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A macro-element strategy based upon spectral finite elements and mortar
elements for transient wave propagation modeling. Application to
ultrasonic testing of stratified composite materials

Alexandre Imperiale®*, Edouard Demaldent®

@CEA LIST, Department of Non-Destructive Testing
91191 Gif-sur-Ywvette, France

Abstract

Proposing efficient numerical modeling tools for high-frequency wave propagation in realistic configurations,
such as the one appearing in ultrasonic testing experiments, is a major challenge, especially in the per-
spective of inversion loops or parametric studies. We propose a numerical methodology addressing this
challenge, and based upon the combination of the spectral finite element method and the mortar element
method. From a prior decomposition of the scene of interest into “macro-elements” we show how one can
improve the performances of the standard finite element procedures in terms of memory footprint and com-
putational load. Additionally, using this decomposition, we are able to efficiently reconstruct important
modeling features on-the-fly, such as orientations of anisotropic materials or splitting directions of perfectly
matched layers formulations, altogether in a robust and efficient manner. We believe that this strategy is
particularly suitable for parametric studies and sensitivity analysis. We illustrate our strategy by simulating
the propagation of an ultrasonic wave into an immersed and curved anisotropic stratified 3D specimen flawed
with an internal circular delamination of varying size, thus showing the efficiency and the robustness of our
approach.

Keywords: finite element methods; time integration; explicit; acoustics; structures

1. Introduction

Throughout decades of their intensive use, Non Destructive Testing (NDT) techniques have become a
major asset in numerous advanced industrial fields such as nuclear energy industry, petrochemical industry
or aeronautics. Traditional Ultrasonic Testing (UT) methods [I] based upon the propagation of a high-
frequency bulk wave within materials or manufactured products keep a major place among existing NDT
techniques. Concurrently, the role of UT modeling [2] has been continuously increasing [3] as a support of
the experimental data analysis and post-processing [4], 5] 6], the analysis and design of transducers [7, [8 [9],
or the evaluation of UT processes [10, 11]. These examples of application often require exploring the output
response of a so-called forward solver by varying the input data. This sensitivity analysis typically entails
a large number of direct simulations that are generally embedded within an inversion algorithm. Hence,
proposing useful modeling tools should be performed following a primary goals:

(G1) The forward solver should be able to efficiently handle parametric variations of the configuration of
interest.

In the scope of this communication, the presented work is driven by a second major goal, which results
from our wish to make the modeling tools accessible by a non-specialist end-user, e.g. through a commercial
software such as the CIVA platform [12]:

*Corresponding author
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(G2) No specific hardware architecture should be required from the end-user in order to support the simu-
lation’s runs.

In the context of high-frequency wave propagation one can consider, without being fully comprehensive, at
least two principal families of modeling strategies. First, the class of asymptotic methods [13 [14] relying
on an asymptotic expansion of the wave field w.r.t. the frequency is widely spread in the NDT [I5] [16] and
seismic waves [I7}, (18] modeling communities. This type of methods provides an efficient and meaningful way
to represent the propagation of waves over large distances. However, due to the truncation of the asymptotic
development, they fail to represent various — and potentially important — phenomena such as diffraction by
small flaws, or reflections at critical angles. Second, a full-wave modeling of the propagation phenomena
can be obtained using numerical methods, such as finite element methods [19] [20], finite difference methods
[21] or boundary element methods [22]. Nevertheless, as they are based upon discretization steps related
to the wavelength scale, they often require dedicated solvers based upon specific hardware architectures
[23], 24, 28] [26] in order to achieve sufficient performances.

In our work, we propose a UT modeling numerical tool based upon a “macro-element” strategy that
satisfies both our primary goals and This strategy relies on the assumption that the geometry
associated to the UT configuration can be decomposed into sub-domains. Each sub-domain is defined
as the transformation of a reference macro-element, the unit cube in 3D, and is assigned to a unique
formulation (e.g. acoustics, elastodynamics or absorbing layers, with potentially inhomogeneous material
properties). In order to provide an efficient fully discrete propagator, each macro-element is sub-discretized
— depending on the estimated wavelengths of interest — using the spectral finite element method [19] 20, 27].
The communication between the various formulations assigned to the macro-elements is handled using the
mortar element method [28, 29, B0]. By making the most of this decomposition we are able to increase
the performances of standard finite element procedures and to incorporate efficiently important modeling
features.

The outline of the paper is as follows. In Section [2| we recall the main components of the discrete
propagators built upon spectral finite elements for each formulation of interest. This enables us to detail
in Section [3| the macro-element strategy and how it addresses goals and In Section [4| we show
how the mortar element method can be used in practice to efficiently connect neighboring macro-elements
with potentially different formulations. In Section [b] we illustrate our strategy in the context of the UT
of curved Carbon Fiber Reinforced Polymer (CFRP) composite structures in a 3D setting. We finally give
some conclusions and perspectives in Section [6]

2. Discrete propagators based upon spectral finite elements

We consider the propagators for the fluid, solid and corresponding Perfectly Matched absorbing Layers
(PMLs). They form the minimal set of formulations that one needs to handle in order to address most
of the UT configurations. In this section, we recall the main components of the finite element method
employed to propose discrete propagators for every formulations, in order to clearly list the benefits brought
by the macro-element strategy in the next section. For further details on finite elements, we invite readers
to refer to [19, 20, B1], B2] for a comprehensive presentation in the case of acoustic and elastodynamics, and
to [33, 34, [35] for the PML formulations.

2.1. Fluid, solid and PML formulations

In the following, we consider  C R¢, with d = 2 or d = 3, a bounded computational domain bearing one
of the possible formulations. We represent by 0f its boundary and by n the corresponding exterior normal
vector field. We denote the coordinates in Q by z = (21 ---x4)T € R, and by

Vyu= (g;)j:f Y= (g;];):‘i,j—l’
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the gradient of a scalar and vector field respectively. Accordingly, the divergence operators of vector and
tensor fields are denoted by

so that the scalar Laplacian operator simply reads Azu = V, - (yzu) In the case of a fluid domain, the
material is characterized by its mass density p, assumed constant for simplicity, and its sound velocity c.
The wave equation satisfied by the acoustic pressure p reads

1 6% 1 .
Ew—;Azpzoan, V,p-n=0ondQ, (1)
along with given initial conditions. The weak formulation associated to (1)) consists in findingp € V = H(Q)
for any time ¢ > 0, such that, for any test function p* € V,
d2
@) + k(p,p") =0, (2)

where m(-,-) and k(-,-) are two bilinear forms defined by

* | . 1 .
m(p, p*) =/ spp dQ,  k(p,p )=/ -V,p- VY, p*d. (3)
Q pPc QP

In the case of a solid domain, the displacement field y satisfies the following field equation

82y )
pw—yz-g:()lnﬁ, g-n=0on 99, (4)

with p being the mass density, and g the stress tensor field. We complete with relevant initial conditions.
The linearized Green-Lagrange tensor and the stress tensor are linked through a linear constitutive law

IS}

=Cely), ) =5 ,y+Yy7).

[\
\
\
|
8
|

We assume that the fourth order tensor C can be decomposed into a constant tensor C* defined in a local
orthonormal basis {e;}%_,,

d
C(z) = Z Chin €:(2) ®e;(z) ® e (2) ® g (z), Va e, (5)
irjkl=1

and so that C satisfies the standard symmetry and positivity conditions. The corresponding weak formulation
is similar to (2) where, for any test function y* € V = [H!(Q)]¢, the bilinear forms are

m(y,y*) = /ng Y7 dQ, k(y,yt) = QCg(y) Pe(y”)dS2. (6)
In addition to these natural formulations, we are interested in formulations addressing the challenge of
numerically representing infinite propagation areas. Building such formations is an active field of research
that goes beyond the scope of this paper. Hence, without going into details, we use as is a class of absorbing
layers referred to as Perfectly Matched Layers (PMLs), and more specifically the formulation proposed in
[35]. In the acoustic case, it is a first-order in time formulation based upon split pressure variables {p;}¢_;
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and a velocity variable v, satisfying

d
p= szv
i=1

1oy
pc? Ot

1 .

d d
v
ot + ;zzpi + ;Ti(§i ® s;)v=0.

The formulation is completed with relevant initial conditions and boundary conditions. In , {s; le
are the splitting directions, and {Ti}‘iiz1 are the absorbing coefficients. In practice, these directions can be
the canonical basis of R? or potentially another set of varying orthonormal directions. In the former case,
we refer to [35] for the discussion of the “Perfectly Matched” condition of this formulation. We also refer
to [35] for the expression of the corresponding weak formulation. For solid domains, we consider the similar
split first order formulation. In the scope of this paper, we cast aside the issue of PML stability, and we
assume that the material properties C* in allow for a stable use of this formulation. Readers may refer
to [33, [34], and references therein, for more details on this matter.

2.2. Generalities on spectral finite elements

In this section we propose to go through the key notions of the finite element discretization. To simplify
the presentation we consider mainly the scalar case and systems of the form of . This will enable us to
introduce the principal notations in order to detail the benefits of the macro-element strategy later on.

2.2.1. Fully discrete scheme
We consider a Galerkin approximation space V, C V generated by the basis functions {¢ 1}?’:"1, with
Np, = dim(V4). We define the matrix form of the discrete (in space) counter part of as

2P
M+ KP = 0. 8)

In , ? € R™r is the vector regrouping the coefficients of the discrete solution in the basis of Vj,. The
matrices M and K are the so-called mass and stiffness matrices defined as

Mry =m(er,0g), Krp=k(pr,¢s), YI,J=1,--- Np.

