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Improved calculations of electron capture transitions for decay data and

radionuclide metrology
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Saclay 91191 Gif-sur-Yvette Cedex, France.

Abstract

Electron capture properties are crucial to establish the decay schemes of numerous
radionuclides. The present modelling aims at improving the theoretical estimates of these
decays, which are needed when no measurement is available. Allowed and forbidden unique
transitions are calculated on the basis of precise relativistic wave functions of the atomic
electrons, determined in previous work. In this context, correcting for atomic effects is of high
importance. The two common approaches from Bahcall and Vatai to correct for the overlap and
exchange effects have been extended to every subshell in a unified formulation, with the
electron occupation precisely taken into account. The shake-up and shake-off effects, which
create secondary vacancies, and the influence of the hole due to the capture process, have been
considered. Uncertainties are also estimated. Relative capture probabilities and their ratios,
including capture-to-positron ratios, have been found to be in good agreement with a selection
of precise measurements. This modelling was then applied to the third forbidden unique
transition of “°K decay, with an update of the recommended values for the branching ratios and

the total decay half-life.
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1. Introduction
As a Designated Laboratory in charge of ionizing radiation metrology, the National
Laboratory Henri Becquerel (LNE-LNHB) coordinates the evaluation of decay data within the

international Decay Data Evaluation Project (DDEP) (Kellett and Bersillon, 2017), which aims

at improving the fundamental knowledge of radionuclide decay schemes. The properties of
electron capture transitions, such as capture probabilities and capture-to-positron probability
ratios, are often pivotal information when establishing these decay schemes.

The capture process is very similar to beta decay, but instead of emitting an electron and
an antineutrino, the nucleus absorbs an atomic electron and emits only a neutrino.
Consequently, a ground-state to ground-state transition can only be detected through the
subsequent atomic rearrangement, which makes precise measurements difficult to perform for
low atomic number (Z) radionuclides. The theoretical calculations inherently depend on the
precision of the atomic electron wave functions, for which a relativistic treatment is mandatory
for high Z. Besides, as the nuclear structure component only acts as a constant factor in allowed
transitions, ratios of electron capture probabilities are only sensitive to atomic properties and
were therefore often measured to explore different atomic effects. The most complete survey
of experimental and theoretical electron capture transitions was published 40 years ago

(Bambynek et al., 1977).

The study of electron capture transitions is of importance in radionuclide metrology,
fundamental physics and for many applications such as nuclear astrophysics and
cosmochronology, absolute geochronology, nuclear medicine and nuclear energy. Regarding

radionuclide metrology, the modelling of the light emission in activity measurements carried



out by the Liquid Scintillation Counting (LSC) technique is sensitive to the number of emitted

particles at low energy (Broda et al., 2007). For radionuclides decaying by electron capture, the

LSC technique requires a precise modelling of the atomic rearrangement with a specific
treatment for each of the different subshells. Hence, the capture probability is required for every
subshell as this process creates the initial vacancies.

Investigating the ENSDF (Evaluated Nuclear Structure Data File) database (NNDC, 2017),

which includes every known radionuclide, more than 35 000 beta or electron capture transitions
can be found in more than 1 500 radionuclides, split into 35% beta minus, 28% beta plus and
37% electron capture. It should be noted that decay data evaluations must rely on theoretical
predictions when experimental data are missing. Any calculation code has thus to provide

precise estimates in a wide range of cases. In modern decay data evaluations, the LogFT

(LogFT, 2001) and EC-capture (Schonfeld, 1998) programs are commonly used for
determining capture probabilities. However, these codes are limited by their models and the
capture probabilities can only be obtained for the inner atomic shells.

The LogFT program calculates allowed, first and second forbidden unique transitions and
also treats the beta plus component, if any (LogFT, 2001). The fraction per electron capture
decay is determined for the K, L, and M. shells, where M. denotes the cumulative probability
of the higher shells. It is noteworthy that these capture probabilities are not relative but absolute,

that is to say Px + Py, + - # 1. In fact, }; P, = I./(I; + Ig+), Where [, is the absolute
intensity of the electron capture branch and I+ is the absolute intensity of the competing beta
plus branch. The probability ratios P, /P, , P,,/P.,, P./Pg+ and Py /Pg+ are also determined.

Uncertainties are propagated from the input parameters and an arbitrary modelling uncertainty

of 1% is added for the total capture-to-positron ratio P,/Pgz+. Any final uncertainty less than

0.1% is not given by the LogFT program. The calculation assumes closed shells and is based

on tabulated values of the radial densities at the nuclear surface of the electron wave functions,



corrected for atomic overlap and exchange effects (Martin and Blichert-Toft, 1970). The atomic

wave function parameters were determined using a relativistic Hartree-Fock-Slater self-
consistent approach and a realistic Fermi-Dirac distribution for the nuclear charge density (Lu

etal., 1971).

The EC-capture program calculates relative capture probabilities for allowed transitions

and claims to calculate first forbidden non-unique ones (Schonfeld, 1998). However, they are

actually treated as allowed, since the nuclear structure is not taken into account. Relative
probabilities for K, L, M, N and O shells are given with uncertainty propagation. The calculation
assumes closed shells and is based on tabulated ratios of the bound wave functions evaluated at
the nucleus. The wave functions are from a relativistic modelling and the ratios are those given

in (Bambynek et al., 1977) for a small set of atomic numbers. The overlap and exchange

correction is based on different models for low and high Z using the tabulated values given in

(Bambynek et al., 1977), again for a small set of atomic numbers. Interpolation was used by the

authors to complete each table for all Z.

