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In many industrial fields, physical phenomena are commonly modeled by numerical sim-
ulators. These simulation codes can take a high number (dozens, if not hundreds) of
uncertain parameters as input variables. Since computer-based simulation experiments
are time-consuming, the permissible number of runs is most often very limited. In this
context, the benefits brought by a preliminary global sensitivity analysis are twofold. On
the one hand, the screening step allows to select a smaller amount of influential inputs in
order to reduce dimensionality or to support the construction of a surrogate model. On
the other hand, the influence of each input variable is quantified and the associated rank-
ings provide a relevant piece of information that can be used in the sequential building
process of a metamodel as in [4]. In view of these two purposes, total-order Sobol indices
are often regarded as the most adapted indicators. Unfortunately, unlike their first-order
counterparts, their estimation requires a too large number of simulations.

To remedy this difficulty, a new class of sensitivity measures built upon the theory of
reproducing kernel Hilbert spaces (RKHS) has emerged over the last decade [1]. Each
input variable is assigned a continuous positive definite kernel and is equipped with the
related RKHS. The same is done for the output variable. The distance between the
joint input-output bivariate distribution and the bivariate distribution obtained under
independence is measured through the distance of their respective embeddings in the
tensorized RKHS, which leads to the Hilbert-Schmidt Independence Criterion (HSIC) [3].
Since HSIC indices can be expressed by means of kernel-based statistical moments, their
estimation can be achieved at minimal computational cost and without estimating the
joint input-output distribution. However, HSIC indices are often blamed for their lack
of interpretability because their sum is not equal to 1. As a consequence, they do not
fit into the advantageous framework that goes with analysis of variance (ANOVA). To



bridge this gap, it has been recently proved that the use of orthogonal kernels enables an
ANOVA-like decomposition for HSIC indices [2]. When the input variables are uniformly
distributed, Sobolev kernels (parametrized by a smoothness parameter ) match all the
required conditions. They allow to define higher order HSIC indices (especially total-order
HSIC indices) and therefore to rigorously separate main effects and interactions.

The main objective of this work is to provide new insights into Sobolev kernels which
have indeed been very few studied so far. First, we demonstrate that Sobolev kernels are
characteristic. This ensures that the nullity of Sobolev-based HSIC indices is equivalent to
independence. Then, another notable contribution of this work is the identification of one
explicit feature map for Sobolev kernels, which may help the user understand the spectrum
of dependency patterns that can be captured by this novel HSIC index. As with most
kernels, the canonical feature map (resulting from Aronszajn’s theorem) is uninformative.
An additional pitfall comes from the fact that Sobolev kernels are not shift-invariant,
which prevents the use of Bochner’s theorem and the following characterization in terms
of Fourier transform. Instead, another kind of feature map stems from Mercer’s theo-
rem which asserts that any continuous kernel on a compact set may be rewritten as an
infinite sum that only implies the eigenvalues and eigenfunctions of the corresponding
kernel integral operator. This key result discloses a feature map that sends the unit in-
terval into the Hilbert space of real-valued square-summable sequences. The eigenvalue
problem arising from this new feature map is tackled in two different ways. Firstly, we
investigate the benefits of kernel feature analysis where eigenvalues and eigenfunctions are
estimated from Gram matrix simulation. It allows to visualize eigenfunctions and some-
times to come up with closed-form candidate functions. Secondly, we demonstrate that
the eigenvalue problem is equivalent to a Cauchy problem consisting of a linear homo-
geneous ordinary differential equation with constant coefficients and a sufficient number
of boundary conditions. Then, two situations deserve a specific study. When r = 1, an
exact analytical solution is available. On the contrary, when r = 2, the Cauchy problem
cannot be completely solved. A solution in the form of a linear combination of analytical
functions is obtained but the coefficients cannot be retrieved. An asymptotic approxi-
mation is then derived to accurately estimate small eigenvalues while robust numerical
resolution is achieved by use of a semi-analytical adhoc calibration algorithm.
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E Introduction

X ;] be arandom vector with independent components (d =

- LetX :=

[Xy, o,

100).

