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STABILITY ESTIMATES FOR SOLVING STOKES PROBLEM
WITH NONCONFORMING FINITE ELEMENTS

ERELL JAMELOT

Université Paris-Saclay, CEA, Service de Thermo-hydraulique et de Mécanique
des Fluides, 91191 Gif-sur-Yvette, France

ABSTRACT. We propose to analyse the discretization of the Stokes problem
with nonconforming finite elements in light of the T-coercivity. First we ex-
hibit a family of operators to prove T-coercivity and we show that the stability
constant is equal to the classical one up to a constant which depends on the
Babuska-Aziz constant. Then we explicit the stability constants with respect
to the shape regularity parameter for order 1 in 2 or 3 dimension, and order 2
in 2 dimension. In this last case, we improve the result of the original Fortin-
Soulie paper. Second, we illustrate the importance of using a divergence-free
velocity reconstruction on some numerical experiments.

Keywords. Stokes problem, T-coercitivity, Fortin-Soulie finite elements, Fortin
operator
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1. INTRODUCTION

The Stokes problem describes the steady state of incompressible Newtonian
flows. It follows from the Navier—Stokes equations [I]. With regard to numerical
analysis, the study of Stokes problem helps to build an appropriate approximation
of the Navier—Stokes equations. We consider here a discretization with noncon-
forming finite elements [2, [3]. We propose to state the discrete inf-sup condition
in light of the T-coercivity (cf. [4] for Helmholtz-like problems, see [5], [6] and [7]
for the neutron diffusion equation), which allows to estimate the discrete error con-
stant. In Section 2.1} we recall the T-coercivity theory [4], which is known to be an
equivalent reformulation of the Banach—Necas—Babuska Theorem and we apply it
to the continuous Stokes problem. We give details on the triangulation in Section
and we apply the T-coercivity to the discretization of Stokes problem with
nonconforming mixed finite elements in Section [2.5] For the Stokes problem, in the
discrete case, this amounts to finding a Fortin operator. In Section[3] we precise the
proof of the well-posedness in the case of order 1 and 2 nonconforming mixed finite
elements. In Section we illustrate the importance of using a divergence-free
velocity on some numerical experiments.

E-mail address: erell. jamelot@cea.fr.
Date: March 27, 2024.
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2. EXACT AND DISCRETE T-COERCIVITY FOR STOKES PROBLEM

2.1. T-coercivity and application to Stokes problem. We recall here the T-
coercivity theory as written in [4]. Consider first the variational problem, where V'
and W are two Hilbert spaces and f € V':

(2.1) Find u € V such that Vo € W, a(u,v) = (f,v)v.

Classically, we know that Problem is well-posed if a(-,-) satisfies the stabil-
ity and the solvability conditions of the so-called Banach—-Necas—Babuska (BNB)
Theorem (see e.g. [8, Thm. 25.9]). For some models, one can also prove the well-
posedness using the T-coercivity theory (cf. [4] for Helmholtz-like problems, see
[B], [6] and [7] for the neutron diffusion equation).

Definition 1. Let V and W be two Hilbert spaces and a(-,-) be a continuous and
bilinear form over V.x W. It is T-coercive if

(2.2) 3T € L(V,W), bijective, Iar > 0, Yo € V, |a(v, Tv)| > ar|jv|}.

It is proved in [4, @] that the T-coercivity condition is equivalent to the stability
and solvability conditions of the BNB Theorem. Whereas the BNB theorem relies
on an abstract inf-sup condition, T-coercivity uses explicit inf-sup operators, both
at the continuous and discrete levels. Notice that if the pair (T, o) satisfies ,
then for all A > 0, the pair (T, ar,) := (AT, Aar) also satisfies (2.2)). Thus, there
exist an infinity of pairs (T, ar) and (T, or, )a>o satisfying (2.2).

Theorem 1. (well-posedness) Let a(-,-) be a continuous and bilinear form. Suppose
that the form a(-,-) is T-coercive. Then Problem (2.1) is well-posed.

Let Q be a connected bounded domain of RY, d = 2, 3, with a polygonal (d = 2)
or Lipschitz polyhedral (d = 3) boundary 92. We consider Stokes problem:
—vAu+gradp = f,

diva = 0.
with Dirichlet boundary conditions for the velocity u and a normalization condition
for the pressure p:

(2.3) Find (u, p) such that {

u =0 on 99, /p:O.
Q

The vector field u represents the velocity of the fluid and the scalar field p represents
its pressure divided by the fluid density which is supposed to be constant. The first
equation of corresponds to the momentum balance equation and the second
one corresponds to the conservation of the mass. The constant parameter v > 0 is
the kinematic viscosity of the fluid. The vector field f € H™1(£2) represents a body
forces divided by the fluid density.

Before stating the variational formulation of Problem , we provide some
definition and reminders. Let us set L%(Q) = (L%(Q))%, H{(Q) = (H}(Q))4,
H Q) = (H7'())? its dual space and L2, (Q) = {¢ € L*(Q)| [,q = 0}.

We recall that H(div; Q) = {v € L%(Q)| divv € L?(Q)}. Let hg be the diameter
of 2. We recall Poincaré-Steklov inequality:

(24) ACps > 0 | Yv € H&(Q), ||1)||L2(Q) < Cps hg || gradv”Lz(Q).

Thanks to this result, in H}(Q), the semi-norm is equivalent to the natural norm,
so that the scalar product reads (v, w)Hé(Q) = (grad v, grad w)y,> (o) and the norm
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is [|v]l g ) = llgradv||Le(q). Let v, w € Hy(Q2). We denote by (v;)&; (resp.
(w;){,) the components of v (resp. w), and we set Grad v = (9;v;)¢,_; € L*(Q),
where L2(Q) = [L?(©2)]**¢. We have:

d
(Grad v, Grad w)i2(0) = (v, W) (o) = D (i, wi) i (o
=1
and:
2
|V||H1(Q) Z ||UJHH1(Q) = || Grad v||r2(o).

Let us set V = {v e H{(Q)]| d1vv =0}. The vector space V is a closed subset of
H}(2). We denote by V1 the orthogonal of V in H}(Q).
We recall that [Il cor. 1.2.4]:

Proposition 1. The operator div : H}(Q) — L%(Q) is an isomorphism of V+
onto L2, (). We call Cq;y the constant such that:

(2.5) Vp € LGw(Q) Jve VvVt | divv =p and Hv||H1(Q) < Caivllpllz2@

The constant Cg;, depends only on the domain ).
Recall that we have: ”V”%Ié(ﬂ) = cuerHiz(Q) + | divVH%Z(Q) > ||p|\%2(9). Hence
Caiv > 1. Actually, the constant Cyjy is such that Cyiy = 1/8(Q) where 5(£2),
known as the Babuska-Aziz constant, is the inf-sup conditio
(g, div V)LZ(Q)

(2.6) B(Q) = inf
gLz, ()\{0} veHl(Q N\ {0} g/l L2(o) HV||H

Generally, the value of B(€2) is not known explicitly. In [10], Bernardi et al es-
tablished results on the discrete approximation of 5(2) using conforming finite
elements. Recently, Gallistl proposed in [II] a numerical scheme with adaptive
meshes for computing approximations to (). In the case of d = 2, Costabel and
Dauge [12] established the following bound:

Theorem 2. Let Q C R? be a domain contained in a ball of radius R, star-shaped
with respect to a concentric ball of radius p. Then

1
—3
p? P
2.7 Q 1 1-—— > .
Let us detail the bound for some remarkable domains. If Q is a ball, 5(Q) > 1
and if Q is a square, 8(2) > 5 f Suppose now that €2 is stretched in some direction
by a factor k, then 8(Q2) > 5+. Finally, if Q is L-shaped (resp. cross-shaped) such

that L = kl, Where L is the largest length and [ is the smallest length of an edge,
then (2 )_ 2fk (resp. B(Q) > 75).

