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We study the emergence of electronic edge states in superconducting monolayer, bilayer, and trilayer graphene
for both spin-singlet and spin-triplet superconducting order parameters. We focus mostly on the gapped chiral
p + ip′- and d + id ′-wave superconducting states that show a nonzero Chern number and a corresponding
number of edge states. For the p + ip′-wave state, we observe a rich phase diagram for the Chern number when
tuning the chemical potential and the superconducting order parameter amplitude, which depends strongly on
the number of layers and their stacking and is also modified by trigonal warping. At small parameter values,
compared to hopping energy, we observe a region whose Chern number is unique to rhombohedrally stacked
graphene and is independent of the number of layers. Our results can be understood in relation not only to
the superconducting order parameter winding as expected but also to the normal state band structure. This
observation establishes the importance of the normal state characteristics for understanding the topology in
superconducting graphene systems.

DOI: 10.1103/PhysRevB.108.134515

I. INTRODUCTION

Superconductivity in graphene systems have generated a
lot of interest lately, mainly due to its experimental discovery
in twisted bilayer graphene [1] and more recently in trilayer
rhombohedral (or ABC) graphene [2]. The fact that the
superconductivity discovered in twisted bilayer graphene has
similarities to the physics of cuprates makes one wonder if the
study of graphene may also shed light on the physics of exotic
high-temperature superconductors and eventually help with
creating superconductors with higher critical temperatures.
This has led to an immense ongoing effort to unravel the
nature of the superconducting (SC) state of twisted bilayer
graphene [3–25]. On the other hand, for rhombohedral
graphene, its nontrivial normal state suggests that the super-
conducting phase is likely exotic, which has led to several
theoretical proposals for the SC mechanism [26–34]. How-
ever, even if the attention of the community has been directed
toward multilayer graphene, the interest in understanding
superconductivity in monolayer graphene has also not waned.
In fact, an enormous effort has been put into studying
the possibility of intrinsic superconductivity in monolayer
graphene, as well as into understanding its characteristics
[35–46]. More recently, one has also focused on inducing an
exotic SC state in graphene via a proximity effect [47–52].
These developments have also generated a widespread interest
in other graphene systems with different stacking [53–61].

One of the main pressing questions to be answered is
the nature of the superconducting state in different graphene
systems. Many different methods, including mean-field theory

[35,40,41,62], renormalization group [36–39,63], Monte
Carlo [43,64–66], and others, have predicted both spin-singlet
and spin-triplet order parameters, beyond conventional s pair-
ing, such as d-, p- and f -wave states [12,16,25,35,36,66–
73]. Understanding the type of order parameter developed by
these systems may help in making progress in understanding
the underlying mechanism giving rise to superconductivity,
be it phonon based [6,28,71] and enhanced by the formation
of flat bands in the multilayer graphene spectrum, such as
in twisted bilayer [74] or rhombohedral graphene [28], or
electron-electron interaction induced and also enhanced by
the flat band formation [8,33,75]. Depending on the nature
of the order parameter, the question also arises about the
possibility of generating topological edge and corner states
and eventually putative Majorana states [76,77].

In a recent work [78] we have examined the most ener-
getically favorable symmetry-allowed superconducting states
in monolayer graphene, as well as in bilayer and ABA and
ABC trilayer graphene in order to lay the basis for the under-
standing of their fundamental characteristics. Thus we have
calculated the band structure which would be visible using
angle-resolved photoemission spectroscopy and the density
of states, measurable in scanning tunneling spectroscopy, and
in this way distinguished between nodal (dxy-, dx2−y2 -, px-,
py-wave) and gapped (son-, sext-, p + ip′-, d + id ′-, f -wave)
order parameters, arising from onsite, nearest-neighbor (NN),
or next-to-nearest neighbor (NNN) pairing ranges. We have
also examined the gap-closing points arising in the spectrum
when varying the chemical potential and the superconducting
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order parameter. For the multilayer systems we additionally
have examined the effects of the trigonal warping.

In the present work we continue this analysis by studying
the nontrivial topology of several of the SC states. We do so
by both calculating the Chern number and studying their topo-
logically protected edge states. The main systems we are here
focusing on are those exhibiting d + id ′- and p + ip′-wave
symmetry order parameters, which are both topological as
they are both chiral states [40,79,80] and display a hard energy
gap in the spectrum, for which the formation of topological
edge states is easy to distinguish [42,76,81]. We find that
for the d + id ′-wave SC state, the Chern number is roughly
independent of the system parameters such as the chemical
potential and the SC order parameter, while for the p + ip′-
wave state we obtain rich phase diagrams which depend on
the number of layers, as well as on the type of stacking for
the multilayer systems. We also find that the trigonal warping
has a significant effect on the topological phase diagram at
large values of the chemical potential and the SC order pa-
rameter. One of our most intriguing observations is that for
both d + id ′ and p + ip′ multilayer samples at small chemi-
cal potential and SC order parameter there is a small region
whose size depends on the value of the interlayer hopping,
and whose Chern number for rhombohedral, ABC-stacked,
graphene does in fact not depend on the number of layers.
This observation can be used to identify rhombohedral ABC-
stacked graphene from other types of stacking.

Our results indicate that the value of the Chern number
is not only tied to the winding of the SC order parameter
as expected [40,79,80] but is also strongly correlated to the
normal-state band structure. In fact, for a p + ip′ order pa-
rameter, we note that for chemical potentials below the van
Hove singularity, each spin state filled band contributes a
Chern number of 2, since the SC order parameter winds once
around each of the two Fermi surfaces localized around the
Dirac K and K ′ points in the Brillouin zone. On the other
hand, for a chemical potential above the van Hove singularity,
each spin-state band contributes a Chern number of 1, given
that in this regime the system has only one Fermi surface
centered around the � point. For multilayer systems we can
likewise predict the Chern number by counting the bands and
examining the normal-state Fermi surface topology.

