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Abstract

We give an upper bound for the condition number of the finite element
operator for the Laplace-Beltrami operator on closed surfaces immersed
in R3. The expression is similar to the condition number of the Laplace
operator in the Euclidean case, with the curvature affecting the condition
number through the Poincaré constant. However in the case of closed
surfaces the finite element matrix is singular and the linear system is
solved for a unique solution with zero mean.
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1 Introduction

The discretisation of surface partial differential equations using finite element methods
is motivated by important applications related to physical and biological phenomena
[1]. It is also used to answer theoretical questions in geometry [2] and to model complex
systems on computers [3]. As is the case in the Euclidean context, the use of the finite
element method on curved surfaces requires in practice the resolution of potentially
large linear systems [4]. The precision and convergence of this resolution depends
highly on the condition number of the finite element matrix [5].

The condition number of the finite element matrix has been extensively studied in
the Euclidean case [6, 7]. However few works exist in the case of the Laplace-Beltrami
operator on curved surfaces, particularly when they are closed [8].

Moreover, classical preconditioners are based on Incomplete LU factorisations (see
section 10.3.1 in [5]), which fails if the matrix is not an M-matrix (see theorem 10.2 in
[5]), in particular if the matrix is singular (see definition 1.4 in [5]). Yet, the discreti-
sation of PDEs on closed surfaces yields singular matrices hence, the resolution of the
associated linear systems are restricted to meshes with a small number of elements.
There is therefore an important need for ad hoc preconditioners for the numerical sim-
ulation of PDEs on closed surfaces. A first step in this project is to give an estimate
of the condition number of the finite element matrix.



We are interested in the finite element approximation of the Poisson problem
—Aru= fonT, (1)

where I' C R? is a closed C? manifold and the weak solution u is sought for in H*(T).
T" being a closed manifold, u and f must have zero mean for the problem to admit a
unique solution ([ u = [ f =0).

[4] adapted the classical Euclidean finite element approach in order to deal with
curved surfaces. Existence theorems and asymptotic error estimates are proven in
[4, 9]. An important feature of the method is the avoidance of charts both in the
problem formulation and the numerical method. The surface finite element method is
based simply on triangulated surfaces and requires the geometry solely through knowl-
edge of the vertices and normal vector of each triangle.

Following [4], we first approximate the domain I" by the surface of a polyhedron
I, with triangular faces. The finite elements (i.e. the 3D triangles) are planar as in
the Euclidean case, but they are no longer share the same normal vector. The right
hand side f is approximated by a function f;, € L?(T',) with zero mean.
The solution w of (1) on I" is then approximated by the solution wup of the following
Poisson problem on I'y:

—Arhuh = fh on Fh, (2)
where T';, C R® is a closed piecewise triangular surface and the weak solution wy, is
sought for in Hl(l"h). I', being a closed manifold, u; and f, must have zero mean for
(2) to admit a unique solution (fl“h up = th frn=0).

The finite element method proposed in [4] then consists in approximating up €
H'(T'y) by its projection @y, on PL(I'y) C H'(I';), the subspace of continuous piece-
wise linear functions. Doing so, the partial differential operator Ar, is approximated
by a finite dimension linear operator with matrix AAI‘h' This approximation uses the
variational formulation of (2) and reduces the Poisson problem (1) to the resolution
of a linear system

Aap, X =1, (3)

where X and b are vectors with zero mean.

The linear systems obtained using this technique are sparse and can be very large.
The most practical way to solve such very large linear systems is to resort to an
iterative method. Since the convergence rate of such methods is strongly affected
by the condition number Kp(Aa, ) of the finite element matrix Aap, , studying the
condition number K, (AArh) has both a theoretical and practical importance in the
study of the finite element method.

One technical difficulty is that in the case of closed surfaces, the finite element
matrix is not invertible on R? since the domain has no boundary. The finite element
operator is however invertible on the space of zero mean vectors. The other technical
difficulty is the handling of different normal vectors arising from the non zero cur-
vature. We are still able to adapt the Euclidean approach following [6] to derive an
upper bound of the condition number.

The article is organised as follows. In section 2 we recall the definition and proper-
ties of the Laplace-Beltrami operator. In section 3 we recall the existence and unique-
ness of solutions to the Poisson problem for the Laplace-Beltrami operator on closed
surfaces. Section 4 is devoted to the finite element discretisation. Section 5 is con-
cerned with the upper bound of the condition number of the finite element operator
and Section 6 is devoted to numerical simulation of the Poisson problem on a sphere
in order to illustrate the numerical method presented in this paper, and motivate the
search for efficient preconditioners.



2 Calculus on hypersurfaces

In standard calculus, the gradient, divergence and Laplace operators are classically
defined on the Euclidean space R?. They can however also be defined on a smooth
manifold " in an intrinsic way (no immersion into R%) using a Riemannian metric (see
for example [11], section 1.2) or the Hodge operator (see [2] section 11.2). We chose
instead for simplicity and pedagogy to define the differential operators on embedded
manifolds T' C R? following [4] (Definition 2.1). This approach is also easier to handle
from a practical point of view in numerical methods. For instance Lemma 2.1 is used
in the determination of the finite element coefficient from each triangle (A).

