N
N

N

HAL

open science

Insight into LIB diffusion phenomena using analytical
impedance models
Eric Woillez, Marion Chandesris

» To cite this version:

Eric Woillez, Marion Chandesris. Insight into LIB diffusion phenomena using analytical impedance
models. Journal of The Electrochemical Society, 2023, 170, pp.070527.

cea-04160821

HAL 1d: cea-04160821
https://cea.hal.science/cea-04160821v1
Submitted on 12 Jul 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.1149/1945-7111/ace55b .


https://cea.hal.science/cea-04160821v1
https://hal.archives-ouvertes.fr

Insight into LIB diffusion phenomena using analytical impedance
models

E. Woillez! and M. Chandesris!

'Univ. Grenoble Alpes, CEA, Liten, F-38000 Grenoble, France

Abstract

Electrochemical impedance spectroscopy (EIS) is extensively used to characterize the transport prop-
erties in porous electrodes of lithium-ion batteries (LIB). In the low-frequency domain (f < 1Hz), solid
diffusion and electrolyte diffusion are competing over similar timescales, which explains why both phe-
nomena are difficult to characterize independently. In which case can the solid diffusion coefficient be
correctly extracted from experimental EIS? To answer this question, the linearized P2D-Newman model
of a complete cell is solved using a Fourier transform to obtain a physics-based analytical impedance.
The solution allows deriving the characteristic frequencies and non-dimensional numbers of the system,
and gives the parameters range for which solid diffusion is overwhelming electrolyte transport in the
impedance signal. A simple criterion is then given to discriminate electrodes that are properly designed
for active materials electrochemical characterization.

1 Introduction

The pioneering work of Newman and Doyle in the 90’s has laid the fundamentals of what is now called
the pseudo-2D (P2D) model of porous electrodes [1, 2, 3, 4]. This model has long become the reference for
modeling electrochemical power sources at the electrode scale, especially lithium-ion batteries (LIB). Based on
the volume averaging method [5], the model proposes a simplification of the complex 3D porous microstructure
using an effective description of electrolyte transport in the electrode depth coupled to representative solid
particles for lithium storage. The success of the model lies on the fact that it includes all the leading order
transport phenomena and electrochemical reactions in the cell, and, at the same time, remains simple enough
to be numerically simulated with very few computational power. However, the model still contains about 16
physical and geometrical parameters (10 per electrode and 6 for the electrolyte) in its simplest version. Almost
all of them have to be precisely characterized for the model to correctly predict the battery performances in
various conditions, i.e. charge and discharge at small and large regimes.

Among the most difficult parameters to determine are the solid and electrolyte diffusion coefficients. In-
deed, these are kinetic parameters that can only be characterized out of equilibrium with relatively long
time measurements, from a few minutes to a few hours depending on the active materials and electrolyte
transport properties. The idea is thus to design dedicated electrochemical experiments in the vicinity of a
given equilibrium state, with applied cell voltage or current that is large enough to get a significant signal,
but small enough to avoid non-linear phenomena and parasitic reactions that could occur in the measure-
ment meantime. The galvanostatic intermittent titration technique (GITT) consists in the application of
small amplitude pulses of constant current. The solid diffusion coefficient can be deduced from the short
or long time overpotential variations [6, 7, 8, 9, 10]. However, the results can be difficult to interpret when
the stoechiometry variations during the pulse lead to significant changes in the OCV derivative, or when
the active material kinetic properties - such as the charge transfer resistance and the diffusion coefficient -
strongly depends on stoechiometry. Another issue is that the double-layer capacitive timescale can become
so large at low temperature such as perturbing the diffusive part of the GITT signal. In those conditions,
GITT and electrochemical impedance spectroscopy (EIS) analyses have thus to be mixed in order to correctly
identify the characteristic respective timescales of interface kinetics and diffusion [11]. Indeed, EIS is exten-
sively used to characterize the transport properties in porous electrodes of lithium-ion batteries (LIB), as
it allows to separate high frequency phenomena related to solid-electrolyte interface kinetics and electrolyte



conductivity, from low frequency phenomena related to diffusion [12, 13, 14]. Whereas the high frequency
part of experimental EIS (typically f > 1Hz) is now well understood thanks to the transmission line model
(TLM) first introduced by de Levie [15, 16], the interpretation of the low-frequency part (f < 1Hz) is still
strongly debated in the electrochemical community [17, 18] One reason is that experimental EIS data are still
mostly interpreted using analytical "Warburg" expressions [19] for semi-infinite linear diffusion with either
transmissive or reflective boundaries [20] in which solid and electrolyte diffusion are decoupled [21]. Whereas
this decoupling approximation is exact in the case of solid thin-film electrodes, it is no longer valid for porous
electrodes where both diffusion phenomena are strongly coupled.

A major progress for EIS understanding has been reached when the analytical solution of the linearized
P2D model for LIB has been derived [22, 23, 24]. This resolution gives a physics-based model of porous
electrodes that includes and extends the one proposed by de Levie, to interpret the whole frequency domain
of EIS, and not just the high-frequency part. More recently, a theoretically consistent framework has been
proposed to interpret impedance data of electrochemical devices such as capacitors, electrolyte fuel cells, and
Li-ion batteries [34, 25, 26]. Such analytical models take into account various properties of electrodes active
particles such as the presence of solid electrolyte interphase (SEI) [34], the porous structure of secondary
active particles [34], and the non-uniform size distribution of active particles [25]. As already noticed by
those authors, there is no simple equivalent electric circuit for the EIS low frequency part, because solid
diffusion and electrolyte diffusion are fully coupled over similar timescales and cannot be represented by a
few resistance-capacitor elements in series. In the particular case of secondary active particles, it has been
shown that the electrolyte diffusion inside the particle pores interfere with the solid diffusion in the low-
frequency range of EIS [34]. However, the coupling between solid diffusion and electrolyte diffusion in the
electrode porous microstructure has not been fully investigated.

The aim of the present work is to take advantage of the analytical solution of the P2D model to propose
a simple framework to interpret the low-frequency part of LIB EIS data. In particular, a criterion will be
given to discriminate in which configuration the solid diffusion coefficient can be measured, and in which
configuration electrolyte diffusion is overwhelming in the EIS signal. The paper is structured as follows.

We first recall the framework of the linearized P2D model and the method to derive the analytical
impedance solution in section 2. The full set of equations and the computational details are postponed in
appendices. We then show in section 3 that the studied electrode impedance model is fully characterized
by only 3 non-dimensional numbers, 3 characteristic frequencies, and one resistance, given in Table 1. This
reduction of the complex 16 parameters initial model to the 7 parameters analytical expression is the crucial
step to classify the different EIS phenomenologies. Sections 4 and 5 are a detailed discussion of the possible
EIS approximations by the TLM model and by Warburg elements. It is shown in particular that, whereas
the high-frequency EIS part can be accurately represented by the TLM model, the low-frequency part has
no simple equivalent electric circuit approximation, valid in the general case. In the case where electrolyte
diffusion can be neglected, the simple analytical expression [27, 25] called "distributed particle impedance
model" in the present work, is recovered, and gives an exact EIS representation. In the reverse case where
solid diffusion can be neglected, a capacitive approximation can be given. Unfortunately, none of those
approximations are enough to represent the fully coupled model. It is finally shown in section 6 that the LIB
spectra in the low-frequency range can be classified in four main classes, depending on the relative weights of
two non-dimensional numbers N, and N, and two characteristic frequencies f; and f.; related to diffusion
phenomena. The Fig. (6) summarizes this result. The simple criterion

Ny > Ny

with Ny and Ng; given in Table 1 in terms of the LIB physical parameters, allows to discriminate the cells
where the solid diffusion coefficient can be measured using EIS.

