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In this study, by theoretical means, we reveal the main mechanisms that underpin the microstructure evolution driven
by the formation of self-interstitial atoms (SIAs) clusters in body centered cubic iron under extreme conditions. Using
Frenkel pairs accumulation simulations we point the complex interplay between the two families of interstitial defects,
the dislocation loops with Burgers vectors <100> and ¥2<111> and the tridimensional C15 clusters. We reconcile the
previous sparse understanding of microstructure evolution that put in opposition various mechanisms of defects
formation by showing that both ¥2 <111> loops self-interactions and C15 clusters transformations produce <100> loops.
Moreover, we exhibit the fact that these tri-dimensional clusters can form under irradiations with only the Frenkel pair
accumulation that mimics electron irradiation and not only in high-energy cascades as it was previously stated. Finally,
we show that the tridimensional C15 clusters even precede production of loops under irradiation.
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| Introduction: 2D and 3D defects in irradiated bcc-iron

The performance of materials under extreme conditions is driven by the formation and the mobility
of clusters of vacancies and interstitial atoms. Vacancies and self-interstitial atoms (SIAs) form either
two or three-dimensional clusters depending on their sizes and mainly because of the competition
between the interface and the bulk energies. In body centered cubic (bcc) metals, the clusters of
vacancy behave similarly [1], while the SIAs clusters underlay complex energetic landscape with
plenteous morphologies [2, 3, 4, 5], iron being one of the more exotic [6, 7].

In bec transition metals, single SIA generally forms a crowdion that is a defect aligned along the
<111> direction [8, 9, 10, 11, 12]. Few of these dumbbells can pack together into bundles, forming
small dislocation loops. In iron, resistivity recovery as well as internal friction experiments and DFT
computations show that the most stable configuration for single SIA is a <110> dumbbell. Packed
dumbbells keep this orientation until around five SIAs and then change orientation above, into <111>
direction according to DFT predictions [2, 13, 14].

Dumbbells in iron may also transform into three-dimensional structures with symmetry
corresponding to C15 Laves phase [6, 14, 15]. These C15 structures are stable, immobile and exhibit
large antiferromagnetic moments. However, for higher number of SIAs, they face competition with
nanometric-sized dislocation loops. According to a recent DFT informed discrete-continuum model
[6], C15 clusters may transform into ¥2 <111> loops for more than around 50 SIAs, or into <100>
loops for more than around 90 SIAs.

Indeed, transmission electron microscopy (TEM) observations in bcc transition metals reveal the
existence of planar loops. They can have the Burgers vector aligned along either ¥2<111> (highly
mobile) or <100> (immobile), depending on temperature [16, 17, 18, 19, 12]. Dislocation loops with
15<111> Burgers vector are dominant in most bcc metals, and are therefore presumed to be the most
stable configurations for bundling crowdions. In iron, magnetism controls the relative stability of both
morphologies. The ¥2<111> loops are the most stable at low temperature while above 800K it is the
<100> loops [10]. These <100> loops are also observed in irradiated iron at low temperature.
However, though numerous studies tackle their formation, as we will see below, the very details of
the mechanisms at work are still subject of intense researches.

Masters [16] investigated first experimentally the formation of <100> loops in irradiated iron in the
absence of vacancy cluster. He suggested that the formation of these loops is based on the interaction
between two ¥2<111> loops. Eyre and Bullough [18] rather suggested that ¥2<110> loops are involved
in the formation of <100> dislocation loops. Decades later, based on the seminal work of Osetsky et
al [20] on the ¥2<111> loops interaction, Marian et al [21] explored the two possibilities by means of
atomistic simulations. They showed that the formation of <100> segments may happen from the
interaction between two Y2<111> loops with appropriate sizes and specific orientations. They
concluded that <100> loops can be formed from ¥2<111> loops. Xu et al [22] showed the complete
transformation of two colliding ¥2<111> loops into <100> loop. This process is stochastic in nature
according to Xu et al [22], and highly infrequent due to the strict conditions required. However, using
TEM, Arakawa et al [23] did not put in evidence any <100> loops while examining tens of Y2<111>
loops reactions. Recently, Wang et al [24] added another path for the formation of <100> loops, based
on a ternary loops reaction which involves also ¥2<111> loops. In addition, Chen et al [25] pointed
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in their study that <100> loops may result from the re-arrangement and reorientation of a single
crowdion cluster.

