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We review all symmetry-allowed spin-singlet and spin-triplet superconducting order parameters in graphene
(s-wave, d-wave, p-wave, and f-wave) generated by generic on-site, nearest-neighbor, and next-nearest-neighbor
pairing interactions in a tight-binding model. For each pairing channel, we calculate both the band structure
and the dependence of the density of states on energy, chemical potential, and pairing strength. In particular,
we distinguish between nodal superconducting states and fully gapped states and study the dependence of gap
closing points on the chemical potential and the superconducting pairing strength. We further investigate the
difference between mono-, bi-, and trilayer ABC and ABA graphene, including accounting for the effects of

trigonal warping.

DOI: 10.1103/PhysRevB.108.134514

I. INTRODUCTION

The possibility to achieve experimentally isolated
graphene layers [1] has kindled widespread interest in making
graphene superconducting. Despite giving rise to exotic
transport properties [2], the presence of Dirac cones impedes
intrinsic superconductivity in undoped monolayer graphene
due to the unavailability of electrons for pairing. However,
several theoretical studies have shown that when the Fermi
surface is far away from the Dirac point, up to and beyond
the Van Hove singularity (VHS) where the density of states
(DOS) diverges, monolayer graphene can host unconventional
superconducting (SC) states, with symmetries ranging from s
wave and d wave to p wave and f wave [3—15]. Recent studies
have shown that doping graphene to such large levels around
the VHS is possible [16,17]. Another possible direction to
obtain superconductivity in graphene that received a lot of
attention recently is to proximitize graphene, with reports of
observing in spectroscopy experiments both conventional SC
features [18,19] as well as more unconventional ones [20-23].

On the other hand, recent experimental discoveries of
superconductivity in thombohedral or ABC-stacked trilayer
graphene [24] and in twisted graphene bilayer systems [25]
have received a lot of attention [26-57]. A vast range of
theoretical proposals have already emerged exploring the
mechanisms and symmetries of the SC state in these all-
carbon systems [43], including the SC pairing mechanism
being both phonon-mediated [28,50,58—60] and electron-
interaction mediated [29,34] and various SC spin-singlet and
spin-triplet order parameters, ranging from s-wave to higher
angular momentum symmetries, from exotic chiral p + ip'-
wave to chiral d + id’-wave symmetries [33,44,47-49,51—
53,61-69]. However, at present, there exists no experimental
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definite confirmation of a specific mechanism or pairing sym-
metry, nor an emerging consensus concerning these issues.

While currently achieved critical temperatures in
graphene-based systems are only of the order of a few
Kelvin [25], they host some tantalizing similarities to the
high-temperature cuprate superconductors [70], in particular,
a similar phase diagram with multiple regions reminiscent of
strongly correlated electron physics, such as Mott insulating
[71] and strange metal behavior [72,73]. The importance
of strong electron correlations is to be expected due to the
normal state hosting low-energy flat-energy bands [74,75],
which effectively make even very small electron interactions
dominate the kinetic energy. Taken together, understanding
the underlying physics of carbon-based superconductors may
help unveil the mechanisms at the root of high-temperature SC
and thereby also eventually increase the presently accessible
SC critical temperatures, which is crucial for technological
developments.

In this paper, we focus on revealing all possible symmetry-
allowed SC order parameters [3,10,76] in a tight-binding
model, without focusing on their possible origins nor on
estimating the exact values of the critical temperature, T,
that could be reached in realistic systems. We instead use a
priori generic values for the pairing amplitudes and review
the resulting basic electronic properties, such as the band
structure and the density of states. We start for simplicity
with monolayer graphene [2], but the goal of our analysis
is to also access multilayer systems [77,78], with both ABA
and ABC stacking, particularly focusing on the latter, since it
has already been demonstrated to exhibit SC properties [24].
We claim that by comparing our results with experimental
measurements, one can identify the underlying SC order pa-
rameter in a graphitic system.

©2023 American Physical Society
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Overall, our project consists of three parts: in the present
paper we focus on calculations of the band structure and
density of states, with a particular focus on the gap closing
points in the energy spectrum, as well as on evaluating the
effects of trigonal warping present in bi- and trilayer graphene.
In the upcoming two works we will focus first on the topolog-
ical properties of the SC state in monolayer and multilayer
graphene and on the corresponding edges states [79] and,
secondly, on the impurity-induced [21,80-83] subgap states
appearing in the presence of impurities [84]. We show that the
results of these calculations depend strongly on the underlying
SC order parameter, and thus a comparison with experimental
measurements would allow us to determine the SC symmetry
as well as type of SC pairing.

By using a tight-binding formalism and modeling the SC
pairing in real space as on-site (ON), nearest-neighbor (NN),
and next-nearest-neighbor (NNN) couplings, in both the spin-
singlet and spin-triplet channels, we capture all relevant
symmetry possibilities, as classified by group theory [76].
In particular, the possible SC order parameters can be split
into spin-singlet pairing with s-wave (both a constant gap and
extended s-wave) and d-wave (dxy, d,>_,2, and d + id ) spatial
symmetry and into spin-triplet pairings with p-wave (py, py,
and p+ ip’) and f-wave spatial symmetry. We calculate the
full band structure for each pairing possibility and symmetry;
in particular, we focus on the dependence of the energy of
the lowest (positive energy) band as a function of momentum
and distinguish between nodal SC states (dy,, dy2_,2, py, and
Py), which all break the rotational symmetry of the normal
state around both the Dirac points and the Brillouin zone
center, and fully gapped states (usually ON, p+ip’,d +id’,
and f), which, in general, preserve the spatial symmetries
of the normal state. We note that such differences should be
feasible to detect using, e.g., angle-resolved photoemission
spectroscopy, which would help identify the underlying order
parameter.

As expected, the DOS for the nodal states has a linear
dependence of energy at low energies (V-shaped), while the
fully gapped states produce a U-shaped behavior. However,
both exhibit a gap-edge coherence peak in the DOS. We
analyze how the DOS evolves for each state as a function of
both the chemical potential and the SC pairing strength. In
particular, we identify the position of the gap closing points
in the parameter space. We find that the spin-triplet py, py,
and p + ip’ states are the most peculiar by exhibiting most
of these gap closing points. Among the spin-singlet states,
only the d,, state exhibits gap closing points; for this nodal
state, we denote the point at which the gap edges merge at
zero energy a gap closing point.

Finally, we find that most of the overall physical features
are preserved when moving from monolayer to multilayer
graphene. The notable difference is a doubling (for bilayer)
or tripling (for trilayer) of the number of nodal points, all
appearing in close proximity to each other in the Brillouin
zone. This also leads to an increase in the number of gap
closing points as a function of the chemical potential and
the SC pairing strength. We note that, interestingly enough,
trigonal warping has a significant effect on the number of gap
closing points and can, in fact, also greatly reduce the number
of gap closing points.
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FIG. 1. Honeycomb lattice for monolayer graphene with gf” and
gl@ corresponding to the NN and NNN vectors. Real-space SC
order parameters 30,1_2 for ON (green), NN (black), and NNN (red)
couplings are also indicated in the figure and given in vector form.

Honeycomb lattice and its bond vectors are adapted from Ref. [85].

The remainder of this paper is organized as follows. In
Sec. II, we present the tight-binding model for monolayer
graphene and all possible SC order parameters up to NNN
pairing, as well as the resulting low-energy band structure
and DOS. In Sec. III, we present the equivalent model for
multilayer graphene and the corresponding modifications to
the low-energy band structure and the gap closing points in the
DOS. We summarize our results in Sec. [V. Extra information
and more calculational details are presented in the Appen-
dices.

