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Abstract: High-energy narrowband terahertz (THz) pulses, relevant for a plethora of applica-
tions, can be created from the interference of two chirped-pulse drive lasers. The presence of third
order dispersion, an intrinsic feature of many high-energy drive lasers, however, can significantly
reduce the optical-to-THz conversion efficiency and have other undesired effects. Here, we
present a detailed description of the effect of third-order dispersion (TOD) in the pump pulse on
the generation of THz radiation via phase-matching of broadband highly chirped pulse trains.
Although the analysis is general, we focus specifically on parameters typical to a Ti:Sapphire
chirped-pulse amplification laser system for quasi-phase-matching in periodically-poled lithium
niobate (PPLN) in the range of THz frequencies around 0.5 THz. Our analysis provides the tools
to optimize the THz generation process for applications requiring high energy and to control it to
produce desired THz waveforms in a variety of scenarios.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The last two decades have seen a tremendous surge in development of terahertz (THz) sources of
high-energy and high-peak-field for applications ranging from linear and nonlinear spectroscopy
[1], to compact electron acceleration [2–7] and manipulation [8–12]. Broadband or single-cycle
pulses produce the highest peak-field, but for specific electron acceleration applications, multi-
cycle, narrowband pulses are of particular interest [2,3]. Sources based on optically driven
difference frequency generation (DFG) are very promising for these applications, especially due
to relatively high optical-to-terahertz conversion efficiencies.

Achieving high conversion efficiency requires high incident fluence and proper phase-matching
of the nonlinear process. Quasi-phase-matching (QPM) in periodically poled lithium niobate
(PPLN) [13–15] is a promising candidate for narrowband THz generation, due to the high
nonlinearity in lithium niobate, the transparency for optical light around 800 nm, and the
availability of very high energy driving pulses in that wavelength range. The chirp-and-delay
technique—whereby two copies of a chirped laser pulse are combined with a time delay in a
photoconducting element or nonlinear crystal—is a succesful approach to provide the necessary
pulse format for DFG while avoiding parasitic nonlinear processes and staying below the damage
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threshold while pumping with higher fluence pulses than when pumping with compressed
pulses [16,17]. Recent experiments from our team using PPLN showed that the method of
chirp-and-delay using pulse copies from a broadband Ti:Sapphire-based system can generate
THz in the 0.3–0.8 THz frequency range with energies up to 40 µJ [18].

However, there were known complexities in the results in Ahr et al. [18] which implied that
details of the complete process were not yet fully understood. First and foremost, the efficiency of
the process measured to be in the 0.1% range was not as high as in ideal theoretical predictions
[15], showing efficiencies up to the 1% range. The THz output as a function of delay was peaked
as expected based on the chirp rate and the poling period of the crystal in use, but also showed
complex features that were not at the time explained. Additionally, there were nuances that led
us to believe that the full pump pulse was not taking part in the process; specifically that the
modification of the pump spectrum, which can act as a fingerprint of the nature of the nonlinear
process, did not occur in the entire pump spectrum, but only the central portion.
The exact effect of the higher-order phase will be derived analytically, but the concept can

already be visualized using the Wigner-style plots common in the field of DFG. Figure 1 shows
two broadband chirped pulses which are separated by a delay ∆t, providing the necessary
difference frequency content for DFG. This simple plot shows the general effect of TOD on the
process. In the ideal case of Fig. 1(a), the purely linear-chirped pulse copies produce a localized
difference frequency ∆ω where the majority of the nonlinear polarization is matched to the
nonlinear medium at Ω and within the bandwidth of the nonlinear process δΩ (seen in Fig. 1(b)).
When TOD is included in the picture as in Fig. 1(c), the pulses are no longer purely linear,
and now less of the energy of the pump pulses is within the quasi-phase-matching bandwidth
(Fig. 1(d)).

Fig. 1. Chirp and delay concept including now the general effect of higher order phase.
(a) and (b) are the separate overlapped pump pulses without any TOD and the resulting
difference frequency ∆ω, respectively. Ω corresponds to the phase-matched THz angular
frequency, and ∆ω is the bandwidth of the phase-matching process. (c) and (d) are the same
now with TOD (not to scale) showing that less of the overall difference frequency content is
within the THz bandwidth δΩ. The horizontal dashed lines represent the bandwidth of the
phase-matching process, and the vertical dashed lines represent the region in time that is
within that bandwidth.

This manuscript outlines how principally the higher order spectral phase on the near-infrared
(NIR) pump—but also the complex train of pulses from the specific experimental setup used in
Ahr et al. [18]—contribute to these nuances and the decreased efficiency compared to the ideal
prediction. This specific effect was compensated for in recent work by our group [19], where
we produced 600 µJ of total narrowband THz energy. This current work provides the detailed
explanation of the initial limitations and complexities observed in Ahr et al. [18] while also
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providing more detail and outlook than in the milestone result in Jolly et al. [19]. The effect of
the TOD on difference frequency generation with direct phase-matching will also be discussed,
along with implications on the temporal properties of generated THz.

We start in Section 2 with a discussion of the theory of phase-matching and how material and
drive laser properties have a direct impact on the DFG output. We then tackle in more detail
the specific impact of TOD and pulse-train structure on the total drive laser field in Section
3. In Section 4 we discuss the signature of the TOD and pulse-train structure in experimental
data. Using the derivation and experimental confirmation of these effects we then discuss the
implications on THz generation efficiency (Section 5), THz pulse envelope (Section 6), and THz
pulse phase (Section 7), with a final section containing concluding remarks (Section 8).
As a technical note, the produced total intensity profile of overlapped chirped pulses has

modulations that have a frequency corresponding to the instantaneous difference frequency,
which are sometimes referred to as a pulse-train. This manuscript refers to the train of overlapped
macroscopic pulses (whether two or more) as a pulse-train, and rather refers to the microscopic
train of pulses (sub-pulses) created from the pulse beating as modulations on the intensity
envelope. This will be clarified in Section 3.