2 System and resolution methodology

We consider a LIB cell composed of a positive porous electrode facing a negative porous electrode. The two
electrodes are separated by a porous separator. The active materials are composed of identical spheres of
radius r homogeneously distributed inside the electrodes. The system is represented in Fig. (1). Lithium
transport is described by a standard P2D-Newman model without thermal nor mechanical effects. Inactive
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Figure 1: Schematic description of the system. Left: the LIB cell is composed of a positive porous electrode
with its current collector, facing a negative porous electrode. The two electrodes are separated by a porous
separator. The three layers are coupled by charge and mass transport in the electrolyte. Right: the active
electrode material is represented by identical spheres of radius r, homogeneously distributed in the electrode.

materials volume fraction is neglected in the present study. Moreover, as the electronic conductivity is
usually much higher (of the order of 10° S/m for graphite, and 600 S/m for the carbon additives of the
positive [28]) than the ionic conductivity in the electrolyte, the electric conductivity is considered as infinite
in the present model, which implies that the electric potential does not depend on space. The electrolyte
transport equations are given by the concentrated solution theory. An electric double layer is considered
at the active particle interface, and the lithium insertion in the particle is described by the Butler-Volmer
equation. An electrodeposition such as a solid electrolyte interphase (SEI) at the anode or a surface film at
the cathod [35] is not considered in the present study. The full equation set of the P2D-Newman model is
given in appendix A.

The experimental impedance measurements are usually performed by applying a very small oscillating
cell tension, of the order of a few mV, starting from an equilibrium state. In this weak stimulation regime,
the non-linearity of the P2D-Newman model can be neglected and the linear equations give a very accurate
description of lithium transport. Following the pioneer work of Sikha and White [24] and the more recent
developments of [25], we linearize the P2D equations around an equilibrium state and we solve them in
the frequency domain. The result is a formal expression of the LIB cell impedance in terms of the P2D
parameters. The analytical expression can then be evaluated much faster than a simulation of the P2D
model for an applied oscillating tension. As the derivation of the analytical expression is quite cumbersome,
we postpone the full development to appendix E, and we only give below the different steps. The notations
used in the present paper are given in appendix A and B.

1. The solid diffusion equation in the active particles, and the double-layer charging equation are solved
independently in appendix C, to obtain the particle impedance Z,q,+[2.m?| defined by the relation

(jout + jdbl) Zpart - ¢ — Y1 (1)

The full expression of Zp,¢ is given by Eq. (36) in the appendix. Z,q,+ should be interpreted as the
impedance relating the local current density j,u: + jan flowing outward the particle and the interface
overpotential ¢ — ;.

2. A time Fourier transform is applied to the linear set of transport equations in the electrolyte, and the
system is then completely written with non-dimensional variables and parameters. The result is given
by Eqs. (44-45) in appendix D.

3. The difficult step achieved in section E is the resolution of the two coupled equations of charge and mass
transport in the electrolyte. This is done by decomposition of the solution vector (¢, ;) in eignenmodes.
The concentration and current density fields can then be expressed in terms of the boundary conditions



(C1,J) at the electrode/separator interface located at x = L, and the eigenvector matrix M via

alx)\ _ -1 C
(1) - ()
The expression of M is given in Eqgs. (50-52). This is done for the positive and negative porous
electrodes.

4. The unknown concentrations C; at each interface can be found by the continuity relations for mass
transport, namely by enforcing the continuity of the flux fo‘CfVcl at each interface. This is done in
Egs. (57).

5. Finally, once the fields ¢;(z) and 4;(x) are known, the electrode potential drop can be computed in
terms of the eigenmode matrices and the interface concentrations using the relation between 7; and the
potentials given in Eq. (1). The expressions are given in Egs. (58-59). The potential drop inside the
separator is also included in the total impedance in Egs. (60-61).

The output of the analytical computation provides the positive impedance Z,,s [2.m?] in Eq. (60), obtained
from the potential drop between the positive current collector and the middle of the separator, and Z,.4
[©2.m?] in Eq. (61), obtained from the potential drop between the middle of the separator and the negative
current collector (see Fig. 1). We strongly emphasize that the final expression is not trivial. Because of
the mass transport equation in the electrolyte, the impedance of a stack composed of a positive electrode,
a separator and a negative electrode cannot be written as the sum of the impedances of each layer. This
in particular means that the equivalent electrical circuits composed of Warburg elements often used in the
literature to model a LIB cell impedance are in general only approximations, as they cannot fully account for
mass and charge coupling in the electrolyte. One purpose of the present paper is to study in which limiting
cases or with which accuracy can a LIB cell impedance be represented by an equivalent electric circuit.

3 Characteristic frequencies and non-dimensional numbers

The P2D-Newman model described in appendix A has 10 parameters per electrode and 6 for the electrolyte,
that are summarized in the Tables 3 and 4. It is therefore an outstanding challenge to determine the respective
model sensitivity to each parameter. The great advantage of reducing the model to its non-dimensional set
of equations is to explicitly display the characteristic timescales and non-dimensional numbers associated to
the different transport phenomena in the porous electrode. The P2D model detailed in appendix A takes
three transport mechanisms into account, namely lithium transfer at the interface with double-layer charging
(high frequency phenomenon), the lithium transport in the solid phase by diffusion, and the lithium ionic
transport by conduction and diffusion in the electrolyte. The solid and electrolyte diffusions are low-frequency
phenomena. In case where the Nernst-Einstein relation (Eq. (5) with o = 1) is satisfied, the full analytical
derivation done in appendix shows that the impedance of a porous electrode only depends on 3 characteristic
frequencies, 3 non-dimensional numbers, and one characteristic resistance Z that gives the impedance order
of magnitude. When the Nernst-Einstein relation is not satisfied, an additional non-dimensional parameter o
has to be introduced, that somewhat breaks the beautiful equations symmetry. However, as «; is usually close
to one in standard electrolytes, this non-dimensional number does not strongly impact the final impedance
value and its effect can be included in the non-dimensional ionic diffusion number. This means that each
transport phenomenon can be naturally associated to one characteristic frequency and one non-dimensional
number. Their explicit expression with respect to the P2D set of parameters are given in Table 1. In the
following, we discuss in more details the three mechanisms.
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Table 1: Characteristic frequencies, non-dimensional numbers, and order of magnitude of a porous electrode
impedance, as functions of the P2D-Newman parameters.

Electrochemical kinetics : conductivity, double-layer charging, and insertion

The characteristic frequency fcqpq and the non-dimensional number NV, are associated with the high frequency
kinetics of the cell. They are displayed in the third column of Table 1. Those numbers are derived from the
ionic conductivity, and the solid-electrolyte interfacial kinetics composed of double layer charging and lithium
insertion. The frequency f.qpa can be seen as the typical frequency of a parallel RC equivalent electric circuit,
where the capacity is Cyy and the resistance is the standard charge transfer resistance, that is Ror = l{f—T.
The non-dimensional number N, is the ratio between the typical penetration length A and the electrode

thickness L, where the penetration length is [16, 29, 30]

RTUleff
FjO Sa

(2)

For f > feapa, the current density decreases exponentially from the electrode surface over a typical depth
A, and N, can be interpreted as the electrode fraction where lithium exchange between the electrolyte and
the active material effectively takes place. fcqpq and N, are the same as the characteristic frequency and the
non-dimensional number that appear in the famous TLM model [16]. This is not by chance, as the TLM
model is an excellent approximation of the full P2D-Newman impedance in the high frequency limit when
diffusion kinetics can be neglected. The connection between both models is described in more details in
section 4. It is worth mentioning that the additional frequency f; = fcapaNg also plays a role in the shape
of the high frequency electrode impedance. Its explicit expression is

eff

— 9y
ft n QWSaOdblLQ (3)

It corresponds to the characteristic frequency at which the electrode impedance deviates from a 45° line in
the high frequency range (see [34]).