Besides, other authors returned to the role of single events like thermal spikes or displacement
cascades for the creation of <100> loops in iron. Thus, recent simulations by Khara et al [26] showed
that both 2 <111> loops and <100> loops may emerge from one single track induced by swift heavy
ion. Further, Peng et al [27] reminded that displacement cascades produce shockwaves around them.
In iron, they promote the transformation of SIAs into <100> loops by a so-called punch out
mechanism, at distance from the cascade cores. These loops also arise directly inside cascades
according to Calder et al [28], with an increasing probability of formation with pka mass. Granberg
et al [29] provided incremental insights on this point and evidenced that overlap of cascades on pre-
existing primary radiation damage readily produces <100> loops too.

Alternatively, Zhang et al [30] called for the nucleation of very stable C15 clusters. This class of
clusters, identified as “sessile” and “metastable” clusters in Gao et al [31] or later as C15 clusters in
Marinica et al [14] — appear directly inside high-energy cascades as observed too by Zarkadoula et al
[32] or in overlapping cascades after Byggmastar et al [33]. Zhang et al [30] argued that once formed,
C15 clusters grow by trapping small mobile interstitials induced by irradiation. C15 clusters
subsequently transform into ¥2<111> loops or <100> loops at equivalent amount. While this scenario
is based on empirical potential simulations, ab initio calculations performed later by Alexander et al
[6] bring thorough support. One may also anticipate that <100> loops might form with a much lower
probability since they require the stabilization and transformation of much bigger C15 clusters — by
roughly forty SIAs — than %2<111> loops [6].

Using extensively molecular dynamics (MD) simulations in iron, we investigate the nucleation and
growth of interstitials defects, such as C15 clusters and both ¥2<111> and <100> loops by irradiation.
We apply a demarche introduced first by Limoge et al [34] in which periodic creation of Frenkel pairs
is designed to mimic irradiation. Such methodology already provided valuable insights on
mechanisms of irradiation induced amorphization in metallic systems, like copper-titanium
intermetallics [35] or Ni-Zr solid solution [36, 37], as well as in oxides [38, 39] or in graphite [40].
With this methodology, in nano-metric supercells, we scrutinize on the fly the evolution of defects —
including C15 clusters and both ¥2<111> loops and <100> loops — as a function of dose up to 1.0 dpa.
In addition to these integrated simulations, we rationalize our observations by applying dedicated
calculations involving single C15 cluster. In this regard, we introduce SIAs only (without the counter-
defect, vacancy) close to C15 clusters of different sizes, in a similar manner as performed recently by
Monasterio et al [41] and taking advantage of previous estimations [6].

Combination of both types of simulations allows us to provide a new route for the nucleation of <100>
loops along with insights on formation and stability of C15 clusters as explained below.
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Il Methodology: Frenkel pairs accumulation

We perform all our molecular dynamics simulations using the LAMMPS code [42] with the M07
EAM potential for iron [14, 43]. This potential has the particularity of satisfactory reproducing
relative formation energies of small loops with respect to C15 clusters, in agreement with 0 K ab
initio calculations [6, 14]. We design two sets of simulations: the first set explores the entire process
of nucleation and growth of defect clusters and/or loops by irradiation while the second one targets
the transformation of specific configurations of C15 clusters.

In the first set of simulations, irradiation is mimicked by performing Frenkel pair accumulation (FPA)
in a chosen supercell, following previous studies [34, 35, 38, 39]. Herein, iron atoms are randomly
chosen in the entire supercell and randomly displaced at a distance of more than 1.2 A than any other
atom. The time between each of these displacements is set to 2 ps. Interstitials and vacancies created
lead to the increase of pressure and of temperature. Both are driven back to their target values (300K
and 0 GPa) within 2 ps thanks to careful controls relying on Berendsen thermostat and barostat.