The definition of differential operators on hypersurfaces can be performed without
local charts, using rather the so-called Fermi coordinates [9]. The Fermi coordinates
are also useful in the proof of the Poincaré inequality (see theorems 2.8 and 2.12 in
[9)-

We define embedded surfaces in subsection 2.1, the tangential gradient ?1" in
subsection 2.2, the tangential divergence ?r- in subsection 2.3, and then the Laplace-
Beltrami operator Ar as the composition of divergence and gradient in subsection
2.4.

2.1 Embedded surfaces and Fermi coordinates
Following [9], we start with the definition of embedded surfaces and their normals.

Definition 2.1 (Embedded C*-hypersurface)
' C R? is called a C*-hypersurface if for each point zo € T, there exists an open set
Usy CR® containing xo and a function ¢z, € C*(Us,) with the following properties
Véay # 0 on TN Uy,
[N Uz = {x € Uzl ¢, () = 0} (4)
For any C'-hypersurface I' C R®, one can define the unit normal at any point
x € Uz as ?
~ Pao (T)
ii(x) = : (5)
¥ 20 (@)

where ? denotes the classical R® gradient.

We define the §-strip around I' as
Usr ={z € R?, dist(z,T) < d}. (6)

For 6 small enough it is possible to define a projection operator ar : Us — I' onto T’
and a signed distance function dr : Us — R. ar(z) and dr(z) are called the Fermi
coordinates of z and their existence is given by the following theorem.

Theorem 2.1 (Fermi coordinates)
Let T be an embedded C? hypersurface. There exists Spermi > 0 such that for every
point x € Us,,,.. ., there exists a unique point ar(z) € I' such that

Ve € Uspyrss & = ar(x) + dr(z)ii(z). (7)
where dr € C*(Usy,.,.;) is the signed distance function.
Proof: see Lemma 2.8 in [9].
g

In the following, the Fermi-coordinates will allow us to extend a function defined on
T" to a neighbourhood of T"; which will prove useful in the definitions of the tangential
gradient and the tangential divergence (sections 2.2 and 2.3).



2.2 The tangential gradient

The notions of hypersurface (Definition 2.1) and associated normal vectors (5) defined
in the previous section are useful in the following definition of the projected gradient.

Definition 2.2 (Projected R® gradient)
LetT be an embedded C* hypersurface, Ur a neighbourhood of T in R, and @ € C*(Ur).
The projected gradient of 4 on I is

7ppﬁ — V- (7 7@)%. (8)

From the projected gradient of a function @ € C'(Ur) on a C' hypersurface I', one
can define the tangential gradient of a function u € C*(T') on a C? hypersurface T' as
follows.

Definition 2.3 (Tangential gradient)
Let T be an embedded C* hypersurface, u € C'(T). Let u € C*(Usy,,.,...v) such that
t|r = u. The tangential gradient of u is

?ru = ?Prﬂ. (9)

The assumption that ' be C? in definition 2.5 comes from the fact that the existence
of an extension @ of u on a neighbourhood of I' requires Fermi coordinates since
u(x) = u(ar(x)).

The value of the tangential gradient of u € C*(Us,,,,..,.r) on an embedded hyper-
surface I" does not depend on the choice of 4. It depends only on the values taken by
uwon I' as expressed in the following lemma (see [9] Lemma 2.4).

One key property of the tangential gradient is stated in Lemma 2.1. It will be
useful in section A to calculate the coefficients of the finite element matrix.

Lemma 2.1 The tangential gradient belongs to the tangent plane and is orthogonal
to the normal vector

(?ru) . ﬁ = O.

As for the classical gradient, there is a Poincaré’s inequality involving the tangential
gradient.

Theorem 2.2 (Poincaré’s inequality)
Assume that T is an embedded C* hypersurface. There exists a constant ¢ such that,
for every function f € H'(I') with Jr f =0, we have the inequality

||f||L2(F) < CHVI‘fHL2(F)~ (10)

Proof: see theorem 2.12 in [9].

2.3 The tangential divergence

The tangential divergence operator on I' is defined as the contribution to the full
divergence arising from the tangent space to I'. We first define the projected divergence
on I' as follows.

Definition 2.4 (Projected R® divergence) o
Let T be an embedded C' hypersurface, Ur a neighbourhood of I' in R3, and V €
C*(Ur)? a vector field. The projected divergence of V is

divprV =V -V — '7(V - V)i



From the projected divergence of a function @ € C* (Ur), one can define the tangential
divergence of a function u € C*(T) as follows.

Definition 2.5 (Tangential divergence) o
Let T be an embedded C* hypersurface, V € C'(T')* a vector field. LetV € C*(Usy,,,.,.r)°
such that V|r = V. The tangential divergence of V is

divr V = divpr V. (11)

The assumption that T' be C? in Definition 2.5 comes from the fact the existence
of an extension V of V on a neighbourhood of I' requires Fermi coordinates since

V(x) = V(ar(z)).

2.4 The Laplace-Beltrami operator

Now that we have defined the tangential gradient and divergence in sections 2.2 and
2.3, the Laplace-Beltrami-operator on I', can be defined as the composition of the
tangential divergence and gradient of a function u € C*(T).