The variational formulation of Problem ({2.3)) reads:
Find (u,p) € H}(Q) x L2,,,(Q) such that

zZmuv

(2.8) v(u, Vi) — (0, divv)e) = (£ v)mie) Vv eH(Q);
(q,divu)rzy = 0 Vqe L ).

zmv(

Lor Ladyzhenskaya—Babuska—Brezzi condition
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Classically, one proves that Problem is well-posed using Poincaré-Steklov in-
equality and Prop. Check for instance the proof of [I, Thm. I.5.1].

Let us set X = H}(Q) x L2, (Q) which is a Hilbert space which we endow with
the following norm:

1
_ 3
(2.9) 1)l = (Il @) + v gl
We consider now the following bilinear symmetric and continuous form:
as: X xX — R
(2.10) (0, p) x (viq) = v, v)my)
—(p',divv)2(q) — (g, diva’) 2 ()
We can write Problem ({2.3)) in an equivalent way as follows:
(2.11) Find (u,p) € & such that as ((u,p), (v,q)) = (£, V)mi) V(v,q) € X.
Let us prove that Problem ([2.11)) is well-posed using the T-coercivity theory.

Proposition 2. The bilinear form ag(-,-) is T-coercive:
T € L(X), bijective , Jar > 0, V(u',p’) € X,
(2.12)
as ((0,p'), T((0',p'))) = ar |[|(0,p)[%-
Proof. We follow here the proof given in [I3] 14l [I5]. Let us consider (u’,p’) € X
and let us build (v*,¢*) = T(u',p’) € X satisfying (2.2)) (with V = X). We need
three main steps.

1. According to Prop. [1} it exists v, € H}(Q) such that: divv, = p’ in Q
and ||V lmp ) < Caiv [P lL2(0)- Let us set v,y = v~1¥, so that divv, =
v~y and

(2.13) Vol ) < v Caiv [P 22(9)-
Let us set (v*,¢*) := (yu' — vy, —yp’), with v > 0. We obtain:
(2.14) as ((0,p), (v*.q")) = vy [0 o) + v 112200y — v (0 Vi )y @) -

2. In order to bound the last term of (2.14)), we use Young inequality and then
inequality (2.13]), so that for all > 0:

1 2
n n CYdiv
219 W < Dl + B () e

2
3. Using the bound in and choosing n = v, we get:
os (), 0) 22 (3 gy + 072 (1= 2 Can)?) 19 )
Consider now v = (Cg;y)?. We obtain:
as ((0.0), (v'.4)) 2 20 ((Can)? [0 By oy + > [0
Reminding that Cg;, > 1, it comes:

(2.16) as ((W,p), (v*,q")) > % (', p")]%-
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We obtain (2.12) with ar = %
The operator T such that T'( (u/,p’)) = (v*, ¢*) is linear and continuous. We have
indeed:

ITC )N = v e + v e e
< 29 Wl + 2 Vi ey + 7222 1 e,

< 297 Wl ) + (2(Caiw)? +9°) v 2 P 122 q)-
‘We deduce that:
(2.17) 1T (', ")) 2 < Crmax (0, 0') ] ¥,
1
2

where Chax = Cuaiv (max(? + (Caiv)?,2 (C’div)Z)) .
Remark that, given (v*,¢*) € X, choosing (0',p') = (v 'v* — v 2vge, =y 1¢¥)
yields T ((u’,p")) = (v*,¢*). Hence, the operator T € L(X) is bijective. O

1

We can now prove the

Theorem 3. Problem (2.11)) is well-posed. It admits one and only one solution
such that:

- < v a1
2.18 vE e HH(Q), { [l 0 < @,
( ) ( ) Hp||L2(Q) < Caiv ||f||Hfl(Q)

Proof. According to Prop. the continuous bilinear form ag(-,-) is T-coercive.
Hence, according to Theorem Problem is well-posed. Let us prove .
Consider (u,p) the unique solution of Problem . Choosing v = 0, we ob-
tain that V¢ € L2, ,(Q), (¢,divu)r2q) = 0, so that u € V. Now, choosing
v = u and using Cauchy-Schwarz inequality, we have: v ”u”%ié(ﬂ) = (f, W) <
[£lle-1(0) [allaz (@), so that: [lullmi@) < v |f]lg-1(0)- Next, we choose in
v =V, € V1, where divv, = —p (see Prop. . Since u € V and v, € V4, we
have (1, Vp)g1(q) = 0. This gives:

—(pdivvp)z) = IplF20) = E Vp)mi)

< [fllm-1@) Vpllay @) < Caiv [flla-1() [IPllL2(0)

so that: ||p||L2(Q) < CdiV”f”H*l(Q)- [l
2.2. Comments on the stability constant. Using (2.17) in (2.16]), we have:

as ((0',p), (v*,¢")) = ar (Comax) " (0, 2) |2 (v, )2

T / /
Let us set ||T]| := sup M
(w.pex\00) (W p)]x
bound: ||| < Ciax-
Hence, we have:

. According to (2.17)), we have the

as ((W',p'), (v, ")) = mll(u/,p/)l\x v a7 e

We recover the first Banach-Necas-Babuska condition [8, Thm. 25.9, (BNB1)].
Thus, the T-coercivity approach gives an overestimate of the stability constant «
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given below:
! /
aina:: ll’lf su aS/((l/lvp)v (V,q)) )
H|T||| (v,q)€Xx\(0,0) (u’,p")eX\(0,0) ||(u N )”X ||(\,7 Q)”X
It suggests that the stability constant « is proportional to the parameter v and

depends on the constant Cy;y, therefore on the shape of the domain. More precisely,
our estimate gives:

—1
(Cdiv v2+ (Cdiv)z) if 1 < Caiv < V2,
(\/i(cdiv)Q)_l if Caiv > V2.

In our computations, ar depends on the choice of the parameters 1 and -, so

a< — X

(VIIN

that it could be further optimized to minimize Studying the bilinear form

ar
A0
as ((0,p), T((v,q))), leads to an alternative variational formulation of Stokes
problem, as proposed in [I5]. It does not depend on the parameters 1 and v because
it is coercive. However, the new variational formulation requires a specific treatment

of the right-hand side.

2.3. Conforming discretization and discrete well-posedness. If we were us-
ing a conforming discretization to solve Problem (e.g. Taylor-Hood finite el-
ements [16]), we would use the bilinear form ag(, ) to state the discrete variational
formulation. Let us call the discrete spaces X, C H{(Q) and Q. C L2,,,(Q).
Then to prove the discrete T-coercivity, we would need to state the discrete coun-
terpart to Proposition [Il To do so, we can build a linear operator 1I. : X — Xy,

known as Fortin operator, such that (see e.g. [I7, §8.4.1]):
(219) 3C.|vv e H'(Q) | GradIl.v|iz) < Ce| Grad v||i2(o),
(2.20) Vv e H'(Q) (divIlev,qn)r2) = (divv,an)r2(0),  Van € Qep.

Using a nonconforming discretisation, we will not use the bilinear form ag(-,) to
exhibit the discrete variational formulation, but we will need a similar operator to
(2.19)-(2.20]) to prove the discrete T-coercivity, which is stated in Theorem

2.4. Discretization notations. We call (O, (zq4/)%_,) the Cartesian coordinates
system, of orthonormal basis (es)%_,. Consider (73); a simplicial triangulation
sequence of 2, where h denotes the mesh size. The traingulations are régular in
the sense of Ciarlet. For a triangulation 7}, we use the following index sets:

e Tx denotes the index set of the elements, such that 7; := U K, is the

€Tk
set of elements.

e Tr denotes the index set of the facet such that Fj := U Fy is the set

fELr
of facets.