We complement our Chern number calculations by a cal-
culations of the edge states in both chiral SC states. We use
a technique developed recently [82], which relies on the fact
that the spectral function in a semi-infinite system can be
obtained by introducing a scalar linelike impurity in an infi-
nite system and using the T -matrix formalism. Our obtained
edge energy spectra confirm that the number of observed edge
states corresponds to the bulk Chern number following the
bulk-boundary correspondence [83,84]. The only exception
are a few irregular cases for which extra unprotected zero-
energy crossings are observed in the spectrum. Besides the
gapped d + id ′- and p + ip′-wave states, we find that the gap-
less dxy-wave system also shows interesting edge properties,
related to its nodal superconductivity, which we briefly review.

The rest of the article is organized as follows. In Sec. II
we present the formalism used to describe the SC states in
graphene and how to calculate the Chern number and the
correction to the spectral function in the presence of an

edge. The results obtained for monolayer, bilayer, and trilayer
graphene are discussed in Secs. III, IV, and V, respectively.
We summarize our results in Sec. VI.

II. MODEL AND METHOD

We start by introducing the model and Hamiltonian for
superconductivity in graphene systems. We then introduce the
formula for how to calculate the Chern number, followed by
the technique of extracting the edge spectral function.

A. Superconducting Hamiltonian

We are primarily interested in describing the chiral SC
states in graphene systems, which can be modeled as pairing
on intralayer NN bonds [35,78]. For single-layer graphene
with SC pairing induced on NN bonds, the Hamiltonian Hk
is given by a Fourier transform of the real-space Hamiltonian
H = H0 + HNN, where

H0 = −t
∑

〈i, j〉,σ
[a†

iσ b jσ + b†
jσ aiσ ]

−μ
∑

iσ

[a†
iσ aiσ + b†

iσ biσ ] (1)

is the noninteracting Hamiltonian, with t the NN hopping
parameter between neighboring A and B sites indexed by i
and j, μ the chemical potential, while a†

iσ (aiσ ) and b†
iσ (biσ )

are the creation (annihilation) operators for the A and B lattice
sites of the graphene honeycomb lattice. The SC Hamiltonian
for the spin-singlet channel (η = 0) and for the spin-triplet
channels (η = x, y, z) is given by [75,78]

H0
NN =

∑
〈i j〉

�0
i j (a

†
i↑b†

j↓ − a†
i↓b†

j↑) + H.c., (2)

Hx
NN =

∑
〈i, j〉

�x
i j (a

†
i↑b†

j↑ − a†
i↓b†

j↓) + H.c., (3)

Hy
NN = i

∑
〈i, j〉

�
y
i j (a

†
i↑b†

j↑ + a†
i↓b†

j↓) + H.c., (4)

Hz
NN =

∑
〈i, j〉

�z
i j (a

†
i↑b†

j↓ + a†
i↓b†

j↑) + H.c., (5)

where �
η
i j is the NN SC order parameter in channel η. Fourier

transforming into reciprocal space we arrive at

H0
NN =

∑
k

h0
NN(k)(a†

k↑b†
−k↓ − a†

k↓b†
−k↑) + H.c., (6)

Hx
NN =

∑
k

hx
NN(k)(a†

k↑b†
−k↑ − a†

k↓b†
−k↓) + H.c., (7)

Hy
NN = i

∑
k

hy
NN(k)(a†

k↑b†
−k,↑ + a†

k,↓b†
−k↓) + H.c., (8)

Hz
NN =

∑
k

hz
NN(k)(a†

k↑b†
−k↓ + a†

k↓b†
−k↑) + H.c., (9)

where the form factors hη
NN(k) are given in Table I for the

lowest harmonic of all symmetry-allowed states. Setting t = 1
as the energy scale, and the distance between two neighboring
carbon atoms, a = 1, as the length scale, the only remaining
tunable parameters are the chemical potential μ and the SC
order parameter amplitude �0.
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TABLE I. Expressions for the form factors for the different
spin-singlet and -triplet symmetries possible on NN bonds (lowest
harmonics). The overall amplitude is set to �0 and the distance
between two NN carbon atoms is set to 1.

η Symmetry Form factor hη

NN(k)

0 sext h0,sext
NN (k) = − �0√

3
e−iky [1 + 2e

3i
2 ky cos(

√
3

2 kx )]

0 dx2−y2 h
0,dx2−y2

NN (k) = 2�0√
6

e−iky [1 − e
3i
2 ky cos(

√
3

2 kx )]

0 dxy h
0,dxy
NN (k) = �0

√
2i e

i
2 ky sin(

√
3

2 kx )

x py h
η,py
NN (k) = 2�0√

6
e−iky [1 − e

3i
2 ky cos(

√
3

2 kx )]

x px hη,px
NN (k) = i

√
2�0e

i
2 ky sin(

√
3

2 kx )

For a superconducting multilayer graphene the pairing is
intralayer and the Hamiltonian is given by

H =
L∑

�=1

(
H �

0 + Hη,�
NN

) + Hinterlayer, (10)

where L is the number of layers, H �
0 and Hη,�

NN are the noninter-
acting Hamiltonian and the SC Hamiltonian associated with
each layer �, respectively, and given by expressions equivalent
to Eqs. (1)–(5), while Hinterlayer is the coupling Hamiltonian
between adjacent layers, see, e.g., Ref. [78]. Here we retain
three important parameters in Hinterlayer: (1) the interlayer hop-
ping γ1 between atoms directly on top of each other; (2) the
interlayer hopping γ3 between an atom A in one layer and the
neighboring B atoms in the adjacent layer [85,86] also denoted
as trigonal warping, often neglected, although of the same
order of magnitude as γ1; and (3) a putative phase difference
φ between the SC order parameters in two adjacent layers.