The fully discrete scheme is obtained by employing an explicit second-order leapfrog time scheme,

n+1l _ n n—1
M? 21_32 + P

At
which is stable upon the following Courant-Friedrichs-Lewy (CFL) condition, see e.g. [36] or [Appendix A}

L KP" =0, 9)

At < 2 (10)

~ /r(MK)’

where r(-) represents the spectral radius of a matrix. Note that this discretization procedure trivially extends
to the elastodynamic case with relevant changes in the bilinear forms defined in @ For PML formulations,
we also use a time scheme consistent of order two, such as in [35].
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2.2.2. Spectral finite elements and mass lumping

Lagrange finite element methods [31] propose a specific construction of the approximation space V}, based
upon a given mesh 7 of the computational domain. In the following, we consider meshes of hexahedral (or
quadrilateral) elements satisfying the standard conformity constraints. The space V}, is defined as the space
of functions that are globally continuous, and that have a local, i.e. per element, polynomial representative
in a reference element. More precisely, assuming that each element K € 7}, is the result of a diffeomorphism
F . applied onto a reference cube (or square) K, we have, for any v, € Vj,,

VK € Th, Fk=k(K)eN* 3k e Q8K), wulk =0koFr. (11)

In , QF is the space of polynomials expressed as the tensor product of one-dimensional polynomial
spaces, and we denote by 7y, its dimension,

IS8

d
Vk = (k- kq)T € N, QF(K) = [17*0;1), #n=dim(Qk) = H
p=1

We define on the reference element a set of 71, nodes = = {;}?ﬁl, and we denote by {@}?:’11 the associated

local Lagrange polynomial basis. From the transformation of these local nodes by every F -, we obtain the
set of global nodes = = {§ } 721, from which we have discarded every redundant coordinates at element
boundaries. The global Lagrange basis functions of V}, are linked to the local Lagrange polynomials through

VK € Tyst. §, € K, Fig €{l,---, M}, @il =i o Fx- (12)
In , we have implicitly introduced the “local-to-global” index mapping

a : Tn X [l;ﬁh]] — [1;Nhﬂ, st. I = ég(K,iK). (13)

Note that in , we allow functions in V}, to be locally represented by polynomials with orders potentially
different in every directions. This particularity will be referred to as “anisotropic” orders of approximation.
We will see in Section [f] that anisotropic orders enables a local adaptation of the discretization, in order to
efficiently take into account thin layers of materials.

In the context of hexahedral (or quadrilateral) elements, a convenient way to define a proper set of
Lagrange nodes Zis by tensor product of d one-dimensional point distributions. The spectral finite element
method is based upon Gauss-Lobatto points for defining these one-dimensional point distributions. Due to
their optimal convergence as the order of approximation increases [27], B7], they have received a significant
amount of interest in numerous fields of application. In the context of transient wave propagation modeling,
spectral elements are particularly interesting since they allow for consistent “mass lumping” at any order of
approximation [19] 20} 32, [38]. Broadly, this approach aims at approximating the mass matrix in @ by a
diagonal one, in order to obtain a fully explicit scheme. This approximation of the mass matrix is performed
using a specific quadrature formula for computing the integrals appearing in the local mass matrices. The
main conditions to achieve consistent mass lumping are [20} 32} [39]:

(i) the quadrature points and the nodes must coincide to obtain diagonal local mass matrices,
(ii) for stability reasons, the quadrature weights need to be strictly positive,

(iii) the quadrature formula must be exact at least for polynomials of order 2k — 2, in order to be as
consistent as the case of an exact integration.

For hexahedral (or quadrilateral) elements, these three specific conditions are only satisfied by the Gauss-
Lobatto quadrature formula. Spectral finite elements and mass lumping extend to elastodynamics [19] [32] 40]
and PML formulations [33, [35].
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2.2.3. Local stiffness operations

In practice, the diagonal mass matrix is assembled and stored in an initializing step of the numerical
scheme. Hence, the main computational load in @ comes from the application, at each time step, of
the stiffness matrix to a finite element vector. Traditionally, the application of the global bilinear form is
decomposed into the application of element-wise forms. Upon the assumption of a constant mass density of
the fluid, we have

k(v;“wh Z kK vh,wh Vvh,wh eV,
P K €Th
After a change of variable and using the local polynomial representatives of v, and wy,, as in , the local
stiffness operator reads

~

Bic(onson) = [ (V57 Vi) - (V5 Vae) e D, (14)
o =T z Xz z
where Jx = |det(V_F)|. For conciseness, we introduce the notation

co(V_F )T co(V_F)

G @)= ————— |z VKET, VieK, (15)

where co(-) is the cofactor matrix As for the mass matrix, we use a Gauss-Lobatto quadrature formula

to approximate the integral in We denote by {wq}q , and {xq}n" C K the quadrature weights and
points. The local stiffness operators are approximated by

@K(vh,wh)zﬁ (vh, wp) qu AvKG VAwK)|E. (16)

Denoting by {ax Z} th, the coefficients of the local functions vk in the Lagrange polynomial basis

the expression of the corresponding gradient at the quadrature points reads

np

Introducing the matrix D € Mascny, ny, (R) such that

o R ~ ~ T
Vij =1, in YeBi€) = (Daionyers -+ Datinyeas) €RY (17)
the local finite element vectors representing g and its gradient are given by
—> =5 -~ ~ T
Ve = (ks o). V2 = (Tok(E,)+ Teik (€)= DATVE.

Regrouping in a matrix Gx € Mgxn,, dxn, (R) the evaluation of at every local nodes times the quadra-
ture weights, the local stiffness matrix reads

-~

N PPN
kS (vn, wp) = VT (D QKDT)WK.

This decomposition extends to the elastic stiffness operator @ and, for the sake of conciseness, is left to the
reader. Similar arguments can also be used in the context of PML formulations in order to derive factorized
forms of the bilinear operators appearing in the weak form of @

6
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Figure 1: Illustration of a macro-element decomposition of a domain obtained from a cylindrical deformation of simple plate
with a centered through-hole. The black lines in the geometry represent the edges of the macro-elements. The white lines
represent the internal sub-discretization of a specific macro-element prior to and after deformation.

3. A macro-element strategy

3.1. Primary division of the computational domain

In the following, we consider a more complex configuration where, within the bounded domain €2, mul-
tiple formulations (fluid, solid or PML) can be considered. We assume that the computational domain is
decomposed into N sub-domains,

N
Q=M.
i=1

and that each sub-domain M, referred to as a Macro-Element (ME), is built from a polynomial transfor-
mation @, of a reference cube (or square) M,

Vi=1,--,N, 3k=(k,--- ko) N’ ¢ € [QEAD)]".

This division of 2 is driven by the following constraints:

(i) The macro-mesh is a conform subdivision of {2,
(ii) To each interface between two different formulations corresponds an interface, or a set of interfaces,
between two MEs or more,
(iii) The number of macro-elements should be minimal.

In Figure [I] we illustrate a macro-element decomposition of a curved plate having a through-hole at its
center. In this example, the macro-mesh is made of twelve MEs, deformed from the unit cube in order to
fit the geometry of the hole.

In some cases, we may consider an additional set of polynomial transformations 6, of the reference macro-
element. These transformations can be used to represent the computational domain prior to some global
deformation ¥. Let us denote by Q* the domain in this prior state such that

N N .
Q=9(Q), Q= U M = UQZ(M)
i=1 i=1

7
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In Figure [I} we illustrate the case where * represents the plane geometry prior to a simple cylindrical
deformation. In concrete applications, we might be interested in global deformations W that can be a
combination of cylindrical deformations, a spline deformation, or potentially more complex alterations of
Q*. The effect of this deformation onto a macro-element M can be represented by the pair of polynomial
transformations ¢; and ¢, i.e.

¥, =Y =9, °0f; .

3.2. Sub-division of the macro-elements
Due to its “minimal” nature, the division of the computational domain proposed previously is unfit for

adequate numerical procedures at the wavelength scale. Therefore, we resort to an internal sub-division of
each macro-element M;. It corresponds to a grid of hexahedral (or quadrilateral) cells deformed by ¢, Let

us denote by ’77” and Ty ; the grid prior to and after its deformation so that, formally,
Thi=0,(Thi), Vi=1-- N (18)

Each grid cell K € ’77” is obtained from the reference element by a simple affine transformation F'zz. For
instance, for d = 3, it reads

~ ~ ~

Frp(@)= | Os(K) | + ha(K) zZ, VZeK, (19)

O3(K) hs(K)

where {Op(f{ )}, and {hp(f( )}d_, are the origin and the lengths of the cell respectively. With these
notations, for each element K € 7 ;, the transformation F'j introduced in Section is expressed as

Fi(@) =(¢,0Fz)@), Viek. (20)

To each element in 7} ;, we associate a spectral finite element with anisotropic orders. We denote by N}, ;
the number of nodes and by

—_ i v Vh,i .

