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Abstract

When solving numerically an elliptic problem, it is important in most applications that the scheme used
preserves the positivity of the solution. When using finite volume schemes on deformed meshes, the question
has been solved rather recently. Such schemes are usually (at most) second order convergent, and nonlinear.
On the other hand, many high-order schemes have been proposed, that do not ensure positivity of the
solution. In this paper we propose a very high-order monotonic (that is, positivity preserving) numerical
method for elliptic problems in 1D. We prove that this method converges to an arbitrary order (under
reasonable assumptions on the mesh) and is indeed monotonic. We also show how to handle discontinuous
sources or diffusion coefficients, while keeping the order of convergence. We assess the new scheme, on
several test problems, with arbitrary (regular, distorted, random) meshes.
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Introduction

In this paper we are interested in the resolution of the following elliptic problem with mixed boundary conditions
—div(kVa)+au=f in Q, )
pu+ykVi-n=g on 09,

where (2 is a bounded open domain of R? and n € R? the external unit normal vector, with d the dimension.
The data are such that f € L?(Q), g € H'/?(0Q), a € R*\{0}, and x € L>(Q). The diffusion coefficient & is
bounded and satisfies the ellipticity condition

Ve e, k(x)>ko>0. (2)

Besides, g and v are functions such that

Vere o, pBx)>0, ~x)>0

and they do not vanish at the same point. Under the above conditions, one can prove (see [14]) that system
has a unique solution in H'(Q2). This solution satisfies a positivity principle, i.e. if f > 0 and g > 0, then @ > 0.
For linear problems considered in this work, this property is equivalent to a maximum principle on @, which
can be stated as follows: if the data f;, fo and g1, g2 are such that f; < fo and g1 < g, then the associated
solutions to , that we denote by %1 and us respectively, satisfy u; < %y almost everywhere in €.

Because system is intended to model, for instance, concentration diffusion and thermal conduction,
preservation of the positivity principle at the discrete level is highly desirable. An easy way to fix negative
values is to truncate the solution to zero. However, it is not appropriate, since it breaks another very important
property, which is the conservation. The standard finite volume two-point flux approximation (TPFA, see for
example [15]) is positivity preserving (one also says monotonic) but is unfortunately inconsistent on deformed
meshes, in dimension d > 2. For this reason, a great deal of work has been devoted to the design of positivity
preserving schemes on general (namely non-k-orthogonal) meshes over the past two decades. While elliptic
problems are often solved using a finite element discretization, all the works we know of on monotonic methods
on highly deformed meshes deal with finite volume schemes. Monotonic methods can be designed in the finite-
element framework (see [0, 8, 19, 20, B3] among others), but rely on restrictive conditions on the mesh we
cannot afford. The finite volume framework is well suited to achieve montonicity because it allows for an
easy manipulation of the fluxes. The first works we know of are those of Le Potier [2I] and Bertolazzi and
Manzini [2]. In such methods, one uses a manipulation of the fluxes that leads to introduce a dependence on
the discrete solution in the coefficients of the fluxes, making the scheme non-linear, although is linear. Thus,
mononicity is in general not equivalent to the maximum principle. In such methods, one usually introduces
secondary unknowns (for instance vertex-located or edge-located unknowns) in addition to the primal (cell-
located) unknowns. Among others, important contributions to this field are [3, 23] 7], which propose efficient
numerical schemes preserving the positivity of the primary unknowns. In [3I], the requirement of positive
secondary unknowns is relaxed. In [4], a non-linear solver based on an iterative resolution of two problems
is described, the primary unknowns of one problem being the secondary unknowns of the other one. The



works [38], [24] explain how to build monotonic schemes without relying on secondary unknowns. In [22] 25] B0],
maximum principle preserving schemes are proposed. Cances and Guichard obtained moreover an entropy
diminishing property in [5], introducing the non-linearity directly at the continuous level with a change of
variables. Some concepts and proofs about the existence of solutions for these types of scheme can be found
in [10, 13]. Recent advances in this field are [27] [34] B6]. All the works mentioned above concern 2D or 3D
low-order (that is at most of order 2) numerical methods. Latterly, a third-order accurate monotonic method
has been proposed in the Finite volume element (FVEM) context [35].

We are interested in designing a high-order positive scheme (that is at least of order 3). We start, in the
present paper, with the 1D case. Thus, for now on, the system we study is the 1D version of , that is,

—% (/@ZZ) +ou=f in Q,
_ 3)

d
ﬂfH—’m% =g on 09,

and we will suppose that € =]0, 1[ without loss of generality.

Although this setting is very specific, we believe it can be seen as a first step to tackle the question in
higher dimensions. Let us be more precise about the 1D setting: in such a case, the TPFA scheme is actually
consistent (and monotonic), contrary to dimensions d > 2. Thus, the relevant question here is to design a
high-order scheme that satisfies the positivity principle. Of course, as one may expect, a naive extension to
higher orders of the TPFA scheme gives non-positive schemes. In particular, none of the existing [11 [7, [T}, [12]
arbitrary high order methods for the problem is monotonic. In [I0] it is shown how to use Le Potier’s
trick [22] to obtain monotonic 1D schemes of order greater than 2. But as this method uses a finite difference
discretization on Cartesian meshes, it seems hard to extend to general meshes even in 1D. In the present paper
we propose a new numerical method that has the following properties:

e it has a provable arbitrarily high order of accuracy, under reasonable stability assumptions;
e it is monotonic;
e it is conservative, and

e it operates on general 1D meshes.

The organization of the paper is as follows. In Section [1| we design a high-order Finite-Volume method
by integrating the k-th order Taylor expansion of the unknown. The high-order derivatives of this series are
approximated using to a polynomial reconstruction of the solution while the degrees of freedom are the integral
mean values of the solution on the cells. The monotonic behavior of the scheme is enforced using the trick
described in [I7], which leads to a non-linear resolution. A symmetric version of the scheme is also proposed,
allowing to obtain a Local Maximum Preserving (LMP) structure (see for instance [I3] for a definition) for
the fluxes. In Section [2] we prove the properties of the method: conservation, consistency of the fluxes at
order k, monotonicity (or the LMP structure for the symmetric version) and convergence of the scheme. On
this aspect, our analysis is not completely satisfactory. A first approach consists in applying the fairly general
analysis performed in [28], using the assumption that matrix of the scheme is coercive. This is what we do in
Proposition of Subsection proving convergence at order k in L2-norm. Unfortunately, we do not know
how to prove that the matrix is coercive. Therefore, we propose a different approach, in which we replace such
a coercivity assumption by a form of stability that is more general (see Assumption of Subsection m
and Proposition . We still do not know how to prove such an assumption, and Proposition only gives
convergence at order k — 1 in L'-norm. Finally in Section [3| we verify the properties previously stated on 1D
test problems, showing that the method is indeed monotonic and of order k in L?-norm for the solution and
the fluxes.

In all the article, C' will denote an unspecified strictly positive constant independent of the mesh size.

1 High-order finite volume scheme

Consider a mesh of 2 whose cells are numbered from 1 to n. The center of cell i is denoted by z; and its two
vertices are Ti1 and Tip 1. The length of cell i is h; and the length between the centers x; and x;11 is hi+%,



see Fig. [Il Without loss of generality, we will suppose that

T < .I‘i_H,Vi € [[l,n — lﬂ, (4)
so that Q :]x% =0,z,01 = 1[. We will also assume that the mesh is quasi-uniform that is there exists C' such
that

1212(“(/11-) < Clrgilgn(hi). (5)

h.

h, 1 h_
~— ~— .
1 | -1
5 1— 5 1+ 5 n+ 5
*—S—0--6 o *—C—© S ®----- *—c—0

1 1—1 1 1+1 n

1+~
2
Figure 1: Definition of the mesh: i denotes the cells and i + % the nodes.

