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Abstract

The DDFV (Discrete Duality Finite Volume) method is a finite volume scheme mainly dedicated to
diffusion problems, with some outstanding properties. This scheme has been found to be one of the most
accurate finite volume methods for diffusion problems. In the present paper, we propose a new monotonic
extension of DDFV, which can handle discontinuous tensorial diffusion coefficient. Moreover, we compare
its performance to a diamond type method with an original interpolation method relying on polynomial
reconstructions. Monotonicity is achieved by adapting the method from [44] 19 [49] 18] to our schemes.
Such a technique does not require the positiveness of the secondary unknowns. We show that the two
new methods are second-order accurate and are indeed monotonic on some challenging benchmarks as a
Fokker-Planck problem.
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1 Introduction
Consider the model stationary diffusion problem

-V -(kVa)+Axi=f in
=g on Ip, (1)

kVu-n=g on Iy,

where © is a bounded open domain of R? with 9Q = Tp UTx (I'p NT'xy = @) and n € R? the outgoing unit
normal vector. The data are such that f,\ € L*(Q2), with A > 0 (if A = 0, then |T'p| > 0), g € H/*(T'p) and
g € L?>(T'y). The tensor-valued diffusion coefficient & is supposed to be bounded and to satisfy the uniform
ellipticity condition

Vx€Q, Vy eR?  anminllyll? € ¥ RE)Y < amalyl?,

where ayin, Qunae are positive coefficients. Under the above conditions, and if either A > 0 or I'p is of positive
length, it is well known that system has a unique solution in H*(2). Such a solution satisfies a positiveness
principle, i.e. if f > 0 and g > 0, then @ > 0 (see [15] for example).

Standard methods may be applied to the discretization of such diffusion equations with possibly discontinuous
k on arbitrary meshes. This proves to be an efficient strategy, as far as accuracy (or convergence) is concerned.
However, it is well known that positiveness of the discrete solution does not hold. This lack of positiveness (also
called monotonicity) can lead to serious difficulties, since @ can account for a temperature or a concentration.
A first attempt to solve the issue of monotonicity would be to truncate the discrete solution to zero. This
is not satisfactory because conservation is lost in such a process, and conservation is an important property
of the scheme. Some algorithms based on the repair technique introduced in [34] are employed to fix the
conservation issue [8, B3] [43] 45]. However, these algorithms are only globally (and not locally) conservative,
and the consistency is unclear. Some monotonic methods have been designed in the finite-element framework
(see [0, 10] 241 25| [41] among others), but they rely on restrictive conditions on the mesh, that we cannot afford.
For fifteen years many original finite volume methods have been proposed to address the issue of monotonicity,
while preserving conservation. Most of these schemes are nonlinear or have a larger stencil than standard
methods. The finite volume framework is well suited to achieve monotonicity because it allows for an easy
manipulation of the fluxes. The first works we know of are those of Le Potier [28] and Bertolazzi and Manzini [3].
In such methods, one uses a manipulation of the fluxes that leads to introduce a dependence on the discrete
solution in the coefficients of the fluxes, making the scheme nonlinear, although is linear. To this end, one
usually introduces secondary unknowns (for instance vertex-located or face-located unknowns) in addition to
the primary (cell-located) unknowns. Among others, important contributions to this field are [5], [I8] 30} [39, 48],
which propose efficient numerical schemes preserving the positiveness of the primary unknowns. In [38] the
requirement of positive secondary unknowns is relaxed. The works [3T], [50] explain how to build monotonic
schemes without relying on secondary unknowns. In [29] [32] [37], maximum principle preserving schemes are
proposed. Cances and Guichard obtained moreover an entropy diminishing property in [7], introducing the
nonlinearity directly at the continuous level via a change of variables. Some concepts and proofs about the
existence of solutions for these types of scheme can be found in [T}, 13} [36]. See also [42], [46] for recent advances
in this field.



The DDFV (Discrete Duality Finite Volume [21], [12]) scheme relies on secondary (nodal) unknowns. However,
in contrast with most above-mentioned methods, one considers an additional diffusion problem on a so-called
dual mesh to calculate them. This scheme has been found to be one of the most accurate finite volume methods
for diffusion problems [20], at the price of doubling the number of degrees of freedom compared for instance
to the linear or bilinear finite element method or to cell centered methods such as MPFA (Multi Point Flux
Approximation [1]) or SUSHI (Scheme Using Stabilization and Hybrid Interfaces [I7]). However, none of latter
methods are monotonic.

A monotonic extension of DDFV has been proposed in [6], but was not compatible with Neumann boundary
conditions, and only first-order convergent for discontinuous tensor coefficients k. In the present paper, we
propose a new monotonic extension of DDFV that remedies these flaws. Moreover, we compare its perfor-
mance to a diamond type method with an original interpolation method relying on polynomial reconstructions.
Monotonicity is achieved by adapting the method of [44 [19, 49, 18] to our schemes. Such a technique does not
require the positiveness of the secondary unknowns.

The main steps of the proposed methods may be briefly summarized as follows.

1. Integration of the equation over each cell of the user’s mesh that we will call primal.
2. Transformation of this surface integral into a sum of fluxes using the divergence theorem.
3. Approximation of the fluxes using the midpoint quadrature rule on each face of the cell.

4. Taylor expansion of the solution u in the neighborhood of the midpoint of each face along two independent
privileged directions in order to obtain an approximation of V# involving the values of @ and its derivatives
at certain suitably chosen points, in this case the center and vertices of the cell.

5. Thanks to this Taylor expansion, estimation of (kVu) -n = (Va) - (k'n).

6. Calculation of the values of @ at vertices either by a polynomial interpolation formula in the neighborhood
of the midpoint of each primal cell face or by integration of the equation over each cell of the dual mesh.

7. Calculation of the values of derivatives of 4 at centers and vertices of the neighboring cells by differentiating
this polynomial interpolation.

8. Transformation of the scheme into a monotonic nonlinear two point flux approximation (or four point
flux approximation if a DDFV type method is used).

9. Resolution of the nonlinear system by the Picard iteration method.

The integration over the primal mesh is common to the two monotonic schemes proposed here and is described
in Sec.[3] The treatment of the vertex unknowns depends on the scheme and is addressed in Sec.[d] Monotonicity
of both schemes is based on the same strategy, which is described in Sec. [f] It leads to a two point flux the
coefficients of which depend on the unknown. The Picard iteration method to handle the nonlinearity is also
described. The properties of the new DDFV schemes are listed in Sec. [f] Finally, both schemes are assessed
in term of accuracy, monotonicity and computational efficiency, and compared with the non monotonic DDFV
scheme in Sec. |7} It is shown that the interpolation-based scheme is more efficient for a given L? accuracy, but
that the DDFV-based scheme achieves second-order accuracy in H'! norm for the tests we ran. This outstanding
feature has been already observed in [20} 23]. Our final test problem is a solution of a simplified Fokker-Planck
equation. We show that our scheme is able to compute a correct monotonic solution while achieving the energy
conservation.

In all that follows vectors and matrices will be noted with bold letters while x = (z,y) and I will stand for the
position and 2 x 2 identity matrix, respectively.

2 Definitions and notations

In this section we gather most of the notations that will be used later. Consider an arbitrary primal mesh made
of (possibly distorted, non-conformal, non convex...) polygonal cells that are denoted P; (1 < i < n). The
center of a cell P; is denoted by x; (in general x; is the mass center of P; but other interior points for which
P; is starred could be chosen) and its faces are Fy = x,x,. The center of the face Fy is x4, the unit vector
orthogonal to the face Fy (directed from cell P; to cell P;) is ng, and Ny, = ||xs — X, ||ng;.
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Figure 1: Two primal cells P;, P; (black lines) such that P; N P; = F; = x,Xs, two dual cells D,, D, (blue lines) such
that D, N Dy = Gy = x;%x¢ U xyx; and one intermediary cell Iy = I; U Iy; = X;XrXeXs U X;XsXeX, (red lines).

In order to define DDFV type schemes we also need to define a dual mesh (often named barycentric or Donald
dual mesh) obtained from the primal mesh by joining the center of each cell with the center of its neighbors
and the middle of its boundary faces. The dual cells are denoted by D,. (1 < r < m), their faces are G,y = x;xy,
Gr; = x¢x; and we set Gy = G U Gyj. The unit vector orthogonal to the face Gi; (resp. Gy;) and directed
from dual cell D, to dual cell Dy is n;; (resp. ng;) and Ny = ||x¢ — X;||ne (resp. Ny;j = ||x; — x¢||ng;). Let 6,
(resp. 6¢;) be the (trigonometrically oriented) angle between Vector N (resp. Nﬁ) and Ng,.

