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The promise posed by half-Heusler compounds as thermoelectric materials depends on their thermal conduc-
tivity, which is strongly affected by doping. Here we elucidate the effect of p dopants on the lattice thermal
conductivity (κph) of seven selected half-Heusler compounds and for twelve different substitutional defects. We
unveil a strong reduction in κph even for low concentrations of transition-metal substitutional atoms. Furthermore,
we quantify the strength of the bond perturbation induced by substitutional impurities and interpret it in terms of
the changes in the local electronic density of states. In several cases we find a significant destructive interference
between the mass difference and bond perturbations which reduces the phonon scattering rates below the value
expected if the two effects were treated independently. We compare our first-principles calculations with the
available experimental measurements on the thermal conductivity of (Zr, Hf)Nb-doped NbFeSb and SnSb-doped
ZrCoSb. For the latter, including the effect of independent Co vacancies and interstitials yields an almost perfect
agreement with experiment.

DOI: 10.1103/PhysRevB.103.174112

I. INTRODUCTION

Thermoelectric materials are defined by the fact that they
develop an electric potential difference when subject to a ther-
mal gradient. A closed circuit comprising two thermoelectric
materials with different Seebeck coefficients can generate an
electric current under a temperature difference between the
two junctions of the materials [1]. The efficiency of this con-
version from thermal to electrical energy is directly related to
the value of the materials’ thermoelectric figures of merit [2].
For a single material, it is defined as

zT = S2σT

κ
, (1)

where S is the Seebeck coefficient, σ is the electrical conduc-
tivity, and κ = κel + κph is the thermal conductivity, split into
its electronic and phononic contributions.

Several previous experimental [3,4] and theoretical pub-
lications on half-Heusler compounds have mainly focused
on the electronic contributions to the zT expression, with a
particular interest in the power factor S2σ , the analysis of the
correlation between bonding properties and carrier mobility
[5], and the treatment of the electronic relaxation times [6],
which requires going beyond the constant relaxation time
approximation (RTA) often employed in the case of simple
metals. To extract κel the Wiedemann-Franz law is usually
employed. Since a low thermal conductivity is required to
optimize zT , it is of paramount importance to be able to
reduce κph as well as maximize the electronic power factor

*These authors contributed equally to this work.
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σS2. This optimization can be achieved by nanostructuring
and/or doping.

Past works on doped and alloyed half-Heusler compounds,
including Refs. [3,4], used simplified phonon-defect scatter-
ing models for the computation of κph. Several of these works
considered only the mass difference between host and substi-
tuted atom [7] as the source of phonon scattering, while others
included the defect-induced change in the local chemistry at
the empirical model level [8–10], or did not consider at all
the role played by impurities [5]. Therefore, a first-principles
understanding of how dopants affect κph in these materials,
considering the perturbation induced by changes in bonds and
force constants, is still lacking.

A first step to optimize thermoelectric properties is to
identify the most suitable materials. A recent high-throughput
study [11] identified a set of p-type half-Heusler compounds
that optimize the thermoelectric figure of merit while retaining
a relatively high abundance of constituent elements, namely
VFeSb, TaFeSb, NbFeSb, NbCoSn, TaCoSn, ZrCoSb, and
HfCoSb. In that study, a set of stable substitutional impuri-
ties was found, specifically (Ti, Hf)V (VFeSb), (Ti, Hf, Zr)Nb

(NbFeSb and NbCoSn), (Ti, Hf, Zr)Ta (TaFeSb), HfTa

in TaCoSn, ScZr(Hf) [Zr(Hf)CoSb], MnFe (NbFeSb and
TaFeSb), and SnSb (NbFeSb, TaFeSb, ZrCoSb, and HfCoSb).
Here we use theoretical methods to study the effect of this set
of defects in their charged states on the thermal conductivity
of the aforementioned materials. Although it is often assumed
that the amount of κph reduction is correlated with the normal-
ized mass difference between host and defect atoms, we show
that this is not generally true when the substituted atom is a
transition metal. Instead, we identify a strong effect due to the
local bond perturbation induced by dopants. This effect must
be taken into account in order to get an accurate description
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of phonon thermal transport as a function of the impurity con-
centration. We explain how bonds are affected by impurities
in terms of the electronic structure of the pristine compounds.
We also present an empirical model of the lattice thermal
conductivity as a function of temperature and concentration
for the considered set of defects and containing the overall
effects of change of mass and bonds. Finally, comparison with
available measurements suggests that electron-phonon and
phonon-boundary scattering are likely to play a measurable
role in explaining the lowering of the (Ti,Hf)-doped lattice
thermal conductivity of NbFeSb. Instead, in the case of SnSb-
doped ZrCoSb we find that the inclusion of cobalt vacancies
and interstitials is of paramount importance to obtain a good
agreement with the experimental measurements, in agreement
with past works. We further argue that uncorrelated Co vacan-
cies and interstitials are energetically more favorable than Co
Frenkel pairs, and show that they are likely the main cause of
the low κ of tin-doped ZrCoSb.

