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CONSTRUCTION OF MAURER-CARTAN ELEMENTS
OVER CONFIGURATION SPACES OF CURVES

BENJAMIN ENRIQUEZ AND FEDERICO ZERBINI

ABSTRACT. For C' a complex curve and n > 1, a pair (P, Vp) of a principal bundle P with
meromorphic flat connection over C™, holomorphic over the configuration space Cr (C) of n
points over C, was introduced in [En|. For any point co € C, we construct a trivialisation of
the restriction of P to (C'\ 0c0)™ and obtain a Maurer-Cartan element J over Cp (C \ 00) out
of Vp, thus generalising a construction of Levin and Racinet when the genus of C is higher
than one. We give explicit formulas for J as well as for V. When n = 1, this construction
gives rise to elements of Hain’s space of second kind iterated integrals over C'.
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1. INTRODUCTION

1.1. Motivation and context. Let M be a smooth manifold and a,b € M. By a theorem
of Chen, the function ring on the pro-unipotent completion of 7 (M;a,d) is isomorphic to the
zeroth cohomology of a complex B*(A*(M)), where A*(M) is the dg-algebra of smooth differ-
ential forms on M and B* is the “bar-complex” functor [Chen]. Elements of Z°(B*(A*(M)))
give rise to homotopy-invariant iterated integrals and therefore to functions on M?, where M
denotes a universal cover of M. When M = C,(P{ \ {0,1,00}) is the configuration space
of n points on P% \ {0, 1, 00}, a model of A*(M), which is a connected dg-subalgebra of this dg-
algebra, is known, and the functions on M? associated with Z 9(B*(A)) are the classical multiple
polylogarithms; this was extended to configuration spaces of genus-1 curves in [BL]. Let g be a
pro-nilpotent Lie algebra, then we define MC(M, g) to be the set of Maurer-Cartan element
we AY(M)®g, i.e. such that dw+ (1/2)[w,w] = 0. Then a pair (w, P) € MC(M, g) x Clexp(g)]
gives rise to an element of Z°(B*(A*(M))) and therefore to a function on M?, given by
(a,b) — P(Pexp f; w), where for a smooth path n: [0,1] — M

’Pexp/w:zz
n

/ (7w)(t) - (776) (1) € exple) € Ula)".
7s0/0Sti <<t <1
is a path-ordered exponential.

An analogue of the above map Z°(B*(A*(M))) — C°°(M?) was constructed in the context
of complex algebraic varieties [Hain|. For (C,S) a pair of a complex curve C' and a finite subset
of points S, it gives rise to a diagram T(I'(C'\ S, Q%)) D {2nd kind IIs} — O((C \ p~1(9))?),
where {2nd kind IIs} is the subset of the tensor algebra T'(I'(C' \ S,Q¢)) of elements = such
that the map IL, : II; (C'\ S) — C induced by iterated integration of x factors through the map
I (C\ S) = I1(C) xc2 (C\ S)?, where II;(X) is the fundamental groupoid of a topological
space X. Let g be a pro-nilpotent Lie algebra, and define MC,,(C, S, g) to be the subset of all
JeT(C\S, QL) ® g such that d+.J has no monodromy at the points of S (i.e. it is conjugated
to d at the formal neighborhood of each s € S). Then a pair (J, P) € MCa,(C, S, g) x Clexp(g)]
gives rise to an element of {2nd kind IIs} and therefore to a function on (C'\ p~!(S))2. The
aim of the present paper is the construction of an element J € MCy,s(C, 00, g), where C is a
curve of genus > 1 and oo € C, as well as its analogue on C,,(C \ 00), which is an element
J € T(Cr(C\ 20),QL) ® g such that d + J is conjugated to d at each formal neighborhood of
(C\ 00)F x 00 x (C\ 00)" '=F and dJ + (1/2)[J,J] = 0.

IFor V a vector space, we set V &g := lim._ V ® (g/F"g), where F"g is the n-th term of the lower central
series of g.
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A pro-nilpotent Lie algebra ’Ehﬁn is associated in [Bez] to a pair of integers n,h > 1. Forn > 1
and C a curve of genus h > 1, one constructs a pair (P, Vp), where P is a principal exp(@h,n)—
bundle over C™ and Vp is a holomorphic flat connection on the restriction of P to C,(C)
([CEE] for h = 1, [En] for h > 1; the constructions are based respectively on [Berll Ber2])
and applies it to the computation of the pro-unipotent completion of the fundamental group
of C,,(C). The data of a point co € C and of an isomorphism of the restriction of P to (C'\ c0)”
with a trivial bundle Py, defines a Maurer-Cartan element J on C,,(C \ 0o0) by the condition
that (P, Vp) is isomorphic to (P, d+J). If n =1 then J is an element of MCai(C, 00, thon)

A similar construction was carried out in [LR] when h = 1, in which case C' is a punctured
elliptic curve E'\ 0. A principal bundle with flat connection (Pcgg, Verg) over Cpy1(E)/E =
Cn(E \ 0) was constructed in [CEE], and independently in [LR] when n = 1. In the latter
case, an isomorphism of Pcgg with Py was constructed in [LR], § 5, giving rise to an element
JLr € MCalg(E\ 0,0, 11 2).

1.2. Contents of the article. Throughout this article, we fix a Riemann surface C of genus
h > 1, a universal cover p : C — C, a point oo on C and a choice of a compatible system e of
classes of parametrisations of the fundamental groups of C'\ oo (see §2.7]).

§2 is devoted to the proof of the triviality of the restriction to (C'\ oo)™ of the principal
bundle P from [En]. The proof necessitates the construction of a holomorphic map gz g : C'\
p~1(c0) — exp(éﬁ) with particular properties, where & is a free Lie algebra with 2h generators.
This construction occupies §2.T1to §2.7] (see Proposition [2:24)); it makes use of iterated integrals,
and it depends on the input data (Z,8), where Z is a point in C' and B is a family of h
meromorphic differential forms on C introduced in §2.2 We study the dependence on these
data in §2.8 In §2.01 we introduce the topological Lie algebra fhyn, recall the construction of
the principal exp(ty, ,)-bundle P attached to e, and derive its triviality from Proposition
(see Theorem 2:33)).

§3lis devoted to the application of this result to the construction of a Maurer-Cartan element
Jzp € T(Ch(C\ 00),Q5.) @ th,n. Such Jzp is determined by the above isomorphism of P
with Py, which takes Vp to d + J; g. In order to make J; g explicit, one introduces the
Maurer-Cartan element K € I',¢ (C’", Qén) & {hm, where 7 : C — C is the Schottky cover of C
(see §3.0)), such that there is an isomorphism of (7™)*(P) with the trivial bundle over C™ which
takes (p")*(Vp) to d+ K. Then J; g is determined by the identity d+Jz g = g; g(d+ K)g; p,
where g; g : (C\ 7 1(00))" — exp(in.,) is constructed out of the function gz g from §2 (see
Theorem B.24)). In §3.6] we study the dependence of J; g on & and S.

2As exp(@) is prounipotent, it is isomorphic to an infinite product of affine lines, hence we mean that the
coordinates of g are meromorphic functions on C with poles at p~!(c0).
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In §4l we provide certain explicit decompositions of K and J; g. The constituents of these
decompositions are computed more precisely in §5l In particular, we show that the compu-
tation of gz g can be used to deduce expressions of one of the constituents of K, a family
of 1-forms w;,...;,, in terms of iterated integrals and residues of classical differential forms
(Corollary B.T6). When n = 1, this is sufficient to obtain explicit formulas for K (combining
Corollary .18 with eq. (£4.0)) and J; g (combining Definition B.25] Lemma [3.26] eq. (G111,
Corollary 515 and Lemma [£.9) for n=1. Examples of such formulas in low-degree can be found

in §5.5
2. TRIVIALIZATION OF THE RESTRICTION OF P TO (C'\ 00)"

In this section we introduce a function gz g : C'\ p~'(c0) — exp(®) which depends on & € C
and on a tuple B of differential forms, and we use it to show that the restriction of P to (C'\ 0o0)™
is trivial.

In the background sections §2.1] to §2.3] we recall some facts on Riemann surfaces, iterated
integrals and groupoids. We devote §2.4l to §2.7 to the construction of the function gz g. In
§2.8 we study the dependence of gz g on & and B. The proof of the triviality of the restriction
of P to (C'\ o)™ is given in §2.9

2.1. The geometric setup. In §2.1.7] we recall the relationship between the fundamental
group of a topological space and the group of automorphisms of its universal cover. We will
give details of the proofs, in order to set up some notation and recall some notions that will
be used throughout this article. We refer to [Ha] for further details. In §2.T.2] we introduce
the geometric setup of this article. To do so, we recall and demonstrate some facts about

fundamental groups of closed Riemann surfaces.

2.1.1. Fundamental group and universal cover. For X a topological space and z,y € X, we
denote by 7 (X;x,y) the fundamental torsor of paths from x to y. The composition of paths
induces a map 71 (X;z,y) X m(X;y,w) = m(X;x,w), (n,7") — n’ (topologists’ convention).
Let p : X — X be a universal cover. As X is simply connected, for any z,y € X, the set

71(X;Z,7) has exactly one element.

Definition 2.1. For #,§ € X, we define 7z 5 as the image in 7, (C; p(Z), p(¢)) of the unique

element of 71 (C; Z, 7).
Let x € X. We recall the following classical result.

Lemma 2.2. (a) There is a right action of m1(X,x) on p~1(x), denoted (Z,n) — & -1, where
T -m s the endpoint of the unique lift starting at T of any representative of n.
(b) There is a unique map p~'(z) x 7 (X, z) — Aut(X/X), (Z,1) — aut?

ns such that & -n =
aut? (z) (equality in X).
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(¢c) For any & € p~(x), the map isoz : m(X,z) — Aut(X/X), n — aut? is a group

isomorphism, so autfm, = auty o autfl,, with inverse given by 6 — 0z g(z)-

Proof. (a) follows from the equality liftz (nn’) = liftz (n)liftz.,(n'), where lift;(n) is the lift to X
of 7 starting at z and the product is the composition of paths in X. (b) follows from the
universality of X. Let us prove (c). For n,77/ € m (X, z),
(2.1.1) autzl,lt”m’(i) o auti = autfm/
Indeed, the image by the right-hand side of Z is & - 1, while its image by the left-hand side is
(using the equality in (b)) (Z-7n)-n' =2 -0y

On the other hand, if § € Aut(X/X), if n € 7 (X, z) and & € p~'(x), then the fact that the
lift of n starting at 6(Z) is the image by 6 of the lift of n starting at & implies

(2.1.2) 0(x-n) =6(2)n

(equality in X). This equality can be rewritten as 6 o aut? (z) = autz(i) 0 §(Z) by using the

equality in (b). By the universality of X, this implies the equality 6 o autf, = aut,e,(w) of in

Aut(X /X), which by replacing n by 1’ and by plugging 6 = aut% implies that autf7 o autf;, =
aut? (&)

aut,, "o aut%. This identity, together with ZI1T]), implies that isoz is a group morphism.

We leave to the reader to verify that 6 — 7; g(z) is inverse to isoz (see [Hal). O

2.1.2. Fundamental groups of Riemann surfaces. Let h > 1 be an integer. Let C be a closed

Riemann surface of genus h, let 0o € C' be a point, let p : C — C be a universal cover.

Definition 2.3. Let x € C'\ 0o. To a simply connected neighborhood U C C' of oo, a point oo’
in U \ oo, and a counterclockwise loop lo, C U around oo based at oo’, one attaches the set
of conjugations of I, by all the elements of the fundamental torsor of paths 71 (C'\ co;z, 00’).
This is a well-defined conjugacy class of 71 (C'\ 0o, ), which in independent of the choices of U

and oo’. We call it the conjugacy class attached to oo, and we denote it coo -

Lemma 2.4. For x € C\ oo, the kernel of the surjective group morphism m (C \ co,x) —

w1 (C, z) induced by C' \ oo C C coincides with the normal subgroup (coo ) generated by Cooq-
Proof. This is a standard consequence of the van Kampen theorem. 0

Definition 2.5. Let (A;, B;) be the free group on 2h generators Ay, ..., An, Bi,..., Bp, and
let (A;, B;) := A;B;A;'B;". For z € C'\ 0o, we define E(x) as the quotient set

18000 (71 (C'\ 00, ), (4;, Bi>)/(H(Ai= Bi))’

where 18000 (m1(C \ 00, ), (4;, B;)) is the set of group isomorphisms 71 (C' \ oo, z) — (A;, B;)
taking the conjugacy class attached to oo to the conjugacy class of [],(A;, B;), and where
(I1;(As, By)) is the normal subgroup of (A;, B;) generated by [].(A;, B;), which is acting on
I8000 (1 (C'\ 00, ), (A;, B;)) by conjugation.
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Lemma 2.6. For & € C and f € E(p(&)), there exists a unique group isomorphism fil :
m(C,p(&)) — (Ai, Bi)/(I1,(Ai, Bi)) such that, for any group isomorphism f above f, the

diagram

71(C'\ 00, (&) ———— (4;, B)

(2.1.3) l l

1 (Cop(#) —L (As, B /(T (As, Bi)

commutes; fi should be viewed as a “hole-filled” version of f.

Proof. For a given f, the existence and uniqueness of ffill such that @I3) commutes follows
from the fact that f takes the kernel of the left vertical morphism to its analogue on the right.
If f is replaced by f, then fis obtained from f by conjugation by an element of (I'T;(As, By)),
whose image in (A;, B;)/(IT,(A:, B:)) is 1. Tt follows that (ZI3) commutes also with f replaced
by f. 0
Lemma 2.7. Let &,5 € C\ p~'(00). Let iz g : m(C \ 00,p(&)) — m(C \ 00,p(§)) be the
group isomorphism induced by the choice of a universal cover C/—\\_O/O - C \p~Y(c0) and of lifts

&,9 € C\ oo of &,§. The bijection E(p(z)) — E(p(§)) induced by composition with iz = i -

z,9

e~

is independent on the choice of &,y and will be denoted bij; ;. For any z,9,z € C \ p~1(o0),

one has bij; > o bijz 5 = bij; ;.

Proof. The replacement of the lifts Z, § has the effect of post-composing the isomorphism iso; g
by the conjugation by an element of ker(mi(C \ 00, p(9)) — 71 (C,p(g))). By Lemma [Z7] this
kernel is nothing but (cs (7)), which is equal to the preimage of the subgroup ([];(As, B;))
of (A;, B;) under an element of Iso (71 (C' \ 00, (%)), (A;, B;)). The composition statement is

obvious. O

Definition 2.8. Define E to be the set of assignments C'\ p~!(00) 3 ez € E(p(%)), such
that bij; ;(ez) = ey for any Z,% € C\ p~ (o).

Lemma 2.9. For any Z € C'\ p~*(c0), there is a bijection between E and FE(p()), taking the
assignment C'\ p~'(c0) 3 2+ ez € E(p(2)) to ez € E(p(%)).

