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SUMMARY

The aim of this paper is to derive a priori error estimates when the mesh does not fit the original
domain’s boundary. This problematic of the last century (e.g. the finite difference methodology) returns
to topical studies with the huge development of domain embedding, fictitious domain or Cartesian-
grid methods. These methods use regular structured meshes (most often Cartesian) for non-aligned
domains. Although non-boundary fitted approaches become more and more applied, very few studies
are devoted to theoretical error estimates.

In this paper, the convergence of a Q1-nonconforming finite element method is analyzed for second-
order elliptic problems with Dirichlet, Robin or Neumann boundary conditions. The finite element
method uses standard @1 rectangular finite elements. As the finite element approximate space is
not contained in the original solution space, this method is referred to as nonconforming. A stair-
step boundary defined from the Cartesian mesh approximates the original domain’s boundary. The
convergence analysis of the finite element method for such a kind of non-boundary fitted stair-
stepped approximation is no treated in the literature. The study of Dirichlet problems is based on
similar techniques as those classically used with boundary-fitted linear triangular finite elements. The
estimates obtained for Robin problems are novel and use some more technical arguments.

The rate of convergence is proved to be in (’)(hl/Q) for the H' norm for all general boundary conditions,
and classical duality arguments allow to obtain an O(h) error estimate in the L? norm for Dirichlet
problems. Numerical results obtained with fictitious domain techniques, that impose original boundary
conditions on a non-boundary fitted approximate immersed interface, are presented. These results
confirm the theoretical rates of convergence. Copyright (© 2007 John Wiley & Sons, Ltd.

KEY WORDS: Finite Element Method, Non-conforming method, Non-boundary fitted mesh, Error
estimates.
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 1

1. Introduction

We are interesting in solving second-order elliptic problems with general bound-
ary conditions (Dirichlet, Robin or Neumann) using a structured Cartesian mesh.
Due to the arbitrary shape of the original domain €2, the mesh generally does
not fit the original problem’s boundary. The mesh is then not boundary-fitted.
If the mesh step is h, an approximate domain €2 is thus defined such that
meas((QU Q) \ (2N Q) = O(h) (see Fig. 1). The boundary conditions are then imposed
on the approximate stair-stepped boundary defined from the mesh.

o T—F—]

\ i

\/

Figure 1. A non-boundary fitted mesh.

Although it may be surprising, to the best of our knowledges, error estimates for such a kind of
problems have never been precisely studied in the literature. The existing results concern cases
where the original boundary is at least piecewise linear approximated with P; finite elements
(e.g. [1]). The stair-step case involves additional technical difficulties which are the purpose
of the present paper. Moreover, homogeneous Dirichlet or Neumann boundary conditions are
usually considered. Here, we generalize these boundary conditions with the innovative study
of a Robin problem. In this case, we have to overcome the difficulties induced by the boundary
integrals which are now performed on the stair-stepped boundary.

In the actual framework, this study is issued from fictitious domain methods where an
approximate immersed interface is derived from the non-boundary fitted Cartesian fictitious
domain mesh (see Ramiere et al. [2, 3, 4, 5]). Indeed, in the fictitious domain context (see
[6, 7]), the original domain € is embedded in a geometrically simpler domain (most often
rectangular in 2D), called fictitious domain. The main interest of such a kind of methods is
to use Cartesian meshes to facilitate the implementation of fast solvers. However, the original
boundary conditions have to be enforced on an immersed interface which is non-aligned with
the mesh. An approximate immersed interface has then to be defined. The analysis carried
out in this paper can be considered as a subproblem of the convergence study of fictitious
domain methods, where the approximate immersed interface does not fit the original immersed
interface. In the present study, the immersed boundary conditions are supposed to be perfectly
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2 I. RAMIERE

imposed on the approximate interface or, at least, the modelling error introduced by imposing
the immersed boundary conditions is assumed to be negligible compared to the approximation
error of the immersed interface.

The fictitious domain method was introduced in the sixties [6]. For several years now,
fictitious domain methods have become increasingly popular. They have been applied in
different fields such as computational fluid dynamics [8, 9] with the resolution of Navier-Stokes
equations for viscous flows with rigid obstacles or particulate flows, medical simulation and
biophysics [10] with problems of interaction fluid/structure specially for the study of the blood
circulation, nuclear engineering [11] with the simulation of multi-phase flows, electromagnetic
and geophysics [12] with problems of scattering by an obstacle, etc. Among the methods which
deal with a fictitious domain approach, few studies are devoted to error estimates, especially
for Neumann or Robin boundary conditions. Moreover, most of these works are carried out for
a boundary-fitted approximation of the immersed interface.

One of the most popular approach to deal with embedded boundary conditions is to
use boundary or distributed Lagrange multipliers (e.g. Glowinski et al. [13, 9]). For both
approaches, to conserve the Cartesian fictitious domain mesh while correctly imposing the
boundary conditions on the immersed interface, an independent additional mesh is introduced.
In the boundary Lagrange multiplier approach a surface mesh of the immersed boundary is
used whereas in the distributed approach a volume mesh is required on the complementary
set of the original domain. Then the boundary conditions are weakly imposed. It involves
the solution of a saddle-point problem which requires the inf-sup condition to be satisfied
for the discrete subspaces. Some error analysis of the Lagrange multiplier/fictitious domain
method can be found for Dirichlet boundary conditions in [14, 15, 16] for second-order elliptic
problems. Using P; finite elements on a mesh independent of the original domain, Girault
and Glowinski [14] prove that the boundary Lagrange multiplier approach converges in the
H' norm with h'/2=¢_ for all € positive, in the fictitious domain. This non-optimal rate of
convergence is due to the fictitious solution that may not belong to H? but only to H3/2¢.
Looking to the numerical error restricted to the original domain, an optimal estimate in O(h)
is obtained. The estimates in the original domain seem not to depend on the regularity of the
fictitious problem solution over the whole fictitious domain. The main point of the analysis led
in [14] is the proof of the inf-sup condition that holds under a compatibility condition between
the surface mesh and the fictitious domain mesh: the step size of the surface mesh has to be
sufficiently large compared to the Cartesian grid step. For the fictitious domain method with
volume or distributed Lagrange multipliers, Tomas [15] proves an error estimate in O(h'/27¢)
for the H' norm when the mesh does not match the boundary of 2. Maitre and Tomas [16]
use Raviart-Thomas mixed finite elements and obtain an optimal convergence in O(h) for the
H(div) norm on a locally adapted mesh.

Another analysis of a Dirichlet fictitious problem with a non-smooth right-hand side can be
found in [17]. The fictitious domain is discretized triangular finite elements that do not fit the
immersed interface. It is proved that one may expect at least O(h'/?) precision in the L? norm.
In the same meaning, with regard to a fluid-rigid system (Navier-Stokes equations for the fluid
motion and Newton’s laws for the rigid motion), San Martin et al. [18] obtains h'/2-estimates
in the H' norm and by applying the usual Aubin-Nitsche duality argument, h-estimates in
the L? norm.

Another main class of fictitious domain methods derives from the immersed boundary method
(IBM) of Peskin [19] (see an overview in [10]). The main idea of the IBM is to use a discrete
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 3

delta function to regularize and to transfer to the Cartesian grid the forces exerted on the
interface. The method is first-order accurate due to the smearing of the boundary layers
by the discrete delta function. However, for some one dimensional problems, the use of a
non smooth discrete delta function [20] gives second-order-accurate solutions. The immersed
interface method (IIM) [21] (see an overview in [22]) is an extension of the IBM for problems
with discontinuous coefficients and solutions across the immersed boundary. A finite difference
scheme, with a modified stencil near the immersed boundary and additional unknowns on the
immersed boundary, is derived to account for the immersed jumps. Then, the method is proved
to be formally second order accurate in the L? norm for Dirichlet problems [23, 24, 25].

In the Fat Boundary Method recently developed by Maury [26], two subproblems are solved:
a global problem on the fictitious domain and a local subproblem in a narrow domain around
the immersed boundary. For a Dirichlet problem, Bertoluzza al. [27] prove that an optimal
rate of convergence in the H! norm is obtained locally in a domain strictly included in Q. A
convergence study of a homogeneous Neumann problem is made in [28]: the strong convergence
of the approximate solution to the analytical solution is demonstrated for the H' norm.
Glowinski et al.[29] introduce regularization techniques in the form of penalty parameters for
a Neumann problem and this approach is of order h for the H' norm and of order h? for
the L? norm. Another study of convergence for a fictitious domain approach dedicated to
Neumann problems can be found in [30]. This approach deals with a difference scheme. When
the solution of the original problem belongs to the space W#?2 k = 3,4, the order of accuracy
of the approximate solution is O(h(*=2)/3) in the H'(or W'?) norm.

In this paper, rectangular elements discretize the approximate domain €2,. A Lagrangian Q)
finite element method (see for example [1]) is used. As €, is not included in £, the finite
element space V}, is not a subspace of the Hilbert space V' to which the original solution
belongs. Thus, we have a @)1-nonconforming finite element discretization. For each kind of
boundary conditions (Dirichlet, Robin, Neumann), the error estimates are proved to be of
O(h'/?) for the H' norm. For Robin or Neumann boundary conditions, a local correction is
devised to take account of the relative surface ratio which allows the convergence order to be
preserved. Moreover, for Dirichlet boundary conditions, duality arguments enable us to prove
the O(h) accuracy for the L? norm by using the Aubin-Nitsche theorem. These estimates
confirm the order of convergence that is “naturally” expected and are consistent with the
years of experience in finite element methods. However these estimates, specially for Robin
problems, have never been theoretically demonstrated before.

The decay of the order of convergence (first-order accuracy for the L? norm compared to
second-order accuracy for boundary-fitted methods), due to the poor approximation of the
boundary by stair-steps, is compensated for the use of a simple structured Cartesian mesh.
The cost of the mesh generation is then significantly reduced compared to the use of boundary
conforming meshes. As fast solvers and efficient preconditioners carried out the resolution of the
problem, this kind of approach offers a good ratio of the precision of the approximate solution
over the CPU time. In practical computations, specially in a fictitious domain context, this
ratio can be more reduced by the combination of this approach with a multigrid [31] process
using local nested structured meshes in the vicinity of the stair-case boundary, see some recent
developments in this way in [2, 5]. This leads to an efficient first-order method: the accuracy
varies like O(h;) in the L? norm, where h; is the mesh step of the finest local grids.