If Fp ¢ 09 (resp. F; C 0Q) we denote by I, the quadrilateral x;x,x;x, (resp. the degenerate quadrilateral
X;X,X¢Xs). Note that all these cells, which we will call diamond or intermediary, also constitute a mesh
of Q. Each interior diamond cell I, can be divided into two degenerate quadrilaterals I;; = X;x,X¢x, and
I; = x;x,X¢X, that will be called diamond sub-cells.

Most of these notations are illustrated by Fig. [I} Finally, given a geometrical quantity X (face or cell), we will
denote by |X| its measure (length or area).

Define

h = max(|Fe, [Giel, |Gl
we will assume that the primal and dual meshes satisfy the following assumptions.

1. (H1) There exists a constant 8y independent of h such that, for all ¢,

60| < g, cos(by) < cos(6ie), cos(fp) < cos(Be;).

1Given v = (vg, vy) a vector in R2 we will use the common notation v+ = (—vy, vz).



2. (H2) Given N; (resp. N,.) the number of faces of the primal (resp. dual) cell P; (resp. D,), there exists
a constant Ny, independent of h such that

max(max N;, max N,.) < Npax.
3. (H3) There exists a constant ¢ independent of h such that, for all ¢,

|IF| < fmln(|Pz|a |Pj‘7 ‘Dr|7 |D9D

Given v = (v;) a vector in R™ we will denote respectively its Euclidian, L? and L> norms by

n 1/2 n 1/2
||v||=<;v$> , |v||2=<Z|Pi|v$> C IVl = max ol
1=

i=1

and we use the following notations
VZO if Vi, ’UiZO,

v>0 if Vi, v >0.

Given xj any point and ¢ any function we will often note ¢, = ¢(xx).

3 Finite volume formulation on the primal mesh

We will assume that k is continuous inside each cell but can be discontinuous along some primal faces Fj.
To simplify the presentation it will be assumed for now on that k is scalar-valued, that is, kK = kI with
Qmin < K < Qmaz. For a tensor-valued coefficient k € R?2 it is enough to replace xn by xn in the following
calculations.

The first step to design a finite volume scheme consists in integrating equation on cell P;

_/zaiv.(ﬁvu)jL/zaM:/zﬁf'

We can make use of the divergence formula to obtain
—Z/ wa-n+/ M= [ f, (2)
tei M Py Py

where the compact notation Z stands for the sum on all faces Fy of the primal cell P;. We need to approximate

yass
the flux

]?g = / kVu - ng,.
Fy

Suppose that k;¢ (resp. ry;) is a first-order approximation of « in the diamond sub-cell I;; (resp. Ir;), for
example

kit = K(Xi), ke = K(X5),

or, if k is continuous

Kie = Kej = K(X¢).

Denote by (V@) and (V) expressions of V@ in P; and P;. We have

_Z/Fgme(Vﬂ)ie~nsr+/Pi)\a:/Pif+O(h3).

lei



A Taylor expansion in the neighborhood of x, gives

u(x) = u(xe) + Va(xe) - (x —x¢) + O (||x — xz||2) .

Replacing x respectively by x;, xX;, X,, X5, we obtain
a(x;) = a(xe) + Va(xe) - Nz + O (h%)
u(x;) = u(x¢) + V(xe) - Njz + O (h?)
u(x,) = u(x¢) + Va(xe) - Ng; + O (h?),

u(xs) = u(x¢) + Va(x,) - Nj, + O (h?) .

Subtracting the last two equations we have

Vi(xe) - Ny, = a(x,) — a(x,) + O (h?).

Therefore we obtain

S

Vi(x,) - Nj; = a(xe) — a(x;) + O (h?)
Va(x,) - Njp = u(x;) — u(xe) + O (h?), (3)
Vi(x,) - Ng,. = a(xs) — a(x,) + O (h?).

I
I

Let us first consider an interior primal face Fy. We can decompose the unit vector ng, in the basis (né, nSLT)

1 oaly.
or (an’ nsr)
N = pny; + Bieny, = ayng; + Beyng,.,
with
1 ng, - Ny; 1 Ng, Ny
ay=——1, Pu=—"T—7 ay=—"p, Py=—1T—",
N - Ny, ng. - Ny Ngyp - njg N - Ny
that is, in view of Fig.
1 sin(6;¢) 1 sin(fy;)
Qg = ————, Pi= = ————, Py = = (4)
cos(0¢) cos(0ir) cos(6¢;) cos(6¢;)

According to assumption H1 these values are well defined. Note that o > 0, ag; > 0 as soon as the centers x;
and x; of the primal cells P; and P; are separated by the line corresponding to their face F; = P;N P;. It may
happen that x; and x; are not separated by the face F;. This is the case for a non-convex cell P; if its mass
center x; is not inside P; (see the left-hand side of Fig. . In such a case we replace x; by the midpoint of an
inner diagonal of P; or by any interior point for which P; is star-shaped (right-hand side of Fig. . Doing so,
the inequalities vy > 0, ag; > 0, which are mandatory to enforce the positiveness of the scheme (see Section,
are always satisfied.

The gradients in the direction n, in the cells P; and P; then write

Vl_l,(Xg)i ‘Mg = OéigVﬁ(Xg)i . Ilé'i + ﬂigVﬂ(Xg)i . I‘lj‘r7

Vﬂ(X@)j ‘Ng, = Oéng’lTL(Xg)j . Ileg + ﬂZjV’lTL(Xg)j . nslm

that is to say, using Taylor expansions

Vﬂ(X@)i c g = ai@W + BMU(XS)|;KU(XT) + O(h)v
Sl ] ) (5)
Vﬂ(xz)j gy = Oé(jW + ﬁéju(xs>|;€|u(XT) + O(h)



Figure 2: A non convex cell P; and a convex cell P; such that x; and x; are not separated by the line defined by face
Fy = x,Xs.

Note that these approximations can also be obtained by using the Green-Gauss formula applied to Va in
diamond sub-cells I;; and Iy;

1 1
Viu(xe); = Tl /1 Va(xe) + O(h) = 5 T ((u(xe) = u(x:)) Ny + (a(xs) — u(x,))Nig) + O(h),
1 : 11 ©)
Vi(xe); = 7 | Valxe) + O(h) = 57— ((a(x;) — u(xe)) N + (u(xs) — a(x,))Ngz) + O(h).
Lejl J1,, 2 ||
The fluxes can be indifferently estimated using one or the other of formulas , @

Let us now recall that the properties of imply that the normal component of the flux is continuous across
the primal face Fy;. We therefore impose

KieVU(Xp)i - Ngr = kg5 VU(X0) 5 - Ny

This gives

_ Kieeie|Gej|U(xi) + kejou;|Gielu(x;) |Giel|Gejl(KejBej — KieBie) - _ 2
u(xy) = + u(xs) —u(x,)) +Oh). (7
(xe) kieir|Gej| + Kejous|Giel |Fo|(Kiearie|Gej| + Kejaes|Giel) () = alxr)) (5. (1)

Inserting this value into one of the two equations of results in

KieVU(xp)i - Ngy = kg5 VU(Xp); - Ngr

Kiekej (0ieBej|Gejl + o Bie Gie|)
|Fol(Kiearie|Gej| + Kejo|Giel)

RigKgjOipQpg B -
Kiecie|Guj +I€gjagj‘Gid( (x;) — a(xi))

(a(xs) — u(x,)) + O(h).
In view of this relation the numerical flux F, through the primal face Fy is then given by

J:Z(u) = ’YZ(Uj - ui) + 5[(“5 - ur)a (8)
with

e = Kiekej Qg | Fyl 5, = ittt (ieBej|Gej| + ae;Biel Gie])

Kieie|Goj| + Kejou|Giel Kiettie|Gej| + Kejoui| Gl

Since oz > 0, agj > 0, ki > 0, Kg; > 0 we clearly have v, > 0.



Consider now a boundary face Fy. If F; C T'p we have @, = g(x¢). From we then obtain

u(xs) — u(x,)
|l

g(x¢) — u(x:)
|Gl

Va(xs); - Ngp = g

+O(h),
so that the Dirichlet boundary flux is defined by

.7:[(11) =V (Q(Xg) - Ui) + 5@(“3 - u?"))
with

| P

Yo = Hwo&igm, 0¢ = KieBi-
K2

ﬁZZ/KVﬂ'nsr:/ga
Fy Fy

so that the exact flux F; and the approximated one F, are

If F, C 'y, we have

Fo = |Felg(xe) + O(h?),  Fi(u) = |Filg(xe).

4 Dealing with vertex unknows

In order to evaluate the numerical fluxes Fp(u), Equations and require the knowledge of the values of
u at the vertices x, of the primal mesh. To compute these values, we propose to use two different methods.
For the first one, described in Section [4.1] vertex values are calculated by interpolation while for the second
one, described in Section they are calculated as the solution to the same diffusion problem discretized

on the dual mesh.

