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Abstract

The theoretical modelling of the atomic exchange effect, until now only available for
allowed beta decays, has been extended to the forbidden unique transitions. The required
computing power for such calculations being important, an extensive tabulation of the
correction factors has been conducted. These tables will be included in the future version of the
BetaShape code, which atomic screening has also been revised to ensure the same level of

accuracy as for exchange. Results for several radionuclides are discussed.
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1. Introduction

The Extended International Reference System (ESIR) is being developed by the
International Bureau of Weights and Measures (BIPM) (Coulon, 2022). The objective is to
create a specific instrument for comparing primary standards of radionuclides decaying almost
purely through alpha, beta and low-energy electron capture transitions, for which gamma
emission is non-existent or extremely low. The measuring device is based on the liquid

scintillation counting technique with the triple-to-double coincidence ratio (TDCR) method and
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a 0.1% standard uncertainty is aimed at (Coulon, 2021). CIEMAT/NIST is the other standard
method commonly employed in radionuclide metrology when carrying out liquid scintillation
activity measurements. In the case of beta decaying radionuclides, both methods necessitate
precise knowledge of the energy spectrum of the emitted beta particles to compute the detection
efficiency (Broda, 2007).

Recent studies (Kossert, 2015; Kossert, 2018; Kossert, 2021) have demonstrated that not
using an accurate description of the very low-energy part of the spectrum, where atomic effects
play a major role, can lead to an underestimation of the activity of a fraction of a percent, and
even more than a percent in some cases. In addition, observed discrepancies between the
activities determined with these two methods are resolved when using accurate theoretical
modelling for the calculation of beta spectra.

In this context, two atomic phenomena are important. The first one is the well-known
screening effect, i.e. how the atomic electrons screened the Coulomb potential of the nucleus
feels by the ejected beta particle. The second one is the exchange effect, a pure quantum
phenomenon that comes from the indistinguishability of the electrons. The direct decay creates
an electron in a continuum state. The exchange effect adds another decay channel, thus
increasing the total transition probability, by allowing a beta particle to be created into a bound
orbital of the parent atom, with the simultaneous ejection of the atomic electron into the
continuum. Consequently, such an effect cannot occur in beta plus transitions and is thus
specific to beta minus decays.

We have continuously developed for many years a specific code called BetaShape which
aims at providing improved theoretical predictions of beta decays (Mougeot, 2017) and electron
captures (Mougeot, 2018; Mougeot, 2019). The current released version? (2.2) includes

radiative corrections based on the work of Towner and Hardy (2008) on superallowed
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transitions, which were found in (Turkat, 2023) to be in excellent agreement with their latest
predictions given in (Hardy, 2020). Version 2.2 also includes an analytical screening correction
that gives good results above a few keV, but which is too imprecise at very low energy for an
accurate description of the beta spectrum. Moreover, the exchange effect is not included in the
BetaShape modelling.

We started our first study of the atomic exchange effect years ago (Mougeot, 2012; Mougeot,
2014) using the formalism of Harston and Pyper (1992). However, they restricted their
description to allowed transitions only, for which the angular momentum carried away by the
beta particles limits the exchange process to atomic electrons in s1/2 and p12 orbitals. In (Kossert,
2021), we assumed that this exchange correction could be applied as an estimate to the
forbidden unique transitions involved in *°Sr/*®Y decays. Correctness of such an approximation
is simply questionable.

The purpose of the present work is therefore to establish a modelling of the atomic exchange
correction extended to forbidden beta transitions. The beta particles can then be emitted with
higher angular momenta and exchange becomes possible with atomic electrons in other orbitals.
We focus this study on the forbidden unique transitions because they do not necessitate any
input information from nuclear structure, contrary to forbidden non-unique decays. The
correction associated to a specific angular momentum is found to act on the corresponding
component with identical angular momentum in the shape factor. Consequently, overlaps of
continuum and bound relativistic electron wave functions have to be calculated for all the
possible angular momenta at each beta particle kinetic energy.

We first describe in Section 2 our extended modelling of the exchange effect. Such
calculations require a lot of computing power for any beta spectrum. In addition, a screening
correction determined from a full numerical solution of the Dirac equation is needed, which

represents also a heavy computational load. Section 3 summarizes our efforts to make available



these two atomic corrections in the next released version of BetaShape ensuring good accuracy.