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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4 I. RAMIERE

An outline of the paper is as follows. Section 2 is devoted to the convergence analysis of
the Dirichlet problem. A first analysis of a semi-conforming mesh (see the definition later) is
presented to facilitate the exposition of the convergence analysis of the general nonconforming
mesh. In Section 3, the Robin (or Neumann) problem is studied. Then, in Section 4, numerical
results are presented.

2. Dirichlet problem

2.1. Definition of the problem

Let © be an open bounded domain in R? (d = 2,3) with a Lipschitz-continuous boundary T'.
The approximation using non-boundary fitted meshes of the solution to an elliptic problem
over ) with Dirichlet boundary conditions on I' is studied in this section. By sake of
simplicity, we limit this study to homogeneous Dirichlet problems. Some possible extensions to
nonhomogeneous problems are discussed in the concluding remark of this section (see page 23).
The following hypotheses () hold:

o a=(a;j)i<i,j<d With a;; € L>(Q) verifying the ellipticity assumptions:

d
Jag >0, V& € R, >~ a;(2)€6 > aolé]” ace. in

ij=1

where |.| is the Euclidean norm in R?,
e f belongs to L%().

We consider the second-order elliptic problem

{ —div(aVu) = in €,

’u,|p =

o=

The variational formulation (P) of (1) writes :
(P) findu eV ={ve H(Q),v|r =0} = H} (), such that a(u,v) = L(v),Yv €V  (2)

where
ou v
CL(’LL,U) = Z /alj O 8$ Ia
e 3)
Lv) = /fvdx.
Q

Under the hypotheses (H), the bilinear form af(.,.) is continuous on V' x V and V-elliptic.
Moreover, the linear form L(.) is continuous on V. Lax-Milgram’s theorem (e.g. [1]) enables
us to conclude that the solution u € V' to the problem (P) exists and is unique.

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 5

2.2. Discretization by finite elements

2.2.1. Definitions and notations

From now on, we assume that 2 is convex for sake of simplicity. If {2 is not convex, the further
H' error estimates still probably hold by using more technical arguments.

We focus on Dirichlet problems in R? (d = 2). Let (73,); denote a family of meshes of Q by
(closed) finite elements K in the sense of [1]. We introduce the following notations:

hx = diam(K) (maximum of the Euclidean distances between two points of K), (4)
h = max{hg, K € 75} is the mesh size, (5)
pr = sup{diam(S); S is a ball contained in K}. (6)

Definition 2.1 (Regular family) A family (75)n of finite elements is regular if the following
two conditions are satisfied

There exists a constant c>1 such that

h
Vh, VK € T, ~£<o. (7)
OK
The diameters hi approach zero:
h = maxhg — 0. (8)

KeTy,
Each mesh 7}, defines an approximate polygonal open domain 2, such that

Q= UK
h KeT,, ’

with the boundary 'y, = 09Q,.

Let 07 denote the set of elements K € 75 such that the intersection of K with I', has a
positive measure in R9~! (see Fig. 2) and 97,0 = {K € 7;;0K N T}, # 0} denote the set of
rectangles K which have at least a node on I'j,.

A Lagrangian @, finite element method is used to approximate the solution u of the problem
(P). The discretization nodes (a;,x )1<i<a are located on the vertices of the rectangular element
K and the shape functions (¢; i )1<i<4 associated to the nodes a; g belong to Q1 (K) (see e.g.
[1]), where @y stands for the space of polynomials of degree for each variable less than or equal
to k. In R?, Q1 = span{1,,y, zy}.

For a homogeneous Dirichlet case, the approximation space V}, is defined by
Vi = {0 € C°(Qn); vlr, = 0,VK € Ty, v[x € Q1(K)} C Hg(m), (9)
The spaces V and V}, are endowed with the H' semi-norm
Yv € Hl(Q), |'U|%_I1(Q) = /|VU|2, V’U}L € Hl(Qh), |vh|i]1(ﬂh,) — / |V'Uh|2, (10)
Q Qh

which is a Hilbert norm on Hg equivalent to the H' norm.

In what follows, to condense the notations, the subscript K is omitted when no ambiguity
lies on the rectangle K under consideration. Moreover, C' stands for a generic constant that
may vary from one line to the other but is always independent of h.

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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6 I. RAMIERE

2.2.2. Semi-conforming mesh

As a preparatory step of the general result, we first approximate the original domain Q by
a polygonal domain €2, such that some vertices of the boundary I'j, of 2}, are located on T"
(see Fig. 2). Even if this condition can appear seriously restrictive, this step enables us to
introduce some classical arguments to prove the convergence of the error and to enlighten
some key points of the general demonstration for nonconforming structured meshes.

Definition 2.2 (Semi-conforming mesh) A mesh 7, = {K} of Q is referred to as semi-
conforming if

i) The open bounded domain € is approximated by the open polygonal domain €y, such that

Q= KUT K C Q with usual assumptions on K (see e.g. [1]).
€7n

ii) Fach element K € 0T, has at least one vertex on T'.

T, K € 07y

K € 0T, T

(a) Regular mesh (b) Non regular mesh

Figure 2. Examples of semi-conforming meshes composed by rectangles K.

The domain {2 is discretized by a (01 semi-conforming mesh 7;, composed of rectangles K with
diameter hx <h. The family (7},), is regular, in the sense of definition 2.1, if the non-straight
parts of the boundary of the domain §2 accept neither a vertical nor a horizontal tangent (see
examples in Fig. 2). This restricts the domains under study. However, as we underlined before,
this first analysis is carried out with the only intention of preparing the exposition of the
general non-conforming case, where no domain restriction occurs.

The family (73)5 is chosen regular. As the open domain € is supposed to be regular, then
there exists a constant C' depending on the curvature of I" only such that

Ve e Ty NOK, dist(z,[)<Chg. (11)

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 7

The hypotheses (H) on the data a and f enable us to conclude to the existence and the
uniqueness of the solution u; € Vj, of the discrete problem (Pp,)

8uh 8’Uh
(Pr) Yoy, € Vi, Z /a”a—ax dx /fvhdx. (12)

ij=1¢y, o
Since Vj, ¢ V, we introduced the space V3, defined in Q by
Vi = {v € C°(Q); vla, € Vi, vla\a, =0} (13)

The space V}, is then a finite dimensional subspace of V = H{ ().
Let 4y, be the extension by 0 in £\ €, of the solution uj, of the discrete problem (Py) (cf.

Eq.(12)):

~ Up ith -~
“h_{o mo\q, "

The function @, € Vj, can be characterized as the solution to following variational problem:

ouy, 0v
VvaVh, Z /awﬁ vh /fvhdzzr
J

z]l

Thus,
Von € Vi, € Hy (), a(in, 9n) = L(p). (14)

Lemma 2.1 (Céa’s lemma in the semi-conforming case) There ezists a constant C >
0 independent of the subspace Vi, (resp. Vi) such that:

|u—ﬁh|H1(Q)§C’ inf~ |U_5h|H1(Q)- (15)
Vp €V

|u — uh|H1(Qh)<C inf |u— ’Uh|H1(glh’). (16)
vp EVR

Proof. 'We use the same proof as for adapted meshes (see e.g. [1, 32]).
From (2) and (14), we have

a(u,v) = L) YweV= HLQ).
a(ﬁh,f)h) = L(’[)h) Yo, € Vi, C H&(Q)

The function @y, = o, — @y, € Vj, is used as test function. As Vj, is a subspace of V| wy, belongs
to V. Then,

a(u,wy) = a(tp, Wp).

Hence
a(u — ap,wp) = 0, (17)
Yoy, € Vi, a(u—ﬁh,u—ﬁh) = a(u—dh,u—ﬁh). (18)
Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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8 I. RAMIERE

The V-ellipticity and the continuity of the bilinear form af(.,.) lead to

a0|u — ﬁhﬁ{l(ﬂ)ga(u — ﬁh,u — ﬂh) = a(u — ﬂh, u — 6h)§M|u — ﬂh|H1(Q)|u — ’LN)h|H1(Q),

. M - -
lu — Uhﬁ{l(n) < a—0|u — Ul @)|u — Ol mr ()

M
where M is the continuity constant. Inequality (15) follows with C' = — > 1.
ag

From Eq.(17), we can also write

2 ] ] & ) )
Yoy, € Vg, Z /aija—xj(u—uh)a—xi(u—uh)dx: Z /aij%j(u—uh)axi(u—vh)dx.

i,j:lﬂh’ iJ:lQh

Inequality (16) is then deduced from the properties of a = (a;j)1<i,j<2- O
Moreover,

_ N ~ ~ 1/2
Vo € Vi,  u—0nlgio) = (|U — Onlin(a,) + |u|§11(9\9h)) :

Then for 7, = uy,

R 1/2
w—dinl @) = (Ju—unlin @, + ufioa,) - (19)

We introduce the dual problem (P*): For g € L?(2), find ¢, € V such that

(P*) YoeV, alv,gq) = /gvdx. (20)
Q
With the Lax-Milgram’s theorem and the hypotheses (), the problem (P*) admits an unique
solution.

If for any g € L?*(Q), the solution ¢, of (20) belongs to H?(2) NV, the problem (P*) is said
to be regular. It then follows that there exists a constant C* such that

llog |20y <C™||gl|L2(0) Vg € L*(). (21)

REMARK. Since ) is convez, using [33] yields that, if a € WH(Q) = {v € L>(Q),0v €
L>(Q)}, the problems (P) and (P*) are regular.

