Semi-Lagrangian Scheme on Splines -The semi-Lagrangian method is a method for solving an advection equation -It uses the fact that an advection is a translation Method Steps -Find the spline interpolation of the function » Requires non-uniform splines -Find feet of the characteristics -Approximate the value at the feet of the characteristics » Requires a binary search to find spline cell -Update the values -Handle boundary conditions 𝑡𝑡 = 𝑡𝑡 𝑛𝑛 𝑡𝑡 = 𝑡𝑡 𝑛𝑛+1 𝜕𝜕 𝑡𝑡 𝐹𝐹(𝑥𝑥) + 𝑣𝑣 𝑥𝑥 ⋅ 𝛻𝛻𝐹𝐹(𝑥𝑥) = 0 8/24 Commissariat à l'énergie atomique et aux énergies alternatives Non-Uniform Quadrature from Splines  Newton-Cotes methods are optimised for equidistant points  Spline representation can be used to calculate a quadrature scheme  Boundary conditions must be chosen such that no additional values are required -Greville interpolation points with knots at boundary  Same number of interpolation points and basis splines -Natural boundary condition = Schoenberg's "best" quadrature (well conditioned calculation described in [Bourne et al, submitted 2022])  Largest derivatives set to 0 at boundaries  Quadrature order is equal to number of free derivatives at boundary � 𝑖𝑖 𝑏𝑏 𝑗𝑗 𝑥𝑥 𝑖𝑖 𝑞𝑞 𝑖𝑖 = ∫ 𝑏𝑏 𝑗𝑗 𝑥𝑥 𝑑𝑑𝑥𝑥 ∀ 𝑗𝑗 9/24 Commissariat à l'énergie atomique et aux énergies alternatives VOICE -Stages of a uniform simulation  Penalisation confines the plasma  Lack of refinement leads to negative values which are problematic for physical interpretations  Steep gradients at wall  Tends towards an equilibrium [Y. Munschy et al, submitted 2022]  Wider simulations would be more realistic but require even more points wall wall 10/24 Commissariat à l'énergie atomique et aux énergies alternatives Targeted non-uniform points eliminate negative values faster  Points are spaced proportionally to a weight function: 𝑊𝑊 𝑥𝑥 = 1 + 𝛼𝛼 2 max 𝑡𝑡,𝑣𝑣 𝜕𝜕 𝑥𝑥 𝑓𝑓 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 2 1 E. Bourne, Y. Munschy et al, submitted 2022 11/24 Commissariat à l'énergie atomique et aux énergies alternatives Non-Uniform Splines reach better conservation errors faster

  GPUs are crucial to make non-uniform splines competitive  Backward semi-Lagrangian advection on non-uniform splines is slower than uniform splines  The cost difference is much smaller on a GPU 1 E. Bourne, Y. Munschy et al, submitted 2022 (U-1 = Uniform splines of degree 1) 13/24 Commissariat à l'énergie atomique et aux énergies alternatives VOICE -Conclusions  Non-uniform knots reduce the memory requirements by 89%  Non-uniform simulations run 5.5 times faster than uniform simulations providing equivalent results on GPUs  Non-uniform points allow simulations on much larger domains with more realistic (



  Culham Geometry has been implemented in GYSELA  The Spline FEM Solver has also been implemented using an iterative method to handle the flux-surface average 𝑦𝑦 𝑟𝑟, 𝜃𝜃 = 𝑟𝑟 sin 𝜃𝜃 + 𝐸𝐸 𝑟𝑟 sin 𝜃𝜃 -𝑇𝑇 𝑟𝑟 sin 2𝜃𝜃 -𝑃𝑃 𝑟𝑟 sin 𝜃𝜃 𝑥𝑥 𝑟𝑟, 𝜃𝜃 = 𝑟𝑟 cos 𝜃𝜃 -𝐸𝐸 𝑟𝑟 cos 𝜃𝜃 + 𝑇𝑇 𝑟𝑟 cos 2𝜃𝜃 -𝑃𝑃 𝑟𝑟 cos 𝜃𝜃 + 𝛿𝛿 𝑟𝑟 + 𝜙𝜙 0 [Donnel]

  

  

  

  

  

  