Due to these limitations, information is missing for the user. To improve the situation, the
modelling developed in this work relies on relativistic bound wave functions of the atomic
electrons calculated specifically for the radionuclides involved in the considered transition.
Probabilities and their ratios are thus accessible for any subshell. This physical modelling is
described in Section 2, for which good agreement with the existing codes can be expected for
allowed transitions. A comparison with experimental data is shown in Section 3 for a selection
of allowed transitions. Forbidden unique transitions have also been considered, but only very
few measurements are available in the literature. Finally, this modelling was applied to the third
forbidden unique transition that occurs in the “°K decay in order to update the decay scheme

with the deduced branching ratios, which in turns modifies the evaluation of the total half-life.



2. A consistent formalism for electron captures

By its very nature, electron capture decay highly depends on the atomic structure of the
radionuclides involved. Precise theoretical predictions require precise bound state wave
functions and it is well-known that a relativistic modelling is mandatory for atomic numbers
Z z 50. A bound state is labelled by a set of two quantum numbers (n, k) and the notation x =
(n, x) is introduced to simplify the notations where no ambiguity is possible. A wave function
is symbolised by |(n,x)) or |(n,k)") in the parent or daughter atom respectively. Atomic
energy, radial dependency, occupation number N, and Coulomb amplitude S, are necessary for
each bound wave function. In the present work, the relativistic electron bound wave functions

determined in (Mougeot and Bisch, 2014) for the precise calculation of the exchange effect in

beta decays have been used.

The constants used throughout this work are «, the fine structure constant; m,, the electron
rest mass; c, the speed of light; #, the reduced Planck’s constant; and Gg, the Fermi constant.
Natural units A = m, = ¢ = 1 are applied in the present modelling. The nuclear radius is the
usual one, R = 1.2 A*/3 fm, with A the mass number of the radionuclide.

Electron capture is an isobaric process which can compete with beta plus decay

(e): 4X+e” — , 4V +v,
1)
(B 42X — 24V +et +v,
The available energy for the transition is determined from the Q-value and the energies of the
initial and final nuclear states as Ey,,x = Q + E; — Ef, and the total normalized energy is W, =
(1 + Epax/m.) — 2. The recoil energy of the nucleus is neglected, as the largest known recoil

occurs in 'Be decay and is of 57 eV. A beta plus transition is only possible if E,,,x = 2m, and

the maximum energy of the beta spectrum is then Eg+ = Eyax — 2m,. The energy E, of an

orbital is by definition negative and W, = 1 — |E,|/m, is the corresponding total energy. The



momentum of the neutrino particle, assumed to be massless, is q, = W, + W, and the

momentum of the captured electron is p,, = /1 — W;2.

2.1 Transition probabilities

Unlike beta decay, electron capture is a two-body process where particle energies are well-
defined. However, the weak interaction acts in a very similar manner and a symmetry exists
between both formalisms. A decay occurs from an initial nuclear state of the parent nucleus

with spin and parity (J;, ;) to a final nuclear state (J, my) of the daughter nucleus. Transitions

are classified as for beta decay on account of spin change |A]| = |]l- —]f| and parity change

m;y. The formalism with spherical symmetry from (Behrens and Buhring, 1982) was followed

throughout this work.

The total decay rate of a given transition is given by

n2 Gj
Ae = = ?Z nxfox (2)

where the partial half-life is defined from the total half-life and the branching ratio as t, =
Ty 2/ Pe. The degeneracy of the orbital is 2k, where k, = |«/|, and n, is the relative occupation
number defined as n,, = N, /2k, from the number of electrons N, in the orbital. The quantity
C, plays arole similar to the shape factor in beta decay and the nuclear matrix elements 4F?, _; ,
are also, to a first approximation, independent of the lepton energy for allowed and forbidden

unique transitions. Its expression can be found in (Bambynek et al., 1977)

@D ey A @)
*T@L-npnt bl (2k,, — D' [2(L — ky) + 1]!

with Z =1 if AJ= 0 for an allowed transition and Z = A/ for any (Z-1)" forbidden unique
transition. The sum in Eq. (2) is limited by the L value such that k,, = 1, 2, ... L. Finally, the

quantity f, corresponds to the integrated Fermi function in beta decay and is defined as



fe = 5 a2B2B, @
where B, stands for the overlap and exchange correction, which is described in the next Section,
and B, is the Coulomb amplitude of the wave function.

The usual method to avoid the calculation of the nuclear matrix elements is to determine
the relative capture probabilities P, by: i) using the K capture as a reference; ii) noting that
Ae/Ax = P./Px; and iii) using the relation ), P, = 1. First determining the bound-state wave
functions of the atomic electrons in both the parent and the daughter atoms, the ratio P, /Py is

then calculated for each orbital and Py is established using

Py
Py 1+Z— -1 5)
x#K

Therefore, relative capture probabilities and their ratios are accessible for each subshell in the

present modelling.

