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ABSTRACT
Stage-II fatigue crack propagation in FCC metals is investigated using 3D
Discrete Dislocation Dynamics (DD) simulations. The calculations show that
dislocation/grain-boundary interaction affects slip dispersion everywhere in the
grain, including in the crack tip region. The results are analysed and drawn in the
form of simple, quantitative mathematical expressions, depending on a set of physi-
cal variables. This approach helps it developing a comprehensive crack propagation
model, where the crack growth rate dadN depends on both the crack tip opening
displacements and the tip-related nucleation of nano-cavities. It is shown that the
modelled crack response is compatible with the well-known Paris expression, which
we further interpreted as a ratio between the energy stored in the tip region over the
energy spent extending the crack surfaces. The model validity is finally evaluated
by comparison with relevant experimental evidence.
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1. Introduction

Cyclic slip localization and persistent slip bands (PSBs) formation in 316L stainless
steel have been extensively investigated and characterized, using various experimen-
tal techniques [1, 2, 3]. Precise examinations of persistent slip markings have shown
that fatigue crack initiations mainly occur at the PSB-matrix interface [3, 4, 5], or
within the PSB itself [5, 6]. Initiated cracks then propagate and cut through the first
grain, during Stage I crack growth [7, 8]. This phase is controlled by the crack tip slid-
ing displacements (CTSD) [9, 10]. Grown-up Stage I cracks then interact with grain
boundaries, acting as a microstructural barriers. This is where Stage I crack growth
rate slows down (or even arrest), depending on the loading conditions [11]. Propaga-
tion resumes as stage-II cracks are initiated and then grow according to the well-known
Paris expression [12].

Earlier 2-dimensional dislocation dynamics studies were able to capture important
aspects of cyclic plasticity and stage II crack growth [10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20]. On the other hand, 2D simulations do not include many important features
such as line tension, cross-slip or more generally, the 3D character of the fatigue-related
dislocation microstructures. Very few 3-dimensional DD simulations adapted to cyclic



Table 1. Material parameters (at 300 K) for DD simulations of fatigue loading conditions in grade 300
austenitic steel grains. These values were determined thanks to several, earlier investigations.

Cross-slip
threshold

stress
(MPa)

Viscous
Drag

coefficient
(×10−5Pa.s)

Lattice
friction
stress

(MPa)

Shear
modulus
(MPa)

Burgers
vector

magnitude
(Å)

Time
step (s)

Activation
volume

51.2 1.06 40 81000 2.54 2.10−10 1800 b3

loading conditions have been carried out so far [19, 20, 21]. For this and other reasons,
there are still many open questions regarding trans-granular fatigue crack propagation,
especially in poly-crystalline materials. Our goal in this work is to investigate stage-II
crack propagation using DD simulations accounting for the inherent complexity of the
3D space, including the barrier effect due to grain boundaries.

The DD simulation results help it developing a particular physically-based model
describing stage II crack propagation in a broad range of fatigue conditions. This
approach is carried out with a view to evaluate the impact of aggravating factors on
the fatigue lifetime, to be addressed in a separate set of articles. The present paper
focuses on the preliminary model developments and is organized as follows. In section
2, we briefly recall the DD simulation setup enabling the investigation of stage II crack
plasticity mechanisms [22, 23]. The simulation results are presented in section 3, in
the form of dislocation structure and crack tip displacement evolutions, at the scale of
single FCC grains. A corresponding stage II crack propagation model is developed and
proposed in section 4, enabling direct comparison with actual crack growth results.

2. Simulation and investigation methods

This paper takes advantage of numerical TRIDIS dislocation dynamics (DD) simu-
lations, where the dislocation lines are treated as discrete edge-screw segments [24].
In FCC metals, the dislocation segment velocity is proportional to the local effective
stress; itself a superimposition of the applied and internal stress contributions. The
input parameters suitable for the investigation of cyclic plasticity in austenitic steel
are listed in Table 1 below. Interaction with other dislocations (annihilations, junc-
tions) and glide plane change due to cross-slip are evaluated and updated at each time
step. TRIDIS code has been successfully applied and validated in different cases of
monotonic loading conditions such as tensile straining [25], nano-indentation [26]. 3D
fatigue simulations have been carried out in both defect-free [19, 20, 27] and cracked
grains [22, 23].