2. Properties of phase matching with chirped-and-delayed pulses

An expression for the THz field amplitude ATHz generated from chirped and delayed pulses
was provided in [15]. The derivation uses the wave equation in the spectral domain including
THz absorption in the nonlinear medium. An effective second order nonlinearity χeff2 = 2χ2/π
is assumed, where χ2 is the bulk nonlinearity, which is necessary in the case of quasi-phase
matching [20]. Ignoring group velocity dispersion and the effect of the THz generation on the
spectrum of the optical pump, the generated THz field amplitude along the propagation direction
z is

ATHz(Ω, z) = Ft→ω
[
|Aopt(t)|2

] iΩχeff2
n(Ω)c

[
ei∆kz − e−α(Ω)z/2

]
(α(Ω)/2 + i∆k)

(1)

∆k =
Ω

[
n(Ω) − ng(ω0)

]
c

−
2π
Λ

, (2)

where Aopt is the combined optical field of the input chirped pulse-train with individual pulses
centered at ω0 and F denotes the Fourier transform. Ω is the phase-matched THz angular
frequency and α is the absorption coefficient of the medium. In Eq. (2), ∆k = 0 is the condition
for perfect phase-matching, where Λ is the poling period of the nonlinear medium, and n and
ng are respectively the phase and group refractive indices within the medium. If the process is
direct phase-matching rather than quasi-phase-matching then the term with Λ is removed and
χeff2 → χ2.
The optical field must contain frequency content at the phase-matched frequency in the medium,

which is described properly by this formulation. The frequency content term Ft→ω
[
|Aopt(t)|2

]
and the phase-matching term (the remainder of Eq. (1)) are both peaked in amplitude, so if they
do not peak at the same THz frequency then the THz field will be low along with the total THz
pulse energy. This is especially true when the phase-matching is narrow-band, which is the case
as the length of the quasi-phase-matching medium increases [21]. Because of this, the ‘difference
frequency content’ will be an important concept in this work that essentially determines the
suitability of the combined input NIR pump pulses for producing THz at a given frequency.
Because the output THz energy is proportional to |ATHz |

2, the relevant optical property for THz
energy is

��Ft→ω
[
|Aopt(t)|2

] ��2, which will be referred to as the ‘difference frequency content’ of
the pump pulse-train henceforth.
When the optical field is composed of chirped-and-delayed pulses having a group-delay

dispersion (GDD) φ2 (corresponding to a chirp-rate 1/φ2) separated in time by a delay ∆t, the
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frequency content is peaked at a difference-frequency of ∆t/φ2. This produces the important
result of an optimum temporal spacing ∆topt = Ωφ2 to be matched to the desired frequency Ω
[20]. An important additional condition not reflected directly in the equations here, but only
indirectly within the difference frequency content term, is that the optical pump pulses must
have significant bandwidth in order to have enough total overlap in time at the optimum delay.
Since the chirped NIR pulse duration τL is fixed by the chirp rate and optical bandwidth δωL
(τL = δωLφ2), there is a lower limit on the optical bandwidth for efficient DFG. For significant
temporal overlap τL � ∆topt must be satisfied and therefore δωL � Ω is a condition for the
optical bandwidth.
The requirements for optimum THz generation become much more complex when the

overlapped pulses have a nonlinear chirp. A chirped pulse with third-order spectral phase can be
approximated as having a Gaussian envelope with a temporal phase ϕ(t) having higher-order
terms [19,22–28]. Rather than relying on numerical methods the instantaneous frequency
ω(t) = −dϕ(t)/dt of a significantly stretched pulse can be written as

ω(t) = ω0 +
1
φ2

t +
−φ3

2φ32
t2, (3)

where φ3 is the third-order dispersion (TOD). The following section will describe more completely
the implications of this, depending on the number of pulses in the pulse-train and the magnitude
of the matched frequency Ω.
The THz output depends strongly on the properties of the nonlinear material and how they

depend on frequency. This can be isolated by the phase-matching term in Eq. (1), that is, the part
of the equation that is not the difference frequency content of the pump pulses. The THz energy
is proportional to n(Ω)|ATHz |

2, so the relevant term that depends only on material parameters
(n(Ω), α(Ω), crystal length L) is

ηmat
rel ∝ n(Ω)

����� Ωn(Ω)
[
ei∆kL − e−α(Ω)L/2

]
(α(Ω) + 2i∆k)

�����2 , (4)

where ∆k is as before, assuming the pump wavelength is fixed. This can be thought of as the
relative efficiency due only to material properties, which we write as ηmat

rel , or equivalently as an
acceptance function for the chosen nonlinear sample of known properties and dimensions [29].
In other words, this phase-matching terms defines the acceptance bandwidth of the nonlinear
medium independent of the pump properties.
A ubiquitous property in nonlinear crystals is an increase in absorption as the frequency

increases approaching a phonon resonance. These absorption peaks limit the ability of a given
material to either produce narrowband THz across a broad tunable frequency band, or limit
the ability to produce the broad spectrum necessary for single-cycle THz if that is the desired
application. Materials such as ZnTe [30–32], GaAs [33], GaP [34], GaSe [35,36], BBO [37,38],
and organic salt crystals [39,40] have been used to produce mid-infrared (MIR) or THz radiation
via DFG. Due to varying material properties at both the pump and signal wavelengths, the
different desired signal properties require significantly varied experimental parameters and
therefore play a part in choosing the nonlinear material. Lithium niobate is used in this work due
to its relevance to THz-based acceleration, having a significantly increasing absorption above
1 THz and therefore most suited for sub-THz frequencies [41,42].

