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A B S T R A C T 

The Tayler–Spruit dynamo is one of the most promising mechanisms proposed to explain angular momentum transport during 

stellar evolution. Its development in proto-neutron stars spun-up by supernova fallback has also been put forward as a scenario to 

explain the formation of very magnetized neutron stars called magnetars. Using three-dimensional direct numerical simulations, 
we model the proto-neutron star interior as a stably stratified spherical Couette flow with the outer sphere that rotates faster 
than the inner one. We report the existence of two subcritical dynamo branches driven by the Tayler instability. They differ 
by their equatorial symmetry (dipolar or hemispherical) and the magnetic field scaling, which is in agreement with different 
theoretical predictions (by Fuller and Spruit, respectively). The magnetic dipole of the dipolar branch is found to reach intensities 
compatible with observational constraints on magnetars. 

Key words: instabilities – magnetic fields – MHD – stars: magnetars – supernovae: general. 
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 I N T RO D U C T I O N  

agnetars are a class of neutron stars that exhibit magnetic fields
hose dipolar component reaches 10 14 –10 15 G, which makes them

he strongest fields observed in the Universe. Their dissipation are
hought to power a wide variety of emissions like giant flares (Evans
t al. 1980 ; Hurley et al. 1999 , 2005 ; Svinkin et al. 2021 ), fast radio
ursts (Bochenek et al. 2020 ; CHIME/FRB Collaboration 2020 ),
nd short chaotic X-ray bursts (Gotz et al. 2006 ; Coti Zelati et al.
018 , 2021 ). Combined with a millisecond rotation, they may pro-
uce magnetorotational explosions, which are more energetic than
tandard superno vae e xplosions (Burrows et al. 2007 ; Dessart et al.
008 ; Takiw aki, Kotak e & Sato 2009 ; Bugli et al. 2020 , 2023 ; Kuroda
t al. 2020 ; Obergaulinger & Aloy 2020 , 2021 , 2022 ; Bugli, Guilet &
bergaulinger 2021 ). The origin of these magnetic fields is therefore
 crucial question to understand magnetars and their association to
 xtreme ev ents such as gamma-ray bursts or fast radio bursts. Two
lasses of scenarios can be distinguished for magnetar formation:
i) the merger of a neutron star binary, which may explain the
lateau phase and the extended emission in X-ray sources associated
ith short gamma-ray bursts (Metzger, Quataert & Thompson 2008 ;
ompertz, O’Brien & Wynn 2014 ; L ̈u & Zhang 2014 ). These events

re interesting for their multimessenger signature but are expected to
e too rare to be the main formation channel of Galactic magnetars,
ii) the core-collapse of a massive star, which is confirmed by
he observation of Galactic magnetars associated with supernova
emnants (Vink & Kuiper 2006 ; Martin et al. 2014 ; Zhou et al.
019 ). In the latter case, the amplification of the magnetic field may
e due either to the magnetic flux conservation during the collapse
 E-mail: paul.barrere@cea.fr (PB); jerome.guilet@cea.fr (JG); 
aphael.raynaud@cea.fr (RR); alexis.reboul-salze@aei.mpg.de (AR-S) 
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f the iron core of the progenitor star (Ferrario & Wickramasinghe
006 ; Hu & Lou 2009 ; Schneider et al. 2020 ) or to a dynamo action
n the newly born proto-magnetar. Indeed, two dynamo mechanisms
ave already been studied by numerical simulations: the convective
ynamo (Thompson & Duncan 1993 ; Raynaud et al. 2020 ; Masada,
akiwaki & Kotake 2022 ; Raynaud, Cerd ́a-Dur ́an & Guilet 2022 ;
hite et al. 2022 ) and the magnetorotational instability (MRI)-driven

ynamo (Obergaulinger et al. 2009 ; M ̈osta et al. 2014 ; Reboul-
alze et al. 2021 ; Guilet et al. 2022 ; Reboul-Salze et al. 2022 ).
he y hav e been shown to produce magnetar-like magnetic fields

