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We show that bringing into proximity two topologically trivial systems can give rise to a topological
phase. More specifically, we study a 1D metallic nanowire proximitized by a 2D superconducting
substrate with a mixed s-wave and p-wave pairing, and we demonstrate both analytically and
numerically that the phase diagram of such a setup can be richer than reported before. Thus,
apart from the two ”expected” well-known phases (i.e., where the substrate and the wire are both
simultaneously trivial or topological), we show that there exist two peculiar phases in which the
nanowire can be in a topological regime while the substrate is trivial, and vice versa.

I. INTRODUCTION

The last decade was marked by numerous propos-
als to realize time-reversal-symmetric (TRS) topological
superconductors™ 3 hosting so-called Majorana Kramers
pairs. Despite the fact that all the braiding operations
in such systems are bound to be performed with pairs
rather than with single Majorana quasiparticles, it has
been proposed theoretically that braiding of end states
remains non-Abelian due to the protection by time re-
versal symmetry 8

Certain recipes for creating TRS topological super-
conductivity (SC) are of high relevance to the current
manuscript. First, it is known that a metallic nanowire
(NW) proximitized by a SC becomes superconducting
due to the proximity effect. Moreover, when the sub-
strate is topological, Majorana fermions may form in the
wire™ Furthermore, as shown in Ref. [15], a NW prox-
imitized by a helical p-wave SC substrate becomes a 1D
TRS topological SC exhibiting triplet pairing and Ma-
jorana Kramers pairs at its ends. It was also demon-
strated in® that if the SC substrate is characterized by
a mixed singlet-triplet pairing with a dominant triplet
component, then the NW becomes topological.

Second, in a recent paper, Neupert et al. considered a
chain of scalar impurities immersed into a superconduc-
tor with a mixed s-wave and p-wave order parameter 18
Scalar impurities do not give rise to Yu-Shiba-Rusinov
states’™ 1 in purely s-wave SCs, in accordance with the
Anderson theorem2? However, in the presence of a p-
wave pairing component, a pair of in-gap bound states is
formed in the presence of a scalar impurity 2423 Given a
chain of such impurities, the corresponding bound states
hybridize into a so-called ”Shiba band”. As shown in
Ref. [16], such a band can enter a topological regime, sup-
porting Majorana bound states at its ends, even though
the superconductor is in a trivial phase with a dominant
s-wave component.

Furthermore, Hsieh et al. demonstrated that topolog-
ical phases can be induced in trivial systems via cou-

s-wave + p-wave superconductor

FIG. 1. (Color online) A sketch of the system: a metallic
nanowire (violet) on top of a 2D SC substrate with mixed
singlet and triplet pairing (blue). Red arrows denote the tun-
nelling between the substrate and the wire, and the Majorana
Kramers pairs are drawn as yellow spheres at the ends of the
wire.

pling to topological ones, despite the absence of a local
order parameter in the latter. One of the examples in
their paper?? focuses on how a trivial system coupled
to a Chern insulator in a topological regime with Chern
number —1 becomes topological with an opposite Chern
number, +1. The authors also proposed an analogous ex-
ample with two coupled 1D systems instead of 2D ones.

Motivated by the aforementioned findings, we offer
in this paper another missing piece of the puzzle. In
what follows we show that bringing into proximity two
topologically trivial systems can give rise to a topolog-
ical phase. We exemplify this idea by studying a 1D
metallic NW proximitized by a 2D SC substrate with a
mixed s-wave and p-wave pairing (see Fig. [I). We ob-
tain the phase diagram of the system in Fig. [1] using
both analytical and numerical methods. The analytical
approach is based on integrating out the SC degrees of
freedom and obtaining an effective low-energy Hamilto-
nian for the nanowire, whereas the numerical simulations
are done within a tight-binding model on a square lat-
tice. The phase diagrams are constructed by testing the
formation of Majorana bound states at the ends of the
nanowire.

The resulting phase diagrams recover first the two



phases that have also been previously reported:#.2 one
in which both the substrate and the nanowire are trivial,
as well as one in which both are topological. However,
they exhibit also two salient unexpected phases which
have never been discussed before. Thus we identify
a phase in which the SC is topological, whereas the
induced superconductivity in the NW is trivial. Also,
most surprisingly, one can achieve a phase in which
the SC substrate is trivial whereas the NW is topological.

II. CONTINUUM MODEL

We start by considering a 1D metallic NW oriented
along the z axis and deposited on top of a 2D TRS SC
with both s-wave and p-wave pairing, lying in the (z,y)
plane. The Hamiltonian of the NW is given by
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and the Hamiltonian of the superconducting substrate

can be written as
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where ¢, 1+ destroys an electron of spin 1 with momen-

T
tum p, in the NW, and {\IIPT,\IJN,\PJLN, —\I'im} for
which W, destroys an electron of momentum p in the
substrate. The matrices o and T are the Pauli matri-
ces acting respectively in the spin and the particle-hole
subspaces. In , m is the effective mass of the quasi-
particles in the NW, and p is their chemical potential.
Similarly, in , M and pp embody the effective mass
of quasi-particles in the SC and their Fermi momentum.
The singlet and triplet SC pairings in the substrate are
denoted by A and s, respectively. We model the cou-
pling between the NW and the SC by means of a tun-
nelling Hamiltonian