> LetY := g(X) where g: R? - R is a computationally-expensive simulation code.

Uncertain parameters

Complex system

B [ o O
-~ n-sample of Y = g(X)
X Py,
? * Simulation code g(-) i
;
A X I Zob's l
Xa Py,
— — Zg = {(XO, YO
Screening/Ranking

n |] SENSITIVITY ANALYSIS [|

—-> Total-order Sobol’ indices cannot be estimated from a small amount of input-output samples.
- The HSIC indices of Gretton et al. (2005) have been inscreasingly used since Da Veiga (2014).
S
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E From HSIC indices to HSIC-ANOVA indices

Reminders on HSIC indices

- Let Py and Py be the probability measures associated to X to Y.
- Akemel K; : X; X X; = R (with feature space F; and feature map ¢;) is assigned to X;.

> Akemel Ky : Y XY — R (with feature space G and feature map ¢y) is assignedto Y.

Ky (y,y') =

Institut de recherche sur les systémes nut

and ey (@), oy (¥))g

V1<i<d, | Ki(ziz}) = (pi(z}), pi(®:)) 7

» This allows to define the Hilbert-Schmidt Independence Criterion (HSIC).
v Kernel-based dissimilarity measure between Py , and Py QPy.

rbone
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E From HSIC indices to HSIC-ANOVA indices

Reminders on HSIC indices

- Let Py and Py be the probability measures associated to X to Y.
- Akemel K; : X; X X; = R (with feature space F; and feature map ¢;) is assigned to X;.
> Akemel Ky : Y XY — R (with feature space G and feature map ¢y ) is assignedto Y.

V1<i<d, | Ki(zi,z}) = (pi(2}), pi(®i)) 7| and | Ky (y,¥') = (pv (¥), v (¥))g

» This allows to define the Hilbert-Schmidt Independence Criterion (HSIC).
v Kernel-based dissimilarity measure between Py , and Py, QPy.

v Norm of a covariance-like operator between the feature maps ¢; and ¢y.

CX,-Y:g—>fi

2 .
HSIC(X;,Y) = [[Ox,y || with Cx,y = E[pi(Xi) ® py (V)] — E[pi(Xi)] ® E[py (V)]

> Explicit knowledge about the feature maps ¢; and ¢y may help understand HSIC indices.
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E From HSIC indices to HSIC-ANOVA indices

Reminders on HSIC indices

- Let Py and Py be the probability measures associated to X to Y.
- Akemel K; : X; X X; = R (with feature space F; and feature map ¢;) is assigned to X;.
> Akemel Ky : Y XY — R (with feature space G and feature map ¢y) is assignedto Y.

V1<i<d, | Ki(zi,z}) = (pi(2}), pi(®i)) 7| and | Ky (y,¥') = (pv (¥), v (¥))g

» This allows to define the Hilbert-Schmidt Independence Criterion (HSIC).
v Kernel-based dissimilarity measure between Py , and Py QPy.

v Norm of a covariance-like operator between the feature maps ¢; and ¢y .
—~> Let (X;,Y) and (X;,Y") be two independent copies of Py .

HSIC(X,.Y) = Ex,v [Ki(Xi, X)) Ky (Y, Y")] + Ex, x: [Ki(Xi, X))] Eyy: [Ky (Y,Y")]
Xy’

3

—2Ex,y [Ex{ [ (X, X[ By [ Ky (Y, Y/)H

» The estimation of HSIC(X;, Y) can be considered with either a U-statistic or a V-statistic.
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E From HSIC indices to HSIC-ANOVA indices

Towards an ANOVA decomposition in the HSIC paradigm

Keynote 4 - Sébastien DA VEIGA
A kernel-based ANOVA decompositon: extending sensitivity analysis and Shapley effects with kernels

» Da Veiga (2021) > HSIC(X, Y)) may be apportioned between independent inputs.