2.2 Overlap and exchange effects
Atomic effects in electron capture decays have been proven for a long time to be of high
importance. J. N. Bahcall was the first to comprehensively study the underlying mechanisms

(Bahcall, 1962), which come from the indistinguishability of the electrons and from the

decrease of the nuclear charge by one unit during the decay.

To zero™ order, the atomic electrons which are not directly involved in the capture process
can be considered as spectators, thus their contribution to the capture probability can be
neglected. However, the change of the nuclear charge leads to an imperfect overlap
((n, k)'|(n, k)) between the initial and final atomic states and the cumulative imperfection for

all the spectator electrons is not negligible at all. This is the so-called overlap effect.



Electrons being indistinguishable, the captured electron does not necessarily come from
the orbital where the vacancy appears. For instance in a K capture, this can be seen as a virtual
process where an electron from a higher orbital is captured and a K electron is promoted to this
orbital. The final state, a vacancy in the K shell, is then identical to a direct K capture and cannot
be distinguished experimentally. This is the so-called exchange effect, which depends on
asymmetric overlaps ((m, k)'|(n, k)).

As emphasized by J. N. Bahcall in (Bahcall, 1965), the major difficulty for quantitative

estimates of the atomic matrix elements is due to the shake-off effect: an infinite number of
final atomic states significantly contribute to the decay probability. Bahcall’s approach
overcomes this difficulty by only considering the contribution of the 1s, 2s and 3s orbitals. This
means that i) atomic electrons are separated into “inner” and “outer” electrons; ii) inner
electrons are supposed to be almost inert; and iii) outer electrons are supposed to form a
complete set of states. Moreover, the transition energy is assumed to be independent of the outer
electrons in the final state due to their very small binding energies. The sum over the infinite
states is performed using the closure property. The electron capture rate is then corrected by the

quantity

LSS 5
=100 ©

with y; (r) the bound wave function. The three capture amplitudes f; considered by Bahcall are

frsr = (25"125)(3s"3s)1h15(0) — (25| 15)(3s"|35)1P25(0)
(7)
— (3s"|1s)(2s"[25)P3,5(0)
and f,,, and f5,, are obtained from f;,, by permutation (1s & 2s, 1s’ & 2s’; and 1s & 3s,

1s’ & 3s’, respectively). This non-relativistic approach tends to underestimate the overlap

correction and to overestimate M/L capture ratios (Bambynek et al., 1977). Exchanges between

inner and outer electrons are neglected, as well as multiple exchange processes and the effect

of the vacancy in the daughter atomic cloud.



Another approach was developed by E. Vatai in (Vatai, 1970). The exchange correction

was extended up to the 4s orbital and the overlap correction was more precisely defined by
taking into account the contribution of every subshell. The corresponding capture amplitude for
the K-shell is then
fisr = ¥15(0)(2s"|25)(3s"|3s)(2p"| 2p) ...
— P5(0)(2s"|15)(3s"|3s)(2p"|2p) ... .
— P35(0)(3s'[15)(25"[25)(2p"|2p) ... ©
— P45 (0)(4s"|1s)M(2s"|25sK2p"| 2p) ...
and the other f; can be obtained by permutation as in Bahcall’s approach. Vatai also highlighted
the influence of the vacancy created by the capture process on the orbitals of the daughter atom.

However, multiple exchange processes are not considered, as in Bahcall’s approach. This non-

relativistic approach tends to underestimate L/K capture ratios at low Z (Bambynek et al., 1977).

Both approaches were unified and improved in the present modelling within a relativistic
formalism in order to reach reliable predictions for both low and high Z radionuclides. The

overlap and exchange correction for a captured electron in an (n, k) orbital is defined as

2
leK

_nie 9
ﬁnx ( )

By =

with S, the Coulomb amplitude of the wave function. The quantity b,, has been
mathematically derived and established to be

e = tu [H«m, ©'lm, K»] [ﬂm

m+n

- g i)
L2 P m, 1)1, 1)

(10)

with t,,,, = 1 for the generalized Bahcall approach. For the generalized Vatai’s approach, the

following formula has been obtained



tTlK

(11)

m+n

= (1,1 |(r, )21 h_[«m, ©)'l(m, K>>"’"”_1] In«m, Y| (m, )y
™,

pEK
The degeneracy of the orbitals and the disappearance of the captured electron are correctly taken
into account. Exchange with all other electrons of identical k is considered, exchange with
electrons of different k being forbidden. Every bound state is considered in the overlap
correction. In the following Sections, the present modelling is modified in order to account for

shaking and hole effects.

2.3 Shake-up and shake-off effects

Shake-up (internal excitation) and shake-off (internal ionization) create secondary
vacancies in the atomic cloud and are usually treated as time-independent processes in the
“sudden” approximation. The use of closure in Bahcall’s approach for determining the overlap
and exchange correction inherently accounts for shake-up and shake-off, but overestimates
these effects. Vatai’s approach simply neglects these shaking effects. In this work, Vatai’s
approach has been complemented with an approximate estimate of the emission probability of
secondary electrons for each possible captured electron, following the formulation from

(Crasemann et al., 1979).