II. SUPERCONDUCTING MONOLAYER GRAPHENE
A. Tight-binding Hamiltonian

Graphene has a honeycomb hexagonal lattice with two
atoms per unit cell, here denoted A and B. We take the three

vectors connecting sites A to the NN sites B to be g(ll) =

0, —1), gél) = (—*/75, %) and ggl) = (*/;, %), see Fig. 1. For
simplicity, we assume here that the distance between two
carbon atoms, ay, is equal to 1. The standard noninteracting
Hamiltonian of graphene [86] involves only NN hopping and

can be written as
Hy = —t Z [a} bjy + b;aaia] —u Z[aj-gaia + b} bis],
(i, j)o ic

ey

where ¢ is the NN hopping parameter between A and B sites
and p is the chemical potential. The operators a}; (blTU) create
an electron ON i on sublattice A (B) with spin o. Unless
otherwise specified, we will consider for simplicity ¢t = 1.
Going to momentum space, we arrive at the well-established
Bloch Hamiltonian

o n
HO(k)_(ha(k) " > @

. . 3
ho(k) = —te™* <1 + 2&%%/2 cos <§kx>>, 3)
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which for u = 0 has a vanishing gap at two nonequivalent
Dirac points in the Brillouin zone, K = (3 75 0) and K’ =

-3 [, 0). Near these two Dirac points, the electrons obey
a linear dispersion relation leading to the famous Dirac cones

that control the transport properties of undoped graphene.

B. Superconducting term

We next consider an interacting term Hj, such that the
total Hamiltonian is H = Hy + H;. Here we consider generic
four-body interactions extending as far as NNN, which we can
write as [85,87]

1 «
Hi=g 3 T fufibaty @
ij.apsy
with
1
aps
Iy = 3 Y [Uijog,ofs +Jijod,04]. o)

n

Here 0 and 0", 5 € {x, y, z} are the Pauli matrices acting in
spm space, while j is constrained to be equal to i, i+ dnn or
i + (SNNN, respectlvely, for ON, NN (8NN = gl 5, 3) and NNN

use here the operators fm, Wthh correspond to either a; , or
b;, depending on whether i corresponds to an electron on
an A or B sublattice. By providing the decomposition of the
interaction terms in Eq. (5), we separate already at this level
the effective Coulomb interactions U;; from the the effective
spin-spin interactions J;;

To study superconductivity we need to carry out a mean-
field decoupling of H; into the SC Cooper channels. Following
Ref. [85], we introduce the SC order parameters or, equiva-
lently, the mean-field decoupling fields and arrive at

HY =Y [a%() + (A7) 8]

(ij).m

+Z
+ (A, gl,+22 (g%’

where the SC order parameters are given by the self-consistent
equations

glj + AZi(g?j)T + (An) gl]

+(A))gh], (©

An - Fn +(glj) (7)

with
1 o )
gl =5 2 Fialio* o up fiy. ®)
ap

In the above equations, we have an ON pairing determined by
A, as well as pairings between NNs (ij) and NNNs ((i})),
both denoted by A”.. As spin-orbit coupling is negligible in
graphene [88] (carbon atoms are light with an atomic number
of Z = 6), we can separate the treatment of spin-singlet SC,

where n = 0, so we have the interactions F?j'J“ = U;; — 3J;;,
from spin-triplet SC, where n = x, y, z and Ffj’Jr =U;; + Jij.
We use here the notation Fi"j’Jr for interactions acting in the

TABLE I. Spin-singlet SC symmetries ( = 0) for ON, NN, and
NNN pairing in the form of the A order parameter (up to an overall
amplitude A() and their spatial symmetries in reciprocal space.

Range A Symmetry
ON 1 SON
a.1,n"

NN o ]/gl)T Sext
NN ((’) ‘/;gl)r da_p
NN : ﬁ dyy
NNN Ca ok ; do_p
NNN (—|.0,12—101) d,,

SC channels, but a similar treatment can be done for F?j‘_ to
capture putative mean-field magnetic or charge-ordered states.
As we will shortly see, this model captures all reasonable
pairing symmetries, including phonon-mediated supercon-
ductivity as well as states very reminiscent of the cuprate
high-temperature superconductors [87]. More specifically, an
ON coupling necessarily implies spin-singlet superconductiv-
ity and i = j, such that A?i = Aoy is a one-component vector.
For NN pairing, we can have both spin-singlet n =0 and
spin-triplet n = x, y, z superconductivity. Here A”; has three
nonzero components, one on each NN bond, and can thus be
written compactly as a three-component vector Ay, see Fig. 1.
Similarly, for NNN we create a 6-component vector A, see
Fig. 1, but where only three components are technically in-
dependent. Because the spin-orbit coupling is negligible in
graphene, HMF does not break spin rotation symmetry. Conse-
quently, the three spin-triplet order parameters are degenerate.
Therefore, when it comes to the basic electronic properties,
such as the band structure and DOS, it is enough to focus on
only one triplet channel. In what follows, we will generally
use the n = x channel.

If we know the interaction parameters U and J we could
use Eq. (7) to calculate self-consistently all SC order parame-
ters A. But we very rarely do, and currently we have very little
notion of these interaction parameters in SC graphene sys-
tems. Instead, we concentrate in this paper on the symmetries
and overall properties of all relevant SC states. As such, we
assume a given overall amplitude Ay, for either Aon, Ay, or
52. Moreover, we know that at the critical temperature, the SC
order parameter is forced to belong to one of the irreducible
representations of the crystal symmetry group [76], in this
case the hexagonal lattice group Dg,. This means we can
readily quantify all allowed symmetries of the SC state by
using the irreducible representations of the crystal symmetry
group. Starting with ON pairing, we further can have only
spin-singlet s-wave symmetry as the pairing is fully localized
in real space, and hence uniform in momentum space. This
state belongs to the trivial irreducible representation. For NN
and NNN pairing, the possibilities include both spin-singlet
and spin-triplet states, with the lowest spatial harmonics go-
ing up to f-wave symmetry (higher harmonics induce more
nodes and will thus not be energetically favored in general).
In Table I, we summarize the allowed A and their symmetries

134514-3
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TABLE II. Spin-triplet SC symmetries (n € {x,y, z}) for ON,
NN, and NNN pairing in the form of the A order parameter (up to
an overall amplitude Ay) and their spatial symmetries in reciprocal
space.

-

Range A Symmetry
NN % by
NN O b
NNN % Sra2-32)
NNN % Dx
NNN (ERAL R by

for ON, NN, and NNN pairing for spin-singlet pairing (n = 0)
and in Table II for spin-triplet pairing (n € {x, y, z}) [10,85].
We note that the extracted symmetries are those obtained
for the intraband pairing in reciprocal space and around the
Brillouin zone center, see further Sec. I D.

C. Bogoliubov-de-Gennes Hamiltonian

To proceed, we rewrite the total Hamiltonian H = Hy +
HMF in momentum space in the compact Bogoliubov—de-
Gennes (BdG) matrix form. Writing the momentum-space
Hamiltonian in a matrix form will later allow us to diago-
nalize H and obtain the band structure. For this purpose, we
introduce the spinor

wk = {akT’ ka’ ak\l,’ bk\l,’ aik?v bikTv aT_klls bT_k‘L}T’ (9)

with ag, and bk, the usual annihilation operators, but now k
belonging to the first Brillouin zone. With this notation, we
express the total Hamiltonian:

H =" Y Hpac (k). (10)
k

Note that the dimension of the matrix associated to the BdG
Hamiltonian is doubled compared to the standard BdG Hamil-
tonian, since we take into account separately the up and down
spins, as well as the electrons and holes.