4.1 Diamond type scheme

The first way to calculate the vertex values w, is to use a polynomial approximation calculated using the

cell-centered values u;.

For a polynomial of degree 1, we have 3 coefficients to calculate, so at least 6 (3xdimension) neighboring cells
of the cell are required for stability reason: see [14} 26]ﬂ When it is possible, the stencil will be centered on the
cell, but the closer the cell is to the boundary of the domain or to the discontinuity of «, the more the stencil

will be shifted in order not to cross the discontinuity.
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Figure 3: Construction of the stencil for the cell P; with a discontinuity (in red).

2An example of the use of polynomials of degree 2 is also provided in the numerical experiments section.




To be more precise, the construction of the stencil of a cell P; is illustrated on Fig. [3]| We denote this stencil by
S; = {Po, ..., Pr}. For the sake of simplicity, we have assumed that the cells involved in the stencil have been
renumbered. First the cell P; itself (in blue) is added to the stencil and then we add the cells that share, at
least, a vertex with the cell P; (in yellow). If the number of cells we have already selected is not sufficient (in
our case, 6 cells for a polynomial of order 1), we add the cells that have, at least, a vertex linked to the cells
that we have just been added to the stencil (in green) and so on until we have enough cells. In all the above
process, we impose that the stencil does not cross any discontinuity of & (see Fig. [3)).

Let ug, ..., ux, denote the k + 1 values used for the calculation (k > 5). The polynomial is of the form

Pi(x) = aoo(uo, ,Uk) + al()(u()v ,Uk)(x - sz) + a(]l(an ) uk)(y - yi)v

and its coeflicients agg, a1g, ag1 are chosen such that

Pi(x0) = ug, ..., Pi(Xr) = up.
This leads to the following system

1 zo—2 Yyo—yi a0 Uo

: : : aio =

L @ —2 yr—yi do1 ug,
=M =a =:b

Since matrix M has more rows than columns we have to use the least square method so that vector a is com-
puted as a solution to the linear system: M*Ma = M'b.

In this process note that we do not enforce the continuity of u at the vertices. Indeed, a priori, P;(x,) # P;(x,)
for ¢ # 7.

We thus obtain expressions of the gradients in the direction ng, in the cells P; and P; similar to (5)

'y Pi(xs) — Pi(xy)

u(xp) — a(xi)

Vbt = 0u T g oW )
11
_ u(x;) —u(x Pi(xs) — Pj(xr
Va(xe); - g = a; (J|)GM|( ) 4 gy i >|F[| i) 1 om).

Assuming the continuity of the flux F, through the primal face Fy

Vﬂ(xf)i ‘Ngpr = V’H,(Xg)j ‘N,

provides

Kie0ie|Gej|u(Xq) + Keja|Gielu(x;)
Kieig|Grj| + Keja; |Gl
|G| Grj| (K0 Bes (Py(xs) — Pj(xr)) — KieBie(Pi(xs) — Pi(Xr)) 2
+ + O(h*).
[ (raccd G|+ egaes Gl 2

u(x,) =

In view of one of the two equations of , having inserting this value into it, the numerical flux F, through
the primal face Fy results in

Fe(u) = ve(uj — ui) + 6ie(Pi(xs) — Pi(xr)) + 60 (Pj(xs) — Pj(xy)),
with

Kigkej ey | Fyl
kievie|Goj| + Kejoui|Giel

Ye =



KiekejouiBiel Gl L= Kiekej e e |Gejl
|Gojlkiccic + |Gielkejoe;” 7 |Grjlkiecvie + |Gielkejaug)’

Oip =
so that the diamond scheme writes

= > (reluy —wi) + 8ie(Pixs) = Pilx)) + 8¢5 (Py(xs) = Py(x1)))

Lei 0O

= > (velur — ) + 85 (Pi(xs) — Pilx,))) + | Pil hiws = | Pyl i,

Lciten (12)
ug = g(x¢) x¢ € I'p,
Ye(we — u;) + 030 (Pi(xs) — Pi(xr)) = |Fr|g(x¢) x¢ €'y.

4.2 DDFYV scheme

The second way to calculate the vertex values u, is to consider them as additional unknowns that are solutions
to problem integrated on each cell of the dual mesh, thus following [21]. We have

—/DTV-(/-;Vu)Jr/DTAu:/DTf,

that is, thanks to the divergence theorem
—Z/ HV@-D—/ ﬁVﬂ-n—f—/ )\11:/ 1
rer JGe D,.NdQ D, D,

where the compact notation Z stands for the sum on all the faces Gy = G U Gy; (if xo ¢ 0Q2) or Gy = Gy¢

ler
(if x¢ € 09Q) of the dual cell D,. We obtain

— Z/ HMV’U, Xg s — Z / H]gvu Xg sy — / kVu-n+ / A\ = / f+0 (hg) .
G D,NoN D, D,

ter LET 020

We decompose the unit vector n;, (resp. ng;) in the basis (n}., nj;) (resp. (ng, nélj))

n;, = azZn @enm ny; = Gyyn ﬁf]néjv
where the values
1 Ny - Ny 1 Ny - Nyj
— — — _ J
Qip T ) Bif i 1 Quj = T ) B@] i 1
ng. - N N, - N7, ng,. - Ny; Ng, - nzj

coincide with those of : see Fig. |I} We obtain

Va(xe)i - nie = e Va(xe)i - ng, — B Vi(xe)i - njg,

Vi(xp); - ng; = g Vi(xe); - g, — Be; Viu(xg); - ng;,

that is to say, using Taylor expansions

u(xs) — u(xy) u(xy) — u(x;)
‘Fé| +5’LZ +O(h)7

Vﬂ(Xz)i Xy = Quy |G€|
%

u(xs) — u(x,)

u(x;) — u(xe)
7 +ﬁ4J7+O(h).

Vﬂ(Xg)j sy = Oy |G |
Lj

10



Note that these approximations derive directly from the Green-Gauss formula applied to V@ in diamond sub-
cells I;y and I;; already given by @

Suppose that x; ¢ 9Q. In view of the previous equations and of , the numerical flux G, through the common
boundary Gy = G U Gy; of the dual cells D, and D is given by

Ge(u) = To(u;j — u;) + Ap(us — uyr),
with

Kiekej(uefej + o Bic)
Rievie|Goj| + Kejou|Giel

ry=

A, = (kiead, — Kio B2 + Kojoiea; + Ko BieBej ) kiel G|
|Fe| (Riecie| Gejl + Kejaei|Giel)

(fwja?j - f%ﬂ?j + Koo + KieBieBej) ke | Gl
|Fe| (Riecvie|Goj| + Kejous|Gie)

If x4 € 99, the common boundary of the dual cells D, and D, is G; = G4 and the numerical flux G, through
Gy is given by

Ge(u) =Ty(ur — u;) + Do(us — uy),
with

_ KieBie _ Rieie
|Gl ” | F|

/ kVu.n = / g,
D,NdQ D,NdQ

the right hand side of which is approximated by (see Fig. [4]

If x, € 'y, the boundary dual flux is

1
1Dr 00Qlg(xy) = 5 (| Fel + [ Fig ()

Recalling that g, v, are defined by @[) while 'y, Ay are defined by or , the DDFV scheme thus writes

— > vl —w) = Y el —w) =Y de(us — up) + [Pl Aui = [P f;

(€ 0ga0 (€ tedn tci
- Z To(u; —u;) — Z To(ug — uy) ZAg —uy)

ter (¢0Q terlcon ter

+‘Dr|>\rur = ‘Dr|fr + |Dr N 3Q|g(xr) Xy ¢ FD, (15)

ue = g(x¢) x; € I'p,
ur = g(x) x, € I'p,
Ye(ue — ui) + 0e(us — ur) = |Frlg(xe) x; € y.

Note that Ay > 0: the proof is given in [22] in the general case where & is a positive definite matrix.

11



O

O

O

o

Ny

Figure 4: Two primal cells P;, P; (black lines), one interior dual cell D, (blue lines) and one boundary dual cell
D, = x,;X¢XiXmX;Xk (blue lines) such that D, N 9N = xkxr U X,Xy.

5 A method to make the schemes monotonic

In this section we propose to find a method for the previous methods to be made monotonic. A method
borrowed from [44], [T9] [49] 18] and developed in the framework of 2D diffusion on arbitrary meshes can be used.
For any value r we will use the common notation r = r™ — r~ with

1 1
rt =gl +1) 20, 7 =Sl = 1) 20

The numerical primal and dual fluxes F; and G, read as

Fo(a) = ve(uj —ug) +re(n), Ge(u) = Ag(us — ur) + Re(n),
where

re(u) = 0p(us —ur), Re(u) =To(u; —w).