The equations in this section as well as the concept of the optical difference frequency content,
and the behavior of the THz output only due to material properties are very important to
understanding scaling of THz generation via chirp-and-delay. These equations however do not
include effects on the spectrum of the NIR pulse-train as THz is generated, which is present in
interactions at high efficiency due to cascading of the nonlinear process [14,18,43]. This means
that quantitative results are most precise at low efficiencies, but still inform the process in general.
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3. Effect of the TOD on input field

The significantly different temporal phase and resulting instantaneous frequency when a pulse
has TOD, as in Eq. (3), has a dramatic effect on the available difference frequency content for
THz generation. We will analyze this effect quantitatively using experimentally relevant spectral
phase values and specific pulse-train formats. The most simple format is two pulses of equal
amplitude separated by ∆t. This can be realized, for example, by using a Mach-Zehnder type
interferometer. In Ahr et al. [18], a pulse train was produced using a using a high-reflector (HR)
and partial-reflector (PR) pair. This etalon configuration forms a pulse-train of an infinite number
of pulses with varying amplitudes, still with a constant ∆t between successive pulses. This was
done because it was more practical experimentally, but also because this method uses all of the
available laser energy, whereas an interferometer that produces only two pulse copies will have
two separate outputs each with 50% of the laser energy.
The spectral phase values used in the following will always be representative of the pulses

produced in the Ti:Sapphire Joule-class Angus laser system, which was the driver for the results
of Ahr et al. [18] and Jolly et al. [19], in this case GDD of 2.3 ps2 and TOD of −0.0044 ps3, on
pulses having a bandwidth of 35 nm centered at roughly 800 nm. In the following paragraphs we
will analyze the consequences of TOD on the DFG content of such pulse trains.

When creating such a train of pulses as in Ahr et al. [18] a PR with R=38% and a HR with
100% reflectivity are used. There is a theoretically infinite train of pulses with the energies
E1 = R,En = Rn−2(1 − R)2, with the first two pulses having approximately equal energy of 38%
of the total, with the energy decreasing in pulses thereafter. The total optical field can be written
as a sum of this pulse train:

Aopt(t) =
∞∑

n=1
EnAn(t − (n − 1)∆t) (5)

An(t) ∝ exp
[
−2 ln(2)t2

(δωLφ2)2

]
exp

[
−i(ω0t +

t2

2φ2
+
−φ3t3

6φ32
)

]
. (6)

This description of the field produces a much different picture of the input IR energy than analysis
using only GDD, or only a pair of pulses. Because there is TOD, i.e. a curved frequency across
the pulses in time, and in the case of the infinite pulse train many pulses overlapping, there is
now complex temporal interference which includes even an effect on the overall envelope of
the IR energy. The significance of the effect of TOD and a larger pulse train can be seen in
the changes on the field of the delayed and overlapped pulses |Aopt(t)|2, and on the difference
frequency content available for producing THz defined as |Ft→ω[|Aopt(t)|2]|2.
To illustrate these effects we show in Fig. 2 the combined optical field and the difference

frequency content for a pulse train of N=2 and N=10 pulses, where N is a finite limit in the sum
of Eq. (5). Here we assume a temporal delay of 5.78 ps, in order to produce 400GHz radiation
with the assumed GDD of 2.3 ps2 on the pump pulses.

As shown in Fig. 2, the overall envelope of the overlapped pulses is largely unchanged when
there is no TOD or no pulse train (Figs. 2(a)–2(c)), except with both TOD and the longer
pulse-train (Fig. 2(d)). In that last case the envelope becomes significantly more complex, and
also has a larger peak field due to the more complex temporal interference.
Looking at the substructure within the overlapped field intensity |Aopt(t)|2 reveals the more

complete picture, shown in the insets in Figs. 2(a)–2(d). In the case without the TOD or the
pulse train, the sub-pulses due to the beating are regular and at one frequency. When TOD is
introduced, the sub-pulses are still regular, but vary in frequency over time. When the pulse-train
is included the sub-pulses are no longer regular, indicating the presence of harmonics. Although
these effects on the envelope are somewhat instructive, it is only the difference frequency content
that has a direct consequence on the DFG process.
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Fig. 2. Comparison of the total pulse train envelope (a-d) and frequency content (e-f) for a
pulse train of N=2 and N=10 pulses and drive pulses with and without TOD. In this specific
example the THz frequency is centered at 400GHz with pulses (GDD=2.3 ps2, TOD=-
0.0044 ps3) delayed by ∆t=5.78 ps. Insets in panel (a-d) show a zoom from 150-156 ps
which captures the temporal interfences responsible for the difference frequency content.