Proof. Using the composition identities of Lemma P77 one checks that the map taking e €
E(p(%)) to the assignment C'\ p~*(c0) 3 2 — bij; :(e) € E(p(%)) is the inverse bijection. [

Lemma 2.10. Let € C'\ p~'(c0). Consider the composition

E 5 B(p(¥)) = Isose(m1(C'\ 00, p(%)), (Ai, Bi) /(] [ (Ai, Bi))

3

— Iso(m1 (C, p(2)), (Ai, Bi) /(] [(Ai, Bi))) = Tso(Aut(C/C), (A, Bi) /(] [ (As, Bi))),

3 3
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where the second map takes f € Isoo (m1(C\ 00, p(Z)), (As, Bi))/(I1,(Ai, By)) to the isomorphism
A 7 (C,p(2) 5 (As, Bi)/(I1;(Aiy By)) (see LemmalZ.8), and the third map is the composition
with the isomorphism iso; ' : Aut(C/C) = (C,p(%)) (see Lemma[Z3). This defines a map
(2.1.4) E — Iso(Aut(C/C), (Ai, B;) /(] [(4i Bi))), e~ can, := ef oiso; "

which is independent of T.

Proof. Let jz 5 : m1(C,p(Z)) = m1(C,p(g)) be the isomorphism corresponding to a pair of points

&geC \ p~1(c0), and let &, be any two lifts of Z,7 to C'\ co. The independence of the map

of interest in z follows from the commutativity of the following diagrams:

E — E(p(%))

J{bijiw7

E(p(©))

m(C\ 00, p(2)) —— m(C,p(Z )ﬁAHt c/c)
m(C\ 00,p(y)) —— m(C,p(y))
O

In the rest of the paper, we choose an element e € E, which by Lemma 2.10] gives rise to a
group isomorphism Aut(C/C) =~ (A;, B;)/([1;(As, B;)) and by Lemma and abelianization,
to a group isomorphism H;(C,Z) ~ @l (ZA; © ZB;).

2.2. 1-forms on C and iterated integrals.

2.2.1. 1-forms on C. Let us choose a h-tuple 8 = (B1,..., ) of elements of I'(C \ oo, Q)
such that, for any 7,5 € [1, 1], fzi B; =0, fE Bj = 6;j. Moreover, let w := (w1,...,wy) be
the unique A-tuple of holomorphic 1-forms on C' such that fzi wj = §;; for 4,5 € [1,h]. We
denote 7;; = fE w; for any 4,7 € [1, k], and we consider the h-tuple & = (a1, ..., ) defined
by «; := w; — Z?:l 7;;8;. The 2h-tuple v := (a, B) is then a set of representatives of a basis
of the algebraic de Rham cohomology group Hiy(C'\ o), dual to the basis (C1,...,Cap) :=
(Ai,...,An, B1,...,By) of the Betti cohomology HE(C'\ o0), because fa_ v; = 0y for i, j €
[1,2h]. Such choice of representatives only depends on the choice of the h-tuple 8.

2.2.2. Iterated integrals.

Definition 2.11. The iterated integral of smooth 1-forms ~1,...,, over a piecewise smooth

path 7 : [0,1] = M on a smooth manifold M is defined as

/71 gy = /M ) G ).

We call r the length of the iterated integral.
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We recall the following well-known properties:

e Composition of paths:

T

(2.2.1) / e = Z/ %...%/ S
ninz m T2

i=0
/ ’Yl"'%:(_l)r/%“'%-
nt n
o Shuffle product:

(222) /717 e "7r/'7r+1 o Yr4s = Z /70(1) Yo (r4s)-

n n ocwi(r,s) "

o Inversion of paths:

Suppose now that y1,...,7- € I'(C\ 00,2, and let us denote in the same way their pull-

back to the universal cover C'\ oco. Because these forms are holomorphic and C'\ co is simply

connected, the result of the integral | 5 Y1 - - - does not depencﬁ on the integration path from

—_~—

feC\ootogeC\oo Let 2 € C\ oo Fornem(C)\ oo, x), consider aut] as defined in
_ 2
2111 The pairs (7,auty) € C'\ 0o are all related by the action of Aut(C'\ 0o/C'\ o). This

implies that f;ut”(i)

1 ... is independent of the choice of &, and we set

autf](i)
(2.2.3) /71...%::/_ YooY
n z

2.3. Groupoids. Recall that a groupoid is a small category where all the morphisms are in-
vertible. If G is a groupoid, we denote by S its set of objects and, for x,y € S, we denote by
G(z,y) the set of morphisms from x to y.

2.3.1. I-nerves. To a groupoid G, one attaches a set G := {(x,y,7)|z,y € S,v € G(z,y)},
called the 1-nerve of GG. This set is equipped with source and target maps s,t : G — S, with
s(z,y,7v) := =z, t(z,y,7) := y. The product, unit and inverse induce maps G xsG — G, S — G
and G — G satisfying some axioms (e.g. associativity). This gives rise to an equivalence
between groupoids and pairs of sets (G, .S) equipped with maps s,t : G — S as well as mg :
G xsG— G, S — G and G — G satisfying these axioms.

Explicitly, if G, G’ are two groupoids and (G, S, s,t) and (G',5’,s',t') are the corresponding
sets and maps, then a groupoid morphism G — G’ is the same as a pair of maps f : G — G’
f:8 — S such that fos =3s"of, fot =1t of (which guarantees that f induces a map
Ff?:GxsG =G x5 G'),and fomg = mg o f?.

In particular, if G’ is the groupoid corresponding to a group K, a morphism G — G’ is the
same as a map f : G — K, such that f o mg = mg o f, where mg : K x K — K is the
product map.
merentiation induces an isomorphism between the subspace of I'(U, O) of functions vanishing

at Z and I'(U, Q%})7 where U := ago, and if I is the inverse isomorphism, then for any 7 one has fn Y1 Y =
I(yn -+ I(y2 - I(m)))(¥), a quantity which does not depend on 7.
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2.3.2. Quotients. Let G be a groupoid with set of objects S. For x € S, we set G(x) := G(z, z).
If N < G(x) is a normal subgroup, the groupoid quotient G/N is the groupoid with the same
set of objects as G and such that for y,z € S, (G/N)(y, z) is the quotient of G(y, z) by the
equivalence relation generated by go f ~ gomno f, where f € G(y,z), g € G(z,2), n € N. In
this situation, if G’ is a groupoid, there is a bijection between Hom(G/N,G’) and the subset
of Hom(G, G’) of all functors F' : G — G’ such that N is contained in the kernel of the group
morphism F‘G(z) : G(x) — G'(F(x)), the functor F : G/N — G’ associated to F being such
that its composition with the projection G — G/N coincides with F'.

2.3.3. The groupoid 111 (X). For X a topological space, we denote by II;(X) its fundamental
groupoid. Its set of objects is X and for z,y € X, the set of morphisms IT; (X)(z,y) from z to
y is the fundamental torsor 71 (X;x,y) of paths from x to y. We denote by IT; (X) the 1-nerve
of II; (X)), i.e. the set of triples (x,y,v) where z,y € X and v € m(X;z,y).

Note that if © € X, then there is a tautological groupoid morphism ¢, : 71 (X, z) — II;(X),
with underlying map between sets of objects {*} — X, * — z. The corresponding map between
1-nerves is then ¢y : m (X, z) = 1 (X), v — (z,z,7).

Define also diag : X — II; (X) to be the map = — (z,z,1).

2.4. The groupoid morphism Fj : IT; (C\oo) — exp(®). Let & := Lie(as,...,apn,b1,...,bp)
be the free complex Lie algebra with generators a;,b;, ¢ € [1,h]. This Lie algebra is equipped
with a Z>o-grading by deg(a;) = deg(b;) = 1. We denote by & the corresponding completion.

The degree completion U(®)"

of the enveloping algebra of & is a topological Hopf algebra;
the exponential map exp : U(®)} — U(®)" (where the source is the direct product of the
positive degree components of U(®)) sets up a bijection between & and its group G(U(®)")

of group-like elements, which will henceforth be denoted exp(®). Throughout this section, we

will use the notation (c1,...,con) := (a1,...,ap,b1,...,bp).

Lemma 2.12. For A = (Ay,...,Aop) € &2, there is a unique map Fj : 1 (C'\ 00) — exp(®)
which is holomorphic in the first two entries x,y € C'\ oo and such that

(a) the map Fy o diag : C'\ 0o — exp(®) is equal to 1.
(b) Fn satisfies the differential equation

2h 2h
(2.4.1) dFpy = Fy t(z AZ-%-) - S(Z Am—> Fy.

i=1 i=1
Proof. Recall that the algebra C{({c1,...,con)) is equipped with a topological Hopf algebra
structure, defined by the condition that the elements ¢;, i € [1,2h], are primitive. Then &

(resp. exp(®)) is its Lie algebra of primitive elements (resp. its group of group-like elements).
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The existence and uniqueness of a solution to (a) and (b) valued in C{{cy, ..., con)) is stan-
dard, the map Fj being given in terms of iterated integrals (see §2.2.2) b,

(2.4.2) (x,y,m) > 1+ /

WA+/WAWA+/WAVAVA+---,
n n n

where yp = 21221 Aiv;.
The fact that the values of the function F belong to the group exp(®) of group-like elements

in C{{cy,...,can)) is also standard, and follows from the fact that the form 7, is valued in éﬁ,

and that the values of Fj are path-ordered exponentials of 7y, . O

Notice that Fp also depends on the choice of 8 (see §2.2)), which determines the differential
forms 7;. We will not keep track of such dependence for the moment, but it will play a role

after §2.7

Lemma 2.13. The map Fp : II;(C \ 00) — exp(é) is induced by a groupoid morphism Fy :
IT; (C\0o) — exp(®B), whose underlying map between sets of objects is the only map C'\oo — {x}.
Proof. As remarked at the end of §23 a groupoid morphism Fj : II; (C'\ 0o) — exp(®) is the

same as a map I : II;(C \ 00) — exp(®) such that Fj o mp, (c\oo) = M) © F1§2)7 which
follows in our case from the composition-of-paths property (Z21)) of iterated integrals. O

2.5. The function (p, f) — A(p, f). It follows from Lemma[ZI3lthat for any A € ®2" and any
i e C\p'(c0) the composite map F o tpez) : T1(C'\ oo, p(T)) — exp(®) is a group morphism.

Lemma 2.14. For any f € Isos(m1(C \ 00,p(Z)), (Ai, Bi)) and p € Hom((A;, B;),exp(®))
there is a unique solution A(p, f) € &2 to the equation
(2.5.1) Faoumof t=p
(equality of group morphisms (A;, B;) — exp(®)).
Proof. Denote by holy = (hol}, e ,hol?h) the self-map of &2 given by A — (logFj o Lp(z) ©
F7HAL), .. JogFp o tpz) © f7H(Bn)). Set Ag = (¢i)iep,2n)- By @Z2), one has the degree
expansion hol} (Ag) = Zfil Je, vici + 17, where I/ € U(®)3,. Therefore hol(Ag) = ¢; + 1.

It follows from Lemma [ZT21that Fp, takes its values in exp(@), which implies that l'if € éﬁzz.
If now A € 32" is arbitrary, there is a unique endomorphism of & induced by ¢; — A;, which
we denote by a — evp(a); it naturally extends to endomorphisms of C{{cy,...,c2.)) and of
its subset exp(éﬁ) of group-like elements. Then the function Fj is the image of Fj, by this
endomorphism. In particular, hollf (A) =evpl(e; + l{)

The endomorphism of ® induced by ¢; — ¢; + l'if for i € [1,2h] is invertible, its inverse being
given by ¢; — ci—|—mlf for certain elements m{ sy mgh € @22. There is an anti-morphism from

4The fact that this map is well-defined, i.e. that it only depends on the endpoints of  and on its homotopy
class, follows from the holomorphicity of 4.
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the semigroup of endomorphisms of the topological Lie algebra & to that of self-maps of &2/,

taking the endomorphism 6 to the map A — (eva(6(c1)),...,eva(0(car))). It follows that hol; is

invertible, with inverse hol]1 given by a = (ay,...,a9) — (eva(ci+mi), ... eva(con —l—mgh)).
Then (Z5.0)) is equivalent to holf(A) = (logp(Ai1),...,logp(Br)). The unique solution is
A= hol}l(logp(Al), ..., logp(By,)), which is therefore the value of A(p, f). O

Notice that such A(p, f) implicitly depends also on the choice of Z € C'\ p~'(c0). Such
dependence will be studied in §2.8

Remark 2.15. Condition (25 is equivalent to the system of equations

z:/ A = p(Ad), z:/ A = p(Bi),

m>0" tp(@ (J71(A4)) T m>0" tp@) (f~1(Bi)) T
where t,z) (f 71 (Ai)); tp@) (f 71 (Bs)) are the classes of the loops on C'\ oo based at p(z) corre-
sponding to A;, B;, and the iterated integrals are defined as in eq. (Z23)).

2.6. The particular case of py. Let Lie(by,...,bs) be the Lie subalgebra of & generated by
b1,...,bn and let Lie(by, ..., by)" be its degree completion. We denote by exp(Lie(by, . .., bp)")
the corresponding subgroup of exp(éﬁ).

Define pg : (4;, B;)/(1;(A;, B;)) — exp(Lie(b1,...,bn)") to be the morphism induced by

A; — 1, B; — exp(b;) for i € [1,R].
Lemma 2.16. For any f € Isos (71 (C\oo, p(Z)), (A;, B;)) one has A(po, f) € (Lie(by, ..., bn)")?",
and the image of Fp(py,5) : 1 (C'\ 00) — exp(®) is contained in exp(Lie(by, ..., by)").
Proof. Let us first show that A(po, f) € (Lie(by, ..., bs)")?". By the proof of Lemma .14l one
has A(po, f) = hol; " (logpo(A1), ..., logpo(Bn)) = (evalc + m]),...,eva(can +md))), where
a = (logpo(A1),...,logpo(Br)) = (0,...,0,b1,...,by), and evy is the endomorphism of &
such that a; — 0, b; — b; for ¢ € [1,h]. It follows that the image of ev, is contained in
Lie(by, ...,bp)", and therefore that A(po, f) € (Lie(by, ..., by)")?".

Let us now show that the image of the groupoid morphism Fj(,, r) : II1(C'\ 00) — exp(&)
is contained in exp(Lie(b1,...,bs)"). By @242), for any (z,y,n) € II1(C \ co) one has
Fr(po.t) (@ 9,m) = L+ [ MGp0.1) + [ WAoo, ) VAo, p) + -+ Which together with ya(,, 5y =
S22 yihi(po, f) implies Fapo,p)(@,y,m) € U(Lie(by,...,bn))". Since Fp(,y.5)(x,y,1) € GU(S)"),
it follows that Fy(,,,f)(2,y,m) € G(U(Lie(by,...,bn))") = exp(Lie(b1, ..., bn)"). O
Proposition 2.17. If f, f' € Isos (m1(C \ 00,p(Z)), (Ai, Bi)) are related by the conjugation
action of (IT(4i, By)), then Alpo, ) = Alpo, ).
Proof. By assumption, there exists g € (H?Zl(Ai, B;)) such that f’ = Adg o f.

One has po([T, (4i, B)) = TT1-; (po(A:), po(Bs)) = [T, (1,€%) = 1. Tt follows that

(2.6.1) <f[l(Ai, Bl-)> C ker(pp).
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In particular,

(2.6.2) polg) = 1.
Then
FA(po,f7) © tp@@) = poo f ' =pooAdgo f=Ad, (g opoof=poof,
where the first identity follows from (2.5.1), the second from f’ = Ad, o f, and the last identity

from ([2.6.2). It then follows from the resulting equality Fy(,,,f/) © tpz) = po © f and from the
uniqueness proved in Lemma 214 of solutions of (Z5.1I), that A(po, f) = A(po, f)- O

Definition 2.18. Define I1; (O)| oo 1O be the groupoid obtained from II; (C') by restricting the
set of objects to C'\ co. The 1-nerve of this groupoid is the fibered product II;(C) X o2 (C'\ 00)2.