  𝜕𝜕 𝑡𝑡 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 + 𝑣𝑣𝜕𝜕 𝑥𝑥 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 -𝑞𝑞 𝑠𝑠 𝑚𝑚 𝑠𝑠 𝜕𝜕 𝑥𝑥 𝜙𝜙 𝑡𝑡, 𝑥𝑥 𝜕𝜕 𝑣𝑣 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 = 𝐶𝐶 𝑠𝑠𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 + 𝑆𝑆 𝑠𝑠,𝑤𝑤 1 + 𝑆𝑆 𝑠𝑠,𝑤𝑤 2 + 𝑆𝑆 𝑠𝑠,𝑘𝑘 𝐾𝐾 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐹𝐹 𝑠𝑠 + 𝐷𝐷 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐹𝐹 𝑠𝑠 𝜕𝜕 𝑡𝑡 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 + 𝑣𝑣𝜕𝜕 𝑥𝑥 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 -𝑞𝑞 𝑠𝑠 𝑚𝑚 𝑠𝑠 𝜕𝜕 𝑥𝑥 𝜙𝜙 𝑡𝑡, 𝑥𝑥 𝜕𝜕 𝑣𝑣 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 = 𝑆𝑆 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 + 𝐶𝐶 𝑠𝑠𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑆𝑆 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 = 𝑆𝑆 𝑠𝑠,𝑤𝑤 1 + 𝑆𝑆 𝑠𝑠,𝑤𝑤 2 + 𝑆𝑆 𝑠𝑠,𝑘𝑘
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= 𝐶𝐶 𝐹𝐹 𝑠𝑠 + 𝑆𝑆 + 6/24 Commissariat à l'énergie atomique et aux énergies alternatives VOICE = Vlasov Open boundary Ion Coupling to Electrons 1 E. Bourne, Y. Munschy et al, submitted 2022 2 Y. Munschy, E. Bourne et al, submitted 2022

  𝑠𝑠 𝑡𝑡,𝑥𝑥 = � 𝑣𝑣 𝑠𝑠 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠 Π 𝑠𝑠 𝑡𝑡,𝑥𝑥 = �𝑣𝑣 𝑠𝑠 2 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠 𝑄𝑄 𝑠𝑠 𝑡𝑡,𝑥𝑥 = � 1 2 𝑣𝑣 𝑠𝑠 3 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠 n 𝑠𝑠 𝑡𝑡,𝑥𝑥 = � 𝑓𝑓 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠

	 Density 𝜕𝜕 𝑡𝑡 𝑛𝑛 𝑠𝑠 𝑡𝑡, 𝑥𝑥 + 𝜕𝜕 𝑥𝑥 Γ 𝜕𝜕 𝑡𝑡 Γ 𝑠𝑠 𝑡𝑡, 𝑥𝑥 + 1 𝑚𝑚 𝑠𝑠 1 𝑚𝑚 𝑠𝑠 𝜕𝜕 𝑥𝑥 Π 𝜕𝜕 𝑡𝑡 Π 𝑠𝑠 𝑡𝑡,𝑥𝑥 + 2 1 𝑚𝑚 𝑠𝑠 𝜕𝜕

𝑠𝑠 𝑡𝑡, 𝑥𝑥 = ∫ 𝑆𝑆 𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 + 𝐶𝐶 𝑠𝑠𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠  Velocity 𝑠𝑠 𝑡𝑡, 𝑥𝑥 + 𝑞𝑞 𝑠𝑠 𝜕𝜕 𝑥𝑥 𝜙𝜙 𝑡𝑡, 𝑥𝑥 𝑛𝑛 𝑠𝑠 𝑡𝑡, 𝑥𝑥 = ∫ 𝑣𝑣 𝑠𝑠 𝑆𝑆 𝑠𝑠 𝑡𝑡,𝑥𝑥,𝑣𝑣 𝑠𝑠 + 𝑣𝑣 𝑠𝑠 𝐶𝐶 𝑠𝑠𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠  Energy 𝑥𝑥 𝑄𝑄 𝑠𝑠 𝑡𝑡,𝑥𝑥 + 𝑞𝑞 𝑠𝑠 𝜕𝜕 𝑥𝑥 𝜙𝜙 𝑡𝑡, 𝑥𝑥 Γ 𝑠𝑠 = ∫ 𝑣𝑣 𝑠𝑠 2 𝑆𝑆 𝑠𝑠 𝑡𝑡,𝑥𝑥,𝑣𝑣 𝑠𝑠 + 𝑣𝑣 𝑠𝑠 2 𝐶𝐶 𝑠𝑠𝑠𝑠 𝑡𝑡, 𝑥𝑥, 𝑣𝑣 𝑠𝑠 𝑑𝑑𝑣𝑣 𝑠𝑠 Γ 1 E. Bourne, Y. Munschy et al, submitted 2022 12/24 Commissariat à l'énergie atomique et aux énergies alternatives

E. Bourne, Y. Munschy et al, submitted

E. Bourne, P. Leleux et al, submitted
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