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ABSTRACT

In leading-edge industrial applications, assessing structure
integrity is an important aspect of safety requirements. Structural
Health Monitoring (SHM) proposes to use sensors and signal pro-
cessing units in situ. One of the most attractive SHM techniques
relies on ultrasonic guided waves. Modeling and simulation can
be helpful tools for the design or the reliability assessment of SHM
solutions. Currently available models developed for that purpose
do not take into account effects of operational conditions such as
internal stresses. These conditions can change wave propagation
and therefore affect the interpretation of recorded signals. The
objective of this work is to propose a model that fills this gap,
and to derive corresponding numerical methods for elastic wave
propagation in an arbitrarily deformed medium. Any hyperelastic
constitutive law can be considered. As the structures considered
are usually thin, we avoid shear-locking by using a shell formu-
lation to solve the quasi-static problem representing the effects
of structure loading. The computed displacement is then fed
into a spectral elements method (SFEM) kernel to solve the time-
domain linearized 3D elastodynamics problem representing the
wave propagation. We validate our model against experimental
data in the literature for an isotropic aluminium plate under ten-
sile forces. Additionally, we apply these numerical procedures to
a realistic bending experiment of a steel pipe. These validations
steps show that our generic approach is able to capture the ef-
fects of stresses on ultrasonic guided wave propagation such as
changes in wave velocity and induced anisotropy.

Keywords: Numerical Simulation, Wave Propagation, Struc-
tural Health Monitoring, EOCs, Prestresses, Guided Waves,
3D Shell Elements, Spectral Finite Elements
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1. INTRODUCTION

Assessing the operational state and lifetime of structures is
of increasing importance and the demands for inspection are in-
creasing as they age. Such need to assure their well-functioning
fostered the development of advanced Non-Destructive Testing
(NDT) techniques and Structural Health Monitoring (SHM) sys-
tems. SHM systems propose to use sensors and signal processing
units in situ, aiming at a continuous assessment of the structural
integrity among other monitoring capabilities. Ultrasonic Guided
Waves (GW) is one of the means employed for implementing
such systems [1, 2]. GW has the advantage of propagating over
long distances and interacting with inhomogeneities and defects,
transporting information about the medium.

Nonetheless, GW propagation is known to be influenced by
Environmental and Operational conditions (EOCs) [3], posing a
difficulty when the objective is to assure predictability of SHM
systems. One type of operational condition of specific interest
in this communication is structural loading. Structural loading
originates from mechanical solicitations sustained by the struc-
ture during its use. It results in deformations and internal stresses
that affect GW propagation. If not taken into account, these
prestresses can significantly decrease SHM systems’ capability
to detect an anomaly. Although signal differentiation and base-
line subtraction are proposed to overcome it [4], these techniques
are less efficient for complex deformations and prestress profiles.
This motivates the need for accurate modeling of EOCs pertur-
bations on the system observations to increase SHM systems’
robustness.

In the literature, various works can be found on modeling
wave propagation in prestressed media. Most of them make use
of Semi-Analytical methods to solve eigenproblems that output
eigenmodes for GW given a specific stress profile. For instance,
Treyssède worked on modeling guided wave propagation in he-
lical wire strands [5] subjected to tensile forces. Loveday and
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Wilcox uses the effects on GW of axial load in rails [6] to retrieve
the axial load using GW. They considered the isotropic case with
uniaxial forces. Shi et al. use the stress-induced anisotropy on
isotropic plates to retrieve constants that characterizes the change
in Lamb waves velocity due to external loads [7]. Wu et al.
present an extension of the semi-analytical method to arbitrary
cross-sections [8]. Abderahmane et al. [9] present a model the
prestressed wave propagation that considers triaxial loading with
arbitrary cross-sections, testing the superposition of the axial
loading components.

Although Semi-Analytical methods are efficient for comput-
ing modes and dispersion curves, their use is limited to structures
with relatively simple geometries [10], consequently to simple or
canonical stress profiles. In this context, there is a need to fill in
the gap by generic modeling and simulation of the influence of
stress on wave propagation.

