:

(M) e = — Z Z %az<ﬂfl<ckr -0,! Z Ck’r)’(le —X5,)7) (202)

TEV;V’b leF? k'eCr

And we add the sum over the boundary faces to the second member (199), therefore for all j in C:

= X % g ||i:nr|| D Curs (g —x)) + D hgi™ (20)

TEVNble]:t k'eC, lE]‘—JNh

On the other hand, with Dirichlet boundary conditions, one has
w =gty (- ity Ve VP
jec,

Let us inject this definition of u, into the third equation of (141) so that we obtain for the Dirichlet
boundary faces

n+1

n ur n T
(k) = Y 5 (k0= x5,) )+ oA = pith)
T'EV[D’b
1 — n T n T
= Y (58D (W =g Cr, (1 = x3) )+ (T = )
revp kec,

One can now split this formula into two: one part that depends on the unknown p and the other one
only depending on the Dirichlet boundary condition h. Then it can be replaced inside the the sum on
the boundary faces of the first equation of (141):

- Z G(aptt k) = Z 51(041 Z <%5Fl ZPZHCM,(XZ*XJ&) >*51Pn+1)

leFp® leFy? rev/? kec,
1
—1 1 1 +1
> €l<al > (56 > W Chy, (3 = x5,) ) + Gi]! )
IeFPY ey ke,

Using the same sum inversion as for the inside of the domain on the part including the unknown p
and adding it to (200), one gets for all j,k € C:

M= Y Y el G by )~ Y hddes, (204)

D,b D,b D,b
revi b ieFi UF? IEF]

And the part that only depends on the boundary conditions gives, by adding the previous equation
o (201), for all j € C:

BH L = Z Z %alh;”rl Z Chrry (x1 —xj,) ") + Z 06t (205)

D.b i Db D,b
revitleri ur] keCr leF;
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