The inclusion C'\ co C C induces a groupoid morphism IT; (C'\ o0o) — II; (C'), which admits
a factorization IT; (C'\ c0) — Hl(C)‘C\OO — II,(C).

Proposition 2.19. If f € Is0oa(7m1(C \ 00,p(Z)), (4;, B;)), then there is a groupoid morphism
Gy : Hl(c)’C\oo — exp(Lie(b1,...,bn)"), uniquely determined by the condition that Fp(,, 1)

coincides with the composition 111 (C \ oco) — Iy (C)‘C\OO SN exp(Lie(by,...,bp)").

Proof. Let H be the kernel of the group morphism 71 (C' \ 0o, p(Z)) — 71 (C, p(Z)). This is the
normal subgroup of 71 (C \ oo, p(Z)) = I1I;(C \ 00)(p(Z)) generated by a loop around oo. The
groupoid quotient IT; (C'\ 00)/H, defined as in §2.3.2] coincides with the restriction II; (C)|C\OO
of the fundamental groupoid IT; (C) to the subset of objects C'\ oo C C. Let us also consider the
trivial groupoid corresponding to the group exp(Lie(b1, .. .,bs)"), whose set of objects is {*},
and exp(Lie(by, ..., bp)")(x) = exp(Lie(by, ..., bp)").

By LemmasZ.T3land[2Z.T6, Fy,,,s) is a groupoid morphism IT; (C'\oco) — exp(Lie(by, ..., bxy)").
Its restriction to IT; (C'\ 00) (p()) is simply the group morphism F ,,. ) ©tp(5), which by (2.5.1])

poOf(H)=P0<( <Ai,Bi>)>=1,

where the first equality follows from f(H) = ([[,_, (A, B;)), and the second equality follows
from (26.0)).

Therefore the restriction of Fj(,,, r) to H is trivial, and so by a property of groupoid quotients
mentioned in §2.3.2there exists a groupoid morphism Gy : II; (C\oo)/H — exp(Lie(by, ..., by)"),
such that its composition with IT; (C'\ oo) — II;(C' \ c0)/H coincides with Fy(,, - O

coincides with pg o f, and

.

Il
-

K2

>

Lemma 2.20. If f, f’ € Isos (71 (C\ 00, p(Z)), (Ai, B;)) are conjugated by the action of an ele-
ment of (H?Zl (A;, By)), then the groupoid morphisms Gy and Gy : 111 (C') ’C\oo — exp(Lie(by, . ..

are equal.

) bh)/\)
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Proof. By Proposition 2.19] the groupoid morphisms Gy and Gy are determined by the con-
ditions Fj(p,.5y = Gy opr and Fy(,,, sy = Gy o pr, where pr is the groupoid morphism
II; (C\oo) — H1(0)|C\OO. By Proposition 2.17, the groupoid morphisms Fy (,,, ¢y and Fp(,,,f7) :
I, (C \ o) — exp(Lie(by,...,bn)") coincide. It follows that the two said conditions are the
same, so that G and G coincide. O

2.7. Construction and properties of §; g. Recall that an element e € E is fixed; it associates
to any T € C’\pil(oo) an element ez € E(p(Z)) = Isos (m1(C \ 00, ), (A;, BZ>)/(H1(A1, Bi)),
and it gives rise to an isomorphism can, : Aut(C/C)(A;, Bi)/(IT,(Ai, B)) (see §1).

Lemma 2.21. The groupoid morphisms Gy : Hl(c)‘c’\oo — exp(Lie(by,...,bn)"), where f €
Is00o (71 (C'\ 00, p(%)), (Ai, Bi)) is a lift of ez, are all equal.

Proof. Any two such lifts are conjugated by the action of an element of (H?Zl(Ai, B;)). The
result then follows from Lemma [2.20 O

Definition 2.22. We denote by G(.,) the common value of the groupoid morphisms Gy :
1T, (C)‘C\OO — exp(Lie(by, ..., bp)"), where f € Isos(m1(C \ 00, p(Z)), (Ai, B;)) is a lift of ez.
The map between 1-nerves II; (C) x o2 (C'\ 00)? — exp(Lie(by, . .., by)") induced by the groupoid
morphism G/, will also be denoted G-

Let u,v,w € C'\ 0o, a € m1(C;u,v) and 8 € m1(C;v,w), then a - € 71 (C;u,w), and the

fact that G(c,) is a groupoid morphism implies that, at the level of 1-nerves,
(2.7.1) G(ei) (u,w,a- B) = G(ei) (u,v, ) G(ei) (v,w,B).
Define a map
map; : €'\ p~'(00) = Ii(C) x¢2 (C\ 00)?
by setting map;(9) := (p(&),p(9),nz,5), where nz 5 is as in Definition 211

Definition 2.23. We denot£ by gz the map C\ p~*(c0) — exp(Lie(by, ..., by)") given by
- =1
§ = (Glez) 0 mapz(9))
Proposition 2.24. The map §z g has the property that, for any 6 € Aut(C/C),
0" Gz.p = Gz.p - (po o canc(9)) ™" .
Proof. Let us denote ¢ := G/,) o map;, then the statement is equivalent to saying that 6*¢ =
poocan,(0)-¢ for any 8 € Aut(C/C), i.e. that for any § € C\p~*(c0), ¢(0(7)) = poocan,()-¢(7),
which we now prove.
5G(ei) depends on e and & but also, implicitly, on the tuple of differential forms 8 through eq. (ZZ41). The

system of compatible classes of parametrisation e is considered as part of the topological assumptions for our
construction, and is therefore omitted from now on.
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For any ¢ € C’\pil(oo), we have mapz(0(7)) = (p(%),p(9), Mz,6(5))- Since
Nz,0(5) = Nz,0z) " 16(z),0(5) = Mz,0(z) " "z,5>
we can use eq. (Z7.])) and find
¢(6‘(g)) = G(ei)(p(j)ap(i')v 7750,0(50)) (b(?j)u

so that we are left with proving that

(2.7.2) G eq) (P(2), P(T), M3,0(3)) = po © cane(6) .

The choice of Z naturally identifies Aut(C/C) with 7;(C,p(Z)) (see Lemma Z32). Under
this identification, we can write (p(Z), (%), 3,0(z)) = tp(z)(0) (see the remark following Defini-
tion 2). The result follows from Lemma 214 O

2.8. Dependence of g; g in Z and . We first study the dependence on Z for fixed 8. We
recall that, for any p and any f € Isos (11 (C'\ 00, p(Z)), (43, B;)), the elements A(p, f) € &2
defined by Lemma 214 implicitly depend also on Z (and on 8, but for the moment this is fixed).
In particular, if p is fixed to be the morphism py from §2.6, and if f is a representative of the
class ez € E(Z), with e fixed, then by Proposition .17 the associated element A(po, f) only

depends on Z, and so in this section we will denote it by A(Z).

Lemma 2.25. For any §j € C'\ p~'(cc) one has
A) = Adpy ) (6) 00).05.0) (A@)) -

Proof. For any & € C'\ p~'(c0) and any i € [1,2h] let vi : 32" — exp(&) be the morphism

given by
i (ef )(m)

A%z/ v,

where C; := A, for i € [1,h] and C; := B;_y, for i € [h + 1,2h]. Splitting a path from Z to

cangl(C’i)(x) into the composition of a path from Z to ¢, a path from § to can_1(C;)(7) and a

path from can; !(C;)(7) to cang '(C;)(Z), and using the composition-of-paths property Z.2.1))

of iterated integrals, one finds that, for any A € @Qh,

(2.8.1) vi(A) = Fa(p(2), p(§), 12,5) vy (M) FA(p(Z), p(5), m5.5) "

= Adpy ) (o) 0)mz.) (V5 (A))

By Remark 215, one has po(C;) = vi(A(Z)). Since this value does not depends on Z, we find

that v%(A(Z)) = v(A(7)), and combining this identity with eq. (8. we conclude that, for

any i € [1,2h],

(2.8.2) V%(A@)) = AdFA(:Z) (»(2),p(9)mz, y)( %(A(I)))
RN V-0 &2 — exp(B)?! is a

bijection, which can be inferred from the proof of Lemma m O

The statement of this lemma follows from the fact that (v;
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An immediate consequence of this lemma is the following result.
Corollary 2.26. For any j € C'\ p~'(cc) one has

W@ = Adry @) w()m.0) (A@)) »

where we recall that yA = 21221 Ay

Proposition 2.27. For any § € C'\ p~'(c0) and any B one has the identity

9z.8(%) = 92.6(9) G5.5(e) -
Proof. Since for any @,7 € C'\ p~'(c0) one has §z4(0) = Faa)(p(@),p(0),ma,s) ", then the
statement is equivalent to the identity

(2.8.3) Fa) (0(@),p(2),m5.2) = Fa@) (p(2),p(2), nz.2) Fa@) (p(E), p(5),m2,5) "

for any #, 9,2 € C'\ p~'(c0).
On the one hand, by the definition of Fy we have
d: Fa)(P(9),p(2),m5.2) = Fag)(0(9),p(2):m5,2) Wa(3) -

One the other hand, we have

where the second equality follows by the definition of F, and the fourth by Corollary 226
Therefore both Fa ) (p(9), p(2),m5,2) and Ad gy . (p(2),p(5).15.5) (Fa@)(p(2),p(2),nz,2)) satisfy

the differential equation d,F' = F - y5(y), and therefore there exists an element C' € exp(®)

which does not depend on z such that

(2.8.4) Fay(P(9),p(2),n5.2) = CAdpy ) (0(2).0(5) ms.5) (FAG@) (0(2), P(2),12.2)) -
Specialising this identity at Z = ¢ implies that C' = Fx(z)(p(2),p(9), nz,5) ", and substituting
this value into (2.8.4) proves the identity ([2.83]). O

In particular, this shows that gz g g;}a is constant. If now we want to vary both Z and 8, we

obtain the following;:

Proposition 2.28. For any &,5 € C'\ p~' (), any two families B, B’ as in §2.3, the function
gi,ﬂgg—}g, on C'\ p~(c0) is the pull-back of a function defined on C'\ cc.
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Proof. By Proposition 224} for any § € Aut(C/C) one has 6*Gz g = Gz (po o can(9))~" for
any Z and any B. This implies that

0" (92, 95 p) = Gap (po o canc(8)) ! (po o cane(6)) 95 5 = Gz G5 p: -

2.9. Trivialising the restriction of P to (C'\ c0)".

2.9.1. The Lie algebra ty, . Let n be an integer > 1 and tj,,, be the Lie algebra generated by
clements a{” "), with i € [1,h], r € [1,n], and by elements t,,, with r,s € [1,n], r # s,

? 7

subject to the following relations:
(i) For any i € [1, h] and for pairwise distinct r,1,m € [1,n],
(@7 i) = B 1] = 0.
(ii) For any r € [1,n],
(2.9.1) S opa Yt =0
i€[1,h] s€[1,n]\{r}
(iii) For any 4,j € [1,h] and any r,s € [1,n], r # s,

(r)
a;

—[a;"”, JS)] = dijtrs,
[bﬁ”,bf)] = 0.

These relations imply ¢,s = ts for any r # s (see [En|, Lemma 18 (1)). The Lie algebra tj, ,,
is equipped with a Zso-grading by deg(al”) = deg(b”)) = 1, deg(t,s) = 2; for d > 0, we
denote by t5, ,[d] its degree-d component. We define Ehm to be the degree completion of tj, ..
The degree completion U (t,,)" of the enveloping algebra of t, ,, is a topological Hopf algebra;
the exponential map exp : U(thn)} — U(th,n)" (where the source is the product of positive
degree components of U(t,)") sets up a bijection between ty, ,, and its group G(U(ts.n)") of

group-like elements, which will henceforth be denoted exp(ts.,)-

2.9.2. Construction of P.

Lemma 2.29. For any r € [1,n], there is a unique morphism of graded Lie algebras (r) :

& — ty,n, denoted X — X such that a; — a( and b; — b for any i € [1,h]. It induces

a morphism of topological Hopf algebras (r) : U(&) — U(tyn)" and a morphism of groups

(r) : exp(&) — exp(tnn).

Proof. This follows from the fact that & is freely generated by the elements a;, b;. (]
Let p : Aut(C/C) — exp(®) be a group morphism, and let exp(tn,n), be the principal

exp(th,n)-bundle over C™ attached to u, obtained as follows. For any 6 € Aut(C/C), we

set #(") to be the automorphism of cn acting as 6 on the r-th component and as the identity on

all the other ones. For U C C™ an open subset, the set of sections I'(U, exp(ts,»),) is defined to
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be the set of holomorphic maps g : (p") " (U) — exp(tn.n) such tha@ (0 g =g (u(@)))!
for any 6 € Aut(C/C) and any r € [1,n].

Definition 2.30. The principal exp(ty, ,)-bundle P introduced in [En| is defined by setting

P = eXp(thn)po ocan, -

2.9.3. Trivialisation of P. From now on, for any function or 1-form ¢ taking values in U (Lie(b, . . .

and for any 7 € [1,n], we will denote by ¢(") the composition (r) o ¢, which takes value in
U(tpn)". Moreover, if ¢ is defined on a Riemann surface ¥ and if pr, : ¥" — X is the

projection on the r-th component, then we set
(2.9.2) ol = pr; o).

Notice that, if ¢ takes values in exp(Lie(b1, . . ., bp)"), then ¢(") and ¢} take values in exp(iy, ).
In particular, since j; g takes values in exp(Lie(by,...,bs)"), one can consider the exp(ts,n)-

valued function gérﬁ} .

Definition 2.31. We define g; g : (C'\ p~1(c0))™ — exp(tn,n) by setting
Gap = dbg- 05
Lemma 2.32. For any 0 € Aut(C/C) and any r € [1,n], one has
(0)* Gz5 = Gz (poocanc(6))) "
Proof. One has

(67) §zp = G147 ((r) 0 0" Gap) - 315
= gl - pri((r) © o - (po o canc(8))™) -~
= 358 -+a1) - (po o cane (0)) - L)
= Gig - 9ig 9t - (oocanc(®)®) ™" = gs g - (po o canc(6)") !
where the second equality follows from Proposition 2.24] and the fourth equality follows from
the fact that po takes values in exp(Lie(by,...,by)") and that bl(-T) commutes with the image of

exp(Lie(by,...,bp)") by (s) for any s # r. O
Theorem 2.33. The restriction of the principal exp(ty.n)-bundle P to (C'\ 0o)™ is trivial.

Proof. Let Py be the trivial principal bundle over (C'\ co)” with group exp(t ). Then the
set of isomorphisms of principal bundles over (C'\ 00)™ from Py to P is I'((C'\p~1(c0))", P) =
{g:(C\p~(00))™ = exp(tn.,) | Vr € [1,n],¥0 € Aut(C/C), (0))*g =g - (po o can,(8)"))~1}.
By Lemma [2.32] 9z p belongs to this set. O

6Here one should not confuse the superscript notation (") for the automorphism 6 with that, introduced in

Lemma [229] for p(0) € exp(®).

) bh))/\’
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3. CONSTRUCTION OF THE MAURER-CARTAN ELEMENTS J; g

In this section we construct a Maurer-Cartan element Jz g on C,,(C'\ c0), making use of the
function gz g from the previous section.