In this work, we present a generic numerical solver for ul-
trasonic wave propagation considering the effects of prestresses
caused by structural loading. Relying on the differences in char-
acteristic times and amplitudes between the structural loading and
the ultrasonic actuators we can identify two problems: (1) a quasi-
static nonlinear mechanical problem representing the structural
displacement and (2) a linearized time-dependent wave problem
representing the GW propagation. For each problem, we propose
a relevant choice of numerical solver. For the first one, since clas-
sical Finite Elements Methods (FEM) suffers from shear-locking
when thin structured are subjected to bending solicitation, we
use the 3D Shell Finite Elements Method [11]. It allows us to
overcome locking issues without simplifying assumptions on the
mechanical model or the constitutive law. The wave propaga-
tion problem is solved using the 3D Spectral Finite Elements
Method (SFEM) [12] in time-domain with a very low memory
footprint [13]. Hence, the methods presented here can be used
for any geometry subjected to a generic stress profile caused by
structural loading and using any hyperelastic constitutive law.
The combined numerical tools are validated using experimental
data from the literature for an isotropic case with tensile load-
ing. For illustration of bias induced by prestress, our method is
also applied to a realistic pipe bending experiment with curved
geometry and a complex stress profile.

This paper will be presented in four main sections. In sec-
tion 2, we present the details of the mechanical modeling. In sec-
tion 3, we validate our numerical tools based on another model
and experimental data available in the literature. In section 4, we
use the presented model and tools in a realistic scenario for high-
lighting the effect of prestresses. Finally in section 5, conclusions
and perspectives are given.

2. MODELING OF PRESTRESSED WAVE PROPAGATION
In this section, we briefly introduce the nonlinear formula-

tion for elastodynamics problems and the development made from
this formulation to obtain a generic prestressed wave propagator.
Our approach is to, by the nature of the problem, decompose the
external forces into forces that causes the structural deformation
and the ones that generates ultrasonic waves. We use the fact that
these forces differ in time and amplitude to obtain two problems,
one nonlinear quasi-static problem and one linearized wave prop-

agation problem. In the presented work we achieve genericness
by computing the prestress field from the nonlinear quasi-static
mechanics problem and providing it as a structural displacement
field to the wave propagator.

2.1 Nonlinear Mechanics
As a traditional approach in continuum mechanics [14, 15],

we consider that the specimen to be modeled is initially on a
stress-free reference configuration, which coordinate system is
referred to as the Lagrangian referential. The deformed config-
uration, Eulerian referential, results from external forces acting
in the specimen in its reference configuration. We use �̂� and Ω̂,
respectively, for the coordinates and the domain on the reference
configuration. For the deformed configuration, we use 𝑥 and Ω

that may vary with time (see Fig. 1). We introduce the following
relations between both domains

𝒖 (�̂�, 𝑡) = 𝒙(�̂�, 𝑡) − �̂�, 𝒙(�̂�, 𝑡) = 𝝓(�̂�, 𝑡)

FIGURE 1: REFERENCE AND DEFORMED CONFIGURATIONS AND
ITS ASSOCIATED NOTATION.

Considering the displacement field 𝒖 and a body force 𝒇 , the
equation of motion in continuum media over the domain Ω can
be modeled by:

𝜌
𝜕2𝒖

𝜕𝑡2
− ∇𝒙 · 𝝈 = 𝜌 𝒇 in Ω

where 𝝈 is the Cauchy stress tensor that relates strain and stresses
through a constitutive law, ∇𝒙 ·𝝈 is the divergent field of the stress
tensor w.r.t. the deformed domain coordinates. Although for pre-
senting the following formulations we consider only body forces,
surface forces could be considered with further developments.
We define the following space of admissible solutions

V(Ω) = {𝑣 ∈ H1 (Ω)3 | 𝒗 = 0 in Γ𝐷},

where Γ𝐷 is the surface of the domain boundary assumed to
be clamped. We can write the equivalent nonlinear problem in
its weak formulation in the reference configuration Ω̂ as: find
𝑢 ∈ V(Ω̂) solution of