II. THEORY

The phonon Boltzmann equation in stationary conditions
balances the contributions from drift motion and scattering
processes [12,13]. We assume the deviation from equilibrium
of the mode populations to be linear under a thermal gradient.
Therefore the lattice contribution to the thermal conductivity
in a crystal with cubic symmetry reads

κph = kB

�s

∑
λ

(
h̄ωλ

kBT

)2

n0
λ

(
n0

λ + 1
)
vλFλ, (2)

where λ represents the wave vector and branch (�q, b), ωλ and
vλ are the phonon frequency and group velocity, respectively,
and n0

λ is the equilibrium Bose-Einstein distribution. The
quantity Fλ ≡ τλ(vλ + �λ[Fλ]) represents an effective mean-
free path that includes a coupling between phonon states [14],
with τλ being the phonon relaxation time and �λ a function
of Fλ itself. In cases where umklapp scattering processes
dominate, we can neglect the coupling between modes and
work under the single-mode relaxation time approximation
(SMRTA) by taking �λ ≡ 0.

The relaxation time of a phonon mode can be computed
as the inverse of its total scattering rate, which in turn can
be computed by applying Matthiessen’s rule to the main scat-
tering processes. Here we consider anharmonic three-phonon
and two-phonon interactions, where the latter comprise both
the contribution from isotopes of the elements of the pristine
compounds and from substitutional impurities. Therefore we
have

1

τλ

= 1

τ
3ph
λ

+ 1

τ iso
λ

+ 1

τ def
λ

. (3)

The anharmonic three-phonon scattering rates can be eval-
uated from first principles by computing the third-order force
constants [15,16], while to assess the phonon-isotope interac-
tion we can apply the expression derived by Tamura [17,18].
Lowest-order perturbation theory is often accurate enough to
evaluate anharmonic and isotope scattering, but the Fermi
golden rule has often proven to be unreliable at dealing
with external defects [19]. Thus a T -matrix supercell-based

approach has been developed [20,21] to treat the substitutional
impurities that involve both a mass VM and a bond perturbation
VK near the impurity. The total perturbation is defined as
V = VM + VK , with

V i j,αβ

M (ωλ) = −ω2
λ

M̃i − Mj

Mi
δi jδαβ (4)

and

V i j,αβ

K = K̃ i j,αβ − Ki j,αβ√
MiMj

, (5)

where α, β and i, j are the Cartesian direction and atom labels
in the supercell; Mi (M̃i) is the mass of the host (substitu-
tional) atom at site i, and Ki j,αβ (K̃ i j,αβ ) is the harmonic
force constant tensor element between atoms i and j in the
pristine (defect-laden) supercell. As the bond perturbation can
be assumed to be short ranged and it is evaluated in real space,
we can define the cutoffs rcut and Rcut to reduce the com-
putational burden of its evaluation. Here rcut represents the
maximum interaction distance between a pair of atoms, where
both of them belong to the sphere defined by Rcut and centered
at the defect site. After specifying the cutoffs, the acoustic
sum rule for VK is enforced by projecting away the degrees
of freedom that correspond to rigid translations according to
the procedure developed in Ref. [22]. The pristine retarded
Green’s function can be computed in real space for the atoms
specified by the cutoffs:

〈iα| g+(ω2) | jβ〉 =
∑

λ

〈iα| λ〉〈λ | jβ〉(ω2 − ω2
λ + i0+)−1

,

(6)
and once V is known, the scattering matrix T can be evaluated
to all orders as

T +[V ] = (1 − V g+)−1V. (7)

Since we are interested in the dilute limit, we use a single-
defect approximation, with the V perturbation containing the
contribution from a single impurity embedded in the system
rather than a distribution. We calculate the scattering rates
using the optical theorem:

1

τ
ph-def
λ

= −χ
Vuc

ωλ

Im 〈λ| T +[V ] |λ〉 , (8)

where χ is the volume concentration of impurities in the
system and Vuc is the unit cell volume. It is worth noting
that T +[V ] �= T +[VM] + T +[VK ]. Namely, Matthiessen’s rule
does not apply to the mass and force constant perturbations
induced by the defects. To assess the deviation of the true
scattering rates, Eq. (8), from a Matthiessen-like formulation,
we compute(