In principle, the calculation of the shake-off effect requires determining the overlap
between the bound wave function of the ejected electron in the potential of the parent atom and
the continuum wave function of this electron in the potential of the daughter atom. To overcome
these ponderous calculations, interest is only focused on the estimate of both shake-up and
shake-off at once. Indeed, each electron has only three possibilities in the final state: i)
remaining in its original state; ii) being excited to an unoccupied state (shake-up); and iii) being

ionized to the continuum (shake-off). The shaking probability can thus be obtained by

10



subtracting from unity the probability that the electron retains its original quantum numbers.
However, the Pauli principle prohibits atomic transitions to occupied bound states and this
contribution has also to be removed. The shaking probability for an electron in an (m, k) orbital

is then

P = 1= Km, 1| Gm )2 = it (L1 1P (12)

l+m

where the number of electrons in a given shell used in (Crasemann et al., 1979) has been

replaced by the corresponding relative occupation number for the sake of consistency with the
Behrens and Buhring formalism.

For each captured electron in an (n, k) state, the probability of a regular capture, which
leads to one vacancy in the final state, has to be summed with the probability of two vacancies

in the final state, one from the capture and the second from the shaking process. That is to say

e = A (1 £y Pm,c) (13)
m,K

As the present modelling relies on the calculation of capture probability ratios, the accuracy of
the total shaking emission probability per capture is less important than the accuracy of the
relative shaking probability between two subshells. However, the shaking contribution is fully

involved in capture-to-positron ratios (see Sec. 2.5) and its accuracy is then of importance.

2.4 Inner hole effect

Up-to-now, a neutral daughter atom has been considered in the present modelling with
orbitals filled according to the Madelung rule. However, the electron capture process creates a
vacancy in a shell of the parent atom and decreases the atomic number by one unit. The daughter
atom is thus overall neutral, but the atomic configuration no longer follows the Madelung rule,

being equivalent to the promotion of the captured electron to the valence orbital.

11



This effect mainly occurs in the inner shells as K and L captures are dominant. Taking into
account the so-called “inner hole effect” is not straightforward. Omitting the contribution of
the captured electron in the final configuration is not sufficient. The disappearance of its charge
modifies the energy and the wave function of the other atomic orbitals. An exact treatment can
only be done through a relativistic self-consistent method, which is far beyond the scope of the
present work. As suggested by Vatai, (1970), approximate wave functions of the excited
daughter atom can be obtained by means of first order, time-independent perturbation theory.
Starting from the Hamiltonian H,, of the parent atom, the wave function of an (i, k)’ orbital of
the daughter atom is determined using a perturbing Hamiltonian ' which results from the

change of the nuclear charge and the removal of the mean influence of the captured electron

(n, 1)
(35 + 310 10)) = (B + EDI(G1)) (14
H' = ()| =gy |, )) (15)

A daughter orbital then results from the corresponding parent eigenstate corrected by a

perturbation which mixes this state with the other eigenstates

(G, IH'| G, 1))

1610 = 1K) = ) = () (16
Jj i

Jj#Ei
The coupling between eigenstates with different x is null due to the orthogonality of the wave
functions. The present modelling only requires overlaps of the wave functions. With
perturbation theory, a symmetric overlap ((i, x)’|(i, x)) would be strictly equal to unity. The

correction of the hole effect is thus only applied through the asymmetric overlaps

{1 )
-

(G, 1)1 1)) (17)

12



Starting from the analysis in (Messiah, 1995) and noticing that the quantity ((j, x)|H'|(i, k))

reduces to its radial part because of the spherical symmetry of the problem, one obtains after

some calculations

(U, ON1H'|({, k) = f @) [ fie (M) + g () gine ()] X
0
{1 - J(; xz[grzuc(x) + fnzx(x)]dx (18)

= X200 + £2.(0)] dx} dr

2.5 Electron-capture to positron-decay ratios
Provided that E,,,x = 2m,, a beta plus transition can compete with an electron capture.
Then, the ratio of capture-to-positron probabilities is determined for each orbital as

/136 — nxfox
AB+ fﬁ+

(19)

and the total capture-to-positron ratio results from the summation of the individual ratios

/15 _ Zx nxfox
ﬂ.ﬁ+ fﬁ+

(20)

The integrated positron spectrum f s+ takes into account the shape factor according to the
forbiddenness of the transition. It is noteworthy that the constant part, which includes the
nuclear matrix elements, is identical for both the beta plus and the electron capture decays for
allowed and forbidden unique transitions. For the sake of consistency, fz+ is calculated

considering that the positron feels the same atomic screened potential as the atomic electrons,

as described in detail in (Mougeot and Bisch, 2014). This method slows down the computation

of the spectrum but ensures the precise calculation of electron-capture to positron-decay ratios.

13



2.6 Uncertainties

As the input parameters are only the Q-value and the initial and final nuclear level energies,
the propagation of their uncertainties only results in an uncertainty on E,,,. Since Py is clearly
correlated to the other relative probabilities, the most appropriate method which inherently
accounts for this correlation is to perform the calculation three times at Ey,.x — U(Emax), Emax
and E,.x + u(Emax)- The uncertainties of the input parameters being standard deviations, the

uncertainty of a calculated quantity A is consistently determined by

) = ma (LA 2] g )1 ) @
In principle, for small uncertainties, each term on the right side of this equation should be
identical.