In order to track finite size effects, we investigate two supercell sizes, one containing 11664000 atoms
(called hereafter big supercell) of volume 51.5 x 51.5 x 51.5 nm® and the other one containing
1458000 atoms (called hereafter small supercell) of volume 25.7 x 25.7 x 25.7 nm?. 2500 and 400
Frenkel pairs were introduced in the big and small supercell, respectively, every 2 ps. This makes
dose rates of 1.07 108 dpa/s and 1.37 10® dpa/s, respectively, by far higher than any experiments.
Indeed, any long-range (thermal) diffusion is hindered for any defects in our FPA simulations. Hence,
our simulations likely describe low temperature cases where kinetics effects can be neglected. In
addition, they can describe cases where migration of defects is impeded by some external factors like
trapping at impurities, for example vacancies in Fe-C or interstitials loops for Fe-Cr [44, 45].
However, local recombination of Frenkel pairs and reorganization of defects still operate within few
picoseconds [46, 47] and provide an annealing rate that counteracts the (high) dose rate of defects
produced by FPA. In addition, dislocations can absorb defects in the entire supercell since capture
radii are of the same order of magnitude as the size of the supercell, being 1 nm and 4 nm, respectively
for vacancies and interstitials [48, 49].

In the second set of simulations, we explore the stability and the role of C15 clusters observed in FPA
simulations. To do so, we partly follow recent works done by Monasterio et al [41] for investigating
the swelling induced by SIAs clusters in iron. We introduce single interstitials one after the other (up
to 500 interstitials) with a time interval of 1 ps, in the vicinity of preexistent C15 clusters. We consider
two sizes of C15 clusters, each of them embedded in supercells of 96.86 A of thickness with a square
base of 177.67 x 178.88 A2 One C15 cluster contains 87 SIAs, and lies far above the stability limit
of C15 cluster with respect to ¥2<111> loops [6], and close but slightly below the stability limit with
<100> loops. The other C15 cluster is made of 49 SIAs, and is situated slightly below the stability
limit given by the ¥2 <111> loops.

We perform the analysis of our simulations using Ovito [50]. Dislocations are determined using the
DXA algorithm [51] using default parameters. Densities of ¥2<111> and <100> dislocations are then
evaluated by dividing their total length by the total volume of the supercell. In addition, knowing that
C15 atoms exhibit icosahedral coordination, we use the polyhedral template matching method [52]
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to identify them. Once selected, we classify C15 clusters as a function of their size, starting from 12
C15 atoms, the smaller C15 cluster.

As explained extensively elsewhere [6, 15, 14], C15 clusters exhibit complex geometry which calls
for specific notations and clarifications that we recall hereafter. The building block of C15 cluster
corresponds to a Z16 Frank-Kasper polyhedron having 12 atoms at interstitial positions together with
10 vacancies around a specified bcc atomic site. Larger C15 clusters gather a set of Z16 Frank-Kasper
polyhedron having centers situated on one, among four, diamond network, which underlies the initial
bee structure. The C15 size refers to the atoms of the C15 cluster that are in interstitial positions as
well as the centers of the Z16 polyhedra. The C15 Laves phase is obtained from the bcc phase by
replacing 2n bcc atoms with 3n C15 atoms. This gives, in the infinite C15 cluster, a factor two
between the overall interstitials contained in the cluster and the atoms in interstitials positions.
However, in our analysis, beyond the atoms in the interstitial positions we count also the centers of
716 polyhedra giving what will be reported in the following as the C15 size. The rough factor, in the
infinite size limit, between the overall SIAs number of C15 cluster and the total number of counted
atoms in C15 cluster is 3.

In the following, C15 SIA clusters are denoted 1515 cluster, where n is the net number of SIAs, i.e.,
the number of additional atoms in the bcc lattice. For example, the smaller C15 cluster containing 12
C15 atoms (without the atom located in the center of the C15 cluster that shares a site from the bcc

C15
2

structure), has a net number of 2 SIAs (= 12 interstitials — 10 vacancies) and is denoted I cluster.
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Il Results: Nucleation and transformation of C15 clusters

We start with the analysis of the first set of simulations where we apply the FPA methodology. We
report evolutions of dislocation densities and C15 sizes with dose (dpa) on Figure 1 and on Figure 2,
respectively, for small and big supercells. We note that evolutions of densities of dislocations as well
as number and size of C15 clusters behave identically with dose for both sizes of supercell. In
addition, evolution of microstructures look very similar too, as illustrated on snapshots at different
doses in Figure 3 and in Figure 4. This means that using a moderate size of supercell around one
million atoms is sufficient to capture most meaningful information.