For the calculations, the reciprocal space Hamiltonian Hk
in each layer � is written in the basis

B� = (ak�↑, bk�↑, ak�↓, bk�↓, a†
−k�↑, b†

−k�↑, a†
−k�↓, b†

−k�↓)T ,

(11)
such that

Hk = 1
2B

†HBdGB, (12)

where B is the basis combining all individual-layer bases
B� and HBdG is the 8L × 8L Bogoliubov-de-Gennes (BdG)
Hamiltonian matrix. The factor 8 corresponds to a product
of two spins, two sublattices, and the particle-hole doubling
of the degrees of freedom in the BdG formalism. Since there
are no spin-flip terms in the graphene systems of interest, all
bands are spin degenerate. Thus, in what follows all edge and
impurity states are always doubly degenerate.

B. Chern number

To calculate the Chern number for the various SC states,
we use the following expression [87–89]:

C = i

8π2

∫
dk dE Tr[G2(k, E )(∂ky Hk )G(k, E )(∂kx Hk )

−G2(k, E )(∂kx Hk )G(k, E )(∂ky Hk )], (13)

where G(k, E ) = (iE − HBdG)−1 is the Matsubara Green’s
function. We note that as a consequence of the spin

FIG. 1. Graphene lattice with A and B sites in different colors
and with an impurity line (bold line) along (a) a zigzag edge and
(b) an armchair edge.

degeneracy of each band, the Chern numbers in what follows
are always doubled compared to studies in which this dou-
bling has been resolved [40,76,79–81].

C. Edge spectral function

In honeycomb graphene lattices an edge can have different
orientations. We restrict our study to the two most common,
armchair and zigzag edges, depicted in Fig. 1. The energy
spectrum of these edges can be extracted by considering a
linelike impurity parallel to the edge which cuts the system
into two semi-infinite systems. Scattering of electrons due to
the presence of the impurity line induces additional features
in the spatially averaged electronic bulk spectral function
A(k, E ). The edge features are in this way captured as a
correction δA(k, E ) to the bulk spectral function, given by
[90,91]

δA(kx, E ) = − 1

π

∫ 2π/3a

−2π/3a

dky

LBZ,y
Im{Trel[G

r (k, E )

× T (kx, kx, E )Gr (k, E )]}, (14)

for the zigzag edge, with LBZ,y = 4π/3a, and

δA(ky, E ) = − 1

π

∫ 2π/
√

3a

−2π/
√

3a

dkx

LBZ,x
Im{Trel[G

r (k, E )

× T (ky, ky, E )Gr (k, E )]}, (15)

for the armchair edge, with LBZ,x = 4π/
√

3a. Here the
retarded Green’s function is defined as Gr (k, E ) = (E −
HBdG + i0+)−1. The matrix trace Trel indicates that the sum
is performed only over the electron degrees of freedom. The
T matrix associated with a zigzag edge is defined as

T (kx, kx, E ) =
[
1n − Vn

∫ 2π/3a

−2π/3a

dky

LBZ,y
Gr (k, E )

]−1

Vn,

(16)

whereas for an armchair edge we have

T (ky, ky, E ) =
[
1n − Vn

∫ 2π/
√

3a

−2π/
√

3a

dkx

LBZ,x
Gr (k, E )

]−1

Vn.

(17)

In Eqs. (16) and (17), the identity matrix 1n and the impurity
matrix Vn are n × n matrices with n = 8L, with the latter given
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FIG. 2. (a) Schematic view of the first 2D Brillouin zone of the
graphene honeycomb lattice with the 1D projections of the � (black),
K (green), and M (red) points on the kx axis in (b) and on the ky axis in
(c). The K2 and K5 points correspond to what is traditionally denoted
as the K and K ′ points. Also depicted are the reciprocal unit vectors
�b1,2 = (±2π/

√
3, 2π/3).

in the same basis as Eq. (12) as

Vn = U

(
1 0
0 −1

)
⊗ 1n/2, (18)

where U is the value of the potential on the impurity line. Note
that the introduced U is not a physical potential but a mathe-
matical trick that simulates the backscattering of all electrons
that reach the edge, i.e., a model of a hard boundary. Thus the
value we need to use for U is a priori infinite, but since we
cannot set it to infinity numerically, we have instead taken a
very large value for U compared to the characteristic energies
of the system: U 
 t , μ, �0, and the γ parameters. We study
the numerical convergence of our results with increasing U ,
and we find that convergence is reached for about U ≈ 100t
for the range of parameters we consider. We thus choose
the value U = 1000t to ensure a very high-level precision of
our numerical results. The calculations of the edge spectrum
occurs in the first two-dimensional (2D) Brillouin zone which
is illustrated in Fig. 2, including 1D projections for each edge
direction.

III. MONOLAYER GRAPHENE

A. Chern number

We start by studying monolayer graphene and first calcu-
late the Chern number C using Eq. (13). The calculation shows
that C is nonzero for both the d + id ′- and p + ip′-wave states,
whereas it is equal to zero for all the other SC states, listed
in Table I, including the dxy-wave state. For the d + id ′-wave
state, the Chern number takes a constant value equal to −4
as seen in Fig. 3(a), for all values of chemical potential μ and

FIG. 3. Chern number C as a function of μ and �0 for monolayer
graphene for the (a) d + id ′- and (b) p + ip′-wave states.

superconducting order parameter amplitude �0, which are the
two tunable parameters. More interestingly, for the p + ip′-
wave state we observe a phase transition at large values of
either μ or �0, as seen in Fig. 3(b). As shown in Ref. [78],
this transition between a Chern number of 4 (yellow) and
−2 (cyan) corresponds to a gap closing line. The equation of
this line is given by �0 ≈ �c