Suppose that, for all ¢ and r, u; > 0 and u, > 0, we can set

Fe(u) = (w + T{fu)) uj; — (W + T‘Tu(u)) Ui, Ge(u) = (Az + W) Us — (Az + R‘_(u)) Up.

J % s T

As v, >0, Ap > 0 we end up with two points primal and dual flux approximations with positive coefficients.
The diamond scheme then rewrites

12



- 5 (G o)

ecit¢o0
rf(u r, (u
- Z <<W+ I )>Ue— <w+ £ ( ))ui)+|Pi|>\iui:|Pi|fia
eciteon e U
Up = g(Xg) x¢ € I'p,
rf(u r, (u
(30 2O g (30 "2 s = i) x; €T,

while the DDFV scheme rewrites

- (G o)

0€i,0¢9Q
+ —
- Z <(w + W) Uup — (W + o (u)) Ui> + |Pi| Aiwi = | Py fi,
teitedn e Wi
RS (u) R, (u)
(oo (o ) e
ler Us Ur (16)
= |Dr|fr+‘DrﬂaQ|g(xr)v Xr ¢FDa
ug = g(xy) x¢ € I'p,
ur = g(x;.) x,. € I'p,
rf(u r, (u
((W + Ku(e )> Up — <W + Zu()) uz') = |Fy|g(x¢) x¢ € I'y.

The matrices associated with these systems are not symmetric and depend respectively on u;, uy (¢ € 9Q) and
u,-. More details about this are given in the following section.

5.1 Matrix form

Denoting

and

upm'mal _ (ui)lgigny udual — (ur)lgrgma u= (uprimal,udual)7 (17)
bpm’mal — (bi)lgigna bdual — (br)lgrgma b = (bpm’mal,bdual)’
bi)rim(ﬂ _ |P2|fl + Z (Tg(ud““l)"’ + ’YZQ(XZ)) + Z ‘F[lQ(X@),
leilel’'p lei el
bgual — |D'r‘fr + ‘Dr N aQ|g(XZ) Xr ¢ FD, (18)
bgual _ |Dr‘f'r + CQ(XZ) x- € I'p,

where ( is a large value dedicated to taking into account of the Dirichlet boundary conditions by penalization
(for example ¢ = 10'2), system then rewrites under the more compact form

Aprimal uprimal udual 0 uprimal bprimal
A(u)u = ( ’ ) dual (y.primal i dual dual = dual = ba (19)
0 Aduat(y ,ufue) u b

13



with

(2

Aprimal(uprimal udual) _ Z Yo + T[(udual), N |P|A
i ’ L u 3|y

tei gl

Aprimel (primal ydualy _ <W n W(“Z“V) x; # X;,

Adual (yprimal_ydualy _ Z (Ae + W) + | Dy |y x, ¢ I'p, (20)
tertgly

D S v Rf(“um)) CDAC xelh
tertgly

Aggal(uprimal’udual) — <A6+R/('up’;,jmll)+> X, #X:ﬂxe ¢FN

Thus the monotonicity enforcing procedure leads to two decoupled sparse matrices of size m x m and n X n
depending on u. This is a significant difference with the usual DDFV scheme for which all degrees of freedom
are coupled, leading to a single (m + n) x (m + n) matrix independent of u.

In the case of the monotonic diamond method, we obtain the system

Adia’mond(uprimal)uprimal — bdiamond7 (21)
with
) y r uprimal —
A?izamond(upnmal) — Z ('72 + Z( : ) ) + |P’L|)\“
Lei bgT N i
(22)
) ) primal\+
A;j;amond<upmmal) - _ Z ('7@ + Tﬁ(u — ) > X; 7& X,
Leing J
and
pliemond — 1P| fi+ > (P T foyg(xe)) + Y [Fulg(xe). (23)
£€ifelp £€i0eT N

Remark 5.1. Assuming that f > 0 and g > 0, all the components of the right hand side b are non-negative.
Assuming moreover that f and g are not zero, then at least one component of b is positive.

5.2 Picard iteration method

Both systems and are of the form A(u)u = b. In order to solve them, we use a Picard iteration
method. We start with an initial guess u® > 0, compute the matrix A (u°) and solve A(u’)u! = b. Repeating
this process, we build a sequence (u”) that, if it converges to a positive vector, tends to a solution of the
scheme. We stop the algorithm when the difference u”*! — u” between two successive iterates is small enough.
To summarize, the following algorithm is used

v=_0

Au)u' =b

do while e|ju”||z < [[u’™ — u”||;
A Hu"t =b
v=v+1

enddo

14



For the monotonic DDFV scheme 7 for example, the linear system A(u”)u**! = b writes

+ (v — [V
r; (u r, (u
- Z <<w+ é(y )>u;’+1— <w+f(y)> uf“)
(€062 00 U i
TZ’(UV) v+1 ’I"Z (uV) v+1 v+1
= Y e+ )t = (e )t ) Pl = (P
£€i Led e Ui
R+ v R (u”
_Z<(AZ+ E(:l )>UZ+1_(AZ+ Z(;l )>uﬁ+1>+|Dr|AruZ+l
ter Us Ur (24)
= |D,|fr + |Dr N OQg(x;) x, ¢ I'p,
uy Tt = g(xe) x; € I'p,
w/ = g(x,) x, € T'p,
+ v — 3V
r, (u r, (u
(W ’ 5)) u - (W ! 1(L)> wl ™t = |Frlg(xo) x €Ty
‘ i

Unfortunately, we are unable to prove that the above algorithm converges. Nevertheless, we prove in Section [6.2
below that the scheme is well defined at each iteration of the algorithm, as soon as the initial guess u® is positive.
Furthermore we prove in section that the solution of the usual DDFV scheme is close (in some sense)
to the solution of the monotonic DDFV scheme .

6 Properties

6.1 Monotonicity
Consider the definition of an M-matrix (see for instance [35])

Definition 6.1. An n x n matriz A that can be expressed in the forme A = sI — B, where B = (b;j)1<i j<n
with b;; > 0, 1 < 4,5 < n, and s > p(B), the mazimum of the moduli of the eigenvalues of B, is called an
M-matriz.

We use the following lemma

Lemma 6.2. A matriz A = (A;j)1<i,j<n 15 an M-matriz if it satisfies the following inequalities
n
Vi#j, Ay <0, and Vi, ZA"J' > 0.
j=1

Moreover, if the last inequality is strict, we say that A is a strict M-matriz.

Proposition 6.3. Assume that u > 0. Then the matrices AP"" and A defined by (@) and the matriz
Adiamond qefined by are such that (APTmalyt (Adual)t gnd (Adiamond)t gre strict M-matrices.

Proof. The matrix AP satisfies

Vi#j, AT <0 and Wy, Y AT >

tj
i=1

Indeed we have, for all j

n ’ n r udual — P udual +
ZAZT mal _ Z Z (fyg + 75( " ) ) — Z (W + 76( " ) ) + A1 Pyl
i=1 ¢

i=1 \t€it¢T'y Leing J
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Thanks to conservativity, only the boundary terms and the mass term remain, for all j

n ( dual)f

Doarmel =N N (w + ”“u) + Xj|P;] > 0.

i=1 i=1/£e(iNl'p)

The above argument has been carried out on AP"""% but the proof applies mutatis mutandis for A% or
Adiamond. ]

Remark 6.4. According to , it is sufficient to prove that AP""™% and A% gre both strict M-matrices to
prove that A is a strict M-matrix.

Theorem 6.5. Assume that f > 0 and g > 0. Let A and b be defined by — or —. Then
A 'lb=u>o0.

Proof. As Al is a strict M-matrix A is invertible and its inverse has only non-negative entries (see for example
[40], Corollary 3.20). In view of Remark the right hand side is non-negative, hence u = A~'b > 0. O

6.2 Well-posedness of the Picard iteration method

Proposition 6.6. Assume that f > 0, g > 0, and either ||f||z2(q) > 0 or [|gz290) > 0. Assume moreover
that u® > 0. Then for all v, u” > 0.

To prove this property, we need to introduce the concept of irreducible matrix. We quote here [40], Defini-
tion 1.15].

Definition 6.7. An n x n matriz A is reducible if there exits an n X n permutation matriz P such that
A A
0 A.22 ’
where Aq1, A12, Ags are respectively r X r, v X (n —71) and (n — 1) X (n — 1) sub-matrices with 1 <r <n. If
no such permutation matriz exists, then A is irreducible.

The matrices APTimal - Adual defined by and the matrix A%®™°nd defined by are irreducible thanks
to the following Lemma (see [40, Theorem 1.17]).

PAP! = {

Lemma 6.8. To any n X n matriz A we associate the graph of nodes 1,2, ...,n and of directed edges connecting
X; to x5 if Aj; # 0. Then A is irreducible if and only if for any pair i # j there exists a chain of edges that
allows to go from x; to x;,

Akt #0 = Apip2 #0 = -+ = Agmj # 0.
With these definitions we can make use of the following theorem (see [40], Corollary 3.20).