Hr = toun Z [\Ifimcpmg + C;ma\:[jpo':l , (3)
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where o =1, |, and tt,, is the tunnelling amplitude.
In what follows we integrate out the SC degrees of

freedom (see Appendix and we obtain an effective
retarded Green’s function for the proximitized NW:

- _ d
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where we defined Gnw = (w + 90 — HNW)_l, and Ggc =
(w410 — Hsc)il . The effective Green’s function given

by Eq. yields an effective low-energy Hamiltonian de-
scribing the NW (see, e.g., Ref12):

Hy = — (G) ™ oo (5)

where we keep all the terms up to those linear in p,. It
is worth mentioning that setting the frequency to zero
in Eq. is an approximation that allows us to extract
a qualitative effective Hamiltonian for the NW. More
accurate results can be obtained from an exact diagonal-
ization of the full lattice model, however, as we will show
in what follows, the two methods yield consistent results.

Results. We leave the detailed presentation of the te-
dious calculations for Appendix [C] and we present here
the first result of this paper — an effective low-energy
Hamiltonian for the NW:
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As a result of the interplay between the s-wave and p-
wave pairing, an effective Rashba-like spin-orbit coupling
arises in the NW. We note that for a pure p-wave or pure
s-wave coupling no such term is generated, provided there
is no spin-orbit coupling in the substrate. The induced
parameters in Eq. @ are defined as follows:

Aind — t%& Z Re sgn AU — 10 ctg _|p8| + 2o
s 2
WUFU::N: 1+ 2 pg—zg
%ind = tt2un Z Re —osgn ALJQ—’_ Z%i retg _|p€2| + Z2U
TR | 14 Zs p2 — 22
)\ind — t%un Z Im —0 + ij:tsgn AU i arctg _|p€‘ + 2o
- 2
TR 1+ 3¢ 2y p2 — 22
‘uind = tt2un Z Im io%sgn %;f -1 arctg |p62| + Z; +
WUFJ::‘: L 14 bz — %5
2., In2A
+u+— ~
H mvp 1+ 322

where A, = Ay + oxpp, 3 = »/vp, while p. and A
are the IR and UV momentum cutoffs, respectively,
unavoidable in an effective low-energy theory. Finally,
we have z, = [03As — ppvE + ivp|Ay||[vE + 5271 We
note that the induced chemical potential depends weakly
on the UV momentum cutoff A, however, this term can
be absorbed into a redefinition of the initial chemical
potential p of the NW. Our results are fully consistent
with calculations performed in Ref. [I5] in the limit
A = 0, namely when the substrate is a purely triplet SC.

To find the induced SC gap for the Hamiltonian in
Eq. @ we linearize its spectrum around the two different
Fermi momenta emerging due to the non-zero induced




spin-orbit coupling. We thus obtain?2:
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To test the formation of a topological phase in
the NW we check first that the induced effective gap
value Aid is non-zero, and second, that the Hamil-
tonian has a localized zero-energy solution. The
underlying superconductor is topological when A, <
spr?® and the NW if |Alnd] < |5Andpind) wigh pind —

ago (exs)
m ()\i“d — ogy/ (And)2 4 2“;1> is the corresponding ef-

fective Fermi momentum in the wire, obtained by tak-
ing into account also non-zero Rashba spin-orbit coupling
A"d and the corresponding split in the band structure.
00 is the value of o that minimizes the induced gap Alnd.

As we will show below, the most important factor in
obtaining different topological phases in the wire and in
the substrate is the difference between |p4| and pr. The
former depends only weakly on pr (see Fig. in Ap-
pendix , but very strongly on p, which can thus be
used as a ”topological knob”.

The induced chemical potential of the NW " is also
affected by the substrate, and depends linearly on the
initial chemical potential of the NW 1 (see Eq. (7).

To understand the mechanisms behind the induced
phase transition, in Fig.[2| we plot |AI"|/|5"4| as a func-
tion of Ay in the substrate, normalized in units of s in
the substrate. The substrate topological phase transition
takes place at Ag/s3 = pp, the Fermi momentum of the
substrate, marked by the vertical black dashed line in the
plot. Note the interesting discontinuity at As/» = pp,
we are going to discuss it in more detail in what follows.

The critical A in the substrate corresponding to the
topological phase transition in the NW can be deter-
mined by finding the points on this graph for which
|And]/|57nd] = |pind] - The dependence of [p2d] on A,
in the substrate is depicted in Fig. [2| by the dashed red
lines corresponding to three different chemical potentials
in the NW. Note that |pg:]d\ is almost independent of A,
except for small jump at s»pp, its main variation is with
. The critical values at which the NW becomes topo-
logical are obtained by taking the intersection points of
the two graphs, [A*[/[5"4] and [pd| (see Fig. [2). We
see that by varying p in the NW we can tune the in-
tersection points and thus the critical A, for which the
NW becomes topological and make it smaller or larger
than the one in the substrate. A very interesting point
to make is that for values of p yielding an intersection
point inside the discontinuity, the two critical Ay’s, for
the NW and the substrate, are identical.