We define h = max (h;) and u = (u;)1<i<n. The notation u > 0 (resp. u > 0) means that
<i<n
u; >0, (resp. u; > 0) Vi€ [1,n].
Let us introduce some notations for the norms we are going to use. We first define the LP norm, p € [1, +o0|
I-ller: R — R

n Yp 6

and the L norm

||l : R* —R

u > max |ugl. (7)
1<i<n

Finally the H' norm

|“llg:: R" —R

nfl(u‘ —’LL')2 n
e e
i=1 i+t3 i=1

Remark 1.1. Note that @ is a LP-norm for grid function. Defining u(x) = E Ui]l[i_; H_;](Uﬂ); we have
27 2
i=1

Jullzr = ( / |u(:c)pdx) "



1.1 Finite volume formulation

In this section, k(z) is assumed to be a continuous function. The extension to discontinuous x is explained in
Sec. ﬁ From now on we note ;1 = £(z;, 1) and @ € R" the vector defined by
2 2

1 (%}
;= h—/ a(z)d. 9)

Let @ € C**1(Q). The first step to design a finite volume scheme consists in integrating on cell ¢

e (05 (0
i+% dz i+% i_% dx i*%

+ ahit; = hifi,

with

Thus we need to define the fluxes

_ du du
Firy = FKir} (dm>i+1 and  Fi_y =Ky (d$>i1-
2 2

First of all, the Taylor expansion at order k in the neighborhood of x, 1 gives

_ ;C—gg [d‘a
e e al) = ula, +§j T T @i + O (@ =iy ) (1)

In order to have mean values as degrees of freedom we integrate from x; 1 to x;, 3 and divide by hity

1 Tipd _ +3 -T*fr )Z d'a
/ u(z)dr = u(w; 1) Z/ 7W(m‘i+%)dw +0 (hf}:ll)

h:
7+1 z’i+§ z+1

that is to say

k (AT LT R
1 (@ —2iy1) 2 gty i
i = o) + 5o [ w+5'] a7 @)+ O (i)
=1 x,
i+d
namely
k ¢ g_
hl d'a
Uit )+ Z 1 )! dx@ ) +0 (hﬁf)

(=1

In a similar way, by integrating from T 1 to Tip1 we obtain

EZ*
,L u

; = a(x +Z €+1'T Tip1) +O (W)

k
{=1

The difference between these last two equalities gives, using

_ _ hf+1 —1)*hf d'a B+l
ui""l_ui:hl-i- d H‘ +Z 1' dé( )+O(h )’
from which we obtain, using again
du 1 hipa + (=1)*'h{ d'a it
%(xi+§) hiys (tiy1 — U — ; @+ 1) W(xwé)) + 0 (h"). (12)



Let u = (u;)1<i<n be the numerical solution. By mimicking the expression of the exact flux the numerical
flux is defined by

Ui41 — Uy
]'—1:-1-%(“) = Kipl (2# + 7'1:+;(u)> ) (13)
L)
with
L By o (DR P
) = — —(x, 14
T1+%(u) hz+% ; (Z—}— 1)_ Azt (‘TH-%)? ( )

where P is a polynomial interpolation of u as we will see in the next section.

Remark 1.2. For k =1 (linear approzimation of the fluzes), the remainder Tigd (u) vanishes, and the classical
second-order accurate TPFA scheme is recovered.

1.2 High-order reconstruction by interpolation

In the calculation of the flux, it is necessary to evaluate the derivatives of u in z; 41 In this method, the neigh-
boring cells of x;, 1 are used in order to compute the polynomial reconstruction of the solution by considering
that the average of the polynomial in a cell is equal to the average of the solution in this cell.

For a polynomial of degree k, there are k4 1 coefficients to calculate, so k4 1 neighboring cells of z, 1 will
be necessary. When it is possible, the stencil will be centered in z;, 1 but the closer x; 1 is to the boundary,
the more the stencil will be shifted in order to stay in the interior of Q.

The notation uy, ..., ur denotes the k+1 values of u used for the calculation. With a small abuse of notation,
we denote by Si+% = {xg, ...,z } the stencil of the node Tip1- The polynomial will be of this form

k
P(z) = ag(ug, ..., ug) (SE - xH%) + ... + ao(ug,y ..y ug)-

The coefficients of the polynomial P(z) are approximated by

7/ x)dx =u;, Vje[0,k].

1
2

This leads to the following system

Ty, 1 1 x k
1 L rgp—x. 1 Fr(x—w, 2
T4l %o 1 f"co 1 +3 Tl %o 1 fzo—é ( i+ ) ap g
Tpo1 Tl k
1 [ g —x, [ (x—a1) a up,
x —x T 1+5 T —x T i+1
k+% 1«—% k—% 2 k+% k—1 k—% 2 N e
=:a
=: My
The matrix M} can be rewritten
4 2 2 k41 k41
1 Gorgmmig) mCo 3 7Ty (Fory ~iry) ~ ~(og7iry)
2(m0+%7107%) e (k‘+1)( O+%71}07%)
My = (15)
TS St Ul =F e PO O (@rp g =0 ) g moiy )T
2z +1_1k7%) (k+1)($k+%_$k7%)

Proposition 1.3. Let {z;}1<i<n be a mesh satisfying . Let k € N*. The matriz My, defined by 1s
invertible.



Proof. Mpa = 0 means that the integral of the polynomial P(z) vanishes over k+1 distinct intervals. Therefore,
this polynomial of degree k has at least k + 1 roots. It is therefore zero, and all the coefficients a;,j € [0, k],
vanish. Thus, this implies that a = 0, so M}, is invertible. O

The exact derivatives can then be approximated by

du dtp
@(»’UH%) ~ W(xi+%),VE € [2,k].

Remark 1.4. A polynomial P is calculated for each node Tig1. So, the polynomial P = Pi+% can be different
for each node but in order to simplify the notation, we will denote it by P.

1.3 A method to obtain monotonicity

A method borrowed from [I7] and developed in the framework of 2D diffusion on arbitrary meshes can be used
to make the scheme monotonic. This method has been successfully applied in a recent work [35]. The flux (13)
can be rewritten as follows

_ Ui+l — U + -
fi-ﬁ-%(u)_“i-&-% <}Li+1+7"i+é(u)_ri+é(u)>a
2
with
Tiiu“r?”ilu rera) —r,pr(ua
o @@ @ e
it+3 2 i+3 2

Let us assume that u > 0, the flux then reads as

+ —
1 Ti-%(u) 1 ri+%(u)
Fipr(u) = ki1 l(h'+1 + Tw Uiyl — Tt + Tu Ui | (16)

and the coefficients of w;, u;y1 are positive.

1.4 Symmetric version

Let us introduce a coefficient s, , 1 depending on u so that F;, 1 can be rewritten as

r*lu—ksi;u ro(a)+s, 1(u
Fipy(w) =iy Khl N LAAL )>ui+l—<h1 R )>u] (1)

it+3 Uj+1 i+ Uq

To make the scheme symmetric the coefficients of u; and w;41 must be equal

+ —
L, () £ sip 1 (u) _1 (W) 4 s 1 (u) 18)
hiyi Uit1 hij 1 Ui 7
which leads to
urf 1 (w) —uiary, , (a)
Sz—i-l (11) =
2 Uj41 — Uj

To preserve positivity, it is necessary to impose

+
R Rt N R
hiy1 Uil hivy g —ug ’
that is to say
BE ()
s o (19)
Ujt+1 — Uj



In other words, u;41 —u; and JF, 1 (u), defined by , must have the same sign which seems natural because

du

if d—(xH_%) > 0 (resp. < 0), then @ is locally non-decreasing (resp. non-increasing) hence ;11 > u; (resp.
x

i1 < W)

In practice, if <u7h“_lu’ + 71 (u)) (wit1 —u;) > 0 we use the numerical flux 1) otherwise we use the first

i+

order approximation
Uil — U
‘Fi+%(u) =Ryl <1h1> . (20)
ity

1.5 Boundary conditions
1.5.1 Dirichlet boundary condition

In this section we only give the expression of the boundary conditions. Details are given in Appendix [A] We
consider problem with 8 = 1, v = 0. For the non-symmetric version of the scheme, application of the
Dirichlet boundary condition on z,, +1 gives

2 Ty 2 Ty
fn—&-%(“) :Iin_;'_% E+m g(xm_%)— E"‘T Unp | (21)

and for T,

For the symmetric version, we obtain

rto () + 5,41 (u) i) + s, ()
fn+%(u):/§n+% [(}i_’_ +3 7+2 >g($n+§)_ <2+ +3 + )Un], (22)

and for the left boundary, similarly

1.5.2 Neumann boundary condition

Consider problem with 8 =0, v = 1. For the left (i = 1) boundary cell, the flux is

du du
Fy(w)=ry — = —ky o ,~ —g(zy) (24)
while for the right (i = n) boundary cell, the flux is
du du
]:n+%(u)—lin+%£n+l:,‘<}n+%%n+l:g(l‘n+%). (25)
2

1.5.3 Mixed boundary condition
Consider finally problem (3)) with (x) > 0,v(x) > 0,Vz € 9. In this case we have for i =0ori=mn

aeyy) = B(i) (s002) = iy Gtoies)). (26)



Consider first the right boundary of the domain. The adaptation for the left boundary is straightforward. We
use the same method as for Dirichlet boundary condition in section m Replacing u,, +1 by its expression

in (see also in the Appendix) yields
o (W, 1(a)
’in—&-% <h2n + — =

Ynt

F

nti (u)

(4,
.