HSIC(X,Y) = Z HSIC > (=yMEMESsIC(X,, Y)

uC{1,.. uC{1,....d} vCu

» The first-order and total-order HSIC-ANOVA indices are then defined by:

HSIC(X;,Y HSIC(X_;,Y
SIC( ) and TiHSIC —1_ SIC( )

HSIC(X,Y) HSIC(X,Y)

» Each input kernel K; must be an ANOVA kernel.
v K; = 1 + k; with k; an orthogonal kernel.

Vi<i<d, SPI°.=

Vo, € X, / kz(:cz,z) dI[DXi(Z) =0
X;
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E From HSIC indices to HSIC-ANOVA indices

Focus on Sobolev kernels

- The input variables X, ..., X; need to be independent and uniformly distributed on [0,1].
> Sobolev kernels K¢, = 1 + k¢, (with r a smoothing parameter) are then orthogonal.

'r)BJ (z') (1)t

Kgop (2, 27) =1 + Z @) Boy (Jz — ')
=1 + k' (z,2") + Bz, x")
<980b 980b >7-U - + <<PTA ($,)7 <PTA (CB)>RT + <0r HT «’L’)>HT
trivial feature map in R” canonical feature map

1. The definition is based on Bernoulli polynomials > lek(t)dt =0foral k > 1.
B](x)

1sjsr

2. ltis easy to see that kj (x, x") = (@i (x"), @4 (x))rr with @4 (x) = [

3. Bochner's theorem cannot be applied because kj (x, x") = t5(|Jx — x'|) with t}; & L*(R).

O How to find a unified feature map ¢g,,?
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E How to find a feature map for Sobolev kernels?

Approach 1: kernel feature analysis

- Let Py be a probability measure on a compact domain X,
> The kernel integral operator is defined by:

TK . LQ(X,]P)() — LQ(X,Px)
f —  Txf  with [Txf](z) ::/XK(J:, 2)f(z)dPx(2)

Mercer’s theorem

There exists an orthonormal basis {¢;}; ¢; of L2(X, Py) consisting of eigenfunctions of Ty.
The associated eigenvalues {A;}; ¢; are non-negative.
K admits the following representation:

K = ) 4 didi) = (0G0, 00z
i€l

and convergence is absolute and uniform. In addition, ¢ (x) = [\/2;¢;(x)]

i€l

» An infinite-dimensional eigenvalue problem has to be solved > Tx¢ = A¢p with A > 0
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E How to find a feature map for Sobolev kernels?

Approach 1: kernel feature analysis

- Let [Py be a probability measure on a compact domain X
> The kernel integral operator is defined by:

TK : LQ(X,]P)() — LQ(X,Px)
f —  Txf  with [Txf](z) ::/XK(J:, 2)f(z)dPx(2)

Kernel Feature Analysis (KFA) / Kernel PCA

> Let {xj}1<j<n be a n-sample of a random variable X~ Py.
> Discretization leads to a finite-dimensional eigenvalue problem:

Lv=nA\v with L= |K(z;2;)],_, .., and v=I[o(z:)] .,

» Computation of the eigenvalues and eigenvectors of the Gram matrix L.

v' Estimation of the n largest eigenvalues and eigenfunctions of Ty.

U What about Sobolev kernels k¢,;,?
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How to find a feature map for Sobolev kernels?

> Py =U(01])
> kdop (6 x") = By (OB () + 5 By(Ix = x'])

n Sobolev kernel withr = 1

U What do the eigenfunctions look like?

0.0984

0.0261 T

0.0116
0.0067

I
L T
L

000 002 004 006 008 010 012
1

Eigenvalues Eigenfunctiohs
> Conjecture: Vk > 1, ¢, (t) = V2 cos(knt)
. : Ak
» Calculation by hand: ) 1.
1
[Ty dr] (w0) = / kﬂsob(l’o,z)%(z) dz=...= ok (o)
0 (k)
!/
> Conclusion: K3, (z,z') =1+2 Z k7r)2 cos(kmz) cos(kmx’)
Donamet ot s X Feprdintonof o v EA s st ol it e echerhe e stimes i s ot e

How to find a feature map for Sobolev kernels?