∀𝑤 ∈ V(Ω̂), d2

d𝑡2
𝑚 [𝑢, 𝑤] + 𝑎(𝑢) [𝑤] = 𝑙 [𝑤] . (1)

where 𝑚, 𝑎 and 𝑙 are the operators related to the inertial, internal
and external forces, respectively. Details on the operators are
given in Appendix A. Note that in the following we use paren-
thesis to represent nonlinear dependency and square brackets to
represent linear dependency.
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2.2 Quasi-static and Linearized Wave Propagation
problems
The nature of the forces acting in our system can be decoupled

in time and amplitude. The structural loading can be considered
quasi-static, not depending on time. The ultrasonic excitation
is of high-frequency and low amplitude. We model, then, the
external forces acting in the system decoupled as,

𝒇 (�̂�, 𝑡) = 𝒇0 (�̂�) + 𝛿 ˜︁𝒇 (�̂�, 𝑡)

with 𝛿 ≪ 1. From this decomposition we propose the following
Ansatz for the solution of problem (1)

𝒖 (�̂�, 𝑡) = 𝒖0 (�̂�) + 𝛿 ˜︁𝒖(�̂�, 𝑡) +𝑂 (𝛿2)

where 𝒖0 represents the static structural deformation and ˜︁𝒖 the
high frequency ultrasonic perturbation. Inserting this decompo-
sition of the solution in Eq. (1), we obtain relevant equations for
𝑢0 and˜︁𝑢 by cancelling the zeroth order terms and first order terms
w.r.t. 𝛿 and neglecting higher order terms.

By canceling the zeroth-order terms and first-order terms
we derive the quasi-static and the wave propagation problems,
respectively, that we detail and comment on in the following.

Quasi-Static Problem (zeroth-order terms). The first prob-
lem is the computation of the displacement field due to structural
loading and can be written as: find 𝑢0 ∈ V(Ω̂) solution of

∀𝑤 ∈ V(Ω̂), 𝑎(𝑢0) [𝑤] = 𝑙0 [𝑤] (2)

where 𝑙0 is the right-hand side operator representing the struc-
tural loading. Details on the operators are given in Appendix A.
This nonlinear static problem can be solved independently from
the wave propagation problem and have as output the structural
displacement field. When performing computations on thin struc-
tures, classical finite elements suffers from numerical locking, re-
sulting in a stiffer structure and false convergence of the method.
We use 3D Shell Finite elements that allow us to overcome this
problem without the need for changing neither the formulation
nor the constitutive law [11].

Wave Propagation Problem (first-order terms). The second
problem obtained from cancelling first-order terms is the pre-
stressed wave propagation problem: for all time 𝑡 > 0, find˜︁𝑢(𝑡) ∈ V(Ω̂) solution of

∀𝑤 ∈ V(Ω̂), d2

d𝑡2
𝑚 [˜︁𝑢, 𝑤] + D𝑢𝑎(𝑢0) [˜︁𝑢, 𝑤] =˜︁𝑙 [𝑤] (3)

where D𝑢𝑎 is the tangent stiffness operator around the deformed
state 𝑢0 and ˜︁𝑙 is the right-hand side operator representing the
ultrasonic excitation. When including surface forces the operator˜︁𝑙 depends also nonlinearly on 𝑢0.

Additionally to being able to consider arbitrary stress profiles
caused by deformation our formulation comprises the geometri-
cal and constitutive nonlinearities in the tangent stiffness opera-
tor. Abderahmane points out in [9] that the geometrical term was
usually neglected in previous works. Treyssède, in [5], considers
that, for small quasi-static strains, the elasticity tensor does not

change with prestresses, neglecting the constitutive nonlinearity.
The constitutive nonlinearity is important for modeling quantita-
tively the effects of prestresses in wave propagation as shown in
[16].