or millisecond rotation periods of the proto-magnetar, especially
or periods P � 10 ms for the conv ectiv e dynamo (Raynaud et al.
020 ; Raynaud et al. 2022 ). These scenarios rely on the hypothesis
hat the rotation of the proto-magnetar is determined by the rotation
f the progenitor core. Ho we ver, it is still uncertain whether there
re enough fast-rotating progenitor cores to form all the observed
agnetars in the Milky Way, which represent ∼10 –40 per cent of the
alactic neutron star population (Kouveliotou et al. 1994 ; Woods &
hompson 2006 ; Gill & Heyl 2007 ; Beniamini et al. 2019 ). 
In Barr ̀ere et al. ( 2022 ), we developed a new magnetar formation

cenario in which the rapid rotation rate of the proto-magnetar is
ot determined by the progenitor core but by the ejected matter that
emains gravitationally bound to the proto-magnetar and eventually
alls back on the proto-magnetar surface ∼5 –10 s after the core-
ollapse. Since the accretion is asymmetric, the fallback matter
ransfers a significant amount of angular momentum to the surface
Chan, M ̈uller & Heger 2020 ; Janka, Wongwathanarat & Kramer
022 ), which makes the surface rotate faster than the core. In Barr ̀ere
t al. ( 2022 ), we argue that this spin-up triggers the amplification
f the magnetic field through the Tayler–Spruit dynamo mechanism.
his dynamo mechanism can be described as a loop: (i) a poloidal
agnetic field is sheared into a toroidal one ( �-effect), (ii) the

oroidal field becomes Tayler unstable after reaching a critical value
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Tayler 1973 ; Pitts & Tayler 1985 ), and (iii) the Tayler instability
egenerates a poloidal field (Fuller, Piro & Jermyn 2019 ; Skoutnev, 
quire & Bhattacharjee 2022 ; Ji, Fuller & Lecoanet 2023 ). 
The Tayler–Spruit dynamo was first modelled by Spruit ( 2002 ) to

xplain the angular momentum transport in stellar radiative zones. 
uller et al. ( 2019 ) provided a revised description, which tackles the
revious critics of Spruit’s model (see Denissenkov & Pinsonneault 
007 ; Zahn, Brun & Mathis 2007 ). A main difference between both
escriptions resides in the saturation mechanism of the dynamo. 
pruit ( 2002 ) supposes that magnetic energy in the large-scale 
agnetic field is damped via a turbulent cascade at a rate equal to the

rowth rate of the Tayler instability, whereas Fuller et al. ( 2019 ) rather
xpect the magnetic energy to cascade from the scale of the instability
and not the large-scale magnetic field) to small scales. This yields 
istinct magnetic energy damping rates and so different scalings for 
he saturated magnetic field. Their analytical results are now often 
ncluded in stellar evolution codes (see e.g. Eggenberger, Maeder & 

eynet 2005 ; Cantiello et al. 2014 ; Eggenberger, Buldgen & Salmon
019a ; Eggenberger et al. 2019b ; Bonanno, Guerrero & Del Sordo
020 ; den Hartogh, Eggenberger & Deheuvels 2020 ; Griffiths et al.
022 ). Though this dynamo has long been debated in direct numerical 
imulations (Braithwaite 2006 ; Zahn et al. 2007 ), Petitdemange, 

arcotte & Gissinger ( 2023 ) recently reported a dynamo solution 
haring many characteristics with the Tayler–Spruit model. Their 
umerical simulations modelled a stellar radiative zone, where the 
hear is ne gativ e, that is, the rotation rate decreases in the radial
irection. In this Letter, we demonstrate that the Tayler instability 
an sustain different dynamo branches in the presence of positive 
hear, which gives strong support to the magnetar formation scenario 
f Barr ̀ere et al. ( 2022 ). 

