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Moving grids and cell volume calculations

Stéphane Del Pino? Bruno Després! and Alexiane Plessier?

March 4, 2024

1 Introduction

Numerical approximation of continuum mechanics on moving grid is a classic topic that has been investigated
for decades. There are two different formulations that naturally deal with mesh motion

1. ALE (Arbitrary Lagrangian Eulerian), that formulates continuum mechanics in a moving frame, and

2. Lagrangian (more precisely semi-Lagrangian or updated Lagrangian), where the frame is moving at
the flow velocity.

Obviously Lagrangian is a special case of ALE, but it is singular in the fact that the frame motion is an
unknown of the calculation.

At time ¢, in dimension d € {1,2, 3}, let us consider an arbitrary domain w(t) € R? that moves at a given
velocity u : RT x R — R?. Let us denote by Vo) = fw(t) 1 dx, the volume (or the measure) of w at time
t. Under classical regularity assumptions, one has

d
vt >0, ) = —/ ldx = / (u(t,x),n(t,x)) ds,
dt Jo du(t)

where n denotes the outgoing unit normal to dw.
Let us choose two arbitrary times ¢! and 2, one obviously has

t2
Vw(t2) = Vw(tl) + /;1 Vu./)(t) dt (1)

The aim of this paper is to retrieve this kind of identity in the discrete case. This study focuses on the
displacement of polygonal® cells defined by the motion of their vertices.

We first recall the two formulae that are classically used to compute cell volumes in the context of explicit
semi-Lagrangian schemes. The first formula consists in computing the cell volume according to the vertex
positions at some time ¢". The second one, accounts for volume fluxes to update the volume at time t"*!,
knowing the volume at time t"™. These formula correspond respectively to the left-hand side and right-
hand side of the continuous formula (1). Then, for d > 1, we express the O(At?) difference between these
two volumes, when the natural explicit quadrature formula is used. Finally, we propose a modification of
the volume fluxes formula that depends only on the vertex positions at time ¢ and t*t!. It restores the
identity (1) at the discrete level.
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2 Notations

Before discussing the discrete case, let us introduce some notations. Let M be a mesh. We denote by
e 7 the set of all cells of M,
e F the set of all faces of M (for 2 < d < 3), and
e R the set of all nodes of M.
One also defines
e j & J acell,
e f € F aface, and
e 7 € R anode.
This allows to introduce local sets of elements, for instance
e R; C R is the set of nodes that define the cell j € 7,

e F,. € F is the set of faces that are connected to the node r € R,

' r+1
y
X
r
Z

r—1

Figure 1: Illustration of the local node ordering with regard to a face of a cell. The ordering is locally defined
by browsing the nodes r of the face f in the order that defines the normal outgoing from the cell j. This
ordered set is denoted R ¢.

Finally for 3D calculations we introduce the handy notation [[]]J !

Notation 1 (For 3D formulas). Let j € J be a 3D cell of a mesh and f € F; be a face of j.
We define the operator [H]jf by
Vs € Rjp,  [812 = 6us1 — a1,
where R ;5 is the ordered set of nodes of the face f. The order is set to define the normal to f outgoing from

the cell j. The notation s+ 1 (resp. s — 1) designates the node after (resp. before) the node s in R (see
Figure 1), and periodicity is implied: s = s + #R;¢.



3 Volume calculations of a moving polygonal cell

From the discrete point of view, one generally considers polygonal cells that remain polygonal during the
calculation. Such cells can be defined according to their vertices?. A direct consequence is the definition of

the volume V; of a cell j according to their vertices positions (XT)TeRJ_

Vi =V ((%)ren, ) -

For a set of nodal velocities (u,) chain rule states that the volume variation writes

reR;’

Vi= > (Vi Vi),

TERJ'
with u, = %X,«. Thus it is common to introduce the notation Cj, := Vy, Vj;, so that one writes
V/=> (Cju,),
rE€ER;

and one shows, see for instance [1], that in dimension d, the volume expresses as

1
Vj = d Z <CjTaXT> .

reR;

From the continuous in time point of view, one retrieves formula (8) in the case of polygonal cell motion

tn+1
yrHZ g t ST H{C (1), un () dt, (2)
" r€ER;

where V" = é ZreRj <C?T,X?>, and superscripts account classically for ¢ = ¢(t").

3.1 C;, vectors

In order to deal with discrete in time versions of formula (2), we first give expressions of the C;, vectors in
dimensions d = {1, 2, 3}.