Finally, theoretical predictions for some transitions of interest are presented in Section 4.

2. Theoretical formalism

Pyper and Harston (1988) studied in detail the atomic effects that are theoretically expected
to influence the beta decays. In particular, their formalism includes a derivation of the atomic
exchange effect, but simplified to the allowed transitions. The purpose of the present work is to
establish a formulation of the atomic exchange effect extended to the forbidden unique
transitions, consistent with the reference formalism of beta decays from Behrens and Bihring
(1982).

Following the methodology in (Pyper, 1988), we start from the expression of the transition

matrix without atomic states, given in Chapter 6 in (Behrens, 1982).
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It results from a double multipole expansion: on the one hand of the nuclear current (K, L, s, M);
on the other hand of the lepton current (k,, ., K, i), With x the angular momentum quantum
number and u the orbital magnetic quantum number. We refer the reader to (Behrens, 1982) for
the definition of all the quantities. The decay is described as a one-body transition, i.e. from an
initial neutron in the parent nucleus to a final proton in the daughter nucleus. Applying the
Wigner-Eckart theorem on the corresponding spherical one-body tensor operator Tk s(1 + ¥5)
allows to split the radial and angular parts. The latter is developed on a basis of angular

momentum eigenstates, which makes Clebsch-Gordan coefficients (or 3j-symbols) appear.



Combining the angular momenta and spins of the four particles involved in the decay (neutron,
proton, electron and antineutrino) creates 6j-symbols, visible in Equation (1), and 9j-symbols
that are hidden in the reduced matrix elements Fy,.(g?) (nuclear) and (d)’KellTKLs(l +
Vs)”‘i"nv) (lepton). The product of these reduced matrix elements is integrated over the entire
space (on the radial part r) and over the momentum g transferred in the decay.

In such description of the process, the initial and final atomic electrons are assumed identical.
However, the weak interaction changes the nucleus charge and the decay occurs is in reality
between initial and final atomic states that are not orthogonal. It is thus necessary to revise the
initial and final lepton states in Equation (1) by including the atomic wave functions.

The global atomic wave function can be described following the same logic in terms of
angular and radial components. An orthonormal, complete basis of one-particle wave functions
is defined, for which the radial part is separated thanks to the introduction of spin-orbital
functions (L6dwin, 1955). The degeneracy of each spin-orbital function is given by its relative
occupation number, i.e. the average number of electrons in the considered one-particle state.
The global atomic wave function is then expressed in configuration space and must be
antisymmetric. Considering an ordered configuration, this wave function is a Slater determinant
of the one-particle wave functions.

The reduced lepton matrix element <¢,Ke”TKLS(1 + V5)||¢rcv> has to be modified by
evaluating the operator between two states that include the atomic electrons and the leptons
created in the decay. Lodwin established in (L6dwin, 1955) the very general formula of the
transition matrix between two non-orthogonal states expressed by Slater determinants. The
Hermitian operator is considered in its very general nature and expanded as a sum of many-
particle operators (zero-, one-, two-, etc.). In the present study, we stay with the assumption of

a process described in Equation (1) by a one-particle operator. We end up with evaluating a



single determinant that contains many overlaps in the off-diagonal terms between initial |¢;)

and final |¢';) atomic one-particle wave functions.
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The nuclear charge differing only by one proton, these off-diagonal overlaps can be neglected,
i.e. V(i,)),i # j,(¢';|¢:) = 0, which corresponds to neglecting the shake-up and shake-off
processes in the decay. The latter determinant is then established straightforwardly with the

lower-upper decomposition method.
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The transition probability is essentially determined by the square of the transition matrix. It
depends on the directions of the emitted leptons, but also on each of the magnetic quantum
numbers of the particles involved in the initial and final states. Focusing on the beta spectrum
as the observable of interest, one has to integrate over all the possible, undetected directions of
the leptons. In addition, no orientation of the initial and final nuclear states is observed, which

means that the beta spectrum does not depend on the magnetic substates. We have therefore to



average over these initial substates and to sum over these final substates. Without considering
the atomic states, the transition probability of the beta particle with an energy W is given by