The 3D simulation setup used in this work is very similar to that used in reference [22,
23] and for this reason, is only briefly recalled in the rest of this section. For instance, the
grain geometry is taken as a hexagonal prism with a height to circumscribed diameter
ratio = 1 (see Fig. 1a and 1b). This grain has impenetrable grain boundaries and
one free surface, where mobile dislocations can escape and print surface slip markings.
The simulation cell acts as an elastic-plastic medium (grain) embedded in an infinite
elastic continuum. This assumption is fully relevant in the stage-II fatigue regime,
where plasticity is confined within the crack tip region, while the surrounding grains
are partially unloaded due to the crack shadowing effect [28, 29, 30]. Stage II fatigue
cracks are implemented as a combination of:

(1) 2 crack free surfaces (the crack lips: see Fig. 1)
(2) a crack-induced heterogeneous stress field [6], acting in the surrounding cracked
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(a) Initial dislocation
structures for stage-
II, random dislocation
sources.

(b) Details of dislocation-mediated plasticity mecha-
nisms controlling the crack-tip opening displacements.
Out of crack plane plastic strain spreading due to
cross-slip mechanism is in evidence, as the tip draws
near the grain boundary.

Figure 1. Dislocation dynamics simulation cases adapted crack propagation.

grain:

σij(r, θ) =
KI√
2πr

fij(θ) +
KII√
2πr

gij(θ) +
KIII√
2πr

hij(θ) (1)

All the implemented cracks are orientated normal to the tensile loading direction.
As a result, stress intensity factors KI = KIII = 0 and KII = σ

√
πa and the

crack-induced stress field can be expressed as:

σij(r, θ) = σ

√
a

2r
fij(θ) (2)

(3) A set of random sources placed at a short distance ahead of the crack tip surfaces
(see Fig. 1a).

The initial dislocation sources are a set of pinned segments (at least one source
per each of the 12 FCC slip systems), all of similar length and randomly positioned
as close as possible to the crack tip region. This is the main difference with earlier
simulations adapted to short crack propagation in surface grains, which usually develop
in association with pre-existing persistent slip band microstructures. The initial source
configuration has no effect on the morphology of the microstructure after sufficient
cumulated plastic deformation (generally, one full tension-compression cycle) [6,7,22].
Crack tip displacements due to the dislocation microstructure activity are computed
using the specific post-treatment methodology as shown in Fig. 1b (for example) and
explained in [31]. Image forces are not included in this work, since their influence
on grain-scale plasticity is negligible, given the time and space scale in consideration
[22, 32].
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Table 2. Stress intensity factors calculated using Table 1 data.

a(µm) 8 12 16 20 24
∆σ (MPa) 180 - 120 110 100

∆ϵp = 1× 10−4
KI (MPa) 902 - 850 871 868
∆σ (MPa) 200 160 140 120 110

∆ϵp = 2× 10−4
KI (MPa) 1002 982 992 951 955
∆σ (MPa) 250 200 170 150 120

∆ϵp = 3× 10−4
KI (MPa) 1253 1227 1205 1189 1128

3. Results

3.1. Crack tip plasticity in stage II loading conditions: local stress
response

The cyclic stress response associated with the different plastic strain controlled simu-
lation cases is shown in Fig. 2. The corresponding stabilized applied stress levels are
repeated in Table 2 below, showing the relation between the stabilized stress level and
the stress intensity factor KI = σ

√
πa.

For a given fixed plastic strain range, the stress intensity factor KI is mostly inde-
pendent of the crack depth. This effect is consistent with Eq. 2, where the stress field
due to a crack of length a under an applied stress amplitude σ is exactly the same as
the stress field due to a crack of length 2a under an applied stress σ/

√
2. The results

presented in this section are consistent with experimental observations [33, 34, 35], i.e.
(9× 102 < KI < 9× 103)MPa

√
m.