The normal-state terms within the BAG form can be written
as (see Appendix A for details)

=Y hok)aj,bs — b koaly,)
k,o

+ Z Ry (K)(bl, ako — @ xobly )

—u Z(alt,gak,(, - a_k,(,aikﬁ + bLgbk.a
ko

—b_kob i) (1)

We next write all the SC terms within the BdG form. The
details of the calculations are given in Appendix A. Writing
out everything explicitly for NN pairing, we have in real space
for spin-singlet pairing (n = 0):

Hiy =Y Al=(a],b%, —aj b))+ He., (12)
(i)

TABLE III. Form factors Ay (k) and hQyy(k) for each spin-
singlet SC symmetry (n =0) for NN and NNN pairing. Here
o (k) = "

=

Symmetry  Range Form factor
Sext NN he (k) = ﬂflo(k)
oy NN ™ () = 20071 — ¢35 cos (Sk,)]
dy NN Iy (k) = Aofz eth sin (Lk,)
Sext NNN hﬂ,;fg‘(k) 220 [ cos(v/3k,)
+2cos (Lk,) cos (3k,)]

o NNN e (k) = 228 [ cos(/3k,)

— cos (%k )cos (3k,)]
dy NNN i (K) = —2A¢ sin (3k,) sin (Lk,)

and for spin-triplet pairing (n = x, y, z) we have

H;;N_ZA

Hy —ZA" V@bl +al bl )+ He,  (14)

(alybyy —ajbf ) +He,  (13)

Hyn —ZM (@bl +al bl +He  (15)

By Fourier transforming these into reciprocal space, we obtain

Hix =Y W)@l b7, —af b)) +He.  (16)
k

and
Hyy =Y hnK)af,b'y, —ag b’y )+ He,  (17)
k
Hy =) WK af, by, +af bT ) +He, (18)
k
Hiy =Y B ®)(ag,b'y | +af b1 ) +He,  (19)
k
Here hjy (k) are the overall form factors whose expressions
depend on both the spin channel and the spatial symmetry of
the order parameter. Their general expression is
A= =ik | Al d=2 Lk~ Lk,

A e

=3 i V3i
+ AI?HL\jI 3e2ky+ 3 kx’ (20)

I (k) =

where d = 1, 2, 3 correspond to the three NN bonds, follow-
ing the convention of Fig. 1 and Tables I and II. We summarize
hi\ (k) for each symmetry in Table III for spin-singlet pairing
and in Table IV for spin-triplet pairing. In these tables, we
also present the corresponding results for iy (k) (see Ap-
pendix A for details).

For completeness, we write out the full BAG Hamiltonian
in each spin channel in their matrix form. For the spin-singlet

134514-4
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TABLE IV. Form factors hj (k) and hjyy(k) for each spin-
triplet SC symmetry (n = x, y, z) for NN and NNN pairing.

Symmetry Range Form factor
Py NN A ) = e [1 — ¥ cos ()]
Py NN AP (K) = iv/2 Aoe%kv sin (L&)
fueaey  NNN ey 2 220 sin(v/3k)
—2sin (fk )co% ( k, )]
I NNN il (k) = 20 120 [cos(v/3k)
+ cos (%k))] sin (%kx]
Py NNN Il (k) = —2iAg sin (3k,) cos (Lk,)

pairing (n = 0), we obtain

Hy(k) 02,2 05,2 —h (k)
05,2 Hy(k) hS (k) 05,2
e (RK) —Hk) 0o [ @V
—(®)" 0 00 —Ho(K)
and for n = x spin-triplet pairing, we have
Hy(k) 00 —hy(k) 020
05,2 Hy(k) 05,2 ) (k)
+ . (22)
—(ry)" 02 —Ho(k) 0y
00 ()" 0no  —Hy(k)

where 05, is a 2 x 2 null matrix, Hy(K) is the normal state
Hamiltonian matrix given in Eq. (2), and

0 1 {Aon + hn(—K) R (K)
k) = = 0 ) ,
2 hin(—k) Aon + Myn(—K)
7 (k) = (hiiNN( k) ;h’ﬁm(k) >
hNN( k) hNNN(_k)

are the corresponding SC order parameter matrices. The SC
order parameter matrices for the n =y, z spin-triplet pair-
ing are given in Appendix B. Diagonalizing the matrices in
Egs. (21) and (22) yields both the full energy spectrum and
the eigenstates of the various SC states.

D. Intraband pairing symmetries

While the matrix forms in Eqs. (21) and (22) allow for
straightforward numerical diagonalization to easily find, e.g.,
the energy spectrum, it is still useful to first analyze the order
parameter in more detail. For this purpose, it is beneficial to
not work in the sublattice basis with the operators ax,, bk,
but to instead work in the band basis with the operators
Cko , dios for the two bands, where the normal-state Hamilto-
nian Hj is diagonal, with the band energies €.(k), €;(K) as
diagonal entries. In particular, in the band basis we know that
€.(k) = 0 (or €4(k) = 0, depending on the value of 1) on the
Fermi surface. In graphene, the Fermi surface forms circles
around the Dirac points at K and K’ with increasing radius as
the chemical potential increases from 0. At || = 1, these two

Dirac Fermi surfaces meet and instead form a separatrix line
joining the M points in the Brillouin zone. Finally, for || > 1,
the Fermi surface becomes centered around the Brillouin zone
center I'.

Setting o = (dko, bio )T and xx = (Cko, dio ), We find
that the basis change can be expressed as

ax = U(K)xx. (23)
with the unitary matrix
R 1 [—e i e~
U(k)=7§< . | ) 24

where ¢ = arg(ho(k)). Using U (k) to transform also theSC
terms from the sublattice basis of the previous subsections into
the band basis, we arrive for spin-singlet ON pairing at

HSx = Doy (chocty, +df d' ) +He, (25
k

while for spin-singlet NN pairing we get
HI?IN =Ay Z Ad cos (k g(l) — §0k)(d|ldik¢ — cchLw)
k.d

—d e "]+ He.,
(26)

+ isin (k . gy) - gok)(clde

and for spin-triplet NN pairing with n = z:

Hiy =20 Y Aglisin (k- g — @) (df d' . — cficly )
k.d
—df, et )]+ He.
27

Here d =1,2,3 mark the three NN bonds, following
the convention of Fig. 1, and A, is the dth com-
ponent of the NN A bond order parameter, given in
Table 1.

From Eqgs. (26) and (27), we see that in the band basis
superconduct1v1ty con51sts of both intraband pairing through
the terms CIETC K| and d d Tkl for bands ¢ and d, respec-

- cos (k-8 — )y,

tively, and interband palrmg though terms such as c:(Tdik .
Generally, the existence of both intra- and interband pairing
means that the energy spectrum of the BAG Hamiltonian
cannot simply be expressed as E = +./€2 + |A|2, but in-
stead both the intra- and interband pairing terms contribute
to the energy E. Here we are not concerned with deriving
the exact expressions, but instead note that for a qualitative
understanding it has in the past often been enough to only
consider the intraband pairing and ignore the interband term
[3,10,11]. This can be understood by noticing that only one of
the bands crosses zero energy (except at the Dirac point), and
therefore contributes to the formation of the Fermi surface.
Thus, pairing within that band is the most important contri-
bution, while pairing in the other band and in-between bands
are often of less importance. It is also the symmetry of the
intraband order parameters in the Brillouin zone that we use
for naming the different possible symmetries as s, d, p, andf
waves in Tables [-IV.