Solid diffusion

The resolution of the isotropic diffusion equation in a sphere of radius r (details in appendix C) shows that
the impedance of an active particle can be computed independently from the electrolyte diffusion. The solid
diffusion effect is fully characterized by a non-dimensional impedance Z, defined between the lithium flux
flowing outside the particle and the overpotential by (see Eq. (33) and refs [31, §])

. jo
Jout (1 +Zs) = % (¢_ 901)

Z.— N, tanh(\/iw/ fs)
\/m — tanh(\/M)

where j,,¢ is the surface outwards current density, ¢ = ® — ¢oep (20) is the difference between the electrode
potential and the equilibrium OCV, and ¢ is the electrochemical potential of lithium ions. The characteristic
frequency fs and the non-dimensional number N, associated with lithium isotropic diffusion in a spherical
particle of radius r, are displayed in the first column of Table 1. The frequency f; is typical of diffusive

(4)




phenomena, and represents the inverse of the timescale needed for a concentration profile to relax over
a domain of size r. The expression of Ny is less intuitive, but some physical aspects can be identified.
The non-dimensional number appears from the competition between lithium insertion kinetics and solid
diffusion. There is no overpotential associated with solid diffusion if the OCV is flat, because in that case the
lithium chemical potential does not change with concentration. This is reflected by the fact that Ny = 0 if

’ v = 0. It can be also noticed that N, is proportional to r/D,, which makes sense because larger particles

with a weaker diffusion will enhance the concentration inhomogeneity across the particle and increase the
overpotential associated to solid diffusion.

Electrolyte diffusion

The characteristic frequency fe; and the non-dimensional number Ng; associated with ionic diffusion in the
porous electrode are displayed in the second column of Table 1. It can be seen that the frequency fe;
is proportional to ;950“8 , which is the inverse timescale for charge pumping in the electrolyte. When the
electrode is charged, the lithium ions are pumped from the pores reservoir, and the counter-ions are moved
by the electrochemical potential to ensure electroneutrality. It can be seen in particular that f.; = 0 if the
lithium ions have no mobility (case t7 = 0 ) or if the counter-ions have no mobility (case t* = 1). The
parameter «; represents the deviation of the ionic diffusion coefficient from the Nernst-Einstein relation, it

is defined by

2RT o,
F2CO
Eq. (5) reduces to the Nernst-Einstein relation when «; = 1. It can be shown with the expression of the

penetration length Eq. (2) that the electrolyte frequency has the equivalent expression

D =q tH(1—th) (5)

D (14 5i21)

fa =27 N2z

(6)

This latter formulation displays the factor lii;fwhich is the timescale to diffuse over a length A. This shows
more obviously that the porous electrode only “works” over a depth A.

The number N,; has a physical meaning. When a constant current is applied to an electrolyte membrane
between two lithium foils, the electrolyte resistance is initially Ry and increases with time due to electrolyte
diffusion to eventually reach an asymptotic value R.,. This technique is often used to measure the electrolyte
transport number [32]. It can be shown that N,; gives the multiplicative factor of resistance increase, that is
% = Ng;. This number only depends on the electrolyte properties, not on the electrode microstructure.

Finally, we note that the expression of the characteristic resistance Z given in Table 1 is reminiscent of
the resistance of a porous membrane, but with a width given by the penetration length A (in Eq. (2)) instead
of the total electrode width L. This again supports the general idea that a porous electrode only works over
a depth A.

The Table 2 gives the values of the characteristic frequencies, non-dimensional numbers and characteristic
resistance at 25°C for a NMC positive electrode, and a graphite negative electrode. The parameters used
for the numerical application are summarized in Table 3. They correspond to typical values of a NMC vs
graphite with a positive loading of 22 mg/cm?. The values of Table 2 illustrate that a NMC electrode and a
graphite electrode have completely different diffusion magnitudes. This is particularly clear because the value
of Ny is much larger for the graphite electrode than for the NMC electrode. Moreover, the frequencies f.; and
fs are higher for the NMC electrode. Those two observations lead to the conclusion that diffusive transport
is much more efficient in the NMC electrode than in the graphite electrode, given the electrode parameters
of Table 3. The conclusion is obvious from the values of the characteristic frequencies and non-dimensional
numbers of Table 2, whereas it is much more difficult to assert just looking at the full set of P2D parameters
of Table 3.



NMC Graphite

feapa 100 Hz 10 Hz
fel 3,7 mHz 0,61 mHz
fs 16 mHz 0,16 mHz
N, 0,73 0,81
Ny 3,3 3,3
Ny 0,32 11

Z 0,44 mQ.m? 1,5 mQ.m?

Table 2: Order of magnitude of the characteristic frequencies and non-dimensional numbers for a NMC vs
graphite cell at 25°C. The values are computed with the formal expressions given in Table 1.

4 TLM (high frequency) approximation

The TLM model introduced by De Levie [15, 16] has historically been the first physics-based impedance
model of porous electrodes, which explains its popularity to interpret the experimental impedance data.
Some authors have later shown [27, 25] that the TLM model in fact gives an exact analytical expression for
the P2D impedance in the high frequency limit, when liquid and solid diffusion phenomena can be neglected.
In the present section, we discuss more precisely the validity conditions of the TLM model.

The TLM impedance is given by [29]

JoF
M 5 Zine

Zriy =
Ufff tanh(+) (7)
)‘\/ %Tzint
) — _ Rer
Zi"t o 1+i27"fL:apa

with the specific double-layer charging frequency f.qpe given in Table 1 and the charge transfer resistance
Rer = }If—j:’;. Zint corresponds to the individual particle impedance when solid diffusion is neglected. The
TLM impedance given by Eq. (7), corrected by the separator resistance Gé—f:f, is displayed in Fig. (2) for the
positive NMC electrode and the negative graphite electrode, in the frequencpy range 10 kHz < f < 1 Hz. By
comparison, the exact analytical impedance is displayed with the blue curve. It can be seen in Fig. (2) that
the TLM approximation indeed becomes exact in the high frequency limit, and that the approximation is
very good all over the high-frequency domain f > 1 Hz.

The TLM model is based on the assumption that all diffusion transport mechanisms,; in the electrolyte
and in the solid phase, are negligible. This is indeed the case if the diffusion takes place over much longer
timescales than the double-layer charging. This can be mathematically expressed as

fel < fcapa
fs < fcapa

with the frequencies f; and fs given in Table 1. The exact resolution of the P2D impedance for the NMC -
graphite cell shows that the main correction to the TLM comes from the solid diffusion. As the solid diffusion
impedance is much larger for the graphite electrode than for the NMC electrode, a small deviation from the
TLM model can be seen in the blue curve of Fig. (2) right. A more complex expression to take solid diffusion
into account is proposed in section 5.

The electrolyte diffusion in the separator may also contribute to the high-frequency part of the impedance.
Indeed, a characteristic frequency for diffusion in the separator is given by

(8)

T
gep
fsep =

2 9
LS

which gives fsp =~ 50 mHz for a 16 pm separator of Mcmullin number 8. In the present configuration
fsep < feapa, Which also justifies that the diffusive phenomena inside the separator can be neglected.
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Figure 2: High-frequency impedances (10 kHz < f< 1 Hz) of the positive (left) and negative (right) electrodes
for a NMC vs graphite cell at 25°C. The blue curve displays the impedance obtained with the P2D-Newman
model, and the red curve displays the TLM approximation corrected by the separator resistance, that is

L
Z=2Zrim + 55
sep

5 Contribution of diffusion phenomena

The present section is devoted to the investigation of the solid diffusion and the electrolyte diffusion respective
contributions to the low-frequency part of the cell impedance. The aim is to emphasize the phenomenology
related to one or the other diffusion phenomenon. For that purpose, we will first deal with the limit of
negligible electrolyte diffusion, then with the reverse limit of negligible solid diffusion, and finally with both
fully coupled diffusion phenomena.