Typical plasticity mechanisms associated with stage II cracks are shown in Fig. 3 for
increasing crack lengths and conversely decreasing, tip to grain boundary distance. In
these conditions, slip spreads in all directions ahead of the crack tip region and involves
different non-coplanar slip systems [22]. The corresponding crack-induced dislocation
displacements are mostly reversible, from one cycle to the next. This condition applies
to a broad range of low stacking fault FCC materials In practice, the crack-tip surfaces
are then cyclically exposed to the environment and therefore, to local adsorption of
solute elements (O2 or water vapour for example).

This phenomenon decreases the interfacial energy of the cyclically exposed surfaces
and for this reason, fatigue cracks is thought to propagate by the successive de-cohesion
of (tip-related) nano-sized regions, possibly in the form of nano-cavities [22]. Quasi-
cleavage cavity nucleation is consistent with strong acoustic emission levels reported
in low stacking fault energy (SFE) materials [36]. The corresponding stage-II crack
propagation rate then directly depends on the crack tip opening displacement (CTOD)
amplitude, which is computed based on the present DD simulations, as explained in
the next section.

3.2. Crack tip plasticity in stage II loading conditions and crack
propagation: local strain response

The local strain response analysis is carried out using a specific post treatment cal-
culation procedure, taking advantage of half-cylinder calculation meshes placed at a
short distance, down the crack tip (see Fig. 4 below).
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∆
ϵ p

=
2
×
10

−
4

a = 4µm

a = 8µm

a = 12µm

a = 16µm

(a) Crack lengths: a = 4, 8, 12

and 16 µm. Crack tip stands at
16, 12, 8, 4 µm off the grain boundary.
∆ϵp = 2× 10−4.

∆
ϵ p

=
1
×
1
0−

4

∆
ϵ p

=
2
×
1
0−

4

∆
ϵ p

=
3
×
1
0−

4

a = 8µm

a = 12µm

a = 16µm

a = 20µm

a = 24µm

(b) Crack lengths: a = 8, 12, 16, 20 and 24 µm. Crack tip
stands at 12 µm off the grain boundary. ∆ϵp = 1 × 10−4, 2 ×
10−4 and 3× 10−4.

Figure 2. Applied stress evolutions obtained for different plastic strain ranges and different crack lengths.
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(a) (b) (c) (d)

Figure 3. Cyclic plasticity mechanisms associated with increasing stage II crack depth. Plastic strain involves
multiple slip conditions. Plastic strain confinement depends on the crack tip distance to the microstructural
barrier (grain boundary), decreasing from (a) through (d) snapshots.

(a) Half-cylindrical mesh posi-
tion, ahead of the crack front.

(b) Calculation mesh details.
Quantity r is the radius of cur-
vature of the mesh itself.

Figure 4. CTOD evaluation method.
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ϵxy

ϵyy

ϵxx

a = 4µm a = 8µm a = 12µm a = 16µm

Figure 5. Crack-induced plastic strain for different crack lengths. Strain components ϵxx, ϵyy , ϵxy and equiva-
lent strain ϵeq for applied plastic strain range ∆ϵp = 2×10−4 and different crack lengths: a = 4, 8, 12 and 16 µm.
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The crack-tip induced strain range (noted ∆ϵeq) is evaluated from the averaged out
upper and lower mesh displacements, due to the tip-emitted dislocations. Quantitative
crack-induced plastic strain evolutions are given in Fig. 5, for stage II cracks of different
lengths, for ∆ϵp = 2 × 10−4. The plastic strain components ϵxx, ϵyy, ϵxy and ϵeq are
defined as:

ϵxx =
((usup + uinf )x)moy

r
(3)

ϵyy =
((usup − uinf )y)moy

2r
(4)

ϵxy =
((usup − uinf )x)moy

2r
(5)

ϵeq =

√
2

3
(ϵ2xx + ϵ2yy + 2ϵ2xy) (6)

where usup and uinf are the displacements calculated on the superior and inferior
meshes as sketched Fig.2. Those displacements are projected along x (Eqs. 3 and 5)
and y (Eq. 4) directions and then averaged out along the whole crack front, i.e. along
direction z. The results show that the plastic strain ϵeq (Eq. 6) developing near the crack
tip stabilizes shortly after completion of the first fatigue cycle (see Fig. 5). Namely,
the local plastic strain level is about ϵeq = 3/2∆ϵp as long as the crack tip is relatively
far-off the grain boundary. The local stabilized plastic strain level is plotted in Fig. 6
(open symbols), showing the crack tip opening defromation evolution representative of
stage II fatigue conditions.