In the background sections §3.1 and §3.2 we introduce the Schottky cover 7 : € — C, we
recall some facts about Poincaré residues and we introduce the fundamental forms of second
and third kind on closed Riemann surfaces. In §3.3] we present the Maurer-Cartan element K
on C,,(C) which gives rise to the connection Vp on P from [En]. We devote §3.4 and §3.5 to
the construction of the element J; g, which is obtained from K by gauge conjugation. In §3.6]

we discuss the dependence of J; g on & and B.
3.1. The Schottky formalism. Throughout this section, we set z := p(z) € C.

3.1.1. A fundamental domain of C' in C. In §.1.2) we made the choice of an element e € E, a
universal covering p : C — Canda point co € C. This choice induces an isomorphism can, :
Aut(C/C) (A, Bi)/(I1;(As, Bi)) (see Lemma ZZI0). For i € [1,h] define A;,B; € Aut(C/C)
as can, 1 (A;), can; 1(B;).

By Definitions 8 and 25, the choice of & € C'\ p~!(c0) gives rise to an element ez €
Is00o (11 (C'\ 00, ), (A4, Bi)) /(I 1;(Ai, Bi)), where Iso (m1(C'\ 00,2), (A;, B;)) was defined as
the set of isomorphisms 1 (C' \ 0o, z) — (A;, B;) which take the conjugacy class attached to oo
to the conjugacy class of [],(A;, B;), and ([[,(Ai, B;)) acts on it by conjugation.

Let é5 € Isoso (m1(C'\ 00, ), (A;, B;)) be alift of ez. Fori € Z/gZ, let A;, B; be loops in C\ 0o,
based at x and intersecting only at this point, representing the elements é;l(A;), é;l(B;) €
711(C'\ 00, x), where 7 is the representative of i in [1,h] . Denote by D the complement in C' of
the union of these loops; it is a simply-connected open subset of C. See Figure [l for a picture
of D and the identifications of 9D for h = 2.

Set 0; := H;;ll (A;,B;) € Aut(C/C), and consider in C' the collection of points u; = 6; (%),
v = 0 A(Z), w; := 0;A;Bi(T), z = QiAiBiAjl(j) for ¢ € Z/gZ, where we confuse elements
of Z/gZ with their representatives in [1,h]; in particular, u; = #. These are all elements
of p~1(x).

Lemma 3.1. For any i € Z/gZ, the lift of A; (resp. Bi, A;', B;') starting at u; (resp.
Vi, Wi, 2i) is a path in C ending at v; (resp. w;, zi, uit1). This path will be denoted A
(resp. Bi, A7t Bit).

Proof. We prove this statement only in the case of u;. Then u; = 6;(Z). The class of A; in
71(C, x) is the image under the morphism m; (C'\ 00, z) — m1(C, x) of €; ' (A;) which by Z13) is
equal to (ef)~1(A;). The endpoint of the lift to C of A; starting at u, is then, by Lemma 22
(a), u; - (ef)~1(4;). Since u; = 6;(%), eq. (ZI2) implies that this point is equal to 6;(F -
(eY=1(A;)), which by Lemma (b) is equal to 6;(aut? )-1(a,)(E)). By the definition of

fill
(e3
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FIGURE 1. The domain D C C as the interior of a polygon with boundary
identifications.

can, (see eq. (Z1.4), aut?ef_m)fl(A_) = can, !(A4;), which is equal to A;. Therefore the endpoint
is equal to 6; o A;(Z) = v;. O

Lemma 3.2. The paths Ai_l (resp. Bi_l) and the inverses of the paths A; (resp. éz) are pairwise
identified, up to change of orientation, through the actions of elements of Aut(é/C) as follows:

VZ? = AdeiAi B; (-/Zl;l) (resp. lg}/l = AdGiAiBi (Azil)(éil)) :

K2

Proof. In the first (resp. second) case, one checks that the said element maps the endpoints
(vi,u;) of A7 to the endpoints (wy,z;) of A7 (resp. the endpoints (w;,v;) of B to the
endpoints (z;, zi41) of B; ). O

Lemma 3.3. (a) The collection of paths in C defined in Lemmal3]] defines a non-intersecting
loop in C.

(b) There exists a unique continuous map D — C such that D — C — C' is the canonical
injection and such that the boundary of its image D is the loop from (a). The restriction of
p:C — C to D induces a bijection D — D. One may construct a fundamental domain of C
in C as the union ofﬁ with a suitable subset of its boundary.

(¢) The intersection D N p~'(cc) contains exactly one point, which will be denoted o.

Proof. (a) follows from the fact that any pair of paths among the 4;, B; meet only at x, and
from the fact that the elements of Aut(C/C) taking A; ! to .Z;:l and B;! to [j’j:l are nontrivial
by Lemma

(b) follows from the uniformization theorem, i.e. from the fact that C is isomorphic, as an
analytic variety, to the complex upper half-plane.

(c) follows from (b) and from the fact that the paths A; and B; do not meet the point co. O
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The domain D, its boundary components and their identifications are illustrated for h = 2

in Figure

L/ Adgya, Bo
N 2

-

-1
' Adgyaney A

I
Y
/

FIGURE 2. The domain D C C.

3.1.2. Construction of the Schottky covering C of C. Let N < (A;, B;)/(I1,(As, Bi)) be the
normal subgroup generated by the elements A; (i € [1,h]). Its preimage cang!(N) under the

isomorphism can, is a normal subgroup of Aut(C/C).

Definition 3.4. We set C' := C'/can; }(N). The natural map 7 : C'— C is called the Schottky

covering of C.

Since N is normal in (A;, B;)/(I];(Ai, Bi)), and since the quotient group is freely generated
by the classes of the elements B; (i € [1,h]), the projection C' — C is a Galois covering and
Aut(C/C) is isomorphic to the free group (B;).

3.1.3. Some geometry in C. Let p : C — C be the canonical projection. There is a group

morphism

Aut(C/C) — Aut(C/C), 00,
where 0 € Aut(é/C’) is uniquely determined by po 6 = 6o p.

Lemma 3.5. (a) There is a unique group isomorphism can’ : Aut(C/C)=(B;), such that the

following diagram commutes:

Aut(C/C) =2 (Ai, Bi)/(I1;(Ai, Bi))

! |

can’

Aut(C/C) ——————— (By)

(b) One has A; = 1 and B; = (can’) "1 (B;).
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Proof. For the proof of (a), recall that (B;) = ((4s, B;)/(I1;(As, Bi))) /N, so we need to prove
that can, takes the kernel of the left vertical morphism Aut(C/C) — Aut(C'/C) to the normal
subgroup N < (A;, Bi)/([1;(Ai, Bi)).

By definition of é, and because p is surjective, 6 = 1 if and only if pof = p. There-
fore ker(Aut(C'/C) — Aut(C/C)) = {0 € Aut(C/C)| p o 6 = p}, which is in turn equal to
can; ' (N), because p : C — C' = C/can; }(N).

(b) follows from (a) and from the fact that we have defined A; (resp. B;) as can_ !(A;) (resp.
can, 1(B;)). O

The group Aut(é’ /C) is then freely generated by the elements B,, i€ [1, R].

Definition 3.6. (a) We set & := p(Z); this is a point in C.
(b) For i € [1,h], we set A; := p(A;), B := p(B;); these are paths in C.

Lemma 3.7. (a) Fori e [1,h], A; is a loop in C based at .

(b) Fori € [1,h], B; is a path in C starting at & and ending at B;(2).

(c) Fori € [1h], pA; ") = Bi(A:) ™" and p(B; ") = B

(d) The nontrivial intersections between the paths A, BZ(AZ), Bi, i€ [1,h] are:

Vi#j, AinA; = Bin By = {&}; Vi, j, AN B; = {&}; Vi, Bi(A;) N B; = {Bi(2)}.
Proof. By Lemma B A; (resp. B;) starts at the point p(u;) (resp. p(v;)) and ends at the
point p(v;) (resp. p(w;)). Recall that u; = 0;(Z), v; = 0;A;(Z) and u; = 6;A;B;(Z), where
0; = H;;ll (A;,B;). Statements (a) and (b) immediately follow from the fact (see point (b) of
Lemma [B3) that A; = 1, which implies that also §; = 1 and so that p(u;) = p(v;) = & and that
plw:) = B(#).

Moreover, combining the fact that A; = 6; = 1 with Lemma [3.21 we obtain the statement (c).

Finally, (d) follows from (a) and (b) and from the fact that the only common intersection of
the loops A;, B; on the curve C is the point p(Z). a
Definition 3.8. We define D := p(D). This is a subset of C.
Lemma 3.9. D is an open subset of C', whose boundary is equal to oD = Us; («21Z U Bl(fil) UBl)
The projection m : C — C sets up a bijection D —D.

Proof. All the statements follow from part (b) of Lemma B3] which must be combined with
part (¢) of Lemma B to obtain §D. O

Definition 3.10. We define B to be the closure of D in C, so 5 =DuUdD.
Lemma 3.11. The boundary ofB in C is equal to oD = Ui (A; UB;(A))).

Proof. Lemma [3.3) implies that the domain D is bounded by the loop H?Zl A;B;B; (/li)_lgi_ !
(see Figure Bl for the h = 2 case). The fact that both B; and B’; ! belong to this loop implies
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that any point in B; \ {#, B;(2)} has a neighborhood which is completely contained in B, and
therefore they do not belong to dD. On the other hand, any point in A;\ {#} or B;(A;)\{Bi(2)}
belongs to the boundary oD because, by part (d) of Lemma B.7, they only appear once in the
loop bounding D. Finally, the points  and Bl(:ﬁ) must also belong to 85 because otherwise (’“)E

would not be closed. O

A fundamental domain of C in C is D— U;B; (Al), which both contains D and is contained
in D . We will set o := p(30). Since % € D, % belongs to D. The domain D, its boundary

components and their identifications are illustrated for h = 2 in Figures Bland @l

FIGURE 3. The domain D C C as the interior of a polygon with boundary
identifications.

FIGURE 4. The external boundary should be thought of as the point co. The
domain D C C is the complement of the coloured regions.
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The Riemann surface structure on C' induces a Riemann surface structure on C. The residue
theorem on D implies that for any meromorphic differential w on C without poles on Bﬁ, one
ha

h
(3.1.1) 2mi »  resp(w) + Z/ (Bf —1)(w) = 0.
Peb i=1 A

3.2. Residues along diagonals and fundamental forms.

3.2.1. Poincaré residues. Let X be a complex manifold, ¢ : ¥ — X be a smooth analytic
hypersurface, and wyx, wy be the respective canonical bundles. The adjunction formula says
thatl] *(wx (Y)) ~ wy. It follows that, if F is a vector bundle on X, then i*(E ® wx(Y)) ~
i*(F) ® wy. This implies the existence of a map resf : (X, E @ wx(Y)) = I(Y,i*(E) ® wy),

called the Poincaré residue (we will sometimes drop E from the notation).

3.2.2. Residue for (5)22(2A)/(Q%)%2. Let C be a closed Riemann surface, so that we = QF,
and let A be the diagonal in C2. Consider the exact sequence of sheaves of Oc2-modules
(3.2.1) 0 — ()% — ()M (24) — (24)%2(24)/(Q6)%2 — 0.

Observe that if U C C'is an open subset, then the class [d1da log(F((Jl)—F[(f))] e T(U, (QL)F2(24)/(Q5)%?)
is independent of the choice of Fyy € T'(U,O¢) such that dFy does not vanish on U; here
F[(Jl), F[(JQ) € I'(U?,0¢2) denote Fyy ® 1 and 1 ® Fyy, respectively, and dy,ds denote the differ-
entials on the first and on the second copy of C in C?, respectively. Moreover, these various
sections glue together and define a canonical section in T'(C?, (Q})%2(2A)/(0Q)%?). Multipli-

cation by this section gives rise to an isomorphism of sheaves of Og2-modules
(3.2.2) O /Oc2(—20) = (QL)22(2A)/(Q5)E2.
A splitting of the exact sequence

0 — Oc¢2 (—A)/Ocz (—QA) — 002/002 (—QA) — 002/002 (—A) —0
of sheaves of vector spaces over C? can be constructed as follows. For U C C open subset,
let Ay := I'(U,0¢) and Jy := ker(my : Ay ® Ay — Ay). Then T'(U?,Og2/Oc2(—2A)) ~
(Au ® Ap)/JE, while T(U?,Oc2/Oc2(—A)) ~ (Ay @ Ay)/Ju ~ Ay, the last identification
being induced by my. The map

T(U?, 002/ 0c2(—A)) ~ Ay — (Ay @ Ay)/JE ~T(U? Oz /Oc2(—24)),
where the middle map is a — a ® 1, is a section of the canonical map

L(U?,0c2/Oc2(—2A)) — T(U?, Oz /O (—A))

TWe set i:= /—1.

8For E a holomorphic vector bundle on X and D = > n;Y; a divisor (Y; C X irreducible analytic hyper-
surfaces, n; € Z), we set E(D) := E® Ox (D), where Ox (D) is the line bundle of meromorphic functions with
poles of order at most n; at Y; if n; is positive, and zeros of order at least —n; at Y; if n; is negative.
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which induces an isomorphism
(323) Ocz /002 (—QA) ~ 002/002 (—A) (&%) 002 (—A)/Oc2 (—2A) .

of sheaves of vector spaces over C2.
Combining the second morphism in [B.2.1]), the inverse of (8:2.2) and the isomorphism ([B.2.3),

one obtains a morphism of sheaves of vector spaces over C
(20)*(24) = Oc2/Oc2(=A) & Og2 (=A)/ Oz (—24)

which, upon taking global sections and identifying I'(C?, O¢2/O¢2(—A)) ~ T'(C,O¢) and
[(C?,0c2(—A)/Oc2(—2A)) ~T(C,Qf), induces a linear map

Res : T(C?, (QL)F2(2A)) = T(C,0¢) & T(C, Q).

Using the isomorphian i*(Oc2(—A)) ~ QF, where i : A — C?, one checks that the first
component of Res is equal to the Poincaré residue resgc2 (&)

Ifa € T(C?, (24)%2(2A)), then in a neighborhood of the diagonal one has a = a_s(z)dzdw/ (w—
2)2+a_1(2)dzdw/(w — z) + O(1)dzdw in terms of local coordinates z,w and holomorphic func-
tions a_2 and a_j. One can check that Res(a) = (a—2(2),a_1(z)dz), so in particular a_s(z)
and a_1(z)dz do not depend on the choice of local coordinates. For this reason, we will call

Res_z(a) and Res_1 () the first and second components of Res(a), respectively.

3.2.3. Fundamental forms of the second and third kind. In [Fay], one defines an element ¢ €
[(C?,(245)%%(2A)) (denoted by w in [Fay], and by 422 in [En]), which satisfies Res(p) = (1,0),
called the fundamental form of the second kind. It follows from [Fay], eq. (28) and (ii) p. 16,
that ¢ is invariant under exchanging the two factors of C2. We will need two properties of ¢,
proven in [Fay], Cor. 2.6 (iii), which we reformulate as follows.