1

τ
ph-def
λ

)
VM

= −χ
Vuc

ωλ

Im 〈λ| T +[VM] |λ〉 , (9)

(
1

τ
ph-def
λ

)
VK

= −χ
Vuc

ωλ

Im 〈λ| T +[VK ] |λ〉 , (10)

and τ̃−1
λ;ph-def ≡ τ−1

λ;ph-def[VM] + τ−1
λ;ph-def[VK ]. Since at the sec-

ond order the T matrix can be written as V + V g+V and
τ−1
λ;ph-def as −χVuc

∑
λ′ | 〈λ|V |λ′〉 |2δ(ω2

λ − ω2
λ′ ), this prompts
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us to identify the deviations from Matthiessen’s rule as due to
interference effects between mass and bond induced perturba-
tions.

Numerical approach

The phonon calculations have been performed with the
VASP [23–25] DFT code using the plane-augmented wave
(PAW) [26,27] formalism under the generalized gradient
approximation (GGA) in the PBE [28,29] parametrization.
VASP calculations were performed in a 4 × 4 × 4 supercell
at the Gamma point, with plane-wave cutoffs set up according
to the “Accurate” precision tag and all other settings being
similar to Ref. [11]. Details on the structural relaxation can
be found there. We have computed the second-order force
constants (IFC2) for all pristine and defect-laden systems in
the case of a relaxed 4 × 4 × 4 (192-atom) supercell using
the small-displacement method. The supercells and the atomic
displacements are created with the help of the code Phonopy
[30,31], which is also employed to evaluate the force con-
stants following DFT calculations. To calculate VK , we first
proceeded by taking the difference between the IFC2s of the
pristine and the defect-laden system. We have selected the
cutoffs rcut and Rcut to be 0.6–0.8 nm for all the considered
dopants after convergence tests. The scattering T matrix is
then calculated using V = VK + VM and the pristine retarded
Green’s function is evaluated using the analytical tetrahedron
method and a 16 × 16 × 16 grid. To calculate the three-
phonon scattering rates, we use the “thirdorder_vasp.py” code
[32] in conjunction with VASP and almaBTE [33]. The
phonon-substitution defect scattering rates are combined with
the three-phonon and phonon-isotope scattering rates at the
relaxation time approximation level using Matthiessen’s rule
inside the almaBTE code. We used a converged 28 × 28 × 28
transport wave vector mesh to solve the phonon BTE. The
validity of the SMRTA in the case of the pristine systems
was tested by solving Eq. (2) also in the �λ �= 0 case. A
good agreement between the relaxation time approximation
and the full self-consistent solution was found for all the con-
sidered pristine materials, with |κSMRTA

ph − κ iter
ph |/κ iter

ph � 6% in
the considered 300–400 K temperature range.

III. RESULTS

A. Classification of the compounds and the considered
substitutions

Half-Heusler compounds typically have either 8 or 18 va-
lence electrons [34–36]. Here we consider compounds with
electron count = 18. Possible ways of constructing these
compounds are sketched in Fig. 1. The half-Heusler structure
comprises three species in the 1:1:1 stoichiometry. The two
geometrically equivalent sites are labeled as A and A′, and
the inequivalent one is labeled as B. Following Ref. [11], we
consider compounds involving periodic table columns 8 or
9 for the B site, 4 or 5 for the A site, and columns IV or V
for the A′ site. Species on sites A and B are transition metals,
but the one on A′ is not. Thus we can define three groups of
compounds, in terms of the columns involved: 4-9-V, 5-9-IV,
and 5-8-V.

FIG. 1. Ways of combining the species to construct the 18 elec-
tron count compounds considered.

For each of these groups, p-doping substitutions can in
principle be carried out on any of the three sites, replacing a
species by another one from the column on its left-hand side.
The possibilities that yielded stable substitutions in Ref. [11]
are shown in Table I.

B. A descriptor for phonon-defect scattering

To better assess the magnitude of the scattering rates for
each dopant and material we can use a descriptor defined as
follows:

Ddef;V ≡ 1

N

∑
λ

τ−1
λ;V , (11)

where N is the number of �q points in the reciprocal space grid,
and τλ;V is the relaxation time computed with either the bond
VK , mass VM , or total V = VM + VK perturbation; see Eqs. (8)–
(10). This descriptor aims at giving a scalar and temperature-
independent representation of the magnitude of the scattering
mechanisms for each of the considered dopants and materials.
In Table II we show the value of normalized mass variance for
each defect and material.