As mentioned previously, the 3D case is not straightforward since one has to choose the geometry of non
planar faces. In practice, 3D cells are defined by their vertex position and connectivity choice. Even if 3D
cells are usually designed as polyedra in the literature, this is inappropriate since polyedra are sensu stricto
defined as half-plane intersections, i.e. polyedra have flat faces. Unstructured meshes are generally made of
faces which are not coplanar, and actually there is no unique way to define the geometry of a cell by just
knowing its vertices. Let us recall three possible definitions, see Figure 2. In finite element analysis [2], one
defines the Q;-element as the image of the trilinear transformation of the unit cube @ :=]0, 1[* which satisfies
x, = T;(X,), where X, and x, are the vertices of the reference cell and their corresponding image. Due to its
definition, it requires T to be bijective, that is |T' ]’\ >0 in Q. Yield faces are hyperbolic paraboloids, which

are double ruled but non-planar. Observe that if [77] 0, the yield face can be strictly included in 73(Q).
Another possibility is to consider the “T2” definition of faces which consists in meshing conformly each face
with triangles lying on face vertices. This is the simplest decomposition but one has to choose arbitrarly
each face decomposition. This approach is used in [7]. Due to the arbitrariness of the decomposition, it can
break numerically the symmetry of the flow, this is why in practice one prefers “2T2” decomposition which

2If in 2D, this definition is natural (considering straight edges), in 3D one has to precise the geometry of faces which may
be non-planar.



consists in defining the volume as the mean of all possible choices. The disadvantage of such an approach is
that one no longer knows clearly the boundary of the defined cell.

Last example we consider is the so called “T'4” approach, see for instance [8], which consists in the
decomposition of each polygonal face in triangles as depicted on Figure 2. The geometry is defined by
constructing triangles based on each edge of the face and connected to the isobarycenter of the face’s vertices.
As it is remarked in [5] one can show that “T4” gives the same volume as Q;-element and it is also the case for
the Pi-element. Thus with regard to the volume measure, this cell definition can be viewed as a generalization
of linear isoparametric elements to arbitrary polytopal.

This is why we consider the “T'4” case in this paper. The calculation of Cj, is established for general
polytopal cells: faces that can have an arbitrary number of edges. To the best of our knowledge, the “T4” is
explained only for warped hexahedra in the literature.

Qq-Isoparametric “T2” decomposition  “T4” decomposition

DT

Figure 2: Examples of hexahedral cell definition. Left: Isoparametric trilinear transformation. Middle:
Simplest faces simplicial decomposition. Right: Isobarycentric faces simplicial decomposition.

X

Property 1. Let d € {1,2,3} be the space dimension, j € J, r € R; and Cj, = Vx, Vj.

o In dimension d =1, since Vj = x;, 1 —x; 1 then

1
2

o In dimension d = 2 if j is the polygonal cell defined by the nodes r € R; then

1
er - _i(xr+1 - erl)la (4)

where 7+ 1 (resp. r — 1) denote the node before (resp. after) r in R;.

o In dimension d = 3, if j is a “T4” polytopal cell, then

€Fjr 12Nf SER;f

Cr= Y oo | X (6 - Ax | )
f

where Fj, denotes the set of faces of cell j connected to the node r.

Proof. The cases d = 1 and d = 2 are straightforward and classical. The case d = 3 is established in
Appendix A. O

Remark 1. One should note that while deriving the Cj, vectors in 3D, we obtain the expression of the
so-call N, vectors:

_ 1 if if Lo qif
Njpr = 12N, 6%: (2[[X]]r — [xI ) ANXs — éﬂx]]r A Xy
s if

These vectors can be used to define the Eucclhyd [6, 7, 4] scheme on arbitrary “T4” cells.



3.2 Time discretization

Let us now examine a first order in time explicit approximation of the right hand side of (2). This is of
special interest since it is standard when building first order finite volume semi-Lagrangian schemes such
as [3, 1] or [6, 7, 4] for instance. For these schemes the continuity equation is approximated as

Myri+ = MyT? 4 At Z (Cr.,ul),
TERj

1

where M; is the Lagrangian mass of the cell j and 7 = p~" is the specific volume. Actually this can be

rewritten as o
V=V ALY (Cyouly, (6)

rER;

which is a first formula for the cell volume at time ¢"t!. However for these schemes, the cells are displaced
by setting x?*1 = x" + Atu” and thus the new cell volume can also be defined by

1
n+1 n+1 n+1
TER;
Property 2. Let V; and Vj"Jr1 be defined respectively by (6) and (7), then one has the exact formula
V;L—Q—l _ vj _ AtZgj, (8)

where &; depends on the dimension d

d=1, ¥; =0,

d=2, 9= %Zrenj <u,’}+1, (u?)J—%

=3, 9= rer, Lrer, i (Seen,, (10T~ [0) nut o+ S,
where the object [[~]]jf in dimension d = 3 has been introduced in Notation 1.