Thus, we can see that by tuning p in the NW we
can tune the transition such that we obtain a topolog-
ical phase in the NW, associated with a trivial phase in

3.0
2.5
k=15
T w0 T
Ei 1sf _#=075
-<1_' 7777777777777777777777777777777777777777777
1.0
m=025 ]
0.5 / 7777777
0.0
0.6 0.8 Aa/k<pr Balk=pr Ag/k>pr 14 16
Ag/k

FIG. 2. (Color online) The ratio of induced pairing parame-
ters |AR4 /56779 " as a function of A,/ (blue lines). The black
dashed vertical line marks the topological phase transition in
the substrate. The red dashed lines describe the dependence
of |pi,“0d| on A; for three different values of the chemical po-
tential in the NW. For each value of u we have indicated the
intersection points corresponding to the values of the critical
A, in the substrate which would yield a topological phase
transition in the NW. Note that the critical A of the NW
can be smaller, larger or equal to that of the substrate. We
have set M = 1.5, = 2.5, pr = 1.1, and tyun = 0.5.

the SC. From the above discussion we can conclude that
obtaining such a phase is quite a generic feature as long
as, in the first place, one can tune p*? independently of
pr. Moreover, pi;;d depends quite strongly on the chem-
ical potential in the NW, and for our chosen parameters
we can approximate |pg:)d| oc \/pind oc /. Thus, except
for the very peculiar and most likely improbable situa-
tion in which |ARd|/|5d] = A /3, and p2? = pp, one
would be able to generate the unusual phases with differ-

ent topological properties for the NW and the substrate.

oo

As mentioned above, the second necessary ingredient
to obtain different topological phases in the NW and the
substrate is that the discontinuity in the |AInd|/|xind|
does not cover the entire range of achievable physical val-
ues for pglod. Unfortunately it is hard to predict its exact
dependence on the parameters of the system analytically,
but a simple numerical analysis using Eq. from the
main text allows to extract its asymptotic behavior. We
have found that the absolute value of the jump is almost
exactly given by 2/3¢, with the larger >, the more precise
the estimation. Thus increasing the triplet pairing in the
substrate may also increase the range in which the NW
is topological while the substrate is not.

An interesting note to make is that, by examining
Fig. |2} we can see that when the substrate is in a topo-
logical regime (i.e. on the left side of the dashed line),
none of the pairings in the NW is favored (mathemat-
ically speaking, |A" /54| ~ A, /). However, in the
trivial regime (i.e. on the right side of the dashed line)
we can infer from the slope of the curve that inducing
singlet pairing is more favorable than triplet one, and
thus we would intuitively expect a trivial phase in the



SC NW
6=+2 trivial topological
6=+1 trivial trivial
6=-1 topological topological
6 =—2 |topological |trivial

TABLE I. The four possible topological phases for the NW-SC
system.

ind

oy > and

wire in this range. However, as it turns out, p
not |And/5And| is the most important knob for tuning
the phase transition of the NW, and it is its variation
that allows us to obtain the non-trivial combination of
phases discussed above.

In what follows we construct a phase diagram captur-
ing the topological character of both the SC and the NW.
We emphasise that we do not study topological proper-
ties of the system ”substrate + nanowire” as a whole,
but we study them separately, showing both simultane-
ously on the phase diagrams. This can be achieved by
combining the Z, topological index for the NW and the
Zs index for the substrate into a global topological index
0 as follows. The topological character of each system is
considered separately, by means of a standard criterion
mentioned above, i.e. the sign of Ay — kpp shows the
nature of a given phase. We combine two criteria into
one by summing them up and introducing factors 3/2 for
the substrate and 1/2 for the wire, solely for convenience,
to distinguish the case of topological substrate and triv-
ial nanowire from that of trivial substrate and topological
nanowire (otherwise the sum of topological indices would
give 0 in both cases). This combined index ¢ allows to
discriminate between all four different combinations of
phases we can possibly expect in our setup, and is thus
given by:

3 1 ind, _in in
§= §sgn(As — %pF)—i—isgn (\;{ dpaod — |AD d|) . (9)

0 can take four different values, corresponding to the four
possible phases of the NW-SC systems; these values and
the corresponding phases are summarized in Table I. The
most exciting phase corresponds to § = +2, for which a
NW can attain a topological phase when proximitized by
a trivial SC.

In Fig. 3] we plot the value of the topological index
0 as a function of A, (more precisely as a function of
A; — pr), and of u, when all the other parameters of
the model are fixed. We note the formation of all the
four possible phases that could be realized in this setup.
First two combinations were known and studied before:
7trivial substrate + trivial nanowire” (the yellow phase
with § = +1 in Fig. and "topological substrate +
topological nanowire” (the light blue phase with § = —1
in Fig. . The main observable signature of the lat-
ter combination is the local density of states due to the

3
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FIG. 3. (Color online) The phase diagram of a 1D metallic
NW deposited on top of a 2D SC substrate. We plot the value
of the topological index § defined in Eq. @ as a function
of A}j — pr in the substrate, and of p in the NW. We note
that all the four possible phases corresponding to 6 = +1,4+2
can form. The region with § = +2 (denoted in red) is the
most interesting, and corresponds to a topological phase of
the NW induced via the proximity of a trivial SC. The black
dashed line marks the bulk topological phase transition for
the substrate. We have set pr = 1.1, M = m = 1.5,x = 2.5,
and ttun = 0.5.