(28)

Remark 1.5. In the expression of the fluxes and , if we take B =0, v =1, we obtain the same flures
as and . Likewise, if we take 8 = 1,~v =0, we obtain the same flur as and .

1.6 Summary of the method and matrix form

The scheme reads as
—(}—H%(u) - ]:zé%
that is, using ,

+

1 Tip1
— Kl + 2
i+5 <hz+;

L s ()
T

1 U;
3 K2

() + 5,0 ()

Uit1

+ K

Nl

With a more compact notation, we write this as Au = A(u)u

1

royy () + s ()

(0)) + ahju; = hi fi,

)Ui+1+“i+; (h

+

[

Uy

oy (W) sy (w)

Uj—1

b(u) = b, with

1 7";:; (u) + Sit+i (u)
_ 2
KH_% h; 1 * U;
i+5 i+1
R U Ry

Uq

3

r (W) 45,1 ()
+ 2

Ui—1

(29)

) ui—1 + ahju; = hi f;.

) if j=1i41,¥i #n,

) +ah; ifj=1i,Vi#1,n,

) if j=i—1,Vi#1,

0 else.
(30)

The expression of the boundary terms depends on the type of boundary conditions. First, in the case of a

Dirichlet boundary condition, we have

by =hif1+ k1 <+

(31)



’ h% U7 h1 (51
and
2 LA (u) + 8,41 (u)
bn*hnfn+’fn 1 g\ ry41),
+ (h g(‘rnJr%) * )
9 i) +s,1(a) 1 r 1 (u) + s,y ()
_ 2 3
A, Koyl a-i— . + oL hn—§ + ™ + ah,,.

Next, in the case of a Neumann boundary condition, we have

by =hifi +g(x1),

1
2

(w4 sy ()
Avi=ns [+ 22 ) 4o,
2\ h: Uq

[Nl

and

b = hn fn +g(xn+%),

and

s | T
Fned\ By T Ut
2

X 1),
< rt 1(u)+s”+1(u)>g( 77,"1‘5)
2 + n+s 2

5 Ty (g
K:n—"_% hp Un

T‘+ u u
TGS YIS <,3n+n+;< Honig >>

Bz, 1)

(40)

(41)

The matrix has been written for the symmetric version of the scheme. For the non-symmetric version, the

matrix is the same with s, 1 (u) = s;_1(u) =0,Vi € [1,n].

10



Remark 1.6. Assuming that f > 0 and g > 0, and that u > 0, the right hand side b has all its components
nonnegative, for any type of boundary conditions.

Remark 1.7. In the case of mized boundary condition, the right hand side of the nonlinear system depends on
u.

1.7 A fixed point method for handling nonlinearity

The system obtained is of the form Au = b, A being a matrix dependent on the solution. So, we use a fixed
point algorithm (a Picard iteration method) to solve this system as, for instance, in [3] 4] 13 29]. We start
with an initial guess u’, compute the matrix A(u’) and solve A(u®)u! = b. Repeating this process, we build
a sequence u” that, if it converges, tends to the solution of the scheme. We perform this algorithm until the
difference between the solution obtained between two iterations is small enouglﬂ To summarize, the following
loop is performed

v=20

A(u’ )"t =b

While [[u’™ —u”||, > e (43)
A =b
v=v+1.

Unfortunately, we have no proof of convergence of this algorithm. Nevertheless, the numerical tests we have
performed did not provide any situation in which the above fix-point algorithm does not converge.

Note that, in [I3], the authors show that the nonlinear system has a solution. The proof is quite general and
can be adapted to our case, but there is no proof of convergence of the fixed point algorithm. In some favorable
cases, one can prove the convergence of the fixed point algorithm, e.g. if « is large enough (see [3]).

Remark 1.8. We thus have two different schemes: the first one is linear and (expected to be) of high order, as
we will see below. It is defined by the flures . Its definition does not require the unknown u to be positive,
and its stencil is approximately of size k + 1. The second scheme is nonlinear, and defined by the fluzes (@
We need u to be positive in order to define it, and its stencil is equal to 2. If it has a (positive) solution, then
it is a solution of the linear scheme. Thus, two situations may occur:

1. the solution of the linear scheme is positive; then, it is also a solution to the nonlinear scheme;

2. the solution of the linear scheme has non-positive entries. Then, the monlinear scheme cannot have a
solution. Indeed, such a solution would be positive, hence solution to the linear scheme. We nevertheless
expect the above fix-point algorithm to converge to some u that is non-negative, but is not a solution to
the nonlinear scheme (nor to the linear scheme).

However, the solution of the continuous problem satisfies a local maximum principle. Hence, assuming
that the solution u is positive and that the linear scheme converges in the L norm, its solution becomes a
positive vector for small enough values of h. This situation corresponds to Item [1| above, and the solution of
the nonlinear scheme coincides with the solution of the linear scheme. The case of Item [ happens only for
larger values of h. In such a case, the monotonicity correction allows to recover positive values of the solution,
while giving up, to some extent, the equation defining the linear scheme, at least for points at which the solution
to the linear scheme is non-positive. What we observe numerically (see Section @ below) is that the fix-point
algorithm always converges, to a ”solution” u > 0 that is an approximation of order k to the exact solution .

1.8 Sketch of the method

We summarize the method as follows.

Initialization

1In the numerical tests, we choose ¢ = 10~12

11



» Initialize u® > 0.
> Evaluate  at the nodes: r;,1,i € [0 n]; and the mean value of f in each cell: f;,i € [1 n].

Picard iterations (v):

Do

» Reconstruct polynomials P;, %,i € [0 n], of degree k, in each cells i using the method described in
Section

Compute the reminder r; ;1 (u),i € [0 n] using equation (T4).

Distribute the reminder r; 1 (u) between cells i and i + 1 to enforce monotonicity (see Section .

Possibly, symmetrize the coefficients at each node, using the method of Section [1.4

vV v.v VY

Build the matrix A(u”) and the right-hand side b” (see Section [L.6).
» Solve A(u”)u’*t! =b>.

While |[u’*! —u”||1, > e.

2 Properties

2.1 Conservation

Proposition 2.1. Assume that u > 0 and consider homogeneous Neumann boundary conditions, then the
scheme defined by is conservative. Indeed it satisfies the equality

o i hiu; = z": hifi,
i=1 i=1

that is to say

n

D (“Fi (@) + Fioy () =0.

i=1
Proof. The sum is telescopic so only the boundary terms remain. The homogeneous Neumann boundary
condition means that the boundary terms are zero, which leads to

n

Y (Fipi(w) + Fi_i(u) =0,

i=1

that is to say
n n
i=1 i=1
The scheme is conservative. O

2.2 Monotonicity and Local Maximum Principle (LMP) structure

Definition 2.2. A matriz A = (a;;) is an M-matriz if it satisfies the following inequalities

Vi #Jaaw < 07

and
Vi, » ai; > 0. (44)
j=1
Moreover, if is strict for all i € [1,n], we say that A is a strict M-matriz.