The difference frequency content is sharply peaked when the TOD is zero (Fig. 2(e)) regardless
of the number of pulses, which is equivalent to saying that across the envelope the instantaneous
difference frequency does not vary significantly (or equivalently that the spacing of the sub-pulses
does not change). In the case with zero TOD and a train of ten pulses, there are higher harmonics
present in the frequency content. This is because in this case there is still significant overlap
between the first and third pulse, or second and fourth, etc. (only the first higher frequency peak
is shown). Because the overlap is less complete and the energy in the N>3 pulses is significantly
lower than the first and second, the frequency content in these harmonics is also usually much
lower than that in the principal.
When the TOD of −0.0044 ps3 is included however (Fig. 2(f)), the difference frequency

content is no longer as sharply peaked. With only two pulses and TOD the peak of the frequency
content is more than an order of magnitude lower and wider than the case without TOD. This is
a consequence of the difference frequency varying significantly across the overlapped pulses.
In the case with a longer train of ten pulses and also a finite TOD, the frequency content gets
similarly more complex as did the envelope. This is due to the intricate temporal interference
between all number of pulses.
It is instructive to another level to view this increased complexity in the difference frequency

content at various temporal delays (equivalently different generated THz frequencies). Figure 3
shows the same permutations of number of pulses (N=2, N=10) and TOD (0 ps3, −0.0044 ps3) at
the original delay of ∆t=5.78 ps, and an additional three delays of 2.89, 8.67, and 11.56 ps that
would produce 200, 600, and 800GHz radiation respectively. The broadening and decrease of
the frequency content is present in all cases. However, the complexity of the difference frequency
content with N=10 (peaks and valleys, asymmetric broadening) increases with the temporal delay
(and therefore also with the generated THz frequency). This is a result of the increase in the
difference between overlapping frequency components as the temporal delay increases. When
the time between each pulse in the train increases, at any given point in time there is a larger and
more disparate set of frequencies overlapping with an increasingly different amplitude.
The result of this analysis is that the presence of TOD on the chirped pulses used to create a

pulse-train will decrease the peak available frequency content for the DFG process. If the driving
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Fig. 3. Comparison of the total pulse train difference frequency content at many time delays.
We show the same permutations of no TOD (blue) and a TOD of −0.0044 ps3 (orange),
N=2 pulses (a)–(d) and a pulse train (N=10) (e)–(h), at the four different delays ∆t=2.89,
5.78, 8.67,11.56 ps necessary to produce frequency content centered on 200, 400, 600, and
800GHz respectively. Panels (b) and (f) are a duplication of Figs. 2(e) and 2(f).

pulse-train is more complex than just two pulses of the same energy, then increased complexity
occurs as well. The following sections will show some experimental nuances resulting from
these physics, verifying the conclusion, along with some supporting theoretical explanations.

4. Signature of TOD in experimental data

The presence of TOD has a significant effect on the DFG process via its impact on the available
difference frequency content, as shown in the previous sections. In the following sections
experimental results verify this, and some of the nuances of this effect are expanded upon. Past
experiments using an infinite train of broadband chirped pulses in PPLN [18] showed the viability
to produce high-energy (tens of µJ) THz pulses in the 0.5 THz range. These results already had
a relatively high IR-to-THz ‘internal efficiency’ of 0.13% (defined as the efficiency within the
crystal, neglecting Fresnel losses for both the IR at the input and the THz at the output). Along
with these results the work also showed the expected dependence of the optimum temporal delay
and output THz frequency on the parameters of the PPLN, and the increase in efficiency when
the crystal was cooled to cryogenic temperatures (which reduces the THz absorption).
The experimental apparatus used for these past results and the results presented here is

reproduced in Fig. 4. The driver laser is the Ti:Sapphire-based Angus laser system, with relevant
temporal properties the same as those already used in the previous section. The pulse-train is
created with a PR/HR combination to produce two equal pulses and a train of lower energy
pulses, with the spacing between each subsequent pulse a constant ∆t. The beam is resized to fit
approximately the aperture of a given crystal using cylindrical lenses, and the THz is collected
using a pair of off-axis parabolic mirrors (OAPs) on to a pyroelectric detector (Gentec-EO:
THZ9B-BL-BNC). In the case of the crystal with 330 µm poling period there are no lenses used
to demagnify the pump beam, and a single TPX lens is used to focus the THz beam onto the
pyroelectric detector. A longitudinal interferometer was used to measure the center frequency in
the case of the two crystals with the highest THz output. The output IR energy is dumped on a
sheet of Teflon, and the spectrum of that scattered output is measured with a combination of a
diffuser and a fiber spectrometer. The input IR spectrum is recorded automatically with the laser
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controls system. The crystal is contained within a small vacuum chamber to allow for cryogenic
cooling to roughly 80K.

Fig. 4. Chirp-and-delay experimental setup (a), identical to the previous work in Ahr et
al. [18]. This HR-PR combination produces a train of pulses rather than two pulses of
equal energy. A waveplate is used to match perfectly the polarization of the IR light to
the PPLN crystal axis. The beam is matched to the aperture of the PPLN crystal using a
telescope, the parameters of which depend on the PPLN aperture. A Teflon plate separates
the drive laser from the generated THz at the output of the crystal, whose energy is detector
using a pyroelectric detector (b). The frequency of the generated THz is verified using an
interferometer (c).

Results from Ahr et al. [18] will now be revisited with the TOD analysis in mind, and effects
will be elucidated using additional complementary measurements not previously shown.

4.1. Modifications of the pump spectrum by THz generation

The measured output pump spectrum shows significant red-shifting due to the THz generation
process (Fig. 5(a)). This is due to, in the case of highly efficient generation, the cascading of the
DFG process whereby IR photons take part in the frequency down-conversion process multiple
times [43]. Equivalently, the pump spectrum must change as the IR photons are shifted many
times. This is easy to imagine in the case of a narrow-band pump [44], but in the case of a
broadband pump the cascaded IR remains within the original bandwidth. However, it can be seen
that especially at low fluence, but even still at high fluence, the shifting of the IR spectrum does
not take place across the whole spectrum (Fig. 5(b)). This dip in the spectrum is a signature of
the THz generation process not being phase-matched at every point in time across the individual
chirped pulses in the pulse train (and therefore also spectrum, since the the chirp of the pulses
relates spectrum and time).