\:Z:{éll}[:h)la V’L:17"'7N7

the coordinates of the nodes. Note that and naturally extend to the polynomial transformation
0, of the macro-element so that we can define a mesh 7;*; of M, composed of the nodes Z}. In practice,
the refinement of the grid depends, for precision purposes’/7 on an a priori estimation of the wavelengths of
interest and on the maximal deformation of the grid. Note that, in , the lengths may vary from one
cell to another, as long as ’77” remains a conform grid. This will be of major importance when dealing with
stratified materials in Section [El

3.8. Assumption of conform interfaces

Throughout this paper, we make the assumption that the union of every macro-element sub-divisions,

N
7 = U7

=1

generates a conform mesh of the computational domain after discarding redundant coordinates at interfaces.
In particular, let M; and M; be two macro-elements having a face in common, say I', then there exists a
one-to-one mapping between the coordinates of the nodes Z;|p and =;|r. Let us denote by Mj the number
of nodes on the interface I', we can introduce the “interface-to-volume” index mappings Vi and VIZ such
that

. koo : =1.... (—
Vk‘E{Z,]} VF : [[1,M}J]—)[[1,Nh,kﬂ, and VI =1, , My, §VIE(I) Syiny (21)
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Alternatively, these mappings may be represented by the rectangular matrices V% and V{; of dimension
Npi x My and Np_; x M}, respectively, such that

1, if &¥ e Tand T = Vf(J),

(22)
0, otherwise.

Vke (i, j} YI=1, Ny VJ=1--- M, (Viﬁ)u:{

This aspect, referred to in the following as the conform interface assumption, will have important conse-
quences when using the mortar element method in Section [4]

3.4. Benefits of the macro-element strategy

In order to cope with our objective we favor low-memory strategies. In this regard, we consider
“unassembled” operations for representing the application of the stiffness matrix to an input finite element
vector. In essence, it corresponds to applying every local stiffness matrices, described in Section 2:2.3] to
local input vectors. In the simplified configuration where the sub-domains bear an acoustic formulation, we
propose the pseudo-code in Algorithm |1| for performing these operations. In this pseudo-code, {W/’ N | rep-
resent input finite element vectors, and {71 N | are the output vectors storing the results of the application
of the stiffness matrices. We also consider in Algorithm |I| a standard coloring of each element in 7}, ; so that
no elements in a color group have nodes in common.

— —
Input : Wt ...,

WN
Output: 71, e ,7N
for i+ 1 to N do
foreach color group in Ty ; do
foreach element K in color group do

— .
for j + 1 to 7, do WEL[j] ¢ Wil (K, j)]
— ~ ~
Vi « (DG DT W},

for j « 1 to fip do Vi[la(K, )] « V[ta(K, )] + VL]
end

end

end
Algorithm 1: Pseudo-code for unassembled stiffness operations.

These unassembled operations are rather natural in the context of high-frequency wave propagation
modeling. However, our approach enables some significant improvements, mainly due to the fact that the
underlying sub-discretization of each macro-element is related to a reference grid in M. In particular,
while in a general case of unstructured meshes, the “local-to-global” mapping ¢ defined in is usually
stored, it can be recomputed at no expense within each macro-element, thus sparing important memory
load. Additionally, the matrix Gx in , built from the transformation of the current element, can also
be recomputed on-the-fly. To do so, we simply apply the transformation to the local nodes coordinates
Z and compute the gradient of the transformation using ﬁT, defined in . Thus, most of the memory
footprint of a macro-element comes from the three finite element vectors of the time scheme and the diagonal
mass matrix. Note that in this context, the major part of the workload in Algorithm [1| is centered on
computing gradients of local finite element vectors. In practice we use a specific data structure in order to
improve this operation, readers may refer to [4I] for more details. On top of improving the memory load
one can also increase the CPU performance by applying the local stiffness operations in parallel. Indeed,
due to the definition of the elements coloring, the third loop in Algorithm [I] is naturally fit for parallelism.
Since the topology of the mesh of a single ME is essentially a grid, this coloring is trivial and optimal in
the sense that: (1) each color group has the same number of elements; (2) the number of different color is
minimal.
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Another interesting aspect of the macro-element strategy resides in its capacity to reconstruct efficiently
and on-the-fly specific local vector fields. An important example is when a constant unitary vector, say v*,
is defined on a macro-element M prior to its deformation by ¥. In this context, we can retrieve its local
variation within the final macro-element through

1 %
(liél XI« 9, )Q

y| i = — )
Mg 2,6

Vi=1,---,N. (23)

A natural application is the case of fiber materials, where specific material properties are defined in a
privileged direction, the fiber, while being isotropic in the orthogonal plane. One may typically define the
constant fiber orientation in * and compute the result of its transformation from . From the local
fiber orientation we can reconstruct any two orthogonal directions and define a local isotropic transverse
constitutive law using . In Section || we present numerical results using this computational strategy
to model curved stratified composites. A similar configuration is when a constant unitary vector, say v, is
defined in the reference macro-element M. We can retrieve, within each macro element, its local deformation
from _

_ =zhit Vi=1.---.N (24)

R

This can typically be used to compute splitting directions of PML systems of the form of . Operating
in this fashion, we encompass in the same framework curved and straight PML domains with an automatic
and lightweight definition of the local directions.

Low memory footprint, parallel operations on standard CPU and automatic reconstruction of relevant
modeling components form the main benefits of our approach that enable us to address our primary goals
(G1)| and These advantages can be significant especially for 3D configurations, but they require
a “minimal” high-order hexahedral (or quadrilateral) decomposition of Q, which is known to be a major
challenge in the field of computational geometry. However, since our goal is to achieve parametric studies,
we do not intend to provide efficient numerical procedures for fully generic configurations. In most of the
practical cases we restrict ourselves to parametric geometries that can be obtained from case-dependent
meshing procedures. Readers may refer to [42, 43} [44] [45] for some examples in the context of UT modeling.

4. Coupling macro-element formulations using mortar elements

One of the challenge of our approach is to enable the communication between neighboring sub-domains.
Upon the conform interface assumption stated in Section[3.3] the difficulty essentially lies in coupling different
formulations within the same framework. To address this issue we rely on the mortar element method
[46), [47, [48] [49]). This domain decomposition method has been successfully used as a mean of incorporating
different and independent space discretizations within a global numerical scheme. A significant amount of
research, see for instance [28] 29] B0, 50, [61I], has been dedicated to the analysis and application of mortar
elements for elastodynamics and wave propagation problems. In our work, we use this method for our
specific objectives, and we show how one can minimize its computational cost by employing a lumping
technique, as the one described in Section [2.2.2

4.1. Schur complement

To start with, we recall the Schur complement method, which will be used to devise a global algorithm
for coupling macro-element formulations. We consider two vector of unknowns: € RV, referred to as
the volume unknown, and L € RM | referred to as the interface unknown. We assume that they satisfy the

following linear system Y ?
e 2()-)
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where ? and 8 are given right-hand sides. The matrices D and D%, of dimension N x N and M x M
respectively, are diagonal. The matrices B and C of dimension N x M may be referred to as transmission
(from interface to volume) matrices. The Schur complement method for solving this type of linear system
reads:

Step 1. Pre-processing. We compute an auxiliary variable ?* € RN by (trivial) inversion of the volume
matrix
X =D (26)
Step 2. Computation. Defining the Schur complement matrix
S*=D° - C™D'B, (27)
and assuming that this matrix is invertible, we solve the following linear system
- _
L =) {c-crx}. (28)
Step 3. Post-processing. The volume unknown is obtained by

X -—X*—D'BL.

Note that, in these three steps, the main issues are the invertibility of the Schur complement matrix S¢ in
, and, if it is invertible, the efficient computation of the interface unknown solution of .

4.2. Two-domain problems

To start with, we consider the case of two sub-domains, i.e. Q = M; U M,, connected at an interface
I satisfying the conform interface assumption, detailed in Section We denote by v the normal vector
field of the interface oriented from M7 to M.

4.2.1. The illustrative example of fluid-fluid coupling

We assume that both M and M support a fluid formulation , satisfied by the corresponding pressure
fields p; and py with mass densities p; and p2 and sound velocities ¢; and cy. In this case, the mortar element
method introduces a Lagrange multiplier A € W = H~2 (T), satisfying [52]

12D 1 1

—=—Vp,-v=—Vpy v, 29

ot p1J1 v p2fp2 v (29)
and weakly imposes the continuity condition on p; and p, at the interface. We define, for ¢ = 1,2, the space
V; = H'(M;), and the product space X = Vi x Vo x W. The weak formulation of the coupling scheme aims
at finding the solution (p1,p2, A\) € X for a time ¢ > 0 such that, for any (p], p5, \*) € X, we have

d? ) ood [

@m1(p1,p1)+k1(p1,p1)—&/Apldrzo,
T

d? \ Lo d )

@m2(p27p2) + k2(]927]92) + & )\p2 dl' =0, (30)
I

4 (p1 — )A*dr+sd—2 AN dl =0

dt Fpl p2 dt2 r - Y

In , we have assumed free-surface boundary conditions on the remaining faces of the macro-elements.
Also, m;(-,-) and k;(-,-) are the bilinear forms defined as in , with corresponding material properties p;
and ¢;. Note that, in this formulation, we have introduced in the weak continuity constraint a penalization
term proportional to a (small) positive constant coefficient ¢ > 0 and the second time-derivative of the
Lagrange multiplier. This specific choice of the penalization term is justified in where we
consider the fully discrete energy norm of the coupling system.
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We define V}, ; C V; the finite element approximation spaces, detailed in Section and we denote

by {: 1}§V=’“1" the associated basis functions. The approximation space of W is defined by taking the trace
space of V3, 1 onto the interface, namely

Wh = Vh11|p, Wh = Span {/L]}évihl, Mh = dlm(Wh) (31)

As a consequence there is a trivial mapping between the basis function of W}, and the basis functions of
Vh,1. Upon the conform interface assumption, this trivial mapping extends to basis functions of V}, 2, and,
using the “interface-to-volume” mapping , we have

pr = p1yimle =@avzple, VI=1,--- M.