Each quantity is determined following two different models: i) extended Bahcall’s
approach with hole effect; and ii) extended Vatai’s approach with hole and shaking effects. The
results from these two models differ by more than the propagated uncertainty, except for large
u(Emax)- Besides that, the improvements that were implemented for each approach in the
present work make it difficult to predict which one is the most accurate for a given transition.
Therefore, the final calculated quantity is the simple mean of the results from Bahcall’s and
Vatai’s improved approaches. The final uncertainty is determined as explained above via Eq.
(21).

The reliability of this uncertainty assessment is difficult to estimate. Other components are
not considered because they would require comparisons with other models of high precision:
atomic energies and Coulomb amplitudes of the wave functions; overlaps; shaking effects; hole
effect and forbidden corrections to the C, factor. The present uncertainty could thus be
considered as underestimated. However, the difference between the results from Bahcall’s and

Vatai’s approaches introduces a large uncertainty while, in principle, only the most precise

approach should be considered.

14



3. Validation

The validation of the physical modelling presented in the previous Section can only be
done through comparison with measurements. However, high precision measurements of
electron capture transitions are challenging. The recoil of the nucleus could be measured, but
the largest known recoil occurs for the lightest nucleus that decays through electron capture,
Be, and is only 57 eV. As the detection of neutrinos is definitely not appropriate, electron
capture rates can only be determined from the subsequent atomic and nuclear radiations. For
ground-state to ground-state transitions, only atomic radiations are detectable, which can be
difficult for low-mass radionuclides. The most reliable information then comes from the
measurement of capture probability ratios, such as P, /Py or Py, /P,, and capture-to-positron

probability ratios if energetically possible, such as P, /Pg+ or Pg /Pg+. The notations are usually

simplified as L/K, M/L, €/B*, K/B*, etc. A complete and careful survey can be found in

(Bambynek et al., 1977). The theoretical predictions from the present work have been compared
to measurements that mainly come from this survey, with an update of the Q-values from (Wang

et al., 2017), the nuclear level energies from (NNDC, 2017) and taking into account new

measurements. The selected transitions were chosen to span over a wide range in Z and to test

different forbiddennesses.

3.1 Allowed transitions

Most of the measured values available in the literature are from allowed capture transitions.
Those selected for comparison with the theoretical predictions range from Z = 6 to Z = 56. It
should be noted that the LogFT program does not provide any uncertainty on the K/B* ratio
and that the EC-capture program does not treat beta plus transitions. Table 1 presents the
comparison for seven allowed transitions from the decays of 'C, ?2Na and ®°Zn (capture-to-

positron ratios) and of *>Fe and 1*Ba (capture probability ratios).

15



Table 1. Comparison between measured and calculated probability ratios from the LogFT and

EC-capture programs and the present work, for allowed electron capture transitions. The

measured values can be found in (Bambynek et al., 1977), and in (Bé et al., 2005) for 5°Zzn.

Results from this work under different assumptions are in italics.

Nuclide Prob. ratio Experiment This work LogFT EC-capture
This work (Bna(\)h;:L) Bahcall Xgﬁ:;&g hole, ;/r?;;ia)(no Vatai
ic K/B wwmt 0.00225 (15)  0.00218 (8) 0.002228 -
This work 0.00207 0.00210 0.00196 0.00199 0.00226
22Na g/Btuwmt  0.1083 (9) 0.1143 (10) 0.1117 (11) -
Thiswork 0.1124 0.1134 0.1086 0.1096 0.1152
K/B* 0.105 (9) 0.1058 (9) 0.1031 -
This work 0.1042 0.1050 0.1007 0.1014 0.1067
>Fe L/K wmt 0.1165 (12) 0.11823 (30) 0.1101 0.1111 (15)
This work 0.11951 0.11853 0.11935 0.11838 0.11793
M/Lwwmt 0.1556 (26) 0.1708 (12) 0.16832 0.160 (6)
This work 0.1641 0.1714 0.1639 0.1712 0.1701
M /K ww! 0.0178 (6) 0.02019 (13) 0.01852 0.0177 (7)
This work 0.01961 0.02032 0.01956 0.02027 0.02006
%Zn K/B wwm! 30.1 (5) 29.8 (6) 30.03 -
This work 29.19 29.35 27.85 28.00 30.32
133Ba (437 keV) L/K 0.371 (7) 0.375 (8) 0.374 (7) 0.376 (6)
This work 0.370 0.376 0.369 0.376 0.374
133Ba (384 keV) L/K 0.221 (5) 0.2265 (18) 0.2271 (9) 0.2277 (20)
Thiswork 0.2231 0.2272 0.2226 0.2267 0.2258

1. (Un-)Weighted mean of several measurements (see text).

2. A contribution of 4% for the N; shell estimated with the EC-capture program has been removed.

The 1C decay is a ground-state (3/2) to ground-state (3/2") transition where the pre-

eminent component is beta plus emission. The experimental ratio K/B* corresponds to the

weighted mean of two measurements given in (Bambynek et al., 1977). Excellent agreement is

16



obtained from the present modelling and the LogFT program, the latter providing no
uncertainty.