For any (P,v) € T'9C, there is a well-defined map ’CX(RU) : T(C?%(QL)%2(24)) —
I'(C,Q4(2P)) given by the pairing with (P,v) in the second variable. Moreover, by the residue
theorem, elements of I'(C, Q% (2P)) are differentials of the second kind, so that integration gives
a pairing H1(C, Q) x I'(C, Q¢ (2P)) — C (for n a loop in C avoiding P, and « € T'(C, QL (2P)),
one has ([n],@) = [, a)). Then one has <Ai’<p|C><(P,v)> =0, <Bi’90‘0x(P,v)> = w;(P,v), where
w;(P,v) € C denotes the pairing between the holomorphic 1-form w; € I'(C, Q}) introduced in
§2.2 and (P,v). We will therefore write fi) ¢ =0 and fB(j) © = w;, where the superscript (1)
means that we integrate in the first coordinate. Since ¢ is symmetric in its two arguments, one

also has fﬁ) ¢ =0 and féf) 0 = w;.

ILet Ny, x denote the normal bundle of a complex submanifold Y C X, A be the diagonal in X2 and TH0A
be its holomorphic tangent bundle, then NA/Xz ~ THOA, If the case of a Riemann surface C, this implies that
NXjc2

then by the adjunction formula N}*f/X ~ i*(Ox(-Y)), and therefore NZ/C2

o~ QlA On the other hand, if 7 : Y — X is a smooth analytic hypersurface of a complex manifold X,
>~ *(Op2(—A)). Combining these
two remarks gives i* (Ogz2 (—A)) ~ Q.
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Now for r,s € [1,n] with r # s, let A,s C C™ be the divisor associated with the diagonal
zr = z. For r € [1,n], set A, := ZS# Aygandlet A:i=5" _ A, Let A,s, A, and A be the
divisors of C", respectively defined as the pull-backs of A,s, A, and A under the projection
O™ — C™. Let also A, (C’) be the divisor of C™ associated with the diagonal Z,. = Z,, so

that A,., = 26 Aut(C/C) 0 (A(C)), where 0 denotes the automorphism of C™ acting as 6

r<s

on the r-th component and as the identity on all the other ones.

Consider the restriction @‘(Pﬁv)XAC € T(C,QL(2P)). Since fAi (p’(P,v)XC = reSOO(p’(P,v)xc =
O: thefl the assignment (Q, {A%) — fg 0| (Pwyxc Bives Tise to an element of r(C2, (9?2 (7= (m(P))x
C+C x 7 Yn(P)) — A(C))), which we denote by | (p’(P,v)xC'
N <P|(P,v)><C is linear in v and analytic in (P,v), so it gives rise to an element in I'(C%,Qp K
(9?2 (A12 + A1z — Ag3(C))), which fixing the second and third coordinate is the pull-back of a
meromorphic 1-form on C. This element, which we denote by v or by ( f:)@)go, is called the
fundamental form of the third kind. Moreover, for any P € C let

Moreover, the map (P,v) —

\® A2 Ol A -1 » A A »
(3:24) ¥p = P|on, p = (/P) p €T(C? QLR Oy (A + 7 (r(P)) x € = C x P)).

In the rest of the article, we will only be interested in ¥ p, especially in the case where P = <o,

and we will call also such restrictions “fundamental forms of the third kind”.

3.2.4. Residues on the Schottky covering. Let A(C’) denote the diagonal in C2, and let A =
7 HA) = Useaus(e/c) (6, 1)(A(C)). Pulling back by the map 7 : ¢ — C the first morphism
of [BZ1)), which remains injective, and identifying (Q}j)g2 ~ 7 ((Q4)%?) and (Qé)m(QA) ~
7 ((Q%)%2?(24)), one obtains a morphism
(3.2.5) (QL)M2(24) — (Qp)2(20)/(9)%2.
If we identify 06‘2/002(_2A) ~ (72)*(O¢z2/Oc2(—2A)), then the isomorphism [B.22) gives
rise to an isomorphism
(3.2.6) Ope/Opa(—2A) = (L)% (24)/(QL)™2.
A splitting of the exact sequence
0— Oég(_A)/OCQ(_2A) — Oéz/oéz (—QA) — 002/002(_A) —0

of sheaves of vector spaces over C? can be constructed as follows. For U c C open subset
and Uy, Us lifts to the first and the second component of C2, let Al = T(U;, Og) and JP =
ker(A};, ® A% — Ay). Then I'(U; x UQ,Oéz/Oéz(—2A)) ~ (A} @ A%)/(JE)?, while T'(U; x
Us, Oéz/OCAg(—A)) ~ (A}, ® A?)/Ju ~ Ay. The map

D(Ur x Uz, 02 /Opa(—A)) =~ Ay — (Ay @ Ay)/JE ~T(Ur x Us, Oz /Opa(—2A)),
where the middle map is a — a ® 1, is a section of the canonical map

DUy % Uz, O /Opa(—2A)) = DUy x Uz, Opa/Opz(—A)) .
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It follows that there is an isomorphism
(3.2.7) O /Opa(=28) = Op /O (A) ® O (—A) /O (—24)

of sheaves of vector spaces over 2.
Combining the second morphism in ([B:2:5]), the inverse of (8:2.6) and the isomorphism (327,

one obtains a morphism of sheaves of vector spaces over C?
() (28) = O0p2/Opa(=A) & Opa(=A) /O (—24)

which, upon taking global sections and identifyingJE e, Op2/Opa(—A)) ~ I(C, 0. o)t ¢/o)
and T(C?, 04 (—A) /O (—2A)) ~ T(C, (Qé)A“t(é/c), induces a linear map

— —0 ~ N ~ A N Py
Res = GpeaneycyRes : T(C? (L) (24)) — T(C,0,)M D o T(C,Qp) A/

— —0 —
whose first and second component will be denoted Res_o = ®96Aut(é/C)Res—2 and Res_1 =

_— 9 )
Dgeaut(c/c) Res_1, respectively.

If o € T(C?, (Ql )¥2(2A)), then in a neighborhood of any shifted diagonal {(P,8(P)), P € C}
there are holomorphic functions a? , and a? ; such that, in local coordmates a=a’,(2)dzdw/(w—
2)2+a? | (2)dzdw/(w — z) + O(1)dzdw. One can check that Res’ (o) = (a? 5(2),a? | (2)dz), and
therefore a? ,(z) = 7/€e\s0_2(oz) and a? | (2)dz = 7/€e\s0_1(oz) do not depend on the choice of local

—0
coordinates. We conclude with an explicitly coordinate-independent formula for Res_;:

Lemma 3.12. Let C(P) denote a positive oriented small circle around a point P. If a €
(C?, (Qlé)m@ﬁ)), 0 € Aut(C/C) and (Py,vo) € THC, then

Resg_l(a)(Po,vo) = /C(e(Po)) a’(Po,vo)XC'

Proof. Let U be a neighborhood of Py, and fix a local coordinate on U which vanishes at Py.
This induces a local coordinate w on 6(U j ), and we obtain a coordinate system (z, w) on U x H(U)
such that, locally, a = a? ,(2)dzdw/(w—2)2+a? | (2)dzdw/(w—2)+O0(1)dzdw. On the one hand
we know that Rese_l( ) = a% (2)dz, and therefore if vy = 9/0z one finds Res. _1(@)(Py,v9) =
a? 1(0). On the other hand, if vg = §/0w then a|(P0,v0)><C = a?,(0)dw/w? + ¥ | (0)dw/w +
O(1)dw, and therefore its integral over C(6(Pp)) is also equal to a? ;(0), by Cauchy’s theorem,

thus proving our statement. (I

3.3. The 1-form K.

10The notation (.. .)A“t(é/c) is to be intended in the set-theoretical sense. The map to the component of
the target indexed by 6 € Aut(C/C) is induced by the restriction to the shifted diagonal {(P,8(P)), P € C}.
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3.3.1. The 1-form K.

Proposition 3.13 (se [En|, Prop. 11). There exists a unique
KM eT(C", 0 OB (A)) & inn,

satisfying the following conditions

(a) For every r € [1,n] and for every i € [1,h]

(3.3.1) (B K = 2 (gl

(b) For every r € [2,n]
1

(3.3.2) resAlr(é)(K[I]) =35 tir .
(c) IE Pec DN CE, 1(C), for every i € [1,h]
(1)
m, - _Adb) o
(3.3.3) /AiK \CX{P} =~ _1(ai ).

Remark 3.14. Using formula (811]), one can show that the conditions (a) and (b) (or (a) and

(c)) are sufficient to uniquely determine K.
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3.3.2. The 1-forms K"} and K. The symmetric group S,, acts by permutation on C™, and this

action lifts to an action on the bundle Qlcn Consider the decomposition Qlcn = 69?:1((2%)“],

where (Qlé)m = O?T_l X QL X O?"_T , then any o € S,, sets up an isomorphism (Qé)m —
(Qé)[”(r)]. This decomposition extends to a diagram of bundles 69?:1(910)“] (A,) — Qén (A).
The action of Sy, extends to Q2 (A) as well as to isomorphisms (Qlé)m (A,) = (Qé)["(r)] (Aoir)-

The group S, also acts by Lie algebra automorphisms of Ehm (permutation of the indices in

[1,n]). It follows that .S, acts on both sides of the inclusion

@r_T, = T(C™ QL (A) Sy,

where T, := D(C™, (Qlé)[r] (A;)) & th.n, and that o € S, induces an isomorphism I'; — T (.

View S,,_1 as the subgroup of S,, of all permutations which leave 1 € [1,n] fixed. Then S,,_;

acts on I'y. We recall that K[! € I'y.
Lemma 3.15. K is S, -invariant.

Proof. This follows from the invariance of the conditions defining K.
Definition 3.16. For r € [2,n], we define K"l := (1r) KI! € T,., and we set

K:=) KUercc" al,(A)&tn.

r=1

HIn [En] the 1-form K[ is denoted by a;.

12Here and elsewhere, when we consider the action of (égfl))* on K[”7 as well as its residue and its integral,

we are considering by abuse of notation Kl as a Eh’n—valued 1-form, rather than an element of I‘((CA'"7 Qé X

OF" M (A1) & -
13The statement of Prop. 11 should be corrected by the inclusion of this condition.
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Lemma 3.17. K is S, -invariant.

Proof. This follows from Lemma O

Proposition 3.18. K has the following properties:
(a) ¥r € [1,n], Vi € [1,1], (BI)*K = 20 (K),
(b) Vr <se[l,n], resy oK)= trs,

(c)dK =KANK =0.

Proof. (a) and (b) are direct consequences of Proposition[B.I3] while (c) is contained in [En], §6.
O

As a consequence, d + K is a regular singular meromorphic flat connection on the trivial
exp(@h,n)-bundle on C™, and it is the lift of a regular singular meromorphic flat connection Vp
on the exp(ty, ,)-bundle P over C™ defined in §2.9.2

3.4. Construction of g; g and g; g. In §2.7 we have constructed a map gz g : C\p*(o0) =
exp(Lie(by,...,by)") such that, for any 7 € [1,h],

(3.4.1) Ai gzp = 92,8

(3.4.2) B! Gs.p = Grpe "

Lemma 3.19. There exists a unique map gz g C\ 71 (c0) = exp(Lie(by, ..., bp)"), such that
P*93.8 = 9.,8-

Proof. This follows from (3.4.1]) and from the identification of C with the quotient of C by the
normal subgroup of Aut(C/C) generated by the A;, i € [1,h]. O

Definition 3.20. We define g; g : (C\ 7 (00))" — exp(tn.n) by setting

1 n
958 = gt -aly,

where the notation "} was introduced in §2.9.31

Lemma 3.21. For any r € [1,n] and i € [1,h], one has
(éz(r))*gi,ﬂ = gip e_bgT)
Proof. One has

(B") gzp = gig - pri((r) © Bl gzg) -9ty

— gl () 0 gage™) gt

W) b )

= Y8 7.8 9z.8
1 ™ _pm
— gé,g---ggg}---géf}}e b= gzpe

where the second equality follows from Lemma [3 19 and (8:42), and the fourth equality follows
from the fact that bz(-r) commutes with the image of (s) for any s # r. O
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3.5. The connection d+ J; g. We deﬁn

I;g = gspdgzp) ",
H,p = Ad,, K.

The fact that g; g is a regular map (C\ 7w (o0))" = exp(ty ) implies that I; g belongs to
L(C\ 71 (c0))", Qén) &1.n, while the fact that K belongs to I'(C™, Qén(A)) ® th,n, implies

that Hz g belongs to T((C'\ w1 (00))", QL

o (A)) @ 1.n. The lemma below shows that stronger

statements hold true.

Lemma 3.22. (a) I; g belong to T((C'\ 00)™, QL) & thn
(b) Hz g belong to T((C'\ 00)™, QL (A)) @ -

Proof. We need to prove that (égr))*Iiﬂ = I; g and that (Igl(-r))*Hi)ﬁ = H; g for any r € [1,n]
B0

and any i € [1,h]. For the first statement it is enough to show that g;}g( . )9z p is constant,
which follows from Lemma [3.2211 The second statement follows by combining Lemma 321l with

part (a) of Proposition 318 O

Definition 3.23. We set

Jip i=1Isp + Hzp € T((C\00)", 080 (A)) &t

In particular,
d+Jip = 9:p(d+K)(gsp) "

The previous lemma implies the following:
Theorem 3.24. d + J; g is a flat connection on the trivial exp(ty,,)-bundle over (C \ o0o)™.

Definition 3.25. For r € [1,n], set

10, = gl (o)) ™) € T(C\ 7 (00))", () @
HUY = Ady, , (KI") € T((C\ 77 (00))", (O

g =Ll + Hip € D(C\ 7! (o), (0

Lemma 3.26. (a) Forr € [1,n], Ig]ﬂ belongs to T'((C\oo)™, (Qlc)m) % th.n while Hg]ﬂ and Jg]ﬂ
belong to T'((C \ oc0)™, (Qé)m (A) @ -

(b) One has Iz 5 =5"_ I'. H;p=5" HY andJz5=5"_, JV

8 = 2a=11zp 2B = 2p=1"zp B = Lir=1Y38"

lpor any & € oxp(ihﬂ)7 let Ad¢ denote the image of £ via the group morphism Ad : exp({h’n) — GL({h’n)
induced by the adjoint action of oxp({h’n) on %h,'nn so that Ad¢(X) = EXE1 for any X € {h,n-

5This is a slight abuse of notation, justified by the existence of a natural injection from I'((C \ o0)™, Qén)
into T((C'\ 7~ (c0))™, Qlcn)

16T his is a slight abuse of notation, justified by the existence of a natural injection from I'((C'\ c0)™, QL. (A))

into T((C'\ o0)™, QL (A)).
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Proof. The proof of (a) is the same as that of Lemma [3.22]
The only non-trivial part of (b) is the identity Iz 5= > _ I [r ] . By definition, we have

I;p = 9:5d(g9:5) "

(3.5.1) Z;-E g gl h T A ) el )

Recall that ggﬁ} takes values in exp(Lie(b{", .. .,b;lr))’\) < exp(thn). This, together with

() (o

the relations [b; ] = 0 for any ¢,5 € [1,h] and any r,s € [1,n] with r # s, implies
that girﬁ} gisg = gé g gé g for any r,s € [1,n]. The statement follows by combining this fact
with (B5.T). (]

Notice that part (b) of Lemma corresponds to the fact that there is a direct sum
decomposition T((C'\ 00)™, QL. (A)) = @"_,T((C'\ 00)™, (Q5)(A,)), which induces a direct

sum decomposition of I'((C'\ 00)™, QL. (A)) &t .
3.6. Dependence of J; g in Z and S.