The values of this descriptor in the case of VFeSb are
reported in Fig. 2. The mass perturbation from the two con-
sidered impurities clearly follows the mass variances trend,
with a much stronger contribution from the Hf−1

V substitu-
tion. We note that most of the defect-induced perturbation
is attributable to a change in the local bonds in the case of
the Ti−1

V impurity where the mass part of the perturbation
is negligibly small. The contribution from VK is particularly
relevant for the Hf−1

V defect, although in this case the effect
coming from the force constant difference is present along

TABLE I. Stable substitution schemes considered.

Substitution scheme Cases

34-9-V Sc(Zr,Hf )-Co-Sb

45-

{
9-IV
8-V

(Ti, Zr, Hf )(V,Nb,Ta)-

{
Fe-Sb
Co-Sn

5-78-V (V, Nb, Ta)-MnFe-Sb
4-9
5-8

}
-IVV

(Zr, Hf)-Co
(V, Nb, Ta)-Fe

}
-SnSb

174112-3
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TABLE II. Absolute mass difference normalized by the host atom mass for each substitution impurity.

Ti−1
V Ti−1

Nb Ti−1
Ta Hf−1

V Hf−1
Nb Hf−1

Ta Zr−1
Nb Zr−1

Ta Sc−1
Hf Sc−1

Zr Sn−1
Sb Mn−1

Fe

�M/M0 0.06 0.48 0.735 2.50 0.92 0.01 0.02 0.4958 0.75 0.50 0.025 0.016

with a much larger mass substitution than that for Ti. We
also notice that the descriptor for the total perturbation stems
from a destructive interference between the mass and bond
perturbation contributions for the Hf substitution.

In Figs. 3 and 4 we show the values of the descriptor for
the dopants of TaFeSb and NbFeSb, respectively. The mass
perturbation is negligibly small in the Sn−1

Sb , Mn−1
Fe , and Hf−1

Ta

(Zr−1
Nb) cases, following the periodic table. The tin substitution

also leads to a small value for the bond descriptor, compared
with the other dopants. The phonon-defect interaction is vis-
ibly much stronger when the dopants are Ti and Zr or even
Hf and Mn. Combined with a large mass perturbation, the
strongest scattering comes from Ti−1

Ta and Zr−1
Ta for TaFeSb

and Hf−1
Nb and Ti−1

Nb for NbFeSb. A similar phenomenon is
found in the cases of NbCoSn and TaCoSn dopants in Fig. 5
with the Hf−1

Nb confirmed to give the strongest scattering, this
also being due to the large associated VM . A surprisingly large
bond perturbation in the Ti−1

Nb and Zr−1
Nb substitution cases is

also observed. We would also like to note, in both NbFeSb
and NbCoSn, that the mass descriptor for the TiNb impurity
is larger than for HfNb, despite Hf being much heavier than
Ti. This can be attributed to the larger rates induced by Ti at
medium-high frequency; see Figs. 9– 11 in the Supplemental
Material [37]. We finally notice that in both TaFeSb, NbFeSb,
and NbCoSn a destructive interference between VM and VK

under Ti doping lowers the total scattering rates with respect
to the pure bond part, similarly to what we observed in VFeSb
(Hf substitution). If we now evaluate the last compound of
each set, i.e., HfCoSb and ZrCoSb (Fig. 6), we find in both
cases that doping with Sn produces a rather small scattering,
either of mass or bond origin, while the strongest impact is due
to Sc substitution, which leads to strong VM and VK terms.

Thus, as a general trend, we find that the Sn−1
Sb substitu-

tion is responsible for a very weak phonon-defect interaction,
while stronger effects can be expected for the remaining
dopants. In particular, the Hf−1

Nb and Sc−1
Hf impurities are the

FIG. 2. Phonon-defect scattering rates descriptor for VFeSb
dopants. The blue, orange, and green columns indicate respectively
the total, mass-only, and bond-only induced-scattering rates.

FIG. 3. Phonon-defect scattering rates descriptor for TaFeSb
dopants. The blue, orange, and green columns indicate respectively
the total, mass-only, and bond-only induced-scattering rates.

FIG. 4. Phonon-defect scattering rates descriptor for NbFeSb
dopants. The blue, orange, and green columns indicate respectively
the total, mass-only, and bond-only induced-scattering rates.