It is possible using the simple temporal phase relation already derived to show that the dip is a
direct consequence of the TOD. Since one can write the instantaneous frequency analytically as
in Eq. (3), the difference frequency at a delay ∆t can also be written when the overlapped pulses
are assumed to be copies of each other:

∆ω(t) =
[
∆t
φ2
+
φ3∆t2

2(φ2)3

]
+

[
−
φ3∆t
(φ2)3

]
t. (7)

With pulses that are not copies of each other, such as in [36,40,45] for example, this relationship
becomes much more complex (and only applies if the chirp is large). This difference frequency
is now in any case not constant with time, which was already shown schematically in Fig. 1(b)
when introducing the concept.

If the expected THz frequency Ω = 2πνTHz is known, then it can be calculated which part of
the delayed and overlapped pulses will be beating at that frequency at the time delay ∆t. For
this analysis only two pulses will be assumed, since they contain the majority of the total pump
energy. Fixing the difference frequency from Eq. (7) to exactly the frequency of the generated
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Fig. 5. Effect of THz generation on the IR spectrum. (a) Comparison of the input and
output spectrum of the main drive laser. The conversion of IR photons to THz causes a
redshift of the spectrum, but there is a distinct ‘dip’ that only occurs in a small region. (b)
The difference between the input and output drive spectrum shows prominent signatures of
cascading, i.e. the multiple frequency down-conversion of the IR drive photons, as the input
fluence increases and the conversion to THz becomes more efficient and the ‘dip’ becomes
wider. The difference is shown for fluence levels in the range from 43 to 600mJ/cm2 with
the arrow pointing towards increasing fluence. All data use a 544GHz crystal (212 µm
poling period) of 10mm length.

THz as follows
Ω =

∆t
φ2
+
−φ3

2φ32

(
t2gen − (tgen − ∆t)2

)
(8)

fixes as well where the THz at exactly that frequency is being produced within the pump pulses.
At a given delay there is a time tgen where the THz at Ω is being produced relative to the peak of
the first pulse

tgen =
∆t
2
+
φ32
φ3

[
1
φ2
−
Ω

∆t

]
. (9)

In the second pulse the THz is being produced at a time (tgen − ∆t) relative to the peak of that
pulse.

Since the relationship between time and frequency is already known (simply the instantaneous
frequency ω(t) in Eq. (3)) then the portion of the spectrum responsible for the THz production
can be calculated based on tgen. Since the first and second pulse have equal energies (again,
ignoring in this case lower energy pulses in the pulse-train) then the spectral content producing
the THz most efficiently is

ωavg =
ω(tgen) + ω(tgen − ∆t)

2
= ω0 +

φ2
2φ3
−
Ω2φ32
2∆t2φ3

−
∆t2φ3
8φ32

, (10)

which is the average frequency in the combined IR pump pulses. One can then convert to
wavelength, λavg = 2πc/ωavg, and compare directly to the measured experimental data. Figure 6
illustrates the effect of different parts of the spectrum contributing to THz generation as the delay
between the pulses varies. We show measured data from 4 different crystals with different poling
periods, generating THz at 300GHz, 350GHz, 544GHz and 860GHz. As the temporal delay
is changed in the four different cases, the spectral location of the ‘dip’ moves across the pump
spectrum. This location in the spectrum fits remarkably well with the λavg calculated above,
shown in the white lines of Fig. 6. This is direct experimental evidence of the incomplete and
varying participation of the pump spectrum in the DFG process due to the presence of TOD.
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Fig. 6. Experimental output IR spectrum during a delay scan of a train of IR pulses
generating THz in four different poling period PPLN crystals producing four different
frequencies of (a) 300GHz, (b) 350GHz, (c) 544GHz, (d) 860GHz. As the delay between
the pulses varies, different parts of the drive spectrum contribute to THz generation, which
manifests as a moving local dip in spectral intensity shown clearly in the top row. The
experimental data matches very well with our predicted behavior (white line added on the
bottom row, from Eq. (10)). Pump fluence is low (below 100mJ/cm2) in all cases so that
the dip is localized.

4.2. THz generation efficiency as a function of delay

This section shows the expected behavior of THz output as a function of temporal delay in the
PPLN, and shows that the observed complexity can only be predicted when including both TOD
and the entire pulse train, confirming another experimental result that is directly caused by the
TOD.

The THz output can be calculated according to Eq. (1) using the calculated difference
frequency content via an FFT of the optical field to frequency space. The most simple expected
behavior is that as the temporal delay sweeps over the predicted optimum (∆topt = φ2Ω) the THz
output peaks. This corresponds to the delay where the largest amount of the difference frequency
content is within the QPM bandwidth. This was observed experimentally in Ahr et al. [18]
and behaved essentially as expected when using crystals of different poling periods (producing
different frequencies). However, in more than one case the output as a function of delay was not
as simple as a single peak. The increase in complexity of the envelope and frequency content
shown in Section 3 already provides a hint at the behavior of the THz output as a function of
delay, since the THz energy is related to this complex frequency content, but only within the
bandwidth of the process.