Theorem 6.9. If A is an irreducible strict M-matriz, then it is invertible and, for all i, j (1 < i,j < n),
(Ail)ij > 0.

We are now in position to prove Proposition [6.6]

Proof of Proposition [6.6. We argue by induction on the index v. We assume that u” > 0. Hence (AP"™™a!(u"))!
is a strict M-matrix (see Proposition. It is easy to check that (AP"™a!(u¥))! is also irreducible. Thus, apply-
ing Theorem all the entries of (APl (u”))~t are positive. Consequently, all the entries of (AP"mal(y¥))~!
are positive. Using Remark [5.1] we know that all components of b are non-negative. Moreover, because of the
assumption that either || f||z2(q) > 0 or ||g||L2(a0) > 0, at least one component of b is positive. We thus have,
foralli(l1<i<mn)

n
uZ_V-H _ Z(Aprimal(uu))i—jlbj > 0’
j=1
since all terms of this sum are non-negative, with one at least that does not vanish.

The above proof has been carried out on AP""™¢! hut the same argument applies for A%l or Adiamond O

Proposition [6.6] shows that the condition u” > 0 remains satisfied during the Picard iteration method, which
allows to define AP"™al(u”) for all v > 0.
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6.3 About the convergence of the fixed-point for the monotonic DDFV scheme

Recall that

o U= ((U)1<i<n, (Tr)1<r<m) is the ezact solution of ,

= ((us)1<i<n, (Ur)1<r<m) is the DDFV solution defined by ,

=1}

=

o u” = ((u)1<i<n, (U¥)i1<r<m)) is the v-th iterate associated with the monotonic DDFV scheme, that is,

the solution to .

We will make use of the following theorem, the proof of which is postponed to Appendix [A]

Theorem 6.10. Under assumptions H1, H2, H3 the DDFV scheme defined by 18 first-order accurate in

the discrete L? norm, that is, there exists a constant C, independent of h such that

1/2
[T —ul2 = <Z|P| u(x;) — u;) +Z|D |(w _Ur)2> < Cih.

We will need the following lemma to prove Theorem [6.12}
Lemma 6.11. Assume that there exists v > 0 and € > 0 such that

V+1 v

— b v+1

v
r u.

’“r)<€

14
u’(‘

max (max

Us

Then the monotonic DDFV scheme writes

=37 (e (W =ty 6 (ul = ul )+ [Pl = (P S+
leq

_Z (Fe (UJH_I V+1) + 4 ( gt - ulr/—H)) + |Dr|)‘ru:+1 = |Dr|fr + p7,
ler

with
P71 < Ce,  |pf] < Ce,
where C' is a constant independant of h and €.

Proof. Recall that, for all 4, r, v, u¥ > 0 and u” > 0. Suppose, for example, that
re(u”) = 0g(uy —uy) >0, Re(u”) =Ty(uf —uy) >0,
then 7, (u”) = R, (u”) = 0 and the scheme rewrites

an
;u ) + [P aul = | Pl i,

J

_Z (W (u;’“ _ u;_/+1) +Op(uf — u¥)

Lei

ur+
=30 (Potu =) o s 07 = ) ) + DA = 1D,
ler

From assumption we deduce that, for all 4, r, there exists €; (Je;| <€) and €, (|e.| < €) such that

v+1

v+1 v v v v
u-+ =u; + €U, U, = U, + €U,

Inserting these values into ) gives . with

pi = E 0¢ (€ruy — €suy — €5uy + €Uy E F@ €iu; — ejuy esui”—l—esu;’).

e Ler

As a consequence,
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|07 < 4Npmax (m?x 5g> (maxu?) 6, |p¥] <4Nnmax <m?x|Fg> (maxué-’) €,

where we recall that N,,., is the maximum number of faces of primal and dual cells. This concludes the
proof. O

Theorem 6.12. Assume that H1, H2, H3 hold, and that the assumptions of Lemmal[6.1]] are satisfied. Then,
there exists a constant Cy, independent of h and €, such that

||l_1 — u”+1||2 < Crh + Cye,
with Cy the constant defined by Theorem [6.10}

Proof. System writes

with

£ = ((|1Pi|fi)1<i<n, (IDrl fr)1<r<m) »
while system writes
Au' ™t =f 4 f,
with
f. = ((P?)léiém (P:)lérﬁm) .
By difference and thanks to the stability Lemma there exists a constant Cy such that

[ —u” "z < Cofefl2.

Thanks to Lemma [6.11] there exists a constant C3 such that

[fell2 < Cse.
Then choosing Cy = C5C3 and applying the triangle inequality and Theorem we obtain

[ —u ™2 < @ —ull2 +[Ju— w2 < Crh + Cue,
which concludes the proof. O

Note that Theorem [6.12]is not a convergence theorem. Indeed if we make both i and € tend to zero, the positive
solution u”** tends to the DDFV numerical solution u which is only possible if u itself is non negative. Roughly
speaking one can say that the (positive) numerical solution u”**! obtained at the end of the iterative process is
close to the (non necessarily positive) DDFV numerical solution u that itself is close to the exact solution a.
Note also that condition is constraining: in practice we rather use the condition [[u’™! — u”| s < €]|u”||oo
or [[u”™ —u”|]2 < €f|lu”[|; as a stopping criterion.

7 Numerical experiments
Given Q =0, 1[2,  a diffusion coefficient and g a function defined on 9, consider Problem ([I}) with A = 0 and

I'n=10

{V(wm—f in  Q, (29)

u=g¢g on 0.

In addition to Cartesian meshes we will use the two following types of meshes (see Fig. [5]):

18



1. deformed meshes, the deformation of which from the Cartesian mesh is given by

(z,y) — (x + 0.1sin(27z) sin(27y), y + 0.1sin(27x) sin(27y)),
2. randomly deformed meshes, the deformation of which from the unit Cartesian mesh with cells of size Ax

is given by

(z,y) = 0.1(z,y) + 0.9(z + 0.45aAx, y + 0.45bAx),

where a, b are random numbers distributed according to the uniform law on [—1,1].
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(a) A deformed mesh (b) A random mesh

Figure 5: Examples of deformed meshes.

The L? and H'-errors used in the following tests are respectively given by

and IVru— Vil
a2 [Valz 7
where

1/2
IVally = (Zlfel IIVu(Xz)||2> ,
4

11

2\ /2
||th_VU|2:<§é:I£| im ) .

For DDFV type schemes we plot on figures[8] [9] the primal numerical values while on tables the

maxima and minima are computed over both primal and dual values.

((u]' — ui)Nsr + (’LLS — ur)Nij) — Vﬂ(xe)

7.1 Accuracy

Three simple benchmarks are proposed to assess the accuracy of our monotonic schemes in comparison with
the usual (non monotonic) DDFV scheme. For these three tests, we choose ¢ = 107! as the stopping criterion
of the fixed point algorithm.

7.1.1 Checking the preservation of linear solutions

Given k(x) =1 f(x) =0 and g(x) = —x — y + 2, the positive linear function @(x) = —z — y + 2 is solution to
. We perform a study of this problem on the deformed mesh (see Fig. with 32 x 32 cells for each of the
three schemes. The L2-error between the exact solution @ and the approximated one u are reported in Table
The error is zero, to machine precision, when # is a polynomial of degree 1.

19



Scheme L2-error Hl-error

DDFV 2.58¢ — 15 | 4.46e — 14
Monotonic DDFV 9.42e — 15 | 6.30e — 13
Monotonic diamond (degree 1) | 1.05¢ — 14 | 1.02¢ — 13

Table 1: Comparison between the different schemes for the positive linear solution to problem of Section

7.1.2 Anisotropic diffusion coefficient

Given

K(x) = ( é g > . f(x) = 3n?%sin(rx) sin(ny), g(x) =0,

the function @(x) = sin(mz) sin(my) is solution to (29). We perform a convergence study for this problem with a
sequence of successively refined deformed meshes like the one of Fig. Results are summarized in Fig. [ which
shows that all schemes are second-order accurate in the L? norm. Of course, similar results may be obtained for
a scalar-valued diffusion coefficient x. We see that the error in H'-norm is second-order convergent for DDFV
methods (which is a nice feature already observed [20} 23]). The diamond scheme is only first-order accurate
in the H' norm. However, we show that we are able to achieve the second-order accuracy for the H' norm for
this scheme. To do that, we reconstruct the gradient with polynomials of degree two instead of one.