Proof. The proof is technical and is given in Appendix B. O

Property 2 establishes that in dimension d > 2, first order explicit schemes defined using (6) experience a
second order in time discrepancy for the volume calculation. Indeed, after the mesh motion, the new volume
is usually updated by (7), using new node positions.

For (first order) explicit schemes, this is not an issue. Due to the CFL condition this difference converges
rapidly. However, this can be more problematic in the case of implicit schemes. In that case, the time step
may be large and cause instabilities (density can become negative or physical entropy can decrease).

To address this problem, the idea is to substitute the explicit C7, vectors by new ones that we denote D,
in order to establish

‘/jn+1 — V]n + At Z <Dj7~,ur>,
r€R;

where Vr € R, u, = 25 (x' — 7).

This is formalized as the following Problem.
Problem 1. Find specific vectors D;. € R? (for all j € J and for all v € R;) such that
. 1 n n 1 n n
VJ € J? At Z <Dj7’7u7"> = a Z <er+17x'r+1> - E Z <er7xr>‘ (9)

rER; reER; reR;

Actually these vectors are defined uniquely for 1 < d < 3 and are only defined according to the positions
of the vertices of the cell at time " and t*+!.



Proposition 1. Problem (1) admits a unique solution.

e In dimension d =1,

Vj€J, Dy =+l (10)
e In dimension d = 2,
. [ n
Vj€J,Vr€R;, Dy =2 (Ch+C), (11)
where C}, = —5 (x| — X}! Ot
e In dimension d = 3,
. 1 e n
Vje J,VreRr,, DJ-T=§(CL +Ciy +Cl,, (12)
where
n o _ 1 Jfm Jf
C Z TN Z (2[[xﬂ [x] ) Axy |, and
fE]-',-T SGRJ‘f
1 1 s rn4-1 Sem ien41 crm n n
Ch== r 2 5 2(E™ =) - (B - BT | A G ),
cFjr f SER;

Proof. The proof is calculative especially in 3D. Thus, for the sake of clarity, it is given in Appendix C. [

The Cj, vectors satisfy the two following properties

Vji€J, Y C;=0, and VreR, Y Cj; =0. (13)
reR; JjE€Tr

These properties are important ingredients to establish conservation and stability of explicit finite volume
semi-Lagrangian schemes such as [3, 1] or [6, 7, 4].
One easily shows that D, vectors satisfy the same kind of relations,

Vied, ZDerO, and Vr eR, ZDjT:O. (14)
reR; JETr

Proof. See Appendix C.2. O

A Construction of Cj, in 3D

Here we prove the case d = 3 of Property 1. The cases d € {1, 2} are straightforward and have been published
many times.

Let f be a face of the 3D cell j defined by Ny vertices (xs), <s<N; which are ordered in the direct
way according to the outgoing normal to j, see Figure 3. Thus, let R;; denote this ordered set of nodes.
Let us define its center by xg = p ~ 3. xs. For convenience, one also sets xg = Xy,. Let us assume

that vertex r is displaced to the new position X, := X, + dx,. The new face f lies on points (xs)#r, X,
and its center is xg = Nif(zg 2 Xs + %X,). Obviously, the displacement of vertex G is nothing else but
0Xg = Xg — Xg = Nif(fcr — X,), so that dxg = Niféxr. So, the volume spanned by the displacement of

vertex r is the sum of the volume of Ny tetrahedra (x¢,Xs—1,Xs,X@) to which one has to add the volume
of both tetrahedra (x,,Xg,Xr—1,X;) and (Xp, Xr41, XG, Xr ).



Xr+1

Xr

Yy
X Xr—1
VA

Figure 3: Volume change due to a vertex displacement.

Let V,_1 s denote the volume of the tetrahedron (x¢,Xg,Xs—1,%s). One has
6Vi_1s =det(xs—1 — Xg, Xs — XG, 0XG),
=det(x5-1,Xs — Xg, 0Xg) — det(xg, Xs — Xg, 0Xa),
=det(xs-1,Xs,0xg) — det(xs—1,Xg, 0xg) + det(xs, Xg, 0XG).
Finally the sum of these tetrahedron volumes simplifies as
S Vere = S det(xe %0 0%,) = —— 3 det(xs, [x], 0x,).
’ 6Nf 12Nf s
SGRJf SGRJ‘f SGij

The two remaining tetrahedron volumes sum write

6(‘/7"—1 + ‘/7'-‘,-1) = det(f(G — Xpy Xp—1 — Xy 5XT‘) + det(x7>+1 — X, iG — X, 5X7‘)7
= —det(x,—1 — X, Xg — X, 0X,) + det(Xp 11 — X, Xg — X, 0X;),

= det([[x]]f,f,xc; +0xg — X, 0Xy),
; 1
= det([[xﬂif,xG + —x, — X, 0%;),
Ny
= det([[x]]if,xG — X, 0%y,

so, finally

(Voey + Vig1) = 3 det ([[x]]zf Xs, 5XT) - %det ([[x]]if Xy, 5xr> .