Negligible electrolyte diffusion

A negligible electrolyte diffusion would correspond to the asymptotic limit ¢+ — 1. In that case, the counter-
ions have a vanishing mobility and the lithium ions concentration profile cannot be distorted because it would
break electroneutrality. The limit t© — 1 guarantees a uniformly flat concentration profile in the model,
without any electrolyte diffusion, while keeping a non-negligible electrolyte conductivity. In this limit, both
half-cells are decoupled such that the positive and the negative impedances can be computed separately as
shown in appendix F. The exact analytical P2D impedance of the half-cell reduces to the simple expression

RSE
Z=Zpp+ ?p (9)

with
o A \/ % Zpart

Zpp =
cr?ff tanh <>\JO+> (]_0)

RT Zpart

Rcr

Zpart ] w
1+Zs 27 fecapa

with the solid diffusion impedance Z; given by Eq. (4), and
L

eff
Osep

Rsep = (11)

The impedance Zpp, already introduced by [25], is called “distributed particle impedance”, because it takes
into account the non-uniform distribution of currents, potentials and solid concentration in the electrode
depth. Looking at Egs. (7) and (10), one can see that the distributed particle impedance is a natural
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Figure 3: Tllustration of the solid diffusion contribution to the low-frequency impedance of the negative
electrode. The frequency range is 0,1 mHz < f < 10 kHz. The exact P2D impedance in the vanishing
electrolyte diffusion limit (t© = 1) in blue, and the distributed particle impedance model given by Egs.
(9-10) in red, are superimposed. The impedance is typical of a blocking diffusion impedance, with a 45° line
for short-time diffusion, followed by a vertical line when the solid diffusion profile has time to stabilize. The
transition between the two regimes typically occurs around the frequency f;.

extension of the TLM impedance where the single particle impedance contains both double-layer charging
and solid diffusion. Both the P2D impedance with vanishing electrolyte diffusion and the distributed particle
impedance of Eq. (9) are displayed in Fig. (3): the two curves are indistinguishable.

The Fig. (3) shows that the high-frequency part given by the TLM impedance smoothly joins the low-
frequency part where solid diffusion takes place. The solid diffusion impedance is typical of a blocking diffusive
impedance. It is composed of a 45° tilted line for short timescales where diffusion has no time to reach the
center of the active particle, and it is followed by a vertical line that means that diffusion has reached a
stationary state and lithium insertion is blocked. The transition between both regimes occurs at the typical
frequency fs given in Table 1.

Negligible solid diffusion

We now turn to the other limit where solid diffusion is negligible and the low frequency part of the impedance
is dominated by electrolyte diffusion. This limit can be achieved e.g when ¢/ . = 0, because in that case
the concentration gradient in the active particle does not create any overpotential. Contrary to the previous
limiting case, the electrolyte diffusion impedance is not given by a simple TLM-like expression. The exact
analytic expression can only be achieved by solving the full charge and mass transport coupling in the
electrolyte, as done in appendix E. The exact P2D impedance without solid diffusion is displayed in blue in
Fig. (4) for both electrodes. The impedance shape begins with the TLM curve at high frequency (f > 1Hz),
and is followed by the electrolyte diffusion impedance at low frequency (f < 1Hz). This latter is a passing
impedance, that means, it has a finite resistance in the limit f — 0.

The Fig. (4) moreover shows that the electrolyte impedance very closely looks like a semi-circle, especially
for the negative impedance. It is therefore different from the transmissive Warburg impedance of an electrolyte
membrane between two thin-film electrodes [21, 14| that displays a 45° straight line. The diameter R; of this
pseudo semi-circle can be computed exactly from the vanishing frequency limit f — 0, as shown in appendix
G. This observation prompts to propose the following electric circuit approximation in the form of a RC
impedance:

Rsep

Z=Zrim + + Zrc (12)




with
Rsep(Ngj—
Z _ Rl+ P(2 1 1)
Re = 1+i27r“}el

(13)
R — A Ney _ 1
! ottt tanh(\/Nel§) tanh(%)

and the non-dimensional electrolyte number N.; given in Table 1. Note that R; is a pure resistance and does
not depend on w. The approximation given by Eqgs. (12-13) is displayed with the red curves in Fig. (4). We
strongly emphasize that the simple expression given by Eq. (12) is an approximation, not the exact P2D
analytical impedance. The limits of this expression have thus to be discussed.

The expression of Eq. (12) is based on the implicit assumption that the TLM impedance is in serie
with the RC approximation of the electrolyte impedance. This can only be justified if both phenomena are
decoupled by a clear time-scale separation, that is fe; < feapa- The strength of Eq. (13) is that it gives the
correct asymptotic resistance in the limit f — 0, as can be seen in Fig. (4). In Eq. (13), fe is exactly the RC
frequency, and is thus located on the top of the RC semi-circle impedance (red curve). In the P2D impedance
(blue curve), the whole system, positive electrode, separator, and negative electrode is fully coupled by mass
transport in the electrolyte. The characteristic frequency fe; is not exactly located at the point of maximal
imaginary part (top of the pseudo semi-circle). It can be located slightly on the left of the imaginary part
maximum - as for the positive - or slightly on the right of the imaginary part maximum - as for the negative.
The deviations are due to the reciprocal influence of both electrode impedances on each other. Besides,
expression (13) can only be used if the separator is very thin compared to the electrodes, such that its own
timescale has no impact on the whole impedance.
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Figure 4: Tllustration of the electrolyte diffusion contributions to the low-frequency impedance of the positive
(left) and the negative (right) electrodes. The frequency range is 0,1 mHz < f < 10 kHz. The electrolyte
diffusion part is close to a semi-circle with characteristic frequency f.; (given in Table 1). The blue curve
represents the exact P2D impedance without solid diffusion (¢, = 0) and the red curve represents the RC
approximation given by Eqs. (12-13). The inset panels display the impedance real part in the low frequency
range f < 1 Haz.

Coupled diffusion phenomena

Finally, the Fig. (5) displays the electrolyte impedance (in blue), the distributed particle impedance (in
orange) and the exact P2D full impedance (in red) for the positive and the negative electrodes. It can be
seen that the phenomenology of the low-frequency impedance strongly differs for both electrodes.

For the positive electrode, the low-frequency part is mainly a vertical straight line created by the blocking
solid diffusion, that is slightly tilted by the contribution of the electrolyte impedance. For this electrode, the
tilted straight line should not be interpreted as the solid diffusion 45° line, because its angle is entirely set by
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the electrolyte diffusion, and not by solid diffusion. For the negative electrode on the contrary, solid diffusion

can be clearly identified at the beginning of the low-frequency impedance. The impedance is very close to

a 45° straight line characteristic of solid diffusion. It is only slightly above the solid diffusion because the

electrolyte impedance gives a small imaginary contribution for f > f.;. For f < f.;, the electrolyte diffusion

equilibrates and the full impedance is slightly shifted to the right compared to the solid diffusion impedance.
The Fig. (5) (purple stars) also displays the equivalent electric circuit impedance given by

Z:ZDP‘FZRC‘F% (14)
with the distributed particle impedance given by Eq. (10) and the RC-approximated impedance for electrolyte
diffusion given by Eq. (13). It can be seen that the equivalent electric circuit impedance is a relatively
poor approximation of the exact P2D impedance. The first reason is that the impedance Zrc is only an
approximation of the electrolyte diffusion impedance, and the second reason is that the exact impedance is
not the sum of the solid diffusion impedance and the electrolyte diffusion impedance. Instead, both diffusive
phenomena are coupled and distributed in the depth of the porous electrode. The equivalent electric circuit
impedance Eq. (14) can only be used to obtain orders of magnitudes of diffusive phenomena in the low-
frequency range, but the proper extraction of transport parameters for impedance data should be done with
the full P2D expression.
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Figure 5: Impedance spectra of the positive (left) and negative (right) electrodes of a NMC vs graphite cell
at 25°C obtained with the P2D-Newman model. The frequency ranges are 1,6 mHz < f < 10 kHz for the
positive, and 0,16 mHz < f < 10 kHz for the negative. The blue curve displays the electrolyte contribution
(obtained with ¢, = 0), the orange curve displays the solid diffusion contribution (obtained with ¢t* = 1)
and the red curve displays the full model impedance.