This weak formulation can be written in the stressed configu-
rationΩ but the choice of stating the problem in the reference con-
figuration Ω̂ becomes natural when we want to model ultrasonic
wave propagation setups as most of the specifications are given
in an stress-free state, such as transducer positions, sensibility
and geometry. Material parameters and constitutive stress-strain
relations are also defined in the reference configuration.

As the meshes for structural deformation computation and
wave propagation are essentially different for their purposes, the
structural displacement field must be interpolated over the wave
propagation mesh. This interpolated field is used to compute the
gradient of 𝑢0 and as it is computed by element, the gradient
tensor field is discontinuous. Each component of the gradient
is then averaged at the elements’ interfaces to be stored as a
continuous tensor field.

Comparing the wave propagation problem presented here
with classical elastodynamics problems we have as the main dif-
ference the tangent stiffness evaluated at a specific displacement
field 𝑢0 instead of the tangent stiffness operator evaluated at null
displacement. As it can be seen with more details in the Ap-
pendix A, the tangent stiffness operator depends on the structural
loading in a way that may cause stress-induced anisotropy and
changes in the polarization of Lamb modes propagation [9]. An-
other important consideration is that this operator may be non-
positive depending on the constitutive law used and the structural
deformation, causing instabilities in the solver (i.e. divergence
of the solution). One known case of such non-positivity is when
we have structural buckling. For the presented realistic deforma-
tions and constitutive laws, this non-positivity was not present.
Another important aspect to be considered is that the effects
of prestresses on wave propagation cannot be considered only
by changing the material parameters in classical elastodynamics
solvers. Numerical wave propagation solvers usually use sym-
metries of the tangent stiffness operator that are not present in the
prestressed case.

2.3 Constitutive Law and Calibration
The presented formulations for both problems are generic in

terms of the geometry, of the structural loading and of the stress-
strain relation appearing in the definition of the operators 𝑎 and
D𝑢𝑎. They depend on 𝚺, the second Piola-Kirchhoff stress tensor
(defined in Appendix A), and considering hyperelastic laws, this
tensor can be derived from a hyperelastic potential 𝑊

𝚺(𝒆) = D𝒆𝑊 (𝒆), (4)

where 𝑒 is the Green-Lagrange tensor.
The choice of𝑊 and its characterizing parameters is complex

and usually done by experimental efforts for each case. A con-
stitutive law known and used in the acoustoelasticity community,
that studies the effects of prestresses onto elastic wave propaga-
tion, is the Murnaghan’s constitutive law. This law includes the
third-order elastic constants 𝑙, 𝑚, and 𝑛 to control the nonlinearity
related to this acoustoelastic effect. Most of the time however,
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for standardized industrial materials only Hooke’s law parameters
are available. It is the case, for instance, for composite materials
potentially bearing stratified anisotropy. From this reduced – but
commonly available – data it is still possible to enter the model-
ing framework presented in this communication. To do so, one
only has to match the known Hooke’s law with the tangent at null
displacement of the second order Piola-Kirchhoff tensor 𝚺. To
give an illustrating example, let us consider an isotropic material
with a constitutive law characterized by its Lamé parameters _

and `. Denoting by 𝑨_,` the fourth-order tensor generating stress
values from input strain tensors, namely 𝑨_,`𝜺 = _tr(𝜺)1+ 2`𝜺,
then this simple (generic) calibration procedure reads

D𝒆𝚺
|︁|︁
𝒆=0 = 𝑨_,` .

Naturally, this relation suggests that the number of parameters
in the nonlinear constitutive law matches the number of param-
eters in the Hooke’s law. Applying this approach to the case of
Compressible Neo Hookean, namely

𝚺𝐶𝑁𝐻 (𝑪) = 2𝛼(1 − 𝑪−1) + 2𝛽
√︁
𝐼3 (

√︁
𝐼3 − 1)𝑪−1,

with parameters 𝛼 and 𝛽 to be characterized, and where 𝑪 is the
right Cauchy-Green deformation tensor and 𝐼3 = det𝑪, we obtain
the known relations

𝛼 =
`

2
, 𝛽 =

_

2
.

This calibration method can also be used for anisotropic cases,
see for instance [17] in the case of transverse isotropic materials,
typically representing unidirectional composites.