Theorem 2.2 (Error estimate with a ()1 semi-conforming mesh - Dirichlet case)
Let ) be a regular convex open bounded domain. We assume that the solution u of the Dirichlet
problem (P) (see Eq.(2)) is in the space H?(Q) and that uy is the solution to the discrete
problem (Py) (see Eq.(12)). For any regular family (Tp)n of Q1 semi-conforming meshes to €2,
there exists some constants C such that

Ju— unlmr () SCHY2||ul 20, (22)
and if the dual problem (P*) (see Eq. (20)) is regular,

l[w = unllL2(q,) SChllul g2()- (23)

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 9

In order to demonstrate theorem 2.2, two lemmas are introduced.
Lemma 2.3 (Trace inequality) Let o be an edge of a simplex w C R then

meas(o)

1/2
Yu € ‘Hl(w)7 ||U||L2(a)< (d ) (HUHLQ(w) +diam(w)|u|H1(w)). (24)

meas(w)

A proof of this lemma can be found in [34].

Lemma 2.4. If the property (11) holds, there exists a constant C such that any function
u € H%(Q) satisfies

ul 1 ey SCR Y2 ]| g2 (6 (25)
Proof of Lemma 2.4. With the same reasoning as in [32, Lemma 5.2-3], we will demonstrate
that there exists a constant C' such that

vo e H'Q),  [ollpzonan<C (B2I0lzam) + Aol @) ) - (26)
Due to the trace theorem (e.g. [1]), the estimation (26) yields
Vo e H'(Q), |vllz@,) <ChY? [0l (). (27)
. . ou ou
Then, the estimate (25) is deduced from (27) where v = . and v = 50
T Y

To prove inequality (26), let first introduce some additional notations for the rectangles
K € 07y, (cf. Fig. 3):

® aj -, 1<i<4, is the orthogonal projection of a; k onto I,
(Jai xaj g | is then the distance from a; x to I');

o (a; k,& . x,mi k) is the orthonormal basis such that the axis n; g coincide with the
directed line (a; xa; g );

e The vertices of K are numbered so that the segment [as ka3 k] belongs to I', with
as,x € T, NT and as x & I'. The open domain Ok is delimited by the side [a2 ka3, k],
the paren as xa; i and the side [ag xa; k|, where a; i+ denotes the nearest node of
az x which is on I'y, N I" and distinct of a3 k.

Let D(2) denote the space of infinitely differentiable functions with compact support in Q. As
D(Q) is dense in H'(£2), we will prove inequality (26) for any function v € D(Q).

In the orthonormal basis (a2 k, &2, k,M2,kx) (simpler named (az x,&,n)), let n = @(§) be the
equation of the paren ag xa; k' and (£,7) be a point in Of. Then for all v € D(Q),

n
0

v(&m) =v (& p€) + 8—;’(5, 5)ds.

» (&)

So,
n
2 2 ov

02 (€, m)<207 (& 9(§)) +2 55 (& 9)ds

(&)

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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10 I. RAMIERE

a
Y, K 0 Noxk
ok
K K
Yk By %K
K’ I
Th

E2,K

Figure 3. Example of an open Ox.

The Cauchy-Schwarz inequality leads to

(&) 5 9
PEm<2? (o) + 2000 ~al [ (Ghien)) as
n
Since (§,n) € Ok, inequality (11) yields
(&)

v?(€,m)<20% (§,¢(€)) + Ch / (%(& 8))2 ds.

Integrating on Ok, we have

ov

VK € 0T, 01720, <C <hK||U|%2(rmaoK) +h Ha_n

2
LZ(OK)> '
Summing over all the rectangles K € 97,

ol e g, <C (Rllolay + B2 ol @) ) -
Then, the boundedness (26) is obtained. O

REMARK.

e When v|r = 0, inequality (26) becomes

[vllL2(@\0u) SChIV| 1 (\Q4)- (28)

Then, if Vulr = 0 (for example if u admits an extrema for all points of T'), Lemma 2.4
becomes

ul 1 @\, SChl|ull p2(o\0,)- (29)

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 11

e Following the same arguments as in the above proof, we can easily prove that
voe HYQ),  [ollzaonan<C (B2 I0lzam,) + Aol @) ) - (30)
and then, for v|r, =0, we have

[v][L2(\0,) SChlv| 1 (2\0))- (31)
Proof of theorem 2.2. Let IIj, be the Lagrange Q1-interpolation operator, defined for any
continuous function v on K by
4
VK € Th, Tholk = v(ai)g, (32)
i=1
Then
VK € Ty, pv|g € Q1(K), Mpv(a;) = v(a;).

With a semi-conforming mesh, the function II;v does not vanish on I'j,. Consequently, I1,v
does not belong to the discretization space V. Another @Q;-interpolation operator II9, which
belongs to V}, is then introduced by

VK € T, Thv|x = if;(ai)qi (33)
i=1
with .
o) = { g(ai) gtﬁérivil—s‘}é? (34)
So we can write,
vig/h,'u — onlmr ) <lu — Mhul g, < — Thulmq,) + Mhu — ul g q,)- (35)

Each of the right terms in inequality (35) is then bounded as follows:
e Boundedness of |u — I, ulq1(q,)
The interpolation theory (e.g. [1]) gives an estimate of v — IIyv on any @ finite element K
and for any function v € H?(K),
h2
v _HhU|H1(K)<CQ_II§|U|H2(K)7 (36)

Then, for u € H*(Q)NV,

hi
I = — Ijul? 12<Ch - :
[u = Tl @, (K; = Ml r0)) <O b a (5l )

Using the regularity of (73,),

‘ |u—Hhu|H1(Qh)§C’h|u|Hz(Q) ‘ (37)

e Boundedness of |II;,u — [T u| g1 (q,)

By definition, the function IT,u—II%u does not vanish on the rectangles K € 97,0 only. For sake
of clarity, we suppose that each rectangle K € 97, has either 2 sides lying on T, (rectangle
of type 1) or a node on I'y, only (rectangle of type 2). For each K € 97,0 the same notations
as in the proof of Lemma 2.4 are used, completed by the following notations (see Fig. 4):
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12 I. RAMIERE

e the vertices a; k-, 1<i<4 of the rectangle K are such that
the sides [a2, ka3, k] and [as xaq k] are located on T'j, for a rectangle of type 1,
the point as g is located on I'y, for a rectangle of type 2;

e for ¢ such that a; k € Ty \ T, let D; x be the triangle delimited by the sides [ai_,KazK],
[a;Kaij/] and [a; kaj k'], where a; ks denotes a node belonging to I', N T" which is a
direct neighbor of a} ;. Among the direct neighbors of aj -, the node a; k- is chosen

such that the measure of the triangle D; i is as large as possible. As Q is convex,
Di,K C (Q \ Qh).

~ .
D
& K « Dax Mo o L Y
Ak K
K A K, 1

(a) rectangle of type 1 (b) rectangle of type 2

Figure 4. Notations for the two types of rectangles K € 97,°.

For any rectangle K € 97,0 of type 1, (Ilyu — H%u) is defined by :

o (Iu—Iu)|k € Q1(K).

. { (Mpu —u)(a;) = 0 ifi=1or3,
(Tpu — u)(a;)) = wu(a;) ifi=2or4.
Then,
(Ipu = Thu) |k = u(az)ge + u(as)ga. (38)

For a rectangle K of type 2, we have :
(Tpu — T9u) | = u(as)gs. (39)

For any K € 077, the estimation of |[II,u — H2u|H1(K) is given by bounding the term
|u(ai)gi| i (k) for a node a; € Ty \ T
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CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 13

One focuses on the product u(as)gs for a rectangle K of type 1. For sake of clarity, let & and
7 denote the axis of the orthonormal basis (a2, &2, 72).
We have

lu(az)gz|m (k) <[ulaz)] 1g2| m (k)
As

aga
u(az) = u(az) + / Soenan

the definition of the problem (1) gives

az

ou
u(az) = 8_n(§777)d77'

as
On account of the Cauchy-Schwarz inequality,

ou

[u(az)|<Jazas|'/? o (40)

L2([az,a3])

0
We apply the trace inequality (Lemma 2.3) to a—u on the edge [a2 a3] of the triangle Dy k.
n

ou lagal] V2 ou ou
1520y <C (o) (I3 linse + x| Gl o))

By construction of the regular semi-conforming mesh and since €2 is convex, the measure of
Of is of order h%. Then, the measure of triangle D; ik can be bounded by

meas(DiﬁK)EChQ.
The property (11) yields
|u(a2)|<C (lulmr (s, p0) + e |ul 2 1)) - (41)
Using the expression of each ¢;, 1<i<4, on a rectangle K, we can show that
. hx
VK € Ty, V1<i<4, |gi| g () <C—, (42)
OK
1
with C' = \/;
For each K € 9T of type 1 (resp. type 2), we have

h
[Mpu — 5wl (50 < (Ch (Jul gy Dy ) + hic|ul g2, 1)) + Co (Jul gy (D, ) + hic|ulg2(p, 1)) Q—;
hx

(resp. |Hhu — H2U|H1(K)§C (|’UJ|H1(D31K) =+ hK|u|H2(D3,K)) Q_K)

Summing over all K € 97,0 and using the regularity of (7); lead to
M — I ul (0, <C (Jul g @van) + Plulg2@0n)) -
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14 I. RAMIERE

Thanks to Lemma 2.4, we obtain
[Mhu — Ty ul g (o,) <C (h1/2HuHH2(Q) + h|“|H2(Q\Qh)) :

To finish,

M — T ul i1 (0,) SCRY2 | 20 (43)

Combining the bounds (37) and (43), inequality (35) yields

0 fu = vhl1 (0, <ChY2 1l 2 . (44)

This conclude the proof of (22).
REMARK.

e In the particular case where Vulr = 0, Eq. (43) is bounded by h instead of h'/? thanks
to Eq. (29). The optimal first-order convergence is then yielded for the H' norm. .
e Combining equation (19) to estimations (22) and (25) lead to the following estimate

|u—ﬁh|H1(Q)§0h1/2||u||H2(Q). (45)

As usual, for the L?-norm error estimate, we suppose the regularity of the dual problem (P*).
From (20), taking v equal to u — @y, we can write

a(u — Un, @q) = | g(u—tap)de. (46)
/

Combining the variational formulation (2) and (14) lead to
a(u — ﬁh,’f)h) =0 Vo, € Vh cV,

Hence V¢, € f/h,

a(u — Uy, g — Pn) = /g(u — ap)dz. (47)
Q
As
J g(u—ap)dx
[|u — ﬁhHL?(Q) = sup 077 (48)

0#geL?(Q) ||9HL2(Q)

the continuity of the bilinear form a(.,.) gives the inequality of Aubin-Nitsche (see [35, 36, 1])
foru—up eV

log — Gnl(a)

||u — ﬂhHL2(Q)<M|U_ ﬁh|H1(Q) sup inf~ (49)
0#£gEL2(Q)PrEVh ||9HL2(Q)
Using the same proof used to find estimates (44) and (45), we obtain
inf [y — Gl <ChY2| gl 2 @),
PrhEVR
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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The regularity of the dual problem (P*) leads to

[ — | 2y SCh2|u — tn| o (g (50)

Hence, using (45)
[llu = anll2 o) <Chllull w20 (51)
As Qp € Q and y|q, = up, this concludes the proof. O

REMARK. The following step could be to consider a structured reqular Q1 non-boundary fitted
mesh (mainly a uniform Cartesian mesh) which is strictly interior to the domain Q. In this
case, the solution uy, can also be extended by zero in L\ Qp, and then the Céa Lemma is the
same as in the semi-conforming case. The solution u has to be estimated on all the nodes of
the boundary T'y. Since all these boundary nodes are interior to §2, the demonstration of the
error convergence is very similar to the previous one. So we will directly study the general
nonconforming case.

