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1 | INTRODUCTION

Tatiana Duigou | Bertrand Chambion |

Fabien Chabuel

Abstract

Photovoltaic cells are produced as thin flat layers. They behave as a brittle and elastic
material that fails at a given level of stress. Conforming cells into curved geometries
will a priori induce both flexure and membrane stresses. In the present work, an ana-
lytical model is derived to predict both stress distributions and intensities in a mono-
crystalline pseudo-square cell. Furthermore, a second model is derived to find the
main stresses within fractions of cells. For conventional cell dimensions, solutions
predict a transition from flexure to membrane dominated stresses for most confor-
mations as curvature increases. As a consequence, near failure stresses are mainly
determined by cells size and aspect ratio. In contrast, flexion is the main contribution
in a small subset of the curvature space or for small curvatures. In the corresponding
cases, stresses scale in proportion to cells thickness. As a consequence, cell size
and/or shape is the main parameter to reduce internal stresses in most cases. In par-
ticular, the use of fractions of cells can substantially decrease membrane stresses and
thus increase the maximum curvature. For instance, in a case study with MO cells and
curvature radii of a few meters, the highest predicted tensile stress is 45 MPa. In such
a case, the larger M12 format gives a prediction of 65MPa. In contrast, thirds of cells

give predictions of 25 and 30MPa, respectively.
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structure will cause their conformation to the local shape of the stiff
layer.

In recent years, the growth of photovoltaics (PV) led to its introduc-
tion in new industrial fields. In some of the corresponding applica-
tions, surfaces exposed to sunlight are shaped by unyielding
constraints. In contrast, standard mono-crystalline silicon PV cells are
produced as thin flat pseudo-squares. In conventional modules, these
cells are embedded into a thin and soft layer of polymer, that is, the
encapsulant. This assembly lies between two protective layers, at least
one of which being stiff and thick such that it defines the module
shape. As a consequence, the central layer is strongly constrained.

Without any specific solutions, the integration of cells in a curved

From a mechanical point of view, cells behave as mono- or poly-
crystalline silicon,® which both are elastic and brittle. Owing to their
elastic behavior, there is a simple relation between strains and stres-
ses. Due to their brittle nature, the level of stress at which they fail is
mostly defined by their toughness and the size and orientation of pre-
existing defaults. These defaults are mainly located near cells surfaces
and take the form of micro-grooves of a few tens of microns, which
come as a consequence of the sawing process.?™> The characteristics
and impacts of these defaults are therefore strongly influenced by the
surface treatments afterwards.®” crack

performed Regarding
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propagation, the local orientation of the crystalline structure has a

noticeable influence on its fracture toughness.>® In addition, the type
and direction of the mechanical loading impact it as well.*? These
effects explain the wide scattering of characteristic fracture stress
values (80-300 MPa) assessed and reported in the literature.#¢7:2-12
Furthermore, these experiments are expected to be scattered them-
selves since failure depends on a statistical event (the interaction
between a stress field and the pre-existing cracks). Therefore, the
characteristic fracture stress of a type of PV cell is not specific to
every single cell of this type. However, the key failure metric will be
the stress distribution within the cells and the characteristic fracture
stress is a relevant quantity to predict mechanical failure statistically.

Considering a given cell in a curved module, both flexure and
membrane strains are expected. These two contributions are indepen-
dant of each other. On the one hand, curving a thin layer induces a
gradient of lengths throughout the cell thickness at a given in-plane
position. As a consequence, a strain gradient exists throughout the
layer. The corresponding strains scale linearly with the system thick-
ness and the local curvature regardless of the system in-plane size
and shape. This first contribution is the flexure one. On the other
hand, complex curvatures induce inconsistent in-plane changes of
lengths. These changes generate strain fields constant throughout the
system thickness but variable in the system plane. The corresponding
strain field depends on the system in-plane size and shape and it
grows with the Gaussian curvature.>®* This second contribution is
the membrane one. Thus, the co-existence of both effects leads to
non-trivial relations between the problem input parameters and the
output stress distributions within cells.

From a mechanical designer point of view, stresses must be pre-
dicted for a given design and a certain criterion, function of the stress
field, should be fulfilled to ensure cells integrity. The conventional
approach is to use a numerical method to predict the stress field in

classical PV applications'>~%”

and other problems which require to
curve silicon wafers.'®? Depending on the outcome, a wider parame-
ter space exploration may be required to find a satisfactory design
through an automated or a manual process. The main advantage of
this method is its ability to find a solution for nonlinear and/or com-
plex mechanical problems (including a large number of parameters).
However, its main drawback is to provide little to no insight on the
physics behind it. An alternative approach is to seek for the solution
of a simple but representative analytical problem. The analytical solu-
tion of this problem provides the algebraic functions behind each
value. As a consequence, the relative influence of each parameter is
intelligible. This second approach, when achievable, provides clear
answers and paths for design optimization.

In the present work, a model is derived to predict membrane
stresses in a flat pseudo-square mono-crystalline cell conformed to a
constant but anisotropic curvature. From this point, the problem is
segmented into three simpler problems through a first-order approxi-
mation. The main problem derivation and segmentation are presented
in Section 2. Model predictions are reported in Section 3 and con-
fronted to finite element models (FEM) simulations. Finally, the practi-

cal implications of these results are discussed in Section 4.