formation of Majorana zero modes at the ends of the
nanowire and at the boundary of the substrate. The
other two combinations that we discovered and described
in our paper correspond to having ”topological substrate
+ trivial nanowire” (deep blue phase with § = —2 in
Fig. [3)) and ”trivial substrate + topological nanowire”
(red phase with § = +2 in Fig. . In the former case
Majorana bound states will appear solely at the bound-
ary of the substrate, whereas in the latter combination
they will form only at the ends of the nanowire. For any
set of parameters corresponding to this phase, we can
demonstrate that there is a doubly-degenerate localized
zero-energy solution, confirming the topological charac-
ter of the NW. Due to the presence of TRS these Majo-
rana bound states form protected Kramers pairs which
are robust to non-magnetic disorder.

III. LATTICE MODEL

Hereinafter, we consider a tight-binding model for the
system described above. Thus we model the SC substrate
as a square lattice of size W, x W,;, and the NW as a wire
of length L lying on top of it, and having the same lattice
constant. The electrons can tunnel between each site of
the NW and the corresponding site in the SC substrate
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FIG. 4. (Color online) The phase diagram of a 1D NW of
length L = 151 deposited on top of a 201 x 51 2D SC sub-
strate. We plot the combined topological index §, as defined
in Table I, as a function of As; and unw (in units of ¢, which
we set to 1). The topological character of the NW is obtained
by calculating the MP of the lowest-energy states (with a
cutoff at 0.9). The dashed line at A, ~ 0.86t marks the bulk
topological phase transition. We set usc = 3, Ay = 0.5 and
ttun = 2.

(see Fig. 1). The tight-binding Hamiltonian is given by

HTB = Z 7#50‘1’1.0\1/7»0 + O-AS\II’I‘O'\IIT',—O'
reSC,o

—t Y (VY + UL Uy,
reSC,o
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Here A, and A; stand for the singlet and triplet pairing
amplitudes in the substrate respectively, ¢ =7, ],  and
y are the unit vectors of the 2D SC lattice, and the lattice
constant a is set to unity. The chemical potentials in the
substrate and in the wire are denoted as ugc and unw,
t is the hopping parameter assumed to be the same in
the SC and NW, and ti,, is the tunnelling amplitude
between the SC and the NW.

We explore the phase diagram of this system by per-
forming a numerical diagonalization using the MatQ
codé?? (see Fig. . Same as before, we plot a combined
topological index describing the global character of the
system (see Table I). We test the topological character
of the NW and the formation of Majorana fermions in
the NW using the Majorana polarization (MP) 2852 The
topological character of the bulk SC is also calculated

numerically and the corresponding bulk phase transition
is indicated by a vertical line at A; ~ 0.86t. First we
note that the resulting phase diagram agrees qualitatively
with the one obtained using the continuum model in the
previous section (see Fig. [3). As before, the sought-for
interesting phase is the one for which the NW is topologi-
cal, whereas the substrate is trivial (§ = 2). Such a phase
can be identified here also (depicted in red). Moreover,
we recover a region in which the NW is trivial while the
bulk SC is topological (6 = —2, depicted in blue).

It is also important to mention that there are upper
and lower boundary values of the chemical potential lim-
iting the existence of the topological regions (such as
uw =2 for Ay = 0 in Fig. [4). Such boundaries are the
natural consequence of the finite bandwidth of the lattice
model, and cannot be present for the continuum model
studied above.

Note that numerical errors and a significant amount of
noise may occur close to the bulk phase transition line
at Ag ~ 0.86t due to the fact that the SC gap value
becomes very small, and therefore the localization length
of Majorana modes becomes comparable to the size of
the wire L in this regime.

IV. THE EFFECTS OF SPIN-ORBIT
COUPLING IN THE SUBSTRATE

Another important aspect of our proposal that needs
to be taken into account is the fact that triplet-pairing
SCs are likely to also exhibit a strong spin-orbit (SO) cou-
pling. Thus it is worth discussing its effects on the topo-
logical phase diagrams. Intuitively, increasing the SO
coupling is expected to decrease the localization length
of Majorana bound states, and thus increase the size of
the induced NW topological regions.

In Fig. |5| we show how the phase diagram presented in
Fig. [4] changes when the substrate has a finite Rashba
spin-orbit coupling. We introduce the latter into our
model Hamiltonian in Eq. as follows

Hrs = >
reSC,o

,tz

reSC,o

+Asc D [_‘7 (‘I/la‘l'rﬂc,—o - \I/roll'i-i-m,—a)
reSC,o

+i (qflgwr+y,,a - \Ifm\yiw,a)}

+ Ay E Vo Urizo + 10V Wity o
reSC,o

—HscC \I/I-U\I"ra + oAV, \I/r, -0

(\Iiiﬂo\llf%m,o + \Iiiﬂaqlr+y,o)