In the context of the mortar element method, our choice of discrete space for the Lagrange multipliers is
non-standard and usually prohibited, since it may lead, in general configurations, to an unsatisfied discrete
inf-sup condition [53], [54]. Tt is for this particular reason that the penalization term was introduced in ,
in order to retrieve the stability of the discrete coupling scheme.

Applying a second order time-scheme, such as the one presented in @D, and a centered scheme for the
coupling terms lead to the following fully-discrete coupling scheme

Ml{?n+l 2ﬁn + ?n 1} + Klﬁn QAtcl{ An+1 K)nfl} _ 0,

A2
AtQMQ{ﬁnH Qﬁn ?n 1}+K2?n 2Atc2{An+1 anl} —0, (32)
P - Brol) - Ll Pt - Brl) 4+ M { AT 2K + K1) =0

In , M; and K; are the mass and stiffness matrices assoc1ated to each formulation, {? ti>o are the

ﬁnlte element unknowns expressed on each volume, and {A }i>o are the discrete Lagrange multipliers. The
interface mass matrix Mir € My, a, (R) is defined by

(MF)IJ:/u]quF, VI,JZI,---,Mh. (33)
r

From the choice of the discrete space for the Lagrange multipliers, we have

(MF)IJZ/F(%,V;(MF) (p1v1(plr)dl

where VL(+) is the “interface-to-volume” index mapping defined in (21)). Hence, applying the same consistent
mass lumping technique as for the volume mass matrix, presented in Section [2.2.2] we obtain a diagonal
interface mass matrix. The transmission matrices C; € My, , um, (R) are expressed as

©),, = / (it )psdly VI =1, Nps, W =1, My, (34)
r
and, using the matrix representation of the “interface-to-volume” index mappings , can be expressed as

C; = Vi M. (35)

Remark 1. In|Appendiz A, we detail the arguments prooving that, in order for the discrete system (32)) to
be stable, the timestep must respect the CFL condition

At < min 2 , 2 . (36)

VMK /(0 'K

In other words, the introduction of the Lagrange multipliers does not modify the stability condition on the
timestep deriving from both sub-domains, which is a major asset of this domain decomposition method.
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The discrete scheme can be expressed as

M, 7%(:1 ﬁ?“ ??m_l
M,  Alc, | | Pot| = | Font ], (37)
%CI —%C; €M[‘ K)n-‘rl 871@—1

where the right-hand sides are

{ 7?*”*1 — ALK PT 4 Mi{Z?f - 1_5?—1} + %QX’H, Vi=1,2,

e (38)
Grnt = ACTP ! — I By} 42 {2K" - K1Y,
System is a specific case of system with unknowns
Pt —
_ _ n+1
3 (?;m), 7R,
2
and matrices A
M, t(—C
D= Df =M B=— C=-B.
( M2> ) eMr, 2 ( (CQ ) ’
Hence, the Schur complement matrix reads
5 = emy + 28 > CIM;'Ci. (39)
4 1 1

i=1,2

Since the interface mass matrix and the volume mass matrices are diagonal, using the decomposition
of the transmission matrices, and remarking that (V%)T (Vf) is the identity matrix, one can verify that the
Schur complement matrix is diagonal,

2 M) >
(SE)Ilzg(MF)11+ATt Z %a VIi=1,---, Mp. (40)
i=1,2 (Mi)v;;(f)v;;(z)

This lumped Schur complement matrix is invertible for ¢ > 0, and its memory footprint is very limited.
Hence, the coupling procedures represent little computational overheads.

4.2.2. The case of fluid-solid coupling

We now consider the case were M; supports a fluid formulation , and M> a solid formulation . We
introduce two Lagrange multipliers A\, and Ag, used to solve the normal velocity constraint and the normal
stress constraint respectively,

(“)g2
E ‘v,

Ay =0 v = Asl=—p1v =g, -1,
where v, is the velocity associated to the fluid acoustic pressure in Mj. The first relation can be written in
terms of the pressure unknown since

o, Oy 1
o ot v = Ezpl v.

Defining V; = HY (M), Vo = [H*(M>)]4, W = H~2(I) and the product space X = Vi x Vo x W x W, the weak
formulation of the coupling scheme, satisfied by the solution (pl,g27 Av, As) € X for any (p’{,y;, A5 Q) € X,
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reads

d2 * * d *

2 (P P1) + k(P ph) + o / Aypy dl’ =0,
T

d2

@mz(%,y;‘) + ka(y,, ¥5) + /F As(yy -v)dl =0,

8%2 *

/()\S +p)ATdT = 0.
T

In (1)), ma(-,-) and ks(-,-) are the bilinear forms defined in (6). Compared to (30), no penalization term is
needed since the normal velocity and normal stress weak continuity relations directly involve coercive terms
w.r.t. the Lagrange multipliers.

We define the discrete space W}, as in . Using an order two centered time scheme for the comple-
mentary terms appearing in , we obtain the following fully discrete scheme

LM P 2P + P 4K Pl 4 oG { R - A =,
ML (Y 2V 4 VI 1 KoYy 4 LG, (AT 4 A7) =0,
IMe{ X5 + K5} - s CL Y3 - Vi) =0,

%MF{X)Z—H + XZL} + %(C{{?’f“ + 3?} = 0.

In (42), the matrices Mr and C; are defined in and and respectively. The matrix Cy, €
M, 5.0, (R) is defined as

(42)

(CQ,Z)U:/F(&J-Z)MdF, VI=1,--,Npa2, VJ=1,--- M,

where {fz I}?’:hf are the (vectorial) basis functions generating V3 2. Using similar energy arguments as in

Appendix A| one can prove that the CFL condition on the timestep, for the discrete system to be

stable, is the lowest CFL condition of the two sub-domains computed independently. The numerical scheme
(42) is equivalent to

At n+1 n,n—1
M, ey P Vils
At n+1 n,n—1
MZ P} CQ,K ZQ — ?2 (43)
_ﬁcgu MF An+1 8n n—1 1|’
> v v
(CI MF K)n-&-l n
s s

where the right-hand sides related to the volume unknowns are expressed as
_ -
Bl = CARK, BY 4+ M {2B7 — B} 4 ALe R
_ —-
Fpml o CAPK YT + Mp {2V — Y1) — A, K7,
while the right-hand sides associated to the discrete Lagrange multipliers are
_ _ —
{8;}’” Lo _LCl Yr - MpAT,
_>
Gn = _CIP? —MpA™.
System is a specific case of system with unknowns
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The diagonal and extra-diagonal block matrices are

M, . Mp 5ty o]
D: ]D) = B: 2 = .
() 7= (" ) 2= (7 se) o= (e

The Schur complement matrix S° of dimension 2M;, x 2M), reads

5= (Lt FOINC)
= . B )
—-5tCIM; Gy Mr

By re-numbering the unknown vector f in the following way

— =, -, =, = T
L = ((AU+1)13 (As+1)1) T 7(A'U+1)Mh, (As+1)M}L) b

and applying the same operation in the Schur complement matrix, we observe that S¢ is block diagonal with
each block defined as

(MF) ELF);
11

, 2 (MZ)vg(f)vg(I) . (44)
,H% (Mr)

2 (Ml)V%(I)V%(I) " I=1,- M,

Note that, to obtain 7 we used the fact that the interface mass matrix is diagonal and the expression
of the transmission matrices. The determinant of each block is strictly positive, thus the computation
step is well-posed. In practice, we store the inverse of each 2 x 2 block in an initializing step, and we
apply each inverse in parallel in order to solve at each timestep, thus limiting the cost overhead of the
coupling procedures.

4.2.8. Coupling with PML formulations
Coupling with PML formulations can be handled in the same way. To illustrate this case, we suppose
that M7 holds an acoustic formulation and M; an acoustic PML formulation such as the one given in @
We introduce the Lagrange multiplier
A=v V=105 V.

The first relation can be expressed in terms of pressure variables as in (4.2.2]). Assuming that

Jke{l,---,d} st s, =vr, (45)

where {s,;}¢_, is the set of splitting directions in (7)), then we can express the second relation in the equivalent
form
A= (s, ®s4)vg - v

Note that the assumption is satisfied in most practical cases. Using the relevant Green formula in both
systems we can introduce the Lagrange multiplier in both weak forms and retrieve the expression provided
in [35]. After time and space discretization, we obtain the following Schur complement matrix

At
2

At

SF =M =
M + 2 + T At

CIM;'Cy + CIM;'Cy,
where {7;}¢_, are the (constant) absorption coefficients in each splitting direction. Readers can refer to [35)]
for the details of the numerical scheme, not recalled here for the sake of conciseness. Note that, as for the

previous case (40)), we obtain, in the conform case, a lumped Schur complement matrix.
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4.8. N-domain problems

So far we have considered two-domain problems exclusively and we have shown how, by using the
natural trace of the volume discrete space, we can obtain lumped Schur complement matrices leading to very
efficient coupling between sub-domains. Traditionally, this specific choice of discrete space for the Lagrange
multipliers is prohibited since it may entail ill-posed Schur complement matrices, even in the conform case.
To circumvent this difficulty, numerous possibilities of adequate discrete spaces for the multipliers have been
proposed, e.g. see [29, [30] 47, 48]. In our work, we rely on an alternate method based upon a penalization
strategy, suggested in [54]. This enables us to recover the invertibility of the Schur complement matrices,
while keeping the computational performances of lumped matrices.

4.8.1. Canonical example of an ill-posed lumped Schur complement matriz

e
1
1
¥, 8 ! AT

M, <—E v, PA7 83
|
:

Vpt T
g - ——————r b
La™ v}

*
:
1
1

M,y vl My
|
1
¢ 1—1(1

Figure 2: Illustration of the canonical example including a cross-point at the intersection of four interfaces.