Proposition 3.27. For any Z,5 € C \ p~'(c0) and any two families B, as in §Z2, the
Maurer-Cartan elements Jz g and Jy g are related by gauge conjugation by a holomorphic

function h : (C'\ 00)™ — exp(tn.n). If B =B’ then this function is constant.

Proof. By Proposition there exists h : C'\ oo — exp(Lie(by,...,bp)") such tha 9z.8 =
h-gsp. Let h = a1t pin} . Since gy p takes values in exp(Lie(by,...,bs)") and since
[bgr), bgs)] =0 for r 75 s, then 9z p = h - 95, - Then

d+Jzpg = Adh.g@ﬁ,(d—l—K) :AdhOAdggﬁ/(d—l—K)
= Adh(d—FJg’ﬂ/)

If moreover B = ', then it follows from Proposition 2.27 that h is constant. O

4. DECOMPOSITIONS OF K AND J; g

In §Tand §22 we introduce spaces of multi-valued (i.e. defined on C,,(C)) and single-valued
(i.e. defined on C,,(C)) forms, respectively, and we explain how in some cases these forms can be
decomposed in terms of forms defined only on one or two copies of the curve. In §.3 we explain
how to map such multi-valued forms to such single-valued forms using the function gz g. In
§4.4 we make use of results from [En] to show that K[!, which is the main constituent of K (see
Definition [B.16]) and which belongs to the space of multi-valued forms, admits a decomposition
in the sense of §4.11 From this we infer in §4.5 a decomposition for H g]@, which is the main
constituent of J; g (see Definition B:2H), and which belongs to the space of single-valued forms.

Throughout this section we consider & and B as fixed, so we will in general drop the subscript

(#,B), e.g. we will write J and ¢ instead of J; g and gz g.

17Throughout this proof we write h to denote also its pull-back 7*h.
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4.1. Decompositions of multi-valued forms. For ¥ a Riemann surface, let le)log be the
sheaf of differentials over ¥ whose space of sections on an open subset U is the space of mero-

morphic 1-forms on U with at most simple poles.

Definition 4.1. (a) Let Forms be the vector subspace of T'(C, Qlc log) ®@ U (Lie(by, ..., bp))"
spanned by elements § such that éfd = ¢ for any i € [1,h].

(b) Let Tuples be the complex vector space spanned by tuples (k1,..., K, k), constituted

by k1,...kn € Forms and by s € T'(C?, Q% log)[l] (A)) & U (Lie(by, .. .,by))" such that, for any
i € [1,h], one ha
(4.1.1) BW) g = ebig,
~ (o 1—ebi
(4.1.2) Bk = me b + K

b

(c) Let Forms be the vector subspace of T'(C", (Qlc log)[l] (A1)) &1, spanned by elements &
such that (I:’)l(-r))*h: = ead(by))(ﬁ,) for any r € [1,n] and any i € [1, h].

We refer to the differential forms which belong to these spaces as multi-valued, meaning that
they are not the pull-backs of differential forms defined on the curve C (or its powers), i.e.
they are not invariant under the action of Aut(C'/C) (or its powers). Note that, because of
Proposition BI3, Kl € Forms.

Recall from §2.9.3 that, if any function or 1-form ¢ is U(Lie(by,...,bp))"-valued and if
r € [1,n], we have introduced the notation ¢ := (r) o ¢. If ¢ is defined on £2, and if

pr,, : 3" — %2 denotes the projection on product of the r-th and the s-th component, we set
ol 1= pry, o7

Lemma 4.2. (a) There is a linear map Tuples — Forms, defined b

h n
(4.1.3) (51, in i) = &= Y ad(sf D) (aM) + Y ad(sl) (ty),
i=1 r=2
the meaning of the superscript {r} being as in (2.9.2).
(b) There is an injective linear map Forms — Tuples, defined by 6 — (6by, ..., 0bp, prid).

(¢) The composed map Forms — Tuples — Forms is zero.

18Equation (#I2) contains a slight abuse of notation: x; stands for prj«;.

19%e denote by = — ad(z) the degree completion of the algebra morphism U(ty,, ) — End(ty,,) attached to
the adjoint action of t; ,. This morphism restricts to the group morphism Ad : oxp({hyn) — GL(Ehyn) defined
in the footnote M4l
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Proof. (a) We need to prove that (é§s))*n = ead(bE'S))(n) for any s € [1,n] and any j € [1, h].
If s =1 the statement immediately follows from ([@II]). Suppose that s # 1, then

h b(_l)
SO r Y — 1—e7
Bk = > adk!) @)+ Y adx! })(tlr)+ad<ﬁ{1 e~ {1}T>(t15)

i=1 refl,n]

r#s
h ©) eb§5) —1
= 2 adw@ + 3 (7)1, + 1906 4w ) )
i=1 re[[;,n]] J

=k + ad(51 (= 1)) (t1s) + ad (s (7 — 1)) (@)
= &+ (07 1) (ad(x) (1) + ad(s{7)(0M))
=K+ (ead(bﬂ('S)) -1k = 245

where the first identity follows from ([@I2) and [@I3]), the second identity follows from

1 t1,] = —[b\"), 1], the third identity follows from [0\, a{")] = t,, the fourth identity follows
from [b(l) b(s)] = 0 for any 7, and the fifth identity follows from [bgs)7 51)] = 0 for i # j (together

with [b(s) b(l)] = 0, this implies that (ead(b§5)) - 1)ad(f<a;-{1})(a§1)) = 0) and from [bgs),tlr] =0
for r # s (together with [bl(-s), b;l)] =0, this implies that (ead(bg‘S)) — Dad(e!'H(t1,) = 0).

(b) Since § € Forms, also db; € Forms for any i € [1,h]. For the same reason, it is obvious
that (B(l))*pr*é = ePprid. We need to verify that prié satisfies the condition ([@IL2)). Because
(B(z)) prid = prid, we can write (B( )) prid — pride b = prid(1 — e~%). The right hand side

can be rewritten as (prjdb;)i=

, thus concluding the proof that the image of the map is
contained in Tuples. The 1nJect1V1ty is obvious.

(c) The image of § by the composed map is Zh Lad((6b;) 1) (a (1))—|—E" o ad((prio) i) (ty,).
One has (6b;)11} = §{1}p} (1) and (prio)irt = 611} so the image of § is ad(é{l})(z _ [bg ), 51)]
>r—ptir), and Zi:l[bz('l ’ i ]+ > or—otir =0 by L. O

4.2. Decompositions of single-valued forms.

Definition 4.3. (a) Let Forms := I'(C'\ 00, Qg ,,) @ U(Lie(br, ..., bp))".

(b) Let Tuples be the complex vector space spanned by tuples (11, ...,nr,7) constituted by
M, ...nn € Forms and by n € [(C?, (¢ 1,,) " (A)) @ U(Lie(by, .. ., bn))".

(c) Let Forms := T'((C \ o0)™, (Q}Mog)m (A1) @ b

The pull-back to C (or its powers) of the differential forms which belong to these spaces
is invariant under the action of Aut(C/C) (or its powers). To stress this difference with the
multi-valued differential forms considered in the previous section, we refer to the differential

forms of this section as single-valued. Note that, because of Lemma[3:26, H!Y := H g]ﬁ € Forms.
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Lemma 4.4. (a) There is a linear map Tuples — Forms, defined by

h n
(s ymmn) ==Y adm! ) (aY) + 3 admh) t,).
=1 r=2

(b) There is an injective linear map Forms — Tuples, defined by € — (eby, ..., ebp, prie).

(¢) The composed map Forms — Tuples — Forms is zero.

Proof. The statements (a) and (b) are obvious, while the proof of statement (c) is the same as
that of statement (c) in Lemma O

4.3. Mapping multi-valued forms to single-valued forms. Let~ : C\7~!(c0) — exp(Lie(b1, ..., by)")
be a holomorphic function such that éf v = ve~% for any i € [1,h]. We know that the space
of such functions is non-empty, because it contains g := gz g.

To each « as above, we attach a morphism of complexes from Forms — Tuples — Forms

to Forms — Tuples — Forms as follows.

Lemma 4.5. (a) The assignment 6 — 0 defines a linear map s~ : Forms — Forms
(b) Let a be the antipode map of the Hopf algebra U (Lie(by, ..., by))", induced by b;, - -+ b

a(bi, -+ b;,)) = (=1)™b;,, -

of U(Lie(by,...,bn))" such that u = e(u)l + E?:l 0;(uw)b; for any uw € U(Lie(by,...,bp))",

where € is the counit map. Both a and 0; extend to endomorphisms of any space of functions

H

2

--b;,. Fori € [1,R], define 9; to be the unique linear endomorphism

with values in U(Lie(by,...,bn))". Then the assignments r; — yk; and
h

(4.3.1) &= (priy) £ (Prsy) ™+ > (priy) mi (pr3 a(di(7)))
i=1

define a linear map S~ : Tuples — Tuples.
(c) The assignment k — Ad,(1}...,n) (k) defines a linear map s, : Forms — Forms.

(d) The two squares in the following diagram are commutative:

Forms —— Tuples —— Forms

I Js I

Forms «——— Tuples —— Forms

Proof. (a) One needs to check that I?);W(S = ~6 for any j € [1, k], which follows immediately
from the definition of v and 4.

(b) By (a) we already know that I%;fﬂym- = 7k;. Let us denote by n the image of x via S,
defined by eq. [@3.1]); we are left with checking that (é;l))*ﬁ = n and that (é;z))*ﬂ = 7 for any
j € [1,h]. The first identity immediately follows from the definition of 7, k; and . In order to
verify the second identity, let us first compute éjal (7).

20We identify Forms with the subspace of I'(C'\ 71 (c0), Qé log) ® U(Lie(b1,...,bp))" of 1-forms which

are invariant under the action of Aut(C’ /C). The same kind of identification is understood also for the other
statements.
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By definition, v =1+ E?Zl 0i(7v) b;. On the one hand, this implies that

h
Biv =1+ ) Bjai(7)b
=1

On the other hand, one can write
e b — et —1
—b; _ g .
yeT =y + y—— b, J—1+§ ( ) + iy b )bl.

—b

Since we know that I:’);W = ye~ %, we can compare these two equations and deduce that

. J—1
Bjai(ﬁ)/) = 0i(y) + 51]7 b .
J

Using this, we get

. L 1—e b e L " X -1
(pr1v) (ﬁe Ytk ——— ) e (pr3y) T+ ) (priy) ki (prz a(a () + 85y 717 ))
J

i=1

Il
3
+
)
=
—

2
S—
S
N

.
8
k‘Q‘
>
S
—
"
)
=
N ¥
2

-1 * b — 1
)"+ (priv) Kja| pryy 7{)
J

=n,
where the last identity follows from the following properties of the antipode: a(uv) = a(v)a(u)
for any u,v, a(b;) = —b; for any j, and a(u) = u~" for any u which is group-like.

(c) One needs to check that (Bgr))*AdW{l},,,v{n}(n) = Ad,(1)...q0n (k) for any 4 € [1, h] and
for any r € [1,n]. This follows from the fact that the action of I%ET) is trivial on y{5} for s # r,
from (B{")* 0 A,y = Ad,,ry 0 =) and from the fact that [b}”,5("] = 0.

(d) To prove that the square on the left commutes, one needs to check for any element
d € Forms that Sy (6by,...,0by, prid) = (v0b1,...,7dbp, privd). This is obviously true for the

first h components. We are left with showing that
h
(pry) prid (pr3y) ™ + > (priy) 6 bs (pr3 a(di(v))) = prid.
i=1
This is a consequence of the fact that y~! = a(y) =1 — Z?Zl b;a(0i())-
To prove that the square on the right commutes, one needs to check for any element
(K1...,6n,K) € Tuples that

(4.3.2)
h

Z Ad,y{l},,,,y{n} ad(li;-{l})( 1) + Z Ad {1} ,Y{n} ad(H{ } tl Z ’7{1} {1} (1))
=1 r=2 i=1

n h
+ Zad((pr’h(”)ﬁ{”}(priiv(”)‘l + 3 (privW)sM (prra(o; (7))(1))) (t1r)-

r=2 i=1

>
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First of all, notice that Ad. (1)...;(n) ad(nz{l}) = ad(y{1 .. A{ntg) { }) Since [b; b b(l)] = 0 for

any r € [2,n] and any 4, j € [1,h], we have ’}/{T}Ii;-{l} = /q;-{l}*y{r} for any r € [2,n]. Moreover,

since [b;r),agl)] = 0;t1, for any r € [2,n] and any 4,5 € [1,h], we have ad(v{T})(al(.l)) =

a(l) +ad(y{" = 1)(a (1)) = a(l) + ad(9; ()t H) (1) for any r € [2,n]. Finally, the fact that
b ) ,t1] = 0 for any s # 1,7 implies that the first term on the Lh.s. of [@32) coincides with

n h
OO + 30 3 ade e E) T ).

(
J

(4.3.3)

N_
i M:
[}

J )

therefore we can rewrite (Z3.3), i.e. the first term on the Lh.s. of [E3.2), ad?

h
> ad(y M@l + 3> ad ((priy )l (ora(@:(1) ™)) (t1,)

r=2 i=1

The fact that [b(-r) tir] = —[b;l),tlr] implies that ad(d;(y))" (t1,) = ad(a((iv))(l))(tlr), and

Comparing this expression with the r.h.s. of [@3.2)), we are left with proving that
(4.3.4) Ad oy ad (5071 (1) = ad((pr*”y(l)) U} (prty (D)= )(t”)
for any r € [2,n].
Using that Ad, (). o ad(£7}) = ad(y 1 - 407 that [b(r) b(l)] = 0 for any r €

[2,n] and any 4,5 € [1,h], and that [b;s),tlr] = 0 for any s # 1,r, we can rewrite the Lh.s.
of @33 as ad(yM 1 yirH)(¢1,). The identity @33) is then a consequence of the fact that

ad(v1I")) (1) = ad((prry™)=1)(t1,), which follows from [b;r), t1r] = [b( ) 1) O
4.4. Decompositions of K. Let P ¢ C. A key step in [En] towards constructing the
1-form K[ was the introduction of two families of l—form
(wP,il...im) m>1 ) ("/’P,il...im) m>0
i1yeeerim €[1,h] i15eeesim €[1,R]

The first family is contained in I‘(C’,Qg(w_l(w(P)))) C F(C’,Qé log); it satisfies, and is
uniquely determined by, the following properties:
e If m =1 then the forms wp; do not depend on P, and they coincide with (the pullback
to C' of) the holomorphic 1-forms w; introduced in §2.2 (see Lemma 6 of [En]).
e For any j € [1, h] one has (see Lemma 6 of [Enl)

. 1
(441) Bj wP,il...im = Z ﬁ 5ji1"'il wailJrl___im .
>0
e One has (see Lemma 6 of [En|)

Om2 04y is
omi

reSp WPy ...ipy — —

21Recall that, by definition, y{"} = pry xy (7))
221y [En] the forms wp;, ...4,, (2) are denoted w— while the forms ¥p;, .. 4,, (21, 22) are denoted w*1PZ2

im? im "
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e For P € D, one has (see the proof of Lemma 6 of [En])

bm—l
(4.4.2) /A WPy ..im = méjil'“im7

J

where b,,_1 is the (m — 1)-th Bernoulli numbe.