+ Y —uNwChoCoe — bl Cop 0
xeENW,o
+ ttun Z \I/L’y:(),gcm,a- + H.C.,
rzeNW,o

where we introduced the spin-orbit coupling constant
Asc. In Fig. 5] Agc is set to 0 on the upper panel, and to
0.2 and 0.4 in the middle and lower panels respectively.
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FIG. 5. (Color online) The phase diagrams of a 1D metal-
lic NW deposited on top of a 2D SC substrate with a finite
Rashba SO coupling (A = 0.2 and A = 0.4 in the middle
and lower panels respectively) and in its absence (the upper
panel). We plot the MP as a function of A, and the chemical
potential unw of the NW (in units of the hopping parame-
ter ¢ which we set to 1 in our simulations). A MP value of
1 corresponds to the formation of Majorana Kramers pairs
at the ends of the wire, and 0 to a trivial phase. The black
dashed lines at A; ~ 0.86¢ (upper), As ~ 0.74¢ (middle) and
As ~ 0.63t (lower) mark the bulk topological phase transi-
tion. We set usc = 3, A+ = 0.5 and tun = 2.

First, we note that the phase in which the NW is topolog-
ical while the SC is trivial is achieved for a wider interval
of parameters. In particular, Majorana Kramers pairs
can form for lower values of the chemical potential pnw
of the NW. This can be intuitively understood by noting

that larger spin-orbit couplings shorten the localization
lengths for Majorana bound states and thus make them
more stable.

We note also that the critical A, associated with the
bulk phase transition (the black dashed lines in Fig. [5)
is reduced in the presence of a finite SO coupling. To
illustrate qualitatively this fact, we write the supercon-
ducting gap closing conditions established in Ref. [26] in
the following form:

[—psc — 2t (cos pox + cospoy)]2 =\ (sin2 Pox + sin? poy)
A7 (sin® poy + sin® po,) = AZ,

where (pog,poy) is a set of points in the Brillouin zone
where the SC gap closes. The first equation above defines
the Fermi surface, whereas the second one is responsible
for the gap closing. With a simple substitution we arrive
at:

A? [—psc — 2t (cos pox + cospoy)]2 = /\écAi

One can easily see that to achieve a gap closing point we
need a smaller A; in the presence of a finite SO coupling.

V. THE EFFECTS OF DISORDER

Another important issue to address is disorder. While
reasonable amounts of potential disorder are not mod-
ifying considerably any key properties of conventional
superconductors2? they may become important in un-
conventional superconductors not least due to formation
of Shiba states and Shiba bands2 The latter might lead
to a significant gap renormalization in the substrate pro-
vided disorder potential is sufficiently strong, namely,
greater than the hopping parameter ¢t. However, in case
of weak disorder impurity-induced states form very close
to the superconducting gap edge22 and thus modify it
only slightly while forming impurity-induced bands. Dis-
order could be considered along the same lines as e.g. in
Refs. [31],[32]. In this paper we model it as a random
variation of the values of the chemical potentials pnw
and pgc with an intensity of 2% around their average
values, both in the substrate and in the nanowire. We
present the corresponding disordered phase diagram in
Fig. [0l As expected, the phase diagram is noisier than
its disorder-free analog in the upper panel of Fig. [5 in
other words, there are more regions with Majorana po-
larization smaller than 1. Provided the system size is
fixed, stronger disorder introduces too much noise into
the phase diagram, eventually destroying the boundaries
of topological phases. This happens due to the fact that
it becomes easier for Majorana bound states to hybridize
with each other in the presence of disorder.

VI. DISCUSSION

In order to realize our proposal, we need a SC substrate
with a mixed s+p-wave order parameter. Although there
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FIG. 6. (Color online) The same phase diagram as in the
upper panel of Fig. [5|in the presence of disorder. The values
of parameters are the same as in Fig.

are some indirect evidences of a mixed order parameter
in certain 2D TRS Pb-based superconductors 23534 3 2D
substrate with such property has not yet been fully es-
tablished. Other options include SC doped topological
materials®® or certain materials like SroRuQ, which are
believed to be triplet paired SCsB#7 Recent experimen-
tal advances3839 offer yet another possible route to re-
alize mixed even and odd parity superconductivity via
s-wave SC — 3D topological insulator heterostructures.

As discussed above, in order to observe different topo-
logical phases in the NW and in the substrate the most
important condition is to generate a Fermi momentum
mismatch. This can be achieved by tuning independently
the chemical potentials in the wire and in the substrate.
However, this can be experimentally challenging. Fortu-
nately, a similar result can be obtained also by tuning

a common chemical potential, if the band structure of
the NW and the substrate are different, e.g. by choosing
materials with very different effective masses, as shown
in Fig. [A2] of Appendix [A]

In this work we have focused on the case of a TRS
p-wave, also known as helical p-wave. However, our
proposal may apply also to a TRS-breaking p-wave SC,
often referred to as ”chiral p-wave”. The latter gives
rise to similar topological phase diagrams (see Appendix
. There is nevertheless, an important difference in
this case — the Majorana bound states pairs are not
protected by TRS. However, we can establish that a
magnetic mirror symmetry 202 5 weaker crystalline
symmetry, can protect the Majorana Kramers pairs.