7.1.3 Discontinuous diffusion coefficient

Recall that we have assumed that possible discontinuities of the diffusion coefficient x occur only along the
primal cell faces. Given

1
1 if x S 5
K(x) = 1 f(x) = 272 cos(mx) cos(my) + 20, g(x) =0,
2 if =
1 T > 5
the function
2 : 1
cos(mx) cos(my) — 10x* 4 12 if z< 3
u(x) =
L (mx) cos(my) — ba? + — it x> L
5 COS Yy 1 5

is solution to . We perform a convergence study for this problem with a sequence of successively refined
deformed meshes as shown in Fig.

Fig. [7| shows that, in the present case of a discontinuous x, the results are similar to those of the continuous
case, that is to say, the scheme is second-order accurate. However, both schemes are only first-order accurate
in H! norm in this case.

7.2 Monotonicity test problems

We propose two benchmarks to compare the usual DDFV scheme, which can give nonpositive solutions, with
our monotonic diamond and DDFV schemes which always give nonnegative solutions.

7.2.1 Tensor-valued coefficient x and square domain with a square hole

Consider the square domain with a square hole Q2 =]0, 1[?\ [, 3]2, f(x) =01in 2 and g(x) = 0 (resp. g(x) =2)

on the external (resp. internal) boundary. We have chosen
. cosf sinf 1 0 cosf —sinf g — s
F=\ —sing cosh 0 10* sinf cosf ’ T 6
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Figure 6: L? (on the left) and H' (on the right) errors for problem of Section
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Figure 7: L? (on the left) and H' (on the right) errors for problem of Section

We compare the results obtained with the monotonic diamond and DDFV schemes on a Cartesian mesh with 36
cells per direction. We use a quite low number of degrees of freedom for this test to exhibit the non-monotonicity
of the DDFV scheme (which tends to cancel in refining the mesh, see also section . The stopping criterion
of the fixed point algorithm is ¢ = 1072, Figure [8 shows the mesh, the DDFV solution and its negative and
positive parts. Fig.[9] displays the monotonic DDFV and diamond solutions while Table [2] gives the minimum
and the maximum of each solution.

While the solution obtained with the usual DDFV scheme has a negative minimum we can see that the solutions
obtained with the monotonic methods are always positive, as expected.

Scheme Minimum of the solution | Maximum of the solution
DDFV —4.59 x 107! 2.05
Monotonic DDFV 1.65 x 1017 2.01
Monotonic diamond (degree 1) 2.46 x 10732 1.95

Table 2: Minimum and maximum of the numerical solution to the problem of section for the Cartesian mesh with
36 cells by direction.
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Figure 8: Mesh (top, left), DDFV solution to problem of section m (top, right) and its negative (bottom, left) and
positive (bottom, right) parts.
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Figure 9: Monotonic DDFV (on the left) and diamond (degree 1, on the right) solutions to problem of section

7.2.2 Fokker-Planck type diffusion equation

This benchmark is a simplified version of the one from [27]. Given Q =] — 50,5012, T = 250, v = (v;,vy)
the velocity variable and V = (—20,20) the averaged velocity, we are looking for the distribution function
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u = u(v,t), solution to the simplified Fokker-Planck equation

ou

5 V. (kVya) =0 in Q% [0,7],
kV,u-n=0 on o0 x [0,T7, (30)
a(0) = a° in Q,
where the diffusion coefficient k = k(v) and the initial condition 4" are given by
BV) = T- —ovav, 1(v) = —esp(—|v = V)
=I1-+— , = —exp(—|lv-— .
v m

Note that the full Fokker-Planck equation would read as

% + V., (vi) =V (kVya) =0.

It is well known that the n-order moments of @ (0 < n < 2) are preserved over the time

(1) 2(L)-s 3L

The backward Euler scheme is used for time discretization.

To limit the calculation time, the stopping criterion of the fixed point algorithm is e = 107°. Fig. [11| (resp.
displays the DDFV (resp. monotonic DDFV and diamond) numerical solutions obtained with the Cartesian,
deformed and random meshes of 200% cells. Table [3| gives the minima and maxima of the DDFV solution for a
sequence of refined Cartesian meshes and Table [ gives the minima and the maxima of the numerical solution
obtained with the DDFV, monotonic DDFV and diamond schemes. We observe that the minima of the DDFV
solution are negative but converge to zero as h tends to zero while the minima of the solutions to monotonic
schemes always remain non negative, as expected. Compared to both the non monotonic and monotonic DDFV
schemes the monotonic diamond scheme is more diffusive. This could be explained by the use of a larger stencil
required for polynomial reconstruction.

The conservation of the zero-order moment of @ at the discrete level is a property of ours schemes. It is more
challenging to obtain a conservation of a discrete equivalent of the second-order moment.

Thanks to the identity

1
v= 59y,
one can introduce an approximation v, of v in the diamond cell I, by using the Green-Gauss formula

11

vVes 170 (Vi l7 = Vsl N + (Vs ? = [[vo I1)Ni) - € ¢ 09,
(31)

11

VS 1L ((vell® = IVl )Nor + (Ivsll* = v ][*)Nig) - € € 09

We then prove the following proposition.
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Proposition 7.1. Consider the DDFV solution to , that is,

n+1 n
U, —uk 1 1
\Pi\thl _Z Z m ((U?-&-l _ U?H)Nsrszr + (ut — UfH)Nz‘jﬂeNsr)
teiegon "t
1 1
-3 > T (™ = uP )N Ny + (T — u )N Ny, = 0,
teiteon It
un-‘rl —u” 1 1 . ) ) )
‘Drlf 2 Z 17 ((u;” — uf TN kNG + (uf ™ — )Nk NG ) (32)
teregon I
1 1
3 >y (0 NN+ (! N Nug) =0,
terteon I
11 n+1 n+1 ntl ntl
im ((uf - U )NS’I“K/ZN'L'j + (US — U, )N,LJK,KN”) =0 Xy € 89,

with the following approzimations of k in a diamond cell Iy such that v, ¢ O

1
kKp=1— ——=v,RQ vy,
[[vell?

with vy calculated by ,

Let E™ be the following discrete equivalent of the second-order moment

n 1 n n
EY =3 (ZIPiIIIVz'IIQW +Z|D7-|Ilvr|2ur> :

Then, for alln >0, E™ = EY.

Proof. We multiply the first (resp. second) equation of by ||vi||? (resp. ||v,]|?) and sum over primal (resp.
dual) cells P; (resp. D,). Adding these two sums we get

1
a7 (ZIBIIIWIIQU?H + 30Dl = ST IRl - Z'DT'VT”Q“?>
i T i r
1

1 n n
—3 > 7l ((vill® = vl Nsr + (vell? = [Vl )N ) se () = wf NG + (ug ! = u ¥ )N;) = 0.
£

Then, noting that kyvy = 0, we obtain thanks to
D ABIVilPu 4 Y D v Pun ™ = Y I BvilPu + Y 1DVl P,
A T % T

that is, Entl = E™. O

The numerical results displayed in Fig. [10] show that the second order moment is conserved over time for the
non-monotonic DDFV scheme, as it has been proved. However, it is not exactly conserved with monotonic
DDFV scheme because we do not exactly solve the DDFV system. However, the conservation error is far lower
than for the positive diamond scheme.
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Number of cells | Cartesian mesh | Deformed mesh | Random mesh
100 x 100 —1.89 x 1073 —2.38 x 1073 —3.15 x 1073
200 x 200 —2.48 x 10~* —1.25 x 1073 —2.41 x 1073
Minima 400 x 400 —6.32 x 10713 —2.14 x 10~* —9.92 x 1074
800 x 800 —1.66 x 10713 —7.95 x 1077 —7.63 x107*
1600 x 1600 —8.53 x 10714 —-1.97 x 1077 —4.58 x 1074
100 x 100 1.19 x 1072 1.16 x 102 1.65 x 102
200 x 200 1.04 x 1072 1.04 x 102 1.14 x 102
Maxima 400 x 400 1.01 x 102 1.01 x 1072 1.09 x 102
800 x 800 1.01 x 1072 1.01 x 1072 1.09 x 102
1600 x 1600 1.01 x 102 1.01 x 1072 1.08 x 102

Table 3: Minima and maxima of the DDFV solution of at time 7" = 250 on refined Cartesian meshes.

Scheme Cartesian mesh | Deformed mesh | Random mesh
DDFV —2.48 x 107°% -1.25x107% | —2.41x107°
Minima | Monotonic DDFV 5.46 x 10730 2.53 x 10730 4.63 x 10740
Monotonic diamond (degree 1) | 1.86 x 10729 1.42 x 10722 1.58 x 10723
DDFV 1.04 x 102 1.04 x 102 1.14 x 102
Maxima | Monotonic DDFV 1.04 x 102 0.97 x 102 1.02 x 102
Monotonic diamond (degree 1) 0.29 x 1072 0.32 x 1072 0.31 x 1072

Table 4: Minima and maxima of the numerical solutions to at time 7" = 250 on the three types of 200 x 200 cells
meshes.
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Figure 10: Variation of energy over time for the 3 schemes on cartesian mesh of 200 x 200 cells.
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Figure 11: DDFV solution to at time T = 250 on the Cartesian (top left), deformed (top right) and random
(bottom) mesh of 200 x 200 cells.