Let Zr = ZL UZY%, where Vf € T4, Fy C Q and Vf € I%, Fy € 9.
e Zg denotes the index set of the vertices, such that (S;);jez, is the set of
vertices.

Let Zg = T UIg, where Vj € Z§, S; € Q and Vj € 7%, S; € 00.
We also define the following index subsets:

2The term facet stands for face (resp. edge) when d = 3 (resp. d = 2).
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o Ve Tk, Iy = {f €T |Fy € Ko}, Tse={j€Ts|S; € Ki}.
[ Vj €lg, IK’]‘ = {f €Ik | S] € K¢}7 Nj = card(IK)j).
For all £ € Tk, we call hy and py the diameters of K, and its inscribed sphere

respectively, and we let: o, = %, h = max he. When the (7,);, is a shape-regular
€lk

triangulation sequence (see e.g. [I8 def. 11.2]), it exists a constant o > 1, called
the shape regularity parameter, such that for all h, for all £ € Tg, oy < 0. For
all f € Zr, My denotes the barycentre of Fy, and by ny its unit normal (outward
oriented if Fy € 09). For all j € Zg, for all £ € Tk j, Aj ¢ denotes the barycentric
coordinate of S; in Ky; Fj, denotes the face opposite to vertex S; in element Ky,
and x; , denotes its barycentre. We call S; ¢ the outward normal vector of Fj, and
of norm |S; ¢| = |Fj .
Let introduce spaces of piecewise regular elements:

We set PoH' = {v € L*(Q); Vl€ Ik, v, € H'(Ky)}, endowed with the scalar
product :

(v,w)p, := Z (gradv,grad w)rz(x,) ||v|7 = Z ngadv||i2(m).
LeTy eTK

We set P,H! = [P, H']?, endowed with the scalar product :
(v, W)y, := Z (Gradv,Grad w)i2(x,) V| = Z I Gradv||]%2(K£).

Lelk LeTK
Let f € T4 such that Fy = 0K, NOKp and ny is outward K, oriented. The jump
of v € PpoH" across the facet Fy is defined as follows: [v]p, := vk, — vk, For

[ €Iy, we set: [v]p, :=v|p,.
We set Pr,H(div) = {v e L3(Q); WleZIk, vk, € H(div; Kg)}, and we define
the operator divy, such that for all v € P,H(div), divy, v € L*(2) is such that:

Vge LX(Q), (divav.q)r2) = Y (divv,q)r2(x,)-
LeETK

We recall classical finite elements estimates [I8]. Let K be the reference simplex.
For ¢ € Tk, we denote by T} : K — K, an affine invertible mapping such that
T)(K) = Ky, To(0K) = 0K,. We set Ty(X) = ByX + by, where B, € R4 and
by € R%. Let J; = det(By). There holds:

h _ h
(2.21) ol = d! K|, |Bell = —=, (B! = =K.
Pk pi
Let f € Zpy. According to [2 equation (2.17)], we have:
(2.22) |Fyl Ko™t < (pe) ™"

For v € L*(K,), we set iy = voT,. Let v € P,H'. By changing the variable,
gradv|g, = (B, )T grad, 0, and it holds:

B2 Kol grady o2,
[Bell [ Kl [ grad vz g, -

() [leradollZs

2.23 .. .
(2.23) (ii) | grady o]

INIA

2
L2(K)
We will use the following notations :
(2.24) V€ T, Yo € L*(Ky), v = [y, v/1Kel,

(2.25) Vf € Ip, Vv e L*(Fy), where Qf:fFf v/|Fyl.
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We recall the Poincaré-Steklov inequality in cells:
Proposition 3. For all { € Iy (K, is a convex set), for all v € H*(K,):
(2.26) v —vgllr2(x,) < 7 'hel| grad v||r2(xk,), [I8, Lemma 12.11].
We will need the following Poincaré-Steklov inequality on faces [8, Lemma 36.8]:

Proposition 4. For all ¢ € Ik, for allv e H'(Ky) and for all f € Ip,, we have:

Fr\*
(2.27) lv—vsll2ryy S <|KJ;| he || grad vl|L2(k,),

S (007 (ho)? || grad vflLe ().

Proof. We have: v —v; = (v —u,) — |F|™* fFf(v —,). Hence: [[v —vyllr2(p) <
2||v = vyl|L2(F;)- Changing the variable, using the continuity of the trace operator,
we have: [[v — vyl r2(ry) S |Frl2 |60 — 2l ). Using @26) in K, changing the
variable again, we get (2.27)), applying (2.22)). O

For all D C R?, and k € N, we call P*(D) the set of order k polynomials on D,
P*¥(D) = (P*(D))%, and we consider the broken polynomial space:
P(Zsc(ﬁl) = {q € LQ(Q)7 Vi e IK? d K, € Pk(Kf)} ’ szsc(ﬁ) = (Pj:zsc(ﬂl))d

2.5. Non-conforming discretization and discrete well-posedness. The non-
conforming finite element method was introduced by Crouzeix and Raviart in [2]
to solve Stokes problem . We approximate the vector space H'(2) component
by component by piecewise polynomials of order k € N*.

Let us consider Xj (resp. Xop), the space of nonconforming approximation of
H(Q) (resp. H}(2)) of order k:

X = {vh € Py (Th); Vf € Tk, Vg, € PF7H(Fy), /
Fy

[Vn]F; an = 0} ;
(2.28)

Xon = {'Uh € Xp; Vf € I%, Vg, € PF1(Fy), / Vp Gn = 0} .
Fy

The condition on the jumps of v; on the inner facets is often called the patch-
test condition. It allows to prove a discrete Poincaré-Steklov inequality, using the
following Lemma:

Lemma 1. For all v € L?(R), it exists s € H' () such that:
(2:29) divs = v and ||s[|L2(0) + hal Grads|L2() < Ca ha|lvlr2(0),
where the dimensionless constant Cq depends on Cgiy and Cpg.

Proof. Let v = [, v/, and so € H{(Q) be such that divsy = v — v and
| Grad sol|L2 (o) < Caivl|vl|z2(q) (cf. Prop. . Let d' € {1,---,d}. We consider
s:=s0+v(ze —zy)eq € HY(Q), where 24 = [, za/|]. We have: divs = v and
| Grad s||r2(q) < édiv||UHL2(Q), where (Caiv)? = (Caiv)2+1. Using inequality 29,
one can prove that [[s||r2(o) < ha 6Q||'UHL2(Q), where (Cq)2 = 2 ((Cps Caiv)* +1).
Setting Cq = 6’9 + édiv, we obtain ‘ O
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To prove the next discrete Poincaré-Steklov inequality, we follow the proof of [19]
Theorem D.1]. The proof of [8, Lemma 36.6] is similar, but the vector s defined in
Lemma is constructed in [8, Lemma 36.6] as the gradient of a scalar function, so
that it gives a lower estimate when ) is non-convex. Alternative proofs are given

in [20 211,
Proposition 5. The following discrete Poincaré—Steklov inequality holds:
(2.30) Vo, € Xo,p, HUhHL2(Q) SoCqhg th”h'

Proof. Let v, € Xop. According to According to Lemma it exists s € H'(Q)
such that:

(2.31) divs = vy and [[s[|L2(q) + hall Grad s||i2q) < Ca hallvn|lL2 (o)
We have, by integration by parts:
th||2L2(Q) = (UhadiVS)L2(Q)7
(2'32) = - Z (gradvh,s)Lz(KZ) + Z Z (vh,s~nf,g)L2(Ff).
Lely el feIF,l

The first term can be bounded as follows:

(2.33) (grad vh7S)L2(Kg) < || grad UhHL?(Kg) ||SHL2(K14)-
Due to the patch-test, the second term reads:
(2.34)
ST Wnesnp)ery = >, >, (n =g (s —8p) g2y,
Lel) fELF LETK fELR,e
< 20 2 lon =gl s = ) npelae).
el fEIF,g

Using inequality (2.27)), we have:

lvn = vp pllz2(ry) 18 = sp) -y ell2(ry)
(2.35)
,S gy hz H gradvh||L2(K£) || GI'adSH]LQ(K().