2 | THEORY AND DERIVATION

21 | Kinematics

In order to find the membrane contribution, a flat and infinitely thin
elastic layer (Q) is considered. At every point X within this layer, the
Green-Lagrange strain tensor € writes

€=

(‘Yu+ Yu+'vu.vu) 1)

N~

with V the gradient operator, u the displacement vector, and tg the
transpose of g. In the following, vectors and tensors are separated in
their in-plane and out-of-plane components. The layer conformation
to a given shape is modeled through an imposed out-of-plane dis-
placement ue, with e, perpendicular to the initial layer plane. Such a
displacement produces an in-plane strain tensor € according to the
non-linear term of Equation (1):

(QUZ) 2 1du,du,

1N rae ar )
= 72| 10udu 1 (9u)® ?
rde ar r2\ 0

in a polar coordinate system. In the following, the imposed curvature
k is assumed to be small at the system scale R, 1 < kR. Silicon fails at
minute levels of strain (~10~%). Thus, regarding the in-plane strains
generated by in-plane displacements, second order strain terms are
negligible and neglected. Therefore, according to Equation (1) this

strain component ¢” writes

or 2\or 7T

- 1 %_@+1ﬂ 1 @-&-u
2\adr r rae AN

with u, and uy the in-plane displacement components. In small strains,

duy 1<¢9u9 Uy 1z9u,>

the total strain tensor ¢ is the sum of each contribution.

e=g+¢ (4)

Since silicon is elastic, the total strain tensor is equal to the elastic
strain one. The normal displacement u, can be expressed as a power
series in a cartesian basis. It describes the system conformation to a
regular shape. In this power series, the lowest order terms are
expected to be the leading ones thanks to the small curvature hypoth-
esis. In the present mechanical problem terms of orders 0 and 1 corre-
spond to pure translations and rotations, respectively. Therefore, the
first terms that cause strains are of second order. Higher order terms
of the expansion are neglected. For a regular displacement u,, the sec-
ond order terms are related to the Hessian matrix of u,. Due to the
symmetry of this matrix, there will always be two eigen curvatures xq

and k, and a phase shift ¢, such that u, writes
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where ky =1 +k2 and kx = k1 — k2. For matter of illustration, the case
ks # 0, ko =0 corresponds to the mapping of the system on a sphere
and the case ky =0, kp # 0 to the mapping of the system on a saddle.
Please note that according to Equation (5), both curvatures are
assumed constant at the system scale. Using Equations (2) and (5), €

writes

(ro+¢y) =

2 2 2
2| +’%A + 2KsKa COS(20) + % cos(40) —kaxsin(20) — ’% sin(40)

2

2
—KakySin(20) — % sin(40) ’%A (1— cos(40))

(6)

However, according to Equation (4), € will cause strains only if its
three independent terms cannot be canceled by a remarkable dis-
placement. As shown in Appendix A.1, € terms of spatial frequencies
2 and 4 can be canceled and the remaining one can be expressed in
another fashion. With these modifications, the effective component

of € writes
2[,2_2 0
g“(rﬂ)—'—["z E } 7)

This result implies that the spatial orientation of the curvature,
that is, ¢, has no impact on membrane strains. Its unique curvature
term x% — k2 = 4x1x, hides the Gaussian curvature. Furthermore, the
remaining terms can be canceled if and only if K% :Ki, that is, in pure
flexion cases. Therefore, and thanks to the linearity of Equations (3)
and (4) and with no other loading on the system, the solution with
kx =k, ka =0 is exactly the opposite of the solution for a problem of
curvatures ky =0, xa =« for every value of x (see Appendix A.1).
Please note that these results remain valid regardless of the system
behavior isotropy/anisotropy or shape. Thus far, the system thickness
was nil. As a consequence, the strain tensor € only describes the mem-
brane strain. Now, considering a system with a finite thickness W, a
new contribution arises: flexure. The corresponding strains are maxi-
mum in the vicinity of both faces of the system. In the present frame-
work, the flexure strain tensor writes
I (r,0) = L Wks +KA.COS(2(0 =) —Kasin(2(0—¢x)) @)
= 4 —kasin(2(0—¢y)) ks —Kkacos(2(60—¢y))
and the sign in Equation (8) depends on the considered face. The total
strain at a given position is the sum of gf and e. Please note that
Equation (8) gives an explicit prediction for the flexure term gf. How-
ever, there is no explicit prediction for the membrane term ¢ yet since
the in-plane strain tensor €” remains to be found. An explicit expres-

sion is looked for in the upcoming sections.

2.2 | Problem closure
Depending on its microstructure, silicon behaves as an isotropic or a
cubic elastic material.® In both cases, there is a simple linear relation

between strains and stresses and its plane-stress behavior writes

. 1» 0 fo) —f(o) g0
o@ =17 | "1 2 | +b|fO) fO) —80) || ©
00 - 3(0) —g(0) 1-f(0)

with E and v silicon Young's modulus and Poisson's coefficient. b is an
anisotropy factor, the behavior is isotropic if b=0 and anisotropic
(cubic) otherwise. The purely isotropic tensor will be referred to as g
in the following. The anisotropic tensor C* relies on f(0)=
(1— cos(40))/2 and g(0) = sin(40). It is obtained through the rotation
of the cubic tensor. Please note that the polar basis is assumed to be
oriented in the <100> direction (9 = 0). Mono-crystalline silicon corre-
sponds to b=0.21 (using values from Hall?®). Finally, ¢ and € are
defined using Voigt's notation. Regarding the mechanical equilibrium,

without any external loading or additional constraint, it writes

V.(g) =0 (10)

with V the divergence operator. Furthermore, the boundary con-

ditions writes

a.n=0(9Q) (11)

where n is the vector normal to the outer boundary. The relevance of
this assumption, that is, no external loading or additional constraint, is
discussed in Section 4. Thus far, the system shape remains undefined.