 N U M E R I C A L  SETUP  

e perform three-dimensional (3D) direct numerical simulations 
f a stably stratified and electrically conducting Boussinesq fluid 
ith the pseudo-spectral code MAGIC (Wicht 2002 ; Gastine & 

icht 2012 ; Schaeffer 2013 ). The fluid has a constant density ρ =
.8 × 10 14 g cm 

−3 (which corresponds to a proto-neutron star mass of
 = 1 . 4 M �) and evolves between two concentric spheres of radius

 i = 3 km and r o = 12 km, rotating at the angular frequencies �i 

nd �o = 2 π × 100 rad s −1 , respectively. The imposed differential 
otation is characterized by the Rossby number Ro ≡ 1 − �i / �o 

 0, which is varied between 0.125 and 1.2. This spherical Taylor–
ouette configuration with positive shear prevents the development 
f the MRI and allows us to study the system in a statistically steady
tate. We impose no-slip and insulating boundary conditions at the 
nner and outer spheres. In all the simulations, we keep fixed the other
imensionless control parameters: the shell aspect ratio χ ≡ r i / r o = 

.25, the thermal and magnetic Prandtl numbers Pr ≡ ν/ κ = 0.1 and
m ≡ ν/ η = 1, respectively, the Ekman number E ≡ ν/( d 2 �o ) = 10 −5 ,
nd the ratio of the Brunt–V ̈ais ̈al ̈a to the outer angular frequency
 / �o = 0.1. The coefficients ν, κ , η, and d ≡ r o − r i are respectively

he kinematic viscosity, the thermal dif fusi vity, the resisti vity, and
he shell width. As discussed in section 1.3 in the Supplemental 

aterials, the values of the dimensionless parameters are chosen 
or numerical convenience because realistic parameters of proto- 
eutron star interiors are out of reach with the current computing 
ower. The magnetic energy is measured by the Elsasser number 
 ≡ B 

2 
rms / (4 πρη�o ). The simulations are initialized either from a

earby saturated state, or with a weak ( 
 = 10 −4 ) or a strong ( 
 =
0) toroidal axisymmetric field with a given equatorial symmetry; it 
an be either dipolar (i.e. equatorially symmetric 1 with l = 2, m = 0)
r quadrupolar (i.e. antisymmetric with l = 1, m = 0). We define a
urbulent resistive time τ̄η = 

(
πr o / ̄� 

)2 
/η ∼ 0 . 2 d 2 /η, where �̄ = 10

s the typical value of the average harmonic degree of the time-
veraged magnetic energy spectrum. In the following, we will term 

 solution metastable when a steady state is sustained for a time
nterval t > 0 . 3 ̄τη,and stable for t � τ̄η (up to 5 . 7 ̄τη for the
imulation at Ro = 0.2). 

 RESULTS  

e find in our set of simulations several dynamo branches rep-
esented by different colours in the bifurcation diagram shown in 
ig. 1 . When the differential rotation is low, the flow can not amplify
 weak magnetic field (black crosses), but when R o > R o c W 

∼ 0 . 62,
he magnetic field grows exponentially to reach a metastable or a
table saturated dynamo state (black dots). This kinematic dynamo is 
riven by an hydrodynamic instability of the Stewartson layer whose 
hreshold is Ro c hyd ∼ 0 . 175 (dashed vertical black line), which is in
greement with Hollerbach ( 2003 ). When Ro � 0.8, the kinematic
ro wth is follo wed by a non-linear gro wth and the system transitions
irectly to another branch with a larger magnetic energy (green 
ircles). Restarting from a nearby saturated solution or a strong 
oroidal field with quadrupolar symmetry (mauve dashed arrows), 
e find that the stability of this branch extends to Rossby number

s low as Ro c H ∼ 0 . 37 < Ro c W 

, which indicates that this dynamo
s subcritical. By starting from a strong toroidal field with dipolar
ymmetry, we observe that this subcritical branch is in bistability 
ith another one which presents even stronger saturated magnetic 
elds B rms ∈ 