2.2.83. Nonconforming mesh

Definition 2.3 (Nonconforming mesh) A mesh 7;, = {K} is denoted as nonconforming
to Q if

The open bounded domain ) is approzimated by the open polygonal domain S, such that

Qp = o K with usual assumptions on K (see e.g. [1]).
€Ty

The approzimate domain Uy, is not boundary-fitted to Q (see Fig. 1).

As the approximate domain €2}, is not boundary-fitted to €2, the discretization space V}, related
to Q, is not a subspace of V' (see problem (P)-Eq.(2)). The terminology nonconforming used
here comes from the analogy with an adapted mesh to 2 composed by finite elements that are
not in C°(Q) implying Vi, ¢ V too (see e.g. the Wilson’s brick in [1]).

REMARK. A semi-conforming mesh (cf. Definition 2.2) is a particular case of nonconforming
meshes.

We want to discretize the original domain € with a structured regular nonconforming mesh
75 (e.g. a uniform Cartesian mesh) composed of Q1 rectangular finite elements K, such that
if h is the mesh diameter, the approximate domains (), verify

meas((QU Q) \ (2N Q) = O(h).

The domain 2 being supposed to be regular, there exists a constant C' depending on the
curvature of I' only, such that

Ve e Ty, NOK, dist(x,I)<Chg, (52)

where I';, = 09),.
The boundary T of Q is supposed to be Lipschitz-continuous, then there exists (see e.g. [37]
or [38]) an extension operator

E: H*(Q) — H*(RY),

such that Yo € H?((), the function Ev € H?(R?) verifies Ev|g = v. Moreover, the operator
E' is continuous

3C(Q) such that, Vv € H*(Q), ||Ev| gzra)<C(Q)]|v] r2(q)- (53)
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Prepared using nmeauth.cls



16 I. RAMIERE

Let © be an open bounded domain such that

0cQ and Vh, Qn C Q.

Assume that the solution u of the problem (P) belongs to H*(Q) N Hg (). Let @ = Eulg be
an extension of the function u in Q. Then @ € H?(2) and thanks to (53):

Vh, (@l g2 (@) <llall g2 @) <Cllull #2()- (54)

This concept of encapsulating domain and extension operator is extensively used and studied

in optimal-shape design [39, 40]. In this field, the encapsulating domain € is referred to as
security set or hold-all domain.

We consider the following variational problem (Py) on 4: find wuy, € Vj, such that

Oup, 0 -
(Ph) V'Uh (S Vh77 Z / 7,_] auh 8’0}1 = /fvh dx, (55)

h,j=1g, o

where a (resp. f) is an extension of a (resp. f) in L>®(Q) (resp. L2(Q)). Moreover a verifies
the ellipticity assumptions on Q. Then using Lax-Milgram’s theorem, the solution uj € Vj, of
the equation (55) exists and is unique.

REMARK. The extension f of f in L2(Q) may be chosen as:

f = —div(ava).
However in practical computations, the function u is the unknown of the problem (P) and
then its extension 4 is not known either. So the extension f of f, which is a given data of
the variational problem (Py), cannot be defined by the previous equation. In the sequel we will

denote by f the particular extension of f verifying

f=—div(ava).

Lemma 2.5. There exists a constant C > 0 such that

ou Owy,
Z /a”() 8171 d:v—/fwhdx

_ HI=1q, Q,
U — up|g1(0,)<C | inf |U = UnlmH1(q,) + Sup
vnEV) wy V), |wr |1 ()
(56)
Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
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Proof. For any vy, € V;, the Vj,-ellipticity property leads to

2

- - 6uh—vh 8uh—vh
a0|Uh_’Uh|§{1(Qh) < Z /G’U ( 8 - ) ( 8 . )de',

S T T

6,j=1¢,

(9 uh Up — U (9 Up — Uh
S o) RLUSCLITERTRES o LU= LU PR
1,]= 19 1,]= IQh Li
8U 8 Up — Up,
< C|u - 'Uh|H1(Qh)|uh - 'Uh|H1 () /f Up — Uh dx — Z /aw (9:6 %)dl',
o bj=1gy, i
where ag is the Vj-ellipticity constant.
Then,
3ﬂ 8wh
d
> faugima o [
- =,
up — Vp | () <C | |t —vp|H1,) + sup
@) <C | | | () Sup onio

The triangle inequality concludes the proof. O

REMARK. The inequality of Lemma 2.5 is analogous to the second Strang’s lemma (see
[41, 42, 1]) in our case of nonconforming elements.

Theorem 2.6 (Error estimate with a 1 nonconforming mesh - Dirichlet case)

Let Q and Q be two regular convex open bounded domains such that Q C Q. Let u be the solution
to the Dirichlet problem (P) (see Eq. (2)) and uy, be the solution to the discrete problem (Pp)
(see Eq. (55)). The solution u is supposed to belong to H*(X) N Hy (). Thus, there exists an
extension @ € H*(Q) of u such that %l 2@y SC(Qull r2(q) - Let f denote an L2-extension

of f in Q and &a € W OO(Q) be an extension of a that verifies ellipticity assumptions. We
introduce R R
f = —div(aVa) € L*(9Q).
For any reqular family (7)) of Q1 nonconforming meshes to 0 such that
Q, CQ and meas((QUQL)\ (2N QL)) = O(h),

there exists some constants C' such that

i — unl i (2, SCRY 2 (|ull 2y + B2 F = Fllz2 ) (57)
and if the dual problem (P}) (see Eq. (65)) on the convex hull Q, of QU Qy, is regular,

i — wnl L2 (@) <SCh(lull g2y + 2211 f = Fllz2@n))- (58)

Proof. We begin by estimating the two terms of inequality (56).

e Boundedness of inf |a—vp|1.0,
v €VR

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
Prepared using nmeauth.cls



18 I. RAMIERE

Following the same idea as in the semi-conforming case, the first term of the right hand side

of (56) is bounded by

inf |Z~L — ’Uthl(glh’)gh’l — H2a|H1(th)<|a — Hha|Hl(glh’) + |Hh’ﬁ — H]O.L'a|Hl(Qh’),

VR EVh

where I, is the Lagrange @ interpolation operator over (75)(see Eq. (32) and [1]) and 119 is

defined by Eqs. (33-34).
By definition of II;, we have

‘ i — Hpt| g (,) <ChlU] g2 (y).- ‘

The function Iu — ITYu does not vanish on the rectangles K € 9T,° only.
VK € 07,°, (pa—I0a)x = Y i)
i;a, €,

Then

Ty — T @ (1) < Z |t(ai)||qil o (x)
i;a; €0

From estimate (42), we have

h
VK € Ty, Y1<i<4, |gi| i) <SC—
0K

For each K € 9T, we use the same notations as these introduced in the proof of Lemma 2.4.

For each a; i € T'y, the point a; g+ is defined such that (see Fig. 5):

o the triangle D; k., delimited by the sides [aiﬁKazK], [aj7Kdi1K/] and [a; x@; k], is included

in Q\ Qp (resp. in Qp, \ Q) for a; g € Q (resp. a; x & ),

aigalg*
e the ratio ————=<C independently of h.

meas(D; i)

By definition of the regular nonconforming mesh (73), and since ) is convex, such a point

a;, i always exists.
By the same reasoning as in the semi-conforming case, we can prove that:

|@(ai)|<C (Jul g (p, ) + hiclula2 D, 4)) -

Let €; be the open defined by:

Q= (QUOL)\ (2N Q). (59)
Then,
|Hh’l~1, — H2ﬁ|H1(Qh)§O (|ﬁ|H1(Q¢) + h|ﬁ|H2(Ql)) .
Moreover, by the same proof as in Lemma 2.4, we obtain that
e, < OBl gaq), (60)
il e < ChY2 [l o) (61)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0

Prepared using nmeauth.cls



CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 19

a BK Dss
4K
K
& K M
\ r
&k r
(a) a; K € Q (b) a; K ZQ
Figure 5. Definition of a; x/ according to the position of a; k.
Hence,
~ 1/2 ~
(@1 (0, <Ch / ||UHH2(Q)- (62)
Finally,
05 — 1100|111 0,y SCRY 2 [l g2 -
The extension theorem (53) gives
inf | — vn 71 (2,) <O |ul 12 (63)
vr €V
2 0t dw
Z /dij——hdx—/fwhdx
=1 8:cj 8171
¢ Boundedness of sup o o
wp €Vh |wh|H1(Qh)
2 du dwy, ;
Let Dy (@, wy,) = Qi = ——da — wp dz,  Ywy € Vi, € HE(Q).
n(t, wn) Z/ i 525 Dy /f h n € Vi C Hg(n)
6I=1g, Qp
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The Green formula leads to

ou 8wh - RSO
Z /au 9z, Ons dz = —/dlv(a.Vu)whdx,

1,]= IQ Qn

Since f and f are extensions of f in 2, we obtain:

Dh(ﬂ,wh) = / (f — f)wh, Ywp € Vi, C H&(Qh)

Q\Q

According to Cauchy-Schwartz inequality and the generalized Poincaré inequality (28) on
Qn \ ©, we obtain

Dy (i, wn) <Ch| f = Fllr2@me)lwnlm @) (64)

To conclude, the estimate (57) is obtained combining (63) and (64) in the inequality of Lemma
2.5.