FIG. 5. Phonon-defect scattering rates descriptor for TaCoSn and
NbCoSn dopants. The blue, orange, and green columns indicate
respectively the total, mass-only, and bond-only induced-scattering
rates.
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FIG. 6. Phonon-defect scattering rates descriptor for ZrCoSb and
HfCoSb dopants. The blue, orange, and green columns indicate
respectively the total, mass-only, and bond-only induced-scattering
rates.

sources for the strongest scattering effects among all the
dopants in the set, by virtue of a combined effect of both
large mass variance and strong bond perturbation. Of partic-
ular interest are the substitutions involving transition metals,
specifically in the Zr−1

Nb, Hf−1
Ta , and Ti−1

V cases. It is common
to assume that both mass- and bond-induced perturbations are
small for substitutional defects when the impurity and host
atoms are adjacent in the periodic table. This is what happens
in the Sn substitution case, but not when transition-metal
elements are considered, except for Mn.

We can give a simple qualitative explanation for the ob-
served trend in terms of the electronic structure of the parent
compounds. Half-Heusler compounds (HHs) have a strong
d-orbital character near the electronic band gap, as a conse-
quence of containing block-d elements [38–41]. On the other
hand the p contribution to the density of states, coming mostly
from elements like Sn and Sb, is much smaller close to the
gap. We confirmed this by computing the electronic DOS for
all the pristine HHs; see Figs. 1– 7 in the Supplemental Mate-
rial [37]. Therefore, the substitution of Sb is expected to affect
the electronic properties, and thus forces and IFCs, much less
than the substitution of a transition-metal element. Unlike the

FIG. 7. Thermal conductivity ratio of VFeSb upon Ti and Hf
doping. Continuous (dashed) lines correspond to total (mass-only)
perturbation.

FIG. 8. Thermal conductivity ratio of TaFeSb upon Ti, Hf, Zr,
Mn, and Sn doping. Continuous (dashed) lines correspond to total
(mass-only) perturbation.

other cases, the Mn−1
Fe substitution takes place on the B site.

Thus one cannot fairly compare its effect with that of the other
transition-metal substitutions. The small scattering rates of the
Mn−1

Fe case may also be partly the result of the small phonon
local density of states on the Fe atom in the lower frequency
range (see Figs. 8– 14 in the Supplemental Material [37]).

C. Phonon thermal conductivity

The pristine thermal conductivity κph,0 at 300 K is shown in
Table III for the seven half-Heusler compounds. This section
presents the dependence of κph/κph,0 on the impurity con-
centration at the temperature of 300 K for all the considered
materials and defects. In Figs. 7–11 we report the conductiv-
ity normalized by its pristine value in the cases of VFeSb,
TaFeSb, NbFeSb, TaCoSn, NbCoSn, ZrCoSb, and HfCoSb
upon doping. All defects are considered in their charged ac-
ceptor state, and dashed lines indicate the use of the mass
perturbation only, while solid lines correspond to the total per-
turbation V = VK + VM case. The conductivity curves partly
reflect the trend observed for the descriptor. In general we
find that Sn and Mn do not affect the thermal conductivity by
much, lowering it by only 20% at concentrations ∼1021 cm−3.
On the other hand, the conductivities of HfCoSb and ZrCoSb

FIG. 9. Thermal conductivity ratio of NbFeSb upon Ti, Hf, Zr,
Mn, and Sn doping. Continuous (dashed) lines correspond to total
(mass-only) perturbation.

174112-5



MAURO FAVA et al. PHYSICAL REVIEW B 103, 174112 (2021)

TABLE III. Thermal conductivity of the pristine compounds at 300 K.

VFeSb NbFeSb NbCoSn TaFeSb TaCoSn HfCoSb ZrCoSb

κph,0 (W K−1 m−1) 15.6 22.6 16.3 15.9 16.8 21.8 21.9

are reduced by as much as 40%–50% at the same concentra-
tion upon Sc doping. A similarly large reduction is observed in
the case of NbCoSn when Nb is substituted by Hf or TaFeSb
when Ta is substituted by Ti or Zr. The largest reduction at
χ ∼ 1021 cm−3 is observed for VFeSb and NbFeSb when V
or Nb are substituted by Hf, where the conductivity presents
a decrease of ∼60% of its pristine value. These results can
be understood in terms of the large phonon-defect scattering
rates shown in Figs. 2 and 4.

