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Context-l : Nuclear power plant safety
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@ Context-ll : Flow in a nuclear reactor core

» Multicomponent flow : liquid, vapor, solid obstacles
» Stiff source terms (heat source, boiling, pressure losses)

» Flow in a wide range of regimes (Ma, Re, Pe)
» Specifics of two phase flows

— non conservative models (e.g. two-fluid models)
— not always admit entropies (e.g. models with drift)
— characteristic fields neither GNL neither LD
(e.g. models with drift)
— characteristic speeds are not ordered
— sonic points are very common (e.g. counter-current flows)

= The mathematical structure and the numerical behaviour
are very DIFFERENT between single and multiphase flows
—> We need generic and flexible solvers that can adapt to the
flow regime
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E Classical Navier-Stokes equations

e

0

a(pu) + V- (puu)+Vp =pulAu (1)
kgt(pE) + V- (pHu) _ AT

> p,u, p may have very different magnitudes

> Use reference lenght L, velocity u,.f, pressure ppf to
scale the equations

» Dimensionless numbers characterise the flow regimes
» Recover the low Mach asymptotic
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E Non dimensional Navier-Stokes equations

New variables p := ﬁ, p = p‘;f’ u:= %
0
a(ﬂ) + V- (pu) =0,
] ’ ]
E(pu) + V-(puxu)+ WVp = %Au 2
9 1
5;(PE) + V- (pHu) = AT

M= Uref Re — LretUrer Pe — LretUrer
— et == — _—rerrer

’ A
C
ref Pref PrefCp

» In a nuclear reactor, Re > 1, Pe > 1, M < 1 (|lu]]| < ¢)
» We need more precision on p than on other variables
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g Low Mach asymptotics

For well prepared initial data (M < 1 initially)
p(F,t=0) = p.+O(M)F)
p(X,t=0) = p.+ O(M?)(X)
u(X,t=0) = u.(X)+ OM)(X)

the solution (p, p, u)(t, X) to the compressible Euler equations
takes the form

/0()_(: )y = P*+O(M)(Y? )
p(X.t) = p.+ OM?)(X,1)
uk, 1) = (%, 1)+ O(M)(X, 1)

where U is the solution of the incompressible Euler equations
with initial data G(X,0) = u.(X)
» Numerical schemes should preserve this asymptotics
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The limitation of upwind methods

» Upwind based FV colocated methods (Godunov, Roe, ...)
— do not satisfy the low Mach asymptotics X

» Centered FV colocated methods
— satisfy the low Mach asymptotics... v/

Figure: Implicit upwind scheme (Lid Figure: Implicit centered scheme (Lid
driven cavity) driven cavity)
= It is tempting to reduce the numerical diffusion ...
> but generate spurious checkerboard oscillations X
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Axial pressure in a reactor core-l

> 4 equations two phase model

» 1D heated channel

» Stiff source terms : heat power, phase change
» Compare upwind and centered schemes

A0 49wV =0,
9(¢rC) "

TR (60CV + ¢pC(1 — O)V;) = V - (Ko V C) + 6T v,

a(epV _ .
(¢6t )i v. (@rV @V +¢pC1 — OV, @V, + ¢Ply) = PV + V - (65) + ¢7 + ¢§

(¢ E)
ot

+V - (¢oHV +¢pC(1 = C)(H = H) V) = 60T - V +6Q+ Y - (6T7)
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Pression axiale dans le coeur d’un réacteur a eau-ll

155050407

15504501407

155025407

155020107

» The exact stationary pressure (green) is decreasing
» Upwind schemes (blue)— Spurious oscillations X

» Centered schemes (red) — Spurious oscillations X

» Staggered schemes capture the correct dynamics v/
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g Asymptotics preserving FV methods

Empirical numerical observations :

» Colocated FV — lack robustness

— “Corrected” Riemann solvers based on the theory of
hyperbolic systems of conservation law

— Predictor-corrector solvers inspired by the incompressible
regime (projection methods)

» Staggered FV — more robust wrt source terms but
— Often based on non conservative formulations

— Extension to general meshes is delicate
Why such different behaviours ?
» nothing to do with nonlinearities
» linked to the coupling between the variables

—> need a theoretical framework for the design and analysis of
stagered schemes
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g The numerical diffusion (1D for short)