REMARK. As in the semi-conforming case, the additional condition Vulr = 0 yields the
optimal first-order convergence for the H' norm. Indeed, the non-optimal O(hl/Q) estimate
(see Theorem 2.6, Eq. (57)) follows from Lemma 2.4, or its equivalent in the nonconforming
case (see Eq. (62)). In the particular case where Vulp = 0, this Lemma provides an O(h)
estimate.

Concerning the L?-norm estimate, we introduce the open bounded domain Q which is the
convex hull of QU ), (cf. Figure 6). By definition Q;, C Q. The dual problem (Pj) is then
defined on Qy, by: given § in L?(€2,), find p, in H(Qy) such that

(Pr) Vo€ HL(w), Z /au (;% ‘2“’ = /gﬁdx (65)
Q h

1= =
1= an

Hypotheses (H) and the assumptions on the extended coefficients a and f enable us to conclude
that the problem (P}) admits a unique solution @, € H?(2,) N H(Qn).

The dual problem (75,*1) is supposed to be regular, that implies
||Sz’gHHz(Qh)gC*Hgnp(Qh) (66)

REMARK. Let us remark that the constant C* = C*(Qh) of inequality (66) depends only on
the diameter of Uy, (see [33]) such that

C*(0)?<1 4+ K ()2 + K(0)*

where K(Qy,) is the constant of the Poincaré inequality (see e.g. [38]) which depends only on
the diameter of Q. Since the diameter of Q) tends to the diameter of Q) when h tends to 0,
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Q h L— I

[
\ Ja

&,/

Figure 6. Convex hull Qh of QU Qy,

this constant C* may be bounded independently of h.
Let 4 and 4y, be the functions of HE () defined:

o fu nQ o fup in

YTlo m o\ T 0 im O\
Then the function @ — iy, vanishes on Q \ (QUQp). Introducing @ — 4y, as test function in the
dual problem (P}) yields

2 -
_ O(a—ap) 0p o

Z / aijTj 8a:j dz = / gt — ap)da. (67)
Hi=1g00, QUQ,

Let Qi = {UK; K C (2N )} be the interior domain to (2N €,) of boundary I'i" (cf. Fig.
7).

N e
/ o /
\ X
Q\/

Figure 7. Definition of the domain Q""" C (Q N Q)

By definition of Qi and of Qp, the following property holds
Vo e T NOK,  dist(z, 8Q,)<Chg (68)
Let TI;""™ be the Q; interpolation operator IT9 introduced in Eqs. (33-34) defined on Qi"*:

4
VK € Ty, K C QM. Tk =Y i(ai)as,
1=1
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with

3(as) = 0 if a; € I,
U w(ay) 0therw1se

Let us still denote by Iy, the extension by 0 on Q, \ Qi of the function IT)""*'@,, then:

2 0, znt ~ 0, znt ~
_ O(t—uy) oIl / Ou OlI;
ij i 9d
.jzl / i Ox; (%c JZI @ij 6:10 - Ox; *
1=1loua, bI=iqint
2 0,int ~
8’U,h 61’[ (pq
> / iy g (69)
11.7:19?17”

The first term of the right hand side (69) is transformed using the Green formula on Q"
with H%mtgaghzm = 0, while the second term is transformed using the variational problem

(Py)-Eq.(55) with IT)" 3,|q, € Vi. We finally obtain

9 R N 0,int ~
_ 8(’“ — Uh) 8Hh Pg
) dz — 0. 70
Z / " o v
HI=1g0q,
Hence,
5 . R ~ 0,int ~
_ 0t — ) 0(pg — 11, 4y / g(u — 1
ij : —dx = — tp)dz. n
Z / Y o O ’ A o
Hi=lo0q), o
As usual, we have
/ §(a — y)da
it — n sup
— h 2 a - T

g#0
The function (@ — @) vanishing on Qj \ (U €,), we obtain

g(tu — tp)dx
L QuUQ
|4 — UhHL?(Qth,) = sup — - (72)
ger2@y  M9llea
g#0
Thanks to the properties of &, Eq. (71) yields
G(t — 0p) <C|U — Un| g1 (Quay) [Py — H%mt%ml(ﬂunh)- (73)

QUQ,
The first term of the right hand side of (73) is bounded thanks to the triangular inequality,
inequalities (60-61), the extension property 54 and the H'! error estimate (57)
[t —dn|grue,) < |8 —dlgua,) + 18— dnlmr uay),
< lala ) + @ — unlia,) + Az @),
< O (|lullz + 12 )- (74)
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Concerning the second term of Eq. (73), we have:
5 0,int ~ N 0int ~
|Sﬁg —Hhmt¢g|H1(Qth) < |Sﬁg —Hhmt@gml(ﬁh)a
- 0,int ~ - 0,int ~
<@g — I SDg|H1(sz;"t) + [y — ™" SDg|H1((zh,\Q;ft)'

By definition of Qi and Qj,, inequality (68) and estimation of the error convergence in the
semi-conforming case easily yield

~ - ~ 0,int ~ ~
Voq € Hy (), [Py — 1T, t‘Pg|H1(Q;’L"“)gChl/QHS%HH?(Qh)-

As previously, by the same proof as in Lemma 2.4, the following bound is obtained

~ HO,int 5 _ v -
¢y — 1L, %09|H1(Qh\ﬂ;‘;n) = |<Pg|H1(Qh\Q;';w)v

N

Ohl/QH@gHm(Qh)'

Hence,
~ 0,int ~ ~
By — 1T, t‘P9|H1(QUQn)<Chl/2”9"gHH2(flh)' (75)

Substituting inequalities (74) and (75) into inequality (73) and using the regularity of the dual
problem (Py) lead to

6 — | L2000 SCh(|ull m2) + B2 f = Fllzzn) (76)

The triangular inequality

1@ — unllL2(0,) <t — @l L2(0,) + |2 = unllL2(,),

combined with the generalized Poincaré inequality (31) and the extension theorem (53)
conclude the proof. O

REMARK. (Comments about estimates for nonhomogeneous Dirichlet problems)

Like in most of convergence analyses, we demonstrated error estimates for a homogeneous
Dirichlet problem. The most straightforward way of approzimating the solution of a nonhomo-
geneous Dirichlet problem is to consider the “modified” variational problem whose the solution

u € HY(Q) satisfies (see [43, 42, 1])

(u—1up) € H}(Q),
{ Vv € H (Q),ao(u,v) = L(v), (77)

where ip is the lift in H*(Q) of the Dirichlet data u|r = up € HY?(T), and the forms a(.,.)
and L(.) are defined in (3). An associated discrete problem is then deduced. Some arguments
introduced in [{2] may be extended to nonconforming meshes in order to prove the h'/? error
convergence in the H' norm.

However, the discrete problem used for this theoretical analysis does not correspond to the
discrete problem solved in practical computations. The computed problem corresponds to the
usual variational problem with the approximation space

Vi, = {U S Co(ﬁh); U|Fh = ’ﬁD|Fh,VK € Tp, U|K S Ql(K)} - Hl(Qh).
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The boundary condition up is then transfered to the stair-step approximate boundary I'j
through the lifted function tp. Some arguments of the convergence analysis for Robin problems
(see next section), where the coefficients have also to be lifted on the stair-case boundary, may be
used to obtain error estimates. Numerical results (see section 4) confirm that the discretization
error of the nonhomogeneous Dirichlet problem behaves like h'/? in the H' norm and h in the
L? norm.

Another interesting way is to use penalty methods (e.g. [44, 45]). One can show that
the nonhomogeneous Dirichlet convergence analysis returns to the Robin problem analysis

1 1
(—(aVu).n = au + g on T') with penalized coefficients such that « = — and g = ——up, the
Ui Ui
penalty parameter 0 < n << 1 being sufficiently small (n = 1072 in practice). The O(h'/?)
error estimate in the H' norm is then straightforward deduced from the convergence analysis of
Robin problems. Furthermore, a combined convergence study with respect to the discretization

step h and penalty parameter n would enable us to appreciate the influence of the modelling
error.

3. Robin problem

3.1. Definition of the problem

We proceed under the assumptions on the domain 2 as in section 2.1 and the hypotheses (H).
The Robin problem under study writes

—div(aVu) f in €,
—(aVu)n = au+yg onT'=09Q,

(78)

where n is the outward unit normal vector on I" and 0<a € WH(T") and g € HY?(I).
REMARK. To obtain a solution u € H'(Q), the assumptions 0<a € L>(T) and g € L*(T)
are sufficient. However to estimate the order of the convergence of the discretization error, the
solution must be in H*(Q) and then o and g are assumed to belong to WH(T') and HY/?(T')
respectively. Then, the variational formulation (P) of (78) is

(P) find w € V = H*(Q) such that a(u,v) = L(v) Yo €V, (79)

where

S
—~
s

<
~

I

d
ou Ov
Z /aij%ja—mdx—i—/auvds,
r

3,7=1 Q

Llv) = /fvdx—/gvds.

Q T

(80)

Under the hypotheses (H), with the usual techniques, we prove the continuity of the bilinear
form a(.,.) on V x V and the V-ellipticity. Moreover, the linear form L(.) is continuous on V.
Lax-Milgram’s theorem enables us to conclude that the solution w € V to the problem (P)
exists and is unique.

REMARK. A Neumann condition is obtained setting o = 0 in the problem (78). In this case,

Copyright (© 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
Prepared using nmeauth.cls



CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 25

an additional compatibility condition is required for the solution u to exist. Then, we usually
suppose that the mon unique solution belongs to the space of the functions with a zero mean
over 2.

8.2. Nonconforming Q1 finite element mesh

We assume that the domain Q € R? is convex. A finite element discretization with Q
rectangular elements is used. The same notations as in section 2.2.1 are used. For a Robin
(or Neumann) problem, the approximation space V}, is defined by

Vh—{UECO(Qh) VK € Ty, vk € Q1(K)} CHl(Qh), (81)

The space V and V}, are equipped with the H! Sobolev norm (on € and €, respectively).