6 Low frequency phenomenology

It has been shown in section 3 that the impedance phenomenology of a porous electrode is entirely deter-
mined by 3 non-dimensional numbers and 3 frequencies (see Table 1). Most often, the frequency feqpq that
characterizes the double-layer charging and charge transfer is much higher than the characteristic frequencies
of diffusion phenomena. For this reason, the impedance displays two distinct frequency domains: the high
frequency part (1Hz< f) is dominated by the double layer charging, whereas the low-frequency part (f <1Hz)
is dominated by the solid and electrolyte diffusions.

The low-frequency impedance phenomenology can thus be classified according to the 2 non-dimensional
numbers Ny and N, and the 2 frequencies fs and f.;. Depending on the relative magnitudes of those four
quantities, the low-frequency impedance may displays four different phenomenologies that are summarized
in Fig. (6). We describe below each of this phenomenology in more details.

Overwhelming solid diffusion, case N, < N, and f¢; < fs according to the LFP parameters of Table
3. The electrolyte diffusion magnitude is much lower than the solid diffusion magnitude, and happens on
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much longer time-scales. The low-frequency impedance part is thus very close to an ideal solid diffusion
impedance, with a 45° straight line followed by an almost vertical line when solid diffusion becomes blocking.
This behaviour can be encountered for example for LEP-type positive electrodes where the OCV is very
steep (¢, =~ 10V outside the phase transition plateau) and the solid diffusion coefficient is very low (D, ~
10~%m?/s). This is the ideal configuration to measure the solid diffusion coefficient by fitting the impedance

data.

Transient solid diffusion, case N, < N and f; < fe according to the graphite parameters of Table
3. The electrolyte diffusion magnitude is much lower than the solid diffusion magnitude, but happens on
much shorter time-scales. The consequence is a low-freqency impedance close, but slightly above a 45° line
characteristic of solid diffusion. This phenomenology can be encountered in graphite electrodes where the
particles are quite large (r ~ 8um). The solid diffusion coefficient can still be measured, provided the model
used to fit the impedance data correctly takes into account electrolyte diffusion.

Blocking solid diffusion, case N, < N, and fo < fs according to the NMC parameters of Table 3.
The electrolyte diffusion magnitude is much larger than the solid diffusion magnitude, and happens on much
longer time-scales. For frequencies smaller than f,, the solid diffusion is in the blocking limit and contribute
with a vertical line to the low-frequency impedance. The impedance line is tilted compared to the vertical
because of electrolyte diffusion correction. This behaviour can be observed in NMC electrodes where solid
diffusion has a negligible contribution to the total overpotential compared to the other kinetic phenomena.
The solid diffusion coefficient cannot easily be measured with the impedance data, but information on the
electrolyte can be obtained using the deviation from the vertical line.

Overwhelming electrolyte diffusion, case Ny < N, and f; < fe;. To obtain this impedance, the NMC
parameters of Table 3 and the electrolyte parameters of Table 4 have been modified using ?91122 =3, r=5
pm, and Dy = 5.107'%m?/s. The electrolyte diffusion magnitude is much larger than the solid diffusion
magnitude, and happens on much shorter time-scales. The low-frequency impedance is mainly described
by the passing electrolyte diffusion impedance, with a superimposed solid diffusion correction. It can be
seen in the bottom right panel of Fig. 6 that the solid diffusion contribution only becomes significant below
fs where the impedance switch from the passing to the blocking behaviour. This configuration can not be
easily encountered with porous electrodes composed of standard active materials and electrolyte. This type
of impedance could be used to measure the electrolyte transport properties rather than the solid diffusion
coefficient.

7 Conclusion

We have presented an analytical solution of the linearized P2D-Newman model for complete cells of Li-ion
batteries in the frequency domain. We have shown the link between this exact solution and some of the
analytical approximations previously reported in the literature, in particular with the de Levie model [15]
and the distributed particle impedance model [27]. For the electrolyte contribution, we have shown that the
impedance in a porous electrode is different from the transmissive Warburg impedance and we alternatively
propose an equivalent RC approximation. The resolution shows that the EIS can be written in terms of
three non-dimensional numbers, three characteristic frequencies, and one characteristic resistance. In the low
frequency domain (typically for f < 1Hz), the EIS is dominated by solid and liquid diffusion phenomena.
They are respectively associated to two non-dimensional numbers (N, N,;) and two characteristic frequencies
(fs, fer)- The major result of the paper is then to show that the low frequency EIS phenomenology can be
classified in four different configurations, depending on the relative weights of Ny and N,; on the one hand,
and of fs and f; on the other hand (see Fig. (6)).

As a result, it is not always possible to use EIS data to measure the solid diffusion coefficient because
solid diffusion can be overwhelmed by electrolyte diffusion at low frequencies. More precisely, the present
work proposes a framework to design porous electodes in which the solid and electrolyte diffusions can be
decoupled in the EIS signal, using the comparison of the two non-dimensional numbers N; and N;. The
solid diffusion coefficient can be measured only if Ny > N.;, whereas the electrolyte diffusion coefficient can
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Figure 6: The four possible phenomenologies for the low-frequency impedance of LIB porous electrodes. The
black thick line represents a 45° slope. Top left : a LFP-type impedance where solid diffusion dominates,
in the range 1Hz-5mHz. Bottom left : a graphite-type impedance where solid diffusion is mixed with
electrolyte diffusion, in the range 1Hz-1mHz. Top right : a NMC-type impedance where solid diffusion is
mixed with electrolyte diffusion, in the range 1Hz-1mHz. Bottom right : a NMC-type impedance with
large electrolyte activity, where electrolyte diffusion dominates, in the range 1Hz-1mHz.
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be measured only if Ny > Ny, which gives an easy criterion to interprete the EIS low-frequency part. A
major perspective is to be able to apply the present theory to real porous electrodes, and measure solid and
electrolyte diffusion kinetics with different electrode designs : this experimental work will be done in a future
paper.

The present work has focused on full cells with two porous electrodes probed with an ideal reference
electrode located at the middle of the separator. In this configuration, both electrodes are weakly coupled
by the transport in the electrolyte, which justify the independent analysis of each electrode. For half-cells
studies, porous electrode facing Li-metal foil, the non-dimensional numbers and characteristic frequencies will
remain the same for the porous electrode. However, the coupling between the two electrodes is stronger and
might lead to a different phenomenology than the one reported in the present work. SEI and cathodic surface
films films are not considered in the present work but can be taken into account using a modification of the
one-particle impedance defined by the relation Eq. (1). The SEI film can have a large impact on the electrode
impedance, as shown in ref. [34]. However, its effect is almost completely limited to the high-frequency part
and cannot interfere with the electroyte nor solid diffusion signatures.