[
4 × 10 14 , 1 . 1 × 10 15 

]
G (red circles). This branch is 

lso subcritical since it can be maintained for Rossby numbers as
ow as R o > R o c D ∼ 0 . 19. Moreo v er, the two subcritical branches
o not only differ by their magnetic field strength but also by
heir equatorial symmetry, as seen in the 3D snapshots and the
urface maps of the magnetic field in Fig. 1 . Indeed, the magnetic
eld shows a dipolar symmetry on the stronger dynamo branch, 
hereas it is hemispherical on the weaker one. The latter can be

nterpreted as the superposition of modes with opposite equatorial 
ymmetry (Gallet & P ́etr ́elis 2009 ), which is consistent with the fact
hat we do find quadrupolar solutions (mauve circles in Fig. 1 ).
hese are only metastable for R o > R o c Q ∼ 0 . 7 and transition

o a stable dipolar or hemispherical solution. Finally, we note that
he hemispherical dynamos with Ro � 0.8 (light green circles in
igs 1 and 2 ) display parity modulations (i.e. the solution evolves
etween hemispherical, dipole, and quadrupole symmetric states). 
his behaviour is reminiscent of the so-called Type 1 modulation 

dentified in other dynamo set-ups (Knobloch, Tobias & Weiss 1998 ;
aynaud & Tobias 2016 ) and likely results from the coupling of
odes with opposite parity as the equatorial symmetry breaking of 

he flow increases at larger Rossby numbers. 
The difference between the three dynamo branches is also clear 

n Fig. 2 , where we see that the hemispherical branch saturates
elow the equipartition, with an energy ratio increasing with Ro 
rom ∼0.014 up to ∼0.56. By contrast, the dynamos of the dipolar
ranch are in a superequipartition state ( E b / E k > 1) and follow the
agnetostrophic scaling E b / E k ∝ Ro −1 characteristic of the Coriolis–
orenz force balance (Roberts & Soward 1972 ; Dormy 2016 ; Aubert,
astine & Fournier 2017 ; Dormy, Oruba & Petitdemange 2018 ;
ugustson, Brun & Toomre 2019 ; Schwaiger, Gastine & Aubert 
MNRASL 526, L88–L93 (2023) 
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M

Figure 1. Left: Bifurcation diagram of the time and volume averaged Elsasser number (and root mean square magnetic field) versus the Rossby number. 
Distinct dynamo branches are represented: dipolar (red), quadrupolar (mauve), hemispherical (green), and kinematic (black) whose respective thresholds 
are R o c D ∼ 0 . 19, R o c Q ∼ 0 . 7, R o c H ∼ 0 . 37, and R o c W 

∼ 0 . 62. The hydrodynamic instability is triggered for Ro c hyd > 0 . 177. Dark green circles are stationary 
hemispherical dynamos and light green ones display parity modulations. Black crosses indicate failed dynamos, empty circles metastable solutions. Arrows 
attached to circles indicate the initial condition of the associated simulation. The black half empty circle specifies that the solution was found to be metastable in 
a simulation and stable in another. The error bars indicate the standard deviation. Right: snapshots of the magnetic field lines and surface radial fields associated 
to the different main dynamo branches at Ro = 0.75: dipolar (top), hemispherical (middle), and kinematic (bottom). 

Figure 2. Time-averaged ratio of the magnetic energy to the kinetic energy 
densities as a function of the Rossby number. The error bars indicate the 
standard deviation. 
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Figure 3. Snapshots of the azimuthal slices of the angular velocity (left) and 
the magnetic field along the cylindrical radius s ≡ r sin θ (right) of the dipolar 
dynamo at Ro = 0.75. 
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019 ; Seshasayanan & Gallet 2019 ; Raynaud et al. 2020 ). This is
lso confirmed by force balance spectra shown in fig. S1 in the
upplemental Materials. 
Both subcritical dynamos show magnetic fields concentrated along

he rotation axis, which differs significantly from the subcritical
olutions found with a ne gativ e shear by (Petitdemange et al. 2023 );
his is also strikingly different from the magnetic field generated on
he equatorial plane by the kinematic dynamo (see 3D snapshots of
ig. 1 ). This suggests that the dipolar and hemispherical dynamos
re driven by a different mechanism. We argue that they are driven by
he Tayler instability according to the following arguments. First, the
xisymmetric toroidal magnetic component is clearly dominant since
t contains 53 –88 per cent of the total magnetic energy. Second, the
imulations show a poloidal magnetic field with a dominant m = 1
NRASL 526, L88–L93 (2023) 
ode (see Supplemental Materials figs S2 and S3), which is the most
nstable mode of the Tayler instability (Zahn et al. 2007 ; Ma & Fuller
019 ). In the azimuthal cut of the magnetic field component B s in
ig. 3 , the Tayler mode also appears clearly close to the poles, where