To illustrate the loss of invertibility of the Schur complement matrix, we consider a canonical example
of four sub-domains put together in a square-shape fashion, as depicted in Figure [2| In this example, the
computational domain is composed of four macro-elements { M7, Ma, M3, M,} and four conform interfaces
{Te, T4, T, Tq}. We denote by a = {a,b,c,d} a generic interface index and by i,j € {1,2,3,4} two sub-
domain indexes. To each interface I',, we associate a normal vector field v, oriented as depicted in Figure
Bl We assume that each sub-domain bears an acoustic formulation with identical mass densities and sound
velocities. The Lagrange multiplier associated to each interface is defined as in . Additionally, we assume
that the macro-elements are of the same size and that their corresponding meshes have the same number of
elements and the same (isotropic) order of approximation. Similarly to 7 we can write in this context a
system of the form of . The volume and interfaces unknowns are

X = (Brtt. Bot)T, T = (Artl. AnHhT,

The matrix D is the concatenation of four identical diagonal mass matrices M, and D¢ is the concatenation
of four identical interface penalization matrices eMr. We denote by W}, ., the discrete space for the Lagrange
multipliers associated to the interface I'y,, such that

M o .
Wha = span{fia,r} ;-1 Mhpo = dim(Wp, o).

The transmission matrices are

_(Cla (Cld
g (C2a _CQb

2 Cap  —Csc » € ’ (46)
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where Vi = 1,--- ,4 and Vo € {a,b,¢,d}

VI=1,--,Npi, V=1, Mpa (Cia),, :/ (@i,1]r) tra, s dT.

o

Note that in the sign of the block matrices can be directly deduced from the chosen orientation of
the normal at each interface. The Schur complement matrix appearing in the computation step is
symmetric and reads

L [Si2a —CLM3'Cy . ~CLMCu
S¢ = D° + Ait : 82375 _Cngg C3C 1 ,
4 . Saa,c —CI M, "Cyq
. . S14,a

where we denote by (-) the non-zero extra-diagonal blocks deduced from symmetry, and by S, ;; the diagonal
blocks such that

Sija = CLLM; 'Ciq + CI,M; 'Cjo, Vi=1,---,4, Vae€{ab,cd} (47)

For a fixed i = 1,--- ,4 and (a, B) € {a,b,c,d}? such that a # 3, blocks of the form (CiTaMZI(CiB represent
the interactions between the Lagrange multipliers associated to the interfaces I',, and I'g through the macro-
element M;. Hence, from the decomposition , one can see that these extra-diagonal blocks have only
one non-zero value at the cross-point. Assuming an identical numbering of the interfaces going from the
cross-point to the free extremity, we denote by

IX=1

e ’

IS =[2; My o], Vac€{a,b,cd},

the index of the node concerned with the cross-point and the rest of interface indexes in I',, respectively.
Following this notation, we propose the renumbering of the interface unknown

L= ({Txyis, (Tai) (48)

a=a

so that the Schur complement matrix takes the form of

SX
S a) |I°
At? (S12.) 12
S =DF + o (Sas,) 1 ;
(Ssa,e)lze
(S1a.a)lre
where S* is the 4 x 4 cross-point matrix expressed as
(S12a)lz  —(CIM3 ' Cap) I ~(CLM; ' Cua)l Iy
. (Sa3,p)|px - (Cngs_l(C%) |
SX _ ’ b b ¢ _ 49
. (Saa.e)lpx —(CL My 'Cua) Iy ()
. (S14,4) |1§

The expression of each extra-diagonal value of this cross-point matrix is

(Mr.,) ;x 1 (MFa)zg 1

(Mi)wus WEIX)

(CLM; "Cig) | px = , Vi=1, 4 V(o f) €{abed?, a#p.
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In the specific case of our canonical example, the mass and interface mass matrices are identical. We denote
by m* and mj their corresponding values at the cross-point index. After factorization, the cross-point
matrix takes the simpler form of

and has a non-empty kernel generated by the constant vectors
Ker(S*) =span{(1 1 11)"}. (50)

Thus, we can see the necessity of the penalization strategy since the Schur complement matrix S¢ is ill-posed
for ¢ = 0. It should be noted that the simple form of the kernel of the cross-point matrix is linked to
the specific parameters of our canonical configuration. In more generic cases, we expect this kernel to vary
depending on the discretization patterns and the material properties of the macro-elements.

4.8.2. Schur complement matriz for N-domain problems

We consider a specific data-structure, referred to as the “skeleton” of the macro-mesh, regrouping the
information of the incident faces (or edges) at every cross points, and the incident macro-elements at every
interfaces. Using this “skeleton”, we can assemble the set of cross-point matrices, denoted by {S* }iV:Xl, where
Ny is the number of cross-points in the macro-mesh. If d = 2, the cross-points are restricted to points with
multiple incident edges, while, if d = 3, the cross-points are spread across edges with multiple incident faces.
The form of the cross-point matrices is similar to with dimensions equal to the number of incident faces
(or edges). We also assemble the Schur complement matrices set on the interior nodes. Let A be the set
of interface indexes, such that for any o € A, the interface I'y is shared by two macro-elements M;(,) and
Mj(«)- These interior Schur complement matrices are denoted by {S;?(a)j (a),a}ae A, with expressions deduced
from . Finally, generalizing the previous renumbering , we can express the Schur complement matrix
for N-domain problems in the general form of

5 _ <{Sﬁ B ) |
{Sia)ia)ataca

In practice, the interior Schur matrices are diagonal and every cross-point matrices are independent matrices
of reasonable size so that we can compute and store their inverse in an initializing step. Applying their inverse
at every timesteps is performed in parallel, leading to a limited cost overhead.

Remark 2. The penalization procedure is a compromise between stability and consistency. In order to limit
spurious consistency errors, we set € = O(At®) which is below the consistency errors of the numerical time
schemes used for the time-discretization of the various formulations. Additionally, since only the cross-point
matrices are ill-posed, we use an “inhomogeneous” penalization parameter set to zero at the interior nodes
of the interfaces.

5. Numerical simulation of immersed curved CFRP in 3D

As a numerical illustration, we propose to model the UT of a 4 mm thick immersed stratified composite
material. The specimen is composed of 16 isotropic transverse plies of 235 um thickness. The anisotropy
direction of the plies, representing the fiber orientation, change from f, = (100)7 to foo = (010)T
successively from one ply to another. Between each ply and on the top face of the structure we consider thin
intermediate epoxy layers of 15 pum represented as isotropic materials. Overall, the stratification is made of
32 layers. Using Voigt notation to represent the constitutive law C* in , the material properties associated
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Density (g - cm™3) Constitutive law coefficients (G Pa)
Cin Oy (O3 Cip Cig Oy Cy Cs Cgs

Ply 1.6 1432 158 158 75 75 82 38 7 7
Epoxy 1.23 7.6 76 76 44 44 44 16 16 1.6

Table 1: Material properties of the ply and epoxy layers.

to each ply and epoxy layers are presented in Table [l The surrounding fluid is water with a mass density
of py = 1.0 g- em ™3 and a sound velocity of ¢, = 1.483 mm - us~—'.

We assume that the structure is subject to a cylindrical deformation with respect to the y-axis with a
curvature center positioned at 10 mm below the specimen. We consider an incident pressure field p'™° as a
plane wave with a spatial Gaussian window,

pre(at) = (L Y e (- iy, G1)

Cw oG

where z, = (0 0 3)T is the incident wave origin, d = (0 0 — 1)T is the direction of the propagation, the
standard deviation of the Gaussian window is set to o¢ = 1.0, and we define the excitation signal

f(t) = cos(2mF(t — to)) exp( - w(lfafto))
with F' =3 MHz, to = 0.75 pus and o5 = 0.2. In the following subsections, we use our numerical model to
compute the total field, i.e. the sum of the incident field and its interactions with the stratified specimen.
Due to the localized spatial support of the incident field, we truncate the numerical domain in the tangent
plane of the specimen so that its lengths are reduced to 6 mm in both directions. To avoid spurious
reflections, we surround the solid area with 1 mm solid PMLs. Above and below, we append two 1 mm
fluid sub-domains surrounded with additional 1 mm thick fluid PMLs. To sum up, prior to its cylindrical
deformation, the overall numerical domain has a size of 8 x 8 x 8 mm?, and the disposition of the various

formulations are depicted in Figure [3] The incident field is evaluated at the upper interface between fluid
and fluid PML sub-domains.

Remark 3. In we show how the transmission conditions are adequately taken into account
in the mortar element method. As a result, above the entry surface in the fluid PMLs, we solve the field
equations for the diffracted field and below for the total field. In practice, this enables us to restrict the

surrounding fluid sub-domains to a limited size while avoiding spurious interferences between the incident
and total fields.

5.1. Simulation in the case of a healthy curved CFRP

To start with we consider the case of a healthy specimen without internal flaw, as presented in Figure [3]
for which we have a total of 45 macro-elements. Note that, due to the cylindrical transformation, the
constitutive law varies locally and is expressed as in . In this case the local fiber orientation of each ply
is computed using , with © being either io or igo'

In this configuration, the smallest wavelength is the one related to the fluid material, which is about
0.5 mm. Hence, in the tangent plane we perform a sub-discretization of each macro-element so that we can
insure two elements of order four per wavelength. In the thickness of the solid material, since the size of each
layer is smaller than half of the wavelength, we use a specific discretization pattern and use one element of
order three for the each ply and one element of order two for each epoxy layer. Note here the benefits of
the anisotropic orders in the finite element discretization, depicted in Section

In Table [2] we gather the various characteristics of the simulation. We differentiate the number of nodes
in the final (sub-discretized) finite element space from the number of Degrees of Freedom (DoF). The latter is
obtained by taking into account the dimension of the unknown at each node, which is 1 for fluid, 3 for solid,

19



L x

— ME edge
Hl Water Bl Water (PML)
Bl Ply [0 Ply (PML)
[ Epoxy Epoxy (PML)

Figure 3: Numerical domain for the healthy immersed curved CFRP.