Figure 7 shows the measured THz (with arbitrary vertical scale) as a function of delay for the
two cases with the most complexity (also the two highest frequencies), crystals of poling perdiod
212 and 125 µm producing 544 and 860GHz respectively. Calculations (Figs. 7(b) and 7(e)) are
similar to the qualitative behavior of the frequency content. The THz output as a function of delay
is sharply peaked when no TOD is present. When TOD is present, but the calculation is still only
with two pulses, the output is lower and spread over a wider range of delays. However, only when
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both the TOD and pulse train are included in the calculations can the observed complexity on the
delay behavior be reproduced (i.e. the multiple peaks seen in Figs. 7(a) and 7(d)). Although the
experimental curves do not exactly match with the FFT+analytic calculations, the agreement is
remarkably good qualitatively. This observation can be linked back to Section 3 by noting the
similarity between the calculations with TOD and a pulse train and the experimental results in
Fig. 7 with the frequency content shown in Figs. 3(g) and 3(h).

Fig. 7. Comparison of the measured THz output energy at different temporal delays (a) and
(d), and that by calculating (c) and (e) the expected output of the THz generation process at
each time delay with two fixed PPLN crystal properties (crystals of poling perdiod 212 and
125 µm producing 544 and 860GHz respectively). The calculation includes permutations of
no TOD and realistic TOD, 2 pulses and a pulse train. The width of the delay scan increases
when TOD is included, but the complexity seen in experiments ((a) and (c)) is only visible
when including the whole pulse train (dashed red lines). The complexity seen in the IR
output spectrum in both cases can be explained by an increase in the spectral dip width
proportional to the generated THz, shown in (c) and (f).

The spacing between the peaks and dips in the THz output as a function of delay is related to
the inverse of the THz frequency in each case (1.84 ps and 1.16 ps spacing for the 544GHz and
860GHz results respectively). This is due to the interference between the THz generated between
pulse 1 and 2, and pulse 2 and 3, etc., which are always at the same frequency, but separated
in time by the varying delay. This predicted separation of the peaks is exactly shown in the
calculations, but is only approximately present in the experimental results. This understanding is
physically equivalent to the previous explanation based on the difference frequency content.
The agreement extends also to the ‘dip’ seen in the output IR spectrum, which increases

in width based on the amount of generated THz. Two white lines are shown in Fig. 7(c) and
7(f), which have a central location based on Eq. (10) and a separation proportional to the
experimentally measured THz energy, showing very good agreement with experimental spectral
data (see Fig. 6 for unobstructed spectra).
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5. Effect of TOD on efficiency of THz generation via quasi-phase-matching

It was shown so far that the inclusion of TOD in the DFG process vastly changes the specifics of
the interaction between the overlapped pulses in the pulse-train and therefore also the generation
of the lower frequency THz radiation. The inclusion of TOD in analyses showed that the THz is
only generated from a certain portion of the input pump spectrum, and that when including the
entire pulse-train present in experiments, previously uncharacterized features can be explained.
However, it is most important for applications requiring very high THz energies that the efficiency
of the process remains high and therefore more of the total pump pulse energy can take part in
the THz generation.
What was shown in an earlier section is that the peak available difference frequency content

decreases when TOD is present. If the THz generation process were infinitely broadband then
this would have no effect on total THz energy, but when narrowband THz pulses are being
produced within cm-long PPLN crystals the relative bandwidth of the process becomes very
narrow. Therefore this decrease of the peak frequency content also results in a decrease of the
output THz energy. We use the modelled fields as in Eq. (6) and the QPM in Eq. (1), and
integrate over frequency to calculate the expected THz output (and therefore THz generation
efficiency) at various frequencies and lengths in PPLN.
We calculate the decrease of THz output for different phase matching bandwidths. As we

use PPLNs of different frequency (poling period) and crystal length, this changes the number
of PPLN periods and thus the phase matching bandwidth of the crystal. In Fig. 8 we show
calculation for two crystals at 360 and 720GHz frequency, and lengths of 0.5, 1.0, 2.0, and
3.6 cm using PPLN material properties and the Angus parameters. As TOD is increased, output
THz is significantly decreased at every length, by more than an order of magntiude in some cases.
This decrease is more severe the longer the crystal, which corresponds to THz with a narrower
bandwidth. The relative decrease in THz output is also greater at higher frequencies where the
relative bandwidth is narrower at a fixed length.

Fig. 8. The relative decrease in THz generation efficiency due to TOD for different
frequencies and lengths with the Angus pump parameters in PPLN. In all cases as the TOD
increases the efficiency drops monotonically relative to the case with zero TOD. Calculations
are made with the FFT+analytic method using Eq. (1) and therefore do not take in to account
nonlinear cascading. Shown are results for 360GHz (a) and 720GHz (b) at lengths of 0.5,
1.0, 2.0, and 3.6 cm.

Of course as the crystal is longer, although the relative decrease in efficient due to TOD is
stronger, the process has more length over which the THz output increases. So in the analytic
model used the total output increases with length with every amount of TOD, at any frequency.
However, since this analysis does not take in to account any saturation of the process, this cannot
be true as the crystal length increases indefinitely or as the fluence is increased.
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We have recently shown compensation for this effect on efficiency via asymmetric addition of
GDD and TOD to the pump pulses, producing mJ-level pulses with 1% bandwidth at 361GHz
[19], confirming that the TOD does indeed have a significant effect on THz generation efficency.
The results in Jolly et al. [19] showed an increase by a factor of 13 when compensating for the
effect of the TOD in a 3.6 cm long crystal producing 361GHz radiation, which agrees well with
the red curve in Fig. 8(a) for the experimental TOD value of −0.004 ps3 in that case.