Based on the above arguments, we analyze the intraband
SC order parameters for both NN and NNN pairing. In Fig. 2,
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1.5
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0.5
1

0.5

-1

-1 0 ksa/m 1 -1 0 kea/m 1

FIG. 2. Intraband SC order parameter form factors for NN (sey-, d-, p-wave) pairing. Top (bottom) row corresponds to spin-singlet (spin-
triplet) pairing. Cyan hexagon denotes the first Brillouin zone, while yellow (black) circles centered around the C, K’ points (I" point) are the
normal-state Fermi surfaces for u = 0.4¢, (u = 1.2¢). White regions correspond to nodes, or zeros, of the SC order parameter.

we plot the intraband SC order parameter symmetry for NN
pairing or, equivalently, the form factors in front of the in-
traband terms in Eqgs. (26) and (27). We also mark the Fermi
surface for both = 0.4 (yellow lines) and u = 1.2 (black
lines). We first note that the extended s wave follows the
symmetry of the normal state, with nodal points only at the
Dirac points. Assuming a simplified energy dispersion, £ =
+./€2 + |A|%, with A only given by the intraband component,
we would then expect a fully gapped energy spectrum for
any finite «. Moving on to the d,>_,.- and d,,-wave order
parameters, we note that, for large chemical potential || > 1,
when the Fermi surface is centered around I" (black lines), the
SC state has d-wave symmetry, and we thus expect four nodal
points in the band structure, one at each of the intersections
between the Fermi surface and the zero-gap lines (white in
Fig. 2). In contrast, around /C, K', the d,>_,>-wave order has
an effective p,-wave symmetry, while the d,,-wave order has
an effective p,-wave symmetry. As such, for || < 1, when
the Fermi surface is centered around /C, K’ (yellow lines), one
expects two nodal points per Dirac cone. Here we note that the
two Dirac cones have opposite signs on their effective p-wave
order, such that the spin-singlet state still has an overall even
spatial symmetry, as required by Fermi-Dirac statistics. We
can also combine the two d-wave order parameters into a
chiral combination dy>_y2;,,, = d + id’, resulting in a fully
gapped order parameter with restored rotational symmetry
as seen in Fig. 2. It is only at the I", IC, K’ points that the
order parameter is equal to zero. This full gap is the reason
why the chiral d + id '-wave combination is often found to
be most stable among all the d-wave states [3,4,7,8,12,89,90].
Moving on to the NN spin-triplet order parameters, we find
that the p,- and p.-wave order parameters have a p-wave
symmetry both around the I" point and the /C, K’ Dirac points.
This results in two nodal points per Fermi surface when it is
centered around the Dirac points and also two nodal points

for a Fermi surface centered around I'. We also note that the
p-wave states host additional nodal points, in particular, at
the M points. This is a consequence of adopting a p-wave
symmetry to the sixfold symmetric honeycomb lattice with its
hexagonal first Brillouin zone. Finally, the chiral combination
px +ipy = p+ip’ [13] is again fully gapped, except at the
I, KC, K, as well as at the M points where both individual
p-wave components have nodes. Thus, we expect the p + ip’
SC to be fully gapped except when the chemical potential
lnl =0,1,3.

We also perform a similar analysis for NNN pairing, for
which we in fact find that the interband pairing terms are
identically zero. Thus, the energy E in the SC state is ex-
actly given by E = £./€2 + |A|2, with ¢ the energy of the
normal state and A the intraband order parameter. This can be
understood by noting that the NNN pairing couples electrons
on the same sublattice and thus there is no sublattice mixing
or any interband pairing terms. In Fig. 3, we plot the result-
ing NNN intraband order parameter symmetries. Overall, we
find very similar results to the NN pairing with only a few
exceptions: The extended s-wave state has a peculiar nodal
structure centered around I". However, unless u is fine-tuned
such that the Fermi surface exactly hits this node, the SC
state will be fully gapped. Also, for NNN pairing, an f-wave
symmetry is allowed. This order parameter displays the re-
quired f; = fy2—3y2)-Wave symmetry, with a total of six nodal
points for a Fermi surface centered around I' (black line), but
is notably fully gapped on Fermi surfaces centered around
the /C, K" Dirac points. Technically, there also exists another,
fy = fypr—32)-Wave, state that has nodal lines going through
the /C, K’ Dirac points, such that the energy for || < 1 has
six nodes per Dirac cone. However, due to its high number of
nodes per Dirac cone, this state will be much less energetically
favorable at all doping levels || < 1 and we do not consider
it in this paper.
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E. Lowest energy bands

Having analyzed the symmetry of the intraband order pa-
rameter in detail in the previous subsection, we now turn to the
complete solution, attained by diagonalizing the BdG Hamil-
tonian in Egs. (21) and (22) for spin-singlet and spin-triplet
pairing, respectively. In this subsection, we are interested in
the low-energy band structure, which we analyze by plotting
the lowest energy band (E > 0) as a function of momentum.
These results directly tell us about both the existence of nodal
points in the energy spectrum and the overall symmetry of the
SC state. We focus primarily on ON s-wave, NN s-, d-, and
p-wave, and NNN f-wave SC states. Due to the similarities
between the remaining NNN order parameters and the corre-
sponding NN ones, we expect to cover all relevant behavior
with this selection.

In Fig. 4, we plot the lowest energy band as a function of
k. and k, for p = 0.4. This value corresponds to a normal-
state Fermi surface that is a small circle centered around the
Dirac points IC, K, see Fig. 2. As expected, and consistent
with the intuitive analysis in the previous subsection, we find
that the ON s-wave and NN s.-wave SC states preserve
the rotational symmetry in reciprocal space around the /C, K’
Dirac points. Also, these SC states give rise to a fully gapped
band structure, even though the band gap is small for Sex
for Ag = 0.4 and u = 0.4 as shown in Fig. 4(b). This small
gap at low pu comes from the fact that se has the same
symmetry as the normal state On the other hand, we note
that the dyy-, dy2_\2-, pyx-, and py-wave SC states all break
the rotation symmetry around the /C, K’ points. In particular,
we observe a nodal energy spectrum with two nodal points
per Fermi surface arranged in agreement with the nodal struc-
ture of the intraband order parameters in Fig. 2. These nodal
points can be viewed as the split of the original normal-state
Dirac point into two points in the SC state. Thus the dy,-,
d>_2-, px-, and p,-wave SC states all correspond to nodal
superconductors.

By continuing with analyzing the chiral d + id’- and p +
ip’-wave SC states, we find fully gapped energy spectra and
a restored rotational symmetry around the &, K’ points (up to
the same threefold symmetry as for the s-wave state). We note
that the convention to generate these states is to consider both
a dyy and d,>_,» amplitude of Aq for the d + id " state, and
similarly for the p + ip’ state. This convention corresponds
to an effective coupling +/2 stronger for the chiral states than
for the nodal ones. Finally, for the NNN f,(,2_3,2)-wave state,
we find a fully gapped state with preserved rotation symmetry
around the K, K’ points. Again, all these results are consistent
with the intraband order parameter picture discussed in Fig. 2.

In Fig. 4, we focus on Fermi surfaces centered around the
IC, K’ points. For completeness, we report in Appendix C
the equivalent results for u = 1, where the Fermi level sits
at the VHS with the Fermi surface forming a separatrix line
connecting the M points. Similarly, we report the results for
NNN pairing in Appendix D, with the conclusion that NN and
NNN pairing host very similar low-energy band structures.

F. Density of states and gap closing points
Having studied the lowest energy bands, we next turn to
evaluating the DOS at low energies. For this purpose, we
define the Green’s function of the Bloch Hamiltonian Hgyg(q)
as

G(q, E) = (E — Hpa(q) +i0")™". (28)

We then integrate G(q, E) over the first Brillouin zone to get
the DOS po(E) [91],

1
po(E) = ——Trel[lm / dqG(q, E )], (29)
s BZ

where the trace Tr, is performed over the electron modes only
(first half of the diagonal of the Green’s function matrix).
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We expect the DOS for the nodal states to have a linear
dependence of energy at low energies (V-shaped), while the
fully gapped states produce U-shaped behavior. Indeed, this
difference is visible in Fig. 5, where we plot the DOS as a
function of energy for the ON s-wave and the NN d,,-wave
SC states. The s-wave state displays a full gap giving rise
to an overall U-type DOS profile. Note that the position of
the coherence peaks corresponds exactly to the value of the
SC pairing term Ay = 0.4. The nodal d-wave state, on the
other hand, exhibits no hard gap, but a V-type DOS centered
around E = 0, which is due to the existence of nodal quasi-
particles. Note that the DOS also exhibits coherence peaks,
but at values slightly smaller than the coupling term Ay = 0.4,
indicating that the values of the SC coupling and the energy
of the coherence peaks, while proportional, are not always
exactly the same, as it can also be seen in Fig. 6. Moreover,
we note an additional near V-type feature at higher ener-
gies, centered around E = p = 0.4. This corresponds to the
normal-state Dirac point appearing at finite energy due to the
finite u [21].