3D view

oYW

yz-plane
rz-plane
t b2 0 ts 661072 ts
- -

Figure 4: Snapshots of the absolute value of the pressure field in the fluid and fluid PML sub-domains, and the norm of the dis-
placement in the solid and solid PML sub-domains. The snapshot times are {t1,t2,t3,t4,t5} = {1.11,1.66,2.22,2.77,3.14} us.
For illustration purposes the pressure field is scaled up by 10%.

o8 6 for fluid PML and 18 for solid PML sub-domains. It is important to emphasize that, even though we are
eo facing a reasonably large number of DoFs within a locally varying anisotropic context, the memory footprint
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of the overall numerical scheme is quite low (less than 1 Gbytes). Additionally, for reaching the maximal
time corresponding to the propagation of the ultrasonic beam through the structure, the computational time
is about ten minutes. These performances in both CPU time and memory load enable parametric variations
of this 3D configuration on a standard PC. The simulation was carried out on a bi-processor computer Intel
Xeon Processors E5-2687TW v2, 2 x 8 cores at 3.40 GHz.

Nb. sub-domains Nb. nodes Nb. DoF's
Fluid Fluid PML Solid Solid PML | Fluid Fluid PML Solid Solid PML
2 34 1 8 580k 1665 k 1120k 1045k 32.7M

Max. time (us) | Timestep (us) | Nb. steps | Mem. load (bytes) | CPU time (min.)
5.9 1.85-1073 2973 790 M 10.53

Table 2: Characteristics of the simulation in the case of a healthy curved stratified specimen.

(P.D)
Lol | | o
| (P.11)
Q? 0.5} | H Q? 0.5
o S
g g
=} =}
@ o
8 g oo
o o
-05
0 1 2 3 ! 5 0 1 2 3 3 5
Time (us) Time (us)
(a) Fluid pressure at point P = (0,0, 2.95). (b) Fluid pressure at point @ = (0,0, —2.95).

Figure 5: Fluid pressure at two observation points above and below the immersed curved stratified material.

We present in Figure [] the snapshots of the solution at various timesteps. In these snapshots, we
observe the propagation of the primary ultrasonic beam influenced by the anisotropy of the structure and
the generation of structural noise coming from the multiple reflections at the layer interfaces. Additionally,
we consider an observation point P = (0,0,2.95)T located above the structure, and an observation point
Q@ = (0,0,—2.95)T located below the structure, see Figure . We plot the pressure field obtained at the
observation point P in Figure We see three main contributions: (P.I) is the incident field defined in
(51); (P.IT) is the reflection of the incident field at the structure’s upper boundary; (P.II]) is the backwall
echo. The signal between (P.IT) and (P.II1) is the phenomena referred to as the structural noise. In Figure
we plot the signal at point @ and we observe a main contribution (@.I) which is the transmitted wave
that traveled through the complete structure.
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Figure 6: Representation of the numerical domain for the immersed curved CFRP with internal circular delamination of radius
r = 0.75 mm.

5.2. Illustration of a variation of the configuration with a circular delamination flaw

Starting from the configuration described in the previous section, we introduce a circular delamination
flaw located at the center of the structure. We add the necessary macro-elements so that the flaw geometry
corresponds to an interface between two macro-elements. Between these two MEs, we discard the mortar
element coupling scheme in order to incorporate the effect of the flaw in the numerical scheme. In terms
of boundary conditions, this strategy is equivalent to representing the flaw by homogeneous Neumann
boundary conditions. We show this configuration in Figure[6] In this more intricate case, the local anisotropy
orientation of each ply is computed using , with v* being either f o Or f %"

In Table [3] we regroup the characteristics of the simulations performed as a toy example of parametric
variation on the radius of the circular flaw r € {0.5,0.75,1.00,1.25,1.50,1.75} mm. For this configuration
we have 34 fluid, 98 fluid PML, 34 solid, and 32 solid PML sub-domains. Depending on the radius we adapt
the geometries of the macro-elements, hence the number of nodes varies from one simulation to another. It
should be noticed that, due to the inclusion of the flaw geometry and the conformity constraints that need
to be satisfied, the final mesh incorporates elements of different sizes. As a consequence, the timestep has
decreased compared to the healthy case, and the overall computation time has increased in order to reach
an identical maximal time of 5.5 us.

We present in Figure [7] the snapshots of the solution at the same timesteps than in Figure [ For this
configuration we have fixed the radius of the circular delamination flaw to » = 0.75 mm. We observe the
diffracted wave due to the presence of the flaw. This contribution is clearly seen in Figures and
where we plot the pressure field at two observations points above and below the flawed structure. The
contributions (P.I), (P.II) and (P.IV) are identical to the healthy case, and the contribution of the flaw is
clearly identified in (P.IIT) and (Q.II). The backwall echo amplitude (P.IV) is lower than in the healthy
case due to its interaction with a second transverse (and slower) flaw contribution.

In Figures [9a] and [0 we plot the pressure at the same observation points for differents values of the
delamination radius r € {0.5,0.75,1.00,1.25} mm. For readability, we restrict the plotting time window to
the flaw responses exclusively. We observe that, as the flaw size increases, the primary contribution of the
transmitted wave (P.I1I) increases and the primary contribution in the reflected wave (Q.I) decreases. Due
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r(mm) Nb. nodes Nb. DoFs
Fluid Fluid PML  Solid Solid PML
0.50 873k 2034k 1704 k 1133k 38.5M
0.75 873k 2034k 1704 k 1133k 38.5M
1.00 1292k 2439k 2523k 1119k 43.6 M
1.25 1388k 2549k 2711k 1133k 45.2M
1.50 1515k 2662 k 2957k 1119k 46.5M
1.75 1692k 2853 k 3304 k 1133k 49.1M
r(mm) | Timestep (us) | Nb. steps | Mem. load (bytes) | CPU time (min.)
0.50 4.57-1074 12032 1001 M 47
0.75 4.45-1074 11963 1017 M 48
1.00 4.78 -10~* 11503 1214 M 60
1.25 6.32-107* 8698 1266 M 48
1.50 4.99 -10~* 11021 1321 M 65
1.75 6.64-10* 8272 1410 M 52

Table 3: Characteristics of the simulations during the variation of the radius of the circular delamination flaw.

E|E
LA

6.6 1072

0 ts
| -

3D view

yz-plane

.
LA A /

xrz-plane

Figure 7: Snapshots of the solution in the presence of a circular delamination flaw with radius » = 0.75 mm. The snapshot
times are {t1,t2,t3,%4,t5} = {1.11,1.66,2.22,2.77,3.14} ps. For illustration purposes the pressure field is scaled up by 10%.

to its interaction with the backwall echo, the contribution (P.IV') does not strictly follow this tendency and
it appears that the secondary transmitted wave is only slightly modified by the variation of the flaw.

Remark 4. The approach used in this section can be extended to a class of hybrid methods. The incident
field proposed in can be computed using a potentially more sophisticated model, e.g. a ray-based asymp-
totic model. In a UT context, this strategy can be used to represent the propagation of the incident field,
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Figure 8: Fluid pressure at two observation points above and below the immersed curved stratified material with internal

circular delamination of radius » = 0.75 mm.
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Figure 9: Variation of the fluid pressure at two observation points
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(b) Fluid pressure at point @ = (0,0, —2.95).

above and below the immersed curved stratified material

without having to incorporate the complete propagation area in the numerical domain. When modeling real-
istic UT configurations, it is also required of the forward solver to represent the eletrical signal Vi captured
by the receiving piezo-electric transducer. In this context, the pioneer works [1,[2, (53, [56] express the received
electrical signal as a function of the so-called reciprocity quantity S, namely

Vr(t) = H * S(t),

vt € (0,77,
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where T s the maximal time, - % - is the convolution in time domain, and H is a convolution kernel repre-
senting the sensitivity of the transducer acquisition chain. The reciprocity quantity S reads

S = /ptot,E * (zpinc,R . ﬂ) _ pinc,R * (yptOt’E ﬂ) dF,
T

where p'°F is the total pressure field computed from the incident field generated by the emitting transducer,

and poR is a “virtually emitted” field from the receiving transducer. Note that T is a boundary surrounding
the structure, or the flaw, and in the context of UT of composite materials we generally choose the entry
surface. In practice, the numerical solver is used to compute the quantity p*®¥, as presented in the numerical
examples of this section. Hence, by appending the computation of the reciprocity signal to the finite element
computations, our approach is compatible with this type of hybrid methods. For more details and illustrations
of numerical results obtained using the development version of the CIVA software [12], readers may refer to
prior communications [42, [43, [13, [57]

6. Conclusion and perspectives

In this work we have proposed a specific numerical solver for wave propagation modeling designed for
UT configurations, and particularly suited for stratified composite materials. Our approach is focused on
addressing, in an efficient and robust manner, parametric variations of the configuration, a fundamental pre-
requisite for inversion loops or sensibility studies. To reach this objective, we have detailed a macro-element
strategy which is based upon a decomposition of the configuration of interest. Each sub-domain, or macro-
element, in this decomposition is associated to a specific wave propagation formulation, from which we derive
a discrete propagator using the spectral finite element method. Making the most of the a priori information
embedded in the scene decomposition, we are able to improve the performances of the standard finite
element operations, in terms of memory footprint and computational load. Additionally, we have shown
how we can extract from the macro-elements’ deformations important modeling components such as the
anisotropy orientations or the splitting directions of PMLs, altogether in a lightweight and efficient fashion.
The transmission conditions between each sub-domain are solved using the mortar element method, which
is sufficiently flexible to take into account, in the same formalism, the various set of formulations arising in
numerical UT modeling. In particular, we have depicted how, using the traces of the volume finite element
spaces and a penalization strategy, one can apply a lumping integration technique on the Schur complement
matrices in order to significantly reduce the cost of the coupling method, in the case of conform interfaces.
To illustrate the efficiency of this approach we have proposed a 3D configuration of a curved composite
materials, flawed with an internal circular delamination of varying radius.