1
6Nf SER ;¢

It follows that the volume spanned by the displacement of node r for the face f reads

Vi=—

7= o 2 et (2D - e o) = g det (B 0x).
R

SER; ¢

which rewrites

sER; ¢

1 . ) 1 .
vi= < m Z (2[[)(]]1)( - [[xﬂif> AXg — gﬂx]]if Axy |, §xr>.
This allows to define vectors
1

. . 1 .
—— 3 (2P - ) A, - ZIxE Ay,
12N " s 6- "

f SER;f

Njpr =



that are used to define the Eucclhyd scheme for this kind of cells.

Also, the cell’s volume variation due to the displacement of node r is written

8V, = < z 12§Vf Z (2[[x]]f_f — [[x]]ﬁf> AXg — é[[x]]if ANX |, 0X,

fEFjr sER;

where we denoted F;, = F; N F,. Now, since the faces connected to node r are oriented directly according

to the outgoing normal, one has ..~ [[x]]'if = 0 and then

oV, = < Z 12§Vf Z (2[[xﬂif - [[x]]if> AXs |, 0%,

fe]:j,,, SEij

Recalling that by definition Cj, := Vy, V;, we have shown that for the chosen geometry in 3D, one has

Cjr= Z ﬁ Z (2[[X]}Z,f— [xﬂjsf) Axg |,

fE]'—jr f SGij

which ends the proof.

B Proof of Property 2

We compute the volume calculation difference by comparing the two formulas, that is according to vertex

positions
1
. n+1l __ n+1 n+1
vied, Vith=o 3 (ot
reR;

or updated by the formula

vied, V,=Vi+at Y (Chou),

TERj

where the new position is defined by

VreR, x"=x"+4 Atu,.

B.1 Cased=1

(15)

(16)

In 1D, denoting vertices using the classical j—i—% notation, one has Cj,ji% = +1. Thus formulas (15) and (16)

rewrite
n+l _  n+l _  n+l I/ — n ) _ )
V; =l -2 and V; =V; +At(uj+% u;_
Since V' = T =@, one obviously has ¢; = 0.
2 2

B.2 Cased=2

n

For 2D polygonal cells, C, = —3 (X1, — x" ). So, one has

1

1 , .
Vit =5 3 g {bat -t et

reER;

1 1
AR <(X:L+1 + Aty — X" — At ), (X7 + Atur)> ,

2 2
reR;



n 1 n TL At n
V]-+1:§Z<Cj,,, ”’>+7Z<CJT’ >

reER; reR;
At

At?
<(ur+1 w1, X?> -— <(ur+1 —u, )", ur> -
2 2 4

reR; reR;

After development and reindexation of the telescopic sums, one finds

o Z % <(ur+1 - ur—l)Lv XZ}> = Z <ur, %(x:}_l — x7’}+1)L> = Z <C;L7“v 7n>

reR; reR; reR;

Also, noticing that ZTGR]_ <(ur+1 — ur,l)J‘, ur> =2 Zrenj <ur+1l7 ur>, one gets

n n n 1
Vil =vr ALY (C, up) +AL > (wpn, ut).

reR; reR;

Vi i

B.3 Cased=3

. n+1 n : . . n+l 1 n+1 n+1
Let us examine V""" — V" in dimension 3. One has V""" = 33 (CJ",x"), so

n+1 fn+l fn+l n+1 n+1
ViT=3 2 <f 12N, > (B ) A ) >
€Fjr

reER; sER; ¢

Since x"*t1 = x7 4+ At u, and writing [x]?/"1 = [x]7/" + At [u]’’, one obtains after elementary manipu-
lations

an+1 . ‘/Jn _ % Z Z ﬁ < Z (2[[x]]3fn _ [[X]]an) /\X27 ur>

r€R; fEF;r f SER, s
1 ) ‘
ifn ifn n
DY 12Nf< > (26 - I )/\us,xT>
TERJ fe]:jr SEij
1 ) }
if if n n
03 N< > (ol 1)
re€R; fE€F;r sER,;
S Y e (3 ()
3 " ] "
’I”GR fe]:J, SEij
if if n
+ Z Z 12N < Z (2[[uﬂr - [[u]]s )/\X57 u7->
r€R; fEF;r SER; ¢

T2 2 T, < > (2B - K1) A, u,.>

reR; fE€F;, SER;

At j j
+7t S 12Nf < 3 (2[[11]]Tf_[[u]]sf)/\us,u,,.>

r€R; fEF;r SER; ¢



Thus, this defines, I7, I> and I3 such that Vj"‘”'1 -V = %Il + ATﬁIQ + ATtg'Ig. Let us study each term
of the sum. To analyze these three terms, let us establish few simple technical results.
First we will need the following Lemma.