Fig. 6 evolution can be described using the following, semi-analytical expression:

ϵeq = Ks
ϵp
2
[1− exp(− 2λ

∆ϵp

b

Dg
(1− a

Dg
))] (7)

where Ks is a dimensionless scaling factor, λ is the number of dislocations stored in the
crack-tip process zone (averaged out over one complete fatigue cycle), b is the Burgers
vector magnitude and Dg the grain size (diameter). Eq. 7 includes a growth driving
term: Ksϵp/2 and a growth mitigation term: Ksϵp/2exp(−2λb/Dg∆ϵp(1−a/Dg)) that
scales with the cross-slip probability (or rate) evolution along the tip-emitted shear
bands, as the crack front gradually draws near the grain boundary [22].

4. Stage II crack model from DD simulations: discussion/validation

4.1. Main model

The DD simulation results of Section 3 enable the development of a physically-based
crack growth model, applicable to single and poly-crystals. We first suppose that the
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Figure 6. Crack-tip strain ϵeq amplitude for increasing crack length. The analytical curve (dashed line) is
plotted using Eq.(5) with ∆ϵ = 2× 10−4, Ks = 3, Dg = 20µm, b = 2.5× 10−4µm and λ = 25 (dimensionless).

stage II crack growth rate da/dN = CTOD/Ni. Based on Eq. (7), we put:

da

dN
=

CTOD

Ni
=

∆ϵeqDg

Ni
=

∆ϵp
Ni

(1− exp(− 2λ

∆ϵp

b

Dg
(1− a

Dg
)))Dg (8)

where Ni is the time to initiation of a micro-cavity (in cycles) at the tip of the crack (see
Section 4.2 below). Eq. (8) treats the cracked-grain → crack-tip scale transition; where
the plastic strain range ∆ϵp = ∆ϵp,local,wc (reading: local plastic strain, with-crack).
For practical reasons, it is suitable to express Eq. (8) in terms of macro-scale variable
∆ϵp,macro instead of micro-scale ∆ϵp,local,wc. The particular ∆ϵp,local,wc → ∆ϵp,macro

transition can be addressed by using DD simulations comparing the cyclic stress-strain
response of cracked versus un-cracked grains, as shown in Section 3 of reference [37].
And hence, combining expressions (11) and (12) of reference [37] leads to:

∆ϵp,local,wc =
2∆Kapp

√
1
2r0

[ 1S
µ

1−ν ](1 +
ϵp,macro

∆ϵp,macro
)
(1 +

∆Kapp

∆σapp

√
1

2r0
) (9)

where S is the dimensionless grain shape factor [38], r0 a reference distance to the
crack tip scaling with the crack-induced plastic zone size, ∆Kapp = ∆σapp

√
πa is the

aggregate-scale stress intensity factor and ϵp,macrothe macro-scale mean strain ampli-
tude. Inserting Eq. (9) in Eq. (8) assuming a ≫ Dg stage II cracks and therefore
∆Kapp/∆σapp ≫

√
2r0, makes it:

da

dN
= C∆K2

appF
2 (10)
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after re-arrangement. Eq. (10) is similar to the well-known Paris law for a semi-circular
crack front, provided:

C =
Dg

2r0
µ

S(1−ν)(1 +
ϵp
∆ϵp

)∆σappNi

(11)

and

F =

√√√√
1− exp(−

r0
µ

S(1−ν)(1 +
ϵp
∆ϵp

)∆σapp

∆K2
0

λb

Dg
) (12)

putting (1 − a/Dg)/∆K2 = 1/∆K2
0 i.e. assuming stable through-grain crack growth;

whereas ∆K0 = ∆σapp
√
πa0 is related to unit crack length a0. Stable through-grain

crack growth in the i-th grain of a poly-crystal means: da/dNi = f(Dg,i) for a ≫ Dg.
This situation contrasts with Fig. 6 results, where da/dN = f(a,Dg) for a < Dg for
a < Dg.