3. VALIDATION
To validate our model and simulation tools we apply them

for modeling an experiment available in the literature [16]. In
this experiment the authors applied tensile forces to an 6061-T6
aluminium plate and measured the differences in guided waves
velocities caused by the prestresses. The tensile forces were
applied in 11 steps from 0MPa to 57.5MPa.

First, we compute the deformation of the aluminium plate
for each tensile solicitation. The surface forces that represents
the tensile solicitation is added directly at Eq. (2) as a surface
integral operator. When these forces are considered before the
linearization presented in Sec. 2.2 it adds a surface term (integral
over the structural solicitation domain) in the wave propagation
problem. As, for the validation configuration, the waves do not
travel up to these boundaries, we neglect this term. We use
the proposed constitutive law (Murnaghan’s [18]) and proposed
material parameters (Table 1, including third-order elastic con-
stants). Material parameters for 6061-T6 aluminium can be found
in the literature [19], but as the third-order elastic constants vary
considerably from one specimen to another, we used the fitted
parameters to the experimental results, available in [16].

Each computed structural displacement field, for each level
of force, was interpolated over the wave propagation mesh and
given as input to the wave propagator to compute the wavefield
generated by the transducers. The transducers were added directly
in the formulation (3) as a surface operator. Further developments

#1
#2

#3#4
#5

#6
#7

#8
#9

#10

FIGURE 2: EXPERIMENTAL CONFIGURATION: ALUMINIUM PLATE
SUBJECTED TO TENSILE FORCES UP TO 57.5MPa. CONSIDERED
PITCH-CATCH PAIRS ARE DEPICTED.

must be made in this surface operator to proper modeling of the
effects of the deformation on the transducer although it will not
affect the wave velocities.

Our analysis is done for the S0 Lamb wave mode for a fre-
quency of 250kHz as it can be easily extracted from the signal.
The changes in S0 mode in-axis velocity for different force levels
are presented in Fig. 3. We plot our results (Model FE), their
experimental results and proposed model.

The velocity measurements obtained by the authors were
done by zero-crossing marking, but the specific zero-crossing
was not given. As the Lamb waves are dispersive, the choice of
the zero-crossing influences the measured velocity, for that reason
we plot a range of solutions for different choices. Although the
S0 mode is not much dispersive, its influence is relevant for the
presented measurements and travelled distances.

TABLE 1: ALUMINIUM MATERIAL PARAMETERS USED FOR
OUR SIMULATION. SECOND AND THIRD ORDER ELASTIC CON-
STANTS. [16]

Parameter Value
Density 2700 kg/m³

_ 54.308 GPa
` 27.174 GPa
𝑙 −181 GPa
𝑚 −289 GPa
𝑛 −336 GPa

The axial prestresses also causes the material to become
slightly anisotropic, hence we compare their change in wave ve-
locity for different angles of propagation by simulation. The
transducer positions and the measured direction velocities are
depicted in Fig. 2. For a fixed stress level of 57.5MPa we plot
(Fig. 4) the change in velocity for different propagation angles
(where 90º is the loading axis). Our results are coherent with
the model presented in [16] and the experimental results can be
reproduced using our approach.

4. NUMERICAL ILLUSTRATION
During a four-point bending test a given specimen is sup-

ported in two locations and bending forces are applied in two
different locations. This bending test is usually used for fatigue
test in welded piped.

We model and simulate a four-point bending test on a steel
pipe inspired by [20]. Bending forces of 220kN was used to
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FIGURE 3: VELOCITY CHANGE (S0 MODE) DUE TO PRESTRESSES
WITH FITTED PARAMETERS.

TABLE 2: QUASI STATIC SIMULATION CHARACTERISTICS

Dimensions 2.94m,
Ø 0.1973m
8mm thick

Degrees of Freedom 300k
Method 3D Shell FE

Memory Peak 4.7GB
Runtime 4 minutes

induce deformation and internal stresses. Details of the model
and the quasi-static computation can be found at Table 2 and the
results can be seen at Fig. 5.