Lemma 1. Let Vs € Ry, as,bs € R3, then one has

> [ Aby= > [bl ra,. (17)

sSER; ¢ SER; ¢
Proof. Proving this result only requires a few algebra. O

I, and I, terms have the following structure

=Y Y oy < S (2fal ~ [a3i7) A, br>

r€R; fEF;r f s€ER;f
+< > (21 - [al) b, ar>

SER; ¢
N < > (2l - Pl A, ar>

SER;f

that one can rewrite, changing summation order

=% mv ¥ (((R - m) ran)

FEF, forser;y
+ (2l ~ [al’) A b, &)
+((2m0) - ) na, ) ) .
First, looking at the second term of the sum, which is a determinant, one has
Vr,s € Ry, <(2[[a]]3;f - [[a]]gf) Abs, ar> - <ar A (2[[a]}gjf - [[aﬂgf') : bs> :
and exchanging r and s indices, one gets

3 <(2[[a]]g;f—[[a]]gf)Abs,ar>= 3 <as/\<2[[a]]§f—[[aﬂ£f),br>7

r,sER;f r,sER s

= Z <<[[a]]zf —2[[a]]if) A ag, br>.

rsER;
The last term in the sum I can also be rearranged as
> (e - mE) rasa) = > (BB rasa) - > (BE Aa ).
rsER;f ,8ERf r,sER;f

Now one has

Z <2[[b]]f;f A ag, ar> = Z <2ar A [[b]]if, as>;

m,SER;f m,SER;f

10



and according to Lemma 1

> (bl rana)= 3 (boa2fal a),

,SER;f r,8ER, 5

= Z <2[[a}]if/\as,br>.

rSER ;5
Finally, using Lemma 1 and similar algebra, the remaining term writes

- Y (b rasa)=— 3 ([l Ab.a)

r,8ER;f m,sER;f

— Z <ar A [[a]]gf, /\bs>

r,sER s

Z <[[a]]1f A ag, b,,>.

r,s€ER;f

Thus, one has

3 <(2[[bﬂﬁf—[[b]];’f)AaS, a,>= 3 <3[[a]]1’ans,br>.

r,s€ER;y r,sER s

Putting all the pieces together and factorizing, one gets
_ _ if
I1=3 Z 12N ; <(2[a [a]: )/\as,br>.
T8 Jif

Thus, it comes that the volume variation reads

cr,
e = Jfn ifn
Vi v =AY < > 12N 3 (2[[x]} N )Axs,ur>
r€R; \fE€F;r 5ERJf
AP < > oy, 2 (20l - W) A x:>
TGRJ fEFjT SG if
+A7t3 Z Z N Z (2[[u]]jf7[u]]jf> A, u (18)
3 12N r s sy Up .
TERJ fej:j'r' ' SEij
So, one gets B
an—H _Vj ZAthj.
with
j j At
S (E X ) ).
reER; fe]—'J, geRJf

which ends the proof.

C Proof of Proposition 1

We first compute the D, vectors and then prove that these vectors satisfy (14).

11



C.1 Calculation of Dj, vectors

Proving that in dimension 1, D; ; 1= +1 is straightforward.

C.1.1 Dimension 2

In order to simplify the notations, in this paragraph, one will consider a local and direct numbering of the
nodes of the cells. Thus r + 1 (resp. » — 1) will denote the next (resp. previous) node in of the cell j.
In the 2D polygonal case, one has

and since x"*! = x" + Atu,,

n+1 __
crtl =

So, (9) recasts in this case as
v At (D ! cn - 2! TP+ At ! cr.x!
(uT)TERj7 Z < jT’uT> - 5 Z gr 7(ur+1 - urfl) Xy T ur ) — 5 Z < gro ’r>
reR; reR; reR;
which expands to
At n At 1 o
V(ur)reij At Z <Djrvur> = o Z <ervur> v Z <(u7’+1 —u,_1) X+ Atur>,
TrER; reR; reER;
It is easy to check that Y (a,b,) = =" (b, a,), so since At > 0, one has
1 n 1 n
YW)er,s D Dirr) =5 D (Cun) + 7 D0 {6+ At (W —u,)).
T‘ERj TER]' TER]'

Little algebra allows to show that

Z <(x: + AtuT)L7 (Wpgq — g > =2 Z C"‘*‘1

reR; reR;