Definition 2.6 (Laplace-Beltrami operator)
Let T' be an embedded C? hypersurface. The Laplace-Beltrami operator applied to
u € C*(T) s

Aru = di’l]p?r’u, (12)

For any smooth embedded hypersurface I', the following Green’s formula is a con-
sequence of the Stokes’ theorem (see theorem 6.25 in [10]):

Vo e C1(I),u € C*(I), /vAru = —/ ?ru . ?rv (13)

A consequence of the Green’s formula (13) is that the operator —Ar is symmetric and
positive.

3 The Poisson problem on a closed surface

Now that we have defined the Laplace-Beltrami operator in section 2.4, we can study
the Poisson problem on closed hypersurfaces. We start by setting the problem and the
relevant functional spaces in section 3.1. We then give the weak formulation of the
problem in section 3.2. We end up by summarising the existence result in section 3.3.

3.1 Definition and functional spaces

Let T be a closed C? hypersurface in R®. Since T' is closed (8T = @), all the constant
functions are in the kernel of Ar. Ar is therefore not invertible on the space of
functions u € C*(T).

We therefore have to impose the global condition fr u = 0 to guarantee the uniqueness
of solutions. We define L3(I") (resp. H{(T')) the space of measurable functions that are
square integrable (resp. weakly differentiable with square integrable weak derivative)
with zero mean on I'.

im ={rerm. [ =0}, mo={remm. [r=o}.  aa



Let f € L3(T). u € C*(T') is a classical solution of the Poisson problem provided
that

—Aru = fonl, (15)

/F uw = o (16)

3.2 Weak form of the Poisson problem

The classical Laplace-Beltrami operator (Definition 2.6) acts on C? functions. A clas-
sical solution of (15) is therefore a function u € C*(T). Unfortunately such a strong
solution doesn’t always exists even if f is assumed continuous (see [12] section 3.1.2
in the Euclidean case).

The variational formulation for (15) is the following:

Find u € HE(T) such that Vo € HE (D), / Vru- Viw = / fo. (17)
r r

We obtain (17) from (15) by applying the Green’s formula (13). (17) implies (15)
only if u € C*(T"). A solution u € Hg(T) of (17) is called weak solution for the
Poisson problem. Indeed, it is only one time weakly differentiable whereas a strong
(classical) solution is twice differentiable.

3.3 Existence result

The existence and uniqueness of weak solutions for the variational formulation (17) of
problem (15) is a classical result for smooth manifolds I (see for instance [2] chapter
4 section 1.2). The following statement is taken from [4] Theorem 1 b).

Theorem 3.1 (Existence and uniqueness of weak solutions on a C* manifold)

Let T be a closed embedded C* hypersurface in R, For every f € L*(T) with Jrf=0,
there exists a weak solution u € Hy(T) of —Au = f on T'. Furthermore u is unique
up to a constant.

Proof: see theorem 1 b) in [4].

4 The finite element method

The finite element method (FEM), is a numerical method for solving problems of
engineering and mathematical physics ([1], [12]). We first approximate the closed hy-
persurface I' by a closed polyhedral surface I';, with triangular faces. We approximate
the right hand side function f € L&(T) by a function f, € LE(T's).

In section 4.1, we look for @, € PLo (') the projection of the solution un € H& (Tn)
of the Poisson problem —Ar, @, = f, on the space of continuous piecewise linear
functions with zero mean PLy(T'p).

The finite element matrix is symmetric and positive but not invertible (section
4.2). However the finite element linear system admits a unique solution provided the
right hand side has zero mean.



4.1 The finite element matrix

We consider a closed triangulated surface I'y, having n € N nodes. We define PLo(I'y) C
H}(T'4), the subspace of piecewise linear functions on I'y, that have zero mean. Func-
tions ¢ of PLo(I',) are linear in the sense that they take the form ¢(Z) = a” 2+ 87 y+
~vTz+¢7 on each of the triangles T~ composing I'j,.

The discrete form of the variational formulation of the Poisson equation (15) is the
following.

Find @ € PLO(F}L) such that Vo, € PLO(F;L), ?rhﬂh . ?Fhﬁh = fnn. (18)
Ty Ty

PLy(T'y) is generated by the n nodal functions ¢; : I'y = R, ¢ =1,...,n such
that ¢1($]) = (S”

The solution @y of the discrete Poisson problem (18) must therefore satisfy the
following system of equations

vie{l,..,n}, ?F;Lﬁh . ?F;Lfbi = fnoi, (19)
Tn Tn
which takes the algebraic form

AAth = bn, (20)

where the unknown vector X = t(u1, ..., Up) 18 the vector of components of @y on the
nodal basis :

ﬁh = Zu,ng, (21)
=1

The coefficients of the system matrix AArh = (@ij)i,j=1,...,n, and of the right hand
side vector by, = *(b1, ..., b,) are given by

@ = | ?Fhaﬁi-?rh%y bj = g fo. (22)

Theorem 4.1 (Properties of A )
Consider a polyhedral surface I'y,. The finite element matriz AArh (equation 22) sat-
isfies

° AAF} is symmetric and positive

e ker AArh is the set of constant functions

° ImAAFh is the set of functions with zero mean

AAF} is not invertible since constants are in its kernel, hence the linear system
(20) is singular. However it admits a unique solution with zero mean provided the
right hand side has zero mean (see theorem 4.2 in the next section).