The difference between total and mass contribution to the
conductivity decrease is feeble when VM is large. This can be
seen in the Hf−1

V , Ti−1
Ta , Zr−1

Ta , Hf−1
Nb, Ti−1

Nb, and Sc substitutional
cases. On the other hand the effect of VK is much more notice-
able in those transition-metal substitutions where the impurity
replaces its adjacent atom in the periodic table, namely Ti−1

V ,
Zr−1

Nb, and Hf−1
Ta . The value of κph is in general correlated with

the normalized mass difference between the impurity and the
substituted atom, but some exceptions appear. This happens
in the Ti−1

V , Zr−1
Nb, and Hf−1

Ta cases, which have a relevant im-
pact on the thermal conductivity of VFeSb, NbFeSb/NbCoSn,
and TaFeSb/TaCoSn, respectively, despite presenting a very
weak mass perturbation and having similar atomic radii to
the atom they substitute. Furthermore, the correlation with
�M/M0 does not exclude the possibility of a correlation with
the change in the local chemistry represented by VK , which is
the case of several V, Nb, Ta, Hf, and Zr substitutionals, as
also seen in Figs. 2–6.

D. Interference effects

We have seen hints of destructive interference between the
contributions from VM and VK to the scattering rate descriptor
in several impurities (see Figs. 20–24 in the Supplemental
Material [37]). It is thus instructive to see how the previ-
ous thermal conductivity results differ from a model that

FIG. 10. Thermal conductivity ratio of TaCoSn and NbCoSn
upon Hf, Ti, and Zr doping. Continuous (dashed) lines correspond
to total (mass-only) perturbation.

(incorrectly) applied Matthiessen’s rule to the bond-only and
mass-only scattering rates. In Fig. 12 we notice that decou-
pling the mass and bond contributions to the phonon-impurity
rates can lower κph by a further ∼10% with respect to the cor-
rect formulation of τ−1

λ,ph-def. The effect of this overestimation
is particularly visible when the dopant is Ti.

Furthermore, the descriptor D sometimes predicts that the
overall scattering can be weaker than that caused by the bond
or the mass perturbation alone. This occurs for HfV in VFeSb,
TiTa in TaFeSb, and TiNb in NbFeSb and NbCoSn. Similarly
to our previous study of resonant phonon scattering [42], we
elucidate the effect by calculating the phonon transmission
function using a 1D chain with nearest-neighbor interactions
as a model system. We include only one substitutional atom
with different mass and spring constants. This simple model
shows that modifying the mass of the impurity can in certain
cases, and at some frequency ranges, lessen the backscatter-
ing (i.e., increase the phonon transmission probability) with
respect to the case where the impurity’s mass is equal to that
for the other atoms. The reason for this effect is that the
mass and bond perturbations can affect the same elements
of the Hamiltonian. Thus, depending on the relative signs of
the two perturbations, some of the total perturbation matrix
elements can become larger or smaller, in some cases resulting
in a lowering of the overall scattering. Details on the model
calculation are included in the Supplemental Material [37].

Given Eqs. (4) and (5), we can expect that equal-sign
mass and IFC variations would produce perturbations that
partially counteract each other. For real materials, although
the VK is a complicated matrix connecting many different
degrees of freedom, one may still expect a correlation be-
tween DV /(DVK + DVM ) and �K0,0, the latter being the force
constant difference at the defect site, as shown in Fig. 13. In
particular, we have found that we can have DV > (DVK + DVM )
if �M and �K0,0 have the same sign. This qualitatively

FIG. 11. Thermal conductivity ratio of HfCoSb and ZrCoSb
upon Sc and Sn doping. Continuous (dashed) lines correspond to
total (mass-only) perturbation.
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FIG. 12. Thermal conductivity ratio for the “non-Matthiessen”
compounds. Continuous lines correspond to phonon-defect scat-
tering rates modeled according to Eq. (8), while dashed lines to
Matthiessen’s rule applied to VM and VK .

accounts for the nonadditivity of the scattering matrices for
dopants like HfV and TiTa.

E. Empirical model for κph

It is possible to analytically approximate the thermal
conductivity as a function of temperature and doping con-
centration, including not only the mass perturbation but also
the influence of dopants on the local bonds. To do so, we
customize an empirical version of the model developed by
Klemens [43]. This model assumes a linear phonon disper-
sion, high temperature limit, and analytical expressions for
umklapp and defect induced scattering rates; thus it is un-
suitable for a realistic calculation of the conductivity, and it
does not include the phonon-defect interaction beyond the
Born approximation level. Therefore we define the following
empirical equation:

κph(χ, T )

κph,bulk
=

(
300 K

T

)
arctan[

√
f (χ, T )]√

f (χ, T )
(12)

FIG. 13. DV /(DVM + DVK ) as a function of the defect-site IFC
variation �K0,0, computed via the DFT+BTE approach.

TABLE IV. Parameters for the empirical model.