In the following, the outer boundary will be described as

N
R(6) =Ro+Ro > _ cacos (no) (12)
n=1

where the coefficients ¢, can be chosen to match a broad set of
shapes, which includes the pseudo-square. The derivation of ¢, values
is presented in Appendix A.1.1 for a pseudo-square shape. Their
values and the corresponding shape are presented in Figure 1.

To summarize, the present problem (E) seeks for the in-plane dis-

placement field u such that

=) O}
=T Moo

D o= (5 (e ) (E)
V.(¢) =0

(99) |en=0
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series coefficients

In the above set of equations, is the double dot product. The solution
to this problem gives the strains (through Equations 3 and 4) and
stresses (with Equation 9).

2.3 | Problem segmentations

The problem (E) is not trivial. The two main sources of complexity
arise from the anisotropic material behavior and the pseudo-square
shape. However, one can notice that the dimensionless anisotropic
parameter b ~0.21 remains moderate with respect to 1, that is, the
isotropic component. Regarding the boundary condition, the radius
R(0) corresponds to a perturbated disk of radius Ro. The second great-
est term |c4|~0.13 is reasonably small compared to the first and
others decrease quickly (see Figure 1A). Thus, in order to find an
approximate solution to this problem, one can write the first order

variation of the solution with respect to these parameters.

U = Ugg +busp + cUpy (13)

with ¢ =c4 the leading disk perturbation term. Inserting this expres-
sion in the (E) problem, three independent problems arise to find ug,

Ugo and Uy :

gﬁ
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\o N =
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+
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\_/
—
m
o
o
=

This first problem corresponds to a curved isotropic disk.

(B)

N

L

(A) Values of the 20 first coefficients ¢, for a pseudo-square shape. (B) Shape of the pseudo-square computed with the Fourier

10
et |

@) c (' utzo + o) +£" (1 (*Yuoo + Yuoo) +€ )
oo
(09) |o,ye =0

(E10)

This second problem corresponds to a curved anisotropic (cubic)
disk.

1
o..==C:('Vug, +Vu
- % =35E (__01 o1>
Z(gm) =0
Mg N cn
(9Q) gy, €+ ;nésm (n0) +Ro— ( )';m =0

(EO1)

This third problem corresponds to an isotropic pseudo-square.

3 | STRESS DISTRIBUTIONS

Regarding the present application, the radius Ry does not correspond
to the cell half-side L (see Figure 1B). It is the radius of the 0" order
term of the pseudo-square Fourier series coefficients (see Appendix
A.1.1). In the following the radius used is Ro =L/0.9. The upcoming
results are presented with a set of parameters that aims to represent
a MO cell. Therefore, Ro=87mm(L=78mm) and W=0.2mm.
Regarding material properties, the parameters are E=130GPa,v =
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0.278 and b=0.21.%° The solution to problem (Eqg) predicts a mem-
brane stress:
R2_y2
o—I 0 (14)
0 R3-3r?

Stress tensors are always symmetric and thus diagonalizable. As a
consequence, they can be summarized using their eigenvalues ranked
from the highest to the smallest. The first one, that is, the first princi-
pal stress o, is the relevant metric to predict the failure of brittle
materials such as silicon. Since the present stress tensor is already
diagonal, the principal stresses are in the radial and ortho-radial direc-
tions, respectively. o, distribution is presented in Figure 2A with k =«s
and x = 0. In this case, o) is oriented along the radial direction. In the
figure, the area of high stress is located near the disk center. With the
present set of parameters, the highest stress is 61.5 MPa. ¢, map is
presented on Figure 2B with ks = 0. In this second case, o is oriented
along the orthoradial direction and the highest stress value is twice
the previous one (123 MPa). It is located in the vicinity of the outer
boundary.

(A)

61.5
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35.1
26.4
17.6

(MPa)

0.0
-88 ©
-17.6
-26.4
-35.1
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©
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1044 v - = - Saddle shape curvature (k = K, Kz = 0)
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10° >
. \, .
N Failure
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D%
_ 10?4 S N
© N :
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b= 14
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[S)
100 4
()
=i
©
3 S
= N
1 ~N
10? 103 104 10° 106
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FIGURE 2

1/kp (mm)

oo RWIESERE

Using the flexure strain tensor (8), the highest stress omax can be
computed for a given curvature. Using Equation (14), the ratio of
membrane to flexure stress can be computed at the same position.
The corresponding result is called the von Karman number, and it
writes R3x/(16W).* Please note that this ratio is uniquely defined by
the system size, thickness, and the applied curvature. opmex is pre-
sented on Figure 2C as a function of 1/k. As the curvature radius
decreases, the maximum stress switches from flexure to membrane
dominated with isotropic and saddle shape conformations. The transi-
tion presented in Figure 2C corresponds to a von Karman number
equal to 1. For a cell characteristic fracture stress of 6. =120 MPa,
the transition is expected prior to failure. Furthermore, the curvature
radius at failure is about one order of magnitude smaller because of
this contribution.