12



2.2.1 Non-symmetric version: property of the matrix

Proposition 2.3. Assume thatu > 0, the matriz A(u) defined by (@) and through , or through @,
or through depending on the boundary conditions, with Sipl = 0, is such that AT(n) is a strict M-
matriz

Remark 2.4. In the following proof we have considered Dirichlet boundary conditions, but the result also holds
with other boundary conditions. For mized boundary conditions, the sum of the first and the last column have
also two positive terms. For Neumann boundary conditions, the sum of the first and the last column are also

positive but the first term vanishes, that is to say Z A1 =ah; >0 and Z A n = ahy > 0.
p -

Proof of Proposition[2.3, The matrix satisfies

Vi#j,Aj(n) <0 and V4, ) A;j(u) > 0.

=1

Indeed, for the first column there are only two elements in the sum

Z Air(u) = A1 1(u) + Az 1 (u),

which leads to

1 rs(u) 9 Ti(uw 1 7rs(u)
ZAzl = K3 — + E + K1 — + 2 — K3 — + 2 +Oéh1,
2 \ h: Uy 2\ Uy 2\ s Uy

that is to say

And for the last column,

which leads to

+ - +
1 " i (u) 2 r - 1(u) 1 i (u)
ZAin:—KZn7; + 1 + K1 2otz + K, 1 + 2 + ahy,,
; ’ 2 \ h U 2\ h, U, 2\ h _1 U

that is to say

Besides, for other columns

which leads to

(J—1)+1 UG-1)+
+ —
rT (u) 1 Ty 1(u)
J (j+1)
+’%j—% h. + u2 —RG+-1 b, . + Wi )
-1 j (G+1)—31 (+1)—1
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that is to say

ZAi’j = Oéhj > 0.

2.2.2 Strict monotonicity of the method

Proposition 2.5. Assume that f >0, g > 0, and either || f||2(q) > 0, g(0) > 0 or g(1) > 0. Assume moreover
that u® > 0. Then Yv,u” > 0.

To prove this property, we need to introduce the concept of irreducible matrix. We quote here [32], Defini-
tion 1.15].

Definition 2.6. An n x n matriz A is reducible if there exits an n x n permutation matrix P such that

A A1,2}

PAPT =
[ 0 Ao

where A1 1 is an v X r submatriz and Az is an (n —r) X (n — r) submatriz, where 1 < r < n. If no such
permutation matrix exists, then A is irreducible.

The matrix of the scheme can be proven to be irreducible in view of the following Lemma (see [32, Theo-
rem 1.17]).

Lemma 2.7. To any n X n matriz A we associate the graph of nodes 1,2, ...,n and of directed edges connecting
i toj if Ajj #0. Then A is irreducible if and only if for any pair ¢ # j there exists a chain of edges that allows
to go from i to j,

A1 0 = Ap1 g2 #0 = - = A j # 0.

With these definitions we can make use of the following theorem (see [32], Corollary 3.20).
Theorem 2.8. If A is an irreducible strict M-matriz, then it is invertible and Vi, j : (A1);; > 0.
We are now in position to prove Proposition |2.5

Proof of Proposition[2.5, We argue by induction on the index v. We assume that u” > 0. Thus A”(u”) is a
strict M-matrix (see Proposition . It is easy to check that AT (u") is also irreducible. Thus all the entries
of A=T(u") are positive, using Theorem and consequently all the entries of A=1(u”) are positive. Using
Remark we know that all components of b are non-negative. Moreover, because of the assumption that
either || f|lz2¢q) > 0, g(0) > 0 or g(1) > 0, at least one component of b is non zero. We thus have

Vie[Ln]:ultt =Y A >0,
j=1

since all terms of this sum are non-negative, with one at least that is positive. O

Proposition[2.5]shows that the condition u” > 0 remains satisfied during the fixed point procedure, which allows
to always define A(u”). It shows moreover, than as long as hypothesis of the Proposition are satisfied, all
the properties requiring u > 0 are verified for every fix point iteration.

2.2.3 Symmetric version: LMP structure

Proposition 2.9. Assume thatu > 0, the matriz A defined by @) and through , or @ through @,
or @) through @), depending on the boundary conditions, is symmetric.

Proof. Let z; 1 be an interior vertex of the mesh. If condition is satisfied for this vertex, we use the
definition of the flux , then symmetrization condition leads to A; ;11 = A;41,;. Otherwise the flux is defined

by , and once again Ai,i+1 = Ai-‘rl,i-
O
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Proposition 2.10. Assume that u > 0, let A be defined by (@) and through , or through @,
or @) through @, depending on the boundary conditions, then the matrix A is a strict M-matriz.

Proof. As for Proposition[2.3] it can be proved that the matrix A is the transpose of a strict M-matrix. Besides,
A is symmetric, so A is itself a strict M-matrix. O

Definition 2.11. This definition is taken from [13]. We say that a scheme for (@ has the local mazimum
principle structure (LMP structure for short) if it can be written in the form

Vi€ [Ln] Y i) (u —uy) + A,

) — 1)+ A (W — 1, 2) = Fihi, (45)
j=1

for some functions \; j : R™ — R satisfying,
ALy >0 A1 >0, and Vie [1,n—1]: Ajsx1 > 0. (46)

Theorem 2.12. Assume that f > 0, g > 0, and either ||f|[L2q) > 0, g(0) > 0 or g(1) > 0. Let A and
b be defined by (@) and through , or through @, or (@) through (@, depending on the

boundary conditions. Assume that we have applied the symmetrization procedure defined in Section|1.4. Then
A~ 'b =u > 0. If moreover o = 0, the scheme has the LMP structure.

Proof. For interior vertices, we consider two cases:

e if condition is satisfied, then the coefficients of the fluxes are defined by , and we have
L) s () L) s (w)
+ 2 B /<;Z.+% A + 2 ,

hi—&-% Ui+1 i+% U;

)\Z-+% = Iﬁi+%

which is positive because of .
o if condition is not satisfied, then the coefficients of the fluxes are defined by (20]), and
it

Az+% = T 5
it+3

>

which is positive.

Substituting A;, 1 in equation and using the definition of the scheme with a = 0 yields
)\H%(ui - ui+1) + /\i_%(ui — ui_l) = hzfz

In other words, we have , with A\; ;41 = )\ii% > 0, and \;; = 0if |§ — j| > 1. The proof is similar for
boundary vertices, see equation . O

In addition to monotonicity, schemes with the LMP structure enjoy local stability properties as the nonoscil-
lating property (Proposition 1.5 of [13]). In the present case, this reads as follows. Let f = 0 and u
be a solution to the symmetric scheme; we have Vi € [2,n — 1], min(u;—1,u;41) < u; < max(ui—1, Uit1),
min(u%,uQ) <u < max(u%,ug), and min(un_l,uw_%) < u, < max(un_l,un+%). Another very interesting
property, the preservation of initial bounds (Proposition 1.6 of [13]), holds for the parabolic version of the
scheme.

2.3 Consistency of the fluxes

In order to state the following result (Proposition [2.14)), we need to assume that the interpolation matrix Mj,
defined by satisfies some regularity assumption in the limit h — 0. Loosely speaking, we expect column j
of My, to be of order h?. More precisely, we assume that

1 0 ... O
Me=ni |0 (47)
0 0 h*

15



where the matrix Nj converges as h — 0, the limit N,g being invertible:

lim N = NP, det(Ny) # 0. (48)
h—0

Remark 2.13. Assumption —(@ may be seen as a reqularity assumption of the mesh. It is clearly satisfied
by a regular mesh, for which an explicit computation gives , where the matrix Ny does not depend on h.

We have the following result:

Proposition 2.14. Let k € N* and {z;}1<i<n be a mesh satisfying , @, and @ Let @ € CF1(Q).
The fluxes defined by are consistent of order k. More precisely, the vector @ being defined by @, we have

_ du
]:z'-&-%(u) - "%‘-s-%%(xwé)

)

<o Hﬂ(kH)H Bk
< Lo

where the constant C1 depends only on k, on the constant C in (@) and on the norm of the matrix (N,g)fl,
where N,g appears in -@. In particular it does not depend on u nor on 1.

Proof. Since 4 € C**1(2), a Taylor expansion gives

i 14
=0
such that
d'Q d'a
W(%Jré) = W(%Jr%)a Ve € [1,k]. (49)
The remainder p satisfies the estimate
1 ~ k+1
POl G H“(HI)HW ’x_x”% (50)

Applying our expression of the flux to u gives

du
Fipr (W) = Fi 1(Q) + Fiy1(p) = "%‘+%Q/(%+%) + Firr(p) = Hi+%%(%‘+%) + Fir1(p),
where Q (resp. p) is the vector defined as @ with the function @ (resp. p) instead of @ (see (0)). Here, we
have used first that the flux is linear, second that it is exact for polynomials of degree k (see Appendix , and
finally with ¢ = 1.