The second family is contained in T'(C?, (L (7~ (=(P))))M(A)) c T(C?, (2, log)[” (A)); it

satisfies, and is uniquely determined by, the following properties:
e If m = 0 then ¢p is the fundamental form of the third kind defined in §3.2.3
e For any m > 1 the forms ¢p;,. ;. belong to F(C’2, (Qé)[”), and the integrals along the
loops A; of their restrictions on C x {@Q} for any @ € C vanish identically (see Lemma 8

of [Enl).
e For any j € [1, h] one has (see Prop. 10 of [Enl|)
. 1
(4.4.3) (B§1)) VPyiy iy = Z ﬁajil---il VPt i1im -

1>0

e For any j € [1,h] one has (see Prop. 10 of [En|)

(4.4.4) (B) wpy, i, =
(—1)! (=D
E ~ 6j7;m"'7;m—l+1 VPiy. iy, + Il 5jim---im,z+2 WPit. i 1417 -

!
1>0 >1

Furthermore, these families are related by the following relation: for any j € [1, k] and for

any P’ € C one has (see Prop. 10 of [En])
(4.4.5) Wi — WP it.im = Oy iV Poirim—a | G (1

The dependence of these two families on P € C' is described in Lemma 9 of [En.

Definition 4.6. For P, P’ € C and for j € [1,h] we set
Dppr = Z VPiy.im

m>0
i17~~~;i7neﬂ1xhﬂ

Kp; = E WPiy..im,j & biy = bi,
m>0
i1 im €[1,A]

Kp = > VP ® biy b,

b

Tm 9

exipry @ bir -

so that
Dpp € T(C,QL(x  (m(P)) + 7 (x(P")))) @ U(Lie(by, . .., bn))"
Kpj € T(C,Q%L(x (m(P)))) ® U(Lie(by, ..., bx))"
Kp € T(C?, (Qp(x (n(P)(A)) @ U(Lie(by, ..., bn))" .

23 : t"mo._ _t
The Bernoulli numbers are defined by Zmzo bm oy = w1
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Lemma 4.7. (a) For any P € C one has (Kp1,...,Kpn, Kp) € Tuples, and the image of
this element in Forms is K]

(b) For any P, P’ € C one has Dp p € Forms, and the image of this element in Tuples is
(Kpa,-- - Kpn, Kp)— (Kpr1,....,Kpr o, Kp/).

(¢) For any P,P',P" € C one has Dp_pr + Dps prn = Dp pr.

Proof. (a) First of all, note that the property (£4.1]) implies that é;‘Kp,j =ebKpjforanyi,j €
[1,A], and therefore that Kp; € Forms for any j € [1,h]. Moreover, the properties (£.4.3)
and (@A) imply that K p satisfies (A1) and (12, respectively, from which we conclude
that (Kp1,...,Kpn, Kp) € Tuples.

The image of this element in Forms id*’

Z Z WPy im,j & [b§11)7 .. b(l + Z Z wPJdmim ® [bgll), R [bl(-}n), tls]],

m>0 m>0
< im€[1,R] i1,..00m €[1,R]

and this is precisely the definition of K[! (denoted a; in the reference) from [Enl|, §4.3. Alterna-
tively, one can also check that this expression satisfies the properties listed in Proposition [3.13}
which uniquely determine K.

(b) The fact that Dp pr € Forms follows from (LZ3)), while the fact that its image in Tuples
s (Kpi1,....Kppn,Kp)— (Kpra,...,Kprp, Kp/) follows from (L4T]).

(c) This follows from statement (b) and from the injectivity of Forms — Tuples. Alterna-

tively, a direct proof can be deduced from the fact that 1 p} Ex (P} satisfies this identity, which

is true because ¢P|CX{P/} _ (fzf/ )(2)% .

In particular, it follows from (a) that the image of (Kp1,...,Kp, K p) in Forms does not
depend on the choice of P, thus leading to a family of different decompositions

n

h
(4.4.6) Z KED@Y) + 3 ad(BE ) (ty).

r=2
Notice that the independence of the image of (Kp1,...,Kpn, Kp) on P may also be viewed
as a consequence of (b): indeed, (b) implies that for P, P’ € C the image of the difference
(Kpa,-- Kpn, Kp)— (Kpr1,...,Kpr p, Kp/) in Forms is the image of D, in Forms via

the composed map Forms — Tuples — Forms, which vanishes by Lemma [L.2] (c).

4.5. Decompositions of H!,

Definition 4.8. (a) For P, P’ € C we se Ep p = s4(Dppr) € Forms.
(b) For P € C we set (Hp1,...,Hpp, Hp) := Sy(Kp1,...,Kpp, Kp) € Tuples.

24The notation [biy s - [bi,,,a;]] stands for the nested Lie bracket expression ad(b;, ) ---ad(bs,, )(a;).
25 = 93,8 C\ 71 (c0) = exp(Lie(b1,...,by)") is the map constructed in §341
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Lemma 4.9. (a) For P € C, the image of (Hp,...,Hpn,Hp) in Forms is H!!.
(b) For P, P’ € C, the image of Ep pr inTuples is (Hpa,...,Hppn, Hp)—(Hpr1,...,Hpr p, Hp:).
(C) For P, P/,P/I S é, Epypl —|—Ep/7p// = Epyp//.

Proof. Statement (a) of this lemma follows by combining statement (a) of Lemma 7 with
statement (d) of Lemma [L5] and with the fact that, by definition, H' = s, (KM).

Statement (b) (resp. (c)) of this lemma follows by combining statement (b) (resp. (c)) of
Lemma [£7] with statement (d) of Lemma Statement (c) can also be proven by combining

statement (b) of this lemma with the fact that Forms — Tuples is injective. O

5. ALGORITHMS FOR THE COMPUTATION OF K AND Jj;g

In this section we provide algorithms to write some of the forms and functions considered in
this article in terms of iterated integrals or residues of classical differential forms on Riemann
surfaces. In particular, one obtains explicit formulas for K and J; g when n = 1. As in the
previous section, from now on we will omit Z and 8 from the notation.

In §5.7] we review how to compute g in terms of iterated integrals directly from its definition,
and we provide an alternative algorithm to compute the logarithm of g and the differential form
I=gd(g™!). In §§2 and §5.3 we recall some facts about differential forms on closed Riemann
surfaces which we use in §5.4] to obtain recursive formulas in terms of iterated integrals and
residues for some of the constituents of K and H introduced in .4 and §4.75] respectively. We
report in §5.5] examples up to degree 3 of computations performed using these methods in the

case n = 1.
5.1. Computation of g and I.

5.1.1. Computation of A and g. It follows by combining Lemma [3.19, Definition 2.23] Proposi-
tion 19 and eq. (Z.4.1), that the map g = gz g : C\ 771 (c0) — exp(Lie(by, ..., by)") defined
in §3.4) satisfies the differential equation

2h
(5.1.1) dig™) =g > oA,
=1

where A € (Lie(by,...,by)")?" is uniquely determined (see Remark ZI5) by the system of

equations

(5.1.2) /”YA""YAZO,
Z/”YN-NAZEI”—L
m>1Bi ~

9—1:1+Z Z [i1, - im|e] @Ay, - Ay,
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where we introduce the shorthand notatio

(513) [il,...,im|0] = /~ Yir " Vi, -
This implies that

(5.1.4) g=1+ D> (=)™ Y in,esimle] @A, Ay
m>1 i15eesimn €[1,2R]
The only obstacle towards computing g is then inverting the relations (51.2) to obtain the
elements A; € Lie(by,...,bp)", which can be done recursively by writing them in the for

(5.1.5) > [i1y - yimli] @ Agy - Ay, = 0,
im€[1,2h]

> S iy yimlh @Ay Ay, = e -1,
m>1iy,...,im €[1,2h]
where for j € [1,h] we introduce the shorthand notations

[Zlvvlmb] ::/ Yir T Vi [’Llaalm|h+]] ::/ Yir T Vi -

J J

We will give in §5.5 explicit low-degree formulas computed with this method.

5.1.2. Computation of log(g) and I. We set
A = log(g) € T(C\ 7 (c0),0p) ® Lie(by, ..., by)".
In particular, A\(#) = 0 (because g(&) = 1)). We also set
I:=gd(g~"') €T(C\ o0,Q) @ Lie(by,...,bn)".

Note that, by Lemma 326, I = IV + ... + 1" = g{thq((gUth)=1) + ... + g™ a((g{"H) 1), and
gird((gth)=1) = 1"}, with I as above.

We have seen in the previous section how to compute g, which in turn allows us to compute
also A and I (and therefore I). In this section we present an alternative approach: we obtain
a recursive formula for A, which can then be used to compute g and I. The formulas for A
and I obtained with this method, as opposed to those obtained by first computing g, highlight
the fact that A and I take values in Lie(bs,...,b;)"; this fact also makes such formulas more

compact.
Lemma 5.1. For each i € [1,h] we have [; d\ =0 and [z d\ = —b;.

26These are integrals over C’\p’l(oo) which in general depend on the integration path and define functions

on ago, but we know that the special combination which gives rise to g~! does not depend on the path and
it is well-defined on €'\ p~1(c0), and even on €'\ 7~ (c0).

27Alternatively, in these formulas one may use the notation (EI3) and replace [i1,...,im|j] by
[i1,...,im|A;(Z)] and [i1,...,im|h + j] by [i1,...,9m|B;(&)]. We stress again the fact that, in general,
[¢1,...,%m|9] is not well-defined, but it is in this case.
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Proof. The identity [ A d\ = 0 follows from the fact that A is a holomorphic function on
C\ 1 (c0), and A; is a cycle in C'\ 71 (c0).

As for the identity [; d\ = —b;, note first that [z d\ = fB @ an = ANBi(2)) — A@).
We know that A(Z) = 0, so we only need to prove that A(B;(Z)) = —b;, or equivalently that
g(Bi(&)) = e~ This is a consequence of the fact that Bfg = ge% and that g(z) = 1. O

Corollary 5.2. Fori € [1,h] let C; = A; and Cpi = B;. Then

I= thﬂ@b +Z% (/ I+d)\)

Proof. Tt follows from eq. (511]) that

(5.1.6) I=> %®A.

Then A; = fC} I = fC} (I + d\) + 8;=nbi—p, where the first equality follows from (G.L6) and
s v; = di4, and the second equality follows from Lemma 51l Plugging this identity in
é; Vi J

yields the result. [l

Corollary 5.3. One has
h 2h
_ - _ e (ad(A))* [T ad\)
A= —;[h—l—d-]@bl + ; <;<[Z| ]®/€i G (d)\)> /I ] (dA)).

Proof. First of all, by the formula for the derivative of the exponential map, one has

1— ead()\)
It follows that
(5.1.8) i = gy LR e > @dO)" ).

ad(\) = (k+1)!

Combining this with Corollary [5.2] we get

a k
(5.1.9) Z%H@)b - Z% (/ I+d)\) Z%(d/\).

k>1

But (B.I1.8) also tells us that T+dA\ = Zk>1 (ad))" (d)), and if we can plug this into eq. (B.1.9)

TR+
we obtain
(ad(A))"*
Z”Yh+z®b +Z(% /Z >—27|(d)\).
¢ k—l—l = (k+1)!
The statement follows by integrating this equation with the initial condition A(Z) = 0. O

Let Lie(by, ..., bn)[d] be the degree-d part of Lie(by, ..., by), and let A[d] be the component of
X in T(C\ 71 (c0), O¢) @ Lie(bi,...,by)[d], so that A =", A[d]. Corollary B3 immediately
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implies that
h

AL = =Y [h+ile] @b,
i=1
as well as the following recursive formula for higher-degree terms:

Corollary 5.4. For any d > 2 one has
(5.1.10)
1
Ald] = —_—
= > E+1) "

k>1

2h °
3 (Z(m-]@ /éi[x[dl],...[A[du,dx[dmn)— / mdl],...[A[dk],dx[dmu]).

di,..,dry12>1 =1
di++dgr1=d

Let now I[d] denotes the degree-d component of I, so that in particular

h
Inj = Z%ﬂ@bi-
=1

Then by combining Corollary (.2l with eq. (18] we find, for d > 2,

1 2h
(5.1.11)  I[d] = — Zm >N (%@/@ [)‘[dl]v-'-[)‘[dk]ud)‘[dk—i-l]]])a

k>1 di,..dp412>21 =1 i
di+-+dir1=d

hence one can plug in the values of A[d;] computed with Corollary 54 for all d; < d and
compute I[d] (see §5.0] for explicit low-degree formulas computed with this method).

5.2. The map V. Let ¢t be a local coordinate on C at oco. The space of Laurent formal
differentials at oo is then C(())d¢t. Laurent expanding at oo enables one to view I'(C'\ 0o, Q%)
as a vector subspace of C((t))dt. Moreover, integration along the A-cycles defines a linear map
I'(C\oo, %) — Ch, which yields a decomposition I'(C'\ oo, Q&) = Spang(ws, . . . ,wp)@ker(L'(C'\
00, 0) — CM). Note that ker(T'(C'\ 00, Q&) — C") = Spang (B, - -, Br) ©dAT(C \ 00, Oc).

Lemma 5.5. There is a direct sum decomposition
t
(5.2.1) C((t))dt = (C[[t]]d? @ ker(T(C \ 00, QL) — CM).

Proof. The residue map res : C((t))dt — C yields a decomposition C((t))dt = %C @ ker(res).
We are left with showing that ker(res) = C[[t]]dt @ ker(T'(C'\ oo, Q%) — Ch).
It follow from Riemann-Roch’s theorem that, for any point P of a closed Riemann sur-

face C of genus h > 1, there exists a family of meromorphic 1-forms (&;);>2 C I'(C'\ P,2) such

28] et Q}J(nP) denote the sheaf of 1-forms with a pole of order at most n at P, and holomorphic elsewhere,
and let Oc(—nP) denote the sheaf of holomorphic functions with a zero of order at least n at P. The Riemann-
Roch theorem implies that dim(I'(C, Q! (nP)) —dim(I'(C, Oc(—nP)) = h— 1 +n. Since dim(I'(C, O¢(—nP)) =
1 for n = 0, and = 0 otherwise, it follows that dim(I'(C,Q'(nP)) = h for n = 0 and n = 1, and then
dim(T(C, Q' (nP)) = h+n — 1 strictly increases for any n > 2, thus implying the existence of the family (&;).
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that ordp(&;) = —i. Therefore, one can write ker(res) = C[[t]]dt +I'(C'\ 0o, Q). The statement
follows from the fact that C[[t]]dt NT(C'\ 00, Q¢) =~ C" via the map € — ([, &+, [, &). O

h

Definition 5.6. We denote by ¥ : C((t))dt — ker(T'(C'\ 00, Q%) — C") the projection on the
second component of the decomposition (G2T]).

Consider the non-degenerate pairing (, ) : C((t)) ® C((t))dt — C given by (f, o) := res(fa).
Since tC[[t]]* = C[[t]] ¥ with respect to this pairing, it follows from (5.2.1)) that

%)]);f ~ ker(T(C\ 00, Q%) — Ch).

tCl[t]]" =~
Let (&)i>1 be a basis of regular 1-forms on C'\ co with vanishing A-cycle integrals which is
dual to the standard basis (t');>1 of tC[[t]]. We define
=) t'e& € tC[t]] @ker(T(C\ 00,94) — C").
i>1
The projection ¥ : C((t))dt — ker(I'(C'\ 0o, Q%) — C") can then be written in terms of 1)
as follows:
U(a) = Z {t'a)& = (res®id) (e ),
i>1
where aeyp € C((t))dt @ ker(T'(C'\ 00, ) — C") denotes the term-by-term multiplication by «

on the first component of .