We use a nonconforming mesh of 2 (see definition 2.3 - section 2.2.3) with the same assumptions
as in section 2.2.3.

Let & and g denote the lifts in 2 [38, 33] of @ and g respectively. Then, we have 0<a € W1°°(Q)
and § € H'(Q). We still denote by 0<& € WH>(Q) and § € H'(Q) extensions of these lifts
over Q. The variational problem (Py,) on €y, follows: find wy, € V}, such that

(Pr) Nop € Vi, Z /dij%gih /—uhvhdS—/fvhd:v—/—vhds (82)
j i

=10, Qn

where a (resp. f) is an extension of a (resp. f) in L>®(Q) (resp. L2()). Moreover, a verifies the
ellipticity assumptions on Q. A piecewise constant correction parameter e, > 0 is incorporated
to ensure the local conservativity between the original flux integral on I in the problem (P)
and the approximate flux integral on T'j, in (P},). As it will be specified in the sequel, the choice
of this parameter allows the mesh convergence to be preserved. The solution u; € V; of the
discrete problem (Py,) exists and is unique.

Lemma 3.1. There exists a constant C > 0 such that

2

- o1 (?wh at +§
Z /a”a 6% dx—/fwhd:r—l—/ wp, ds

€h
1,]= 1Q T

lt—un | g1 (0, <C mf Hu — vl () + SUP
VR € wp €V ||wh||H1 Qh)

Proof. The proof is the same as for Lemma 2.5. O

Theorem 3.2 (Error estimate with a )1 nonconforming mesh - Robin case)

Let Q and Q be two regular convex open bounded domains such that Q C Q. Let u be the
solution to the Robin problem (P) (see Eq. (79)) and up be the solution to the problem
(Pr) (see Eq. (82)). The solution u is supposed to belong to H?(2). Thus, there exists an
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extension i € H?(Q) of u such that ||| » @ SC()||ull 2 (q)- For any regular family (Tn)n of
Q1 nonconforming meshes to Q such that

Q,CQ and meas((QUQ,)\ (2NQ)) = O(h),
there exist a constant C' such that

% — wnl m1. 0y SCAM 2 (Jull 2y + 1 £ L2y + léllwree @ 1wl m @) + 1315 ) (84)

Proof. To obtain an estimation of ||% —wup || g1 (q,) we will estimate each of the right hand term
of (83).

eBoundedness of inf ||i —vp| g1(q,)
vhEVh

If T1j, denotes the Lagrange Q1-interpolation operator over (7), then the usual interpolation
property and the extension theorem (53) lead to

inf ||u — 'Uh”Hl @S <Hu — Hhu||H1(Qh)<Ch||u||H2 )
VR EVR

Now, we want to estimate the second term of the right hand side of (83). Let

(@, wp) Z /augu %wh —/fwhdx+/au+gwhds.

€h
t,j=1g, Qpn Ty

D (i
eBoundedness of sup M
wieVi, |wnll m1(0)

Assume that the extension a of a belongs to W°°(2), then

f = —div(avi) e L*(Q). (85)

Integrating by part Eq. (85) on £, with w;, € V}, as test function gives

ou Ow _ .
Z /a”() (%:d —l—/go(u)whds:/fwhd:v,

Hi=1g, T Qn
- on
where p() = —aVa.n = Z Qjj = o, -7, I being the outward unit normal vector on I'y,.

,j=1
Hence,

Dh(ﬁ,wh):/au+gwhds—/<p(ﬂ)whds+ / (f—f)whdx.
€
Ty " Tn Qp\Q

Let 7,*" denote an external structured regular nonconforming mesh of 2 composed by @4
finite elements such that
Tezt {UK K|Qh S 7;1}

and .
=~
Ot U K, Qca
KeTcIt
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~] o

7777777

Figure 8. Definition of the external nonconforming mesh of 2.

The extension domain () is now chosen such that
Vh, szt c Q.

Among the external nonconforming meshes of 2, the mesh 7, is such that the domain Q§**
is the smallest possible (see Fig. 8).

Let wy,r = {UK, K € T,%", K N T # 0} be the union of the finite elements crossed by I'. For
each K C wyr, K € T2, we define the open set Ok by

[ KN\ Q) if K eT,,
Ok = { KnN(2\ Q) otherwise. (86)
There exists an extension wy, € H'(Q5*") of wy, € V}, over Q§*" such that
wnll 21 gty <Cllwal 71 () (87)

REMARK. This extension can be a discrete extension wy, € Q1 over fot. For each K €
Tt K € Q57 \ Q,, this extension is constructed as follows:

e if only two nodes of K belong to OK NT}, (see Fig. 9(a)), wpli is chosen to be the
symmetric with respect to OK N Ty of wp|r, where L is the cell in Qp, L € N(K),
sharing the same nodes than K on I'y,. Then:

HwhHHl(K) = ||wh||H1(L)-

e if three nodes of K belong to 0K NT'y, (see Fig. 9(b)), the value of wy, on the fourth node
is calculated in order to minimize ||wp| g1 (k). Let L and M be the cells of Qy having
each one two nodes on OK NIy, then

w0 <CUlwall gy + lwnll g an)-
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®----------- A ®----------- A
@\ - -eeo- : 3
M
| Ty
I I
" r r
(a) Two nodes on 0K NTy,. (b) Three nodes on 0K NT'y,.

Figure 9. Configuration of the nodes of a cell K € Q& \ Q.

The term / o(t)wy, ds is transformed by invoking integration by parts on Eq. (85) on each

I'n
open Ok, K C wp r. Then by summing over the elements K C wy, r we obtain

/sﬁ(ﬁ)whds = /(au+g)whd8+ / fwp dz — / Jwp, dz

T'n r Qn\Q Q\Qy,
2 . 2
_ 0u Owy, / ou Owy,
— a;;————dx + a;; — —— dx.
idz_lgl / 7 8Ij 8:01 i,jzzl 7 8:cj 8171
P \Q2 Q\Qy,

We finally have

Dy(a,wp) = /au+gwhds—/(au+g)whds— / fwp dz + / fwy, dx
€
T " r Qn\Q A\,
2 N 2
_ 0u Owy, ou Owy,
i ——dr — i . de.
+ Z /aja$j 6:101- . Z /aja$j 6;51- .
ZJ:lQh\Q : ’LJ:IQ\Qh :

The properties of &, estimations (60-61), and the analogue to (27) in the nonconforming case,
yield

au+g

|Dp (@, wr)|] < / o wp, ds — /(au+g) wy, ds
h N

+ Ch1/2(||u||H2(fz) + Hf”Lz(Qh\Q) + HfHL2(Q\Qh))||wh|\H1(Q;;zt)-

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 00:0-0
Prepared using nmeauth.cls



CONVERGENCE ANALYSIS FOR NON-BOUNDARY FITTED MESHES 29

Using extension properties, we can write

au+g

|Dp (@, wp,)|< / whds—/(au—i—g)whds
h r

+ CR2([ull 2 () + 1f 2@ llwnll @)
Then we have to estimate / auty wp, ds — /(au + g) wp, ds.
€n

T r
We have to define the correction parameter €, in order to keep at least the (’)(hl/ 2) accuracy.
First, let introduce the following additional notations on 7,¢**. Let £ be the family of edges of
the elements of 7,¢**. Then, 0 = K|L € £ denote the edge between two distinct elements K

and L of 7,¢": & = 9K N OL has a non zero Lebesgue measure in R. The set of neighbors of
K is denoted by N'(K), that is N'(K) = {L € T J0 € £, 7 = 0K N OL}.

For all K C wppr, we denote by EK = {oc € &o <C Th,o € OKON
05" or o K|L with either

L ¢ Qpor L ¢ wpr} the set of sides lymg on I'j, associated to K. Otherwise, for K ¢ wp r,
Ex = 0. Moreover, we denote by

Fh,K = U o

cEEK

the part of I'y, associated to the element K (see Fig. 10).
Some cells K ¢ wp, r may have Ex =10 (for example if any side of K belongs to I'y), then the
part I'c of T" included in this king of cells may be not considered in the calculation of €. In
order to take account of the entire measure of the original interface I', for the cells K C wy, r
such that x = (), we associated K to one of its neighbor K’ € N'(K) such that Ex+ # 0. The
choice of the neighbor K’ (called in the sequel “chosen” neighbor) can be made by different
ways, for example arbitrarily among all the neighbors L € N'(K) such that £, # 0. Another
choice is detailed in [5]. For all K C wy, 1 such that Ex # 0, let C(K) = {L € T,t*%; L € N(K),
L C wpr, I(N) = 0, K is the “chosen” neighbor of L} be the set of cells of which K is the
“chosen” neighbor.
Then, we define 'k (see Fig. 10) such that :

fK = FK + Z I‘L (89)
LeC(K)
where 'y =T NOK.
The local correction e introduced in [5], which is the value of €, over each element K C wy, 1,

reads

. r
VK C wnp such that &k £ 0, ex = 2eSLhx) (90)
meas(T' k)

And R
VUCFh, O'GgK, € — €K, (91)
which defines the piecewise constant function €y on I'y.
By definition of e, for each K C wy, p such that Ex # 0, for any constant C' we have:
— Cds— [ Cds=0

€K
Tn ik
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Let Wy, and (& + §) be the mean values over K of wy, and (& + §) respectively, then we get

0t +g 1
/ aue—i—gwhds—/(au-i-g)whds = / (@t + g)wn — (&t + g).wp) ds
h K
Tn fK Th.x (92)
- /[(au+g) wy, — (&@ + §).wp) ds.
%

Assume that O = O U ( EJ( )OL) (see Fig. 10). By the same reasoning as in the proof of
LeC(K

Lemma 2.4, we can obtain the following estimate:
There exists a constant C' such that VK C wy, r,Ex # 0

/[(au+g) wp, — (@i + ). wp) ds<C( / (& + g) wy — (Gt + g).wp] ds
I Chk
+ ”daJ’_gHHl(@K)Hwh”L?(@K)

+ laa+ gHLz(@K)HwhHHl(@K))'

Fh,IH

Figure 10. Definition of I'y, &, f‘K and Ok.