Using the analytical expressions, both the membrane and the flex-
ure stress distributions can be computed for every couple of values
ks,ka. This couple of values describes the entire space of constant
curvatures. Therefore, for each configuration the maximum curvature
prior to failure can be computed for a given value of s.. This predic-

tion is presented on Figure 2D. In the figure, the solid line represents

(B)

123.0
105.4
87.9
70.3
52.7
35.1
17.6

o
o
o(MPa)

-17.6
=351
-52.7
-70.3
-87.9
—-105.4
—123.0

(D)

600 . ! — k' (Eg)
---- k" (flexure only)

400 4
200

04—~ [N VR Y -
—200 -
—400 -

No failure ™.
—600 . |
-600 —400 —200 0 200 400 600

1/ks (mm)

(Eoo) membrane stresses (A) 6)(k = ks,ka = 0) and (B) 6(k = ka, ks =0). (C) Maximal total stress as a function of «. (D) Failure

boundary in curvature space. Parameters used are: L =78mm(Ro =87mm) and x =2 x 10 3mm~1,E =130GPa,v =0.278 and 6. = 120MPa

[Colour figure can be viewed at wileyonlinelibrary.com]
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the failure limit as predicted by problem (Eqo) solution. The inner
dashed limit corresponds to the failure limit in pure flexure (without
any membrane contribution). Both limits are equivalent along the
diagonals (pure flexure) or their vicinities. However, this situation
appears to be an unrepresentative exception. In practice, it means that
the risks of failure uncountered with modules in pure flexure (curved
in a single direction) are very different from the ones encountered in
other cases. The first case causes less intense stresses than the sec-
ond one. Please note that the curvature may be because of the mod-
ule normal shape or the consequence of a mechanical loading.
Problem (Ejo) takes into account the anisotropic behavior of
mono-crystalline silicon. Its solution is presented in Appendix A.1.4.
This solution contributes in proportion to the anisotropic factor
(b=0.21). The principal membrane stress ¢; and the shear membrane
stress are presented in Figure 3A-C. The contribution of the aniso-
tropic term is twofold. First, it breaks the stress invariance in rotation.
Second, it increases the inner and outer maximum tensile stress by
18% (FEM computations predict an increase of 13%). One can notice
that the shear stress is not nil at the outer boundary despite the defi-
nition of problem (E1o). This is due to the first order approximation,
shear stresses are therefore proportional to b?. Their intensities gives

an idea about the relevance of the first order model. The error

(A)

72.9
62.5
52.1
41.7
313
20.8
10.4

(MPa)

-10.4 ©
-20.8
-31.3
-41.7

-52.1
—62.5
=729

)
7.08
6.07
5.06
4.05

(C

—4.05
-5.06
-6.07
-7.08

FIGURE 3

provides another mean to assess this model accuracy to ~10%. Using
the anisotropic solution, the curvature at failures is computed and
presented in Figure 3D. In the figure, the curvature at failure is weakly
impacted by the anisotropic nature of mono-crystalline silicon.
Problem (Eq1) describes the membrane mechanical equilibrium for
a disk turned into a pseudo-square. A way to compute its solution for
every perturbation frequency is presented in Appendix A.1.5. The
membrane stress tensor first principal stress o, is presented in
Figure 4A,B. The corresponding shear stress is presented in Figure 4C.
Regarding problem (Ep1), the bulk equation has no second member.
Therefore, the additional terms must rely on the homogenous solu-
tions (see Appendix A.1.2). These solutions take the form
r"*1cos(nf+ ¢) in displacement. Please note that the first perturba-
tion term which is not nil has a frequency n=4. Thus, the lower order
homogenous term scales in proportion to r® in displacement and to r2
in strain. As a consequence, the shape impact near the system center
is negligible. However, 10% higher levels of radial stresses are pre-
dicted along each corner direction. According to FEM simulations, the
membrane stress levels are 7% lower near the system center and
radial stresses are constant in the central area. This result indicates
that the first order model is only of moderate accuracy. Regarding o

in the saddle shape case, the maximum stress is, once again, located in

(B)

146.3
125.4
104.5
83.6
62.7
41.8
209
0.0

o(MPa)

-20.9
-41.8
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IS
S
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X 30071 Fajlure
~
200
100 4
0+= = . T v - -
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1/ks (mm)

(Eoo) membrane stresses (A) o) (k =ks, ka =0), (B) 6; (k =ka, kx =0), and (C) 6,9 (k =3, ka =0). (D) Failure boundary in curvature

space. Parameters used are as follows: L =78 mm (R, =87 mm) and k=2 x 10~° mm~1, E =130 GPa, b=0.21, v =0.278, and ¢ = 120 MPa