Proving the result thus amounts to show that ‘fiJr% (p)‘ < Oh*. To this end, we write it as follows

Firzp)=(0 1 0 ... 0) M; 'p,
and use —
Firz(p)=(0 h=" 0 ... 0) N, 'p.

It is clear from estimate that for each index ¢, we have
\pe| < C Hﬁ(k+1)H PR+
LOO
where C depends only on k£ and on the constant appearing in . Hence,

’-7:1-+%(P)’ < Cu| [N Hﬂ(Hl)HLw .

Finally, property allows to prove that ||N 'y 1H is bounded independently of h, at least for h small enough.
This concludes the proof. O

Remark 2.15. This proposition can be extended to the boundary fluxes. Indeed, for a Neumann boundary
condition, the consistency is obvious and for Dirichlet or mized boundary conditions, the proof is similar.
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2.4 Convergence
Consider again problem () with o >0, 8 =0,y =1,

d du _ .
o (Kd:c> +au=f in Q,
du

Pkl
dn
We will start by proving that the scheme is convergent at order k — 1 in L' norm. Next, this will allow us

to prove the convergence of the fluxes at order k — 1 in L? norm.

(51)
=0 on 0.

2.4.1 Convergence at the order k£ — 1

The scheme reads as

—]:i+%(u) +F, 1 (u) + ah;u; = h; f;, Vi € [[1,n]], (52)

)

with Vi € [1,n — 1],

+ —_
U1 — Uj 1 TH_l(u) 1 TH_L(u)
]:H;(u) = Ritl ( + 7%‘+;(u)> =Kyl ( — + . Uit1 =gy | 3 + —= u;, (53)

hi+%

and

.7:%(11) Z.FnJr%(u) =0. (54)
In order to state our convergence result, we need the following stability property:

Assumption 2.16. If b > 0 and Au = b, with b; = h; f;, Vi, then Vi,u; < C(||f]|z2q) + g(0) + g(1)), where

s W =

u; s the negative part of u; and C > 0 a constant independent of h, b and u.

This assumption is a stability hypothesis similar to the one presented in Proposition 3.3 of [13].

Note that, if the scheme is convergent of order %, then Assumption is satisfied. Let us be more precise:

we assume that, denoting by @ the exact solution and u the numerical one, we have
lu =t z2 < CVR(I£] 120 + 9(0) + 9(1)),

where the vector u is defined by @, the vector f is defined by 7 and C' is a universal constant. Assuming
that f > 0, we have @ > 0, and this estimate implies

> hi (ui — ;)° + > hi (ui — ;)% < Ch(]|f]| 12 () + 9(0) + g(1))2.

u; <0 u; >0

The second term in the right-hand side is non-negative, and, when u; < 0, (u; — ﬂi)z = (—uv — ﬂi)z > (uf)Q .
Hence,

N

n
N2
> hi (u7)” < C2h(([fllza) + 9(0) + 9(1))*,
i=1
Using (5)), we infer that u; < C([|f]|12(q) + 9(0) + g(1)), that is, Assumption

We now prove the following convergence result.

Proposition 2.17 (Convergence at order k — 1 in L' norm). Let k € N*, u € Ck¥T1(Q) be the exact solution

of and assume that @ > 0. Let e = (4; — u;)1<i<n, where u is the solution of the scheme (@)——.
Assume that Assumption[2.16 is satisfied. Then, we have

lelle < € a®+D| we,

Lo

with || - ||z2 defined by (@, and C does not depend on h nor on u, u.
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Proof. On the one hand the numerical flux defined by satisfies and on the other hand, the exact flux

— du .
Fipr = ’%+%@(l’i+%) satisfies

- 7i+% + ﬁ,% + ah;u; = hlf“ Vi € [[1,77,]]

Subtracting from this equation gives

~(Fipz = Fipr (@) + (Fiy = Fimz(w) + ahi(@; —u;) =0, Vie [1,n].
Besides, the consistency of the fluxes gives that there exists a constant C' > 0 such as

?

]:-Jr%(ﬁ) = .7:'”% + Ri+%’ Vi€ [l,n,] with |Ri+%| <C Hﬂ(k+1)HL°° h*. where k is the order. (55)
These last two equations imply

*.7'—2-_,_%(8) +]~'Z-_%(e) + ah;e; = *Ri_._% + R, Vi € [1,n].

1
-3

R, —R, .
By choosing A = ifg-aé( (ﬂh2> € R*, that is to say 0 < A < C||a*D||, _ h¥~! such that

1 +ah;,A >0, Viel[l,n],

2

_R,L'+l + R
2
and adding it to e; leads to

The flux is not modified since the remainder only involves derivatives (A being a constant, it no longer appears
in the derivatives)

eiy1 +A—e — A
hz‘+%

Fiprle+A) =k 1 ( +ri+§(e)> =Firile), Vie[l,n].
The corresponding matrix system writes

A(e+ A) =R+ ahA,
with

(e+A)=e;+A, (R+ahA)j=-R 1 +R,_1+ahA>0, Vie[ln]
Using Assumption [2.16] we can deduce that

1 1
) - — (= — (_ —(k+1) k—1
(ei+A) < ' . ( Riys +Ri_%) ran| < ' . ( Riys +Ri_%) ralals C’Hu HLW W1, (56)
Summing these inequalities over ¢, we obtain
n
S hi(ei+A)" <C Hf‘(kﬂ)”m pF1 (57)
i=1

Next, we sum the equalities —F; 1 (e) + F;_1(e) + ahi(e; + A) = =R, 1 + R;_1 + ah;A, finding

<C Ha<k+1>H WEl 4 aA < O Ha“““)H pE-1
= Lao — LO() b

o i h; (67; + A)
=1

where we have used (55 and the above bound on A. Since e; + A = (e; + A)T — (e; + A)~, this implies

ai hi(e; + M)t <C Hﬂ(kﬂ)HLoo R 4 ai hi (e; + A)~
i=1 i=1
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Using , we conclude that
Zhi (e +A)+ < CHﬂ(kH)HL -1
i=1

Collecting and , we conclude the proof.

2.4.2 Convergence of the fluxes

Let us denote by Hyr = {(ui)1<i<n} the set of cell values, Hg = {(fi+%)1§i§n_1} the set of node values and

consider homogeneous Neumann boundary conditions, that is, for all f € Hg,

Let us define the scalar products

n
(u|V)HM = Z hiuﬂ}i,
i=1

n—1
(flg)as = Z hi+%fi+%gi+%7
i=1
and the operators
Ui41 — Wy .
D : Hy; — Hpg defined by (Du)H%:hi, 1<i<n-—1,
it3
" % f'LJ,-% - fl—% .
D*: Hg — Hy; defined by (D*f); = — - , 1<i<n

(59)

(61)

Proposition 2.18. If condition (@) is satisfied the operators D and D* are adjoints of each other, that is to

say that (Dulf) g, = (u|D*f)p,,, Ya € Hy, Vf € Hg.
Proof. The definition of the scalar product gives

n—1

(Dulf)my =D hipr (D) figs,

i=1

which means

The two sums can be separated

n—1
(Dulf)y Zqule Zuifpr%.
i=1

We shift the index of the first sum, which gives

(Dulf) Zulf_; — Zuzml

Then, the sums can be recombined as follows

2

n—1
(Du‘f)HE = ’LLnf —% - ulf% - Zuz(fpr% - fi,l)~
=2

Condition allows us to insert the boundary terms which are zero
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n

1

(Dulf)p, = un(fuoy = foyr) —wa(fs = f1) -

%

[
N

wilfivr = fimy) ==Y wi(fipr — fim1) = (0, D).
i=1
Thus, the operators D* and D are adjoints of each other

O
Proposition 2.19 (Convergence of the fluxes at order k — 1). Let k € N*, @ € C*¥(Q) be the evact solution of

151) and assume that @ > 0. Let us denote r(e) € Hg the vector whose components are ri+%(e),Vi € [o,n]
the remainders defined by and the vector e € Hys defined by e; = u; — u;, Vi € [1,n]. Assume that
u; > 0,Vi € [1,n]. Then we have

”-F(u) - jj-HHE < Chk_la

where F(u) € H is defined by (F(u)),,1 = Fiy1(w),Vi € [0,n], with F; 1 given by and , and F is
_ _ = du

defined by (F)iy 1 = Fipy, with Fiy 1 = I’ii+%£($i+%),Vi € [0,n].