α β

VFeSb, Hf−1
V 116.444 0.946

VFeSb, Ti−1
V 34.749 0.975

TaFeSb, Hf−1
Ta 8.0567 0.895

TaFeSb, Ti−1
Ta 55.414 0.930

TaFeSb, Zr−1
Ta 40.428 0.894

TaFeSb, Mn−1
Fe 4.305 0.864

TaFeSb, Sn−1
Sb 3.490 0.936

NbFeSb, Hf−1
Nb 137.689 1.065

NbFeSb, Ti−1
Nb 27.681 0.999

NbFeSb, Zr−1
Nb 15.306 0.930

NbFeSb, Mn−1
Fe 4.456 0.939

NbFeSb, Sn−1
Sb 4.761 0.969

TaCoSn, Hf−1
Ta 11.765 0.975

NbCoSn, Hf−1
Nb 107.918 1.068

NbCoSn, Ti−1
Nb 24.936 0.979

NbCoSn, Zr−1
Nb 14.114 0.922

HfCoSb, Sc−1
Hf 85.389 0.977

HfCoSb, Sn−1
Sb 3.974 0.928

ZrCoSb, Sc−1
Zr 40.473 1.013

ZrCoSb, Sn−1
Sb 5.321 0.978

with

f (χ, T ) = α

(
300 K

T

)
(χVuc)β. (13)

Table IV lists the parameters α and β for each compound
and defect. The small nonlinearity with respect to the concen-
tration has been included to better fit the high doping limit,
although the β exponents are tightly clustered around β0 ≡ 1.
As this model involves the contribution from both VM and VK ,
which has proven to be important for several of the considered
impurities, it can be used to estimate the phonon contribution
to thermal transport in half-Heusler compounds and properly
evaluate the thermoelectric efficiency.

F. Comparison with experimental data

Figure 14 shows the calculated room temperature κph for
Nb1−xAxFeSb (A = Ti or Hf) as a function of the concentra-
tion of defects—including both the mass and force constant
induced perturbations—in comparison with the measurements
in Ref. [3]. The lower values of the experimental measurement
may come from additional boundary and electron-phonon
scattering contributions, not included in the present ab initio
calculation, as suggested by Refs. [3,7].

In Fig. 15 we further show the thermal conductivity of
ZrCoSb as a function of Sn content. The solid lines correspond
to the calculated thermal conductivity reduction caused by
the Sn−1

Sb defect. As expected from the low D value shown
in Fig. 6, the Sn−1

Sb defects are weak scatterers and result in a
relative small suppression of the thermal conductivity on their
own.

He et al. [44] on the other hand reported a relatively high
suppression of the experimental thermal conductivity upon Sn
doping of ZrCoSb. These values are shown as squares for two
different temperatures in Fig. 15. He et al. [44] interpreted
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FIG. 14. Thermal conductivity as a function of the concentration
for (Zr, Hf)−1

Nb-doped NbFeSb at 300 K. Continuous line: Total defect
perturbation. Stars: Experimental measurements from Ref. [3].

this as being due to the formation of compensating Frenkel
defects. These defects, which can be understood as a Co mov-
ing to an neighboring interstitial position and leaving behind
a vacancy, act as strong phonon scatterers. This interpretation
was corroborated by Rietveld refinement and the relatively
low carrier concentration compared to the Sn doping. We have
also calculated the scattering rates due to a Frenkel defect,
and the resulting scattering rates (red dots in Fig. 16) are
almost two orders of magnitude larger than those due to Sn−1

Sb
defects. Using Frenkel defect concentrations of 1% and 2% as
obtained from Rietveld refinement for the ZrCoSb0.8Sn0.2 and
ZrCoSb0.7Sn0.3 samples [44] we get a good agreement with
experiment (open circles in Fig. 15). We also point out that if
we use a slightly higher Frenkel defect concentration of 2%
and 3%, as was done in the empirical model used in Ref. [44],
an even better agreement can be obtained.

FIG. 15. Thermal conductivity as a function of the Sn concentra-
tion for doped ZrCoSb. The squares are the experimental data from
Ref. [44]. Red lines and points correspond to 300 K and green to
973 K. The full lines correspond to κ calculations when only consid-
ering the point-defect phonon scattering caused by the Sn−1

Sb defects.
The open circles and triangles and dashed lines correspond to the
calculated κ when considering additional phonon scattering due to
the presence of Frenkel defects, and vacancy plus interstitial defects,
respectively. Concentrations of 1% and 2% were used corresponding
to the Rietveld refinement in Ref. [44].

FIG. 16. A comparison of the point-defect phonon scattering
rates caused by various defects in ZrCoSb at concentrations of
1021 cm−3.