(Behrens, 1982)
GZ
P(W) = L pWp,*FoLoC(W) (4)

with p = VW2 — 1 the electron momentum, p, = (W, — W) the antineutrino momentum, W,
the transition energy and FyL, the Fermi function defined from the Coulomb amplitude o, of

the relativistic electron wave functions
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The Coulomb amplitudes are actually labelled with k., which can take positive or negative
integer values. A convenient notation to introduce is k = |x,|. The shape factor C(W) in its

usual form is given for allowed and forbidden unique transitions by
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The first two terms of the right-hand side are the dominant form factor coefficients Fy;.(q?)
involved in the decay, and are either of vector (V) or axial-vector (A) type. R is nuclear radius.
For an allowed transition, L = 1 and A, = 1. If L > 1, the transition is (L — 1)™ forbidden
unique.

Deriving the shape factor over again, we use the transition matrix with the atomic states and

establish a corrected shape factor.
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As in our previous study of electron capture (Mougeot, 2018; Mougeot, 2019), we now labels

the atomic states with their quantum numbers (n, k). The Coulomb amplitudes of their wave



functions is denoted by £, their relative occupation number by n,, and their momentum by
Pnic- The overlap term that appears in Equation (7) is given by

Cov = X (1) (P | Py 2 ¥ (8)
and only acts as a constant factor, without changing the spectrum shape. Each beta electron
created in a +k state sees its probability modified by an exchange correction due to the atomic
electrons of the same +k angular momentum. This correction corresponds to the latest term of

Equation (7) and is expressed as
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where the final electron continuum state |¢’Ke) has been relabelled as |q,'>’c,,€) for better clarity.
This formulation of the atomic exchange effect is consistent with the result of Pyper (1988)
and Harston (1992) for the allowed transitions if, as them, we assume closed shells and perfect
overlap of the atomic wave functions, i.e. Vi, (¢';|¢;) = 1.
To illustrate how the exchange correction acts, we now consider the case of a first forbidden
unique transition. Its usual shape factor is given by
CW) =p,* + A;p° (11)
The first term is associated to k = 1 states and the second to k = 2 states. The exchange
correction is thus applied as
CW) =p,2 X [1+1-1+ 0111+ Ap> X [1+ 105 +742] (12)
In any atom, the number of si2 (k = —1) and p12 (x = +1) orbitals is higher and they are
most often closed. Their contribution is therefore naturally higher. In addition, the overlap with
the continuum states is higher than for other x value. The ratio of momenta in Equation (10)

acts in the same direction. Finally, in any forbidden unique shape factor the p, term dominates



at low energy, where the exchange effect is the most significant. With this analysis, we conclude
that applying the allowed exchange correction simply to the Fermi function, neglecting its

influence on the shape factor, is a good approximation for the forbidden unique transitions.

3. Embedment in BetaShape

The computational burden to determine the exchange correction is significant, typically
several tens of minutes on a recent 16-processor workstation for a single beta spectrum with
fine energy binning. In order to make these predictions available in a simple manner through
the BetaShape code, extensive tabulation of the exchange correction factors [1 + n_j + 1]
has been considered. The atomic wave functions used for the electron capture calculations
(Mougeot, 2018; Mougeot, 2019) have been employed.

However, the atomic screening correction in BetaShape had also to be revised because the
analytical correction in the released version 2.2 is not as accurate as the exchange correction. It
is based on an analytical approach developedby Biihring (1984) in which the wave function of
the beta particle, established from a simplified version of the coupled Dirac equations, is
expanded radially together with a screened potential. Keeping only the dominant term, Biihring
established formulas that estimate screened-to-unscreened ratios for the Fermi function F,L,
and the A, parameters. This correction was adapted in previous work with more precise
screened potentials (Mougeot, 2016). In the present study, full numerical computation of the
screening effect on the Fermi function and on the Ak parameters that enter in the definition of
the shape factors has been performed. Screened-to-unscreened ratios have been extensively
tabulated.