[Colour figure can be viewed at wileyonlinelibrary.com]
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the vicinity of the outer boundary. At the pseudo-square boundary
(r=L=78 mm, §=0), inside the mapped disk of radius Ry =87 mm
presented in Figure 4B, the predicted maximum stress is 24% higher
than the isotropic disk one. With FEM computations the prediction at
the same location is very close (26%). Finally, intense shear stresses
are predicted near the pseudo-square corners (see Figure 4C). The
corresponding values confirm that the accuracy of the first order
model is limited. Using the maximum tensile stress at the system cen-
ter and outer boundary for the isotropic and saddle shape curvature
the failure limit

respectively, is computed and presented on

Figure 4D. In this case, the failure radius is not strongly impacted

either.
4 | RELEVANCE AND PRACTICAL
CONSEQUENCES

In the last section, the computations were performed with the param-
eters of a typical MO PV cell. With these dimensions, the radius of
curvature at failure is k ~ 1 m~1. The product of cell size and curvature
is kL~8x1072.
Section 2.1 is reasonable. At this curvature, the corresponding

Thus, the small curvature hypothesis made in

maximum displacement is (xL2)/2 ~3 mm. In a standard module, the
encapsulant thickness is ~1 mm. As a consequence, the cell does not
have a sufficient space to adapt its conformation and relax itself. Fur-
thermore, the total energy stored in the cell due to membrane stres-
ses scales as EEINEWLZ(LK/64)2. Since the stored energy scales as
the product of the displacement times the effort (xL2/2)(L2P), the
pressure required to curve the cell is PNZEWK/642. In the present
problem, it gives P ~ 0.03 MPa. The encapsulant shear modulus is typ-
ically in the range 1-100 MPa,?* but its bulk modulus is substantially
greater (~1 GPa??). Therefore, this level of stress is not sufficient to
cause substantial strains within the encapsulant. Therefore, the
hypothesis of an imposed conformation is realistic.

In practical applications, residual stresses exist within cells at
ambiant temperature due to the interconnection or lamination pro-
cess. In both cases, the materials in contact with the cells, that is, the
ribbons and the encapsulant, apply a mechanical loading on them. As
a consequence, one should question the hypothesis of no external
loading performed to write Equations (10) and (13). However, since
the system (13) is linear, the superposition principle is valid. As a con-
sequence, the solution with an external loading and a curvature would
be the sum of the solution with an external loading (and no curvature)

and the solution with a curvature (and no external loading). The
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present work is restricted to the second contribution. The first one

(residual stresses) goes beyond the scope of the present paper.
Numerous works regarding this issue can be found in the
literature.23-26

Membrane stresses scale in proportion to (LK)Z. As a conse-
quence, decreasing cell sizes is an efficient way to reduce this contri-
bution. In contrast, the thickness W impacts the flexure stress which
scales in proportion to Wk. Therefore, to reduce stresses within a
given curved module, one should try first to compute the Karman
number. If this number is greater than 1 then cell size L is the key
parameter. Otherwise, the cell thickness W is. In the later case, other
contributions may be affected by cell thickness (for instance residual
stresses??). Please note that the parameters used in the present work:
L=78 mm and W =0.2 mm provide a low membrane to flexure ratio
since it scales in proportion to sz/W and cells sizes are and tend to
be larger and thinner.?”-28

Another current trend is to use fractions of cells.?® In the case of
a strip of length 2L, and width 2L, such as represented on Figure 5A,

the in-plane equilibrium can be solved in an asymptotic case, that is,

(A) Z

©) (D)

(B)

an extremely thin strip (L, >>L,). A complete derivation is presented in
Section A.1.6. This model still corresponds to the description provided
in Section 2.1. As a consequence, its solution is independent of the
curvature orientation and the isotropic and saddle shape solutions are
the opposite of one another. The evolution of the maximum tensile
stress has been computed with this analytical model and FEM simula-
tions. The results are presented in Figure 5B. Surprisingly, the asymp-
totic model is already in good agreement with FEM predictions for a
ratio as low as L,/Ly=1/2. The model solution predicts that mem-
brane stresses scale in proportion to (Lyx)z. The curvature at failure
for aspect ratio of 1 (pseudo-square), 1/2, 1/3, 1/4, and 1/6 are
reported in Figure 5C. Note the strong decrease of the failure area is
due to the increased aspect ratio. In contrast, the impact of cell format
is presented in Figure 5D with an aspect ratio of 1. Each cell format
corresponds to an in-plane size. Namely, MO, M6, M10, and M12 cor-
respond to sizes of 2L =156, 166, 200, and 210 mm, respectively. In
the figure, larger cell sizes have substantially larger curvature radius at
failure. Finally, the influence of cell thickness is presented on
Figure 5E. At failure, the influence of this parameter is quite limited.

1 ------- Flexure (K = Kz = Kp)
—— Asymptotictheory
2 ¢ FEM
® (E)1stordersolution
Il K=K;5;, Kn=0
1024 Bl K=kKp Kz=0