The P2D-Newman model studied in the present paper only considers Fick’s law for lithium transport in
the active materials. A point that is actively discussed in the battery community is to know whether this
simple law can also account for materials displaying phase transitions such as LFP or graphite. A natural
extension of the present work is to propose a full analytical solution for EIS model including phase transition,
that is still lacking in the literature.
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A Full set of equations of the P2D model

Electrolyte

Within the framework of concentrated solutions theory, the equations for ionic charge and mass transport in
the porous electrode are

Oln f(Cl) il V.il
_ eff _ 4t
€0,C; = V. (Dl (C)) (1 + omC, )vcl t (Ol)F) +— (15)
S e 2RTofE(C)) (1 — tH(C))) ol f(C))\ VC,
iy = —o7" (C)Ve; + 7 1+ “omo, ) O (16)

where i; [A/m?] is the ionic current density, ¢;[V] is the electrochemical potential of Li* ions, Dt = D,

is the effective ionic diffusion coefficient and off = 5,2 is the effective ionic conductivity in the porous

medium of the electrode. All transport coefficients Dleff, Jfﬁ,ﬁ and the electrolyte activity f depends on

the electrolyte concentration C;. The Nernst-Einstein relation between D; and oy is no longer valid for
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concentrated solutions, so we define the non-dimensional coefficient «; as the deviation from the Nernst-
Einstein relation

ZRTUl
Dy =o—5—tt(1 -t
L= ( )
The equation for charge conservation in the electrolyte is
Vi = Sa (Jout + Javt) (17)
where j,,; [A/m?] is the LiTcurrent flowing out of the particle and jg,; [A/m?] is the current for double layer

charging.
A schematic representation of the porous electrode is displayed in Fig. 1. The boundary conditions are
zero mass and charge flux at the current collector position z = 0

{ ~DTVC + T =0 a8

it|y_g =0

and conservation of the full current density I [A/m?|crossing the electrode/separator interface located at
=1L
Z-l|:1;:L = I (19)
Solid phase
The lithium transport in active particles is modeled by the standard diffusion equation (Fick’s law)
0Cs = V. (Ds(C5)VCs) (20)

where C; is the lithium concentration in the active matter, and D;(Cy) is the solid diffusion coefficient, that
depends on the local lithium concentration. The boundary condition at the particle surface is

—D.ny,.VC, = J;L“ (21)

where ng; is the unit vector pointing outwards.

Solid-electrolyte interface

The solid-electrolyte interface is modeled by the (non-linear) Butler-Volmer expression in parallel with a
capacity representative of the electronic double-layer. The situation is represented in Fig. (7). The Butler-
Volmer equation is
C «
font = o) (1) [ — ] (22)
Co

where C(r) is the lithium concentration in solid phase at the particle surface, C; is the ionic concentration in
liquid phase at the particle surface, « is an empirical coefficient to quantify insertion /desinsertion asymmetric
kinetics, and 7 is the insertion overpotential given by

n==o— ¢ocv(CS(T)) — Pl (23)

with @ the electric potential, ¢, (Cs(r)) is the equilibrium potential of the active material at the lithium
concentration Cy(r), and ¢; is the ionic electrochemical potential at the particle surface.
The equation for double-layer charging can be simply written

Javt = CapiO (P — 1) (24)

B Notations and symbols
The following tables 3 and 4 gather the different notations used in the manuscript. The parameters values

used in the simulations for the active materials graphite, NMC and LFP are given in table 3, and for the
electrolyte in table 4.

16



Active
particle

Electrolyte

Figure 7: Representation of the interface kinetics with double-layer charging.

’ Active material and electrode parameter ‘ Notation / units ‘ Graphite ‘ NMC ‘ LFP ‘

OCV derivative vs stoechiometry !’ ew V] -1 -1 -10
maximal concentration 7% [mol /m?] 30500 48000 | 23500
particle mean radius 7 [pm] 8 2,5 0,1
solid diffusion coefficient D, [m2/s] 10~ 10~ | 1071
exchange current density jo [A/m?| 1 1,5 0,05
double-layer capacity Cap [F/m?] 0,62 0,093 | 0,093
porosity € 0,3 0,25 0,3
tortuosity T 7 2,5 2

thickness L [um] 80 60 110
exchange surface density Sy [m™1] 3(1;6) 3(1;6) 3(1;5)

Table 3: Electrode parameters used in the present work. The exchange surface density S, corresponds to
identical spherical particles of radius r. The parameter values chosen for the electrode design, and for the
active materials NMC, graphite and LFP are orders of magnitude at 25°C, and should not be considered as
precise experimental values. The reader is referred to the open database litondb.com for the various parameter
values found in the literature.

Electrolyte parameter \ Notation / units \ Value
mean concentration co [mol/m?] 1000
conductivity oy [S/m] 1
transport number t+ 0.3
ionic diffusion coefficient Dy [m?/s] 1,12.1071°
Nernst-Einstein correction factor o 1
activity factor gll?lz 0

Table 4: Electrolyte parameters used in the present work. The chosen values are typical orders of magnitude
for a liquid electrolyte at 25°C.
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C Particle impedance

This section presents in details the computation of the impedance Z,,,; of an individual particle defined by
the relation Eq. (1), the derivation of the non-dimensional number N, and the characteristic frequencies f
and feqpq given in Table 1.

Lithium concentration in solid phase

The solid diffusion equation is given by Eq. (20). We decompose the concentration field in the vicinity of an
equilibrium state of uniform concentration c? by Cs = 2 + ¢, with the concentration fluctuation satisfying
cs < Y. The full non-linear diffusion equation can be linearized in the vicinity of c¢? and gives to leading

order
Oscs = DyAcy (25)

where D, = D,(c?) is a constant.

The active material is composed of identical spherical particles of radius r.
We thus proceed with Eq.(25) by writing the diffusion equation in spherical coordinates for the lithium
concentration profile ¢4 (y,t)

1 02

81505 = Dsgaiyz (yCS) (26)
with the boundary condition deduced from Eq. (21)
—D0ycs(r,t) = j‘}',” at the particle surface (27)
—D0ycs(r,t) =0 at the particle center

where jou; [A/m?| is the current density flowing outwards the particle.

Eq. (26) can be solved by introducing the variable z(y,t) = ycs(y, t) and taking the time Fourier transform.
We get the equation
0%z
oy?
Considering that the concentration is finite at the particle center, we have z(y = 0) = 0, and the general
solution is

wz = Dy

S

z(y) = Asinh (y Zw) . (28)
D
The integration constant A is found using the boundary condition Eq. (27)

z(r) 10z _ Jout
Ds[ 72 +r8y(T)] - F

D, sinh (r B‘“) . iicosh (r,/é—“i) _ Jowt
V Ds

r F

which gives
2

A= Jout r . (29)
EFDs ginp (7\/}?‘2) — r\/gzicosh (r\/]gj“;)

As will be seen in the next section, the computation of Z,4,+ requires to know the concentration at the

particle surface c4(r). Its expression is given with the combination of Eqgs. (28-29), using ¢s(y) = %y):

eo(r) = Jowtr  tanh(k,r)

~ F Dy tanh(k,r) — kpr (30)

with the inverse of the diffusion length k, = /#/D,.
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Lithium insertion at the particle surface

The solid/electrolyte interface is modeled by Eqgs. (22-23-24). It can be noticed that, while the Eq. (24)
is linear, the Butler—Volmer Eq. (22) is not. The equilibrium state is reached for the electrode potential

= ¢ocv(c?) + ¢. Without loss of generality, we choose the equilibrium potential such that ¢ = 0. We
cons1der a small fluctuation ¢ = ® — ®° with ¢ < RFT, o1 < BL and c,(r) < ¢ in the vicinity of this
equilibrium state, and we expand the overpotential 7 of Eq.(23) to first perturbation order as

n= @’ +¢— Qsocv(c(s) + Cs(r)) — ¥

quOCU
= Pocv (Cg) +¢— [‘j)ocv (C(s)) + ?Cs (T)} — ¥
d¢OC’U
~ ¢ - dC S(T) gOl
The assumption that 7 < £ then allows to expend the exponential terms in Eq. (22) to leading order as
a%n _ —(1—a)%7] ~ _ d(’bocv _
T 6= Gter) — o

[e3
Finally, we notice that the expansions of the nonlinear prefactors jo(Cs(r)) and (g—é) to first order would

only add second order corrections to the Butler-Volmer Eq. (22). The linear Butler-Volmer equation is thus
to leading order
. F d ocv
ot =07 (0= Sgtes) - ) (31)
0

where jo = jo(c?) is the exchange current value at the equilibrium concentration cU.