4.2 Existence of a finite element approximation

Due to the absence of boundary, a technical difficulty in the numerical solution of
linear systems arising from PDEs on closed surfaces is that the solution should be
sought for in spaces of function with nil average.

First we note that since Aa. is singular, we need to impose a condition on
the right-hand side by, for the solvability of the discrete system (20). Following the
continuous setting (Theorem 3.1), we impose that the discrete right hand side function
frn must have zero mean :

= b; ; = 0. 23
Fhfh ; th) (23)



With the latter condition on the right hand side, since Ar, is an endomorphism
of PLo(T'x), we can state the following existence theorem.

Theorem 4.2 (Existence theorem for the linear system)
Let PLo(T'y) be the space of piecewise linear finite elements on the discrete surface
Tp. Let fr € PLo(T'h) with th fn = 0. Then there exists a unique discrete solution

U € PLo(I'n) to the discrete Poisson problem (18) with the property that fr, wp = 0.

5 Estimate of the condition number

The condition number of an invertible matrix A relative to the norm ||-|| is : cond(A) =
[|A]] x [|A7!|]. The Euclidean norm is quite often used in applications and the expres-
sion of the L?-condition number for a symmetric matrix is

Amax (| A])

COTLdQ (A) = )\7(|I4|) s

(24)
where Amaz(|A4]) (resp. Amin(|A|)) is the largest (resp. smallest) eigenvalue of A in
absolute value.

In the case of the finite element matrix AAF}L, obtained from the discretisation of
the Laplace-Beltrami operator on a closed piecewise triangular surface I'p, (equation
22), one has to deal firstly with the fact that Aa, is not invertible, secondly with the
presence of a curvature field.

In the sequel, each triangle of I';, is denoted T, its area is denoted |T| and its
diameter is denoted

ht = diam(T) = max ||z —y||. (25)
z,ye€T

Theorem 5.1 (Condition number of the finite element matrix)
There ezists a constant ¢ such that for any closed piecewise triangular surface T, C R3,
the condition number of Aa, (equation 22) satisfies

nmaxreT;, h%—
m(Th)cminyer, |T]?’

Kn(Aap,) <

where m(T'y) is the Poincaré’s constant of T'p,.

As is the case in the Euclidean context, the condition number of the finite element
matrix for the Laplace-Beltrami operator is in O(h™2). The curvature of the surface
affects the condition number through the Poincaré constant m(I'y,).

The proof of theorem 5.1 consists in five lemma adapting to the curved surfaces
the steps followed in the Euclidean case (section 9.1.4 in [6]). We start with a lemma
regarding the affine geometry of 3D triangles.

Lemma 5.1

Let Ao, Bo, Co, A, B,C € R? such that Ao, Bo, Co as well as A, B,C are not aligned.
Let To (resp. T ) be the triangle formed by Ao, Bo and Co (resp A,B and C). There
exists an affine operator

Tr:T — To
r — Jrx+br

where J7 is a 3 X 3 matriz and by € R3.



Proof:

Since A, B, C are not aligned, they define a plane (P) with unit normal 7 and A, B,C

is an affine frame of reference of (P).

Since Ao, Bo, Co are not aligned, they define a plane (Py) with unit normal 7y and

Ao, Bo, Co is an affine frame of reference of (Po).

Since (,ﬁ,ﬁ, i) and (A¢Bo, AoCo, 7o) form a basis of R, Jr is defined as the
.. . . ? ? o . TS T A -

transition matrix from the basis (AB, AC,7) to the basis (Ao Bo, AoCo, 7o), and we

have

JrAB = AoBi
JrAC = AoCo
Jri = .
Defining
br = Ao — JrA,

the affine transformation T'r(z) = Jrx + by satisfies

Tr(A) = Ao
Tr(B) = Bo
Tr(C) = Co.

Let P € T, since (@, ﬁ) is a basis of (P) there are coefficients «, 8 € R such that
P = A+aAD + BAC,

hence

TT(A) + OzJTE + 5JT@
= Ao+ aAoBo + 8AcCo
= PheT.

Tr(P)

Hence T+ : T — 7o, and the theorem is proved.

O

Lemma 5.2
Under the hypotheses of Lemma 5.1, letting M+ = [E, E7 7i] be the transition matriz

from the canonical basis to the basis (AB, AC, 1), and My, = [AoBo, AQC()/ITS] be the
transition matriz from the canonical basis to the basis (AoBo, AoCo, o), JT takes the
form

Jr = MpM7'
and furthermore
o]
det(Jr) = .
U=

Proof:

—_—
Since J7 is the transition matrix from the basis (1@, fﬁ, 71) to the basis (Ao Bo, Ao Co, TT()>),
we have

JrMr+ = M.