6. Generation of temporally complex THz pulses

The results shown in Section 4 of complex behavior of the THz output on time delay was
interpreted via the difference frequency content shown in Section 3. This can be interpreted as
well as a signature of the temporally multiplexed generation of THz, i.e. production of THz at
distinct moments in time, which has the potential to be engineered to produce more complex
temporal profiles or even distinct THz pulses separated in time.
The original scheme of the previous sections is shown in Fig. 9(a), where there is a train of

pulses produced from the HR/PR pair. These pulses are all copies of each other with a varying
energy, excluding the negligible material dispersion of the partial reflector. The difference
frequency between each adjacent pulse pair has a significant slope as derived already in Eq. (7).
The combination of the slope of the instantaneous difference frequency and the pulse train results
in more than one moment in time within the phase-matching bandwidth at a given delay. These
distinct moments in time are denoted as ‘THz 1’ and ‘THz 2’ in Fig. 9(b), corresponding to the
matched difference-frequency between pulse 1 and pulse 2, and pulse 2 and pulse 3, respectively.

Fig. 9. The production of temporally complex THz pulses. (a), a train of identical pulses
with varying energy, shown with only pulses 1–3 and (b), the instantaneous difference
frequency between pulse 1 and pulse 2 (blue), and pulse 2 and pulse 3 (orange). Due to this
input pulse format THz is generated at two distinct moments in time, denoted as ‘THz 1’
and ‘THz 2’. At the proper delay this still results in only one output THz pulse, shown in
(c). (d), a pair of pulses could be engineered with additional ∆GDD and ∆TOD added to
only one pulse (15500 fs2 and 300000 fs3 respectively) such that isolated THz pulses are
generated at moments in time that are far apart, as shown in (e). In (f) we show the output
THz, which now is two distinctly separated pulses. The duration of the THz pulses depends
on many experimental parameters (see text).
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The complex delay scans shown earlier in Figs. 7(a) and 7(b) are essentially a result of the
interference between the THz generated at these two (or more) points in time, where still only
one final THz pulse is generated as in Fig. 9(c).

Pushing this concept of temporally-multiplexed THz generation further, pump pulses could be
manipulated separately (for example as in Jolly et al. [19] in a Mach-Zehnder setup) to have
a specific slope and curvature of difference frequency so that THz pulses are generated at a
designed temporal separation. An example is shown in Figs. 9(d)–9(f) to have only a quadratic
component of difference frequency resulting from positive ∆φ2 and ∆φ3 on only the first pulse.
There is phase-matching at two points in time with a separation of about 150 ps.

It is important to note that the longer the crystal the larger an effect group-velocity walk-off
will have on the temporally separated THz pulses, causing the THz to extend from the position in
time it is initially generated relative to the NIR pump pulses. The pulse duration of the pump also
plays a role, since the temporal extent of the THz from a single phase-matching point depends on
both the crystal length and pump pulse duration (and indeed the absorption of the crystal) [46].
Closely separated phase-matching points (Fig. 9(b)) produce a single THz pulse with possible
temporal structure (Fig. 9(c)), and widely separated phase-matching points (Fig. 9(e)) produce
two separate THz pulses (Fig. 9(f)), with the intermediate scenarios producing terahertz with two
peaks. The experimental results from the HR/PR setup correspond to the former situation, where
the two distinct phase-matching regions overlap significantly in time. So-called double-peak THz
pulses may have interesting applications to highly controlled particle manipulation, or to specific
delayed resonant pumping of materials.
This discussion is inherently related to the generation of broadband DFG in aperiodically

poled crystals [47,48], but that is beyond the scope of this article.

7. Discussion of the effect on chirp of THz pulses

Outside of effects on the temporal envelope of the THz, it is also possible that the TOD imparts a
chirp on the THz pulses. However, in the case of quasi-phase-matching in long PPLN crystals
the narrowband nature of the phase-matching bandwidth allows for production of terahertz only
at that very small range of frequencies. Taking into account that pulse duration is significantly
determined by the crystal length and not only the temporal extent of the phase-matched pump
pulses (i.e. the dispersive nature of the process), then the chirp in this case must be small.
If the THz generation process is broadband and the dispersion is not significant (for example

in a thin nonlinear crystal), then the chirp on the THz would be related directly to the linear
term in the instantaneous angular frequency of the overlapped optical pulses −φ3∆t/φ32 derived
earlier when ∆t = φ2Ω. The THz chirp bTHz will be defined as the derivative of the instantaneous
frequency of the THz such that

νTHz(t) = ν0,THz + bTHzt + . . . . (11)

So in a case such as this, without a limitation to the bandwidth, the chirp on the THz pulses
would be bTHz = −φ3νTHz/φ22, similar to that derived in previous work [25]. Therefore, if the
chirped and delayed pulses are copies of each other and have TOD, the chirp must be expected or
steps must be taken to remove it, for example by a second grating compressor for the pump beam
[26] or the aforementioned asymmetric tuning of the pump spectral phase [19]. Note that the
higher the phase-matched frequency is the larger the chirp.
There may also be significant chirp present if the pulses are not exact copies, with a more

complex description necessary [19]. In some examples of chirp-and-delay in thin nonlinear
crystals in the literature [36,40] they used two separate OPAs that had specifically tuned GDD
and TOD in order to produce THz and MIR pulses that have negligible chirp at the very small
temporal delays used. In other examples [32,39] the THz chirp may be relevant depending on the
level of GDD and TOD in the pump beams. This is in contrast to the demonstrated pulse shaping
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in the MIR via DFG [49,50] where the chirp in the DFG radiation was caused by pulses with
different GDD (and central wavelength), and TOD was not taken in to account.
If the broadband pulse copies from Angus were used in a crystal such as GaP, then one

would match the delay to a frequency band with low enough absorption and good enough
phase-matching, for example around 7.17 THz. The produced narrowband radiation would have
roughly the spectral envelope of the entire difference frequency content, and a chirp corresponding
to that derived in this section. This is shown in Fig. 10, with Angus pulses at ∆t = 103.75 ps for
a 0.5mm thick GaP.