8 Concluding remarks
In this paper, we propose two new monotonic schemes for the diffusion equation, which are based on the same

cell-centered discretization. This first step is called primal scheme, and the consistency of the primal fluxes
relies on a correct evaluation of dual (node-centered) unknowns. The difference between the two schemes lies
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Figure 12: Monotonic DDFV (on the left) and diamond (degree 1, on the right) solutions to at time T" = 250 on
the Cartesian (top), deformed (middle) and random (bottom) mesh of 200 x 200 cells.

in the evaluation of these dual quantities. For the first one, which is called diamond type, the dual unknowns
are evaluated, using a polynomial reconstruction involving values in neighbouring (primal) cells. For the
second one, called DDFV type, the evaluation of the dual unknown is obtained by solving a diffusion problem
discretized on the dual mesh. This second scheme is an improvement with respect to the nonlinear monotonic
DDFV method of [6]. Indeed, the new nonlinear method we have proposed here makes it possible to deal with
all types of boundary conditions (Dirichlet, Neumann) and is second-order convergent even for discontinuous
diffusion coefficients. For both methods, we adapt the same non-linear process borrowed from [44], T9] 49| 18],
we assess their monotonicity and accuracy on several test cases and compare the results with the classical (non-
monotonic) DDFV scheme. Moreover, the DDFV type monotonic scheme takes advantage of very nice features
of the DDFV scheme, such as second-order accuracy in H' norm, while providing non-negative solutions.

In the future, we plan to extend theses schemes to arbitrary order, using the techniques developed in the 1D
setting in [4].
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A Proof of convergence for the DDFV scheme

For simplicity we will restrict ourselves to the case k =1, A =0, g=0and 'y = 0 in , that is,

{—V-(Vu):f in  Q,

33
u=g¢g on 0. (33)

To simplify the proof, we suppose further that the dual mesh is made of cells obtained by joining the center
of each primal cell with the center of each of its neightbors and with the middle of its boundary faces (but
it extends to the barycentric dual mesh used in this paper). In this case we observe that the dual boundary
G¢ = D, N D, coincides with the segment x;x;. Denote by n;; the unit vector orthogonal to G directed from
D, to Ds, N;; = ||x; — x,||n;;, and by 6, the angle between vectors nﬁ- and ng, (see Fig. .

NST
¢

O
@)
o)

Q

&)

O

G

Figure 13: Two primal cells P;, P; (black lines) such that P, N P; = F; = x,xs and two dual cells D,, D (blue lines)
such that D, N D, = Gy = x;x;.

We define

h = mftx(\FeL |Gel).

Applying the method used in Sections [3] and we have

_ 1 a(xy) —a(xg) | sin(fe) u(xs) — u(x,)

Vialxe) - ner = S T (Gl cos@) R TOW:
B 1 u(xs) —u(x,)  sin(fe) u(x;) — u(x;)

Vilxe) iy = oS T R cos0e) G O

This is equivalent to say that Vu is approximated in the diamond cell I; using the Green-Gauss formula
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_ 1 _ 11
£

The discretization of with the DDFV scheme then writes

(NST(uj - ul) =+ Nij (us - uT)) + O(h)

1 1
D) Z m (Nsr(“j —u;) + Nij(us —uy)) - Ngp
(ei g on

1 1
*5 Z W(Nsr(uéfui)“i’NiZ(us *UT)) 'Nsr - ‘R‘fm
[ASINASLeIY)

1 1
3 > i (Nep(uj — ui) + Nij(us — up)) - N

Lertgo0 (34)

1 1
-5 Z 7(Nsr(u€_ui)+Ni€(u5_ur)) “N;; = ‘Dr|f7“+ |DT|’18Q‘g(xT),
2 perieon | el

ug = g(xy) xp € 09,

ur = g(Xr) X, € 0.
The following proofs are inspired from the arguments of [16] for admissible meshes and from [2] for general
meshes (see also [12], [47]). In the sequel we will assume that the exact solution @ satisfies @ € W2 ().
A.1 Consistency of the fluxes
Let us denote by

1. Fs, Gy the exact primal and dual fluxes
Fi = Vi -ng, Gr= Vi - nyj,

Fg GZ

2. Fe(u), Ge(u) the approximated primal and dual fluxes

11

./_‘.g(ll) = 377 ((uj - ui)Nsr + (us - UT)N’ij) : Nsrv
2 ||
11

Ge(u) = STl ((uj = ui)Ngp + (us — ur)Nijz) - Ny,

3. Fi(u), Ge(u) what we can call the semi-approzimated primal and dual fluxes

_ 11 _ _ _ _
Fe(u) = 5@ ((a(x;) — a(xi)) Ny + (u(xs) — u(x;))Nij) - Ny,
_ 11 _ _ _ _
Ge(a) = 310 ((a(x;) — (xq) ) Ngr + (u(xs) — u(xr))Nyj) - Nij.
Proposition A.1 (Consistency of the fluxes for the DDFV scheme). Assume that H1 is satisfied. Then we
have
— _ Cy . 2,
— < Fy| ((1 3 F, <
P = Fu®)] € s |l (L [0 + [Ge)) < s
- Cy 2, (35)
— u)| < 1 i Fy|) <
Ge = Ge(®)| < 751Gl (AL + sin@DIGe + [FiD) < 25h2,

where Cy < Cy|| D21, where Cy is a universal constant, and C' = max Cy.
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Proof. Using the midpoint integration formula we have

Fo= [ Viu(xe) ng+O(F*), G= [ Vu(xe)- n;+0O(G?),
Fg GZ
hence
1
Fo—Fe(a) = | Via(xe) - ng, 17| ((w(x;) — a(%:))Ngy + (A(xs) — @(%,))Nij) - N + O(|F|?),
Fy
11
Gr — Ge() = ; Va(xe) - ni; 5@(@(’9)—ﬁ(xi))Nsr+(ﬂ(Xs)—ﬂ(xr))sz)'Nz‘j+0(|Ge|2)-
: /
Since
1 1 ‘Fg| 1 Sin(eg) 1 1 |G@‘ 1 Sin(ez) 1
I| = = cos(6))|F, Ny = — AN NL Nyjy=—— 4N - N,
1L 2 cos(6o)|Fel|Gel, cos(fy) |G| " * cos(fy) " 7 cos(0y) |l cos(6y) ¥
we obtain

1 |FY

]'_—g—]:g(ﬁ) :_COS(ag) ‘de ( ) Nl+COS(0@)V7(XZ) Nslr
o e %) = 1) = T ) — alx,) + O,
Go— Go(n) = Coi 5 ||%f Vi(x,) Ni — :::((Z)) Vi(x,) - N&

sin(fy) , w1 @ﬁx alx ,
B cos(6y) (u(x;) — a(xi)) cos(6y) ‘FE|( (xs) (%)) + O(|Ge|?).

Using Taylor expansions in the neighborhood of x,

a(x;) = a(x;) — Va(xe) - Nilj + O(|Ge?), a(xs) = a(x,) + Via(x) - NZ + O(|F,|?),
we deduce (35]). O

A.2 Discrete Poincaré inequality

Lemma A.2 (Discrete Poincaré inequality). Assume that H2 and H3 are satisfied. Consider e = (ep”mal, ed“al) €
R where P = (e;),.,,, and e? = (er)1<p<m- Assume moreover that

Vreon, e =0. (36)

Then we have

1/ 2 2\ \ /2
| 52 2 iam \/Nmaxg €; — € €g — €p
(;IleeiJrzr]DreT) <2v2d @)ty (;'Id(( @ ) +( 7 ))) :

where we use the convention that, if £ C 0N, then e; — e; = e; and the constants Nyax, &, 0o are definied by
H2 and H3.

Proof. Given a point x € Q, let y(x) be the (first) point of intersection between the horizontal half line (for

example) passing through x and the boundary 02 (see Fig. . For any primal face Fy, let xp: Q@ — {0,1}
be defined by

0 otherwise.

_[1 RN yx)] A0,
Xe(x) =
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We note that

/Q xe < diam(Q)|F. (37)

where diam(Q) = max |x — y|| is the diameter of .

s

Fixing x € P;, we write €7 as a telescopic sum along the segment [x,y (x)], that is,

2 _ 2 2 2 2
e, =e €+ ... +ep—ey,

5 —

where the difference e; = 0, hence

2 <[e? bt} -l < Yl — ),
14

with the convention that, in the right hand side, if £ C 012, then e; = e, = 0.

p q

Figure 14: An example of a sequel of three adjacent primal cells P;, P;, P, and a horizontal (dashed) half line coming
from the point x € P; and intersecting the interior faces Fj, Fy and the boundary face F; at point y(x).