1
As —<C, we obtain
€K

1 -
— [ @i+ gyunds - /(au + g)wn ds<C( / (Gt + §)wn — (33 T §).w7] ds
K

Fnk I Fnk (94)

+ |laa+ §||H1(@K)||wh”L2((§K)
1@+l 2 o0 lwnll 10,0 -
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Considering the first term of the right hand side of (94), the Cauchy-Schwarz inequality gives

/[(da+§)wh—(da+§)~w—h]ds = /[(dﬂ—i-g)wh_(dﬂ-i—g)w_h‘f'(dﬁ—f-g)w_h_(dﬁ-i-g)'w_h]dsu

Tn ik Tn x

- /(&a+g><wh—w—h>+ /[(&ma)—(&mgnw—hds,

I'n x I'n x

Z (laa+ gl 2oy llwn — @Whll 20y +
G’Eé[{

N

(@ @+ g) — (@@ + )l 2o 0] £2(0r) ) -

On each edge o € €k, the L? norm of (wy, — W) is estimated by the trace inequality (24) of
Lemma 2.3 on the rectangle K:

lwh — Tl 22y <SCh"? (lwn — Wl L2 () + hic [[wnl| e () -

1

meas(K)
conclude that

Since Wy, = / wy, dz, the Poincaré-Wirtinger inequality (see e.g. [46]) enables us to
K

l[wn — WR L2y SCR A2 | wn 1 (x6)- (95)
By the same arguments, we have
(@@ +§) — (@ + §)|| 20y SCh R | @ @ + §ll e (i) (96)

Moreover, on each cell K C wy, 1, Ex # (), by definition of the mean value (which is a projection
on the L? space):

Vo €€, TRl ey <Chi P[0 2 1) SCh " wn | L2y
Combining all the previous inequalities leads to
[ @i+ gy w, - GET Fm) ds <O+ Gloqrs o

I'n x

+ &t + gl g1 k) ||wh||L2(K))'

On each K C wh7p,5AK £ (), we have

— [(@i+gunds— [(au+g)wnds<C N + glua o lonlln o
Tk 'k
+[lat + gll g1 (k) lwn 2 (k) (97)
+ 168 + gll g (0,0 lwnll 26
+ 8+ 3l 200 l0nll g1 (0,6))-
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Summing over all the K C wy, 1, Ex £ ()

au+g U
[ S wnds = [ (@t @) wnds<O2a0+ Gloqey lanl o e
b g (98)

+ 16+ Gl wn ) 1wl 22w r)

+ H&ﬁ + gHLQ(wh,F)HwhHHl(wh,F))'

Then, as in the proof of Lemma 2.4-Eq. (27), we have the following estimates Vv € H'(Q57)

[vllzzan < CRY2|v]le(q),
lollzzogrney < CRY2 [0l agey-
Hence,
Yo e HYQ), [0 r2on.) <SChY 2ol e (99)
Finally,
/ a uﬁ:— 9 wpds — /(au +9) whd8<0h1/2||dﬁ + g”Hl(gliﬁlzt) HwhHHl(Q;ﬂ)- (100)
IV r
Then the extension properties conclude the proof. 0

REMARK 1. For the Robin problem, the L? norm error estimate in O(h) still surely holds as
well as for the Dirichlet problem in Theorem 2.6. However, some technical issues have to be
overcome to apply the Aubin-Nitsche trick. This is beyond the scope of the present work. But
the numerical results in Section 4.3 do confirm the first-order convergence for the L? norm.
REMARK 2. From Eq. (88) and by the same arguments as in the previous proof, we clearly
meas(T')
meas(I")
for the H'-norm. The error convergence with respect to the mesh step h is lost.

see that the choice of a global parameter €, = does not ensure the O(h'/?) accuracy

4. Numerical experiments

4.1. Fictitious domain methodology

To validate the previous theoretical estimates, we present some numerical results obtained with
the fictitious domain method with spread interface introduced by Ramiere et al. [2]. Diffusion
problems are under study in two kinds of domain: a quarter disk domain (see Fig. 11) and
a corner domain (see Fig. 17). In the fictitious domain approach, each original domain 2
is immersed into the unit square 2y =|0,1[x]0, 1] (see Figs. 11(b) and 17(a)) on which a
uniform Cartesian mesh composed by Q1 square finite elements is defined. Approximate stair-
case immersed interfaces are then lying on sides of this Cartesian mesh. Thus, the resulting
approximate domains €, are such that: meas((Q U Q) \ (2N Q) = O(h).

Problems with Dirichlet or Robin boundary conditions are under study in the quarter disk
domain while a mixed problem (Dirichlet and Robin conditions on different parts of the
boundary) in the corner domain is presented.
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4.1.1. Dirichlet boundary conditions

For a Dirichlet boundary condition, a penalization of the exterior fictitious domain (see [2])
enables us to impose the Dirichlet boundary condition u, =~ wu. on I'j, where u. is an
H' extension of the Dirichlet value ulp = up in the exterior domain such that the trace

1
Yo(te) = te|r = up. The penalization method consists in adding the reaction term —(u — w,)

in the equation solved in the exterior fictitious domain, where the so-called penalty coefficient
n is likely to tend to zero (n = 10712 in our simulations).

Another similar approach consists in penalizing the cells crossed by the immersed interface,
which define the spread interface wy, 1, instead of the exterior domain. In this case uj >~ u. in
the whole spread interface. This approach is mainly used in case of mixed boundary conditions
(different kinds of conditions on different parts of the boundary).

4.1.2. Robin boundary conditions

Using standard @); finite elements over the fictitious domain €, neither a jump of solution nor
a jump of flux is allowed on the approximate immersed interface I'y,. Then, we cannot impose
directly the Robin boundary condition on I'j, as it is the case for the Dirichlet condition with
a penalization.

Hence, in the fictitious domain method with spread interface of [2], a volume correction
coeflicient ex is calculated on each cell K C wy, r to impose the Robin flux on I' as a source
term carried by the spread interface wy . This volume correction can be seen as a volume
extension of the surface correction €, (see Eq. (91)) analyzed here. Then, we have:

meas(K)

VK = —F".
 wh,rs K meas(I'k)

Results obtained with the fictitious domain approach with a volume correction are presented
in complement of the results obtained within the theoretical analysis framework of this paper
where the approximate Robin conditions are directly imposed on the stair-case approximate
domain boundary.

4.1.3. Discrete norms

Let e, = u — uj, denote the error between the extended analytic solution and the approximate
solution in Q. The following results focus on the H' seminorm and the L? norm of e in
Q. Numerically speaking, these norms are evaluated by summing the integrals over each cell
K € 7y, In order to avoid any phenomenon of superconvergence, each cell integral is evaluated
by a Gauss-Legendre quadrature formula which is exact for a @5 function (see for example [1]).

4.2. First study domain: a quarter disk domain

We first consider diffusion problems in a quarter of the unit disk 2 with symmetry conditions
on the x and y axises. The fictitious domain is the unit square 2y =|0, 1[x]0, 1], see Fig. 11(b).

The domain 2 is meshed by uniform square cells K with a grid step varying from h = 1

1
to h = 256" This defines two kinds of nonconforming meshes for the original domain €2: the

exterior approximate domain Q¢! (see Fig. 12(a)) such that Q C Q§** or the cut approximate
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domain Q5" (see Fig. 12(b)), the boundary of which may cross the original immersed interface.

y
Y
1
1 r r
Qy
Q Q
X X
0 1 0 1
(a) Original quarter disk domain . (b) Fictitious domain Q.

Figure 11. Immersion of the quarter of the unit disk into the unit square.

(a) Exterior approximate domain QZ”. (b) Cut approximate domain Q}CL“t.

Figure 12. Nonconforming meshes and approximate domains €2 for an original quarter disk domain.

4.2.1. Dirichlet case

Homogeneous problem
To illustrate the theoretical estimates obtained for a homogeneous Dirichlet
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boundary condition, we consider an original homogeneous Dirichlet problem

2 1 2 1
—div [<§(x2 +9%) + §> Vu] = — g with the analytical solution u = In (g(:er +y%) + §)

in Q. A penalization technique in the exterior fictitious domain is computed with u. = 0, see
section 4.1.1. The curves of the errors in the H' seminorm and the L? norm are represented
in Figure 13.

The numerical results are in agreement with the estimates obtained in Section 2. Indeed, for
the two nonconforming meshes of 2, the error varies like O(h'/?) for the H' norm and like
O(h) for the L? norm. As expected, the choice of the cut approximate boundary yields smaller
errors than the exterior approximate boundary.

Nonhomogeneous problem
In order to numerically confirm that a nonhomogeneous Dirichlet boundary condition
yields the same estimates than a homogeneous condition, we study the following

diffusion problem —Au = QCosa:sin(g — y) with the nonhomogeneous Dirichlet data u|p =
up = cosxsin(g — /1 —22) on the circle. The analytical solution of this problem is

™

u= cosxsin(§ —y) in Q.

Here again, the exterior domain penalization technique is computed with
T

Ue = cosxsin(i — /1 —22) on the whole exterior domain. Fig. 14 shows that the excepted

O(h'/?) accuracy (resp. O(h) accuracy) is reached for the H' norm (resp. L? norm) for both
approximate immersed interfaces.

4.3. Robin case

We now consider a Robin diffusion problem —Au = —(2 + 42%) exp(2?) with the condition

—Vu.n = cos? 0 (u—3) — 3 cos? § exp(cos? §) on the circle, where § = arctan(z). This problem
Y

admits the analytical solution u = 3 + exp(z?) in Q.

In this case, as in most of practical computations, the Robin coefficients a and ¢ (here,
a = cos?f and g = —3cos®0(1 + exp(cos? §)) are straightforward lifted. Since the original
Robin coefficients are used to be constant or their expression in H'/2(T") is also a function of
H'(Q), the lifted coefficients have the same expression than the original coefficients.