In Fig. 6, we plot the DOS as a function of the overall
strength, or amplitude, of the SC order parameter A for the
same chemical potential u = 0.4 as in Fig. 4. The overall
particle-hole asymmetry, especially strong at higher energies,
is due to a pronounced particle-hole asymmetry in the nor-
mal state for finite p. Focusing primarily on low energies,
as relevant for superconductivity, we note that for the ON
s-wave state, the energy gap is roughly linear in Aj. We
observe a similar linear dependence for the gap edges (or
coherence peaks) as a function of Ag for the NN Sey-, dyy-,
d_y-, px-, and py-wave SC states. Note, however, that for
the dyy-, d2_y2-, py-, and py-wave states, the intensity is not
zero inside the gap, which is consistent with the observations
in the previous sections that all these states exhibit nodes in
the band structure.

In Fig. 6, we also note that the overall size of the gap or,
equivalently, half the distance between the coherence peaks
for the nodal states, is no longer equal to the overall amplitude
of the SC order parameter A, but generally lower, except
for the ON s-wave state and the NNN f-wave state. The
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FIG. 5. DOS as a function of energy for ON s-wave (a) and NN
dy-wave (b) SC states at Ag = 0.4 and p = 0.4 illustrating the dif-
ference between the U-shaped and V-shaped behavior, corresponding
to a full gap and a nodal spectrum, respectively.

two exceptions have the normal-state Fermi surface being
gapped out by an SC order parameter constant along the Fermi
surface, which generates a gap equal to Ay. For all the other
states, the low-energy spectrum is strongly modified by having
the SC order parameter vary along the normal-state Fermi
surface. Still, even in these cases we can identify a gap that
is initially linearly increasing with Ay, albeit with a smaller
than 1 coefficient. At larger Ay, this linearity breaks down
for some of the symmetries. This is not surprising, as Ay ~ 1
corresponds to the energy scale of the VHS point, u =1,
which marks the energy where the normal-state band structure
dramatically changes. For example, in Fig. 6 we noticed a gap
closing point for the p,, p, and p+ip” at Ay ~ 1.

We also plot in Fig. 7 the DOS as a function of chemical
potential w, while instead keeping the SC amplitude A fixed.
Normally, changing the chemical potential should not affect
the DOS much as it only alters the underlying normal-state
band structure. Indeed, this is what we see for the ON s-wave
which exhibits a constant gap for a large range of w. For
some of the other states, however, the intraband SC order
parameters exhibit nodes at the &, K’ Dirac points, such that
when 1 = 0, both the SC order parameter and the normal state
energy is zero at the Dirac points. This leads to a gapless
system at 4 = 0 and to a linear dependence of the gap for
small .

Around p = 1, we observe further substantial changes in
the gap, or, equivalently, in the distance between the gap co-
herence peaks, for several SC states (f, px, Py, dxy, p+1 D).
These changes consist primarily in the existence of points in
parameter space where the energy gap is closing. To track
these points, we plot in Fig. 8 the energy gap in the band

structure for the chiral p + ip’-wave state as a function of both
the chemical potential i and the SC amplitude Ay. We note
that a continuous gap closing line indeed occurs connecting
w =1 with Ag ~ 1.2. These gap closing points are important
for experimentally distinguishing between different SC states.
They are also important from the point of view of topology,
as we will discuss in detail in the next part of this paper. We
can trace the gap closing points in all the p-wave states to
the existence of nodes in the intraband SC order parameter
at the M points in the Brillouin zone, as depicted in Fig. 2.
This leads to both a vanishing band energy and intraband order
parameter at = 1. To verify this behavior, we plot in Fig. 9
the lowest energy band for the chiral p + ip’-wave state at
three different values of u. Keeping Ay = 0.4, we find that the
gap closing occurs at the M points of the Brillouin zone and
at u ~ 0.9, corresponding to the middle panel of Fig. 9. The
difference from the intuitively expected value of u ~ 1 comes
from interband pairing due to the sizable Ag. For u below this
gap closing at M, the topology of the low-energy contours
corresponds to having an origin at the K, K’ Dirac points,
while for larger u's the contours are centered around the I'
point. We also note that the d,-wave intraband order parame-
ter has nodes at two M points, which generates the gap closing
point at u = 1 in Fig. 7. However, the d,>_,>-wave state, and
consequently the chiral d 4 id -wave state, host no nodes as
a function of u. This different behavior offers a clear way to
distinguish between all p- and d-wave states. Overall these
results shows that, even if the total energy is also dependent
on the interband pairing, many features can be understood
simply by reasoning, using the intraband order parameter and
its nodes.

To provide a comprehensive treatment, we also report the
DOS for the NNN pairing in Appendix E. Here we find that
sexi-wave and d-wave states have exactly the same type of
behavior as their NN counterparts, while the NNN p-wave
states only show a gap closing as a function of u, at u =1,
but not as a function of the SC pairing A(. The difference can
be explained by the influence of the interband pairing term for
NN pairing but not for NNN pairing. As such, the gap closing
stays at u = 1 for all values of Ay.

III. SUPERCONDUCTING MULTILAYER GRAPHENE

We next turn to the treatment of SC multilayer graphene.
Here the 2D graphene sheets are stacked together with inter-
layer coupling primarily through van der Waals interaction.
The naive configuration of placing two layers directly on
top of each other is not energetically stable. The most stable
form of stacking is instead known as AB, or Bernal stack-
ing. Figure 10(b) illustrates this stacking: the two layers are
stacked with a relative relative translation of apx. For bilayer
graphene, there is only this one choice. For trilayer graphene,
we have two choices, we can either perform a apX translation
between the first and second layers, then also a apx translation
between the second and third layers, giving rise to a rhombo-
hedral trilayer system, or ABC stacking, see Fig. 10(d). We
can also perform a translation of —apx for the third layer,
which yields a Bernal trilayer system, or ABA stacking, see
Fig. 10(c). ABA is the energetically most stable stacking,
while ABC is technically only metastable. Still, ABC-stacked
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multilayer graphene has been constructed using layer-by-layer
deposition in multiple experiments [92,93]. ABC stacking has
also been produced by imposing mechanical constraints on
Bernal graphite [94].

To be able to model the normal state in multilayer
graphene, we need to introduce interlayer hopping terms. We
denote the two closest hoppings between sites A and B in
neighboring layers by y; and y;. The parameter y; is the
direct hopping term between planes, coupling sites A and B
that are spatially on top of each other. Since this is a purely
vertical hopping, it appears as a constant in the tight-binding
Hamiltonian. In contrast, y; parametrizes the nondirect inter-
layer hopping by coupling sites A and B that are not spatially
on top of each other. Due to its finite intralayer reach, it
has a k-space modulation and acts as a trigonal deformation
term. The values of these parameters have previously been
determined, for example, in Ref. [96] to be y; = 0.38eV and
y3 = 0.38¢eV.

We assume that the interlayer SC coupling is negligible
compared to the intralayer pairing terms. Several arguments
can be brought to support this assumption, for example,
the interaction between the graphene layers are van der
Waals forces, and therefore much smaller than the intralayer

couplings. Moreover, the in-plane interactions in each
graphene layer, given by Eqgs. (4) and (5), have been shown to
be strong enough to make graphene almost strongly correlated
[3,97]. Still, the normal state band structure is strongly
influenced at the K points by y; and y3, the interaction
between the graphene layers, and an interlayer pairing has
also been shown to be possible in multilayer graphene [64].
However, with the SC state only larger at higher doping
levels, away from the K points, we in the following choose to
limit ourselves to intralayer SC pairing terms.