Thus finally, one has

1
V(W) ex, > D) =Y <2(C;f;+c;;1),ur>.

reR; reR;
The unique solution for this system is Vj € J,Vr € R;, Dj, = % (C;‘,. + C;’TH).
C.1.2 Dimension 3

In order to equalize the volumes, we want to find if there exists D, vectors such that

ijnJrl _ vj =0 — At Z <Djrgllr> = V‘jn+1 — V;"
reER;

12



A good starting point is to consider (18), where an+1 — V" = 11+ I2+13, and first to reformulate the second
term I of the right hand side into the form At} (a,,u,). Once done, one will identify the D;, vectors by
considering the whole sum. So, let us denote

L=A ) < Y. o (2[[uﬂ{;f— [[u]]g’f) /\us7x?>a

TERJ' fe]:ﬂ S’Eij

which rewrites

Ay ﬁ 3 <(2[[u]]1f_ [[u]}gf) Aug, x:f>.

feF; f ,SERf

One now separates the sum as follows

:At22ﬁ 2y <[[u]]1fAus,x¢>_ 3 <[[u]]ngus, x:> : (19)

feF; S m,SER; 5 T,s€ER;f

Iz1:= Iz 0:=

Let us first consider I5 ;. Exchanging indices » and s, one has

Lyi= Y, <[[u]]§fAum X?>,

r,SERf

and since the term in the sum is a determinant

Iy =— Z <[[u}]§f AXZ, ur>,

T,8€ER 5

which finally rewrites (using the Lemma 1)

Iy =— Z <[[Xﬂifn A ug, ur>. (20)

,SERf

The calculations for I 2 proceed almost the same. Let us first use the determinant properties, exchanging

second and third columns .
Iy = — Z <[[u]]if A X:'Lv us> »
r,sER s

Lo=- Y <[[u}]ﬁfog, u> (21)

r,s€ER;

or, exchanging r and s

Now injecting (20) and (21) in (19), one gets

I, = —A¢#? Z B N Z <2[[x]]jf A ug, ur> + At? Z — Z <[[uﬂifo?, ur>,
feF

rsER]f f r,sER s

and reordering the sums as initially, it gives

I =—Ar ) < > w2 2 /\us,ur>+At2 > < > 1 N, > [ul? Axz, ur>,

fe-FJT SGRJf r€R; \f€Fr SER;f

13



or using again Lemma 1

I, = —At Z < Z ﬁ Z 2At[[u]]if/\xg, ur>+At Z < Z 12N Z At[[u]]jf/\xg, ur>.

r€ER; \fE€Fr sER; ¢ r€R; \fEF;r SER ;¢

‘We now consider the term

At? 1 , .
Is = 3TERV< > o > (- i) A, ur>7

fEFjr SER;

or

I3 = A; Z < Z — Z (2[[Atu]]]f [[Atu]]Jf) A Atug, ur>.

reER; fé]:ﬂ SGR”

Again using Vr € R, x"T1 = x" + Atu, it reads
At s em+41 s en srn+1 S rn n n
I3 = 3 627; < ;; 12N EZ (2 ([[Xﬂif - [[Xﬂif ) - ([[x]]if - [[x]]if )) A(xEH—xT), uT>.
TRy ir s€R;5

Let us emphasize that at this point we have already found the form At}_ (a,,u,) that we were looking
for and thus, we have an explicit form for a set of D, vectors that ensures V"'H V We shall now give
a simplified expression to ensure that these D, vectors satisfy (13) and pr0v1de a consistent approximation
of the divergence operator.

To do so, let us recall that I} = At ZTGR (C%.,u;). So, we need to focus on the simplification of the
two other terms. Let us first start with I3. A partlal development of the differences leads to

A s em41 irnt1 1 n
heT Y < > w2 (2ﬂxﬂif b +)A<X?* )>

T‘ERj
< > 12N, (2[[x]]ifn - [[X]]ifn) A (xgH = x7), ur> :
rER;

fEFjr SER;f

where one recognizes the expressions of C7, and C?j’ L so

At . At i
I3 = ? Z <Cj7jr17 uT> + ? Z <er7 7”>

T‘ERj TER]'
n+1 el
<Z S 2 (2B - )sz,ur>
r€ER; \fe€F;r SERJf
At i
) <Z oy, o (- ﬂxﬂif”)Axs“,ur>.
T‘ER]‘ fE]'-ﬂ SGRJf

14



Thus putting everything together one gets

Vi v =AY <§C§; - écgjl, ur>
r€R;
— At Z < Z — Z 2AL[u]?’ A X, ur>

reR; f€.7:7r SER]f
+ At Z < Z — Z At[[u]]gf/\xs,ur>
re€R; fe]:ﬂ GER“«
ipn+1 ien41
<Z S 2 (e - )sz,u,«>
r€R,; \fEF;, SERJf
25 (Y o X (b )
r€R; \fEFr GER“«

In order to retrieve the 2D behavior we now write
1 1
ViV =AY <2C}’r + 50;’#, uT> + AtR;.
TERj

The idea is to study R;.