The definition of x, allows to write this as follow
¢ <D lef — e lxe(x),
¢

where the sum runs over all faces Fy such that F; N [x,y (x)]. Integrating this inequality over P; with respect
to x, we have

|- <yie-arf

Using 7 we deduce that

Z |Pile? < Z (Z |e? - e§|/ Xg) < Z |e? - e§|/ Xe < diam(Q)Z \Fg||e§ —é?,
p 7 P, 7 Q

% 14

that is to say,
> IR} < diam(Q) Y [Fil|e} — €] (38)
i ¢

Noting that
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1 €; —€;
SSRNE -3 = (cos(00)| F|Gel) "> = (cos(O) | FLl|Gel) 2 s + el
Y/

cos(0y) |Gyl

14

and using assumption H1, we obtain

Hence, using the Cauchy-Schwarz inequality and recalling that

1
|| = 5 cos (0e) [ Fe||Gel,

we infer

N2 1/2 1/2
SIS — el < o (DA(G)) <;|ze|<|ej|+|ei|>) .

Since
(lesl +1e))? < 2(Jes]? + [es %),
this gives

1/2

2\ /2
S FllG - el < 202 (Zu( |G|i)> (Z|fe|<|eﬂ+|ei|2>>
4

L

Taking into account assumptions H2 and H3 we have

D Lel(ef +¢3) €Y (1Biled + |Pyle) < Nunax€ Y IPlef.
14 i

¢
Inserting this estimate into , we deduce that

1/2 1/2
9 9 vV Nmax€ €5 — € 2 9
DTl =il < V) (Zg (%) >> <ZP) |

4 %

Using Equation gives
1/2
(Z |Pi|e?> < 2v2diam(Q VVmax§ (Z | 1] (

Applying the same argument to the dual mesh, we also have

1/2 2 v
2 . Niax€ €s — Cr
(Z |Dr6r> < Qﬂdlam(ﬁ)m <Z 1] < 7| ) ) ’

r 4

Collecting and , we obtain

1/ 9
P, 2 D, 2 <2 Nrax €i €s — €p
(2 o+ 3] ) V2 diam(@) Yot (Zw(( “) (Y

which concludes the proof.
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1 1/, €7 — €; 1/
S IRl - 1 £ 2 s Ccos(OIFIG) ™ = (costO FllGel) ™ sl + e
4

(39)

(41)



A.3 Convergence

Proposition A.3 (Convergence of the DDFV scheme). Let e; = t(x;) —u; (1 <i<n) and e, = u(x,) — u,
(1 <r <m), where u is the solution of System . Assume that H1, H2, H3 are satisfied. Then we have

1/2
(Z Pilef +) |Dr|e?.> < Cih,

where Cy is a constant independent of h.

Proof. The fluxes F;, F¢(u), Gg, Ge(u) are such that
—Z]:"gz—z.ﬂ(u):/ f and —ZQ}:—de(u)z/ I
tei tei Py ter ter Dy
Therefore,
S F=> F@), Y Gi=)Y Gilu).
Lei Led Ler Ler

Given ¢; = u(x;) — w; and e, = u(x,) — u, we deduce that

S (Falw) = Few) = X (i)~ 7) = 5 3 (7 (65 = Ny + (e = e)Ng) N, )
leq leq leq

> (Ge(w) = Ge(n) =) (Ge(w) — Gr) = EZ (1 ((ej — €i)Ngr + (€5 — e,)Niyj) 'Nz‘j> ,
Ler Ler 2 Ler |Ig|

Multiplying these relations respectively by e; and e, and summing over the primal cells P; and dual cells D,.,
we obtain

ey (Fe@) = Fo)+ Y e > (Ge(w) = Gr) = . > e ((ej — €))Ngr + (€5 — €,)Nyj) - Ny,
2 el
i LE€d

i lei r ler

Exchanging the sums, this reads as

D) Z 17,1 ((ej — )’ Ny, - Ny, + (e — 67‘)2Nij "Ny +2(ej — ei)(es — er) Ny - N”)
4

1 ei—ei\2 es —en )’ e —e; e —e
=2 I J ! =7 2sin(0y) -2 L3 Tl (42
;coswe)?"(( ar) +(SEr) e ) ()

This expression is nonnegative owing to the following inequality, which holds for all XY € R"

1+ |sin(6y)]

X?4+Yv?<
+ cos(6y)?

Ik
~ 1 —|sin(6p)]
Estimate and equality imply

sa((%) + (7))
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X2 +Y? +2sin(6,)XY) = (X?+Y?+2sin(0,)XY).  (43)




1+ |sin(6y)] ej—e\’ es—e —eies—e€
S L e A AR 7 z) + ( s 7‘) +2Sln 0 3 Cs r
2 eon(@)? 4'(( TeX 7, )G TRl

1 ei—ei\? es — e —e;es—e€
<2 I i 1 S T 2 9 1 S T
- ;coswe)?”'(( o) (% ) +2sin00) <z g )

= Z ((Fe(m) — Fo) (e — €;) + (Ge(w) — Go) (es — €r)) .
¢

Using the Cauchy-Schwarz inequality we obtain

ST ((Fe(@) = Fo)(ej — e3) + (Ge(@) — Go)(es — 1))

= ‘GZ‘ u F |I£‘1/2 e: — e; |FZ| |IE|1/2 e — e
;( (.7:@( ) ‘FE) |GZ‘ (] 1)+ |IZ|1/2 (gf( ) g) |FZ| ( s r)>

2 2\ \ /2
— € T €s — €Ep
|Gl ) ( | Fe| ))) ’

1/
Gol? _ _ 2 |Fy? _ 512 e;
< (Z'u‘;' (Fo(w) — 7) +|;2|(gé(u)—ge)> (;w((

N2 e — e\ 2 /2 5 ) ) . 1/2
({56 (o))< (5 - B o)

L

Applying the consistency of fluxes we have

A

<4ZCOS (1+|Sin(91€)|)|Fe|+\Ge|)2+((1+\sin(ﬂg)\)|Gg\+|Fg|)2)

02

< 272
<8 al@ o, (1)

with

C= max Cy, o= max | sin(6)].

Inserting into , we deduce

<Z|Ie| (( I |i)2+ (61;6(3)2))/ < Véms((’;o)zmé(ua)h. (46)

Applying Lemma [A.2) m to the left-hand side of Equation , we conclude that

1/2
(Z Pile +) |Dr|e%> < Cyh,

with

. iy, C
C = 8diam(Q)|Q|"/ AL (2 + 0)v/Nmax,

hence the method is (at least) first-order convergent. O
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A.4 Coercivity

Lemma A.4 (Coercivity). Let A be the matrix associated with the DDFV discretization of equation .
There exists a constant Cy independent of h such that

Yu e R", |ul3 < Cou’Au.
Proof. Owing to the identity

1
|| = 3 cos(0¢)| Fel|Gol,

we have
. 1 1 L1 . 2
u'Au = 5 Z mHNsr(Uj —Uz') -I—N,-j(us —u7.)|| + 5 Z mHNsr(ué _Ui) +Nil(us _ur)”
egoa oo \He
1 uy—u ) us —u, \? Uj — U Ug — U
=2 T J i +< s T) + 92sin(0,) 4 i Us r
zz os(6)7 l'(( |G ) || =G TTE]
200
1 ug — u;\? us —u, \ Up — U; Ug — U
2> — Il | (== ) + (=) +2sin0) === |-
g%amwﬂf<<uh|) (") TR m|>

As we have assumed that u = g = 0 on 02 we can use the Lemma to u = ((u;)1<i<n, (Ur)1<r<m) instead
of e = ((€;)1<i<n, (€r)1<r<m). Therefore there exists a constant Co independent of h such that

/2 2 2 e
P+ Y D) <cC I (”j_“’) +(“_“> .

Using inequality (43), we have
wi—u\> (us—u\’
() ()
%: e | F|

1 U; — U; 2 Us — U 2 Ui — U Ug — U
) gAY )+( ) 4 2sin(gy) et — U )
%2008(94)2|Z|<< |G| || (6e) Gel | Fi

which allows to conclude the proof. O

A.5 Stability
Lemma A.5 (Stability). Let u be the solution to ([34). We have

[ullz < Cal|f|2,
where Cy does not depend on u, f and h.

Proof. We have
u'Au = Z | P;| fiwi + Z |Dy| frur,
i r

hence, owing to the Cauchy-Schwarz inequality

1/2 1/2
utAu<<Z|Pi|f3+Z|Dr|f3> (2|Pi|u3+zmr|ua) el
™ ™

i i

Now, thanks to lemma [A.4] we obtain

[ulf < Cou’Au < Co|[f]|2]|ull2,

which allows to conclude. O
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