©
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FIGURE 5 (A) Sketch of a curved strip. (B) Evolution of maximum tensile stress as a function of the aspect ratio L, /L. In this figure, colors

represent the same conformation for all types of computations (FEM, asymptotic and (E) 1t order solution). Curvature limit for (C) aspect ratios
from 1 to 1/6 with Ly =78 mm (D) cell standard size from MO to M12, and (E) cell thickness from 0.1 to 0.2 mm. When not specified, the aspect
ratio is 1, L =78 mm (MO0) and W = 0.2 [Colour figure can be viewed at wileyonlinelibrary.com]
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In order to highlight the relevance of this solution in a practical
situation, a case study is presented: The integration of cells in an
imaginative curved structure, that is, the car hood represented in
Figure 6A. In the present example, curvature radii are about of a few
meters and they vary slowly at the module scale. Both of these carac-
teristics are typical of vehicle-integrated photovoltaics (VIPV). The
equation describing this shape is presented in Appendix A.1.7. In the
figure, the first principal stress within cells predicted by the present
model are represented with colors. The highest stresses are at about
45 MPa with thick (W =0.2 mm) MO (L = 78mm) cells. The stress dis-
tribution in cells is membrane dominated. The maximum stress in each
cell is presented in Figure 6B for different cell sizes and aspect ratios.
In order to make the comparison meaningful, local curvatures are
identical with each cell format, thickness or fraction. In the figure,
maximum stresses increase substantially with cell size. For a pseudo-
square shape (L,/Lx =1), the highest stress increases up to 65 MPa
with M12 cells. However, stresses decrease quickly when fractions of
cells are used instead of full ones. For instance, the use of thirds of
cells decreases the maximum stress from 45 to 25 MPa with MO for-
mat and from 65 to 30MPa with M12 one. In contrast, reducing cell thick-
ness has a limited impact. With the MO format decreasing cell thickness
from 0.2 to 0.1 mm decreases the maximum stress from 45 to 35MPa.

Therefore, the use of fractions of cell is a promising solution to
make modules of important curvatures or to reduce stresses within
less curved one. Note, that the process used to produce fractions of
cell may induce new defaults and thus reduce the characteristic frac-
ture stress.>> Another current trend is to use alternative architec-
tures based on fractions of cells, that is, shingles.?” However, in PV
shingles, the cells are rigidly bonded to one another. As a conse-
guence, the characteristic length is not expected to be the side of a
fraction of cell but rather the side of the assembly. Therefore, the
membrane contribution is expected to be high.

Finally, in order to design a module for PV applications, a certain

margin must be taken to ensure the integrity of cells and prevent

additional undesired effects. In this scenario, the target module curva-
ture may be quite different from the limits or cases reported in the pre-
sent work or a more specific failure criterion may be applied to the
stress field in order to predict failure. In such situations, solutions to
problems (Eqo), (E10), (Eo1) and the asymptotic one are still expected to
be of relevance. They are also believed to be of interest in similar
problems which imply to curve silicon wafers.*®'? To make their use
simpler, an open python code is provided in the attached material.
This code purpose is to display the solutions as functions of the input

parameters.

5 | CONCLUSION

The production of conventional but curved modules causes the cells
to curve inside them. Such a constraint induces both flexure and
membrane stresses. With standard cells dimensions and for curva-
tures in the range 1-5 m, membrane stresses dominates flexure ones.
In contrast with flexure stresses, membrane stresses are not uniformly
distributed within cells. They are strongly sensitive to cells sizes and
aspect ratios. As a consequence for a designer, the main degree of
freedom to reduce stresses with a cell is to reduce cell sizes or to
increase the aspect ratio. The second is probably more suitable since
fractions of cells are already widely spread and their use will continue
to grow. For specific applications, the curvature may be close to pure
flexion. Even in such situations, small Gaussian curvature can cause
important membrane stresses. As a consequence, cell sizes and aspect
ratio may still be the problem key parameters. Therefore, cells thick-
ness is a second order one. Its relevance is mainly limited to pure flex-
ure cases. Furthermore, other contributions (for instance, residual
thermomechanical stresses) should also be accounted for to design a
curved module. Finally, the solutions presented in this work are
believed to be of importance to predict and therefore reduce internal

stresses within mono-crystalline silicon cells.
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I3 s —Ka
== A19
<=5 { o O} (A19)
These are results are deeply connected to the Gaussian curvature and
A.1 | Simplification of g" the theorema egregium. In our problem, the Gaussian curvature writes

k

The expression of € is the sum of three terms of different

frequencies:

2
2 K)2:+7A 0

€(r,0) =g +kaks[2€0s (20) — sin(26) — sin(26)0]
Ka
0 2

+%[cos(49) — sin(40) — sin(40) — C05(49)]>
(A15)

If ones defines a displacement field u,, such that
u, (r,0) =r°|Ancos (nd)B, sin(nd)] (A16)

Then, according to Equation (3), the corresponding in-plane strain

writes

ncos(nd = n — hA,)sin(n@
3A ;ZB An) si

&ro)=r’ (A17)

%(28,, —nAy)sin(nd)  (nB,+Ap)cos(nb)

Using this expression along with Equation (4), the three independent
components of the term with n=2 are canceled with Ay = —2kaks/3
and By =kaksz /3. The three independent components of the term with
n=4 are canceled with Ay = —x2 /6 and B4 =«2 /6. Therefore, the cor-
responding terms of g’( will not appear in € and thus induce elastic
strain in the system. Regarding the term with n =0, no value of Ay can
cancel the three independent components of gk for every values of kp
and ks. However, there is a solution Ag=—«?/2 if k2 =«3 =«. This

implies that the following € is equivalent to the previous one:

2 2
. 2 2—0—% 0 3% 0
E (r):_ 2| 2 (A18)
8 o X 0o ©
2 2

for every value of k. As a consequence, the curvature strain for K% =
2,2 =0 is exactly opposite to the curvature strain for k2 =0,x2 =«2.
Finally, for a linear problem without external loading, the solution to
one of the two gives the solution to the second problem. Therefore,
solving one problem provides the solution for every set of curvatures
(since it can always be decomposed into the two specific cases dis-
cussed before). In the text, the reference problem will be treated with