Using (2.35)) in (2.34]), combining the result with (2.33)), inequality (2.32]) now reads:
lonllZz) < Z | grad vp||L2 (i) (Isllre(x,) + oe be | Grad s||iz(x,))

eTK
< o Y llgradunllLax,) (Islluzx,) + ho || Grads|ezk,)) -
(€Tk
We obtain (2.30) using the discrete Cauchy-Schwarz inequality and (2.31)). O

As a consequence of Proposition [5] we have the
Proposition 6. The broken norm v, — ||vg||n is a norm over X p.

The space of nonconforming approximation of H!(Q) (resp. H}(Q)) of order k
is Xh = (Xh)d (resp. XO,h = (Xo’h)d). We set Xh = XO,h X Qh where Qh =
PE (TN L2, (). We deduce from Proposition@the

disc zZmuv

Proposition 7. The broken norm defined below is a norm on Xj:

X, — R

Nl=

236) ) -
S ) = (Il )
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Thus, the product space &}, endowed with the broken norm || - || x, is a Hilbert
space. We consider the discrete continuous bilinear form ag (-, ) such that :
aSJL:thXh — R
(uﬁl,pﬁl) X (Vhyqn) + V(UZ,Vh)h — (divy, Vhap;l)LQ(Q) — (divy, Uﬁl,%)m(ﬂ)
Let us set V), the discrete space of discrete divergence-free velocities :
(2.37) Vi, = {vi € Xon|Yan € Qn, (dive Vi, qn)r2() = 0} -
We recall that [22] Lemma 3.1]:

Proposition 8. For all v, € Vi, for all £ € Tg, divvy g, = 0.

Proof. Let vj, € Vj,. Integrating by parts and using the patch-test, we have:

(dthVh,l)LQ(Q) = Z / diVVh: Z / [Vh]Ff .nf:O.
J Ky Fy

Lelxk feIr

disc
gh)Lz(Q) = 0. Hence, we have: (div,Vp,qn)r2() = (divy Vh7gh)L2(Q) = 0. Let
{ € Ig. Let q, € Pf;cl('ﬁb) such that gk, = divvy g, and for all £’ € T,

A 75 E, qh‘K[, = 0. We have: (divh thq}z)LQ(Q) = 0 and (dth thQh)LQ(Q) =
(div v, qn) 2k, = || divvh||%2(K£). Hence || divvhH%Q(KZ) =0. O

Let g5 € PE_1(T;) and q, = Joan/19|. Then gy —g,, € Qn so that: (divy va,qn —

Let Z, : Xo,n — Yo,n, with Yon = {’Uh S H(l)(Q), Ve Ik, Un|K, € Pk(Kg)}
be the averaging operator described in [I8] §22.4.1]. It exists a constant C7¢ > 0
independent of T, such that :

(238) Yoy, € XO,h7 ”IhrUhHH(}(Q) < C%}f H'Uh”h-

Let ¢¢ € L(X),R) be such that for all (vp,qr) € Xp:
IFfel?(Q): 4 ((va,an)) = (f,vi)L2 (o)
FfeH(Q): L ((vian)) = (£, Tu(va))myo)-

The nonconforming discretization of Problem ([2.11)) reads:

Find (up,pp) € & such that

(2.39) as,n (U, pn); (Vioan)) =L ((Vi,qn))  Y(Vh,qn) € Xh.

To prove that Problem is well-posed, we will also use the T-coercivity theory.
We do not need the well-posedness of the continuous problem, i.e. Prop. [2} but we
will follow its proof, using a Fortin operator. This operator will be explained latter,
using the discrete basis functions. We will see that the discrete stability constant
depends on this operator (hence polynomial order k).

Proposition 9. Suppose that it exists a Fortin operator 11,,. : H(2) — X}, such
that

(2.40) Che Vv € HY(Q)  |ILev]ln < Crel Grad v||iz),
(2.41) vv e HY(Q) (divy, O,.v, qn)r2Q) = (divv,qn)r2), Vg € Qn,

where the constant C,. does not depend on h. Then, the bilinear form agp(-,-) is
T'-coercive:

Ty, € L(A}), bijective , o, > 0, V(u},,p},) € X,
(2.42)
asp (), p5), Tn ((af,5,))) = an, [[(0h,p7,)|%, -
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We will exhibit C,, for k =1, d = 2, 3 in §3.1] obtaining C,. = 1; and then for
k=2,d=2in obtaining C,,. = 0% + 1. Let us prove Proposition @

Proof. We follow the proof of Proposition |2} Let us consider (uj},p}) € & and let
us build (v}, qr) € &), satisfying (2.2) (with V = &}). We need three main steps.

1. According to Prop. |1} it exists v,; € V- such that div Vp = p), in  and

Ve Iy ) < Caivllpyllzz(o)- Let us set vy = v v, X Con51der Vi, =
vy, for all g, € Qp, we have: (divy, Vh7ph,Qh)L2(Q) =v- (ph,Qh)LQ(Q)
and

(2.43) [Vhp In < vt CRS (D3] L2 () where CF, = Cre Caiy.

Let us set (v, qp) = (YneW), = Vi, s —Yne P))s With 7, > 0. We obtain:

(244)  asn (W p1), (Vi i) ) = v el 15 + v~ IPL 1L ) — v(Whs Vi i

2. In order to bound the last term of ([2.44)), we use Young inequality and then
inequality (2.43)) so that for all 7, > 0:

-1 ne \ 2
n n Oiv
@15 (i< B+ 2 () g g,

3. Using the bound (2.45)) in (2.44)) and choosing 7, = Yne, we get:
Tne (’ync)_l
o ((whoph). (o)) 2 v (255 il + 072 (1= 0 C)? ) W)

Consider now v,,. = (C3<)?. We obtain:

as,n (W), p}), (VL(bﬁ)) > arCiiy II(HLJDZ)II%@? where C16, = min( (Cg)%, 1)
We obtain with ar, = arCp$,. Suppose that Cp. > 1. Then
aTh, =oar = 5

The operator T}, such that Tj,(u),, p},) = (v}, py) is linear and continuous. We have
indeed:

T (0, i) 1%, = IVAIR + 272 lanllz2 @) < (Chis)® 1 (uh, 211,

Where C;rllfix = C(Till(il (max ( (Cdlv)2 2 (Cdlv) ) )é .
Remark that, given (v}, q}) € &, choosing (W), p),) = (Ve Vi = T Vhogs » —Vre G3)
yields T, ((u),, p),) ) = (v}, qr). Hence, the operator T}, € L(A}) is bijective. O

Remark 1. We recover the first Banach—Necéas—Babuska condition [8, Thm. 25.9,
(BNB1)]:

asn (W), (Vi ai)) = om, (Cha) ™ I, i), 1(vE a7, -

We can now prove the discrete counterpart of Theorem

Theorem 4. Suppose that it exists a Fortin operator I1,,. : HY(Q) — X, satifying

(2.40)-(2.41)). Then Problem (2.39) is well-posed. It admits one and only one

solution (up,pr) such that:

. < ulCne|f||e
if f € L2(Q) : sl ~ 0 1" IIL2(@)
. @ {phm(m < 2080 O [l
2.46

v O |If ][ g-1 0

<
iffer-1(q): w3
1 ) { < 207 0 [ l-r o)

[pnllz2(@)
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where C§¢ = 0 Cq hq and CT§ = C’i_r,‘f Cps hq.