Proof. The scheme

—}'H%(u) +}‘Z?%(u)+ahzuz = hzf“ Vi € [[l,n]],
can be written as

D*k(Du+r(u)) +au="f.

— du
Besides, the exact flux F;, 1 =&

i+%%(xi+%),Vi € [1,n] also satisfies

_-ﬁ;_;'_% +fi—% + ah;u; = hif'ia Vi € [[l,n]]
Since the fluxes are consistent there exists C such that

Firs(@ =Fiyr + Ry, with [R 1| <CRF, Vie [1,n].
Thus, we have

(62)
—Fir1(e)+ Fi_1(e) +ahje; = —R; 1 + R

i—3 Vi € [1,n],
that can be written

D*k(De +r(e)) + e = D*R.
Given v € H);, we take the scalar product of this equation with v

(D*K’(De + r(e)>|v)H1\/f + (ae‘V)HM = (D*R|V)H1W’
that is to say

(D*(k(De +r(e)) = R)|V)uy, + (a€|v)m,, =0
Besides k(De + r(e)) — R can be rewritten as

Kipr(Detr(e)) 1 —Ripr =—Fa(u)+Fa(@) - Ry =—Fi(u)+ Fiy
and ;1 (u) and .7?”% satisfy (59), so k(De + r(e)) — R satisfies (59) too.

Using Proposition provides

Nl

,  Vie[l,n],

(k(De +r(e))|DV)ry, + (aelV) iy = (RIDV)Hy.
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We define v € H)s by induction as follow

01::0,

Cit1 — € ‘
Vig1 = hi 1K1 <2h1+ri+%> +v; Vie [1,n—1],
it

1
2

whence Dv = k(De + r(e)). We thus have

I#(De +x(e)[|7, + (aelv)my, = (Rlx(De +r(e))u,-
The Cauchy-Schwarz inequality leads to

lis(De +x(e))ll7, + (aelv)m, < |Rlla,lls(De +x(e))] - (63)

Besides, we have

n
(ce|V)g,, =« Z hie;v;.

i=1

Replacing v; by its expression leads to

n i—1
e — e
o j+1 J
(el V), =) hiei ) hiiik ( +7"j+§> :

h. 1
i=1 j=1 Itz

The Cauchy-Schwarz inequality gives

1 1
n i1 . . 2 i &
j+1 — &5
(aeV) iy | < hiles] [ D hjps (’%‘Jr; <hl +7”j+§)> Db |
i=1 j=1 Jt3 j=1

hence

|(ae[v)my | <o (Z hilez‘) [(De +r(e))| m-

i=1
Inserting this estimate into (63)), we have

|k(De + (€))7, <a (Z hil@il) |k(De +r(e))||lms + Rl ay|c(De +r(e))| ny,
i=1
hence

Ik(De +r(e) s < IRlms +a)_ hile.

i=1

Equation gives

|k(De +r(e)) |y < Ch* + > hilel.

i=1

Proposition [2.17] gives
|x(De +r(e)||m, < ChF 4+ aChF1 (64)

Recalling that
(K(De + (€)1 = Fiy1(e) = Fiy s (8) — Fiys (1),

we infer

1F () = Fllue = |F(w) -~ F(@) + Rllg, < 1F () = F@)|m, + [RIm, < O

So the fluxes are convergent at order k — 1. O
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2.4.3 Convergence at order k

Proposition 2.20 (Convergence at order k). Let k € N*, @ € C**t1(Q) be the exact solution of and assume
that @ > 0. Let e = (4; — ui)1<i<n, where u is the solution of the scheme —. Assume that the matriz
A defining this scheme is uniformly coercive, that is, there exists a constant C. > 0 independent of h such that

vx € R" : xT Ax > C.||Dx||2.,
where the operator D is defined by . Then, we have

el < € a0 _#*

where the constant C' does not depend on u, u, h.

Proof. As in the proof of Proposition [2.17, we use the consistency of the flux to obtain that
_‘Fi+%<e) + .7:717%(6) + Oéhiei = _R’L‘+% + Ri*%? Vi e [[1,n]]
with |Ri+%| <C Hﬂ(’“‘l) HLOQ h¥. The corresponding matrix system writes
Ae=R

with
(€)i=e (R)i=—-R1+R_1, Vie[ln]
Taking line 4 of the system Ae = R, we multiply it by e; and sum over :
elAe = Z (_RH—% + Ri_%) €;
i=1

Using a discrete integration by parts, then the Cauchy-Schwarz inequality, we have:

n—1 n—1 1/2 n—1 1/2
el Ae — Z Riiihiy (De)”% < <Z hi+§R?+§> <Z hi+§(De)f+é> <C Ha(kﬂ)HLoo h*||De|| 2.
i=0 i=0 =0

The coercivity condition then gives
C.||Del| 2 < CHE(M)H hF
LOC

A discrete mean Poincaré inequality, proved in Lemma 10.2 of [16], writes

2
Zhe <th (De) +1+|Q‘ (th) .

n
Owing to conservativity, we have Z hie; = 0, hence
i=1

lellz> = Zh € <CZh )ir1 = ClDell7.

Thus, we have
lellze < € a0

which concludes the proof. [
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2.4.4 Asymptotic behavior of the symmetry condition

Lemma 2.21. Let {z;}1<i<n be a mesh satisfying and (@ Let k € N*,k > 2, u € CK(Q) be the ezact
solution of and assume that @ > 0. Let u € R™ be the solution of @, 153) and and assume that
u; > 0,Vi € [1,n]. Assume moreover that % # 0 on Q, then the condition m is asymptotically fulfilled as
h — 0.

Proof. Proposition shows that

Uit1 — Us du

+ripa(u) = %(%Jr%) +O(R*),

hvz+%
and Proposition that

dia
Ujp1 — Ui = U1 — Ui + O(hk_Q) = hH—% (dz(%ﬁ) + O(h)) .

Then since %(wi _%) # 0, for h small enough these two quantities have the same sign. O

2.5 The case of discontinuous diffusion coefficient s

In the case where £ is discontinuous at the node x; 1, we compute two fluxes F; ﬁrl (u) and F; il (u). The first
2 2

one is computed using a Taylor expansion in [x;, z; 1 ] while the second one is computed via a Taylor expansion

on [z, 1 ,i+1]. Thus, we use two polynomial reconstructions, one on the left and the other on the right of

x,, 1. For each node, we shift the stencil so that it does not cross the node where the discontinuity is located.
Let us denote

Wil — Uyl Uip L —
fﬁé(u) = /{ﬁ% <h1+12 —l—rﬁl(u)) and Fﬁr%(u) = HiL+% <2m + riLJrl(u)) ,
2
with

nﬁ% = k(241 +€) and /{Z.L+% = k(w1 — ),

where rﬁ ; (u) (resp. 7'1.L+ ;(u)) denotes the remainder associated with the polynomial reconstruction of the
2 2

solution using the cells located at the right (resp. left) of the node z; 41

Thus, the continuous problem imposing the equality of the fluxes (see also Figure |10 for an example), we also
impose it at the discrete level, that is to say fﬁl (u) = fiﬁrl (u) which leads to
2 2

Ujp1 — U;jg 1 Uyl — Uy

R it3 R _ L it3 L

iyl ( hitt +Tz’+;(“)> = Fivd < By +’"i+%(“)> )
2 2

which yields

N

R L
K. Uq K. U;
- hifien EA T ) LR R () — bk ()
Q(hiJrlﬁerl +hzﬂﬁl) hi+1 h; itg it3 ity its ’
2 2

Replacing u,, 1 by its expression in JF, L or FE | gives
T3 Z+§ Z+§

F FL FR QKH%HﬁF% L R ok
i“‘%(u) - i+%<u) - H‘%(u) B h¢+1/fiL+§ + hmi% [(Uiﬂ —u)+ 2 ( i+1ri+%(u) + iTH‘é(u))] ’
that is

Fivy () = Gy (r — ) iy (1) (65)



with

L R O 4 kL KR
- 26 1k _ hivirgy 18 hiki 4 Riy
_ 2 2 _ 2 2 R 2 2 L
Qip1 = 7 7 Tipi(u) = L 7 Tips (W) + L 7 Tirg (W)
hiariy ) +hiki Py F Rk T hiviki,y Thimgy

The coefficient &;,1 being positive, we can achieve monotonicity as in Section and the symmetrization

can be done again for this scheme. Besides, the previous analysis applies to this case. In the case where the

condition of symmetrization is not satisfied, the flux is replaced by the first-order approximation
Fipp () = a1 (wivr — ).