In both simulations, with big and small supercells, different stages emerge. We observe that the
nucleation of C15 clusters — bigger than I$!° cluster — occurs first, and before any dislocation (Figure
1 and Figure 2). Then, their size (y axis) and their number (color scaling) increase gently with
irradiation dose.

At 0.01 dpa, ¥2<111> loops start to nucleate (see Figure 3 and Figure 4). Many of these loops are
bound to an immobile C15 cluster (see Figure 3 and 4 at 0.02 dpa) conforming to observations done
by Déres et al [53]. At the same dose of 0.01 dpa, C15 clusters reach sizes of 40 C15 atoms or
equivalently I35 cluster. This size of cluster is much lower than the crossover between formation
energies of ¥2<111> loops and C15 clusters. Nucleation of ¥2<111> loops from C15 clusters takes
therefore a kinetic path rather than a thermodynamic one. Next, <100> loops come out for doses of
around 0.02 dpa, with much lower density compared to ¥2<111> loops.

Subsequently, densities of both types of dislocations increase with irradiation dose. They show
maxima at different values of dose, being around 0.1 dpa for ¥2<111> loops with densities of 4 10'°
m and between 0.2 and 0.4 dpa for <100> loops with densities of roughly 10'® m™. In between, we
observe that the number of C15 clusters shows its maximum at 0.03-0.04 dpa with sizes smaller than
I£15 cluster. This number decreases while the density of ¥2<111> loops increases, likely because the
former feeds the latter as we will see in the following.

In parallel, sizes of some C15 clusters continue to increase with dose, even far above maxima of
dislocations densities i.e. at above 0.4 dpa. Besides, loops interact to each other (at around 0.1 dpa
and further) and progressively transform into forest of dislocations as can be seen on Figure 3 and on
Figure 4. Some interactions belong to reactions suggested by Masters and Xu et al [16, 22] and
mentioned in introduction. These reactions yield to nucleation of <100> loops or to larger Y2<111>
loops.

Densities of both ¥2 <111> and <100> dislocations decrease and reach steady state above 0.8 dpa,
with density of dislocation of ¥2 <111> loops representing 90 % of the total, which is slightly more
than seen by Peng et al [27] of around 80%. This value is in line with some experiments (see Chen et
al [54] or Schiublin et al [44]) where a low amount of <100> loops is seen in irradiated iron below
300°C. Yet, comparisons remain not always relevant since the absolute ratio between 1/2<111> and
<100> loops seen experiments can be biased by surfaces that readily eliminate 1/2<111> loops. Total
density of dislocations stabilize at roughly 10'® m?, around two orders of magnitude higher than
experimental observations at room temperature [55], but only 4 times higher than values obtained at
93K [44]. Combination of very high dose rates and temperature employed in our FPA simulations are
certainly responsible for such overestimation, and it remains uneasy to rescale with temperature or
dose rate [44, 56]. In addition, some C15 clusters of more than 153 C15 atoms survive, which

corresponds to I$1° according to large-scale rules [6]. Few of them even reach sizes of more than 255
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C15 atoms (or equivalently IS5 cluster size). At steady state, one observes a balance between

creation of dislocations from C15 clusters and their formation.

We now turn to the second set of simulations in which are investigated the responses of 154> and I§+°
clusters to injection of interstitials in their vicinity. As we describe below, responses are strikingly
different in term of C15 evolution as well as concerning the nature of dislocations that nucleate.

We consider first the behavior of the smaller C15 cluster, i.e. the I5d° cluster (147 C15 atoms),
reported on Figure 5. Under the injection of interstitials, the I£1° cluster increases first its size by
trapping small mobile interstitials induced by irradiation, as already put in light by Zhang et al [30].
The growth continues up to roughly I£1° cluster (159 C15 atoms) at which a %<111> loop nucleates
(snapshots on Figure 6). While ¥2<111> loop develops, the C15 size drastically decreases, feeding its
growth with the contribution of injected interstitials. Injection of interstitials stops at 500 ps (500
interstitials injected one after the other every 1 ps). Subsequently, the entire system smoothly evolves
toward a steady state. Density of dislocation stabilizes at around 750 ps, namely 250 ps after the end
of interstitials injection. In parallel, primary cluster stabilizes at roughly I51° (69 C15 atoms) leaving
also around some C15 clusters smaller than 1< 15 (21 C15 atoms). This is expected since, for the M07
potential, I$3° is situated at the limit of the cross point of C15 cluster stability (between I53° and I$}°
with 20-90 C15 atoms) with respect to ¥2<111> loops [6].