2> Py =U(0,1])
> kpp(x,x") = By(x)By(x") + %Bz (x)By(x") — %BAIx )

n Sobolev kernel with = 2

U What do the eigenfunctions look like?

0.10

0.0894

0.08
1

0.06
L

0.02
|

000
1

T T T
2 0.0 02 04 0.6 0.8 10

Eigenvalues Eigenfunctions

> Conjecture: Vk > 1, ¢, (t) = V2k + 1 L, (2t — 1) with L the k-th Legendre polynomial

> Calculation by hand: this is a numerical illusion!

. 1 1
v 1, > 1, and ¢, pseudo-linear > K2, (x,x") =~ 1+ 12 4, (x — E) (x’ — 5)
> Conclusion: KZ , is very close to the dot-product kernel.
CommlssarlatalJer(l:sérgle atomlque;t;ﬂlgeniﬁiisalteég:hx:"s“ A — titatl perch ’ . el {RESI\{EI?E]RL?ES’ILLEMS




E How to find a feature map for Sobolev kernels?

Approach 2: transformation into a Cauchy problem
> Any eigenfunction ¢ of Tyr . is infinitely differentiable on [0,1]. We proved that:

Ty, ¢ = Ao

[ #71(0) = 4¥I(1) = 0
AL+ (—1)™ g =0 with V0 <p<r—2,(=1)"P(glPI(1) — ¢P/(0)) = ¢2"—P~1(0)
V0 < p <1 —2,6Pr7PmH(0) = PPl

» For k{,,, the eigenvalue problem is equivalent to a Cauchy problem (€,.) comprised of:
v" An homogeneous linear ODE of order 2r with constant coefficients.
v" 2r boundary conditions on ¢ and its following derivatives (up to order 2r — 1).

n Sobolev kernel withr = 1

(C1): A" (t) + o(t) =0 with ¢'(0) =0 and ¢'(1) =0
» There are solutions to (€;) ifand only if A € ( o )2)

k>1
> Analytical resolution yields ¢, (t) = V2 cos(kmt) = consistent with KFA!
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E How to find a feature map for Sobolev kernels?

Approach 2: transformation into a Cauchy problem
> Any eigenfunction ¢ of Tyr . is infinitely differentiable on [0,1]. We proved that:

Ty, ¢ = Ao

) #710) = ¢(1) =0
AL+ (—1)™ g =0 with V0 <p<r—2,(=1)"P(glPI(1) — ¢P/(0)) = ¢2"—P~1(0)
V0 <p <7 — 2,62 7H(0) = grmrml()

» For kZ,,, the eigenvalue problem is equivalent to a Cauchy problem (€,.) comprised of:
v" An homogeneous linear ODE of order 2r with constant coefficients.
v" 2r boundary conditions on ¢ and its following derivatives (up to order 2r — 1).

n Sobolev kernel with r = 2
(C2) : Apl(t) — p(t) = 0 with {

¢"(0) =¢"(1) =0

¢(1) — ¢(0) = ¢l (0) = ¢l%(1)

» The eigenfunctions are actually not polynomials.

» We cannot go further! There is no closed-form expression for these eigenvalues.
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E How to find a feature map for Sobolev kernels?

Approach 3: series expansions of Bernoulli polynomials

Kiop(@,2) = 1+ Ky(a, ') + kp(2,2)) with |k(e,a’) = ST By, (o — of))

(2kma — ox
Yn>2, Y0<z<1, Bn(z)= anCOS 27]:” 7)
7T

> With this in mind itis straighforward to see that:
Bz, 2) = 2:1 2]” [cos (2k7z) cos(2kmx’) + sin(2knx) sin(2kmz’ )]

_ 1
Ak = gy

= Z Aicr(z)er(z') + Z Aesk(x)sk(2") with < cp(t) = v/2cos(2knt)
k=1 k=1 sp(t) = /2sin(2knt)

1. Explicit feature map ¢} of k5 in £2(N, R). It can be combined with ¢ which arrives in R”.
2. The functions (ci) k=1 and (s;);»1 are orthonormal. This is the Mercer decomposition of k.
3. Forj =1, (c,s;) is one orthonormal basis for the 2-dimensional eigenspace of ;.
e LTI

E How to find a feature map for Sobolev kernels?