Proof. Consider (up, pp) the unique solution of Problem (2.39)). Choosing vj, = 0,
we obtain that div,u, = 0. Let f € L%(Q). Now, choosing v;, = u;, in (2.39),
using Cauchy-Schwarz inequality, we get that: [Jup |, < v~ o Cq hq ||f||L2() using

inequality (2.30). Consider (vy,gn) = (Vh,p,,0) in (2.39), where vy, p,, = I, cvy, is
built as vj , in point 1, setting p), = pn. Suppose that f € L?(£2). Notice that

v IpnllZe ) = v (W Vi )n = (£, Vip, )r2(9). Using Cauchy-Schwarz inequal-
ity, we have: v~ Ipnl2iq) < vIunlln [Vap,lln + [IflLz0) [Vap, lL2). Using
Poincaré-Steklov inequality (2.30)), Hypothesis (2.40]), and the previous estimate on
[lug|n, we have:

||Ph||%2(n) S20Caha |fllez@) Vi, lln S 20 Ca ha CFf Iflluzo) PRl 22@)-

Let f € H 1(Q). We apply the same reasoning, using inequalities (2.38) and
2-30). 0

As a corollary of Theorem |4 the following a priori error estimate follows [2
Theorems 3, 4, 6] and [3, Eq. (47)]:

Corollary 1. Under the assumption of Theorem suppose that (u,p) € (H*(Q)N
H(Q)) x (HE(Q)N L2, (Q)), we have the estimates:

(2.47) u—upllp S o' R (lalgrs1oy + v plar@)) -
(2.48) v p—pullze) S o' h* (Julmea ) + v bl @)
Suppose moreover that the domain € is convex. Then we have:
(2.49) Ju —upllLe) S o WP (Julgee ) + v plae@) »

The hidden constants depend on k but they don’t dependent on mesh. The parameter
o 1is the shape regularity parameter and the exponent | € N* depends on k. When
k=1,d=2,3, we have: | =1 and when k =2, d = 2, we have: | = 2.

When € is not convex, the exponent on h in Equation is equal to k + s
where s €]0, 1[ depends on € (cf. [8, Theorem 31.33]).
The main issue with nonconforming mixed finite elements is the construction the
basis functions. In a recent paper, Sauter explains such a construction in two
dimensions [23] Theorem 1.3], and gives a bound to the discrete counterpart S7(2)

of 5(Q) defined in (2.6):

. (divy, Vi, qn) 2 () _
2.50 Br(2) =  inf sup > c7 (log(k +1))™¢,
(2.50) @ 3 €Qn\{0} v, exo \{0} Nanllz2() [[Vhlln (log )

where the parameter « is explicit and depends on k£ and on the mesh topology; and
the constant ¢y depends only on the shape-regularity of the mesh.

3. EXAMPLES OF NON CONFORMING DISCRETIZATION FOR STOKES PROBLEM

3.1. Nonconforming Crouzeix-Raviart mixed finite elements for £ = 1.
We study the lowest order nonconforming Crouzeix-Raviart mixed finite elements
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[2]. Let us consider Xcr (resp. Xo,cr), the space of nonconforming approximation
of H(Q) (resp. H}(Q)) of order 1:

Xcr = {vh € Piise(Th); Vf 61%,/ [vn] P, —0} ;
F.

XO,CR = {UhEXCR; VfEI%,/ ’UhZO}.
Fy

The space of nonconforming approximation of of H*(2) (resp. H}(Q2)) of order 1
is Xcr = (Xor)? (vesp. Xo,or = (Xo,cr)?). We set Xog := Xo,cr X Qor where
QCR = sz's(;(ﬂz) N Lgmv(Q)

We can endow X¢g with the basis (¢¢) fez, such that: V¢ € Tk,

¥ . 1—dli, if f€Zpy,
FIKe = 0 otherwise,

where S; is the vertex opposite to Fy in K,. We then have ¢y p, = 1, so that
[Wrlp, = 0if f €Zt, and for all f, f' € I, f' # f, fFf/ Yy =0.

We have: Xcpr = vect ((¥f)sez,) and Xo cr = vect ((wf)feI;)
The Crouzeix-Raviart interpolation operator mgg for scalar functions is defined by:
H! (Q) — XCR 1
TCR : v = TV where mfv = —— .
2 T 751 Jr,
fE€TR

Notice that Vf € Zp, || F; TORV = / U Moreover, the Crouzeix-Raviart interpo-

lation operator preserves the constants, so that mcrvg = v, where vg = fQ v/|9].
We recall that for k = 1, the coefficient C,,. in ([2.40)) is equal to 1, as proven in [24]
Lemma 2]:

Lemma 2. The Crouzeiz-Raviart interpolation operator wog is such that:
(3.2) Yo e H'(Q), |mcrvlln <[ gradvre().

Proof. We have, integrating by parts twice and using Cauchy-Schwarz inequality:

gradWCRsz = |Kg|71/ gradWCRv:|Kg|71 Z / TCRV N,
Ko f€Ir. Fy
= |K,|! Z / vnf:|Kg|’1/ grad v,
fE€Tp, Fy Ko

_1
|grad mcrvik,| < K77 | gradv|iz(k,)
= |lgradmcrollfz g, < lleradollfz g,
Summing these local estimates over £ € Ty, we obtain (3.2)). O

For a vector v € H'(£2) of components (vg)% _,, the Crouzeix-Raviart interpo-

lation operator is such that: Ilogrv = (WCRUd/)Z,zl. Let us set IIyv = (vad/)j,zl.
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Lemma 3. The Crouzeix-Raviart interpolation operator llcg can play the role of
the Fortin operator:

W eH'(Q)  [TMonvil < || Gradvlis).
(34) Vv € Hl(Q) (divh HCRV7(Ih)L2(Q) = (le V,Qh)m(Q), Vg € Qp,
Moreover, for all v € PY(Q), llcrv = v.

Proof. We obtain (3.3)) applying Lemma [2| component by component. By integrat-
ing by parts, we have Vv € H'(Q), ¥/ € Zg:

/ diVHCRV = Z / HCRV-nf = Z / HfV-l’lf
Ke fe€Tpe” Fr feZpe? Fr
= Z / v-ny= / divv
f€Ipy, Fy Ke
so that (3.4]) is satisfied. O

We can apply the T-coercivity theory to show the following result:

Theorem 5. Let X}, = Xcg. Then the continuous bilinear form agp(-,-) is Th-
coercive and Problem (2.39)) is well-posed.

Proof. Using estimates (3.3) and (2.30), we apply the proof of Theorem |

Since the constant of the interpolation operator Ilog is equal to 1, we have
Cr¢ = min((Caiv)?,1) = 1 and C2¢, = Cax: the stability constant of the non-

conforming Crouzeix-Raviart mixed finite elements is independent of the mesh.
This is not the case for higher-order (see [25, Theorem 2.2]).