To write the BAG Hamiltonian for SC bilayer and trilayer
graphene, we use « € {1, 2, 3} to describe the bottom (1),
middle (2), or top (3) layers, respectively, and we write

ok = {agy, by aiy b, - (30)
Thus, the bases to use for bilayer and trilayer graphene are,
respectively,

i T
= el e, 2} and 31)
tril 1 2 3 1 2t 3T

W = {ck, Cios Cos c_Tk, c_Tk, c_Jrk} . 32)

Below we treat each case separately.
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A. Bilayer Hamiltonian

The BAG Hamiltonian for AB bilayer graphene can be
expressed as

(33)

150 gapp+ip NN
1.25 08
1.00 0.6
=]
J0.75 0a
0.50
0.25 0.2
0.00
0.0 0.5 1.0 1.5

U

FIG. 8. DOS as a function of chemical potential ; and SC am-
plitude A, for the NN p + ip’-wave state. Dark blue represents zero
DOS and illustrates the gap closing points.

with

HAB — ., Hsc= )
0 (Hf2 H2> 0 H

The components of the normal-state tight-binding Hamil-
tonian Hj'® are given by Hy = Hy = 15> ® Ho(k) which
describe the intralayer hoppings in each layer 1 and 2, while
the interlayer terms are given by [77,78],

0 hE(K)
Ho=1,,QH, k), H = (y v 8 ), (35)
1

where Hy(k) and ho(k) are, respectively, given by Egs. (2)
and (3) in Sec. I C. For details of the physics of each element
of H, in relation to the normal state of bilayer graphene, see
Refs. [77,78].

The SC state is represented through HSI’CZ, which are 4 x 4
matrices describing the intralayer SC pairing in layers 1 and 2,
respectively. Due to the absence of interlayer SC pairing, Hsc
is diagonal in the layer index. Furthermore, making the natural
assumption of having the same SC mechanism in each layer,
we consider that both layers have the same SC symmetry,
leading to hsc = sc! = ch, and hgc is identical to the SC
monolayer graphene matrix derived in Sec. II C.
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B. Trilayer Hamiltonian

For ABA/ABC trilayer graphene, the BAG Hamiltonian is
given by

ABA/ABC
H, Hgc

Hapaac = HSTC —HBA/ABC [ (36)

where Hsc is a block diagonal matrix with the three blocks
given by (HSIC, HSZC, HS3C). As in the bilayer case, Hsc does
not couple the different layers, such that the matrix is diagonal
in the layer space and is also characterized for each layer by
the same SC Hamiltonian, Hy. = H2. = H3 For the normal-
state Hamiltonian, we have [77]
H, Hy, 0
HBOABA = | H,) H, Hy/HL|. (37

0 Hy/(HL)' H,

(a) (b) B

FIG. 10. Illustration of bilayer and trilayer graphene adapted
from Ref. [95]. (a) monolayer graphene. (b) AB or Bernal-stacked
bilayer graphene. (c) ABA or Bernal-stacked trilayer graphene.
(d) ABC, or rhombohedral-stacked, trilayer graphene. Red arrows
correspond to intralayer hopping 7, magenta to interlayer hopping y;,
and cyan to trigonal warping terms y;.

Here the intralayer terms are identical, H; = H, = H3 and
are given by Eq. (3) above. Furthermore, for the ABC tri-
layer Hp3 = Hj», with Hj, given by the bilayer expression in
Eq. (35). This is the consequence of having the same interlayer
coupling between the bottom and middle layers as between the
middle and top layers. In contrast, for the ABA trilayer, the
type of pairs of sites connecting the top two layers is opposite
to that connecting the bottom two layers: y; connects a site
A in the middle layer to a site B in the top layer, while y3
connects a site B in the middle layer to a site A in the top
layer. This swap in the roles of y; and y3 in the interlayer
Hamiltonian is captured by the transpose operation 7 on Hj3
in the ABA Hamiltonian.

C. Lowest energy bands

Having derived the Hamlitonians for bilayer and trilayer
graphene, we continue with exact diagonalization to find the
energy spectrum. In the following, we focus mainly on bilayer
graphene, aiming to extract the generic differences between
the monolayer and any multilayer band structures. First, we
describe briefly the effect of trigonal warping in the normal
state. To this end, we plot in Fig. 11 the lowest energy band
in bilayer graphene for zero chemical potential and vanishing
SC pairing. When the trigonal warping y; is set to zero, we
obtain at very low energy (dark blue region) a quadratic and
isotropic dispersion relation with circular isoenergy contours
around the /C, K’ Dirac points [78]. When including also the

V1=0.2 V3=0 V1=0.2 J3=0.2

0.0 I1.2 0.0
1.0
0.8

0.6 2

0.4

-2.0

230 L5 2.0 2.5 3.0 : 230 15 20 25 3.0
kx kX

FIG. 11. Lowest energy band for undoped bilayer graphene (1 =
0) in the normal state (Ao = 0) when ;3 = 0 (a) and y;3 = 0.2 (b).
Trigonal warping gives rise to deformations in the lowest-energy
isoenergy contours.
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interlayer y; coupling, we note that the behavior of the isoen-
ergy contours around the /C, K’ points is significantly altered
and acquires a trigonal distortion also at the lowest energies,
hence the name trigonal warping term for y;.

Moving on to the SC states, we plot in Fig. 12 the lowest
energy bands for the same SC symmetries as in monolayer
graphene (cf. Fig. 4), but now zoomed in around the Dirac
point /C to capture most clearly the effects of the interlayer
coupling. We here first use y; = 0. We find that for the fully
gapped states, the lowest energy bands are similar to the
monolayer case. However, for all the nodal states, we find a
significant difference from the monolayer, in that all the nodal
points double by exhibiting a small splitting in momentum
space; see dark blue color gradient. Thus, the nodal d- and
p-wave states now have four nodal points, two on each side
of the Dirac point. Next, we turn on the trigonal warping
and find that it has a significant effect on the formation of the
nodes. In Fig. 13, we plot the lowest band as a function of k,
for k, = O for the illustrative case of NN p,-wave symmetry.

We note that the two nodal points in monolayer graphene split
and give rise to four nodal points for bilayer graphene with no
trigonal warping. When turning on y3, we find that this term
slightly gaps two of the four nodes.

D. Density of states and gap closing points

It is also interesting to study the DOS in bilayer and tri-
layer graphene, in particular, elucidating the existence of gap
closing points. Using a similar procedure as in the previous
section, we calculate the DOS as a function of energy, chem-
ical potential, and SC order parameter amplitude. We find
that it has a very similar dependence to that of monolayer
graphene. For completeness, we provide plots of the DOS
for the most interesting case, the p + ip’-wave state, in Ap-
pendix F for both bilayer and trilayer graphene. The main
features observed for the monolayer are preserved, except
that the number of gap closing points is different for multi-
layer graphene. Focusing on these gap closing points for the
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FIG. 13. Lowest energy band structure for the NN p,-wave SC state as a function of k, for k, = 0. We compare monolayer graphene (a),
bilayer graphene with no trigonal warping, y; = 0.2 and y3 = 0 (b), and bilayer graphene with finite trigonal warping, y; = 0.2 and y3 = 0.2

(c). Here Ay = 0.4 and n = 0.4.

chiral p + ip’-wave SC state, we plot in Fig. 14 the gap in
the energy spectrum as a function of the chemical potential
and the SC amplitude for bilayer graphene without trigonal
warping (y3 = 0). We find that there are now two gap closing
lines for each A as a function of u, compared to the single
gap closing line in monolayer graphene in Fig. 8. Adding a
finite y3 changes this, and we find again only one gap closure
line. Thus, the trigonal warping has a strong influence on
the number of gap closing points. Indeed, this is confirmed
in the right panel in Fig. 14, where we plot the DOS as a
function of both p and y3. We find a similar effect in trilayer
graphene, with the number of gap closing points oscillating
between one and three. A more detailed analysis is presented
in Appendix F.