Approach 3: series expansions of Bernoulli polynomials

Kiop(@,2') = 1+ Ky (x,2') + k(z,2)  with |Kp(z,a’) = S5 Bae(jz — 2/|)

(2kma — ox
Yn>2, Y0<z<1, Bn(z)= anCOS 27]:” 7)
7T

> Global feature map from [0,1] in #2(N, R) that explicits feature functions:

Bk(l‘ Bk 1
K p(x,2') =1+ Z + Z (2k o [cos(2k7r:c) cos(2kmz’) + sin(2knz) sin(2kma’ )]

Kb (,2") = (0o (@), Pob () oy With:

r (SL‘) _ [1 (B,c :1:)) (\/ﬁcos@kmn)) (ﬁsinﬂkmz)) ]
Psob\T) = |1y k) crer|’ e ) sy’ (CLZ N
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E Are Sobolev kernels characteristic?
polynomial

r
Sob

constant
features

+

!

sinusoidal

features features
P i
B4l + |k

| |

T _ T T
Sop = [Span({1})| @ |H} @ Hp
constant functions zero-mean functions
fG)= 1|+ BiBi(-)| +
HE, = { f € RO ; o Z (2k )k kz: 2k yr ok
with Yo € R, (6i)1§i§r eR" and (ak)kzl, (bk) k>1 g2(N* )
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constant sinusoidal

features features features

Sob = + [k + [kB

to = |Span({1})| @ |HW @ Hy

constant functions zero-mean functions

fG)= 1|+ BiBi(-)| + -

Hiop = 3 f € RO ; Z@k) kz
k>1

> The RKHS contains all Bernoulli polynomials, hence all polynomials:

2k yr ok

with v0 € R, (Bi)i<i<r € R" and (ag)r>1, (br)k

R)

By =1¢€Span({1})| ; |Bu,

,Br € H"y| ;

(Bk)kZT-I—l = HTB

> Stone-Weierstrass theorem —> the polynomials are dense in C([0,1]).

KZ,,UNIVERSAL & K7, CHARACTERISTIC
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E Are Sobolev kernels characteristic?

constant polynomial sinusoidal
features features features
Sob = + [k + [kB
T _ T T
Sop = [Span({1})| @ |H} @ Hp
constant functions zero-mean functions
fC)= ||+ BiBi()| +
Hiop, = fE]RIOJ] ; e Z (2k )T kz: 2k )7"
with 70 € R, (Bi)1<i<r €R" and (ar)k>1, (br)k>1 € £2(N*,R)

> Sobolev kernels K¢, are characteristic.
v' First-order HSIC-ANOVA indices allow to detect independence:

SHSIC — ) «—= HSIC(X;,Y)=0 < X; LY
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E Conclusion

What must be remembered about Sobolev kernels?

gob(xax/) =1 + gob(xvxl) =1 + k;&(xaxl) + k%(max/)
orthogonality sum of translation
constraint separable functions invariance
Py = U([0,1]) HSIC-ANOVA polynomial sinusoidal
features features

» They are CHARACTERISTIC and they therefore can be used to build tests of independence.

n Sobolev kernel withr = 1

> The joint effect of k} and k% results in sinusoidal features.

n Sobolev kernel with » = 2 | - It behaves like the dot-product kernel.
MUST NOT

» The eigenvalues of Tz have a faster decay speed (1/k* instead of 1/k?). BE USED
» The sinusoidal features vanish. They are replaced by polynomial-like features.
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