VII. CONCLUSION

We have demonstrated that a 1D nanowire proxim-
itized by a 2D superconductor with mixed singlet and
triplet pairing can enter a topological phase supporting
Majorana Kramers pairs, even when the superconduct-
ing substrate is topologically trivial. More generally, we
have shown that the topological phase diagram for the
coupled system exhibits four different phases, such that
both the SC substrate and the NW can be independently
tuned in either a topological or a trivial phase.

Although we focus on a specific system, our findings
are quite general and should be applicable also to var-
ious other configurations and dimensionalities. This is
because the underlying physical mechanism relies on in-
ducing an effective Fermi momentum in the wire different
from that in the substrate.
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Appendix A: Comments on inducing S + P—wave superconductivity via proximity effect

In the main text we have proposed to obtain a Fermi momentum mismatch between pf;;d and pr by fixing the
chemical potential of the substrate while tuning the chemical potential of the NW, however this can be achieved also
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and the difference between the Fermi momenta is achieved by tuning the common chemical potential; this is easier
from an experimental perspective. An example of a corresponding phase diagram is plotted in Fig. note that
indeed all the four combinations of topological phases are recovered.
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FIG. A2. (Color online) The phase diagram of a 1D metallic NW deposited on top of a 2D SC substrate. We plot the value of
the topological index ¢ defined in Eq. (9) of the main text as a function of A, and of the chemical potential x, which is taken
to be the same for the NW and the substrate. We note that all the four possible phases corresponding to § = +1,+2 can form
due to the Fermi momenta mismatch occurring because of different masses of quasiparticles in the SC and the NW. We have
set M =1.5,m =9, =2.5, and tiun = 0.5.

Appendix B: Non-TRS p-wave

As we have already discussed in the main text, not only time-reversal-symmetric (TRS) s + p—mixtures in the
substrate may induce Majorana pairs at the ends of a proximitized NW. Below we consider a metallic nanowire on
top of a substrate with a TRS-breaking s 4+ p—wave pairing described by the following Hamiltonian:

HTB = Z _NSC\I/I-J\IITJ + O—AS\I/’I‘O'\IIT‘,fﬂ' -1 Z (\I/I-g-\:[quLz,o’ + \III-J\IIT+y,J)

reSC,o reSC,o
SAY Z (i\Ilra\IJr+m,—a + \Ilralllr-&-%—a) + Z _MNWC;UCZDO' - tclgcw-&-l,o + ttun Z \IJ;y:()JC:v,a +H.c. (Bl)
reSC,o zeNW,o zeNW,o

We demonstrate in Fig. that even when the time reversal symmetry is broken in the substrate in the presence of
chiral p-wave pairing, Majorana pairs still form at the ends of the wire, and a phase diagram similar to that presented
in Fig. 4] of the main text can be constructed. For a non-TRS p-wave SC these pairs cannot anymore be referred
to as Kramers pairs, since it is no longer the TRS that protects them. However, they are protected by a different
symmetry denoted 'magnetic mirror symmetry’ (a weaker crystalline symmetry). For details we refer the reader to
Refs. [40-42].

Appendix C: Derivation of the effective Hamiltonian for the nanowire obtained by integrating out the
s + p-wave substrate

1. Model

We consider a 1D nanowire (NW) with Rashba spin-orbit coupling on top of an s+ p-wave 2D superconductor (SC).
T
Writing the modified Bogoliubov-de Gennes Hamiltonian for the SC in the Nambu basis {\Ilm, Y, 2l Pl —yt pT}
we get:

& 0 Ag  ixp_
0 é-p _i%er As é-:
As  ixpo =& 0 |* P aM 2M
—ixpy A 0 —&

Hsc =
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FIG. A3. The phase diagram of a 1D metallic NW deposited on top of a 2D SC substrate with a mixed s-wave and TRS-

breaking p-wave pairing. Axes and color codes are the same as in Fig.[5| The black dashed line at A ~ 0.86¢ marks the bulk
topological phase transition. We set usc = 3, Ay = 0.5 and tyun = 2.

where pr is the Fermi momentum, p4 = p, & ipy, ¥po creates an electron with momentum p and spin o =1, ]. The
singlet order parameter is denoted A, whereas the triplet pairing is denoted . We write the Hamiltonian of the NW

T
. - . + + .
in a similar Nambu basis {cp”, CpatsClp |5 fc_me} :

M, 0 0 0 ,
_ 0 7, O 0 _ Pz
HNW - 0 0 M, 0 ) Mo, = om M

0 0 0 -,

where p is the chemical potential. We assume that tunnelling between the NW and the SC is allowed, and that the
momentum along x axis is conserved. The corresponding Hamiltonian is given by

dp
HT = ttun Z/ (27’()2 [\IJLUCI%U + C;r)zU\I/PO']

In what follows we study how the interplay between different types of pairing in the SC affects the induced super-
conductivity in the NW.