Particle impedance

Once the surface lithium concentration ¢, is known from Eq.(30), we can close the Eq.(31) to express the
lithium insertion flux j,,: as

jOF (b _ d¢ocv jout’r tanh(kpr> -
eyt Pl

Jout_ des FDjg tanh(k,r) —
. ddocy  JoT tanh(k,r) joF
ou 1 =
J t( * e, RTD, tanh(kyr) — kyr 7 (%)
. F
Jous (4 22) = 222 (6~ 1) (32)

where we have introduced the non-dimensional solid diffusion impedance Zs given by

ddocy  Jor tanh(kpr)
des RTD; tanh(kyr) — kpr

Zs =
The OCV derivative is usually given with respect to the stoechiometry xr; using ¢; = zr,cl***. Furthermore,
the OCV always decreases when the lithium concentration increases such that ¢/ ., = —|¢..,| < 0 for all
active materials. We thus write ,
d¢OCU _ ‘¢0cv|

dcs cmax

Using then the expression of the non-dimensional number N and the solid frequency f, both given in Table
1, one can find the solid diffusion impedance expression (see Eq. (4)) [31, §]

tanh(\/W)
Z. =N, 33
Viw/fs — tanh(y/iw/ ;) »

The charge conservation law for the electrolyte is

V.i; = Sa (Jout + Jant) (34)
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Using Eq.(32) and the time Fourier transform of Eq.(24), the charge conservation becomes

 SujoF [ 1 iw
Vi = BT (1 7 + 27chapa> (¢ — 1)
V.i, RT 1+ 27,
S, Fio (1 T 1+ ZS)> o= (35)

I
QﬂRTJ%dbl °
0;® = ;¢ because the equilibrium potential ¢e,(c) does not depend on time. The particle total impedance

is finally given by (see also Eq.(10))

with the double-layer charging frequency given by feopa = Note that we have used the equality

Rer
Zpart = 1 . ) . (36)
1+Z, + ZQT"fcapa
with the charge transfer resistance Ror = g—};. This expression corresponds to the classical Randles circuit

impedance combining solid diffusion and charge transfer [33, 21].

D Non-dimensional set of equations

We give in this section the derivation of the non-dimensional set of equations for the transport equations in
the electrolyte, in the linear regime. The full set of equations is given in Egs. (15-16).

The equilibrium state is reached for a constant uniform concentration CP = ¢, no currents i{ = 0 and
constant ionic potential <p? = 0. We consider a small perturbation C; = ¢g + ¢; with ¢; < ¢g, ¢ K % and
1] < jo in the vicinity of this equilibrium state. The expansion of Egs. (15-16) to first order gives

Oln f 1 Vi
_ eff + _
e = V. (Dl .<1+ mnc)Vclth F) + 5 (37)
, 2RToST (1 — t+) dln f
_ CHV l \V4
=0 Vet Fcy (1 * 5lnc> “ (38)

where the transport coefficients Dfﬁ,ofﬁ,ﬁ and the activity coefficient 311?1]: should be evaluated at the
equilibrium concentration ¢y and considered as constants.

We proceed by introducing the non-dimensional set of variables

Ci

a =a
— 2
“ T FeoDp® (11 2E) (39)
~ F
o1 = Rr

and the non-dimensional space variable 7 = ¥, where the penetration length A is given by

RToeft
A=/ i sl' (40)

The time Fourier transform of Eqs. (37-38) gives

)‘25 .o~ ~ 4\
—————iwg =¢ + (1 =ty (41)
Dy (1+ 5L
> ~
G =— i + L (42)
2outt (1 — t+) (1 + gggg) ait
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with the prime denoting the spatial derivative wrt z. It can be seen with this non-dimensional choice of
variables, that the characteristic ionic diffusion frequency f.; given by Eq. (6) naturally appears in the set
of equations as the unique timescale of electrolyte transport. The electrolyte potential and current density
are related by Eq. (35). Using the non-dimensional variables given in Eq. (39), this relation becomes

> ~ QE* @l
Zparti] = 9in f
20t (1 t+) (1+ G )

(43)

The latter relation can be derived to replace the potential derivative in Eq. (42). As the electric potential
do not depend on space, we get ¢’ = 0 and the final set of equations are

w o

i = + (1=t (44)
I’ A E;
i = Zpartly + al? (45)

with Zpart = %Zmrt. This set of equations should be solved for both electrodes positive and negative, with
the proper boundary conditions at the interfaces with the separator. This is done in the next section.

E Analytical resolution

Computation of the eigenvalues and eigenmatrix

We solve in this section the set of Eqgs.(44-45) using an eigenmodes decomposition. For clarity, we omit the
tilt on the variables such that the calculations below should always be understood with the non-dimensional
fields except otherwise stated.

The boundary condition at the interface with the current collector, located at z = 0 are zero mass and
charge fluxes. We thus look for a solution of the system of Eqs.(44-45) in the form

¢\ _ [acosh(kz)
( i ) - <bsinh(kx) (46)
where a,b are constants to be determined, and k is an eigenvalue. With the ansatz Eq.(46), the system
(44-45) becomes

[a <k2 i 27:}@1) + k(1 — tﬂ] cosh(kz) = 0

[b (k‘2Zp(m — 1) + K } sinh(kx) =0

alﬁ
The above system has a non-trivial solution if the system discriminant is zero, which means that k satisfies

the equation

2 . W 2 k +\
(k —z%fel)(k Zpart—l)—Tk(l—t )=0

ay

or equivalently

tw .
Zpartk4 - (27Tlepart + Nel> k2 +1 (47)

w
=0
27rfel
The Eq.(47) has four solutions, but the solutions k& and —k are physically equivalent. Let then kq, k2 be
the two independent solutions of Eq.(47), such that k? o~ w_and k3 ~ 2—. For k satisfying the
w oo

27 fer w——400 Zpart

eigenvalue equation, the constants a and b are related by

a (k2 - z'%“}d) = —bk(1 —t+) (48)
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Let « be the constant related to the first eigenmode of eigenvalue k;, the relation Eq. (48) is satisfied by
setting

(49)

a =—ak(1—1t")
{b — o (K —ig)

An equivalent relation holds with the constant § related to the eigenmode of eigenvalue ko. The general
solution (¢;,%;) can be written as the linear combination of the two eigenmodes defined by Egs. (46-49)

¢ —k1(1 —tT)cosh(kyz)  —ko(1 — ) cosh(kom) o
<iz> - ((k% - i%“}d) sinh(k1x) (k% - iZ;}ez) sinh(kgx)> : (ﬁ)

(f;) = A(x). (g) (50)

where we have introduced A(z) the eigenmodes matrix of the system.