Since M7 is invertible, multiplying the previous relation by M7_—1 we obtain Jr =
M, M;l. Furthermore, taking the determinant yields

det(Jr) = %7

since
det(M7) = det(AB, AC, 71) = (AB A AC).7i = |T]
det(Mry) = det(Ao By, AoCo, i) = (AoBy A AoCo).715 = |To|
O

Let 7o be a reference triangle in R? with three non aligned vertices Z1, Z2, Z3. In the
proof of the main theorem, 7o will be chosen such that |75|* = maxrer, |T]°.
The constant ¢ in the main theorem is given by the following lemma.

Lemma 5.3
Denote ¢9,i € {1,2,3} the shape functions associated to each node of To, and define
the function
fo:R" — R
(ui,u2, - uy) — fTo IS0 wiy |

fo is a strictly positive quadratic form on R™.
Furthermore, there exist ¢ > 0, C' > 0 such that

n n n
v(u17u25'“7u”)€Rn7 CZUZQS/ |ZU1¢?|2SCZU$
i=1 To =1 i=1

Proof:
fo is a positive quadratic form since
n 2
Hunu o) € R[S ugt) o
To |i=1
First remark that:
n 2
fo(U):O < Z’U,Z(ﬁ? =0

To |i=1

n

0
> widh
i=1

— zn: wd; =0
i=1

2

— =0

= VreTo, ) udl(x)=0.

=1
Since ¢?(x) are basis functions, we deduce that
fo(U)=0<U =0,

that is fo is a strictly positive quadratic form.

10



Secondly, we seek ¢ > 0 and C' > 0 such that
VU = (u1,uz, -+ ,u,) € R", cZul<fo <C’Z:uZ

Since fo is a strictly positive quadratic form on R®, its matrix M is symmetric and
positive definite. M thus admits a minimum eigenvalue Amin > 0 and a maximum
eigenvalue Amax > 0 (spectral theorem for symmetric matrices).

Since fo(U) = '"UMU we deduce

VUER” mmz'Uq, <f0 > maxzuz

Taking ¢ = Amin > 0 and C = Amax > 0 we obtain the desired result.
O

In the following two lemma (lemma 5.4 and Lemma 5.5) the lower bound and the
upper bound of the following bilinear form aj,

an(tn, o) = ?Fhuh el“hﬁh, (26)
Tp

on PLo(I') are given.

Lemma 5.4 (Lower bound of ay)
We have

_ = o min T
Yap, = Zuzqﬁz S PLO(Fh), ah(uh,uh) > m(Fh)c T%T;' ‘ Zul
i=1

Where m(T'y) is a Poincaré’s constant, n(i) is the number of cells surrounding the
node i and n. = min; n(7).
Proof:

Using Poincaré inequality we have

an(Tn, Un)

AV V)
3 3
H A
Tz
M T
>
=
=
=
=

Let N7 denote the set of nodes surrounding the cell 7. Since ¢;(x) =0 when z € T
and i ¢ N7, we have

ap(tn,un) > m(Th) Z/ Ui s

TEThH iENT

Using a change of variable we obtain

2

anlann) = m() Y Jdet [ | Y wiohoo) |

TETH To lieNf

where T7 (i) represents the node of 7o that is the image of the node ¢ by T7. Using
Lemma 5.3 we have

an(iin,in) > m(Ta)e > |det(Jr)| 7> > ul.
TETH iENT

11



Using Lemma 5.2 we have

o T2
ah(uhauh) 2 m(rh)c Z ||7—‘|2 Z ’U/?
Ter, OV ieny
min T
T 5 5
0 TeTh ieNT
>

. 2
m(l"h)c% Z n(i)u;.

Hence we finally have

o min T2
an(in, @n) > m(F;L)cnc%éH > i,
0

i

where n(i) is the number of cells surrounding the node ¢ and

ne = minn().
k2

|
Lemma 5.5 (Upper bound of ay)
Under the hypotheses of Lemma 5.4, we have
Vin =Y wuigi € PLo(Tn),  an(in,n) < 3ne ul.
h ; ¢ o(T'r) n (@, @n) mv— |’T|Z
Proof:
We decompose ap, over the mesh cells 7.
ah(ﬂh,ﬂh) = Z / |€Fhuh‘
TETH
2
= ¥ [ wFne@
TET 1ENT
<3y Y[ [Fre@h (27)
TETH iENT

The next step consists in the explicit calculation of ?Fh ¢:(Z) in each triangle 7. For
more details we refer to A.

Given a triangle 7 having nodes sT,s] and s, the gradient of the nodal function
associated to s7 is

< L b
vZeT, rh¢slT(:c) = o7 2 ,
where
a = (@) — @] +(@p)s — @g)an]
b= (@g)e — @)l +(@g): — @)l

12



Using the inequality Vr, s € R, (r + s)* < 2(r? + s%), we have :

1
Froq@le < gmydrid
< ﬁ\/(hmf +hrn])?2 + (hrnl + hrn])2 + (hnd + hrn])2
1
< ﬁ\/Q((thzTﬁ + (hrn])?) + 2((hnI)? + (hrn])?) + 2((hrn)? + (hrnl)?)
1
e 7)2 )2 T)2
= 97 VAT ) + (hrn] )2 + (hrnT)?)
1
= 7)2 7)2 T2
= 9T 20/ (D)2 + (n])? + ()
1
< —2h
= 27T
Hence
hr
V0,607 ( 7(@)]2 < 7

Using the same approach we obtain an estimate of the gradient of the two remaining
nodal functions

h h
V0,67 @b < 72, Vb @l < 1.