Quantity C is expressed in MPa−2 units and can be interpreted as the (reciprocal)
energy spent extending the crack surfaces. Eq. (11) thus calibrates the material resis-
tance against the crack front development per unit fatigue cycle, which physically scales
with the surface energy associated with a given test temperature and environment, via
parameter Ni. Quantity ∆K2

appF
2 = ∆σ2πaF 2 is proportional to the effective elastic

energy driving the crack growth; whereas the total energy input ∝ ∆σ2
app. Eq. (12) thus

works as an efficiency factor, tuning the effective crack growth driving force depending
on the crack and loading conditions.

4.2. Cavity nucleation sub-model and comparison with actual fatigue test
results

Direct comparison between (Section 4.1) model predictions and corresponding exper-
imental results requires the explicit evaluation of parameter Ni inserted in Eq. (11).
In this paper, we assume that quantity Ni is controlled by local crystallographic de-
cohesion, as explained in Section 3.1. This particular crack growth mechanism involves
cavity nucleation in the crack tip region, depending on the local stress and energy con-
ditions [20, 39, 40, 41]. Quantity Ni can be appraised by solving the following, (local,
tip-related) stress balance expression:

τ0 + (
dτint
dN

)Ni = τcrit(γsurf ) (13)

where τcrit(γsurf ) is a critical nano-cavity nucleation stress at the crack tip (to be
detailed below); τ0 the stress level initially acting at the crack tip scale and dτint/dN
the rate of evolution of local, internal stress [42]. We may then write:

dτint
dN

=
dτint
dy

dy

dNcycle
(14)

where dτint/dy evolution depends on a simple decay function τint = −τappexp(−2k |y|
Dg

)

describing the long-range stress landscape due to individual shear bands (see Fig. 4 of
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reference [19], for example). We can then rewrite Eq. (14) as:

dτint
dy

= −2τapp
k

Dg
exp(−2

ky0
Dg

) (15)

where the tip-driven plastic zone size y0 ≤ 1/2µλb/π(1 − ν)τMAX i.e. the sub-band
dislocation pile-up size. We then obtain:

dτint
dN

= −2τapp
k

Dg
exp(−2

ky0
Dg

)
dy

dNcycle
(16)

where dy/dNcycle characterizes (intra)PSB evolution. Quantity dy/dNcycle ≈ 1.5 to 6
nm/cycle is obtained by solving Eq. (16) using dτint/dNcycle ≈ 5 to 12MPa/cycle
from reference [20]. Quantity dy/dNcycle is grain-size and load independent in a broad
range of fatigue conditions, as far as crack-related plasticity is controlled by shear band
nucleation and activity (glide). We may then estimate the critical crack (or nano-cavity)
emission stress τcrit(γsurf ) in Eq. (13) using Griffiths theory of crack stability, where

τcrit,0 ≈
√

µ[π/(1− ν2)](γsurf,0/aGriffith,0) (17)

is associated with reference surface energy γsurf,0 and crack/cavity size aGriffith,0

[20], in a reference test temperature and chemically inert environment (in vacuum, for
example). Further assuming the following energy balance condition:

aGriffith,0(τapp − τcrit,0) = γsurf,0 (18)

allows inserting Eq. (17) in Eq. (18) and solving the resulting expression for aGriffith0
.

Stress τcrit is then calculated using:

τcrit ≈
√

µ[π/(1− ν2)](γsurf/aGriffith,0) (19)

depending on the actual (environment and temperature-dependent) surface energy
γsurf , during a particular test. Stress τcrit from Eq. (19) is then inserted in Eq. (13),
that is subsequently solved for Ni using τ0 = 0. Quantity 1/Ni scales with the number
of nano-cavities nucleated per cycle, so the crack growth rate scales with aGriffith,0/Ni.
A quantitative evaluation of our crack growth model is compared with actual experi-
mental observations [43], using Table 3 input and different γsurf values.