t is expected to develop for a toroidal field generated by the shearing
f a poloidal field (see Supplemental Materials fig. S4). This is also
onsistent with the 3D snapshots of the dipolar and hemispherical
ranches in Fig. 1 where the toroidal magnetic field seems prone to
 kink instability. Third, as in Petitdemange et al. ( 2023 ), the system
ifurcates from the kinematic to the hemispherical branch in the
icinity of the threshold of the Tayler instability (Spruit 1999 , 2002 ) 

 

c 
φ ≡ B 

c 
φ

2 

4 πρη�o 
∼ χ

1 − χ

N 

�o 

√ 

P r 

E 

∼ 3 . 3 . (1) 
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Figure 4. Time series of the maximum along the cylindrical radius s of 
the axisymmetric toroidal magnetic energy measured locally at z = 0.45 r o , 
for stable (black) and metastable (green) kinematic dynamos at Ro = 0.75. 
The dashed red line indicates the analytical threshold of the Tayler instability 
(equation 1 ). Dark lines show a running average and dotted green lines around 
t ∼ 20 s indicate missing data. 
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Figure 5. Root mean square (RMS) toroidal and poloidal axisymmetric 
magnetic fields (top), RMS magnetic dipole (middle), and RMS magnetic 
torque (bottom) as a function of the time-averaged shear rate measured in 
the steady state, for the dipolar (red) and hemispherical (green) dynamo 
branches. Dotted lines shows the best fits obtained with Fuller’s (red) and 
Spruit’s (green) theoretical scaling laws, respectively. 
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2 In the case of the toroidal magnetic field, the power-law index from the fit 
is in slight tension with the theoretical prediction. Ho we ver, this tension is 
not very significant: it is driven mainly by a single data point and disappears 
if we change the threshold from q > 0.2 to q > 0.25 to exclude the model 
Ro0.5as with q = 0.2. 
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ndeed, if we focus on the stable and metastable kinematic solutions
ound at Ro = 0.75, we see in Fig. 4 that the local maximum of
he toroidal axisymmetric field is in both cases close to the critical
alue abo v e which it is e xpected to become unstable. The bifurcation
rom the kinematic toward the hemispherical branch that is observed 
or the metastable solution appears hence as the result of turbulent 
uctuations departing far enough abo v e the threshold of the Tayler

nstability. 
Finally, we compare our numerical results to the theoretical 

redictions regarding the saturation of the Tayler–Spruit dynamo. 
ote that these predictions assume the scale separation ω A � �o �
 , where the Alfv ́en frequency is defined by ω A ≡ B φ/ 

√ 

4 πρr 2 o ∼
2 . 1 

(
B φ/ 10 15 G 

)
Hz . Our numerical models assume N / �o = 0.1 to

imit the computational costs, whereas for a typical PNS spun-up 
y fallback to a period of 1–10 ms we expect N / �o ∼ 1–10. On
he other hand, the achieved magnetic field follows the right scale 
eparation with ω A / �o � 0.02, which is expected to determine the
aturation mechanism of the Tayler instability (Ji et al. 2023 ). Fig.
 displays the axisymmetric toroidal and poloidal magnetic fields 
top), the dipole field (middle) and the Maxwell torque (bottom) as a
unction of an ef fecti ve shear rate q measured locally in the saturated
tate of the dynamo (see Supplemental Materials fig. S5). For the 
ipolar branch (red), we find that the power laws B 

m = 0 
tor ∝ q 0 . 36 ± 0 . 05 

nd B 

m = 0 
pol ∝ q 0 . 62 ± 0 . 07 fit the saturated magnetic field, while we 

nd B s B φ ∝ q 1.0 ± 0.02 or B 

m = 0 
s B 

m = 0 
φ ∝ q 1 . 1 ± 0 . 04 , depending on

hether we take into account non-axisymmetric contributions to 
ompute the Maxwell torque T M 