√
1 − (μ/μc)2, with the critical

parameters �c ≈ 1.25 and μc ≈ 1 (in units of t).
The behavior of the Chern number in Fig. 3 can be un-

derstood starting from an analysis of the normal state band
structure combined with the winding number of the SC order
parameter [40,79]. At μ < t and small �0, there exist two
Fermi surfaces centered around the K and K ′ points, the Dirac
points (see Appendix A). The p + ip′-wave order parameter
winds once around each of these Fermi surfaces [78], thus
giving a Chern number of 2 for each spin species (1 per Fermi
surface), hence a total Chern number of 4. However, at μ > t
and small �0, the normal state Fermi surface undergoes a
Lifshitz transition and there is then only one Fermi surface
centered at the � point. The p + ip′-wave order parameter
winds once per spin species around this central Fermi surface,
giving a total Chern number of −2 (the sign of the Chern
also changes at the Lifshitz transition). This analysis holds for
small �0. When �0 become substantial, the border between
the different Chern number regions changes, following the gap
closing region established in Ref. [78].

For the d + id ′-wave state, the SC order parameter winds
twice around the �-centered Fermi surface due to its angular
momentum, leading to a Chern number of −4 for μ > t .
Here the sign of the Chern number is the same as for the
p + ip′-wave state at μ > t since they have the same winding
direction. However, for μ < t , the d + id ′-wave state looks lo-
cally around the K and K ′ points the same as the p + ip′-wave
one [40,78], except for an opposite winding at the two Dirac
points. As a consequence, each Fermi surface and spin species
contributes a (negative) unit to the Chern number, resulting in
a C = −4 for the chiral d + id ′-wave state also at μ < t , and
no corresponding phase transition between the large μ and the
small μ region.

Based on this analysis it is clear that not only the winding
of the SC order parameter determines the Chern number in
monolayer graphene but also that the normal state band struc-
ture and its Fermi surface are crucial for understanding the
results in Fig. 3.

Having established the Chern numbers for all NN pairing
states in monolayer graphene, we turn to examining the edge
state spectrum, as visualized by the correction to the spectral
function due to a linelike impurity. We first report data for the
chiral d + id ′-wave and p + ip′-wave states and then finally
also for the dxy-wave state. We compare the number of ob-
served edge states with the Chern number C.

B. Edge states for d + id ′-wave symmetry

For the chiral d + id ′-wave SC state, Fig. 3(a) shows that
the Chern number C takes a constant value equal to −4 for any
μ and nonzero values of �0. This means that four edge states
are expected at each edge, which with the spin degeneracy
makes two distinguishable states [76,81]. This is verified in
Fig. 4 where we plot the correction to the spectral function
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Armchair edges Zigzag edges

FIG. 4. Edge correction to the spectral function for monolayer
graphene with a spin-singlet d + id ′-wave SC order parameter with
�0 = 0.4 at (a) μ = 0.4 and (b) μ = 1.2. The corresponding Chern
number is C = −4.

due to a linelike impurity modeling the edge for both armchair
and zigzag edges for two different values of μ at �0 = 0.4.
We observe two main characteristics: A hard energy gap of
width of the order of �0 opens in the spectrum and, inside
this gap, a total of four states appear (red). These states are all
doubly degenerate resulting in a total of eight edge states: We
have checked that these states are spin degenerate by adding a
Zeeman field, indeed the number of edge states doubled in the
presence of magnetic field, confirming their spin degeneracy.
With the Chern number C = −4, the appearance of eight edge
states may at first seems to be a discrepancy, but we then note
that the correction to the spectral function plotted here actually
corresponds to a spatial average over the entire system, thus
taking into account two edges, one on each side of the impu-
rity line. We thus always plot the edge spectrum for two edges.
In this case this gives rise to two spin-degenerate chiral and
copropagating edge states on each edge, while the edge states
on different edges are counterpropagating, as expected from
the chirality of the SC order parameter. As a consequence,
we find a full agreement between the bulk Chern number
and the boundary edge states, fulfilling the bulk-boundary
correspondence.

C. Edge states for p + ip′-wave symmetry

For a p + ip′-wave state the correction to the spectral
function due to an impurity line along either the armchair or
zigzag edge is shown in Fig. 5. Similarly to the d + id ′-wave
state, we observe once more the opening of a full energy
gap of width of the order of �0 and, inside this gap, the
formation of edge states. For �0 = μ = 0.4, we count two
doubly spin-degenerate states per edge, making a total of four
copropagating states per edge, see Fig. 5(a). Note that the
states on opposite edges are counterpropagating. Increasing to

Armchair edges Zigzag edges

FIG. 5. Edge correction to the spectral function for monolayer
graphene with a p + ip′-wave SC order parameter with �0 = 0.4 at
(a) μ = 0.4 corresponding to C = 4, and (b) μ = 1.2 corresponding
to C = −2.

μ = 1.2 we instead find two such spin-degenerate edge states,
see Fig. 5(b). Both of these results are in full agreement with
the values taken by C, which is equal to 4 in Fig. 5(a) and −2
in Fig. 5(b).

We also note that the zero-crossing of the edge states can
occur at different k values for μ < t Fig. 5(a) and μ > t
Fig. 5(b) as well as different edge terminations. This is be-
cause the edge states will appear in the region with the lowest
bulk energy gap. The bulk energy gap is set by both the
normal state band structure and the SC order parameter, and
is generally small around the normal-state Fermi surface. This
means the minimum energy gap is found centered around the
K and K ′ points for μ < t and around the � point for μ > t .
Different projections of the 2D K and K ′-momenta into the
edge state 1D momenta for the two different edges: ky = 0,
the projection of K/K ′ for armchair in Fig. 2(c), and kx =
2π/3

√
3 ≈ 1.2, the projection of K1 in Fig. 2(b) for zigzag,

give rise to the different zero-energy crossing momenta for
the two different edges in Fig. 2(a). However, the projection
of the � point remains at zero momentum for both edges, and
the edge state spectra thus appear in the vicinity of similar
k = 0 values in Fig. 2(b), and as a consequence the edge states
for armchair and zigzag look remarkably similar when μ > t .
Thus, by increasing the value of the chemical potential, the
crossing point of the edge states moves between the K and K ′
points to the � point.