Finally, we note the formation of an interesting additional
gap closing point at small © and Ay, not present in the mono-
layer case; see the dark blue line close to u ~ 0.2 in Fig. 14.
Since any realistic system will have a rather small A, this
is particularly alluring from an experimental point of view. It
appears that this gap closing point is not overly sensitive to
the value of y3. In Fig. 15, we plot the lowest energy band
for the parameters corresponding to this gap closing point and
establish that this interlayer-induced gap closing occurs at the
IC, K’ Dirac points, in contrast to the previously described gap
closing points that occur due to a nodal intraband pairing at
the M points. We attribute this gap closing to the combination
of nodal points at the /I, K’ points in the intraband SC order
parameter and the bottom of the second graphene band touch-
ing the /C, K’ points when the chemical potential u is equal to
the interlayer coupling y; = 0.2. As such, it is intimately tied
to the multilayer aspect.

1.25

04 g 0.75

0.50

0.2
0.25

. 0.00
0.0 0.5 1.0 15 0.0 0.5

U

IV. CONCLUSIONS

In this paper, we reviewed all symmetry-allowed spin-
singlet and spin-triplet SC states in monolayer, bilayer, and
trilayer graphene with different stacking. By allowing ON
pairing, as well as pairing between NNs and NNNs, we
captured all possible spin-singlet and -triplet order parame-
ters, from s- and d-wave to p- and f-wave states, including
the chiral d + id’- and p + ip’-wave states. To analyze the
properties of these states, we calculated the low-energy band
structure, as well as the DOS as a function of the chemical
potential and the SC pairing strength. The different SC states
can be classified in two large classes, the fully gapped states,
such as the s-, fy2_3,2)-, d +id’-, and p + ip'-wave states,
that exhibit a U-shaped DOS and the nodal ones, such as the
dyy-, dy2_y2-, p.-, and p,-wave states that exhibit nodal points
in the band dispersion and a V-shaped DOS. Moreover, we
focused on the existence of gap closing points in the DOS
when changing the physical parameters and found that many
of these points can be understood by a careful examination
of the symmetry of the intraband SC order parameter in
monolayer graphene. For bilayer and trilayer graphene, we
found that the interlayer coupling splits the nodal points in
the band structure, as well as the gap closing points. We
also analyzed the effect of the trigonal warping present in
bilayer and trilayer graphene on the formation of gap closing
points. By distinguishing between nodal and fully gapped SC
states, our paper provides an experimentally viable tool to
differentiate between different SC symmetries in all carbon-
based superconductors. In future works, we will discuss the
topology and formation of edge states in these systems, as

1.0 1.5 -04 -02 00 02 04

H Y3

FIG. 14. DOS as a function of chemical potential ; and SC amplitude A, for the NN p + ip’-wave state in bilayer graphene for y; = 0
(a), 3 = 0.2 (b), with y; = 0.2. (c) DOS as a function of y; and w for Ay = 0.4 and y;, = 0.2. Dark blue corresponds to a vanishing DOS and

to the gap closing points.
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1.0
0.8
0.6

0.4

FIG. 15. Lowest energy band for bilayer graphene for the NN
p + ip’-wave SC state for u = 0.1, Ag = 0.1,y = 0.2,and 3 = 0.
The dark blue regions correspond to zero energy.

well as the formation of Shiba states, in the hope to provide
additional tools to further distinguish experimentally between
various order parameters arising in SC graphene materials.
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APPENDIX A: DERIVATION OF THE MOMENTUM
SPACE HAMILTONIAN

In this Appendix, we provide additional details for the
derivation of the BAG Hamiltonian in momentum space.

1. Normal state Hamiltonian

For the tight-binding term in momentum space, we have

Hrp(k) = Y "(ho(k)a; b + hy(b} yarq). (Al

k,o

In the BAG form, and also taking into account the doubling
of the number of modes to include separately the electron and
the hole spectrum for both up and down spins, this becomes

Hrp(k) = Y ho(k)al,bio — b_ioa’ ;)
k,o
+ Y (k)b ke — akobl ). (A2)
k,o

with a form factor

ho(k) = —t |:eikv + 2¢7% cos (?kx>] (A3)

For the chemical potential term, we have

H,=—pu Z (af ,aro +b)  brs). (Ad)
ko

In the BAG form, this becomes

H, = — MZ(a;Uak,a —aed
ko
+ b;abkﬂ - b—k,abik,d)- (AS)

2. On-site pairing

In real space, the ON pairing term takes the following form:

Hox = 2[2 Aonajyal, + Y Aonb,b], + Hc] (A6)

where the factor of 2 come from the doubling of the number
of modes to take into account separately the electrons/holes
with spin up and spin down. The Fourier transform of this
term is

HON = 2|:Z AONakTa k + Z AOkaTb Kkl + H.c. :|
ko

(AT)

which can be written in the BdG form as

HON = Z AON(aITaik¢ - aikia}tT)
ko

| | u
+ 3 Aon(bf bty — b5 bE) +He  (A8)

3. NN pairing
For NN pairing, in the spin-singlet channel (n = 0) we

have
HgN_ZA

while in the spin-triplet channel we find

@b}y —ajbj)+He. (A9

HI’GN—ZA""‘ albl, —albl)+He,  (AlO)
Hyn = ZM “(alybly + i b})) + He., (A1)
Hyn —ZA (a}yb, +af b)) + He. (Al2)

We can now perform the Fourier transform as before. In the
spin-singlet channel, we obtain

Hyn = Zth(a,fTbT_H —a b’ ) +He, (A13)

k

and in the spin-triplet channel

Hix = In(al b —af b7, )+ He.,  (Al4)

k
HY\ = iz R(al, bty +af b, )+ He,  (AlS)

k
NN_ZhNN(aka*kﬁaH ) +He. (A16)
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Here hyy are the form factors, whose expressions depend
on both the spin channel and the symmetry of the order
parameter. Their general expression is

d=1 —ik, d=2 ip B d=3 ip 4B
M = AN €0 4 AlRT e TR L AT e A
(A17)

Here, d = 1, 2, 3 correspond to the three NN, following the
convention of Fig. 1. The values of A" are also detailed
in Tables I and II for each symmetry. By replacing these

) - 0,dy
values, we obtain the form factors for NN pairing (h(;flffx‘ SN
0,da2_»

I BGES, WL RTLY) in Tables 111 and V.
We subsequently express the above NN pairing term in the
BdG form
1 .
0 0 i i . ot
Hyy = 5 Z Ian (@ b7y = b2y gy — ag by
k
T il
+ b—kTau) + H.c.,
1 g +
=3 Z (hr(sz(k)asz—u - th(_k)bZﬂ—kT
k

— W (K)af bty + B (—k)bal ) + Hee.

(A18)
for the singlet channel and
X 1 X X
Hyn = 2 Z (hNN(k)a/thT—kT - hNN(_k)bltTaikj*
k
— i ()af BT + I (—kobla’ ) + Hee.,
, i , ,
Hyy = 5 Z (h%\IN(k)aszikT - h%\IN(_k)bltTailm
k
+ I K)ay b, — W (—k)bf at, ) +He.,
1
HIEIN = z Z (hf\IN(k)a;;TbT—ki - hIZ\IN(_k)bItLaT—H
k
+ W (ka) ¢bikT - hf’\,N(—k)szaik ) +He  (A19)

for the triplet channel.