The ?2Na decay is highly dominated by the allowed transition from its ground state (3*) to
the first excited state (2*, 1274.5 keV) of 22Ne. The /87 ratio was initially measured in order
to test for the existence of Fierz interference, but great discrepancies between the experimental

results ruled out any firm conclusion (Firestone et al., 1978). Indeed, this measurement is

delicate as X-rays and Auger electrons are emitted at very low energy, below 1 keV, which
greatly complicates any direct measurement of the electron capture probabilities. Measurements

given in (Bambynek et al., 1977) and (Galén, 2009) have been considered and are shown in

Figure 1. In this discrepant set of 16 data, the two highest values are excluded by Chauvenet’s
criterion and the mean value of /8% = 0.1083 (9) is an unweighted average. A single

measurement of K/B* = 0.105 (9) can also be found in (Bambynek et al., 1977). The K/B*

ratio from this work is found in better agreement compared to LogFT, but the large uncertainty
of the measurement cannot allow ruling out LogFT result. The well-known discrepancy
between experiment and theory for the £/4* ratio is still present, with worse agreement with
the measurement compared to LogFT. This situation motivates new high precision
measurements as well as theoretical improvements.

Focus is now made on the ®Zn transition where the beta plus process competes with
electron capture. This ground-state (5/2°) to ground-state (3/2°) transition is highly dominated

by electron capture. From the seven measurements found in (Bambynek et al., 1977) and (Bé

et al., 2005), a weighted mean of K/B* = 30.1 (5) was derived. The calculated values from

both this work and LogFT are in excellent agreement.
Figure 1. Experimental values of the total capture-to-positron ratio for the main allowed
transition in 22Na decay. The NSR key-numbers which correspond to the publications are

given on the abscissa (Pritychenko et al., 2011).
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Another difficult measurement is the >°Fe decay as the Q-value is too low for beta plus
emission and the atomic emissions are below 7 keV. This transition is ground-state (3/2) to
ground-state (5/2°) and the experimental L/K and M /L ratios from a single measurement can

be found in (Bambynek et al., 1977), from which the experimental M /K ratio has been deduced.

The very recent measurement using metallic magnetic calorimetry (Loidl and Rodrigues, 2017)

should also be taken into account. The final values in Table 1 correspond to the weighted means
of these two measurements. The EC-capture program provides capture probabilities with
uncertainties for K, L, M and N shells, which allows comparing the L /K, M /L and M /K ratios
with the calculated values from this work. On the other hand, the LogFT program provides

capture probabilities without any uncertainty for this transition and, removing the N shell
18



contribution estimated with EC-capture, comparison is also possible for the M /L and M /K
ratios. The present modelling is the only one that is almost consistent with the measured L/K
ratio due to a smaller K capture probability. However, the agreement is worse for M /L and
M /K, which is most probably due to excessive corrections for the M unclosed shell.

The two principal electron capture transitions in the 3®Ba decay have also been
investigated. For both of them, only a single measurement of the L/K ratio was found. These

ratios are given in (Bambynek et al., 1977). The main transition occurs between the ground

state (1/2%) of 1*Ba to the fourth excited-state (1/2*, 437 keV) of 133Cs. All three theoretical
models provide values consistent with the experimental L /K ratio. The second transition being
considered is to the third excited state (3/2*, 383.8 keV) of 133Cs. Theoretical predictions from

this work and EC-capture are consistent with the experimental L/K ratio.

3.2 Forbidden unique transitions

Firstly, it must be noted that the EC-capture program cannot calculate forbidden unique
transitions, hence results from this work can only be compared with those from the LogFT
program and from measurements. However, the relevance of this comparison is severely limited
by the very small number of measurements that have been published.

Table 2 presents this comparison for six first forbidden unique transitions from the electron
capture decay of the following radionuclides: 8Kr; 8Rb; 122Sh; 1%6]: 292T| and 2%TI. In most
cases, except for 2%TI decay, only a single measurement is available. For 2%4TI decay, the

measurements cited in (Bambynek et al., 1977) and (B¢ and Chisté, 2003) have been considered

and a weighted mean determined. Except for 2%4Tl, results from this work are consistent with
the measurements, even if the large experimental uncertainty should be underlined. For four out
of the six cases, LogFT does not provide any uncertainty. A slight tendency can be observed

where the present modelling provides values closer to the experimental ones.
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Table 2. Comparison between measured and calculated probability ratios from the LogFT
program and the present work, for first forbidden unique electron capture transitions. All
transitions are ground-state to ground-state and 2"—0*, except for 8'Kr which is 7/2*—3/2". The

measured values can be found in (Bambynek et al., 1977). Results from this work under

different assumptions are in italics.

Nuclide Prob. ratio  Experiment This work LogFT

Bahcall Vatai (no

Vatai (no .

This work (no hole) Bahcall :r?;elr(,e;lo shake)( Vatai

81Ky L/K 0.146 (5)  0.14851 (37) 0.15001 (10)
Thiswork 0.146 0.149 0.146 0.147 0.148

%Rb K/B* 1.12 (25)  0.905 (13) 0.9004
This work 0.894 0.896 0.784 0.787 0.914

1223h K/B* 300 (50) 256 (10) 249.7
This work 251 252 237 238 259

126 K/B* 20.2(20)  20.38 (47) 19.85
Thiswork 20.11 20.19 19.01 19.09 20.56

202 L/Ksym® 0.223(18)  0.2105 (5) 0.2113
Thiswork 0.2104 0.2109 0.2098 0.2103 0.2100

2047 L/Kww? 0.47 (3) 0.5150 (49)  0.5196 (19)
Thiswork 0.5132 0.5173 0.5095 0.5135 0.5128

1. Measured value given with asymmetric uncertainties and symmetrized following (Audi et al., 2012).

2. Weighted mean of several measurements (See text).

Only two second forbidden unique transitions have been measured. The first one is the
main decay of 2°Al, from its ground-state (5*) to the first excited state (2*, 1808.7 keV) of 2Mg.