Remark 2.22. For k =1, the remainders TiL+l(u) and rﬁ_l(u) vanish, and we obtain the classical harmonic

2 2

mean for the equivalent diffusion coefficient.

Remark 2.23. In the case of a discontinuous right hand side f, we use the same type of strategy. In such a
case, the second derivative of the solution u is discontinuous. Thus, the reconstruction is made on each side of
the discontinuity.

3 Numerical experiments

Before giving numerical results, we explain how we deal with possibly vanishing Dirichlet boundary conditions.
The definition of the nonlinear scheme requires u > 0 (which is enforced by construction, see Prop, and
g(z1) > 0 and g(xy) > 0 for Dirichlet boundary conditions (see Sec. [1.5.1). However, we want to be able to
deal with homogeneous Dirichlet boundary conditions. In order to circumvent this difficulty, it is possible to
add a term proportional to h* to the denominator in the flux. Let € > 0, the flux is given byﬂ

+ —
2 Ty (@) 2 (W
Tt ()= ey K’”g(wh 9 =\ g T ) |

1
2

Same modification is made if needed for F1. We use also a correction to prevent the denominator of to
be zero. The condition is replaced with

(ulﬂ_ul + ri+é(u)> (uiJrl — ’U,,L) > 0.

hz’+%

The L? norm of the error is computed as

n 2
€12 = (Z hz\uz - ﬂ1|2>
i=1

for the solution, and
n /2
fre = (eig+Zhi+;|fi+é(u)—]:"(xi+;)|2> (66)
i=0

for the flux.

Given Q =]0,1[, £ a diffusion coefficient and g a function defined on 02, we consider problem with
a=0,=1~v=0

d du .
dw (“da) =/ (67)
u=g on 0f).

We will use three types of meshes:

2In the benchmarks we have chosen € = 10~ 11,
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1. Cartesian meshes,
. deformed meshes, the deformation of which is given by: = — x + 0.652(1 — 2)(0.5 — z) sin(0.87),

random meshes, the deformation of which is given by: © — = + ﬁ, with 7 € [—0.45,0.45], and n the
n

number of cells. Thus, C' = 19 for inequality . An example of which with 8 cells being given in Figure

T1 I3 s Tz X9 T 11 I 13 T 15 X1z
2 2 2 2 2 2 2 2
& ------- O-----m - - - N @ - -@ - - - - — — - — ¢ - - - - - - - - [ )

0 1

Figure 2: An example of a random mesh with 8 cells.

Figure [3] gives an example of the repartition of the cell volumes for a random mesh with 64 cells.

0.022 T

—
:

0.02 |

0.018 | Jﬂ

0.016 —||
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0.012 l ‘

0.01

_
—

Volume of cells

0.008 | “

0.006 —l
0.004

0.002 . . . .
0.4 0.6 0.8 1

Coordinates of cells

Figure 3: Example of a repartition of the volume for a random mesh with 64 cells.

For all the tests, the ¢ and u® of the fixed-point algorithm are ¢ = 10712 and u? = 1,Vi. We use the linear
solver GMRES with the preconditioner ILU (see [26], Chapter 7.4) and the convergence criterion is 10714

3.1 L? convergence for polynomial solutions

Given k = 1, f(z) = —6z (resp. f(x) = —7227), g(0) = 1 and g(1) = 2, the function u(z) = 23 + 1 (resp.
w(x) = 2% + 1) is solution to . We perform a spectral convergence study for these problems on a deformed
mesh with 64 cells. The L2-error between the exact % and approximated u solutions are reported in the Table
o

The proof of exactness for polynomial of degree k (see appendix [Bf) shows that the numerical solution must be
exact for an order greater than 3 (resp. 9). The table of convergence agrees with the theory since the error
is zero, to machine precision, for the order greater than 3 (resp. 9).

3.2 L? convergence for a smooth diffusion coefficient

Given k = exp(z), f(x) = 4exp(x) + 4z exp(z) — 7 cos(mz) exp(z) + 72 exp(x) sin(rzx) (note that f is positive),
g(0) = 4 and g(1) = 2, the function @(x) = sin(mz) — 222 + 4 is solution to . We perform a convergence
study for this problem with the non-symmetric and symmetric schemes on the deformed mesh. The L?-error
between the exact @ and approximated u solutions and fr2 (refer to Eq. ) are reported in Figures
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Order | u(z) =2 +1 | u(z) =2° +1
1 1.64e-04 1.56e-03
2 3.46e-06 7.00e-04
3 4.53e-15 2.70e-04
4 3.79e-15 1.39e-06
) 8.15e-15 7.43e-07
6 2.57e-14 7.07e-09
7 4.21e-15 5.24e-10
8 5.02e-15 6.58e-13
9 7.86e-15 8.17e-15

Table 1: The L2-error between the exact @ and approximated u solutions.

E Results with k = 1
Results with k = 2
Results with k = 3
Results with k = 4
Results with k = 5
Results with k = 6
Results with k =7
Results with k = 8
« Results with k = 9
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10-2F

10-3 |

> O % o

2

y=a?
— 4

y=x

y=a"
y=a"
y=a"
8

4 y=a"
— y=a"

. . . .
10 102 10t 102
Number of cells Number of cells

Figure 4: L?-error, at the left, and f» (refer to Eq. (66)), at the right, with the non-symmetric scheme for problem of

Sec. @

The results show that the numerical convergence order is at worst equal to the theoretical order & (for the
theoretical order 4 one obtains convergence at order 4) or better (for the theoretical order 3 one obtains the
order 4). Besides, the results are qualitatively the same for the symmetric case and for the non-symmetric case
(the results are only given for the non symmetric case because the figures are similar). We observe similar
convergence orders for er2 and fr2.

We also perform a convergence study for the same problem on the random mesh: see Figures[5]and[6] As for
the deformed mesh, the results show that the numerical convergence order is at worst equal to the theoretical
order k (for the theoretical order 4 one obtains convergence at order 4) or better (for the theoretical order 3
one obtains convergence at order 4). The results are similar for the symmetric case and for the non-symmetric
case (the results are only given for the non symmetric case). We observe similar convergence orders for ey
and fr2. However, the curves are slightly translated: for a given mesh size, the error is larger when the mesh
is deformed. This is illustrated on the Figure [J] for the fourth-order non-symmetric scheme.

Figures [7] and [§ show that the number of iterations of the fixed-point algorithm depends weakly on the number

of cells. This is especially visible in the Figure [7| Besides, for a random mesh, the number of iterations (for
the fixed-point algorithm to reach stagnation) is significantly larger than for a deformed mesh.

26



|- - - T -
F B £ ™ B
, s NG f
L 1073 | B | | ; E
I L ] I il § ]
¢ i ] I ]
= I E| |
] 1 1 o\ |
Results with k = 1 o Results with k = 2 ° * Results with k = 3 ,
1074 — 1 = N — 2 | — — .3 * |
y== y=z y=z |
101F E B E
F O E FoA E r ]
10771 1 f 1 |
100t 1 1 i
(5} - E| E E|
ﬁi = ] E A E ; ;
1077 10 1 E
E o ; E A E 8 ]
10-8| O Results with k =4 E 4 Results with k = 5 —; Results with k = 6 é
N y:x"l D; o y:x’s A; y:x’ﬁ ;

1075 F E F E
r 1 5 1 E * E
10— - £ ; ; [ 1
(U= E i 1 i 1
5] r k| L il E E
) r 1 E E F E|
71078 ¢ E g ] ? ]
~ F E H : e E
1070 F £ g E
1010 Results with k = 7 é Results with k = 8 ; * Results with k =9 " ;
y=r o vt | ] | = y=e | Y

20 30 40 20 30 20 30 40
Number of cells Number of cells Number of cells

Figure 5: L*-error with non-symmetric scheme and random mesh for problem of Sec.