Consider a 1D first order non linear PDE

otU + A(U)oxU = 0. 4)
and a first order semi-discretisation disc
Ui — Ui_4 _ U= U
6fU—‘_Ad/sc I AXI disc I Ax - =0. )
The equivalent equation of the scheme is Ax — 0 :
U+ AoxU = D(U, Ax) + o(Ax) (6)
> A= AESC + A (consistency of (5) with (4))
> D= Al — Ags. represents the numerical diffusion

— D is connected to stability and precision of the scheme.
— Compute D for the linear wave equation
Commissariat a I'énergie atomique et aux énergies alternatives IHP2022



E Example 1 : centered scheme

Neglect inertia q; = pu? in the Euler equations :

op + 0xq=0
(Wave system)
oq + CPoxp=0
— linear hyperbolic system with eigenvalues +c.
Centered discretisation :
opi + Qf+é£?(f—1 -0
g + c? Pi+é£z)0(i—1 -0
» Decentre = 0 (scheme is order 2)
» Dcentre is diagonalisable

» odd/even decoupling (Ker(D) is too rich)
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Example 2 : upwind scheme

Upwind discretisation

. —Qgi_ . _2 _;’_ i
8tpi+ qH»éAgl 1 CP/+1 AP)/( Pi—1

) 2 Pit1—Pi—1 __ ~Qix1—2Qi+qi—1
81‘7/ +C 2AX =C AXx

c 0 0 1
Dupwind:|Awave|:<o C)v Awave:<02 O>'

» same diffusion rate on each equation
» Dypwing is diagonalisable on R
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a Exemple 3 : staggered scheme | (wave system)

Staggered discrétisation “simple”

atpi + Qi+1/2A_)?i—1/2 -0 < p )

U =
8tqi+1/2 + C2Pi+A1;Pi =0 qi—|—1/2

o 1 0 1
Dstag:<_cz 0>7 Awave:<02 O)-

» most of the numérical diffusion is on the second équation.
» Dsiag is not diagonalisable on R

Most staggered are however based on non conservative forms.
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E Exemple 4 : staggered scheme Il (Euler equations)

Staggered discrétisation from the literature (more complex)

Orpi + ﬁ(ﬂ,gflu,ur% - P,L-Ifl ”i—%) =0
2 2 (8)
O (ﬁi+%“i+%) + & 25 (piv1 — pi) =0,
avec
{ p:?'f% = % +Sign(ui+%)%’ 9)
Pivy = 3(pi + pis1)-

- ox(0 $)a( £ 8)a ()]
(10)

» If sign(u) the scheme is linearisable and stable
» If sign(u) the scheme is not linéarisable
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E Make conservation great again

» For a given matrix D, there exists a conservative scheme
with diffusion operator D

Justification : Consider a conservative system
U + OxF(U)=0 forme conservative

a conservative scheme

F:: —F 4
0 U; % =0 (11)
with numerical fluxes F;
F(U) + F(U; U -y
Fy= FUAY)  pU-Y 12

has numerical diffusion D.
Indeed when Ax — 0, (11) yields

KU + 9xF(U) = AxDoxw U + O((Ax)?).
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E Symetrisation and energy

We need to symmetrise the system in order to bound the
solution.

After linearisation, we have the linear hyperbolic system
U+ AoxU =0, F(U)=AU

A must be diagonalisable = symetrisation is possible
S=P'AP, 'S=8S

» change of variables U = PU :

U+ SocU=0
» Using “symetrisation”, the energie is constant in time
at/ 10][2dx = 0.
R

» Hence the stability at the continuous level:
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@ Stability and precision

Same steps as in the continuous case
Consider a general numerical diffusion operator D
Compute the evolution of the norm in the symetrising basis

at/RHUthdx: —h/f(aXUh)(D+fD)(aXUh)+o(h).

the dissipation rate is given by the spectrum of D + D
We conclude that
— the scheme is stable provided

D+'D>0

= [1Un(:, B)lli2 < 1| Unoll - (13)

— the scheme is precise provided D + !D does not involve the
sound speed
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Revisit examples on the wave system

» Upwind scheme :

Dupwind = clg, Dupwind = clg, Dupwind + tDupwind = cly.
— Strong coupling between cell
— Numerical dissipation is too strong if ¢ > |Ju]| X
» centered scheme :

_ _ r tr _
Dcentered - 07 Dcentered - 07 Dcentered + Dcentered =0.

— Numerical dissipation is zero
— Odd/even decoupling X

» staggered scheme :
0o 1 = 0 c = =
Dstag = < _02 0 ) 7Dstag = < —c 0 ) ,Dstag + tDstag =0.