3.2. Comments on higher-order methods. For higher-order, we cannot built
the interpolation operator component by component, since higher-order divergence
moments must be preserved. Thus, for & > 1, we must build II,. so that for all
v € HY(Q), for all £ € Tk, for all ¢ € P*1(K,):

/ q divIl,.v :/ q divv.
Kz KIZ

We recall that by integration by parts, we have:
(3.5) / q divIl,.v + / gradq - II,,.v = / qI,ev - njpg, -
K K K,

Hence, to obtain a local estimate of || Grad I1,,.v||r2(x,), we will need the following
Lemma:

Lemma 4. Let v € HY(K,) and ¢ € P*~Y(K,) N L2, (K;). We have:

(3.6) /a q(v—v,) npg,| < (Vd+1) 77 he | grad qllr2 (k) | Grad vz (k)
Ky
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Proof. We have by integration by parts, and then using Cauchy-Schwarz inequality:

/ q(v—vy) npg,| < ’/ q div(v —v,)
aKg KZ

< Vdllgll2(x,) || Grad(v — vo) |2,y + || grad gllez e, [|(v = vo) e (i)

+‘/ gradq - (v —v,)|,
JK,

< (Vd+1)7" ' hy | grad qll> (k) | Grad vz (k,), using (2.26) twice.
(]

In the next section, we will see that for k = 2, d = 2, we will need Lemma [4
For k > 3, it could be necessary to bound the tangential components of v —v,. To
do so, we would need to preserve curl integrals on K,. Indeed, by integration by
parts, we have:

e Ford=2,veHYQ) and g € P*1(K,

):
/ q (curlqg-v —curlvg) = qVv XNk,
K@ 6K£

e Ford =3, vecHY(Q) and w € P*"1(K)):

/ (W-curlv—curlw-v):/ (njpx, X VX Nag,) - (W X njpg,)-
Ky 8KZ

3.3. Fortin-Soulie mixed finite elements. We consider here the case k = 2,
d = 2 and we study the so-called Fortin-Soulie mixed finite elements [3]. We
consider a shape-regular triangulation sequence (7).

Let us consider Xpg (resp. Xo rg), the space of nonconforming approximation of
HY(Q) (resp. H()) of order 2:

XFS{thPinsc(ﬁl); VfEI%,thGPI(Ff)v/ [vh]quhO} )
Fy
(3.7)

Xo,FSZ{UhEXFs; erI%,thePl(Ff),/ UthZO}-
Fy

The space of nonconforming approximation of H(Q) (resp. H}(2)) of order 2 is
Xps = (Xrs)? (vesp. Xo,ps = (Xo,rs)?). We set Xrs = Xo ps X Qps where
QFS = Pdlzsc(,];L) N Lzmv(Q)

The building of a basis for Xy g is more involved than for X cr since we cannot
use two points per facet as degrees of freedom. Indeed, for all ¢ € Ky, it exists a
polynomial of order 2 vanishing on the Gauss-Legendre points of the facets of the
boundary 0K,. Let f € Tr. The barycentric coordinates of the two Gauss-Legendre
points (p4,7,p— ) on Fy are such that:

prf=(coc ), p_p=(c_,cy), where cx = (141/v3)/2.
These points can be used to integrate exactly order three polynomials:
| Fy|

Vg € P*(Fy), /F 9="5" (9(p+.5) +9(p— 1)) -
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For all £ € Tk, we define the quadratic function ¢, that vanishes on the six
Gauss-Legendre points of the facets of K, (see Fig. [1)):

(3.8) ¢x, :=2-3 Z A7 such that Vf € Ipy, Vg € P'(Fy), / bx,q=0.

i€Ls ¢ Fy

FIGURE 1. The six Gauss-Legendre points of an element K, and
the elliptic function ¢, .

We consider the set of the elliptic functions ¢, :

(3.9) (bh = {¢}z S L2(Q); Yl e IK, (thKz = UK@Qi)Km VK, € ]R}.
We also define the spaces of P2-Lagrange functions:
Xrg = UhEHl(Q); V@EIK,UMKZ EPQ(Kg)},
Xore = {vn€Xra; wvhoo=0}.

The Proposition below proved in [3| Prop. 1] allows to build a basis for Xy pg:

Proposition 10. We have the following decomposition: Xps = Xpg + Ppn with
dim(X e N®y) = 1. Any function of Xps can be written as the sum of a function
of Xrc and a function of ®;,. This representation can be made unique by specifying
one degree of freedom.

Notice that ®, N Xyg = vect(vs), where for all £ € Tx, vg|x, = ¢r,. Then,
counting the degrees of freedom, one can show that dim(Xpgs) = dim(Xpg) +
dim(®,) + 1. For problems involving Dirichlet boundary conditions we can prove
thus that for Xy pg the representation is unique and Xo rs = Xo,rc ® . We
have X ¢ = vect ((¢s,)iezs, (¢F,) fez,) where the basis functions are such that:

¢s,(S5) = bij, ¢s,(My) = 0

oay(Myr) = 05 Omy(Si) = 0
For all ¢ € Tk, we will denote by ((bg,j)?:l the local nodal basis such that:

ViijIS;Vfuf/EIF

(qbf,j)?:l = (¢Si|K2)iEIS,IZ and ((bf,j)?:z; = (¢Ff|K£)f€IF,£'
The spaces Xrg and Xo pg are such that:

Xps = vect ((¢s,)iezs: (OF,) rezr, (O, ) ety )
(3.10)

Xo,Fs

vect ( (¢Si)i€Iga (¢Ff>f€I;;. <¢KE)EGIK )
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‘We propose here an alternative definition of the Fortin interpolation operator pro-
posed in [3]. Let us first recall the Scott-Zhang interpolation operator [26] 27]. For
all i € Zg, we choose some ¢; € Tk ;, and we build the L?(K, )-dual basis (&ghj)?:l
of the local nodal basis such that:

Vj7 j/€{17"' 76}7 ,/K éfi,j ¢Zi1jl :63"]-/'
£

Let us define the Fortin-Soulie interpolation operator for scalar functions by:
H! (Q) — Xpg
(3‘11) TFS : v Z vs, ¢s; + Z UFf¢Ff + Z VK, PK,

i€Zls f€lr el
e The coefficients (vs,);c7, are fixed so that: Vi € Zg, vg, = /K ’U(];[i’ji,
2,1
where j; is the index such that / q;éi,ji bsi\k,, = 1
Ky,
e The coefficients (va)feIF are fixed so that: Vf € ZTp, /Ff v = /Ff .

o The coefficients vk, are fixed so that: / TRV = / V.
K, Ky

The definition (3.11) is more general than the one given in [3], which holds for
v e H2(Q).
We set v, := (701(S;), 702(S:))" and v, := (7vi (Fy), 7v2(Ff))".
We can define two different Fortin-Soulie interpolation operators for vector func-
tions. First, let

~ Hl(Q) — XFS

Ips : vV = Z VS,;QSSi + Z VFf¢Ff + Z \7}([(251(@,

i€Lg fETr Lelyk

where the coefficients (Vg,)sez, are such that:

(3.12) VI € Ty, / ﬁFSVZ/ V.
K, Ky

The interpolation operator Il pg preserves the local averages, but it doesn’t preserve
the divergence. We then define a second interpolation operator which preserves the
divergence in a weak sense:
H1 (Q) — XFS
IFs : v = Z VS,-,¢Si + Z VFf¢Ff + Z VK(QSKe

i€ls fETR LeTx

For all £ € Ty, the vector coefficient vy, € R? is now fixed so that condition (2.41))
is satisfied. We can impose for example that the projection II1pgv satisfies:

(3.13) / T, ' (x) divIIpsv :/ T, ' (x) divv.
Ky

K,

Notice that due to (3.8)), the patch-test condition is still satisfied.
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Proposition 11. The Fortin-Soulie interpolation operator llpg is such for all 0 <
s <1, for all v.€ H**(Q), we have:

(314) NS Ik, || Grad(HFSv — V)||L2(Kz)
(3.15) Mrsv —vn

S (002 (he)® |[VIms (5,

5 0'2 h® |V‘H1+S(Q).