2. Path integral approach
We start by writing the partition function in terms of the path integral:
Z = / De} Dy, / DU DV, ¢/ (SNw+8ic+51) (C1)

where Sy, S and St are the actions for the NW, SC and respectively for the NW-SC tunneling:

1 dp dw -1
SgC = 5/ (27T)2 %‘I'L [G(S)C] \I’P

1 [dp, dw -1
0 x 0
Syw = 5/ om %CLI [GNW] Cp,

_ 1 [ dp dwrgy Pyt
Sr =3 / el Wty +cf, ML)

We use a notation similar to the previous subsection, however here we keep in mind that ¢, =

T T
(cme, Cpols Cipwi’ —cipﬁ) and ¥, = (\I/m, Upt, \IJEN, —\IJEPT) . The bare Green’s functions in energy-momentum
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space can be written as
, -1 ) -1
Gso(w,p) = [w+10 —Hsc(P)] . GRw(w,pe) = [w +10 — Hnw(pa)] -
Hereinafter we integrate out the superconducting degrees of freedom and we obtain an effective action for the NW,

as well as its effective Green’s function.
First, we rewrite the path integral in Eq. (C1) as

Z= / Del, De,, 'Stow / DU DV, /(S5 +57),

and then we perform the inner integration over the Grassmann variables \III, and Wy:

. 1 dp dw -
/D‘I’L DU, ¢i(Ssct81) = / DU DV, exp {2 / z :) . gq@ G) ™ 0, + {\III,HTCM + c;$H§wp}}

It is known that for a given complex-valued matrix A and Grassmann vectors ¢ and &' the integral

/DnTDn exp [T An+nT¢ + €] = det A - exp [-€TAT'(] .

To obtain a similar expression we denote A = % [ch] ! and (= %HTCpnm = %C;Lw ’H,;ﬂ, and we get:

1 -1 ) 2 1
emden 5 (00 e (geh ) (G0 (37eem. )} =
= det 5 (Gsc) - exp _§CP7L1:HTGSCHTCP/’L(E

Before inserting this expression back into the partition function, we employ the fact that the functional determinant

is absorbed into the measure. Thus we have

4SO . [dp, dw 1 [dp
Z x /DCLJDDCPE@ Snw . eXp{Z T;%CIMM |:—2 /T/;_JH’}G%CHT Cpn,

Finally, the effective action and Green’s function for the NW can be written as

dp,, dw 1 [dp

and
_ -1 dp
Gty = (Gw) ' = [ T2 MG

3. Effective Green’s function for the nanowire

As we have just demonstrated above, within the path integral formalism, integrating out the superconducting degrees
of freedom is equivalent to integrating the retarded Green’s function of the superconductor over p, — the momentum
along the direction perpendicular to the axis of the NW. Therefore, we can write the ”"perturbed” retarded Green’s

function of the NW in the following form:
-1

GNW(vaa:) = |w+ 10 — HNW(pz) - t%un Z ch(wapmapy) )

Py

where we defined
ch(%px,py) = [W +10 — HSC (pampy)}_l .



12

We start by rewriting the retarded Green’s function of the SC as G3 = % > Gg, where
o=%

1 1 ice~0p wt+€ Ag+oxp
Ge — T P s
ew) =~ (v 1) 2 (5o T

with p = | /p2 + p2 and e"*%» = % (s = £1). To integrate this function over p, we linearize £, around the Fermi

energy &, = vp(p — pr), where vp = prp/m is the Fermi velocity. There are four different integrations to perform,
namely

X7 — / dpy 1

o 2m £2 4 (A + 03p)? — w?
P

2m E2 4 (A + 03p)? — w?

X9 = _/d& et

2 21 &2+ (As + 03p)? — w?
X5 =~ / dpy £pe'oor

3 2m £2+ (A + 03p)? — w?

We start by considering the case of p, # 0 and we modify the integrand

/dpy (o) L 1 1 /dq chq (o)
—_ _— = = T S = ——— e [ ] s
2m £2+ (A + 03p)? — w? Py = Pa 514 vh+ 32 py| ) 27 (chq+ A4,)? + Q2
where
o \2
_ oxAs — prpvs O = (Ag)” —w? o _ |As + ospr|
O [ e PRV N
pz 1+1isshgq pz 1 +1isshgq

(¢) =1, () =vr(lpz|chg—pr), (o) = » (9) =vr(|pz|chg —pr)

"~ |ps| chgq

for Xy, X1, X5 and X3 correspondingly. For the sake of simplicity, in what follows we consider only in-gap energies,
le. |w| < A%, and we compute the zeroth integral

lpz|  chgq

As +1iQ, -1+ A, +iQ,
arctg .
V1— (A, +iQ,)2 V1— (A, +i9,)2

We proceed with the 1st integral and we note that

1 1 2
Im

7 — I
v+ 522 |pg| 70,

0=

v d ch?
X7 = —propXg — F / q q

v2 + %2 | 27 (chq+ A,)?2 + Q2

where the last integral has a logarithmic UV divergence. To calculate it we introduce a cutoff in the following way

/ dg ch®g ~ m / dg ch?q A2
2 (chq+ Ag)2 + 02 AStoo ) 2w (chq+ Ag)2 + 02 (chg+ Ay)2 + A2
The integral can be done straightforwardly, and we obtain

/dq ch?q A? B
2m (chq+ A,)2 + Q2 (chq+A4,)2 +A2

2 A2 1 (Ay +iA)? —1+4+ Ay +iA
-~ oz | T arctg -
TA2-Q7 | A V11— (4, +iA)? V1— (4, +iA)?
1 (Ay +i8,)? 14+ A, +iQ,
——1Im arctg =%
Qs V1= (A, +i9,)? V1= (A, +i8,)?
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We expand the expression above keeping only the leading terms in 1/A:

L 2 (Ay +1i9Q0) arcte -1+ A, +i02 N 1n2A+O(1>
Ty V1— (A, +iQ,)2 V1—(As +iQ,)2 A

Along similar lines we compute the second integral

112 —14 A, +i9,
X5 = — ++21

1
2 2 Im -
V5 + 3% pp T8 \/1—(A(,+ZQ,,)2 \/17 A, +iQ

Note, that there is no dependence on the sign of s, even though it is present in the definition. The third integral can
be expressed in terms of the zeroth and the second ones:

X§ = vp(pa X — prX3)
To obtain the integrals computed above in the limit of p, = 0, we take the limit lim (it is not difficult to see that
Pz—

those limits exist). Finally, we write the retarded Green’s function integrated over p, in terms of all the integrals
computed above:

dpy o _
/gGo(W,P) =

wX§ + X7 io(wXg + X9) A X§ + o X{ i0 (A X3 + 02X])
| —io(wXg + X3) WXE +XT —io (ApXS +02XS)  ALXG +oxXy |
T ALXG +oxXT  io (AgXS +05XS) wXg — X7 io(wXg —Xg) | =
—io (Mg XS + 05XS)  AgX§ + 05XY —io(wXg — X3) wX§ — X¥

=X{o0® (wrg + A7) + X700 Q (1, + 03e7y) — 0 X0y @ (wTo + ApTy) — XS0y Q (0T, + 3¢7y). (C2)

where we denoted 3 = s/vp and A, = A, + ospp (not to confuse with AZ%;).

Bringing together all the expressions calculated above we have:

L1 2 A, +i, Ay + 6,
X5 = — T2 o arctg — —
Vp + 72 1Q, \/pw +zQ )2 \/p%_(Ao'_’_Z.QU)Q
2 Ay +i€, Ay +iQ, | 1
X{ = —prupX§ — QUF 5 (A +i0,)* arctg —lpal + R —In2A
U \/pI —HQ \/p B A —|—ZQ) T
1 2 1 Ay +iQ,
X{=——%——5— p.-Im arctg “lpel + Ao i
vE A+ 7TQ \/px A +'LQ \/px A JrZQ )2

X3 =vp (pX§ —prX3),

where tildes mean that the corresponding functions are taken at p, =1, i.e. A, = As(p, = 1) and (AZ; =Q(p: =1).

4. Studying the induced pairing

We now study the low-energy approximation for the NW. Following Ref. [I5] we assume that its effective Hamiltonian
can be found as

HNW = - [GNW(W = O,pw)]il )
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where we keep all the terms up to those linear in p,. The induced singlet pairing is given by (HGN%V) 13+ Whereas the
induced triplet pairing is defined by (HGN%V)l 4+ 1t is easy to check that the corresponding symmetries are respected,
i.e. the singlet pairing term is even in p,, whereas the triplet pairing term is odd.

We substitute all the functions in Eq. to obtain an effective low-energy Hamiltonian. The induced pairing

terms can be found as

) t2 1 Ao_ — 10> Ao’ AV QV — Pz 1,4V QV
I Y I Y SN ES 37
TUE Pa—0 . |AU‘ I 1+ \/ (A —I—ZQ \/px A + 1Q, )
. 12 — A, —ios|A, 1 —lpe| + A +iQ
iy [ g L
TUR pa—0 4 |A, | 1+ ¢ \/ (A +/LQ \/p A JrZQ )2 |
L x
. t2 Ag’ —1 ~AO’ 1 — Pz A Q
)\md _ ‘tun : OZ X Re | ‘1 Z?z}f arctg |p |+ aal
TUR Po—r |A| i + i \/ — (A, +1i9,) \/Pm (A, + i, )2

Note that the functions in square brackets are not analytical at p, = 0, and therefore we must keep the limit sign and
we cannot just set p, = 0. Numerically it means that we evaluate these functions for a very small non-zero value of
pz. We define also a renormalized chemical potential

Mind _ t;n plmlm ZXl _
2 In2A 1 |Ay| — o5, Ay +iQ, —|pa| + Ay + i
— un R t
P e V1532 pﬁozm T S et

\/pm A —i—zQ)

In terms of the constants defined above we write an effective low-energy Hamiltonian for the NW:

\/pm (g + Q)

% _,,ind Z’)\indpw Aind Z%mdp
" _Z‘>\indpac % _ Mind Z%mdp A;nd
HNVV = Aisnd Z%mdp _ (% _ de) _Z')\indp:C ’ (03)
_i%indpw Alsnd i)\indpw _ (% _ ’uind)

or equivalently

2
Hl%f\f)v — (;);/L _ umd) 00 ® Ty — )\md POy T, + A;nd 00 R Ty %md POy ® Ty

To find the gap for the Hamiltonian in Eq. (C3)) we linearize its spectrum around two different Fermi momenta
emerging due to non-zero induced spin-orbit coupling value:

‘Agnd — msnd ()\ind — /)2 2Mind/m>’

%lnd 2
\/1 + )\md +2de/m

ind __ .
AL = min
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