The displacement field computed by the 3D Shell FE is given
as input for the wave propagator. A radial ultrasonic transducer
was modeled to excite a 80kHz perturbation close to one of the
pipe extremities. The displacement field was extracted close to
the other extremity. Details on the wave propagation simulation
are given in Table 3. A snapshot is presented at Fig 6. Note that
the low-memory peak in Table 3 is due to a non-assembled imple-
mentation of the tangent stiffness operator. Using the presented
methods, extensions can be made such as the implementation of
several sensors and excitation models and transducer models.

To highlight the importance of considering the prestresses,
we use this same experimental setup. The numerical setup is
depicted in Fig. 7. We ran three different simulations with the
same excitation and extraction points. The extracted signals are:

• 𝑆: non deformed pipe (considered as baseline; no defect).

• 𝑆𝑝: deformed pipe (no defect).

• 𝑆𝑑: pipe with defect (no prestresses).

Considering 𝑆 as the baseline, we perform baseline subtraction
to detect anomalies. The crack was modeled as disconnected

FIGURE 4: VELOCITY CHANGE (S0 MODE) DUE TO PRESTRESSES
(57.5MPa) RELATIVE TO THE ANGLE OF PROPAGATION WITH FIT-
TED MATERIAL PARAMETERS.

FIGURE 5: THE DISPLACEMENT FIELD (IN mm) COMPUTED FOR
THE APPLIED BENDING FORCES.

elements. Figure 8 shows the differences between the extracted
signals. The effects of the prestress in this case are of greater
importance when compared to a crack localized close to the ex-
traction point.

5. CONCLUSIONS AND PERSPECTIVES
In the context of Environmental and Operational condi-

tions in Structural Health Monitoring, we present a model
and associated numerical tools for wave propagation in de-
formed/prestressed media. The presented model can be imple-
mented for arbitrary non-buckling deformations and arbitrary hy-
perelastic laws. Geometrical and constitutive nonlinearities are
not neglected. The modeling shows that classic available solvers
for elastodynamics cannot represent prestressed wave propaga-
tion as they use some symmetries of the tangent stiffness operator
that are lost for the prestressed case. The model was validated
against experimental results for the isotropic case. A numerical
illustration was presented for a case with curved geometry and
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TABLE 3: WAVE PROPAGATION SIMULATION CHARACTERISTICS

Degrees of Freedom 12M
Timesteps 5.1k

Excitation Freq. 80kHz
Method Time domain (Explicit Leap Frog)

SFEM
Memory Peak 2.8GB

Runtime 20 minutes

FIGURE 6: A SNAPSHOT OF THE WAVE PROPAGATION (IN
µm) SIMULATED ON A STEEL PIPE SUBJECTED TO BENDING
FORCES.

non-canonical prestresses. The presented method can be applied
to a wide variety of industrial cases and it is capable of running
large simulations even in standard workstations.

Advances must be made on the mechanical modeling of pre-
stressed wave propagation for different kinds of materials. The
choice of proper constitutive law and material parameters that take
into account the wave propagation nonlinearities is not straight-
forward. These advances in hyperelastic laws that models the pre-
stressed behavior can be straightforwardly implemented with our
model and numerical tools. Anisotropy can be also considered,
such as the transverse isotropy case of carbon fiber reinforced
polymer (CFRP) layers, an important composite material present
in aeronautical structures.

As a specialized code is needed for this type of wave propaga-
tion, efforts on simplifications may be made for retrieving the lost
symmetries in the tangent stiffness operator so classical numerical
solvers for mechanics could take advantage of these formulations.
Future work includes the integration of the presented methods in
the CIVA SHM software with its provided transducer models and
user interface [21] and the use of this direct wave propagation
solver in inversion loops for reconstructing structural loads and
deformations. Further development and analysis can be made
regarding the linearized surface terms.
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FIGURE 7: CONFIGURATION OF THE SIMULATION USED FOR
PRESTRESSES EVALUATION. DATA IN (IN µm).