One has
crit
1 ifn+1 cen+1
L - if _ if +1
e ¥ (R ) - X (3T gy X O b))
rER; fEF, SER;f
if
< 2N Z 2At[u]) AxY, ur>
SERJf
< — Z At[[u]]jf/\xs,ur>
SERJf
1 s en+41 s em+41 n
5> < > o O <znxﬂzf ) A )
reR; EFjr E€ER,r
(T iy Tl ) ),
T‘ER]‘ fEFJr SGR]f

15



Using Vr € R, x?T! = x” + Atu,, one gets

cr,
n 1 m Y A on
Rj = Z < Cjr u >_ Z <6 Z 12]\/' Z (ZHX]]J - [x Hi )Axsvu7'>
reR; rER; fEFjr SGR”
1 1 jfn jfn)
Z <6 Z 12N, (2[[x]]r [x]’ A Atug, u,
reER; fEFjr SER ;¢
1 Jif Jf) <™
3 <6 3 12N 3 (2At[[u]] ~ At[u]) A X, u,
reR; fEF;n Fsemryy
_ Jif _ Jf
Z < Z 12N (QAt[[u]]r Atu];, )/\Atus, ur>
'FER]' fE]'-JT bEij
1 if s on
-y < > N > 2At[u]’ Axs,uT>
reR; \feF;, SER, s
+ Z < Z e Z At[[u]]]f/\xs,ur>
reER; fEJ:JT bERJf
cr,
1 Jfm P A en
3Z<Z 12N 2. <2M — s )AXS’“T
r€ER; \fEF;r f sER; ¢
Jf Jf 9
_Z Z < 3 12Nf > (2At[[u]]r — At[u]? )/\xg, u,«>
7“673 fE€Fr SER
C;?'T
1 1 en en "
(Y e Y (m&f — [x1") Axtu,
3 12N,
T‘ER,‘ fE]‘—jr SEij

TGR fEFjr SER;y

16
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One observes that all the factors containing C7, cancel so one has

R; = Z < Z 12N (2[[X]]ifn - [[X]]ifn> A Atu, uT’>

reER; feFjr 5€ij
1 1 if AY
-3 <6 3 N > (QAt[[u]]r — At[u]? )/\XS, u,
reR; fe}'jr SEij
_ if _ Jf
Z < Z 12N (QAt[[u]]T At[u]’ ) A Atug, ur>
TER; JeFjr ! seryy

— Z < Z — Z 2AL[u]?’ A X, ur>
reER; fE]-']7 56727f
+ Z < Z 12N Z At[u]’’ A xT, ur>

r€R; \fEF;r 7 sER;y
1 E E S E (2At[[u]]jf - At[[uﬂjf) AXD, u,
3 12N " s 57
r€R; \fEF;r SER
ifm i
L Z < > 12Nf 3 (2[x]]r — [x]? )/\Atus, ur>.
TERJ fEFjr SER; ¢

One now inverts the sums, which gives

Sy 5 () nn)

r,8ER;f
1 1 if if n
_ Z N, Z <6 (QAt[[u]]T — At[u]? )/\xs, u,
fEF; r,sER;f
1 .
_ - Jif n >
9N Z <2At[[u]]S AXZ, u,
feF; r,s€ER;f
if n
+ Z 12N 3 <At[[u}]r /\xs,ur>
feF. T8€R7j
L if if
_ ow, > <3 (QAt[[u]] — At[u]? ) X, u,
fEF; ,8SER s

- u}, > (G (e - ) A an )
fEF.

r,sERf

-3 ﬁ 3 <é (mt[[u]]f;f — At[u]?’ ) A Atu,, ur>.

fEF; f ,5S€ER;f

17



A partial development of the sums gives

-y Y (L /\Atus,ur>+ >o—— Y <uxﬂg /\Atus,ur>
12N 3 fe7, 12N 6

feF; forser,; r,SER; ¢
1 1 if n 1 1 if n
- 1N, > At Axg, ) + > N, >, gAtluly” Axg, u,
fEF; ! rsER;y fEF; I rsER,f
1 )
- Jif n
— 12N, Z <2At[[u]]S A XD, ur>
€F; TsE€R;f
1 if o\ n
+ 12N, Z <At[[u]]r AXY, ur>
€F; rsER,f
L 2 AtTalf A x” 1 L italif Ax?
- Z 12N, Z gAt[[“]]r AXg,ar )+ Z 12N, Z gAt[[u]]s AXg, ur
fEF; f r,sER, s fEF; S r,sER s
- Z 19N Z g[[xﬂr A Atug, u, ) + Z 1N, Z g[[x]]s A Atug, u,
feF; F rser;y fEF, frsery;
1 .
- Z W Z <6 (2At[[u]]3f At[[uﬂi,f) 74\ Atus, ur> 5
fefj f T,SEij