3.3 Comparison with a non-monotonic scheme

To show the effect of the monotonicity correction, we compare our scheme with a non-monotonicity preserving
scheme.

Given k = 1, f = n2sin(nx), g(0) = g(1) = 0, the function u(x) = sin(7z) is solution to . We perform
a monotonicity study for this problem on a Cartesian mesh with the third-order version for different grid sizes.
Results are summarized in Table [2] Note that the non-monotonic scheme does not exhibit negative entries for
all the grid resolutions, but when it happens, it is corrected with the monotonic version.

3.4 Discontinuous diffusion coefficient

Given k such that
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Figure 6: f;2-error with non-symmetric scheme and random mesh for problem of Sec.

Number of cells

High order monotonic scheme

High order non-monotonic scheme
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Table 2: Negative entries for the non-monotonic and the monotonic schemes.
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and f(z) = 7% sin(wz), the function
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Figure 7: Number of iterations of the fixed point algorithm with the non-symmetric scheme for problem of Sec. for
a deformed mesh. The number of iteration of the fixed point algorithm increases with the order of convergence k, but
is weakly affected by the mesh refinement.

u(z) = (sin(rz) + 22) L, <1y (2) + (; sin(mx) + x + 1) Lipsay(2),

is solution to . The solution of this problem is displayed on Figure We perform a convergence study
for this problem, using the method described in Section [2.5] on a Cartesian mesh for order 1 to 9.

An even number of cells is required to have a node coinciding with the discontinuity of x (z = %) Results
are summarized in Figure These graphs show that we achieve the expected convergence rate, even with
discontinuous k.

4 Concluding remarks

In this paper we have proposed an arbitrary-order monotonic scheme for the elliptic problem , on arbitrary
1D meshes. The properties of convergence at a given order, and the preservation of the positivity of the discrete
solution have been proven with reasonable assumptions on the mesh. We also proposed a symmetric version of
the method. We have shown how to extend these schemes to the case of a discontinuous diffusion coefficient.
These properties have been illustrated numerically up to the order 9. In future works, we aim to extend these
schemes to higher spatial dimensions and to parabolic problems. We are quite confident in the fact that our
scheme can be extended to 2D because we used the same method to enforce monotonicity than Gao et al [17],
who have applied it in the context of 2D diffusion on arbitrary meshes. To extend this method in 2D, we will
need secondary unknowns. In order to compute them, several strategies are possible. Among others, one may
use interpolation (see [9]), or a dual partition, in the spirit of the DDFV method (see [1§]).
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Figure 8: Number of iterations of the fixed point algorithm with the non-symmetric scheme for problem of Sec. for
a random mesh. The number of iteration of the fixed point algorithm increases with the order of convergence k, but is
weakly affected by the mesh refinement.
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A Dirichlet boundary conditions

Consider first the right boundary of the domain. The adaptation to the left boundary is straightforward. The
k-th order Taylor expansion in the neighborhood of z,, , 1 gives

k (l‘ - xn—i-l)e de’EL
Vo,  a(x) =u(z,, 1)+ Z TZW(%H%) +0 ((x - xn+%)k+1) :
=1 '

Here again, we integrate this expression in order to use mean values. This gives

1 [T+l ~ 1 Tard (T — xn+l)€ d'a
E/ﬂ: 12 U(l')dx:u(xn+%)+h72/w 2 TQW(mn+%)d‘x+O(hﬁ+l) ’
n—3g -

7 (l‘n-‘r%) +0 (h’lfl+1) ’

(x— 2,y 1) ] 0 gty
dx
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Figure 9: L*-error, at the top left, and f; 2 (refer to Eq. ), at the top right, and number of iterations of the fixed point
(bottom) with the non-symmetric scheme at order k = 4 for problem of Sec. It shows that the mesh deformation
impacts slightly the error, but strongly the number of fixed point iterations to achieve convergence.

from which we obtain

di K

dzx

(—1)tht-1 dla

WW(anr%) +0O (hy) .-

2 _
(Enry) = (@) =) +2
n =2

The numerical flux is obtained by approximating the derivatives of @ at z,, 41 using a polynomial reconstruction
of the solution

2
fn-’,—%(u) = Kpyd (h(un+; —Un) + rn+;(u)) .

The trick of Section [I.3] can be applied to ensure monotonicity, that is in the non-symmetric version

+ —_
2 rn+l (u) 2 rn+l (ll)
Fopr(@)=k, 1 || —F+—— | tUpyr — | —F+—— |u
n+é( ) n+é hn un+% n+§ hn U, m| o
and, in the symmetric version
Fooi) 2 N T:+§(u) + 5,41 (0) 2 N Tn+%(u) + spp1(0) (68)
u) = — U - — U
nt3 finty I Upyl i hy Unp, "
with
unt (W) =y gr o (w)
Sn—i-% (u) =



du }L ” du |D —_ du
dx i+$ dx i+% dz
du

Figure 10: Illustration of problem of Sec The diffusion being discontinuous, also is the gradient, but the flux remains
continuous.

In order to preserve positivity, a condition similar to (19) must be satisfied for the symmetric version of the
scheme

%(un-&-% - uﬂ) + Tn_‘_%(ll)

un+% — Unp

>0

)

that is to say that u,, 1 —u, and .7-'n+%(u) must have the same sign. As above, this condition seems natural

N

du
because if %(In_i_%) > 0 (resp. < 0), then @ is locally increasing (resp. decreasing) so @, 1 > Un (resp.

ﬂnJr% < lUp).

Applying the boundary condition, becomes

Ty (W s (u) re (W)t s, (w)
‘Fn+%(u) = FKnyl [(2 + 2 b > g(xn-i-%) - (fi + 13 . ) Un‘| . (69)

2 hn g(xn—i-%)

For the left boundary we obtain similarly

Kg r?<u>+s;<u>> <2 r:<u>+s;<u>>
+ - u - 74_2# g(x

hi Ui

)] : (70)

B Exactness for polynomials of degree k

To simplify the calculation let us take a polynomial of degree k centered on 1 as an exact solution in order

du
to demonstrate that the approximation of d—(x, +1 ) is exact for polynomials of degree k. For
x

k
ﬂ(l‘) = Zaiﬁ-%,p(‘r - xi—i—%)p)
p=0
we obtain
Kk

d‘a p! e
Al Doy LS VG e Y
p={
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Figure 11: L?-error with symmetric scheme and discontinuous & for problem of Sec.

that is

d‘a
—ot (Tiry) = lai g,

Besides, mean values were used to estimate the values of u at the centers of the cells, so

k k

T, 3 p

o — L[ a (-2, 1) =Y a Dy

i+1 = B i+3.p i+3) = i+%,pp+ 1’
L I R— p=0

and

_ k k »
= ‘T2 _ p _ (_l)phi
= 4 > a1 (w1 =) S N

i—1 p=0 p=0
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The flux is

Rit

hiy

D=

Fips(0) =

T
= (p+1)! dxP

where P is an interpolation polynomial of w. Besides, P = u in that case since u is a polynomial of degree k
and P leaves invariant polynomials of degree k. The flux becomes

k k

hP (—1)PhP

i+1 7
([Zai+é’pp+l B Z

%itip
PRI
p=0 p=0 p+1

D=

k
R+ (—1)PHRY arp
|f7,i+1’lL‘Z w1+ () L i+2) )

R

h

k
i+

W+ (SR
- Z Plivgp |-

Nl

Fipp(@) =

i+

Nl

|
= e+
that is to say

1a;

3 ditg,1

k k
h? |+ (=1)PHLpP RP |+ (=1)PH1R?
J i l('l_l) =KR; 1| @41 + ;1 i+l - E itl v a; 1 = K;

+3 +3 < +3,1 p§:2: +3.p hz+%(p_~_ 1) = hl+%(p+1) +3.p +

The flux is exact for polynomials of degree k.
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