The picture is quite different concerning the evolution of I$1° cluster (261 C15 atoms), as can be seen
on Figure 7. The cluster decreases in size and a <100> loop nucleates (snapshots on Figure 8) at
around I£1° (159 C15 atoms). The <100> loop develops and reaches a steady state at around 100 ps
after the interruption of the injection of interstitials. In between and 150 ps after the nucleation of
<100>, a ¥2<111> loop nucleates too. In turn, this ¥2<111> loop develops by steps and then reaches
a steady state lately, around 500 ps after the end of injection. Its density gets similar to the <100>
loop. Meanwhile, primary cluster stabilizes — at a lower size than previously — at around I53° (39 C15
atoms) and comparable residues are left around in the form of clusters smaller than I7C15 (21 C15
atoms).

Interestingly, both small and big C15 clusters contribute to the creation of loops at different degrees.
While ¥2<111> loops come up from both cluster sizes, only the bigger one can help the nucleation of
<100> loops. Therefore, their formation probability is obviously low since not all clusters can attain
the required size. Nevertheless, FPA simulations show that some of them can reach large sizes

dynamically, without their transformation into any loops.
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Figure I (color online): Upper panel shows the evolution of dislocation 2<111> and <100> loops density (at 300K),
represented respectively by red and green lines and calculated by dividing their total length by the total volume of the
supercell of 1458000 atoms. Lower panel shows C15 size as a function of dose in simulation supercell. In the lower panel

is plotted the number of C15 clusters (color scaling) for each given CI35 size.
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Figure 2 (color online): Evolution of dislocation Y2<111> and <100> loops density, in the upper panel and C15 size in
the lower panel as a function of dose in a simulation supercell containing 11664000 atoms (eight times bigger than the
one of Figure 1) at 300K. Colors and legends are the same as in Figure 1 except the color scaling of the lower panel

that has been rescaled by eight for comparison.
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Figure 3. (color online) Selected snapshots of the evolution of dislocations and C15 clusters in iron as a function of doses
for the small supercell (containing 1458000 atoms). Red and green lines represent respectively Y2<111> and <100>
loops. Yellow balls and sticks are for C15 atoms.
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Figure 4: (color online) Selected snapshots of the evolution of dislocations and C15 clusters in iron as a function of doses
for the big supercell (containing 11664000 atoms). Legends are the same as in Figure 3.
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Figure 5: (color online) Evolution of dislocation density and C15 size as a function of time starting from a 49 SIA C15
cluster. 500 interstitials are injected, one after the other every 1 ps.
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Figure 6: (color online) Nucleation of /2<111> dislocation from a 49 SIA C15 cluster. Legends are the same as in Figure

3.
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Figure 7: (color online) Evolution of dislocation density and C15 size as a function of time starting from an 87 SIA C15
cluster. 500 interstitials are injected, one after the other every I ps.
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Figure 8: (color online) Nucleation of <100> loop from an 87 SIA C15 cluster. Legends are the same as in Figure 3.
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IV Discussion: <100> loops nucleate from C15 clusters and 2 <111>
loops

Our simulations suggest that the response of iron to irradiations can be decomposed into different
stages. We have identified the following ones: (i) production of point defects by irradiation; (ii) their
transformation into C15 clusters; then (iii) nucleation of ¥2 <111> loops (from C15 clusters) and;
subsequently (iv) of <100> loops (from C15 clusters and %2<111> loops); finally (v) stabilization of
a steady state in which all types of defects are present. Besides this sequence itself, some new features
and mechanisms arise and may allow updating current knowledge on defects induced by irradiations
in iron.

One of interesting results is the fact that nucleation of C15 clusters directly occurs from the
accumulation of single SIAs. This result brings further support to previous observations that C15
clusters may (i) form in high-energy cascades as seen by Gao et al [31], Marinica et al [14] and
Zarkadoula et al. [32] or (i1) appear as the result of overlap of cascades as shown by Byggmastar et
al. [33]. While not surprising according to the general picture based on formation energies [14, 6],
the assertion that C15 clusters dynamically nucleates from primary defects in irradiated iron is
therefore significantly strengthened. Additionally, since our simulations reproduce electron
irradiation at low temperature, as claimed by other authors [35, 36, 37], we provide an additional
regime — SIAs transformation into C15 clusters under electron irradiation — to the ballistic one found
by Byggmiistar et al [33].