Fig. 10. Producing chirped THz pulses via broadband direct phase matching. The frequency
content (a) of Angus pulses with ∆t = 103.75 ps (matched for 7.179 THz) with and without
TOD (solid), overlaid with the ηrel for 0.5mm GaP (dashed). The peak without TOD is so
narrow so as to not be visible. The THz pulses produced (b) with TOD (orange) and without
TOD (blue) on the pump pulses, that have either a linear chirp or flat phase respectively.
If the chirped pulse were compressed (c) the temporal envelope would correspond to the
Fourier-limit of the broad bandwidth of the frequency content and GaP phase-matching.

In the case of the Angus parameters, the difference frequency content when no TOD is
present (Fig. 10(a)) has an extremely narrow bandwidth of 0.04% FWHM, contrary to the much
larger bandwidth when TOD is present. In this case of direct phase-matching in a short crystal,
contrary to quasi-phase-matching in long crystals, the bandwidth of the THz depends almost
entirely on the pump pulses and only indirectly depends on the crystal length via the ηrel for
0.5mm GaP. The THz spectrum, either with or without TOD on the pump pulses, is related to
the product of the difference frequency content and ηrel. Therefore, the extreme narrow width
is still present on the generated THz, shown in time in Fig. 10(b). The THz produced when
TOD is present has a larger bandwidth overall, but the spectral envelope is narrowed due to the
limited phase-matching in GaP. The key difference is that this pulse has chirp, which combined
with the total spectral envelope produces the pulse in time shown in Fig. 10(b). A method of
compensation similar to that used to generate higher efficiencies in Jolly et al. [19] could be used
to remove or tune the THz chirp, although in this example at a higher frequency it would be more
difficult experimentally. Figure 10(c) shows a THz pulse that would result from compressing the
broader, chirped THz pulse produced when TOD is present on the pump. It could be that when
driven strongly enough, compressing such pulses could result in very high field strength.
These calculations confirm that using such a pump with TOD would produce significantly

different THz pulses via broadband direct phase-matching than when TOD is not taken in to
account. However, they also show that if TOD were removed then the generated THz would
be remarkably narrowband. From another point of view, varying the TOD on the pump pulses
would also produce THz pulses with variable chirp, with a larger dynamic range at higher THz
frequencies. These pulses could be either designed to have a certain chirp, or compressed
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to produce higher peak field. This discussion could provide a new path toward tunable THz
waveforms, or for producing extremely narrow bandwith THz pulses via chirp-and-delay with
highly chirped driving pulses (which generally contain TOD).

8. Conclusion

The effect of the TOD has been shown to be especially significant on the generation of THz
with trains of chirped pulses. This effect applies for a wide-range of pump pulse properties and
nonlinear media. The first conclusion is that TOD changes the difference frequency content of
the total pump IR energy, which is due to a varying difference frequency over time within the
overlapped train of pulses. When there is additionally a longer train of >2 pulses the combination
of TOD and this greater number of pulses adds complexity to the difference frequency content.
Both the varying difference frequency and increased complexity were shown via signatures
in experimental results from quasi-phase-matching in PPLN driven by the Angus system at
sub-THz frequencies.
The TOD effects go even further, as the change in the difference frequency content results

as well in a decrease in the efficiency of the THz generation process via quasi-phase-matching.
This was predicted to be an effect of over an order of magnitude in the calculations of Section 5
for sub-THz frequencies in cm-scale length PPLN using the analytic description. This effect on
efficiency is extremely important for applications requiring high energy narrowband THz, and
was independently confirmed in our own recent experiments [19]. We also showed that with
certain modifications to the spectral phase, temporally separated THz pulses could be generated
via narrowband DFG. Lastly, the effect of the TOD on broadband DFG was shown to be primarily
a linear chirp in the produced DFG radiation, with the magnitude of the chirp being directly
related to the pump laser properties.

All of the effects touched upon were quantitatively derived for the case of highly-chirped pulse
copies, but the analysis also applies conceptually to more general cases. Other such cases include
using optical parametric amplifiers (OPAs) that are at different central wavelengths (i.e. not pulse
copies) where the pulses are either Fourier-limited, broadband [35] or narrowband [44,51,52], or
chirped [36–38,40,45,53,54] (named the DC-OPA). In all of these cases TOD would also have a
significant effect, but the severity depends highly on the specific parameters. Relevant also for
THz and far-infrared generation is intra-pulse DFG where the intrinsic bandwidth of the single
driving short pulse provides the difference frequency content [14,55,56], which as well contains
a signature of TOD in the driving pulse [29]. It is even related to a more complex interplay
between linear and nonlinear effects observed recently [57]. Beyond THz generation via DFG
the analysis in this manuscript also has impact on the generation of periodic density modulations
in relativistic electron beams [27,58–62] and current modulations in two-color laser-plasma
filaments [63] produced via chirped pulse beating, which are pursued with the goal of producing
THz radiation via secondary processes.

The manuscript shows that TOD in the driving laser pulses can have very significant effects on
critical parameters of the generated THz. These parameters include the total efficiency of the
narrowband process, the complexity of the produced narrowband THz pulse envelope, and on the
THz temporal phase in the broadband phase-matching scenario. The implications are both on the
ability to optimize the process and control the DFG waveform, with a wide range of applications
to THz and MIR sources.
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