D. dxy-wave symmetry

Finally, we also report the edge spectrum for the dxy-wave
SC state where the Chern number C = 0, independent of the
values of μ and �0, and the system is also gapless [78].
Figure 6 displays the correction to the spectral function in
the presence of an armchair edge or zigzag edge, again for
μ < t and μ > t . Here we first note that the bulk is gapless as

134515-5



ADELINE CRÉPIEUX et al. PHYSICAL REVIEW B 108, 134515 (2023)

Armchair edges Zigzag edges

FIG. 6. Edge correction to the spectral function of monolayer
graphene with a dxy-wave SC order parameter with �0 = 0.4 at
(a) μ = 0.4 and (b) μ = 1.2. This corresponds to a bulk C = 0.

there exists green/blue lines (i.e., suppressed edge spectrum)
all the way down to zero energy. Second, we see the formation
of edge states (red), which in several cases consist of zero-
energy flat bands. These are not of the same chiral topological
origin as the edge states in the chiral d + id ′- and p + ip′-
wave superconductors in Figs. 4 and 5 but instead edge states
found on certain surfaces in nodal superconductors. The most
known example is the zero-energy flat band existing on the
[110] edge of the cuprate d-wave superconductors [92,93].
These are Andreev bound states at zero-energy and existing
for all k values in the edge 1D Brillouin zone bounded by the
projections of the bulk superconducting nodes [94–97]. For
the cuprate d-wave superconductors this means a flat band of
zero-energy edge states for the [110] edge but not at the [100]
or [010] edges. While these edge states are also protected by a
topological argument [96], they are much more fragile than
those protected by a finite Chern number and can, e.g., be
destroyed by edge inhomogeneity. For the zigzag edge we see
similarly to the cuprates that a flat band of zero-energy edge
states (red) exist between the two bulk nodal points (green).
However, the armchair edge at μ < t lacks a zero-energy flat
band since there is no distance between the 2 bulk nodal
points when they are both projected onto the 1D armchair
edge Brillouin zone as the bulk nodal points both occur at
ky = 0, see Fig. 2. However, the armchair edge for μ > t has
a finite projection, due to a total of 4 bulk nodal points for a
Fermi surface around �, and we also now find a zero-energy
edge flat band.

IV. BILAYER GRAPHENE

Given that the p + ip′-wave state is the only state which
exhibits a phase transition between different Chern number
regions for monolayer graphene, we choose in the following
to focus primarily on this state for the bilayer and trilayer

FIG. 7. (Left) Chern number C for AB-bilayer graphene with a
p + ip′-wave SC order parameter as a function of μ and �0 and
(right) Chern number along the diagonal μ = �0 for γ1 = 0.2 and
(a) without trigonal warping γ3 = 0 and (b) with trigonal warping
γ3 = 0.2.

graphene systems. However, in Appendix B, we provide some
results obtained for bilayer and trilayer graphene with a d +
id ′-wave SC order parameter.

First, we consider an AB-stacked bilayer graphene system
characterized by a p + ip′-wave SC order parameter, with
an interlayer hopping γ1, both in the absence and presence
of trigonal warping γ3. We first calculate the Chern number
as a function of the chemical potential μ and the SC order
parameter amplitude �0, and we subsequently also study the
formation of edge states.

A. Bilayer graphene Chern number

In Fig. 7 we plot the Chern number C for bilayer graphene
with p + ip′-wave SC order parameter, both with and without
trigonal warping, γ3. For γ3 = 0 we find that phase diagram
for the Chern number as a function of μ and �0 contains
four different regions as depicted in Fig. 7(a): an orange
region with C = 4, a yellow region with C = 8, a red region
with C = 2, and, finally, a purple region with C = −4. The
right plot shows additionally a line-cut at μ = �0. In the
presence of warping, i.e., for γ3 �= 0, the red region disap-
pears and we end up with only three regions in the phase
diagram, see Fig. 7(b). The boundaries between the regions
with different values of C can be described by the functional
form �0 ≈ �c

√
1 − (μ/μc)2 with critical parameters �c and

μc extracted by fitting and given in Table II. These bound-
aries correspond exactly to the gap closing lines described
in Ref. [78], and their dependence on the trigonal warping is
described in more detail in this previous work.

We can understand the results in Fig. 7 by again analyzing
the normal state band structure, see Appendix A for details,
as for the monolayer case. First we ignore γ3 and focus on
small �0. Then, at the K and K ′ points, the two bands in
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TABLE II. Values of the critical parameters �c and μc for mono-
and bilayer graphene for p + ip′ pairing.

�c μc

Monolayer (γ1 = γ3 = 0) 1.25 1

0.16 0.2
Normal bilayer (γ1 = 0.2 and γ3 = 0) 1.23 0.9

1.29 1.1

0.16 0.2
Warped bilayer (γ1 = γ3 = 0.2)

1.21 1

bilayer graphene are separated by an energy E ∼ γ1. Thus,
for μ < γ1, which is the region most likely to be accessed ex-
perimentally, there is only one band contributing to the Chern
number, yielding C = 4, same as for monolayer graphene (two
spin species and two Fermi surfaces). At γ1 � μ < t − γ1/2,
both bands are filled and thus contribute to the Chern number,
which jumps to 8. In the vicinity of the Lifshitz transition we
have now also a splitting of the bands. As a consequence,
for t − γ1/2 � μ � t + γ1/2 we have one band which con-
tributes with two Fermi surfaces centered around the K and K ′
points and thus a total of C = 4, while a second band has its
Fermi surface centered around � and contributes a C = −2.
The total Chern is thus expected to be C = 4 − 2 = 2, as
also seen in Fig. 7(a). Next turning on the trigonal warping
γ3 �= 0, there is a splitting of the bands at the M points and
hence the trigonal warping strongly influences the size of
the C = 2 region. In fact, if γ1 ≈ γ3, then this region shrinks
to zero. Finally, for μ > t + γ1/2 both bands have a Fermi
surface centered around �, and we find C = −4. For larger
�0 the above transition points follows the gap closing lines
established in Table II.