Another interesting result of our simulations is the fact that C15 clusters precede the formation of —
any —loops, being ¥2 <111> or <100> ones. This is different from the results proposed by Byggmastar
et al [33] who showed that ¥2 <111> loops form directly inside cascades, and before any C15 clusters.
Nevertheless, present work feeds the work hypothesis done by Zhang ef al [30] that C15 clusters exist
prior to loops.

In addition, and besides the growth of CI15 clusters itself which operates by capturing mobile
interstitials as described by Zhang et al [30], their subsequent transformation — or not — into both %2
<111> and <100> loops is very informative. One observes that C15 clusters may readily transform
into ¥2<111> loops when their size is above their stability limit. Wang et al [57] observed recently
such a transformation with particular temperature / point defects conditions. These C15 clusters may
also continue to grow and reach sizes that lead them to relax into <100> loops. Possibly, they may
even further enhance their size, still fed by mobile interstitials produced by irradiation.

Yet, C15 clusters appear as one of the seeds for the nucleation of loops and especially the <100>
loops in iron under irradiation. This is further supported by the fact that most dislocations begin and
end into C15 clusters.

Indeed, the role of C15 clusters does not preclude any other well-known mechanism for the creation
of <100> loops. Rather, we do see in our FPA simulations that complex self-interactions between
12<111> loops result in their formation as suggested by Masters [16] decades ago. While it is uneasy
to decide if these interactions involve three ¥2<111> loops as pointed by Wang et al [24] recently, the
formation of <100> loops likely requires two as explained by Marian et al [21] and by Xu et al [22].

Apart from these new features and mechanisms themselves, our results provide extra situations that
promote nucleation of C15 clusters and of <100> loops from them. Recalling, our FPA simulations

12
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operate at high dose rates. It reasonably corresponds to electron irradiation at low temperature [35,
36, 37]. No long-range diffusion is therefore allowed, but this does not impede short-range
movements. Indeed, Frenkel pairs recombination [46, 47] as well as absorption of defects by
dislocations [48, 49] act. Both ensure the entire transformations observed and therefore, short-range
interactions alone explain the nucleation of C15 clusters and their transformation into loops and in
particular <100> loops in irradiated iron.

13
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V Conclusion

In the present work, we intensively use molecular dynamics simulations to investigate the response
of iron to irradiation. For this purpose, we used the Frenkel pairs accumulation framework whose
main characteristic is an accelerated introduction of damages. With these simulations, we expect to
mimic reliably electron irradiation of iron at low temperature, knowing that thermal — i.e. long-range
— diffusion is overlooked.

In such conditions, we find a complex interplay between the two main families of interstitial defects
in bec iron, the 2D defects — namely ¥2<111> and <100> loops — and the 3D ones —, i.e. C15 clusters.
The present investigation reveals that: (i) C15 clusters appear in the very early stage of the
microstructure evolution of irradiated iron, and prior to — any — loops and (ii) both ¥2<111> and <100>
loops can directly nucleate from C15 clusters. Interestingly, some other well-known mechanisms —
like the interactions between ¥2<111> loops — still operate for the transformation of ¥2<111> loops
into <100>. Hence, the present study does not exclude any previous proposed mechanisms.

In addition, having proved that both C15 clusters and Y2 <111> loops may yield <100> loops, we also
establish that each mechanism envisioned previously as contradictory may rather collaborate. Further,
C15 clusters may feed loops when thermal diffusion is hindered, while loops self-interactions may
take over otherwise. This might explain the formation of <100> loops in dense systems as Fe-Cr [44],
in which the diffusion of loops being blocked by the Cr, the formation of loops might happen via C15
clusters. In order to propose a hierarchy among these mechanisms more involved studies giving
accurate statistics are needed.

Obviously, the effect of temperature and long-range diffusion are yet to be explored. In particular,
one may wonder if high enough temperatures would modify the paths for the creation of C15 clusters
and <100> loops as we describe above. Such a question could be addressed now, by implementing
different mechanisms found herein in higher-level multi-scale simulations, like kinetic Monte-Carlo,
cluster dynamics or mean-field approximation.
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