4. NNN pairing

For NNN pairing in the spin-singlet channel (n = 0), we
have

0o _ n=0, % b i %
Hyy = Z Ay agag, —a; aj,
(i, 7))

i i
+bl,b%, — bl bl) + He., (A20)
and in the spin-triplet channel
X =0, + ot
Hiw = ) Al d)y —af ay
(i)
ot Fot
+binjT _bi¢bj¢)+H-C-’ (A21)
Yy n=0, 1 1 Tt A
How = D Al @ a), +aj,ay, +bjybj,
()
+ blb; ) +He, (A22)

0o _ n=0 & & b
Hyny = Z Ajj (ajyag, +a;aj,
(i)

i f ot
+bl,bt, +b] b1 + He, (A23)

where the sums are now performed over the NNN
pairs. Exactly as before, performing the Fourier transform
gives

1 :0 + + N N
Hyy = 3 ZhﬁNN(k)(G,LTGLH — 01,1¢01L<T
k

+ b b — b bT) + He (A24)

in the spin-singlet channel and
! Tt
Hyay = ) ZhﬁlNN(k)(akra—kT - ahaiu
k

+b} b — by b, )+ Hee, (A25a)

! i PR
y _ y [P Tt
Hine = B 2 :hNNN(k)(akTa—kT taay,
k

+bi, bty + bl b))+ He, (A25b)

! " ot
Hinn = 5 2:hf\JNN(k)(ak?a,ki +aga,,
k

+b},bT, + b b ) +He,  (A25¢)

in the spin-triplet one. Note that we have a % factor appear-
ing since one takes twice into account the links between the
NNNs when summing over all the atoms. Following the NNN
conventions of Fig. 1, we write

no o amd=1 By n.d=2_—i/3k
e =Annn €2 T2 AN €@ *
nd=3 i i nd=4 Lig 3
+ AN e P AN e T
nd=5 i3k nd=6 Lip 13
+ AN €Y AN €2 TR (A26)

The explicit expressions of the resulting NNN form factors

0, Sext 0.dyy A2y2 s Px 1Dy e : :
(N> e > Nk ke i) are given in Ta-
bles IIT and IV.

APPENDIX B: SPIN-TRIPLET PAIRING HAMILTONIAN

In this Appendix, we derive the Hamiltonian for spin-triplet
pairing with n =y, z. The result for n = x is given in the main
text. For the n = y spin-triplet channel, the Hamiltonian reads

Hy(k) 05,2 I\ (k) 05,2

02,2 Hy(k) 02,2 )\ (k)
() 00 —Hpk) 05 |

0o  (B®) 050  —Hyk)

— I (—K)

vy — L (k)
k) =3 ( —I (—K)

_h%;TNN(_k)>7 (Bl)
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FIG. 16. Lowest energy band structure for u = 1, Ag = 0.4, and for SC states with ON s-wave, NN sex-, dyy-, d2_y2-, d + id ", Px=s Py
p+ ip’-wave, as well as NNN f,,2_3 2, symmetries. Dark blue corresponds to zero energy.

while for the n = z spin-triplet channel we find

Hy(k) 022 02 A5 (k)
05,2 Hy(k) h (k) 05,2
02,2 ()" —Hy(k) 0.
~( )" 05 02  —Ho(k)
1 (Ko (=K)  —h (K)
(k) = = NNN NN , B2
200 2<h§m<—k> hZNNN<—k>> (2

where 0,5, is a 2 x 2 null matrix, Hy(K) is the normal state
Hamiltonian matrix given in Eq. (2), and hyA, i, are the form
factor for spin-triplet SC symmetry.

APPENDIX C: LOWEST ENERGY BAND FOR ¢ =1

In this Appendix, we provide plots of the lowest en-
ergy bands at u =1 in Fig. 16. This is to be compared
to the results for u = 0.4 given in Fig. 4 in the main
text. For a doping close to the VHS, pn =1, we thus

plot the lowest energy band as a function of k, and k,.
We note that in this case the bands for some of the SC
symmetries reach zero energy in the vicinity of the M
points (corresponding to the dark blue regions). This gives
rise to a gap closing point in the DOS around the value
of u =1.

APPENDIX D: BAND STRUCTURE FOR NNN PAIRING

In this Appendix, we provide plots of the low-
est energy bands for NNN pairing in Fig. 17. This
is to be compared to results for NN pairing given in
Fig. 4 in the main text. We thus consider both spin-
singlet and -triplet NNN pairing with various symme-
tries. We note similarities with the bands resulting from
NN pairing Fig. 4, such as the nodal points in the
structure for the dyy-, dpeyp-, p-, and p,-wave (de-
picted in dark blue) and a fully gapped structure for the
rest.
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FIG. 17. Lowest energy band structure for u = 0.4, Ay = 0.4, and for SC states with NNN pairing with Sex-, dyy-, dxz,yz-, d+id’-, pe-,
Py- p+ip’-, and fi,2_30)-wave symmetries. Dark blue corresponds to zero energy.

APPENDIX E: DOS FOR NNN PAIRING

In this Appendix, we provide information on the DOS
for NNN pairing. First we plot the DOS for NNN pair-
ing as a function of energy and SC pairing strength in
Fig. 18 for the same parameter values as those consid-
ered for the NN pairing described in the main text and
in Fig. 6. We note that the main difference from the
NN coupling case is that the dependence with Ag is
roughly linear, and in contrast to the NN case, there is no
critical value of A for which we observe additional gap
closings, for any of the symmetries. The dependence
of the DOS with energy and the chemical potential is
very similar to that for the NN couplings as seen when
comparing Fig. 19 with Fig. 7 in the main text. Fur-
thermore, as mentioned in the main text, the gap closing
for the NNN p+ ip’-wave state occurs at u = 1, inde-
pendent of the value of the SC coupling, as seen in
Fig. 20.

APPENDIX F: DOS FOR NN p + ip’-WAVE PAIRING
IN MULTILAYER GRAPHENE

In this Appendix, we provide additional information of the
DOS for NN p + ip’-wave pairing in multilayer graphene.
For a vanishing trigonal warping, y3 = 0, we obtain the DOS
as a function of energy and chemical potential in Fig. 21
for different multilayer configurations. We note that these
results are very similar to monolayer graphene, except for the
number of gap closing points. As discussed in the main text,
this number is also strongly affected by the trigonal warping,
which we illustrate in Fig. 22, where we plot the DOS in the
presence of non-zero trigonal warping y; = 0.2.

As opposed to the monolayer case for which we have a
single gap closing point as a function of the chemical poten-
tial, for trilayer graphene we find that this number oscillates
between one and three. This is illustrated for ABA trilayer
graphene in Fig. 23 and for ABC trilayer graphene in Fig. 24.
We find that the effect of trigonal warping is quite pronounced
by modifying the gap closing points.
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FIG. 18. DOS as a function of SC amplitude A, for u = 0.4 for SC states with NNN pairing with Sex-, dyy-, dxz,yz-, d+id'-, pi-, py-,
frx2—32)- and p + ip’-wave symmetries.
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FIG. 19. DOS as a function of u for Ay = 0.4 for SC states with NNN pairing with Sex-, dyy-, dxz_yz—, d+id’-, pc-, py-, fx(x2_3y2)— and
p + ip’-wave symmetries.
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FIG. 20. Gap value as a function of the chemical potential 1 and the SC amplitude A, for the NNN p + ip’-wave state.
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FIG. 21. DOS as a function of energy and u for Ay = 0.4, y; = 0.2, y3 = 0 in bilayer (a), trilayer ABA (b), and trilayer ABC (c) graphene
for the NN p + ip’-wave SC state.
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FIG. 22. DOS as a function of energy and i for Ay = 0.4, y; = 0.2, 3 = 0.2 in bilayer (a), trilayer ABA (b), and trilayer ABC (c) graphene
for the NN p + ip’-wave SC state.
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FIG. 23. DOS as a function of the chemical potential u and the SC amplitude A, for the NN p + ip’-wave state in ABA trilayer graphene
for y3 =0 (a) and y3 = 0.2 (b) with y; = 0.2. (c) DOS as a function of y3 and p for Ay = 0.4 and y; = 0.2. Dark blue corresponds to a

vanishing DOS and to the gap closing points.
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FIG. 24. DOS as a function of the chemical potential « and the SC amplitude A, for the NN p + ip’-wave state in ABC trilayer graphene
for y; =0 (a) and y; = 0.2 (b) with y; = 0.2. (c) DOS as a function of y5 and u for Ay = 0.4 and y; = 0.2. Dark blue corresponds to a

vanishing DOS and to the gap closing points.
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