FIGURE 8: BASELINE SUBTRACTION WHEN CONSIDERING THE
PRESENCE OF A CRACK VERSUS THE PRESENCE OF PRE-
STRESSES. COMPONENT Y IS PRESENTED.
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APPENDIX A. DEFINITION OF THE OPERATORS
We specify here the operators for the presented weak formu-

lations. First, we recall the definitions of the following tensors

𝑭(�̂�, 𝑡) = ∇�̂� 𝝓(�̂�, 𝑡), 𝑪 = 𝑭⊺𝑭, 𝐽 = det 𝑭,

𝒆(𝒖) = 1
2
(𝑪 − 1) and 𝚺(𝒆) = 𝐽𝑭−1𝝈 𝑭−⊺ .

The operators for the classical nonlinear elastodynamics are:

𝑚 [𝑢, 𝑤] =
∫
Ω̂

ˆ︁𝜌 𝒖 · 𝒘dΩ̂,

𝑎(𝑢) [𝑤] =
∫
Ω̂

𝚺(𝒆(𝒖)) : D𝒖 𝒆(𝒖) [𝒘] dΩ̂,

𝑙 [𝑤] =
∫
Ω̂

ˆ︁𝜌 𝒇 · 𝒘 dΩ̂,
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where ˆ︁𝜌 = 𝐽𝜌. For the Quasi-Static problem we have

𝑙0 [𝑤] =
∫
Ω̂

ˆ︁𝜌 𝒇0 · 𝒘 dΩ̂.

For the Wave Propagation problem we have

D𝑢𝑎(𝑢0) [˜︁𝑢, 𝑤] = ∫
Ω̂

D𝒖 𝒆(𝒖0) [˜︁𝑢] : D𝒆𝚺(𝒆(𝒖0)) : D𝒖 𝒆(𝒖0) [𝒘] dΩ̂+∫
Ω̂

𝚺(𝒆(𝒖0)) : D2
𝑢𝒆[˜︁𝒖,𝒘] dΩ̂ and

˜︁𝑙 [𝑤] = ∫
Ω̂

ˆ︁𝜌 ˜︁𝒇 · 𝒘 dΩ̂,

where the second derivative of the Green-Lagrange strain
tensor is

D2
𝑢𝒆[˜︁𝒖,𝒘] =

1
2

(︂
∇
⊺
�̂� 𝒘 ∇�̂� ˜︁𝒖 + ∇

⊺
�̂� ˜︁𝒖∇�̂� 𝒘

)︂
.

APPENDIX B. CONSTITUTIVE LAWS
We present here some hyperelastic potentials for isotropic

cases that were calibrated with the Hooke’s Law. Third-order
elastic constants l, m, and n are included for the Murnaghan’s

law. Isotropic Hyperelastic laws depend uniquely on the three
first Right Cauchy-Green tensor invariants

𝐼1 = tr(𝑪), 𝐼2 =
1
2

(︂
tr(𝑪)2 − tr(𝑪⊺𝑪)

)︂
, 𝐼3 = det𝑪.

The hyperelastic potential of Saint-Venant-Kichhoff (SVK),
Compressible Neo Hookean (CNH) and Murnaghan’s (MUR)
constitutive laws are, respectively

𝑊SVK =
(_ + 2`)

8
𝐼2
1 − (3_ + 2`)

4
𝐼1 −

`

2
𝐼2 +

(9_ + 6`)
8

,

𝑊CNH =
_

2
(
√︁
𝐼3 − 1)2 + `

2
(𝐼1 − 3 − log(𝐼3)) and

𝑊𝑀𝑈𝑅 =
_ + 2`

8
(𝐼1 − 3)2 − `

2
(3 − 2𝐼1 + 𝐼2)

+ 𝑙 + 2𝑚
24

(𝐼1 − 3)3 − 𝑚

4
(9𝐼1 − 3𝐼2 − 2𝐼2

1 + 𝐼1𝐼2 − 9)

− 𝑛

8
(𝐼1 − 𝐼2 + 𝐼3 − 1).
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