The next step is to relate the constants («, ) to the boundary conditions at the interface with the
separator. Let assume that we are dealing with the positive electrode, and let = L, be the location of the
electrode-separator interface (see Fig. 1). We have the two constrains

ll(Lp) =1

where c,is the concentration on top of the electrode (unknown), and I, is the (non-dimensional) total current
outwards the electrode The value of I,is related to the total current density I [A/m?] imposed to the cell by

AT

= FeoDef (1 f“nf)
0~p + Odlnc

(51)

according to the adimensionalization of Eq.(39), where D;ﬁ is the value of fof for the positive electrode,
and A, is the penetration length of the positive. From Eq.(50) we have the relation

()3

The general solution can thus be expressed as

() -3

where we have introduced the new matrix M(z) = A(z).A7'(L,). There exists another matrix N(z) for the
negative electrode such that the fields (¢;,¢;) in the negative are given by

ay\ Cn
() = 0o () -
The computation of N(x) is completely similar to that of the positive electrode described above.

Continuity relations at the interfaces

The next step is to compute the unknown concentrations values ¢, and ¢, at the two interfaces between
the electrodes and the separator. They can be found by expressing the continuity of mass transport be-
tween the two electrodes and the separator. This is done by enforcing the continuity of the mass flux
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—Dfﬁ (1 + gll’;’: ) V¢, at the interfaces. In the present section, we come back to dimensional variables, and

we write with a tild the non-dimensional ones.
The mass flux at the interface between the positive and the separator can be expressed as

dln f\ O¢ dln f\ ¢o dg
-Def (1 —(L,)=-D (1 ——(L 54
P (+8lnc>8x( ») p <+8lnc /\pax( 2 (54)
Using the matrix of eigenvectors M(z) given by Eq.(52), the concentration derivative in Eq.(54) can be
written dn f\ 0 oo f
_ peff n ﬂ — _ peff n ch (~ ad T I (T
D (14 5L ) Gbta) = =057 (14 Gt ) 32 (5 ) + Ty (Ey) (55)
where we have introduced the derivative M'(z) = %?.A‘l(zp). Using the same procedure for the negative
electrode, the mass flux at the interface with the separator can be expressed as
dln f\ O¢ Oln f\ ¢ - ~ ~ ~
—Def (1 Fl (L) =D (1 2 (~eaMiy () + TnMia(Ln))
(14 S8 ) e = o (14 GEL) 2 (et @) + TM(E)  (60)

Please note that the sign of —¢,, in Eq. (56) comes from the fact that the negative electrode is reversed
compared to the positive electrode.

We do not display the computation of the mass flux inside the separator, as it can be obtained straightfor-
ward by solving the diffusion equation in the electrolyte Eq.(15) without source terms. Let [ be the separator
width, and

¢ = EsepW
Dett

sep

be characteristic diffusion length inside the separator. The mass continuity at the two interfaces is given by
the system

~Def (14 Gt ) = (EPM{I(LP) + IpM{2(LP)) = —D5 (14 G ) ey (60 — & cosh(é1))
e Oln c ~ T T T e dln ~ ~
—Dgft (1490l o (—anh(Ln) + InN{Q(Ln)) = D (14 3L _teo (@, cosh(€l) — &)

or equivalently

Ty Dl aE o DI ME o 7 7
— My (Lp) — D;ff canhp(gl)> Cp + D;f? mcn = I, Mj,(Ly)
eff eff (57)
Dep  An€ D A

Dgff sinh gl)gp + (N{I(Ln) + Dsfjff tanﬁ(égl)) En = ITLN{Q(LR)

The set of equations Eq.(57) can be solved to find the two boundary concentrations ¢, ¢, as function of the

applied current. This last step completely solves the problem. It can be seen from Eq.(51) that fl)and fn are
both proportional to I, and thus ¢, ¢, are also proportional to I by linearity.

Computation of the impedance

The individual particle impedance is known from Eq.(36). The electrolyte concentration and current fields
can be computed by the eigenmodematrices M and N given by Eqgs.(52-53). The interfaces concentrations
are computed from the linear system Eq.(57). The only remaining step is to express the positive and negative
impedances from the current and potential fields.

The electrode positive impedance should be understood as the difference between the uniform electric
potential of the electrode and the ionic electrochemical potential on top of the electrode ¢ — ¢;(L,), divided
by the current density

o —wi(Ly)
Z+—fp

— )‘p 1 ¢ — SEI(LP)

o5t Qaptt (1 — t+) (1 + mnf) I,
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Using the relation Eq.(43) to replace the potential, we get

7+ — >\P 7+ Z;(EP)
U;ff part* Ip
Ay = I _

2% = 5 Zpart <M42<Lp> + ;’M§1<Lp>> (58)
p P

The following similar relation holds for the negative electrode impedance

— An —”— ~ En ~
RS ﬁZpart' (N2/2(Ln) - ’IvNél(Ln)> (59)

In an experimental setup, the impedance contribution of the separator cannot be separated from that of
the electrode, and should be included in the computation of the total positive and negative impedance. The
positive and negative impedances of the cell are defined from the potential drop between the current collector
and the middle of the separator, as represented in Fig. 1. We do not detail the calculation, it can be done
straightforward from the resolution of the charge transport equation in the separator. We get for the positive

l A 1 /. ¢+
Zos = 27T L - —r 7 60
e + 20t + attocf 1 (Cp 2cosh(fl/2)> (60)
and for the negative
_ l An 1 Cp + Cp -
Zne - Z _ L — Cn 61
g + 20¢H, + ottos 1 <2cosh(£l/2) ¢ ) (61)

F Negligible electrolyte diffusion limit

The negligible electrolyte diffusion limit corresponds to t+ — 1 in Eqs. (44-45). The source term in the
mass transport Eq. (44) disappears, which means that the electrolyte concentration profile remains uniform.
The limit can be interpreted as that of vanishing anions mobility. If the anions can’t move, the lithium ion
concentration profile can’t be distorted because it would break electroneutrality.

The charge transport equation is then

7Zparti;/
with the boundary conditions

i)(x =0) =0 at the electrode-collector interface
ii(x = L) =1 at the electrode-separator interface

The solution is

i)
M/ BT Zpart
i) =1 i (62)

sinh | ——£——
<)\ \V % Zpart )
The relation (35) allows to express the potential difference from the electrolyte current density by
V.i
TlZpart = (rb — ¥ (63)
a
and the electrode impedance is then simply given by

¢ — (L)
Z=—71
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Using Eqgs. (62) and (63) we get

Zpart 1

Z= :
SaM) 52 Zpare L
a art tanh | ——Le——
M T Zyart
—
IR

- _eff
Ul I
tanh ?
M T Zpart

which is the distributed particle impedance given by Eq. (10).

G low frequency limit of the electrolyte diffusion

In the present section, we give the analytic expression for the vanishing frequency limit f — 0 of the P2D
model, with negligible solid diffusion. This limit can be achieved with ¢, ., = 0, because the solid diffusion

has no contribution in the overpotential. The solid diffusion impedance is Z5 = 0.
It should first be noted from Eq. (36) that

RT
— = 4
part F550 F]O (6 )

Imposing this limit in Eqgs. (37-38), with w = 0, gives

G =—-(1-thyg (65)
- 1 67l
1 =17 + Oll? (66)

Integrating Eq. (65) with the boundary condition at the current collector interface ¢j(0) = 0 gives
G =—01-t"i

and using this result in Eq. (66) gives a close equation for ;

~, o~ 1—tt

-/ — . 1

U " ( + OéltJr )

i = Nuiy (67)

The solution of Eq. (67) with vanishing current density at the collector, and i; = I is (with dimensional
variables)
sinh (v/Ne 5
i = V) (68)
smh( NelX)
Once the current density is found, the electrode impedance can be computed straightforward using the same
equations as in appendix F, and gives

gy A VNa
f—0 Ufﬁ tanh (\/Nelg)

From that expression, R; in Eq. (13) can be computed by subtracting the low frequency limit of the TLM
impedance. The low-frequency limit of the separator impedance can be computed straightforward using the
mass and charge transport equations without source terms, and the continuity relations for 4, and D{fV¢,
at the electrode interfaces.
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