For both atomic corrections, tables have been generated for all elements up to Z = 120. An
energy grid with non-constant spacing has been considered in order to ensure sufficient

precision at very low energy: with a total of 500 points up to 30 MeV, 220 of them are below



100 keV and 80 from 1 eV to 5 keV. For the exchange effect, all atomic orbitals have been
considered and a numerical precision of at least 0.001% has been ensured, i.e. the tabulation
ends when all the exchange correction factors of a given element are less than 1.00001. Beyond
the last tabulated energy, exchange correction factors are assumed equal to unity. For the
screening effect, considered for both beta plus and beta minus decays, the Fermi function and
the Ak parameters have been tabulated up to 30 MeV and A7, which corresponds to a sixth
forbidden unique transition and covers more than the known transitions. Interpolation within
these tables allows the fast and precise inclusion of these atomic effects in the beta spectra

provided by the BetaShape code. They will be included in the future released version 2.3.

4. Results

We first apply the present modelling to the allowed low-energy transition of Ni decay. The
spectrum predicted with the version 2.2 of BetaShape (green) is compared in Figure 1 to the
spectrum calculated with the tabulated screening correction (red). The improvement on the
shape at very low energy, below 1 keV, is clearly visible. The spectrum that also includes the
tabulated exchange correction (blue) and a precise measurement (black) performed with a
Metallic Magnetic Calorimeter (MMC) (Loidl, 2014) are given too. The calculated spectra are
only normalized to the measured spectrum with a global constant factor. The present modelling
describes very well the experimental spectrum over the entire energy range, down to the energy
threshold below 0.5 keV.

The same comparison is shown in Figure 2 in the case of *'Pu decay. This first forbidden
non-unique transition can be treated as allowed with the &-approximation (Mougeot, 2015). The
measurement was also performed with an MMC (Loidl, 2010), and conclusion is the same as

for ©3Ni decay.



Testing the theoretical predictions of the atomic exchange correction in the case of the
forbidden unique transitions is made difficult by the inexistence of precise measurement down
to low energy. An indirect validation was done recently in the context of dark matter studies.
In such experiments, the accuracy of the background modelling is pivotal and some naturally
occurring radionuclides still contribute, despite all the significant efforts to reduce their amount.
The DarkSide experiment is based on a dual-phase liquid argon time projection chamber that
makes it sensitive to the *’Ar and 3°Ar decays (Agnes, 2021). The latter is a pure first forbidden
unique beta transition. The experiment is also sensitive to the 8Kr decay, which exhibits an
almost pure transition of the same nature. Figures 3 and 4 present the different predictions for
3 Ar and %Kr beta spectra. The probability increase at low energy was demonstrated to be one
of the important ingredient to significantly improve the background description (Agnesl, 2023),
setting new limits on some dark matter particle interactions (Agnes2, 2023; Agnes3, 2023).

Another possibility is to apply the correction factors to forbidden non-unique transitions.
Equations (7) and (12) show that the atomic exchange correction acts on the Ax parameters in
forbidden unique transitions. These parameters are still present in the theoretical shape factor
of forbidden non-unique transitions, within each multipole of the currents expansion. We can
thus consider a “forbidden unique approximation” of the atomic exchange effect by applying
the correction factors in the same manner. This was done recently for the studies of *1Sm
(Kossert, 2022) and 5Lu (Quarati, 2023) decays. In both cases, significant influence of nuclear
structure was found down to the lowest energies, which prevents any firm conclusion. In $*Sm
decay, theory is not able to describe the strong probability increase below 4 keV, even if it is
still not clear whether the discrepancy comes from theory or experiment. In *"®Lu decay, the
beta spectrum of the dominant transition is well reproduced down to very low energy with
residuals falling in +£30. The latter still exhibit a nonlinear trend that is most probably due to

the description of the nuclear structure.



We want to emphasize that new high-precision measurements of forbidden beta transitions,
both unique and non-unique, are required down the lowest energies. They would be of great
help to test the different parts of the theoretical modelling and to quantify their accuracy. We
suggest as a priority the measurement of the *°’Pd beta spectrum. This ground-state-to-ground-
state decay is perfectly suitable for an MMC measurement and for testing the modelling:
medium atomic number, first forbidden unique transition, half-life of 6.5(3) x10°8 y (Blachot,
2008) and Q-value of 34.0(23) keV (Wang, 2021). Figure 5 presents the different predictions

for this decay, showing the expected influence of the atomic exchange effect.