The crack size evolution and lifetime is consistent with its experimental counterpart
in air at room temperature, for effective grain size Dg = 20m and (0.085 < γsurf <
0.22)J/m2. These γsurf values are consistent with the surface energy obtained using
atomistic calculations, including a significant concentration of solute atoms [47, 48, 49].
Grain to grain variations of the growth rate may affect the fatigue lifetime scattering,
however. This influence is associated with the grain size and orientation distributions,
through Eqs. (8)-(19). This particular issue will be addressed in a forthcoming arti-
cle, presenting a stochastic evaluation of this model using grain size and orientation
distribution of an actual, macro-scale grain aggregate.
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Table 3. Fatigue life model input adapted to grade 300 austenitic steels. Quantity Ni is calculated
using Eqs. 13-18 with different γsurf values. Relevant y0, dτint/dNcycle and dy/dNcycle ranges are
specified in the main text. Reference distance ranges 0.2Dg < r0 < 0.5Dg in consistence with
experimental observations [44]. Stress range ∆σ ≈ 535MPa consistent with the cyclic stress-strain
curve for ∆ϵp,macro = 10−3 as reported in [45, 46], for ϵp,macro = 0.

Parameter Value Unit
S 0.66 -
µ 8.4× 1010 Pa
ν 0.3 -
ϵp 0 -
∆ϵp 10−3 -
∆σ 535 MPa
λ 25 -
b 2.5× 10−10 m
Ni 50-200 cycles

Figure 7. Fatigue model comparison with relevant experimental observations. Solid symbols: actual crack
observations in fatigue specimens tested at room temperature, under controlled plastic strain conditions
∆ϵp,macro = 10−3. Open symbols: theoretical crack growth prediction assuming fixed effective grain size
Dg = 20µm and crystallographic orientation, for simplicity. The crack length evolutions are calculated by
integration of Eq. 10 using small, randomized crack length increments. The initial crack length considered is
a = 2Dg and initial number of cycles Ncycles = 40000 to account for the crack initiation stage.

5. Conclusions

This paper presents a stage-II crack propagation model based on dislocation-mediated
plasticity mechanisms, from three-dimensional DD simulation results adapted to grade
300 austenitic steels. The crack growth rate calculations include 2 distinct top-down
scale transitions: i-from polycrystalline aggregate to cracked grain, ii-from cracked grain
to crack-tip opening displacements. The main results drawn from the present investi-
gation are as follows.

• Crack-induced plasticity in low-stacking fault energy FCC materials involves
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highly reversible dislocation microstructures, in the form of shear bands.
• The corresponding stage II crack propagation mechanism is consistent with the

progressive de-cohesion of nano-sized grain regions, in the crack tip process re-
gion.

• A univocal relation is existing between the plastic strain range and crack
tip plasticity mechanisms. This relation helps establishing a crack propaga-
tion rule comparable Paris expression, which can be interpreted as an effective,
stored/dissipated energy ratio.

• Quantitative model predictions and comparison with actual experimental evi-
dence on macro tests entail the development of a cavity sub-model, characterized
by parameter Ni.

• Parameter Ni is calculated based on surface energy and the internal stress land-
scape at the scale of the individual, tip-related shear bands. Relevant quantities
dy/dNcycle and y0 and r0 are evaluated based on DD simulations and/or selected
experimental data.

• Our plasticity model and cavity nucleation sub-model combined allows predict-
ing the stage-II crack growth rate, depending on loading (∆σ,∆ϵp,macro) and mi-
crostructural (Dg) parameters. The predictions are successfully compared with
corresponding observation data.

The present physically-based approach requires very modest computational re-
sources and is especially suitable to evaluate the impact of various aggravating factors
(ratcheting, variable loading amplitude, grain size and orientation distribution, envi-
ronment and testing temperature conditions, etc), on stage II crack propagation. This
approach is developed with a view to help optimizing the laboratory testing effort,
while providing a comprehensive interpretation of the fatigue life limiting causes. In
a forthcoming paper, we will attempt to explain how to generate systematic data for
fatigue design based on various experimental sources and calculation results.
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