7Tl 7Tl
Finally, for any shape function ¢;, we have
) - hT
vie (5T, ST LIV @ <
This allows us to deduce the final result from (27):
- maxteT;, b7 h%
< 3n. 2, 28
ap (@n, in) < 3n mingcr, [T Zu (28)
d
Proof of the main theorem
Using Lemma 5.5, we have
_ t 2
. an(Un, Un) UnAar, Un maxter;, h7
Vi € PLo(Th), 4 - " < R TET T
o) e T T minyr, [T

and we deduce an upper bound of the spectrum of the finite element operator on
PLo(T'y)

2
maxteT;, hT

A < .
max = Mhe minger, |T]?

(29)

Using Lemma 5.4, we have

-~ ~ t . 2
~ ah(uh,uh) UhAAp Un mingyeT; |T|
Vun, € PLo(T'h), - e b >m(Th)ene———2——,

n € PLoTn), o Tz = mEWene =z

and we deduce a lower bound of the spectrum of the finite element operator on PLy(I'},)

minTeT,L |72

)\mln (Fh) |7?) |2

(30)
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Using the definition of Kn(Aap, ) = dmax - (30)) and (29) yield the following inequality

Amin ’

maxrer, |T1° _ 3necmaxrer, h
m(I'p)ene|To[? ~ minyer, |T|

IN

V70, Kn(Aar,)

maxreT;, |7-|2 3maxreT;, h%r
m(Tr)c|To|? minyer, |T|

Choosing 7o such that |7o|? = maxrer, |T|?, we finally have

3maxreT;, h%—
m(Tp)eminrer, |[T1?

Kh (AAF;L ) <

6 Some numerical results

In order to illustrate the numerical method presented in this paper, and motivate the
search for efficient preconditioners, we present the numerical simulation of the Poisson
problem on a sphere. The continuous problem is presented in section 6.1. Then in
section 6.2 we present a sequence of refined meshes of the sphere. The results obtained
from the finite element simulation of the Poisson problem on the mesh sequence are
given in section 6.3. We analyse these results in section 6.4 and give the convergence
curve (picture 4), iteration curve (picture 5), the residual curve (picture 6), and the
condition number curve (picture 7).

For the design and meshing of the domain we use GEOMETRY and MESH modules
of the software SALOME (see [14, 20]).

For the coding of the script, we use Python with the open-source Linux based library
SOLVERLAB [21] which is very practical for the manipulation of large matrices,
vectors, meshes and fields. It (SOLVERLAB) can handle finite element and
finite volume discretizations, read general 1D, 2D and 3D geometries and meshes
generated by SALOME.

For the numerical resolution of our discrete problem, we use an iterative solver be-
cause the stiffness matrix A, is large, sparse (see [5]) and singular. The
library PETSc [15], encapsulated in SOLVERLAB, provides linear solvers for
singular systems.

For the visualization of the result, we use the PARAVIS module included in SALOME
(see [20]).
6.1 The Poisson problem on the unit sphere

We consider the unit sphere defined as follows
Tophere = {(x,9,2) € R®,2” +9° + 2 = 1}.

The sphere is a C*° manifold of dimension 2 embedded in R?, hence the Laplace-
Beltrami operator Ar, , ... is well defined on I'sphere-

Using the spherical coordinates (0, ¢) where 6 is the longitude and ¢ the lati-
tude, the Laplace-Beltrami operator takes the following form for any function u €

02 (Fsphe're) : )
1 0 ., 0u 1 0%u
At = i35 (55) * it o

14



Figure 1: The unit sphere

We consider the following Poisson problem on the sphere I'sphere
_AFsphereu = fophere 0N Lsprere

Jr u=0

sphere

; (31)

With the following choice for fsphere :

12 2

3
@l Y

fsphere(xa Y, Z) =

The exact solution u of (31) is given by (see [13]):

1 2

1
[ — — 3 = —
T@rprat oYY gl

Usphere (:L‘, Y, Z)
One can check that fsphere and usphere are zero mean functions.

Our objective is to solve numerically the Poisson problem (31) using the finite
element method described in section 4. We first build a sequence of refined meshes in
section 6.2. Then we run the simulation on each mesh. Some results are displayed in
section 6.3, and an analysis of the results is performed in section 6.4.

6.2 Meshing of the sphere

In order to assess the Finite Element discretisation of the Poisson problem on the
unit sphere, we build a sequence of refined meshes that will enable us to measure the
convergence and computational time of the numerical method. The CAD model of
the sphere (picture 1) was done with in the GEOMETRY module of the platform SA-
LOME. For the design meshing of the sphere we use the MESH module of the platform
SALOME (see [14, 22, 20]).