A first and important perspective of this work would be to incorporate, within the macro-element strategy,
the case of non-conform interfaces. Indeed, in numerous UT configurations, the wavelength ratio may vary
strongly between different inclusions of materials. A typical example being the case of immersed specimen,
as the one proposed in the numerical experiments of this communication. In these configurations, using
the ability of the mortar element method to deal with independent sub-domain discretizations, we could
significantly improve the efficiency of the global numerical scheme. However, the main issue, in this context,
is to solve the interface linear system, which cannot be lumped, in an efficient manner. A potential lead to
address this difficulty could be to rely on the conformity of the macro-mesh and to only consider “controled”
non-conformities, where we have an a priori assumption on the refinement ratio between two adjacent
discretizations. In addition to spatial non-conformities, we could also consider the class of methods that
allows to include, within the same numerical scheme, different time-discretizations. We can mention, for
instance, the local time-stepping method [58] or the locally implicit method [59]. Another possible way to
improve the range of configurations efficiently handled by our approach could be to use the mortar element
method to “implicitly” incorporate thin layers of materials, such as the epoxy layers in the presented
numerical illustrations. We could, for instance, consider the standard spring-mass model [60] or a more
complex asymptotic propagator associated to the thin layer, such as the one proposed in [61].
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Appendix A. Stability of a discrete coupled system

Appendixz A.1. Discrete energy norm of second order schemes
To start with, we recall a standard stability result, see [36] for more details. Considering the second
order fully discrete scheme @ One can verify that the functional

E’”%:} Pt _ ?n} M{?M;t_?n}Jr;?”*lK?",

satisfies a specific conservation property. Indeed, multiplying @D by ﬁ{?"“ — ?”_1}7 we obtain

(A1)

v
At
To turn this conservation property into a stability result, we need to prove that the functional is positive for

any solution vector. While it is self-evident for the first term in (A.1), the second one needs some further
manipulations. Remarking that

BrtigPn _ {?”“2—1— Br }TK{? 1y ?"} B AitQ{?”“ Pr VK B"HAt— Br 3

leads to the expression

1 Prtl _ Pn . 2 Prtl _ Pn Prtl | Pn . Prtly Pn
= - A (T e (S e

Hence, upon the CFL condition , the functional is positive and represents a discrete energy norm.

B E"’%} =0.

Appendiz A.2. Stability of the fluid-fluid coupling system
41
We consider the case of the system . For i = 1,2, let {El *2 ti>o be the discrete energy norm of

both sub-domains, defined as in (A.1)). Multiplying each volume relation in (32)) by m{??“ ?" ,
and summing both equations yields

—
1 n+% nfé ?n +1 ?n 1 -|- n-l—l_ An
)t PR i) B £ Mt £ Y

i=1,2
?n —+1 ?n 1 An+1 An

HE et s <o

Using the discrete form of the continuity relation in , we obtain

]. n+l n 1
DD AR ) BT i

i=1,2

An+1 _ 2K>n _ Xn—l

An+1 An
p (A2 AT

Introducing the positive functional

r 2 At
we finally get the following conservation property for the coupling system

1 n 1 nfl n nfl
> BT BT B g 2} —0. (A.2)

i=1,2

1 n+1 —> n+1 n
n+5 A A A
E. 2 7} Mp{ ———

)

Therefore, assuming that the timestep satisfies the inequality , we can interpret the relation (A.2)) as a
stability result, valid for any € > 0.
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Appendix B. Diffracted field - total field coupling system

In some cases, it is important to be able to introduce in the numerical domain an externally computed
incident field. As detailed in Remark [4] a typical example is the case of hybrid coupling, where the global
incident field p'™® is computed using a ray-based asymptotic model, and the total field is obtained in a specific
area using a numerical solver. In practice, the mortar element method provides us with a convenient way
to solve this transmission problem. To give an illustration, let us consider a two-domain acoustic problem
such as the one presented in Section [4.2.1] For simplicity, we assume that p; = ps = p and ¢; = ¢ = ¢. The
second domain bears a total field formulation, the incident field is introduced at the interface between the
two sub-domains, and the first domain is written in terms of diffracted field. The main step is to write the
relations in terms of total fluxes

ox  1_ g . 1 ; 1_
N *Yp(lhﬁ v+ Fine _ 7yp§0t ‘v, with 7in¢ — 7yp1nc ‘v,
ot p p2 p

and the weak continuity relation in in terms of total traces

i (pdiff —ptOt))\*dF + gd72 / A\Ndl = —i pinc)\*dr
dt T 1 2 dt2 T dt r .
inc7 inc)

Hence, provided that the outside model is able to compute the input data (p
them adequately as right hand sides in the coupled system .

T¢), we can incorporate

Acknowledgements

This work is part of the INNOFAB project lead within the Usine Aéronautique du Futur program,
funded by the PIA2. Authors would like to thank Dr. Sébastien Imperiale of MEDISIM project-team at
Inria Paris-Saclay for the useful insights on the penalized form of the mortar element method.

References

[1] L. Schmerr, J.-S. Song, Ultrasonic nondestructive evaluation systems, Springer, 2007.
[2] J. Schmerr, W. Lester, Fundamentals of ultrasonic nondestructive evaluation: a modeling approach, Springer Science &
Business Media, 2013.
[3] P. Calmon, Trends and stakes of NDT simulation, J. Nondestructive Eval. 31 (4) (2012) 339-341.
[4] C. Holmes, B. W. Drinkwater, P. D. Wilcox, Post-processing of the full matrix of ultrasonic transmit-receive array data
for non-destructive evaluation, NDT & E International 38 (8) (2005) 701-711.
[5] A. J. Hunter, B. W. Drinkwater, P. D. Wilcox, The wavenumber algorithm for full-matrix imaging using an ultrasonic
array, IEEE Trans. Ultrason. Eng. 55 (11) (2008) 2450-2462.
[6] N. Portzgen, D. Gisolf, G. Blacquiere, Inverse wave field extrapolation: a different NDI approach to imaging defects, IEEE
Trans. Ultrason. Eng. 54 (1) (2007) 118-127.
[7] R.R. Smith, J. T. Hunt, D. Barach, Finite element analysis of acoustically radiating structures with applications to sonar
transducers, J. Acoust. Soc. Am. 54 (5) (1973) 1277-1288.
[8] P. Challande, Optimizing ultrasonic transducers based on piezoelectric composites using a finite-element method, IEEE
Trans. Ultrason. Eng. 37 (3) (1990) 135-140.
[9] N. Guo, P. Cawley, D. Hitchings, The finite element analysis of the vibration characteristics of piezoelectric discs, J. Sound
Vib. 159 (1) (1992) 115-138.
[10] R. B. Thompson, Using physical models of the testing process in the determination of probability of detection, Mater.
Eval. 59 (7) (2001) 861-865.
[11] F. Jenson, E. Iakovleva, N. Dominguez, Simulation supported POD: methodology and HFET validation case, in: AIP
Conference Proceedings, Vol. 1335, AIP, 2011, pp. 1573-1580.
[12] http://www.extende.com/civa-in-a-few-words.
[13] J. B. Keller, R. M. Lewis, Asymptotic methods for partial differential equations: the reduced wave equation and Maxwell’s
equations, in: Surveys in applied mathematics, Springer, 1995, pp. 1-82.
[14] L. Ryzhik, G. Papanicolaou, J. B. Keller, Transport equations for elastic and other waves in random media, Wave motion
24 (4) (1996) 327-370.
[15] J. A. Ogilvy, An iterative ray tracing model for ultrasonic nondestructive testing, NDT & E International 25 (1) (1992)
3-10.

27



778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842

[16]
[17]
18]
[19]

[20]
(21]

[22]
23]

24]
[25]

[26]
27]

(28]
29]
(30]

(31]
(32]

(33]
(34]
(35]
(36]
37)
(38]
(39]
[40]

[41]

42]

(43]

[44]

[45]

[46]
[47)
(48]

[49]

N. Gengembre, A. Lhémery, Pencil method in elastodynamics: application to ultrasonic field computation, Ultrasonics
38 (1) (2000) 495-499.

C. Chapman, Fundamentals of seismic wave propagation, Cambridge university press, 2004.

V. Cerveny, Seismic ray theory, Cambridge university press, 2005.

D. Komatitsch, J.-P. Vilotte, The spectral element method: an efficient tool to simulate the seismic response of 2D and
3D geological structures, Bull. Seismol. Soc. Am. 88 (2) (1998) 368-392.