While our methods allow us to reproduce the conclusions
of Ref. [44], we feel that some steps along the chain of
arguments are open to a different interpretation. In Fig. 9
of Ref. [44], the Co+1

Frenkel defects can be seen to be high in
energy at the valence band maximum, with their formation
energies being substantially higher than the combined for-
mation energy of isolated Co+1

Int and Vac+1
Co defects. Entropy

maximization would further favor distributing interstitials
and vacancies randomly throughout the crystal. The separate
formation of interstitials and vacancies is thus thermodynam-
ically favored over Frenkel defects, which can be seen as
interstitial-vacancy pairs. Figure 16 shows that the scattering
rates of the isolated defects are similar to those of the Frenkel
defect. Two isolated defects would thus have approximately
double the scattering strength of the combined Frenkel de-
fect. We consequently construct a model where the defect
scattering is due to isolated Sn−1

Sb , Co+1
Int , and Vac+1

Co defects.
For simplicity and to stay in line with the Rietveld refinement
model in Ref. [44] we use the same interstitial and vacancy
concentrations. Now using the concentrations of 1% and 2%
obtained via Rietveld refinement and the corresponding 20%
and 30% tin content we obtain an almost perfect agreement
with experiment. Therefore, we conclude that the experimen-
tally observed κ reduction primarily originates from phonon
scattering due to isolated defects. In the present case, we
see exceptionally high doping leading to the formation of
charge-compensating defects which add to scattering, whereas
in other systems like Si it leads to significant phonon scat-
tering due to the charge carriers [45]. Furthermore, there
is no thermodynamic argument for keeping the interstitial
and vacancy concentrations, and the substantial presence of
transition-metal interstitials in the full-Heusler position falls
in line with the observation of a large phase width in the n-type
TiNi1+xSn half-Heusler compound [46,47].

IV. CONCLUSIONS

We have computed the total scattering rates induced by
substitutional impurities, considering the contributions from
both the local change of mass VM and of the bond force
constants VK , for a selected group of half-Heusler compounds
and their dopants. Aside from the magnitude of VM , which
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can be inferred from Table II, the general finding is that the
substitutions of transition metals produce a much larger VK

compared with the substitution of non-d-block elements, like
Sb by Sn. This thus shows that if an element is replaced
by an adjacent atom in the periodic table, the change in the
local chemistry is not necessarily small. Among the transition-
metal substitutions, the one of Mn by Fe yields the smallest
scattering rates. This may be attributed to the small vibrational
density of states on the Fe atom in the acoustic frequency
range of the studied compounds. The scattering probability by
Fe substituting impurities is roughly proportional to this den-
sity of states, therefore being weak for the acoustic branches.

The strong d-orbital character of the considered com-
pounds makes the electronic structure and IFCs much more
sensitive to impurities when the substituted atom is the one
with the d character and/or when the host atom has a large
phonon DOS weight. This is arguably the reason for the
much smaller scattering rates—and, as consequence, for the
much slower decrease of κph as a function of the defect
concentration—that we observe in Sb/Sn substitutions, com-
pared with transition metals. In particular, the dopants that
affect κph the most are Hf (replacing V and Nb in VFeSb,
NbFeSb, and NbCoSn), Sc (substituting Hf in HfCoSb), and
Ti (for Ta in TaFeSb), with reductions ranging from 40%
to 50% in the 1020–1021 cm−3 concentration range. In ad-
dition to the substitutional defects shown here, the thermal
conductivity can be affected by other mechanisms, like the
electron-phonon interaction, boundary scattering, and the for-
mation of other defect structures, including Frenkel defects
and intrinsic vacancies. We have argued that this is the case

for (Ti,Hf)-doped NbFeSb and SnSb-doped ZrCoSb. We have
shown that a good match with conductivity measurements can
be achieved if the scattering of phonons by Co Frenkel pairs
is included, for a defect concentration slightly higher than
the experimentally estimated one. Nevertheless, we obtain
an almost perfect match if we rather assume Co vacancies
and interstitials to be independent from each other, and we
use the actual experimental concentrations. The independent
vacancies and interstitials are energetically more favorable
than Frenkel pairs, and are presumably the main reason for
the low κph of tin-doped ZrCoSb.

Finally, we have fitted the thermal conductivity curves to an
analytical two-parameter model that may be employed when
evaluating κph at different temperatures and doping concen-
trations, and which could provide an easy way to study the
impact of defects and phonon transport on the thermoelectric
efficiency of HHs. The present findings show the general
importance of the impurity-induced mass and force constant
perturbations upon thermal transport properties, and showcase
general trends regarding the impact of the bond perturbation
upon scattering of phonons. These results may be useful in the
design of doped half-Heusler compounds for thermoelectric
applications.
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