Below are screenshots of the meshes used in our convergence and computational

time analysis. The meshes are generated by a Delaunay type triangulation of the
surface with all the nodes belonging to the sphere.
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meshSphere 1 meshSphere 2 meshSphere 3

meshSphere 4

288 cells 2638 cells 4512 cells

10773 cells

Figure 2: Mesh of domain

Using the SOLVERLAB python module, the right hand side of the Poisson problem
(31) is interpolated on the meshes, and the rigidity matrices are filled with a spare
matrix structured encapsulated from PETSc [15]. The linear systems are then solved

using a conjugate gradient algorithm [5, 16] after the setting of a non zero nullspace
[19].

6.3 Visualization of the results

For the numerical resolution of our discrete problem, we use an iterative solver because
the stiffness matrix Aa, is large and sparse (see [5]) .

For the visualization of the result, we use the PARAVIS module of the platform
SALOME (see [20]).

Below are visualizations of the numerical results obtained on the different meshes
of picture 2.

288 cells 2638 cells 4512 cells

10773 cells

Figure 3: Numerical results of the finite elements on the unit sphere

6.4 Discussion of the numerical results

Numerical convergence of the finite element method The picture 4 dis-
plays the evolution of the numerical error ||u, —usphere|| with the cell minimal diameter
h, in logarithmic scale. The numerical error ||up — Uspherel| is taken as the supremum
of |up(x;) — Usphere(x:)| over all the nodes ;.

The theoretical error is composed of two contributions. The first is the interpo-
lation error of usphere from the sphere I'sppere to a polyhedron I', and is O(h). The
second contribution is the approximation error coming from the finite element discreti-
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Convergence of finite elements for
Laplace operator on 3D sphere triangular meshes

—— Log(|numerical-exact]) /
—-1.4 least square slope : 0.742
_16 -
N
5 —1.8 1
=
o
[*4]
(S}
:.’I —2.0 1
<
= 2.2 -
™
3
_24 ]
—2.6 /

T T T T T T T
—3.25 -3.00 -=-2.75 =-2.50 =2.25 —=2.00 -1.75 —=1.50
Log(h}

Figure 4: Convergence of the finite element method on the sphere

sation of the Poisson equation. This error is O(h?) [4, Theorem 8]. The total error is
therefore O(h).

We observe on picture 4 that the method converges with a numerical order of
approximately 0.742. We expect that using meshes larger than 1 million cells we will
come closer to the theoretical value of 1.

17



Number of CG iterations for the finite element method on the sphere
It is not possible to use a direct solvers for the numerical resolution of the linear
system Aar, X = by, since they apply only to invertible matrices. We used instead
the Conjugate Gradient (CG) [16] method with Incomplete LU factorisation [17] as
preconditioner to solve our singular linear system thanks to PETSc algorithm [18, 19].
The picture 5 displays the evolution of the number of CG iterations with the number
of nodes. The number of iterations increases linearly with the number of nodes of the
mesh.

Number of CG iterations for finite elements
for Laplace operator on 3D sphere triangular meshes

350 4 —— Number of iterations of the linear solver

300 ~
250+
200 ~

150 +

MNumber of iterations

100 +

50 +

T T T T T T
0 100000 200000 300000 400000 500000 600000
Number of nodes

Figure 5: Number of CG iterations for the finite element method on the sphere
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CG Residual for the finite elements methods on the sphere The picture
6 displays the evolution in Logarithmic scale of the residual €5, = ||Aar, X — bp|| with
the number of nodes in the mesh 7. This residual €, evolves from about 1072 to
about 107° as the number of nodes evolves from 288 to 600000. This is because we
had to adapt the precision of the linear solver to the number of nodes. Indeed the
matrix of the linear system Aar, X = by is singular and thus by, should belong to the
range of Aar, up to machine precision. The theoretical range of Aar, consists in
vectors of zero mean, but at the computer level zero becomes machine precision and
thus by, should have mean lower than machine precision. If the machine precision is
too small (say 10710) then the linear solver will fail when the integral of b, is larger
than 1071,

CG residual for finite elements

for Laplace operator on 3D sphere triangular meshes

—— Residual of the linear solver
5.0 1

4.5 1

4.0 1

3.5 -

Log(residual)

3.0

2.5

2.0 1

T T T T T
0 100000 200000 300000 400000 500000
Number of nodes

Figure 6: CG residual for the finite element method on the sphere
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Condition number of the finite element matrix on the sphere The
picture 7 displays the evolution of the condition number with the cell minimal diameter
h, in logarithmic scale. We observe first that the condition number increase as h — oco.

Log(Condition number)

Condition number for finite elements
for Laplace operator on 3D sphere triangular meshes

5.0 A

4.5 1

4.0 1

3.5 1

3.0 A

2.5 1

2.0

—— Condition number of the FE matrix
least square slope : -1.962

T T T T T T T
—-3.25 -3.00 -=-2.75 -2.50 -=-2.25 —2.00 -1.75 —-1.50
Log(h)

Figure 7: Condition number for the finite element method on the sphere

Furthermore, the condition number grows as h to the power —1.962, which is very close
to the theoretical value of 2 given in our main result in theorem 5.1.
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7 Conclusion and perspectives

We have seen that the properties of the finite element matrix on 3D surfaces are very
similar to those in Euclidean spaces. The main difference when the surface is closed
is that the matrix is not invertible, which makes the proofs more technical. However,
adapting the technique used in the Euclidean context, we gave an upper bound for
the condition number in O(h_z). Using a similar techniques, it is possible to derive a
lower bound of the condition number following for instance [6] in the Euclidean case.
In section 6, we have given some numerical results of the simulation of the Poisson
problem on a sphere. The results showed that the discretisation converges and that
the condition number increases nearly as O(h™2).