The measurement given in (Bambynek et al., 1977) is known to be underestimated since the

reinvestigation of Samworth et al. (1972) who carefully determined /8% = 0.185 (44). This

work yields a result in excellent agreement but the large uncertainty of the measurement does

not exclude the LogFT result (see Table 3).
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The improvement of the present modelling is more visible with the main decay of **La,

from its ground-state (5%) to the first excited state (2%, 1435.8 keV) of *Ba. The measured

probability ratios from (Quarati et al., 2016) are compared with the results from LogFT and this

work in Table 3. The M /K and M /L ratios from this work are remarkably consistent with the

measurement while LogFT does not provide useful information for the M shell. However, the

L/K ratio from this work is not so close to the measured one, but is still better than the result

from LogFT.

Table 3. Comparison between measured and calculated probability ratios from the LogFT

program and the present work, for second forbidden unique electron capture transitions. The

measured values are from (Quarati et al., 2016) for *¥8La and from (Samworth et al., 1972) for

28Al. Results from this work under different assumptions are in italics.

Nuclide Prob. ratio  Experiment This work LogFT
This work Bahcall Bahcall ?1/2;[;' rfgo Vatai (no Vatai
(no hole) shake) shake)
138 a L/K 0.391 (3) 0.416 (8) 0.427 (5)
Thiswork  0.413 0.418 0.411 0.416 0.415
M/K 0.102 (3) 0.1045 (24) !
Thiswork  0.1049 0.1052 0.1043 0.1046 0.1037
M/L 0.261 (9) 0.251 (8) -
Thiswork  0.254 0.252 0.254 0.251 0.250
26 /Bt 0.185 (44) 0.183 (10) 0.1896 (19)
Thiswork  0.171 0.174 0.164 0.167 0.193

1. M shell contribution not given.

3.3 Discussion

Results under different assumptions for Bahcall’s and Vatai’s approaches are given in the

Tables. In principle, Vatai’s approach should be more reliable and indeed, a slightly better
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accuracy is observed if the hole and shaking effects are taken into account. However, the
relevance of this statement is strongly limited by the precision of the measurements. As
expected, the relative capture probability ratios are more sensitive to the hole effect than to the
shaking correction, while the latter has a significant influence on the capture-to-positron ratios
in Vatai’s approach.

Except for °Fe and *La, the present modelling does not provide more accurate results
than the LogFT program, while additional effects have been incorporated. This is essentially
due to the high sensitivity of the capture probabilities to the exactness of the atomic wave
functions in the vicinity of the nucleus. Although LogFT does not correct for hole and shaking
effects, a correction of the overlap and exchange effects is included in the tabulated values used
by the program but according to Bahcall’s original approach (K, L1 and Mz subshells only). In
addition, these tabulated values were determined using very accurate atomic wave functions
from relativistic Hartree-Fock-Slater calculations with a realistic Fermi-Dirac distribution for
the nuclear charge density. It was not possible in this work to use these tabulated values because
the additional effects incorporated in the present modelling require the computation of overlaps,
thus the wave functions with their spatial extension. The wave functions are alternatively

determined with a home-made code based on Behrens and Bilhring, (1982) formalism with the

nuclear charge density taken as a uniformly charged sphere, and with atomic energies from

relativistic Dirac-Fock calculations (Desclaux, 1973).

Significant improvement can therefore be expected using the present modelling with
Vatai’s approach and atomic wave functions of high accuracy. Their spatial extension is
necessary to determine all the involved overlaps, which excludes any simple table of
parameters. The self-consistent approach would increase the exactness of the hole effect

compared to the use of first order perturbation theory, and would also be beneficial to the
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shaking correction whose accuracy is of importance for the determination of the capture-to-

positron ratios.

3.4 Application to “°K decay

The present modelling was applied to the *°K decay. This radionuclide can decay by a third
forbidden unique beta minus transition to the ground state of “°Ca, by a first forbidden unique
electron capture transition to the first excited state (1460 keV) of “°Ar, and by electron capture
or beta plus emission to the ground state of “°Ar, which is a third forbidden unique transition.
The decay rate to the ground state of “°Ar has not been reported in the literature. In a recent
study, the interpretation of the results from the DAMA experiment in terms of Dark Matter

models has been suspected to be very sensitive to this particular decay rate due to the “°K

contribution to the background (Pradler et al., 2013).

The most recent nuclear data evaluation for this radionuclide is from DDEP (Bé et al.