2

Equation (A18) in the case « :Ki. The corresponding curvature strain

tensor writes

K1K2 :4(K§ 71&). This quantity scales in proportion to membrane
stresses.
A.1.1 | Fourier series of a pseudo-square

The pseudo-square shape is basically a square with a portion of circle
at each of its corner. In the following, the square part corresponds to

an angle 6o. R(0) writes

RO) = o575, /<1000 (A20)
1 V2
RO) = cosia [HO’Z,] (A21)

with a pseudo-square side of length 2. Thanks to the symmetry of the
pseudo-square, this description is sufficient to represent it fully (only
terms with a frequency divisible by 4 are not nil). Since R is a periodic
function, its Fourier decomposition exists and is simpler to use in the
present problem. In order to find its coefficient, the function 1/ cos(9)

is approximated using a Taylor expansion:

1 1, 61
cos@) “ 1137 124 94*720

(A22)

Then, Fourier series coefficients are computed with this

approximation:

4t 1, 61,
do ——L (1+29+ —0*+ +255 )de

x A23
2f 1y, =
7 )z g, cos(6p)
8t/ 1, 61
dn :7J 1+-6 + 614—&-—9 cos(ng)do
7)o 2 720
(A24)

cos(nf)
0o cos(6o)

+

SR

—
=

with n>0 and n divisible by 4 (other coefficients are nil). Finally, these
functions are computed with I,,, and Jp,:

0o
lon = J 0™ cos(nd)do (A25)
0
;
Jo= J cos(nd)do (A26)
J 6o
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which are can be computed using the following relations:

o= 5 (A27)
m+1
lon = S'”(:HO) (A28)

m—1 —
I = (907) <00 sin(nfo) +% cos(n@o)) - wlmqn (A29)
Jo="7"~00 (A30)
In :%(sin(%ﬂ) - sin(neo)) (A31)

with m,n > 0. Please note that the coefficients d, describe a pseudo-
square of half side 1 and a perturbated disk of radius dg. In the manu-
script, the perturbated disk described by the ¢, coefficients has a
radius equal to 1. Thus, ¢, =d,/do and the pseudo-square half side L
is different. It writes

L

N
R Z Cn (A32)

In practice, L ~0.9R for a typical (M, format) pseudo-square shape.

A.1.2 | Homogeneous solutions

Problems (Eqo), (E10) and (Eoq) are based on the same partial differen-
tial equations but with different second members or boundary condi-
tions. Thus, their homogeneous solutions take the same form. They

must verify

%y. (c"; (fVu+ @)) =0 (A33)

Considering a displacement field u of the form:

u(r,0) =r"[ar.cos (nd) + ars sin(nd)ag. cos(nd) + ags sin(nd)]  (A34)

and using their complex representation, one finds that Equation (A33)

gives

nv—n?+2m?—-2  in(mv+m+v—23)

u=0 A35
inmv+m—v+3) —2n> —m2y+m? +v—1 B (A35)

with 0 the complex displacement field. This matrix is singular if its

determinant is equal to zero. This condition writes

(m—(+1))(m+(n+1))(m—(n—1))(m+(n—1))=0 (A36)

The four solutions are m=n+1 and m=—(n+1). In the
present problem, the displacement field must be nil in r=0.
Therefore, the remaining solutions are m=1 if n=0 and m=n+1
if n>0. Please note that in the present problem, the numbers n
must be integers since no displacement discontinuities are expected
in the system. Therefore, the different m are themselves integers.
Looking back at the three problems, one can notice that the compo-
nents of € take the form described in Equation (A34). Furthermore,
different operators in these problems will also produce terms of the
same form. As a consequence the solutions must write as a series of

such form.

A.1.3 | Solution to problem (Eqp)

As mentioned in Section A.1, solving a problem for a given set
of curvatures ks, xa is equivalent to solving them all. Therefore
in the upcoming sections we will assume: x, =0. As seen in
Section A.1.2, the solutions to each one of the three problems
must take similar forms like the one presented in Equation (A34).
Prior to presenting their respective solutions, a notation is introduced:
The coefficients of a displacement vector are named ugg™ where r
(or 0) is the vector component ¢ stands for cos (and s for sin),
m is the exponent of r, n is the frequency and 00 refers to the
problem solution. Using this notation, the solution to problem (Eqo)

with kx =0 writes

=L 37
222
uro — w (1-v) (A38)

Therefore, its strain tensor writes

€00

K2 =i\ | (1—v)R% = (Bv—1)r? 0
(n= 2
64 0 (1-2)R* = (3—1)r?
(A39)
This solution may then be used in Equation (11) to find the corre-
sponding stress tensor.