— Numerical dissipation is zero

— Strona couplina between neiahbourina cells
Commissariat a I'énergie atomique et aux énergies alternatives IHP2022



@ Design pattern

Choose a matrix D satisfying the stability and precision
criteria

— D+1'D > 0 (stability)
— D+ 'D does not involve the sound speed ¢ (precision)
compute the fluxes between cells using the expression :

_FU)+FY) | AU-Y
Fij= 5 +D 5
Remarks :
» The schéme can be colocated or staggered, one step or
multistep

» The scheme is generally implicit if Sp(D) C iR
> One can have zero numerical dissipation B
|Un(+, )|l 2 = [|Unol| 2 @and non zero numerical diffusion D
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E Equations d’Euler - |

We consider the following Euler equations :

op + V-(pd)=0 (14)
o(p) + V-(pi®d)+Vp=0 (15)

auple + JIIGIP) + V- ((pe+ Splldl P +p)i) =0 (16)

Symmetrisation with ‘g—‘; R % , not appearing on the diagonal :

op
u == 0
8pe
op p| P
S= 9|, u de |, v
ool p
0 ve|, 7 u
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Equations d’Euler - Il

In the symetrising basis :

8
lu| a—g‘e 0
_ B p” i
Dstag = ~\/ 3, | -/ %,
P
0 Juel,z
In the physical basis :
lul —u ’
Dstag = -l -t g (F-e)  wrw-4 g
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Présentation du benchmark de Toro (1997)

Probléemes de Riemann difficiles

» Evaluation de la Tests robustesse de méthodes
numériques

» Solutions exactes disponibles — évaluation de la précision

» Evaluation des méthodes numériques en présence
d’'ondes de choc et de contact

» La loi d’état est celle d’un gaz parfait

Test oL ug. PL PR ug Pr
Torod i 0.75 1 0.125 0 0.1
Toro2 1 2 0.4 1 2 0.4
Toro3 1 0 1000 1 0 0.01
Toro4 | 5.99924 | 19.5975 | 460.894 | 5.99242 | -6.19633 | 46.0950
Toro5 1 -19.5975 | 1000 1 -19.59745 0.01
Toro6 1.4 0 1 14 0 1
Toro7 14 0.1 1 1 0.1 1
Table: Initial data for the seven tests Toro1, ... , Toro7
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Résultats du benchmark de Toro

» Convergence de 6 tests sur 7

» Echec du test Toro2 (densité négative car régime proche
du vide)

— Stag on 100 cells
—— stag on 200 cells
30| — stagon 400 ceiis

— stag on 800 cells
—— Solution exacte

Densité (g/m3)

x (m)

Figure: Densité du test Toro4

Nécessité d’'un benchmark similaire diphasique

Benchmark 2D et/ou avec termes source pour vérification des

codes de calenl
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Canal bouillant (diphasique)

» Canal 1D
» chauffage
» changement de phase

Erreur relative max: 0.0047 Erreur relative max: 0.006 45 __ErTeur absolue max: 0.001
605.00 X
800 —— Schéma décalé — schéma décalé — Schéma décalé
—— solution analytique 604.75 —— solution analytique 04 —— solution analytique
700
7 60450
@ 600 2 03
£ £ 604.25
£ so0 £
5 = 604.00 g 02
G 400 2
g £ 60375
g g 01
00 £ o030 .
00
200 603.25
100
603.00 -0
x(m) x(m) X (m)
Lo Je=2+1.55e2 ErTeur refative max: 0.0 5 _Erreur relative max: 0.0018 ¢ 300 Le2 ErTeur relative max: 0.0001
— schéma décalé — schéma décalé —— schéma décalé
08 —— solution analytique 45 — solution analytique 6.275 —— solution analytique
40 6.250
= 2
506 s Zoas
< £ 5
s ® 30  6.200
g 04 8 H
14 £2s £ 6175
& 5 ~
]
02 \ 20 6.150
00 15 6125
10 6.100
00 01 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05
x (m) X (m) X (m)
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Conclusion and perspectives

With the new “staggered” class
» Simulation of shock waves
» Simulation of heated flows
» Simulation of boiling flows
» Simulation of singular pressure loss
Convergence to the analytial solution (except near void).

It remains to formalise the TVD analysis.

We can now study
» More complex models (two phase flows)
» Entropy balance
> Extension to general meshes
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Cea

Thanks! Any questions?
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