G. Cohen, Higher-Order Numerical Methods for Transient Wave Equations, Scientific computation, Springer, 2002.

P. Moczo, J. O. A. Robertsson, L. Eisner, The finite-difference time-domain method for modeling of seismic wave propa-
gation, Adv. Geophys. 48 (2007) 421-516.

D. E. Beskos, Boundary element methods in dynamic analysis, Appl. Mech. Rev. 40 (1) (1987) 1-23.

D. Komatitsch, D. Michéa, G. Erlebacher, Porting a high-order finite-element earthquake modeling application to NVIDIA
graphics cards using CUDA, J. Parallel Distrib. Comput. 69 (5) (2009) 451-460.

D. Komatitsch, G. Erlebacher, D. Goddeke, D. Michéa, High-order finite-element seismic wave propagation modeling with
MPI on a large GPU cluster, J. Comput. Phys. 229 (20) (2010) 7692-7714.

D. Michéa, D. Komatitsch, Accelerating a three-dimensional finite-difference wave propagation code using GPU graphics
cards, Geophys. J. Int. 182 (1) (2010) 389-402.

P. Huthwaite, Accelerated finite element elastodynamic simulations using the GPU, J. Comput. Phys. 257 (2014) 687-707.
A. T. Patera, A spectral element method for fluid dynamics: Laminar flow in a channel expansion, J. Comput. Phys.
54 (3) (1984) 468-488.

M. Azalez, F. Ben Belgacem, H. El Fekih, M. Ismail, Numerical simulation of the wave equation with discontinuous
coefficients by nonconforming finite elements, Numer. Methods Partial Differential Eq. 15 (6) (1999) 637-656.

F. Casadei, E. Gabellini, G. Fotia, F. Maggio, A. Quarteroni, A mortar spectral/finite element method for complex 2D
and 3D elastodynamic problems, Comput. Methods in Appl. Mech. Eng. 191 (45) (2002) 5119-5148.

P. Hauret, P. Le Tallec, A discontinuous stabilized mortar method for general 3D elastic problems, Comput. Methods in
Appl. Mech. Eng. 196 (49-52) (2007) 4881-4900.

P. G. Ciarlet, The Finite Element Method for Elliptic Problems, STAM, 2002.

P. Joly, Numerical Methods for Elastic Wave Propagation, in: Waves in Nonlinear Pre-Stressed Materials, no. 495 in
CISM Courses and Lectures, Springer Vienna, 2007, pp. 181-281.

E. Bécache, S. Fauqueux, P. Joly, Stability of perfectly matched layers, group velocities and anisotropic waves, J. Comput.
Phys. 188 (2) (2003) 399-433.

P. Joly, An elementary introduction to the construction and the analysis of perfectly matched layers for time domain wave
propagation, SeMA Journal 57 (1) (2012) 5-48.

E. Demaldent, S. Imperiale, Perfectly matched transmission problem with absorbing layers : application to anisotropic
acoustics in convex polygonal domains, Int. J. Numer. Methods Eng. 96 (11) (2013) 689-711.

P. Joly, Variational Methods for Time-Dependent Wave Propagation Problems, in: Topics in Computational Wave Prop-
agation, no. 31 in Notes Comput. Sci. Eng., Springer Berlin Heidelberg, 2003, pp. 201-264.

Y. Maday, A. T. Patera, Spectral element methods for the incompressible Navier-Stokes equations, in: State-of-the-art
surveys on computational mechanics, 1989, pp. 71-143.

M. Ainsworth, H. Wajid, Dispersive and Dissipative Behavior of the Spectral Element Method, STAM J. Numer. Anal.
47 (5) (2009) 3910-3937.

M. Durufle, P. Grob, P. Joly, Influence of Gauss and Gauss-Lobatto quadrature rules on the accuracy of a quadrilateral
finite element method in the time domain, Numer. Methods Partial Differential Eq. 25 (3) (2009) 526-551.

G. Cohen, P. Joly, N. Tordjman, Higher-order finite elements with mass-lumping for the 1D wave equation, Finite Elem.
Anal. Des. 16 (3) (1994) 329-336.

C. Carrascal-Manzanares, A. Imperiale, G. Rougeron, V. Bergeaud, L. Lacassagne, A Fast Implementation of a Spectral
Finite Elements Method on CPU and GPU Applied to Ultrasound Propagation, in: Advances in Parallel Computing,
2018, pp. 339-348.

A. Imperiale, S. Chatillon, P. Calmon, N. Leymarie, S. Imperiale, E. Demaldent, UT Simulation of Embedded Parametric
Defects Using a Hybrid Model Based Upon Spectral Finite Element and Domain Decomposition Methods, in: WCNDT
Conference Proceedings, 2016.

A. Imperiale, S. Chatillon, M. Darmon, N. Leymarie, E. Demaldent, UT simulation using a fully automated 3d hybrid
model: Application to planar backwall breaking defects inspection, in: AIP Conference Proceedings, Vol. 1949, 2018, p.
050004.

O. Mesnil, A. Imperiale, E. Demaldent, V. Baronian, B. Chapuis, Simulation tools for guided wave based structural health
monitoring, in: AIP Conference Proceedings, Vol. 1949, 2018, p. 050001.

K. Jezzine, A. Imperiale, E. Demaldent, F. Le Bourdais, P. Calmon, N. Dominguez, Modeling approaches for the simu-
lation of ultrasonic inspections of anisotropic composite structures in the CIVA software platform, in: AIP Conference
Proceedings, Vol. 1949, 2018, p. 130003.

F. Ben Belgacem, Y. Maday, The mortar element method for three dimensional finite elements, ESAIM: M2AN 31 (2)
(1997) 289-302.

F. Ben Belgacem, The Mortar finite element method with Lagrange multipliers, Numerische Mathematik 84 (2) (1999)
173-197.

B. I. Wohlmuth, A mortar finite element method using dual spaces for the Lagrange multiplier, SIAM J. Numer. Anal.
38 (3) (2000) 989-1012.

C. Bernardi, Y. Maday, F. Rapetti, Basics and some applications of the mortar element method, GAMM-Mitteilungen

28



843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866

(50]
[51]
[52]
[53]

[54]
[55]

[56]
[57)
58]
[59]
[60]

[61]

28 (2) (2005) 97-123.

A. Bamberger, R. Glowinski, Q. H. Tran, A domain decomposition method for the acoustic wave equation with discon-
tinuous coefficients and grid change, STAM J. Numer. Anal. 34 (2) (1997) 603-639.

P. F. Antonietti, I. Mazzieri, A. Quarteroni, F. Rapetti, Non-conforming high order approximations of the elastodynamics
equation, Computer Methods in Applied Mechanics and Engineering 209-212 (2012) 212-238.

P.-A. Raviart, J. M. Thomas, Primal hybrid finite element methods for 2nd order elliptic equations, Math. Comput.
31 (138) (1977) 391-413.

F. Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from Lagrangian multipliers,
Rev. fr. autom. inform. rech. opér. , Anal. numér. 8 (R2) (1974) 129-151.

F. Brezzi, M. Fortin, Mixed and hybrid finite element methods, Vol. 15, Springer Science & Business Media, 2012.

G. S. Kino, The application of reciprocity theory to scattering of acoustic waves by flaws, J. Appl. Phys. 49 (6) (1978)
3190-3199.

B. A. Auld, General electromechanical reciprocity relations applied to the calculation of elastic wave scattering coefficients,
Wave Motion 1 (1) (1979) 3-10.

A. Imperiale, N. Leymarie, T. Fortuna, E. Demaldent, Coupling strategies between asymptotic and numerical models with
application to ultrasonic non-destructive testing of surface flaws, J. Comput. Acoust.doi:10.1142/S2591728518500524.
F. Collino, T. Fouquet, P. Joly, A Conservative Space-time Mesh Refinement Method for the 1-D Wave Equation. Part
II: Analysis, Numerische Mathematik 95 (2) (2003) 223-251.

J. Chabassier, S. Imperiale, Fourth-order energy-preserving locally implicit time discretization for linear wave equations,
Int. J. Numer. Methods Eng. 106 (8) (2016) 593-622.

B. Lombard, J. Piraux, How to incorporate the spring-mass conditions in finite-difference schemes, SIAM J. Sci. Comput.
24 (4) (2003) 1379-1407.

M. Bonnet, A. Burel, M. Duruflé, P. Joly, Effective transmission conditions for thin-layer transmission problems in
elastodynamics. The case of a planar layer model, ESAIM: M2AN 50 (1) (2016) 43-75.

29


http://dx.doi.org/10.1142/S2591728518500524

	Introduction
	Discrete propagators based upon spectral finite elements
	Fluid, solid and PML formulations
	Generalities on spectral finite elements
	Fully discrete scheme
	Spectral finite elements and mass lumping
	Local stiffness operations


	A macro-element strategy
	Primary division of the computational domain
	Sub-division of the macro-elements
	Assumption of conform interfaces
	Benefits of the macro-element strategy

	Coupling macro-element formulations using mortar elements
	Schur complement
	Two-domain problems
	The illustrative example of fluid-fluid coupling
	The case of fluid-solid coupling
	Coupling with PML formulations

	N-domain problems
	Canonical example of an ill-posed lumped Schur complement matrix
	Schur complement matrix for N-domain problems


	Numerical simulation of immersed curved CFRP in 3D
	Simulation in the case of a healthy curved CFRP
	Illustration of a variation of the configuration with a circular delamination flaw

	Conclusion and perspectives
	Stability of a discrete coupled system
	Discrete energy norm of second order schemes
	Stability of the fluid-fluid coupling system

	Diffracted field - total field coupling system