which simplifies into

Rj—zuivf Z <[[x]]]f A Atug, u,

fEF; rsER;f

Z <;[[xﬂgf" A Atug, ur>

rSER ;5

P>
- Y ZR< ATl A, )

fEF;
1 1 . .
- f;r 12N, > <6 (Mt[[u]]i — At[ul] ) A Atu,, ur>_

r,sER;f

Let us first remark that according to Lemma 1

Z <2[[Xﬂi A Atug, ur>: Z <2At[[u]]é /\Xs,ur>.

’I",SGR]‘f TvsGRJf
Also, one has
- Z <[[x]]f,fn/\AtuS7 ur> = Z <[[X]}ifn/\Atu,,7 us>7
,5ER;f r,sERf

so using again the Lemma 1 and exchanging indices r and s, one gets
- Z <[[x]]ifn A Atug, ur> = Z <At[[u]]§f A X2, ur>,
r,8ER,f r,s€ER;f
so that one finds
1 A .
Z — Z <6 (2At[[uﬂi,f - At[[u]]if) A Atug, ur> :
6]:J f r,sER s

Finally we reorder the sums to allow the identification of the D, vectors

R; =— Z < Z 12?\/} SGZR_f % (2At[[uﬂf;f - At[[u]]gf> A Atug, ur> .

reR; fEFjr
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Thus set i i
5o - if _ if
Cl ==Y v : (2At[[u}]r At[u]? )/\Atus. (22)

SER;

It can trivially be rewritten according to the node positions only

> mvf (b )~ (B )] A e -,

Rif

This gives the expression of the Dj, vectors in 3D,

VjieJ. VreR;, Dy =< (CL+CL)+Cl,.

| =

C.2 Properties (13) of D;,

The result is obvious in the 1D case. Also, in the 2D case, since Vn > 0, 37, c 7 Cj. =0and } ;. CJ,. =0,

one obviously has Zrej D;, =0 and Z]&R ir = 0.
The 3D case requires a few more work.

1 n n+1 0
D =3 (Cj. +C3) + Cy,..
Again, since Vn >0, 3 . 7 Cj. =0and } ;.. C’, =0, one only has to check that
s s
chrzo and Y CJ =0.
T‘GJT jER]'

According to (5) and (22) one easily checks that C7, and C5 share the same algebraic structure, which ends
the proof.

References

[1] G. Carré, S. Del Pino, B. Després, and E. Labourasse. A cell-centered lagrangian hydrodynamics scheme
on general unstructured meshes in arbitrary dimension. J. Comp. Phys., 228, 5160-5183, 2009.

[2] P. G. Ciarlet. The finite element method for elliptic problems. Studies in Mathematics and its Applica-
tions. Amsterdam : North-Holland, 1978.

[3] B. Després and C. Mazeran. Lagrangian Gas Dynamics in Two Dimensions and Lagrangian systems.
Arch. Rational Mech. Anal, 2005.

[4] G. Georges, J. Breil, and P.-H. Maire. A 3d gcl compatible cell-centered lagrangian scheme for solving
gas dynamics equations. J. Comp. Phys., 305 921-941, 2016.

[5] Jeffrey Grandy. Conservative remapping and region overlays by intersecting arbitrary polyhedra. J.
Comp. Phys., 148(2):433 — 466, 1999.

[6] P-H. Maire, R. Abgrall, J. Breil, and J. Ovadia. A cell-centered Lagrangian scheme for two dimensional
compressible flow problems. SIAM J. Sci. Comput., 29(4):1781-1824, 2007.

[7] P.-H. Maire and B. Nkonga. Multi-scale godunov-type method for cell-centered discrete lagrangian
hydrodynamics. J. Comp. Phys., 228(3):799-821, February 2009.

[8] W. E. Pracht. Calculating three-dimensional fluid flows at all speeds with an eulerian-lagrangian com-
puting mesh. J. Comp. Phys., 17(2):132-159, February 1975.

19



	Introduction
	Notations
	Volume calculations of a moving polygonal cell
	Cjr vectors
	Time discretization

	Construction of Cjr in 3D
	Proof of Property 2
	Case d=1
	Case d=2
	Case d=3

	Proof of Proposition 1 
	Calculation of Djr vectors
	Dimension 2
	Dimension 3

	Properties (13) of Djr