5. Conclusion

Following their derivation done decades ago, we have extended the modelling of the atomic
exchange effect from (Pyper, 1988), originally established only for the allowed transitions, to
the forbidden unique decays. Assuming the same hypotheses, their formulation can be deduced
from our modelling, which is fully consistent with the formalism of beta decays from (Behrens,
1982). Demonstration has been done that the allowed exchange correction applied to the Fermi
function is a good approximation for the forbidden unique transitions. With a willing of
dissemination, we have included these results in the BetaShape code thanks to an extensive
tabulation of the correction factors. In order to ensure accurate predictions at very low energy,
we also revised the screening effect in the BetaShape modelling, tabulating the correction
factors on the Fermi function and the A, parameters. All these tables cover more than the known
transitions and will be included in the forthcoming version of BetaShape.

We validated these developments with ®3Ni and 2*'Pu beta decays, for which high-precision
measurements performed with cryogenic detectors are available. Excellent agreement over the
entire experimental energy range was obtained, from a few hundreds of eV to the Q-value.

Facing the lack of precise measurement to compare with, we looked for an indirect validation



addressed in other studies published elsewhere. The spectra of *°Ar and ®Kr decays were
calculated for the DarkSide collaboration, who show that the most accurate predictions lead to
the best description of the background. We also applied the exchange correction factors in the
calculation of **Sm and *"®Lu forbidden non-unique decays as an approximation. As expected,
the dominant effect comes from nuclear structure and no firm conclusion can be drown about
the exchange effect.

We propose 1°’Pd decay as good candidate for a future high-precision measurement. Other
forbidden transitions would also help to test the predictions, and to revise them if necessary.
There is still room for new theoretical developments, and some are ongoing in the framework
of the European project PrimA-LTD. For instance, the atomic modelling of BetaShape that
generates the wave functions can be replaced by high-precision wave functions from modern
approaches, e.g. Density Functional Theory or Multi-Configurational Dirac-Fock. Another
improvement would be the complete calculation of the matrix elements in Equation (2), mixing
nuclear, lepton and atomic wave functions, which is unavoidable for an accurate treatment of

the forbidden non-unique transitions.
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Highlights

e Atomic exchange is important for activity measurements of beta decaying nuclei.

Existing theoretical model for allowed transitions is extended to forbidden unique.

Atomic screening and exchange corrections are extensively tabulated.

Future version of the BetaShape code will include these accurate corrections.

Results for *°Ar, 3Ni, &Kr, 1°Pd and 2*'Pu decays are discussed.

Figures

Figure 1 — Comparison of the ®3Ni spectrum measured by MMC (Loidl, 2014) with the
calculation from BetaShape version 2.2 (Mougeot, 2017) and those of the new version from
this work that includes the atomic screening and exchange effects (see Section 3). Version 2.2

only includes screening correction from (Bihring, 1984).
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Figure 2 — Comparison of the ?*'Pu spectrum measured by MMC (Loidl, 2010) with the
calculation from BetaShape version 2.2 (Mougeot, 2017) and those of the new version from
this work that includes the atomic screening and exchange effects (see Section 3). Version 2.2

only includes screening correction from (Bihring, 1984).
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Figure 3 — Comparison of the *°Ar spectrum calculated with BetaShape version 2.2 (Mougeot,
2017) with the predictions of the new version from this work that includes the atomic screening
and exchange effects (see Section 3). Version 2.2 only includes screening correction from

(Buhring, 1984).
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Figure 4 — Comparison of the 8Kr spectrum calculated with BetaShape version 2.2 (Mougeot,
2017) with the predictions of the new version from this work that includes the atomic screening
and exchange effects (see Section 3). Version 2.2 only includes screening correction from

(Buhring, 1984).
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Figure 5 — Comparison of the 1°’Pd spectrum calculated with BetaShape version 2.2 (Mougeot,
2017) with the predictions of the new version from this work that includes the atomic screening
and exchange effects (see Section 3). Version 2.2 only includes screening correction from

(Buhring, 1984).
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