A.14 | Solution to problem (Eqo)

The solution to problem (Eqo) writes

1+v
uig =~ g (K —K3) (A40)
1+v
Uig =g (K€ KRS (A41)
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for the terms with a frequency n=0. Then, an inhomogeneous term
with n=1 and m=4 is expected (due to the u610° coefficient, which is
not nil). From the equilibrium equation, one can find that its coeffi-

cients must verify the equation:

8u—8 0 0 4u—4] [ug*

0 8-84-4 0 st
0 8 16 0 | |uj
-8 0 0 16 |uge
kd (A42)
10-1000]]o0
o 000-20]||ul
000-20[]0
-101000]]|o0
L O]

The second member is nil, and therefore, its coefficients are nil as
well. Finally, two terms are expected for n=4, m=n41. However,
after tedious computation based on the equilibrium and boundary
condition, one can find that the coefficients of the term n=4, m=5

are nil. The remaining term with n=4 and m = 3 writes

ugt 1
uglsoz:l1 _ (1 + 1/) (k2—x3)| O (A43)
ufs 1-v) 192 0
e -1

Therefore, the strain tensor of problem (E1g) writes

2—x2\ (1[RE-3r2 0
€., (r,0) :(1+u)<2 A) =
£10 e J\2| o R_p

+ <ﬁ> r?[cos (46) — sin(40) — sin(460) — cos(4.9)]>
(A44)

A.1.5 | Solution to problem (Eqq)

The solution to this problem (Eg1) will only contain terms of frequency

L exist.

n>0. For each frequency two homogeneous solutions with r
Using the equilibrium and boundary conditions of problem (Eq1), one
can derive the following system that the coefficient of such terms

must verify

fi i 0 07 [ug ™

0

0 0 f f ybsn—1n 2 2 R2 0
2 I3 o1 _Cn (xs —x3)RS (1-12)

91 92 95 ge| |Ugr"| 32 1

n

osn+1
—83 94 —97 871 [ugy "

WILEY-—2

with f1=(v+1)n?/2—2n, fa=(v+1)n?/2+2n,
fa=n?(1+0v)/24+n(v—1), g1=(n—141)R"2, g, =nuR" 2,
gs=n(1-v)R"2/2, g,=(n-2)(1-v)R"?/2, gs=(n+1-v)R",

36 =mR", g;=n(1—-v)R"/2. The four missing coefficients are nil.

Please note that in this particular case, no explicit solution has been
found. However, a numerical solution may be found for each fre-
quency n and for a given set of parameters. After its computation, the
strain tensor writes

(n—1)cos(nd)uggn—1n ((n=2)uP=*" — nug=1") sin(ng)

N =

€ (n0) = Zrn 2

> 1 .
"0 E((n—2)ug§" I — nug=1") sin(no) (nugn=1r + uren=1m) cos(no)

n

n-+1)cos(ng)uicn-1n = (U1 — yren=1n) sin(ng
01 5 (o1 o1

1 .
5 ((n—2)uly 2" — nuig =) sin(nd) (nuy " + ugg~1") cos(nd)

(A46)

In this form, the solution can easily be adapted for other values of c,,
that is, other geometries that correspond to a weakly perturbated
disks.

A.1.6 | Solution for a thin strip

A flat rectangular strip of half length L, and half width L, is consid-
ered. This strip is conformed to a curved surface, and this conforma-
tion is modeled with a normal displacement u,e, such as described in
Section 2.1. As L, tends to be nil, it is assumed that there is an area
where the strain field does not depend on x. One can compute the
local variation in length of a small piece of matter along the x axis (see
Figure 4A). At a given position y, the strip length is

)~ (13 )do (n47)

with kx and k, the curvatures along x and y and ¢ the angle presented
on Figure 4A. This length variation corresponds to the existence of a
varying ex strain. Such a strain can be computed as: di(y)/dI(0) — 1.
Since the choice of dI(0) as the reference length is arbitrary, this result

is valid to a constant.

e(y) = {;yz"*"y +A CXV(V)} (A48)
€xy(Y) eyy(Y)

With an elastic material the corresponding stress field writes

1 1-v+2b
E _EVZKXKV +A+ueyy(y) <f) xy(¥)

V=1" (1—v+2b

2 >€XV(Y) ’/(*Eyz"xl‘y +A) +eyy(y)

2
(A49)
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At equilibrium, the divergence of this tensor is nil. The corresponding

vector writes

1- 14 2b\ dey
; (72 ) S )

deyy,
—LYKxKy +d—y(Y)

(A50)

<1
—
IQ
~
—~
<
-
Il
I
|
AN
N
Il
[«

As a consequence, the shear strain is constant, €, =B and
€yy =viy?Kuk, +C. Finally, the loading on the outer boundaries must
be nil. This condition writes

1-v+2b
(g-ey)()’—l—y)—|:< 2+ )B} =0 (A51)
vA+C

So B=0, there is no shear. Finally, the external in-plane loading
applied to the system is nil. Therefore, the overall stress applied at a
given x must be nil. This writes

1-12
Ly, (=7 |3
J g.gxdy: E |: ( 3 )LnyKy+2Ly(A +I/C):| :Q (A52)
L=
4 0

From the above equations, A= L2k, /6 and C=—uL2k.ky /6. Finally,

using the notations, xs and k4. The strain tensor writes

2 2 [12-3y? 0
-3 |y
= A53
=" [ 0 (3212 (A53)

This last expression provides a strain prediction in the bulk of thin
curved strips at equilibrium.

A.1.7 | Equation of the case study shape

The curved module presented as a case study in Section 4 is described

by an out-of-plane transformation. Namely, the out of Oxy plane com-

ponent z writes

7= 70.1(1.2(y+0.4)2 fy+2(y+0.35)3) —02(1+y)®  (A54)

where the coordinates are in meters. The shape is described for
x€[-0.75;0.75] and y € [-0.35;0.35].
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