Before moving on with studying the edge spectrum, we
make two interesting extensions. First, we would like to un-
derstand how these above results are modified if the p +
ip′-wave state stems from a NNN pairing range rather from
the used NN pairing. This is important to address since NNN
range may be preferred over the NN coupling, especially in
multi-layer graphene [28,75]. The details for the Hamiltonian
with an NNN SC order parameter are provided in Ref. [78].
The gap closing analysis in Ref. [78] indicates that the main
difference between the NNN and NN pairing is a gap closing
as a function of μ, but notably independent of �0. We thus
expect also a phase diagram for which the Chern number
is independent of �0. This is verified in Fig. 8 where we
observe the same topological phases for NNN pairing as for
NN pairing: an orange region with C = 4, a yellow region
with C = 8, a red region with C = 2, and a purple region with
C = −4, but these are notably only affected by changing μ,
not by the value of �0.

Second, it is possible that a phase φ = π arises in cer-
tain situations between the SC order parameters in different
graphene layers. Such phase difference has for example been
noted in twisted bilayer graphene [25,98,99]. While no such
phase difference has been observed in regular graphene we
believe it is still interesting here to understand its role for the
topological phase diagram. Thus in Fig. 9 we plot the value
of the Chern number for bilayer graphene with NN d + id ′-

FIG. 8. (a) Chern number and (b) energy gap for AB-bilayer
graphene with a p + ip′-wave SC order parameter on NNN bonds
as a function of μ and �0 for γ1 = 0.2, γ3 = 0.

and p + ip′-wave state when there is phase difference φ = π

between the SC order parameters in the two graphene layers.
We see that the main effect of this π -phase difference is the
destruction of the topological phase at small values of �0,
such that a trivial region with C = 0 is formed for small �0.
This is particularly interesting to note, since it indicates that
such a SC dephasing may destroy the topological properties of
a multilayer system in the experimentally accessible regime.

B. Bilayer graphene edge states

Moving on to the edge spectrum for bilayer graphene, we
show in Fig. 10 the edge correction to the spectral function
for a p + ip′-wave SC state without warping, γ3 = 0, in the
four different Chern number regions identified in Fig. 7(a).
For the armchair edge, the number of edge states corresponds
indeed to the absolute value of the Chern number since one
counts four edge states in Fig. 10(a), eight edge states in
Fig. 10(b), two edge states in Fig. 10(c), and four edge states
in Fig. 10(d) which correspond to regions in the phase diagram
inside which C is equal to 4, 8, 2, and −4, respectively (all
states are spin-degenerate but all plots also shows the edge
spectrum for two edges with counterpropagating edge states,
just as for monolayer graphene). However, for a zigzag edge
one difference arises in Fig. 10(c), corresponding to values
of μ and �0 that are located in the red C = 2 region of
Fig. 7(a). While C = 2, we can count six states crossing at zero
energy. Such a situation has also been described in Ref. [89],
where it was found that in some situations extra crossings
may arise that are not topologically protected such that they
can be removed by disorder or other modifications. Direct
tight-binding calculations of the band structures show that this

FIG. 9. Chern number C for AB-bilayer graphene with (a) d +
id ′- and (b) p + ip′-wave SC order parameter as a function of μ and
�0 at γ1 = 0.2 and γ3 = 0, with a phase difference φ = π between
the SC orders in the two graphene layers.
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FIG. 10. Edge correction to the spectral function for AB-bilayer
graphene with a p + ip′-wave SC order parameter with γ1 = 0.2 and
γ3 = 0 at (a) �0 = μ = 0.1 corresponding to C = 4, (b) �0 = μ =
0.6 corresponding to C = 8, (c) �0 = μ = 0.8 corresponding to C =
2, and (d) �0 = μ = 1.1 corresponding to C = −4.

is what happens here as well and only the crossing at kx = 0
is topologically protected; each topologically protected band
can in principle cross zero energy an odd number of times.

V. TRILAYER GRAPHENE

Next we consider trilayer graphene with both ABA and
ABC stacking, again with a p + ip′-wave SC order parame-
ter and with interlayer hopping γ1. We calculate the Chern
number and study the edge states first in the absence and then
in the presence of trigonal warping γ3.

A. Trilayer graphene Chern number

For ABA-stacked trilayer graphene without trigonal warp-
ing (γ3 = 0), the phase diagram for the Chern number
contains five different regions as depicted in Fig. 11(a): a
light-orange region with C = 8, a yellow region with C = 12,
a dark-orange region with C = 6, a red region with C = 0,

FIG. 11. (Left) Chern number C for (a) ABA-stacked and
(b) ABC-stacked trilayer graphene with a p + ip′-wave SC order
parameter as a function of μ and �0 and (right) Chern number along
the diagonal μ = �0 for γ1 = 0.2 and γ3 = 0.

and, finally, a purple region with C = −6. For ABC-stacked
trilayer graphene without warping the phase diagram for the
Chern number presented in Fig. 11(b) and has a similar ap-
pearance except that at low energy we find C = 4 rather than
C = 8. To understand the phase diagrams, we also perform
similar calculations for tetralayer (L = 4) and pentalayer (L =
5) graphene systems, with results reported in Appendix C. We
note that a Chern number of 4 for μ < γ1 is only possible for a
fully rhombohedral stacking, i.e., ABC for bilayer, ABCA for