Remark 2. Albeit we are inspired by the proof of |2, Lemma 4], we changed the

transition from equation (4.27) to (4.29) there by using only the properties related

to the mnormal component of the velocity, cf . In the original proof, one needs a

stronger assumption on the regularity of v (namely, v € m H'™"(Q) with sq >
0<s5<s0n

%) Finally, because we do not split the integral over the boundaries of elements

into the sum of d + 1 integrals over the facets, we obtain purely local estimates,

which appear to be new for the Fortin-Soulie element in the case of low-regularity

fields v.

Proof. Let v € H'(Q). We have:

|| Grad (HFSV*V)”IL?(K@) S || Grad (HIZSV*ﬁFSV)H]LQ(KL;)

3.16
( ) +|| Grad (HFSV_V)”]L?(KZ)-

Notice that for all £ € Tk, (Hpsv — ﬁpsv)‘KZ = (VKZ — {’Ke) ¢K2'
Using (2.23)-(7), we obtain that:

| Grad IIpsv — ﬁFSV)”]LQ(Kg) S vk, - ‘7K/z|1|| grad ¢, ||L2(Ktz)
S B IKe? v, — V|-

~

(3.17)

Let us estimate |V, — Vi,|. On the one hand, we haveﬁ
/ (Mpgv — f[FSV) = / (Mlpgv — v) from (3.12)),
K, Ky

= X (Ilpsv —v) -njpk, by IBP and using (3.13),
0K,

= / (x —x) (IIpsv — v) - sk,
0K,

since [y, (Ilpsv — V) *njar, =0,

= / (x —x) (lpsv —v)- njpk, from (3.8).
oK,

On the other hand, it holds:

- B K B
/ (Mpsv —Hpsv) = (Vik, = VK,) | ¢k, = |TA (Vk, = VK,)-
Kz KE

Hence we have:

(3.18) Vi, — Vi, | < 4K ™

/ (x — x) (Ilpsv — v) 3 ETAR
K,

3Let set w = Mpsv — v = (wi,w2)T and x := (z1,22)T. By IBP, we have for d’ = 1,2:
faK@ Ty W-NgE, = fK@ g divw—l—fK[w-ed/. Due to (3.13)), fK@ g divw = 0, so that for
d =12 fK[ wyr = faKg Ty W N|gK, -
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In order to bound the right-hand-side of (3.18) component by component, we can
use Lemma [} with ¢ = 24 — [y, za /|Ke] (@ = 1,2), s0 that || grad alluagic,) =

|Ky|2. We obtain:
(3.19)  |vi, — Vi,| <4dx (Vd+1) K| "2 7~ he|| Grad(llpsv — v)||L2 (k)

Combining (3.17) and (3.19)), we have:
H Grad (Hpsv — l:IFSV)”]LQ(Kg) ||]Bz_1|| he ||~Gl‘ad(ﬁpsv — V)”ILQ(KZ)?

<
,S ay || Grad(Hpsv — V)”]LQ(Kz)'

For all v € P?(K;) we have ].:.[FS'(V) =v and ﬁpgffg = vy. Hence, using Bramble-
Hilbert/Deny-Lions Lemma [I8, Lemma 11.9], we have for m = 0,1, for all v €
H1+m(Q)I
Ve Ik, || Grad(ﬁpsv - V)HIL?(K() 5 oy (hg)m |V|Hl+7n(K[).
We deduce that for m = 0,1, for all v.€ H!T™(Q), for all £ € Z:
| Grad(Ilpsv — v)|li2(x,) S (90)° (he)™ [V]mrim (k)
Hence, by summation, we get that for m = 0, 1, for all v.€ H!*™(Q):
|| Grad(HFsv - V)”]LZ(Q) 5 0’2 h™m |V|Hl+m(Q).

Using interpolation property [28, Lemma 22.2], we obtain (3.14)) and ([3.15]). O

Hence, using the triangular inequality, we have:
| Gradpsviiz(x,) < | Grz;d(HFsv —V)|lL2(x,) + || Grad v||i2(k,),
S (o) + Dlvle k-
By summation over ¢, we deduce that the coefficient C),. in (2.40)) is here equal
02 + 1. We recall that the discrete Poincaré-Steklov inequality (2.30) holds.

Theorem 6. Let X), = Xpg. Then the continuous bilinear form agp(-,-) is Th-
coercive and Problem (2.39) is well-posed.

Proof. According to Proposition the Fortin-Soulie interpolation operator Ilgg
satisfies (2.40)-(2.41), so that we can apply the proof of Theorem [4] d

Notice that in the recent paper [29], the inf-sup condition of the mixed Fortin-

Soulie finite element is proven directly on a triangle and then using the macro-
element technique [30], but it seems difficult to use this technique to build a Fortin
operator, which is needed to compute error estimates.
The study can be extended to higher orders for d = 2 using the following papers:
[BI] for k > 4, k even, [32] for k =3 and [25] for £ > 5, k odd. In [33], the authors
propose a local Fortin operator for the lowest order Taylor-Hood finite element [16]
for d = 3.

4. NUMERICAL RESULTS IMPROVING CONSISTENCY

4.1. H(div)-conforming velocity reconstruction. Consider Problem (2.3) with
data f = —grad ¢, where ¢ € H*(2) N L2, (Q). The unique solution is then
(u,p) := (0,¢). By integrating by parts, the source term in (2.8)) reads:

(4.1) vv € HY (), /Qf-v:/Qquivv.
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Recall that the nonconforming space X defined in (2.28) is a subset of P,H:
using a nonconforming finite element method, the integration by parts must be
done on each element of the triangulation, and we have:

(42) Vv e P,H!, / fov=(divav,¢)r2) + / VlF, -0y .
Q fGIF Ff
Using Lemma |4] we have: Z / VlF, -0y ¢ S h|valn || grad ¢||p2(q). Applying
fezr ' Fs

to the right-hand-side of (2.39) and choosing v;, = uy, it holds: v ||uxlln <
h| grad ¢[|12(o) (as expected by). Hence, the term with the jumps acts as a
numerical source for the discrete velocity, which numerical influence is proportional
to h/v. Thus, we cannot obtain exactly u, = 0. Linke proposed in [34] to project
the test function v;, € X, on a discrete subspace of H(div; ), like Raviart-Thomas
or Brezzi-Douglas-Marini finite elements (see [35], B6], or the monograph [I7]). Let
Haiv : Xo.n — PF..(Th) N Ho(div; Q) be some interpolation operator built so that
for all v;, € X p, for all £ € Tk, (div gy Vva)|x, = div vy k,. Integrating by parts,
we have for all v, € Xg p:

/f‘HdivVh = /¢ div gy vy = Z ¢ div gy v,
Q Q teK, ’ Ke
= Z gf) div Vi = (divh Vi, ¢)L2(Q).
teK, ’ Ke
The projection Ilg;, allows to eliminate in Equation (4.2)) the last term of the right-
hand-side.
Let us write Problem (2.39)) as: Find (up, pp) € &}, such that

(4.3) asn ((Unspr)s (Vi,qn)) = e ((Haiw Vi, qn))  Y(Va, qn) € X

In the case of X}, = Xcg and a projection on Brezzi-Douglas-Marini finite elements,
the following error estimate holds if (u,p) € H?(Q2) x H(Q):

(4.4) Hu — uhHLz(Q) < 5}12 ‘u‘HZ(Q),

where the constant C if independent of h. The proof is detailed in [37] for shape-
regular meshes and [38] for anisotropic meshes. We remark that the error doesn’t
depend on the norm of the pressure nor on the v parameter. We will provide
some numerical results to illustrate the effectiveness of this formulation, even with
a projection on the Raviart-Thomas finite elements, which, for a fixed polynomial
order, are less precise than the Brezzi-Douglas-Marini finite elements.