. The scaling exponents are thus
n good agreement with the theoretical predictions of Fuller et al. 
 2019 ) B 

m = 0 
tor ∝ q 1 / 3 , B 

m = 0 
pol ∝ q 2 / 3 , and T M 

∝ q (red dotted lines
n Fig. 5 ). Contrary to their prediction, ho we ver, our torque is not
ominated by the axisymmetric magnetic field, which may be related 
o their assumption of a stronger stratification. Interestingly, the 
emispherical branch (green) does not follow the same scalings: 
or q ≥ 0.2, we find B 

m = 0 
tor ∝ q 2 . 1 ± 0 . 31 and B 

m = 0 
pol ∝ q 2 . 0 ± 0 . 28 for

he magnetic field, and B s B φ ∝ q 2.7 ± 0.40 or B 

m = 0 
s B 

m = 0 
φ ∝ q 3 . 8 ± 0 . 70 

or the Maxwell torque. These results globally support Spruit’s 
redictions (Spruit 2002 ) B 

m = 0 
tor ∝ q , B 

m = 0 
pol ∝ q 2 , and T M 

∝ q 3 (green
otted lines) 2 . If we focus on the dipole field, we find the following
ower laws: B dip ∝ q 0.66 ± 0.03 and B dip ∝ q 1.1 ± 0.4 , for the dipolar
nd hemispherical branches, respectively. The dipole field on the 
trong branch therefore follows the same scaling as the axisymmetric 
oloidal field and is only ∼33 per cent weaker. 

 C O N C L U S I O N S  

o conclude, we show that the Tayler–Spruit dynamo also exists in
he presence of positive shear. We demonstrate for the first time the
xistence of two subcritical branches of this dynamo with distinct 
quatorial symmetries, dipolar, and hemispherical. Moreo v er, the 
ormer follows Fuller’s theoretical predictions, while the latter is 
n o v erall agreement with Spruit’s model. Compared to the study
f Petitdemange et al. ( 2023 ) that use a ne gativ e shear, our results
resent a similar dynamical structure, with a bifurcation diagram 

haracterized by a bistability between kinematic and subcritical 
ynamo solutions. The magnetic field of their Tayler–Spruit dynamo 
MNRASL 526, L88–L93 (2023) 
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s, ho we ver, dif ferent since it is characterized by a smaller scale
tructure localized near the inner boundary in the equatorial plane,
nd induces a torque scaling according to Spruit’s prediction. Our
tudy shows a magnetic field geometry concentrated near the pole in
greement with the expectation of the Tayler–Spruit dynamo and a
ore complex physics, with the existence of two different branches

hat can not be captured by a single scaling law. Extended parameter
tudies will be needed to further assess the impact of the resistivity
nd the stratification on this dynamo instability and better constrain
ts astrophysical implications. 

Our results are of particular importance for stellar evolution
odels by confirming the existence of the Tayler–Spruit dynamo and

y deepening our physical understanding of its complex dynamics.
he y also giv e strong support to the new magnetar formation scenario
roposed by Barr ̀ere et al. ( 2022 ), which relies on the development of
 Tayler-instability driven dynamo in the presence of a positive shear.
e validate the assumption that the magnetic dipole is a significant

raction of the poloidal magnetic field and follows the same scaling.
xtrapolating our results for the dipolar branch to q ∼ 1 as expected

n Barr ̀ere et al. ( 2022 ), we obtain a magnetic dipole intensity of
3.2 × 10 14 G and an even stronger axisymmetric toroidal field of
2.1 × 10 15 G. These orders of magnitude are similar to those found

n Barr ̀ere et al. ( 2022 ) for the same rotation period of P o ≡ 2 π / �o =
0 ms, and fall right in the magnetar range (Olausen & Kaspi 2014 ).
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bergaulinger M. , Aloy M. Á., 2020, MNRAS , 492, 4613 
bergaulinger M. , Aloy M. Á., 2021, MNRAS , 503, 4942 
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