FIG. 12. (Left) Chern number C for (a) ABA-stacked and
(b) ABC-stacked trilayer graphene with p + ip′ SC order parameter
as a function of μ and �0 and (right) Chern number along the
diagonal μ = �0 for γ1 = 0.2 and γ3 = 0.2.
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FIG. 13. Edge correction to the spectral function for trilayer
graphene with a p + ip′-wave SC order parameter in trilayer
graphene with armchair edges with γ1 = 0.2 and γ3 = 0 at (a) �0 =
μ = 0.1 corresponding to C = 8 for ABA-stacked and to C = 4 for
ABC-stacked trilayer, (b) �0 = μ = 0.4 corresponding to C = 12,
and (c) �0 = μ = 1.1 corresponding to C = −6.

tetralayer and ABCAB for pentalayer graphene. The fact that
the Chern number in this region is universally C = 4 and does
not depend on the number of layers is quite a remarkable re-
sult, and could serve as a way to identify this type of stacking
which has particularly different topological properties.

Next we again note the influence of the normal state band
structure. For small values of �0, C is simply ±2 times

FIG. 14. Band structure for monolayer graphene. The orange
dotted lines denote the Fermi level for a regime in which the normal
state Fermi surface is described by two circles centered around the
K points (denoted in red, μ < 1), and respectively a single circle
centered around the � point (μ > 1).

FIG. 15. Band structure for bilayer graphene (left) without trigo-
nal warping, and (right) with trigonal warping. Note that close to the
M point the splitting of the bands is reduced in the presence of γ3,
consistent with the reduction of the size of the regions with a Chern
number of 6 and 0.

the number of occupied bands per Fermi surface at a spe-
cific value μ. For μ < γ1 we have one occupied band in
ABC-stacked graphene and two bands for ABA stacking (see
Appendix A). For ABC stacking the band is quasiflat close
to the two Dirac points, while for ABA stacking we have
a linear band and a quadratic band. Each band exhibits two
Fermi surfaces close to the two K and K ′ Dirac points and
is also spin degenerate. Hence the value C = 4 for ABC-
stacked graphene, and C = 8 for ABA-stacked graphene. For
the yellow region, γ1 � μ � t , we have three filled bands
and thus C = 12 for all types of trilayers. For the stairway
regions around μ = t there can either be two filled bands
with two Fermi surfaces each centered at the K and K ′ points
respectively and one band with a single Fermi surface centered
around �, or vice versa, giving C = 2(2 × 2 − 1) = 6 and
C = 2(2 − 2) = 0 respectively. For large μ � t we always
have three bands with their Fermi surfaces centered around
� yielding C = −6. This means that the two dominating
regions in the phase diagram have Chern numbers either 4
times (yellow) or −2 times (purple) the number of layers.
This result also hold for tetra- and pentalayer graphene, see
Appendix C. For trilayer graphene with warping included,
here using γ3 = 0.2, the dark-orange and red regions sepa-
rating the yellow region with C = 12 and purple region with
C = −6 are strongly modified as seen in Fig. 12. In the case
of ABA-stacked trilayer, the widths of the dark-orange and
red regions are both reduced, while for ABC-stacked trilayer
the width of the red region is reduced whereas the dark-orange
region entirely disappears. For completeness we give the crit-
ical parameters �c and μc characterizing the boundaries of
equation �0 = �c

√
1 − (μ/μc)2 between the regions with

different values for C in in Table III.

FIG. 16. Band structure for ABA trilayer graphene (left) without
trigonal warping, and (right) with trigonal warping.
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FIG. 17. Band structure for ABC trilayer graphene (left) without
trigonal warping, and (right) with trigonal warping

B. Trilayer graphene edge states

Finally we also report the edge state spectrum for trilayer
graphene with a NN p + ip′-wave SC order parameter. The
correction to the spectral function for the trilayer graphene
with a line impurity along an armchair edge is plotted in
Fig. 13 for both ABA-stacked and ABC-stacked stacking. For
μ = �0 = 0.1 (a), we obtain eight edge states for ABA stack-
ing, whereas we find four edge state for ABC-stacking, in full
agreement with the Chern number C extracted from Fig. 11.
For μ = �0 = 0.4 and μ = �0 = 1.1, both ABA-stacked and
ABC-stacked trilayer graphene exhibit 12 and 6 edges states,
respectively, again in perfect agreement with the value of C
calculated in the phase diagram in Fig. 11. Similarly to the
cases of monolayer and bilayer graphene, we observe also for
trilayer graphene a gap closing each time that the number of
edge states or Chern number changes.

VI. SUMMARY

We calculated the Chern number and the edge state spectral
function for monolayer, bilayer and ABA- and ABC-stacked
trilayer graphene in the presence of a chiral p + ip′- or d +
id ′-wave SC order parameter. We showed that the absolute
value of the Chern number is in full agreement with the num-
ber of edge states. We also showed that for the p + ip′-wave
state one or more phase transitions occur in the Chern number
when turning the SC order parameter amplitude �0 or the
chemical potential μ, with the transitions corresponding to
gap closings in the energy spectrum. For multilayer graphene
with p + ip′-wave pairing, the number of regions in the phase
diagram increases with the number of layers, with the size of
the regions strongly affected by the trigonal warping. Notably,
the largest phases have a Chern number either four times
or minus twice the number of layers. In addition, we noted

FIG. 18. Chern number C for (a) bi- and (b) trilayer graphene
with a d + id ′-wave SC order parameter, plotted along the diagonal
μ = �0 at γ1 = 0.2 and γ3 = 0.