We first validate the theoretical estimates of section 3 in solving the Robin problem directly
in an approximate Cartesian nonconforming mesh without any fictitious domain. Hence, the
Robin boundary condition with surface correction is imposed as boundary condition on the
approximate domain boundary. Figure 15 illustrates the order of convergence for the two kinds
of nonconforming meshes Q§** and Q§“*. As expected, the accuracy of the method is O(h'/?)
for the H' norm. We can observe that we also still obtain an accuracy of O(h) for the L? norm
as for the Dirichlet case. Here again, the approximate cut domain Q§** gives a better precision
than the approximate exterior domain Q§*".

We are also interested in the behaviour of the fictitious domain method described in
section 4.1.2, with a volume correction parameter on the cells crossed by the immersed interface
I'. In Figure 16, we can observe that this fictitious domain approach leads to the same rates of
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Relative error norms versus h

|lu-uh||/]|ul| Homogeneous Dirichlet case - Exterior interface
10°F I I I I I \ E
r | 3—&] H1 error |
| --- Regression => slope = 0.46 B
[[| GO L2 error N
[| --- Regression => slope = 0.95 7
10'F E
107 E
10° | | | | | | |
1/256  1/128 1/64 1/32 1/16 1/8 1/4
discretization step
(a) Exterior approximate domain Q¢*.
Relative error norms versus h
|Ju-uh||/|Jull Homogeneous Dirichlet case - Cut interface
0
10°F T I I T T T !
r | 3—£ H1 error 1
| --- Regression => slope = 0.46 Bl
[[|C—© L2 error 1
[| --- Regression => slope = 0.92 7
107 E
107 E
10-3 | | | | | | |

1/256  1/128 1/64 1/32 1/16 1/8
discretization step

(b) Cut approximate domain Q§“*.

Figure 13. Convergence of the discretization error with h for the homogeneous Dirichlet problem with
a fictitious domain approach.

convergence than the nonconforming approach with a surface correction term: the error varies
like O(h'/?) for the H' norm and like O(h) for the L? norm.

REMARK. Another fictitious domain approach which deals with a thin approximate interface
and immersed jumps has been recently introduced and tested in [3, 4, 5]. The approxzimate
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Relative error norms versus h

||u-uh||/[jull Nonhomogeneous Dirichlet case - Exterior interface
0

10°F I I I 1 1 T 3
r | 3—£1 H1 error 9
| --- Regression => slope = 0.46 B
[ |G- L2 error b
[| --- Regression => slope = 0.92 7
10t E
0°E 3
10° E

10 | | | | | | |

1/256 1/128 1/64 1/32 1/16 1/8 1/4
discretization step
(a) Exterior approximate domain Q§%¢.
Relative error norms versus h
||u-uh||/[jull Nonhomogeneous Dirichlet case - Cut interface
0

10°F I I I 1 1 T 3
r | 3—£1 H1 error 9
F - Regression => slope = 0.45 B
[ |G- L2 error b
[| --- Regression => slope = 0.9 7
10t E
0°E 3
10°E E

10 | | | | | | |

1/256 1/128 1/64 1/32 1/16 1/8 1/4
discretization step

(b) Cut approximate domain Q§“*.

Figure 14. Convergence of the discretization error with A for the nonhomogeneous Dirichlet problem
with a fictitious domain approach.

interface lies on sides of control volumes and a cell-centered finite volume scheme is derived
to compute this approach. Then, for a Robin B.C., the surface correction €x analyzed here is
applied on the approzimate interface. The numerical results in [4, 5] confirm the first order
accuracy of the error for the L? norm.
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Relative error norms versus h

||u»uh||/|(|)u|| Robin case - Exterior interface
10 F I I [ T T T E|
r | 3—&] H1 error |
| --- Regression => slope = 0.48 B
[[| GO L2 error N
[| --- Regression => slope = 0.96 7
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107 E
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discretization step
(a) Exterior approximate domain Q¢*.
Relative error norms versus h
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[[|C—© L2 error 1
[| --- Regression => slope = 0.93 7
10'F .
107 - E
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Figure 15. Convergence of the discretization error with h for the Robin problem with a nonconforming

1/256  1/128  1/64 1/32 1/16

1/8

discretization step

(b) Cut approximate domain Q§“*.

mesh.

4.4. Second study domain: a corner domain

We now consider an original polygonal domain () that defines a corner boundary I' = 'y UT's,
see Fig. 17(a). To go further in the numerical validation, we illustrate that the estimates of
Theorem 2.6 and Theorem 3.2 still hold if the boundary I" is the union of some parts, each of
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Relative error norms versus h
||u-uh||/[jull Robin case - Spread interface
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Figure 16. Convergence of the discretization error with h for the Robin problem which a fictitious

domain approach (volume correction parameter).

them supporting a different boundary condition (Dirichlet, Robin or Neumann).

We solve the mixed problem with symmetry conditions on the Cartesian coordinate axises

—div (exp(2y — x)Vu) = f in ) (a=-exp(2y —x)),
8
with f = (32%y® + 82%y — dwy” — 4o’ — dy®) sin(y + % — 1)+

12—-2v3 , 4 5 8 T
— —8x°y — —=xy”)cos(y + — — 1),
(—3 y y=ZW ) cos(y 75 Y
ulp, = 0 on T'y (up =0),
—exp(2y —x)Vun|r, = aulp,+¢g only,

where o = exp(2v/3 — (1 + 2v/3)x),

and g = (1 —x) [\/gx(?)xQ + 2 —6)sin(v/3 -1 — 2

V3

which has the analytic solution u = 222y sin(y + % — 1) exp(xz — 2y) in Q.

V3

2 z) —622(1 —z)cos(V3—1— —=zx

As one part of the boundary supports a Robin boundary condition, we present results for the

two kinds of approaches that preserve the local flux conservativity:

e the surface correction technique where the Robin condition is directly imposed on the

boundary of the nonconforming mesh. In this case, the Dirichlet boundary condition
is also directly imposed on the approximate boundary. This approach enables us to
numerically validate the theoretical estimates obtained in this paper.

In view of previous results (see section 4.2), the approximate nonconforming Cartesian
mesh €, is chosen to be the cut domain Qf"f, see Fig. 17(b). As for the quarter disk

domain, the mesh step h varies from h = 1 to h = 256 The error norms are plotted in
Fig. 18(a).
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e the volume correction technique within a fictitious domain context with uniform Q-
finite elements. The Robin boundary condition is imposed through the corrected source
term carried by the spread interface while the Dirichlet boundary condition is imposed
by penalization in the spread interface. The original domain €2 is immersed in the unit
square fictitious domain Q (see Fig 17(a)), on which a Cartesian mesh with a step h

varying from h = 1 to h = 256 is defined. Fig. 18(b) represents the H'-norm error and

the L?-norm error versus the discretization step for the fictitious domain approach.

y
r 1
1 |
600 \b Qf
0 Lor,
60 X

0 1
(a) Original corner domain  and associated (b) Cut approximate domain
fictitious square domain €. Qi“t

Figure 17. Description of the original corner domain and the associated nonconforming cut mesh.

Both approaches exhibit an O(h'/?) accuracy for the H' norm and an O(h) accuracy for
the L? norm (see Fig. 18). This test case enables us to conclude our theoretical analysis can
be straightforward extended to mixed problem and remains valid for more singular domains
(with corners for examples). Moreover, we can also remark that the fictitious domain approach
with spread interface of Ramiere et al. [2] performed here, easily deals with mixed boundary
conditions.

5. Conclusion and perspectives

Space discretization error estimates for the ()1 Finite Element Method based on nonconforming
meshes are demonstrated in this paper. This approach has been rarely considered previously
from the numerical analysis point of view, although nonconforming meshes are widely used in
practice. The convergence analysis carried out for second-order elliptic problems yields O(hl/ 2)
estimates in the H' norm for any general boundary conditions: Dirichlet or Robin (and hence
Neumann). The most innovative result of this paper is the theoretical study of the error
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Relative error norms versus h

[Ju-uhl/|Jul| Mixed problem - Cut interface
1
10°F T I I T T ]
[ | 3—£1 H1 error ]
| --- Regression => slope = 0.6 q
[|G—© L2 error 7
[| --- Regression => slope = 1.1 1
10° E 3
10 = E
102 | | | | | | |

1/256

1/128

1/64

1/32

116

1/8

1/4
discretization step

(a) Surface correction approach (Nonconforming cut mesh).

Relative error norms versus h
Mixed problem - Exterior interface

[lu-uhii/jull
1

10°F T

[3—£1 H1 error

--- Regression => slope = 0.6

GO L2 error

--- Regression => slope = 1.05

10

10

10

41

|
1/256  1/128 1/64 1/32 1/16 1/8
discretization step

(b) Volume correction approach
proach).

(Fictitious domain ap-

Figure 18. Convergence of the discretization error with h for the mixed problem with two kinds of
nonconforming approaches.

convergence for Robin conditions imposed on a non-boundary fitted mesh. The main point
of this analysis lies in the incorporation of a correction term into the approximate problem
in order to respect the local flux conservativity. Another interesting feature of this paper is
the proof of the O(h) convergence in the L? norm for a Dirichlet boundary value problem.
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This proof uses classical arguments but it involves some technical difficulties due to the non-
conformity of the mesh to be overcome.

Numerical results illustrate the previous theoretical estimates. Various problems and configu-
rations are under study. In particular, to replace this study in an actual framework, we present
results computed within a fictitious domain approach. These practical computations exhibit
the same orders of convergence those theoretically obtained in this paper. It confirms that the
analysis led in this paper is the core of the convergence study of the fictitious domain methods
with stair-case approximate boundaries.

By sake of simplicity, the Dirichlet estimates have been demonstrated for homogeneous
problems. Although the numerical tests confirm that these estimates still hold for nonhomo-
geneous problems, it should be interesting to study more thorougly the convergence analysis
of nonhomogeneous problems. In the same meaning, the technical issue of the L? convergence
estimate for Robin problems should be studied in some details. However, the main goal of this
article was to build a first step in the convergence study of general fictitious domain methods
that do not involve boundary-fitted meshes. So the next step will consists in the complete
convergence analysis of such kind of methods, linking the discretization error due to the non-
boundary conforming mesh and the modelling error introduced by imposing the immersed
boundary conditions.
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