The numerical simulations performed in section 6 showed the number of iterations
of the linear solver increases linearly with the mesh size. This yields a sharp increase
of the computational time as the number of nodes increases. Our simulation used the
Incomplete LU factorisations as preconditioner but more advanced techniques such as
multigrid perform better in the Euclidean context. Their adaptation to the curved
would be based on a fine analysis of the finite element matrix taking into account its
singularity. This work can therefore be seen as a first step in the design and analysis
of advanced preconditioners for singular systems, particularly those arising from the
discretisation of PDEs on closed surfaces.

Acknowledgments

This research did not receive any specific grant from funding agencies in the public,
commercial, or not-for-profit sectors.

Declaration of competiting interests

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
A Coefficients of the finite element matrix

We compute the coefficients of the finite element matrix (22) on a closed piecewise tri-
angular surface I';,. The mesh 7}, of the domain I';, is composed of triangular elements

(Tk)k>1 having non zero area. The n vertices of I', are denoted &1, 2, T3, ..., Tn.
To each vertex &;, we associate a nodal function, ¢; : 'y, = R € PLo(T's) such that
Gi(z;) = 5.

We observe that in 3D, functions ¢ € PLo(I'y) take the following form on each
triangle 7 € Ty,
o(@) =a"z+8Ty+7" 2+ (32)

The gradient of any function ¢ € PLo(I'y) is thus constant on each triangle T € Ty,
and its components can be deduced from (32) and (9) :

vieT, V0@ =(a”,6797). (33)

To determine the gradient of a function ¢ € PLo(I's) on a triangle 7, we first
remark that according to Lemma 2.1, we have:

nlal + nZﬂT +nly7 =0. (34)
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Secondly, we take the values of ¢ at each node of 7. Denoting s7 , s and s3 the three
nodes of T, we find that o”, 87, 47 and ¢7 are solutions of the following system:

@) @)y @) o’ o(F.7)
(@) @l (@) = eEmn | (35)
@pa @ @ 1)\ I o(.7)

From (34) and (35) we obtain the following system with four unknowns o’ , 87, 7

and ¢7

(Z7)e (E7)y (Ee7): 1 a” P(T,7)
(Z.7)e (Tg)y (Teg): 1 BT | _ | ¢@.g) (36)
(Z7)e (Fg)y (Eeg): 1 T 6@y

nk n]; nz“ 0 ¢7 0

The determinant of this system is equal to —2|7|, where |T| is the area of the triangle
T which is assumed to be nonzero.
We use the Cramer formulae to express the solution of (36) :

o(Z,7) (ZF7)y (Te7): 1

o(Zg) (Tg)y (EFg): 1

o(Zr) () (@) 1

0 ’ nz— nir 0

(Zg)e o) (@7): 1

. 1 (@) o(@g) (Z7). 1
Vol =7 | | Ghy s @ 1
n:Z— 0 nir 0

(Z7)e (F7)y o) 1

(Zg)e (@g)y o) 1

(Z.7)e (Tg)y o) 1

n? Ty 0 0

We deduce the gradient of the nodal shape functions gbslT, ngQT and ¢537 :

1 (fslr)y (fsz')z 1

0 (fs;)y (fsg—)z 1

0 (fsT)y ('/EST)'Z 1

0 n?; n? 0

(fsf)z 1 (fsT)Z 1

? — 1 (fsT)z 0 (‘fsT)z 1
= — 2 2

nOTOZ 7 | | @pe 0 @ 1

nz— 0 n? 0

(_‘5’17—)1 (fs’{)y 1 1

(#.)e (Eg)y 0 1

(_‘57—)1 (_'S.,T)y 0 1

nir nz— 0 0
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0 (fsz')y (fsT)z 1

1 (fsg)y (:Es;’)z 1

0 (fsT)y (‘fsT)Z 1

0 nzr nir 0

(fsz—)ac O (3:_:5'17—)2 1

S um_ L | | @pe 1 @

DT =57 | | @ 0 @ 1

n? 0 n? 0

("EST)CL' (fsf)y O 1

(ﬁsg—)"ﬂ (fsg—)y 1 1

(fsT)z (_’ST)?J O 1

nir nz— 0 0

0 (ﬂsz—)y (fs;’—)z 1

0 (‘fs;)y (fsg)z 1

1 (ﬂsT)y (fsT)z 1

0 nZ nir 0

(_'ST)W 0 (fsf)z 1

< . 1 (Zr)e 0 (Z,7). 1

0T O =S| | @ 1 @) 1

naf 0 n? 0

nz— nzr 0 O
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