5.3. The map VU4, Let co be the preimage of co by 7 which lies in D. Let injg : I‘(C’\
771(00), Q) < C((t))dt be the injection given by sending a 1-form to its formal Laurent series
expansion in a local coordinate £ at co, and by identifying C(())df with C((t))dt. We set
Uy :=m* o Woinj ; this is a linear endomorphism of T(C'\ 771 (c0), Q). One can check that

this map does not depend on the choice of local coordinates ¢ and .
Lemma 5.7. Ifa € T(C\ 7! (c0), Qlc), then (id — ¥« )(a) has at most a simple pole at co.
Proof. Let inj : T(C \ 00, Q%) < C((t))dt be the injection given by sending a 1-form to its
formal Laurent series at co. One then has

injg, o (id = ¥ ) (@) = (id — injg, o 7" 0 W)(injg () = (id — injo, 0 ¥)(injg (),

where the first equality follows from the definition of U4, and the second one from inj, =
injg, on*. It follows from the definition of ¥ that for any £ in C((¢))dt, (id — inj,, o ¥)(§)
belongs to C[[t]]4. The above equality then implies that so does injg, o (id — ¥s)(a), which

proves the statement. (Il

The next result relates the map W4, with the fundamental form of the third kind v, defined
in §3.2.31
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Proposition 5.8. For any 1-form o € T'(C'\ 7= (c0), Qé) and any fized (P,v) € T*%(C'\ c0),
one has Vs (a)(P,v) = ress (Yol (pyyxe - @)

Proof. Since T'(C'\ 7 1(00), Q) < C((t))dt, using the decomposition (E.2I) it is enough
to show the statement for a € C[[t]]% (we identify o with its Laurent expansion) and for
a € ker(T'(C\ 00, Q%) — Ch).

Suppose first that o € C[[t]]%, so that Wx(a) = 0. Since ¥s has a simple zero along
C x oo, for any fixed (P,v) with P # oo we get an asymptotic expansion ¥s|(p,v)xc € tC[[t]],
and therefore ress (Vsol(p )« - @) = 0.

Suppose now that a € ker(I'(C \ 00, Q%) — C"), so that Vg (a) = a. Let 0, op and
0p,oo denote small positively oriented contours contained in the simply connected fundamental
domain D C C encircling co, P and both co and P, respectively. Note that one can locally
view Y| (p )« @s a function on D.

By definition of ¢®|(Pv)xév Riemann’s bilinear relations, and the fact that fA, ol(pwyxc =

2m/ Vsol(Puyxc - @ = /zenga(z)(/z ol (pw) XC)
i(/I@kaxC/Q_/ /<P|Pu)xc>—0

1

S, @ =0, we get

Moreover, since Yso|(p ,)xe = 7 +O(1) for t a local coordinate in a neighborhood of P,

t(P
then one has

27”/ Vsol(pyyxe = @ = 1esp(Usol(p e - @) = —a(P,v).

Combining these two identities, we get

1
I'esoo(q/}oo|(P,U . 27T’L/ 1/}oo| P'U)XC = %(/ _/ >1/}Ob|(P,U)XC'a = O[(P,U).
OP,c0 op
]

5.4. General formulas for K4 ; and Hg ;. In Definition [4.6] we have introduced the family
of forms Kp j, where P € C and j € [1, h]. Throughout this section, we focus only on K, ;.
Recall that K, ; € T(C'\ W‘l(m),Qlé)®U(Lie(b1, ...,bp))", and it has simple poles at
the points of m77*(c0) (by Definition and the properties of the forms wp,.. i, ), while g €
D(C\7 1 (c0), Op) @ U(Lie(by,...,bp))", and it has higher order poles at the points of 7~ (c0).

Definition 5.9. Let op denote the linear endomorphism of T'(C'\ 71 (c0), Qlc) defined b
h
a3 (f/ik o) wi

29Here and elsewhere wg denotes by an abuse of terminology the pull-back to C of the holomorphic 1-form wy,
originally defined on C.
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Proposition 5.10. One has

. b;
(5.4.1) 9Ks; = (Y +op) @ id)((9 = 1) Kso ) + wj ® -

(equality in T(C\ 71 (c0), Qlc) @ U (Lie(by, - ..,bn)").

Proof. Let @ := gK % ; — (P ®id)((¢9 — 1)K ,j). By the definition of ¥4 and the fact that
9Ks.j = Hs j, o is the pull-back via 7 of an element of T'(C'\ 0o, Q%) @ U (Lie(by, . .., by))".

On the other hand, one can write o = K¢ j + ((id — Ux) ®id)((¢ — 1) K% ;), and Lemma 51
implies that ((id — ¥&) ®1d)((g — 1)K ,;) has at most a simple pole at co. Since K ; has a
simple pole at co, it follows that o has at most a simple pole at co.

All this implies that « is the pull-back of an element of I'(C'\ 0o, Q%) @ U(Lie(by, . .., by))"
with at most a simple pole at co. Because there are no global meromorphic 1-forms on C with
a single simple pole at co, we conclude that o must be the pull-back of a holomorphic 1-form,

which is uniquely determined by its integrals on the A-cycles:

h
(5.4.2) o = Z wk®/ Q.
k=1 Ak

One then has

/Ak °= /L Ko j + /Ak (-1 Ksj — /Ak(‘l’ob ®id)((g - 1) Kx.;)
= @-kebkb—’“_l + /Ak(g—me,
where the last equality follows from the property (£42) of the 1-forms ws ;. .i,,, and from the
fact that fAk (P ®id)((9—1)Ks,;) = 0, by the definition of U,. Combining this with (5.4.2),
one obtains

h
b.:
0 =w® 5t +me®/A (9-1) Ks.j,
k=1 k

which implies the statement. (|

In the rest of this section we will see how to use the above result to obtain explicit for-
mulas for the coefficients of K ; and of Hx ; in terms of those of g. Let us set £ :=
D(C\ 77 (00),9L) ©U(Lie(by, ..., by))" and F := I'(C \ 7~ (00), 0g) @ U (Lie(by, - ., bn))",
so that K ;, Hs,; € € and g € F. Note that F is an algebra, equipped with a left action on &£

given by multiplying on the first component and concatenating on the second.

Definition 5.11. (a) Let Op denote the linear endomorphism (—id + ¥, + op) ® id of €.
(b) Let g — 1 denote the linear endomorphism of £ given by x — (g — 1) k.

Using this notation, the statement of Proposition [5.10 can be written as follows:

(5.4.3) (id = Opo (9 -1))(Kx,) = w; ® bbj

ebi —1°
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Consider now the decreasing filtration on &€ given by F*& := ker(§ — Hs;é E[d]), where
Eld) :=T(C\7 ! (c0), Qé) ® U(Lie(by,...,bp))[d], and U(Lie(by, . .., bs))[d] is the degree-d part
of U(Lie(by, . ..,bp))". This induces a topology on &, for which £ is complete and separated.

Lemma 5.12. For any v € € the series ), ,(Opo (g —1))"(v) converges. The linear endo-
morphism id — Opo (g — 1) is invertible, and its inverse is the map v — > _(Opo(g—1))"(v).

Proof. Consider the decreasing filtration on F given by FFF := ker(F — Hs;é F[d]), where
Fld] :==T(C\ 7~ (), Op) @ U(Lie(by,...,by))[d]. One has FFF - Fl& c FFFLE.

Since g — 1 € F1F, it follows that (g — 1)(F*€) C F*1€ for any k > 0. Moreover, one has
Op(F*€&) c F*&. All this implies that Op o (g — 1)(F*&) ¢ FFE for any k > 0, from which
it follows that > -,(Opo (g —1))"(v) converges, and that it therefore provides an inverse to
the linear endomorphism id — Op o (g — 1). O

Corollary 5.13. One has

b
(5.4.4) Ksj =Y (Opo(g—1)) (wj ® ﬁ) :
r>0
Proof. This follows by combining Lemma with eq. (B43). O

Corollary 5.14. One has

(5.45) Hsg, = <id + (Vs +op) ®id) o (g — 1) OZ(OpO (g — 1))T> <wj ® b,bj > .

e’ —1
r>0

Proof. Since Hy, j = 9K« ;, Proposition tells us that Hg, j = ((\I/oo + op) ® id) o(g—
DN(Ks,j) +w ® b . The statement follows by combining this identity with eq. EGEZ14a). O

e’ —1"

For d > 0 let K ;[d] and Hx ;[d] denote the components of K ; and Hg ; in £[d], and
let g[d] denote the component of g in F[d]. In particular, one has K« ;[0] = w;, g[0] = 1 and
Hx 5[0] = g[0] K,5[0] = w;.

Corollary 5.15. For any d > 0 one has

b
(5.4.6) K ;ld] = E E Opogldi]o---00pogld]|w; @ R
dria!
730 dy .. dy > 1odys 1 >0
di+-+dry1=d

and
(5.4.7)
ba
Hob)j[d] = wj & Eb;j‘f'
b
Z Z (Vs +op) ®id) o g[do] o Op o g[di] o -+ 0 Op o g[d,] <wj ® ddrﬂ' b;l”l).
r+1-

r>0do,...,dr>1,dr12>0
do+-+dry1=d

Proof. These two equations follow from eq. (5.4.4) and (5.4.13]), respectively, combined with the

fact that the linear endomorphism Op of £ has degree zero. O
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Recall that, by definition, K ;[d] =
define a family of functions g;,...;, € T'(C \ 7~ (o), O¢) by

g:21+z Z gil...idbil---bid,

d>1iy,...ia€[1,h]

Zil,...,ideﬂl,h]] wob,il---idjbil s bid- Therefore, if we

then eq. (5.4.6) implies the following:

Corollary 5.16. For any d >0 and any i1,...,iq € [1,h] one has

(5.4.8)

Weo,iy--+iaj = § E (_ld +¥s + Op)(gil"'idl ’ (_1d +¥s + Op)(gid1+1"'id1+d2 T
r>0dy,...,dr>1,dr112>0
di+-+dry1=d

ba
r+1
6j1id1+.,.+dT+1 ----- ig Wy e ) ’

x (—id + U + op) (gid1+~~+dr1+1"'id1+”'+dT . (d +1!
1!

where 5jaid1+,.,+d7‘+1 _____ ia = 1 if the last d, indices iq,+...+d,+1,---,a are equal to j, and it

vanishes otherwise.

Explicit low-degree formulas computed with these methods can be found in §5.5

5.5. Low-degree formulas. As explained in §5.1.1] in order to compute the first terms of g
one needs to invert the relations (B.1.5]) and compute the first few coefficients of the Lie algebra
elements A;. We report below the first terms: for any { € [1, k] one has

h b2 b2
A = — h+ih+gl(b;+=2+- ) [(b;+2L+---
. igl[ +1, +y|]( + ot )(]+2+ )
h 2h
-y ([h+z’,h+j,h+k|l]—Z([h+j,h+k|r][h+i,r|l]
i,5,k=1 r=1

e i e R ) (B )b e ) )

v:oob} h B2 b?
Mgt =bi+ b+ e = S i htglh 0 (b e ) (by+ L4
hetl l+2 5 ij:1[ i, h+ jl ]< 9 ><J+2+ )

h 2h
-y <[h+z’,h+j,h+k|h+l] - Z([h+j,h+k|r][h+i,r|h+l]

i,j,k=1 r=1

+ [h+i,h+j|r][r,h+k|h+l])>(bi—i—---)(bj—i----)(bk—i----) + -
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Combining these formulas with (51.4]), one ﬁnd

glt] = = [h+ile]bs,

[\>|s®[‘\)

o2) = =3 (h+ile]

hZ 2h
+ Y ([h+j,h+z’|o] + Y [h i b+ ] [r|o]) bib; ,

r=1

cr:|5§J

h
o3 = > [h+ile) 3

n zh: ([h+j,h+i|-]+§:[h+ivh+j|’”] [7""]) <b%+g)

r=1

h 2h
+ > <—[h+k,h+j,h+i|-]+z([h+i,h+j,h+klr]

r=1

2h
= ([h+i,h+j|s] [s,h+ k|r] + [h+ j. b + k3] [h+i,s|r])> [h+7le]

—M+Lh+ﬂﬂw+kmk%{h+$h+Mﬂhh+ﬂﬁ>m%%-

On the other hand, as explained in §6.1.2 in order to deduce compact expressions for the

low-degree terms I = gd(g~?') it is useful to first compute the low-degree terms of A = log(g)

30We have rewritten these formulas in a more compact way by making use of the shuffle relations (Z2.2) and

the identity [4]5] = d;;.
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using formula (5I.10), and then to use formula (G.IIT)). One finds

2h
AL ==Y [h+ile] @b;,
i=1
1 & 2h
A2 = =5 O (I ik gla] = 30 it gl ] ) © b,
i,j=1 r=1
h
1 ) . . .
ABl= ) (5 ((h+ 5 h 4k h+ile] — [h+i,h+ j, h + kle])
i, k=1
2h
1 . . . .
+ EZ([h—l—z,h—i—j,h—i—kM — [h+j,h+ k, h +i|r]) [r|e]
r=1
L2
+ 1 ;[h + 7, h + kls] <[h + i, 8|8] — [s, h + i|e]

+ ih: ([s, h+ilr]—[h+ i,s|r]) [r|o]>> @ [bs, [bs, be]]

as well as
h
M=y gab;,
i=1

h  2h
2= =5 (X S it bl ) @b

ij=1r=1
h 2h 1 1
IEEEDY (Z (6 B+ h+ Gyt K] = 2 [+ G, bt Ryt ]
i,j,k=1 >r=1
1 2h
+ 1 Z[h—i—j,h + kls] ([s, h +i|r] — [h + 1, s|7‘]))%) ® [bi, [bj, b]] -
s=1

Combining the expressions given above of the low-degree terms of g with the formulas (5.4.6))
and ({40]), one finds that, in the case n =1,

h
KJl] = Zwi@)ai,
i=1

h

K[Q] = Z ((ld — Py — Op)([h+i|0] wj) — %wl) & [bi,aj],
h
K[3] = Z ((—id—i-\lf(;o—i—op)(@[h—i—ﬂo] —[h+i,h+ j|e]wg
i,j, k=1

2h
— > (b b+ ilr] [r[e] wi + [h+ i[e] (Us, + op)([h + jlo] wk)) + 51”2’“ wi> ® [bs, [b, ax]] -

r=1
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Finally, combining the expressions for the low degree terms of I with the formula (5.4.7),

one finds that, in the case n =1,

h h
JA] =) Bieb+ Y wa,
i=1 i=1

1 h 2h
g2 = —5( X St il ) @b

i,j=1r=1

h
| 5
-3 (s + ot i) + 32 ) @ ),

h 2h
1 1
J[3] = —UZI;_I(;(E (it G bt K] = 2 ot g, kot ]

2h
+ % Z[h + 4, b+ kls] ([s,h +ilr] — [h + i,s|r])>”yr> ® [bi, [bj, bi]]
1

s=

h 5ij+5jk . . .
+ Z (U +0p)| —=—=[h+ile]—[h+ih+ jlo]wk

< 2
i,5,k=1
2h i
= Yt el + [+ o]+ op) (-4 dleln) ) + 2 ) 0 b ]
r=1
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