2010) and the Comments file (Mougeot and Helmer, 2009) depicts the procedure and provides

every measured value of interest. The decay scheme was built upon the following probability

ratios: i) Pg1460/Pg- = 0.1182 (12) determined from the ratio of the corresponding partial
half-lives; i) Pg+/Pg- = 1.12 (14) - 10> which comes from a single measurement

(Engelkemeir et al., 1962); and iii) P, 4, /Pg+ = 200 (100). The latter ratio was determined

using the LogFT program, although the code cannot calculate directly such third forbidden
unique transitions. Hence, the evaluator estimated this ratio by extrapolating that calculated for

a first forbidden unique transition, i.e. P, 45/Pg+ = 8.51 (9), and that calculated for a second
forbidden unique transition, i.e. P, ;5 /Pg+ = 45.20 (47), and assuming that this ratio rises by

the same factor for a third forbidden unique transition, rounding to the first significant digit and

extending the uncertainty to 50% of the value.
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The improved modelling of the present work can calculate exactly this third forbidden

unique transition. Using the most recent Q-value of 1504.40 (6) keV, one obtains P, ;s /Pp+ =
215.0 (31) as the mean value of 212.02 (15) from Bahcall’s approach and 217.93 (15) from
Vatai’s approach (see Section 2.6). The corresponding capture probabilities can also be of
interest and are calculated as follows: Py = 0.8862 (7); P, = 0.09859 (48); and Py =
0.01519 (19). The P, 4 /Pg+ ratio is thus consistent with the originally estimated one, and
leads to the following transition probabilities (compared to previous ones): Pz- = 89.23 (13)%
(versus 89.25 (17)%); Pera60 = 10.55 (11)% (identical); P, = 0.215(27)% (versus
0.2 (1)%); Pg+ = 0.00100 (12)% (identical). This new and more precise value of P, , is a

more stringent constraint for the analysis of Pradler et al. (2013) and should be taken into

account in a further analysis. As the results of the DAMA experiment in the 3 keV region seem
to be pivotal, it is noteworthy that a flat contribution of the beta minus spectrum from 4°K decay

at these low energies, as taken in (Pradler et al., 2013), is not an accurate hypothesis because

atomic effects, such as screening and exchange, can substantially modify the spectrum shape

(Mougeot and Bisch, 2014).

During the evaluation of the total half-life of “°K decay, a distinction is made between
measurements that detected beta particles or gamma-rays or both in order to prevent from
possible biases. In addition, the vast majority of the studies published partial half-lives, either
for the beta minus branch or for the capture branch to the 1460 keV level of “°Ar. To determine
the total half-life of “°K decay, all of these measurements have then to be consistently corrected
with the corresponding transition probabilities established above. The procedure used in the

DDEP evaluation was followed, leading to a consistent data set and a new half-life of T; ,, =
1.2501 (23) - 10° a, closed to and consistent with the previous one T;,, = 1.2504 (30) - 10°

a but with a lower uncertainty by 20%.
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4. Conclusion

To answer a request from the decay data and radionuclide metrology communities, the
calculation of electron capture transitions has been addressed on the basis of the Behrens and
Buhring formalism. Allowed and forbidden unique transitions are calculated exactly, without
any limitation on the transition order. Relativistic bound wave functions are determined for the
atomic electrons and used for calculating the atomic effects, which are of high importance for
electron captures. The overlap and exchange effects are commonly treated following Bahcall’s
or Vatai’s approach. Both approaches were extended in the present work to every subshell in a
unified formulation, taking precisely into account the occupation of the different orbitals. As
Vatai’s approach neglects the shaking effects, Crasemann’s formulation has been used to
estimate the probability of secondary vacancies for each possible captured electron. Finally, as
the capture process produces the daughter atom in an excited state, the influence of the hole on
the bound wave functions was estimated by means of first order perturbation theory. Relative
capture probabilities and their ratios are determined for each orbital, as well as capture-to-
positron ratios determined using improved beta calculations from previous work (Mougeot and

Bisch, 2014). The propagation of uncertainties from the input parameters is also included.

Therefore unlike LogFT, access is possible to any subshell and uncertainties are propagated for
every quantity, and unlike EC-capture, the beta plus component is treated.

To validate this model, predictions have been compared to a selection of published
measurements for allowed and first- and second forbidden unique transitions. Significant
improvements were found for the “°K, °Fe and **®La decays. However in other cases, the
present modelling of the electron capture leads to comparable results with the LogFT and EC-
capture codes. This analysis is limited by the precision of the current measurements, not
sufficient to distinguish between the theoretical predictions of the different codes, and also not

sufficient to distinguish between the predictions from Bahcall’s and Vatai’s approaches in their
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extended version as presented here. New high precision measurements are definitely required
to improve the experimental data and thus the theoretical modelling. Existing discrepancies in
datasets encountered for some radionuclides, e.g. ?’Na, should be settled with new
measurements. The *°K decay is of special interest for many applications and its study at low
energy, particularly difficult due to the presence of three (electron capture, beta plus and beta
minus) third forbidden unique transitions, is strongly recommended.

Including these calculations in the BetaShape code (Mougeot, 2017) is expected in the near

future. The tabulation of certain parameters that define the wave functions would avoid the

time-consuming convergence process detailed in (Mougeot and Bisch, 2014). The consistent

model presented here can be improved, for example the use of self-consistent relativistic wave
functions for the electron bound state orbitals would allow a precise account of the vacancy due
to the capture process and a better estimate of the shaking effects. Multiple exchange processes
could also be considered to improve the atomic corrections. Finally, the inclusion of nuclear

structure would allow the calculation of forbidden non-unique transitions.
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