For all ¢ € Zr, we let Pk (K;) be the set of homogeneous polynomials of order k
on Kg.

For k € N*, the space of Raviart-Thomas finite elements can be defined as:

Xpr, = {v € H(div; Q); V¢ € Ty, vk, = a¢ + bex | (ar, be) € PF(K,)* x Pl (Ko)} .
Let k < 1. The Raviart-Thomas interpolation operator gy, : HY(Q) U X; —
X g, is defined by: Vv € HY(Q) U X,
Vf eIy, / Irp,v-nyq :/ v-npq, Vqé& P*(Fy)

Fy

(4.5) Fy
for k=1,Vl € Ik, / HRT1V=/ v
K, K,
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Note that the Raviart—Thomas interpolation operator preserves the constants. Let
vy € Xp. In order to compute the left-hand-side of , we must evaluate
(OgrT,vn) |k, for all £ € Zx. Calculations are performed using the proposition
below, which corresponds to [39, Lemma 3.11]:

Proposition 12. Let k < 1. Let lzp, : HY(K) — P*(K) be the Raviart-Thomas
interpolation operator restricted to the reference element, so that: Vv € H(K),

Vﬁ'eak, /AﬁRTk\Af'np(j:/

(4.6) ) g
for k:]., HRTk\A’:/ v
K K

E
We then have: V¢ € Ty,

v-npg, V§jePrE)

(A7) (Mrrov)i, (x) = Be (TarBe v ) o 7,7 (x) where ¥ = vo Ty(%).

The proof is based on the equality of the £ and K-moments of (Og7,,v) |k, 0Te(X)
and By (ﬁRTkIB%[lw) (X). For k = 0, setting for d’ € {1,--- ,d}: v 4 == Vs eq,
we obtain that:

(48) V0 Tic, ¥f € Twe, (Mnmtbpa)i, = (d1Ked) " (x = 0810) Spe-ewr,

where Sy, is the vertex opposite to Fy in K.
For k = 1, the vector (Ilrr, V1) k, is described by eight unknowns:

(HRTlvh)\Kg =A;x+ (bg . X)X + dy, where Ay € RQXQ, b, € RQ, d, € R2.
We compute only once the inverse of the matrix of the linear system (4.6]), in R8>8,

4.2. Application with manufactured solutions. In the Tables and [3] we
call ef(u) = |lu — wpllL2(0)/[|(u,p)|lx the velocity error in L*(2)-norm, where
uy, is the solution to Problem (columns X¢gr and Xpg) or (columns
Xecr + Ogr, and Xpg + Hgr,) and b is the mesh size.

We first consider Stokes problem inQ=(0,1)2 withu=0,p=(z1)3+(22)%—
0.5, f =gradp =3 ((21)?, (x2)? )T. We report in Tableeg(u) for h="5.00e — 2
and for different values of v.

v Xer  Xept+Upr,  Xps  Xps+1gn
1.00e—4 7.96e—4 459e—17 88le—7 1.54e—16
1.00e—5 7.96e—4 459e—17 88le—7 1.54e—16
1.00e—6 7.96e—4 459e—-17 88le—7 1.54e—16

TABLE 1. Values of f(u) for h =5.00e — 2

Here we have [|(u,p)||x = v||p[|12(0)- Hence, the L?(€2)-norm of the discrete velocity
[[upllL2(q) is proportional to »~!. Using the projection, we obtain ef(u) = 0 close
to machine precision.

We now consider Stokes problem in Q= (0,1)? with:

_ ((1 —cos(2mx1)) sin(2 7 z9)

(cos(2mag) — 1) sin(27rw1)) , p=sin(2mz;y) and f = —v Au + grad p.
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We report in Table [2] (resp. [3)) the values of €4 (u) in the case v = 1.00e — 3 (resp.
v =1.00e — 4) for mesh sizes. We observe that when there is no projection, €f(u)
is independent of v, whereas using the projection, €f(u) is proportional to v.

h Xcr  Xc¢r+ gy, XFs Xps + gy
5.00e—2 1.32e—-3 2.74e —5 4.73e—6 5.06e—17
2.50e—2 3.30e—4 6.93e —6 5.06e — 7 6.42e — 8
1.25e—2 8.25e—-5 1.74e -6 6.31e — 8 8.10e—9
6.25e—3 2.04e—5 4.35e—7 7.44e -9 1.03e—9

Rate h2.00 h1‘99 h3.08 h2.97
TABLE 2. Values of f(u) for v =1.00e — 3

h Xcr Xcr + gt XFrs Xps + gy,
5.00e—2 1.32¢-—3 2.74e -6 4.70e —6 5.05e¢ —8
250e—2 3.30e—4 6.93e -7 5.10e -7 6.43e—9
1.25e—2 8.25e—5 1.74e -7 6.37e—8 81le—10
6.25¢—3 2.04e—5 4.36e—8 7.51e—9 9.77e—11

Rate £,2:00 199 1,3-08 }2:99

TABLE 3. Values of f(u) for v =1.00e — 4

Let us consider Stokes problem (2.3 with a low-regular velocity. Let Q = (0,1)2,
So = (0.5,0.5), and (r,0) be the polar coordinates centred on Sy. We set:

a—2

u=r1%y, p=r sothat f:= —vAu+gradp=v(l —a?)r* 2ey+e,.

We report in Table [4] the values of eff (u) for v = 1.00 e —4, and for different for mesh
sizes, with a = 1 and a = 0.49. For a = 1, u = (—y,z)T € H2(Q2). For a = 0.49,
ue ﬂ H'"$(Q), hence u ¢ H?(Q). Tt seems that the Raviart-Thomas projec-

0<s<a
tion is less efficient in that last case.

In order to enhance the numerical results, one could also use a posteriori error esti-

a=1 a =045
h XFs Xps + Hgrp, XFs Xps + gy,

1.00e—1 3.03e—5 28le—6 3.05e—5 3.94e—6

5.00e—2 434e—6 1.54e—6 4.57e—6 2.15e—6

250e—2 4.72e—7 24l1e—8 9.70e—7 852e—7

Rate hS.OO h3‘43 h2.48 hl.ll

TABLE 4. Values of ¢ (u), regular and low-regular velocity, v =
1.00e — 4.

mators to adapt the mesh near point Sy (see [40, 41] for k = 1 and [42] for k = 2).
Alternatively, using the nonconforming Crouzeix-Raviart mixed finite element method,
one can build a divergence-free basis, as described in [43] for kK = 1. When k =1,
following the initial work of [44], one can also add P!-Lagrange basis functions to
the space of the discrete pressures as explained in [45]. The discrete velocity is
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then such that uj, € H(div0; Q). Notice that using conforming finite elements, the
Scott-Vogelius finite elements [46] 47, 48] produce velocity approximations that are
exactly divergence free.

The code used to get the numerical results can be downloaded on GitHub [49].

5. CONCLUSION

We analysed the discretization of Stokes problem with nonconforming finite ele-
ments in light of the T-coercivity theory. Furthermore, we obtained local stability
estimates for order 1 in 2 or 3 dimension without mesh regularity assumption; and
for order 2 in 2 dimension in the case of a shape-regular triangulation sequence.
This local approach, splitting the normal and the tangential components could help
to generalize our results to order k > 3 (using maybe also other internal moment
conservation). This is ongoing work. We then provided numerical results to illus-
trate the importance of using H(div)-conforming projection. Further, we intend to
extend the study to other mixed finite element methods.
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