FIG. 19. Chern number C for (a) tetra- and (b) pentalayer
graphene with a p + ip′-wave SC order parameter, plotted along the
diagonal μ = �0 at γ1 = 0.2 and γ3 = 0 with the possible stacking
choices [100] in different colors.

the existence of a peculiar low-energy region whose Chern
number (4) does not depend on the number of layers for
ABC stacking and whose size is proportional to the value of
interlayer coupling. Furthermore, we find a strong difference
between NN and NNN p + ip′-wave pairing. This difference
stems mainly from the fact that for NNN coupling the phases,
as well as the gap closings [78], are not affected by the value
of the SC order parameter amplitude, but only by the value
of the chemical potential. We also took into account a phase
difference of π between layers in bilayer systems and and then
found that this suppresses the topological character of both
the p + ip′- and the d + id ′-wave SC systems at small values
of the order parameter amplitude. Last, we showed that the
topological properties of all graphene systems at not too large
SC gap values, in particular the Chern number and the number
of edge states, can be determined directly from the topology
of the normal state Fermi surface. Impurity-induced subgap
states and quasiparticle interference patterns have also been
calculated in such systems [101].

TABLE III. Values of the critical parameters �c and μc for ABA-
and ABC-stacked trilayer graphene for p + ip′ pairing.

�c μc

0.23 0.28
1.21 0.86

Normal ABC trilayer (γ1 = 0.2 and γ3 = 0)
1.24 1
1.3 1.15

0.17 0.19
1.21 0.86

Warped ABA trilayer (γ1 = γ3 = 0.2)
1.24 1
1.3 1.15

0.23 0.28
1.2 0.97

Warped ABC trilayer (γ1 = γ3 = 0.2)
1.23 1
1.27 1.03

0.17 0.19
Warped ABC trilayer (γ1 = γ3 = 0.2) 1.2 0.97

1.23 1
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APPENDIX A: NORMAL STATE BAND STRUCTURE

Figures 14–17 give the normal state band structure for
monolayer graphene, as well as for bilayer graphene, and
trilayer graphene with ABA and ABC stacking. This will help
us to make the correspondence to the Chern number in the p +
ip′ SC state, as indicated in the main text. The orange dotted
lines denote the Fermi level for the various regimes described
in the main text, indicating the number of filled bands and
respectively the topology of the normal state Fermi surface,
for example if it corresponds to one or two separate regions.

APPENDIX B: CHERN NUMBER FOR BILAYER
AND TRILAYER GRAPHENE WITH A d + id ′-WAVE

SC ORDER PARAMETER

For bilayer and trilayer graphene with a d + id ′-wave SC
order parameter, the Chern number C varies with μ and �0,
contrary to what one has found for monolayer graphene, for
which C is constant and equal to −4, see Fig. 3(a). Indeed,
for bilayer graphene in the low (μ,�0) region, C is equal
to −4, and it changes to −8 with increasing μ = �0, see
Fig. 18(a). For trilayer graphene in the low (μ,�0) region,
C is equal to −4 or −8 for an ABC, and respectively an ABA
stacking. It subsequently changes to −12 for large μ = �0,
see Fig. 18(b).

APPENDIX C: CHERN NUMBER FOR TETRA- AND
PENTALAYER GRAPHENE WITH p + ip′-WAVE

SC ORDER PARAMETER

In this Appendix we present the Chern number C, extracted
at μ = �0 for both tetralayer and pentalayer graphene with a
p + ip′-wave SC order parameter. We plot the Chern number

TABLE IV. Chern number C for monolayer and different multi-
layer graphene systems in the three largest regimes of the (μ, �0)
phase diagram: the Chern value in the low μ region (i) with μ, �0 �
γ1, the Chern value in the intermediate region (ii) with γ1 � μ, �0 �
t , and the Chern value in the high μ region (iii) with μ, �0 � t .

System Region (i) Region (ii) Region (iii)

Monolayer 4 4 −2
Bilayer AB 4 8 −4
Trilayer ABA 8 12 −6
Trilayer ABC 4 12 −6
Tetralayer ABAB 12 16 −8
Tetralayer ABCB 8 16 −8
Tetralayer ABCA 4 16 −8
Pentalayer ABCBC 8 20 −10
Pentalayer ABABA 12 20 −10
Pentalayer ABCAC 8 20 −10
Pentalayer ABCAB 4 20 −10

in Fig. 19, with the results summarized in Table IV. We con-
clude that there are only a finite number of possible values for
the Chern number in region (i), i.e., the region with μ,�0 �
γ1: C = 4n with n ∈ [1, L − 1] being the number of occupied
bands with two Fermi surfaces centered around the K and K ′
points, and L the number of layers. Note that a Chern number
of 4 is only possible for a fully rhombohedral stacking, i.e.,
ABCA for tetralayer and ABCAB for pentalayer graphene.
For rhombohedral graphene this value does not depend on
the number of layers and is unique in region (i). On the other
hand, the Chern number in the intermediate μ/�0 region (ii),
for which γ1 � μ,�0 � t , is given by four times the number
of layers: C = 4L because all the filled bands for all types of
stacking have two Fermi surfaces centered around the two K
and K ′ points and a Chern number of 4 each. In the large μ/�0

region (iii), μ,�0 � t , the Chern number seems also to follow
a similar pattern being given by two times of number of layers:
C = −2L because all occupied bands have a Fermi surface
centered around the � point and a Chern number of −2. The
stairway region in-between regions (ii) and (iii) situated in the
vicinity of μ,� ≈ t , show a quantized value of C equal to
4(L − �) − 2� = 4L − 6� with � ∈ [1, L − 1] being the num-
ber of filled bands with one Fermi surface centered around the
� point for which C = −2, and L − � being the number of
filled bands with two Fermi surfaces centered around the K
and K ′ points for which C = 4.
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