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Abstract: Then xn determinantdéta+j—i)I'(b+j+i)]is evaluated. This completes

the calculation of the Mellin transform of the probability density of the determinant of a
random quaternion self-dual matrix taken from the gaussian symplectic ensemble. The
inverse Mellin transform then gives the later probability density itself.

1. Introduction and Results

Matrices whose elements, or real parameters determining the elements, are Gaussian
random variables have been extensively studied for the statistical properties of their
spectra [1]. One particular property is the probability density of the determinant (PDD)
of such matrices. The PDD afx n real symmetric matrices was derived by Nyquist et
al. [2] to be a Meijer G-function. The PDD afx n matrices belonging to the following
classes was considered recently by Normand and one of the authors [3] (i) complex
hermitian, (ii) complex, (iii) quaternion real self-dual, (iv) quaternion real, and (v) real
symmetric matrices. The method used was to compute the Mellin transform of the PDD
and then invert it to get the PDD itself. The Mellin transform in case (i) turned out to be
a determinant with elemeni3(a + i + j), simple enough to evaluate. Thus the PDD
for matrices of cases (i) and (ii) was found to be either a Meijer G-function or a linear
combination of two Meijer G-functions. For case (iii) the Mellin transform of the PDD
was found to depend on determinants of matrices with elempentsj — i)' (b+ j +i)]
anda = 0or 1/2,b = s/2 ors £+ 1/2. These determinants are evaluated here thus
completing the derivation of the PDD of matrices in case (iii). The question of the PDD
of matrices in cases (iv) and (v) remains open.

In this brief note we evaluate the determinant of any matrix

[@+j—DTOG+j+Dlij=01...n-1 (1)
or its pfaffian wherm: = 0. The resultis
My(a,b) =def(a+j— DT b+ j+ )i j=01..n-1 2)
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n—1
=D, [[i'T®+). 3)
i=0
VM2, (0,b) =PI[(j — DT (b + j+ D] j=01,.,20-1
n—1
=[[@ +1r®+2+0), (4)
i=0
where
D, =defad; j — & jy1+ j(b+D)d; j-1] )
= coeff. of ("/n!)in (1 — 7)~¢F+0/2(1 4 7)=b-0)/2 (6)

-2 (). (%), ”

with Pochhammer’s symbol
(@), =T(a+n)/T(a). (8)

The expression fob,, simplifies wheru is a small integer or whem = b.

The final result for the probability density, (y) of the determinant of an x n
random quaternion self-dual matrix is as follows. It is convenient to consider the even
and odd partg,+(y) = %[g,, (y) £ gn(—y)] of g, (v) separately. The Mellin transform
of the even parg, (v) was found [3] to be a constant timas, (% $) while that of the
odd partg,_ (y) was found to be a constant timeg&f— i)I" (j +i + %) x Pf[(j —

Hr (j +i+ %) if n is even, and zero if is odd. The Mellin transforms of,, - ()

are thus seen to be either a product of Gamma functions or a linear combination of these
products. The, 1 (y) and their sung, (y) themselves are thus either a Meijer G-function

or a linear combination of two Meijer G-functions. However, it is cumbersome to write
their expressions except for small values:of

The corresponding problem for random real symmetric matrices or for quaternion
real matrices with gaussian element densities remains open, as noted earlier.

2. Evaluation of the Deter minant
We will need the following lemma.
Lemma. For j a non-negative integer and A and B complex numbers one has the

identity

J .
. _ k[ J . ) _ A )
F(j,A, B) = l;( iy (k)(A +j—krB)jk.=B-A-j+D; (9)
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Proof. The lemma is trivial forj = 0 and easy to verify foj = 1. Suppose that it is
true for some positive integgr Then for the next integer

j+1 .
. +1 ,
F(j+1A B)= Z(—l)"(J N )<A+; +1—ki(B)jr1+
k=0
j+1

= Z(—l)" [(IJ() + (k i 1” (A+j+1-k)w(B)jt1-«
k=0

=B (-1 (i) (A+ 1+ — k(B + 1)
k

—(A+)) 2k3<—1>"1(k ’ 1) (A+j —k+Di-1(B)j—k+1

=BF(j,A+1LB+1)—(A+j) F(j,A, B)
=B-A-))F(,A,B)=(B—-A—))j+1. (10)

And so it is true for every positive integgr Note that the binomial coefficie ;:) is

zero if the integek is either negative or is greater thgnActually, k! = T'(k + 1) can
be replaced byo whenevelk is a negative integer. O

Coradllary.

J .
ZH)"@ (G—KA+j—kiB)jx=jBB—-A—j+2),; 1.  (11)
k=0

Proof.

j—1 .
-1
Left hand side= jB Z(—l)k<J L )(A +j—kw(B+1)_1-4
k=0

—jBF(j—1LA+1LB+1)=jBB-A—j+2;1. (12
O

Determinant. The determinant of a matrix is not changed if we add to any of its rows

(columns) an arbitrary linear combination of the other rows (columns). Replacing the
jNcolumnC; = (a+j—i)T(b+ j+i) by

J : .
b, () T+
=2 em (k) RSN &)

j .
=(a—1i) Z(_l)k (i)(b +j—kulb+i+j—k)
k=0

J .
+ Z(—l)k@(j — k)b + ]~ kuT b +i+ j— k)
k=0
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=Th+idla—-)F({,bb+i)+jb+DF(—1,b+1,b+i+1)]
=T®h+i)(a—i)i —j+1)j+j(b+i)(i —j+2j-1l

=F(b+i)[(a—1) +jb+i) (14)

i
@ =N - +1)'}

where in the third line above we have used the lemma and its corollary. Taking out the
factorsI"(b + i) one has

n—1

i!
M, (a,b) = |:ll—£I‘(b+z):| det|:(a—z)( 5 + b +i )m} (15)
Now replace the row
i! i!
R, = |:(a—z)( B +jb+i )m] (16)

by the linear combination

i

=> (- 1)() ik (17)

k=0

N k([ . (i —k)! , - (i —k)!
‘g( Y <k>[(a A k)(i—k—j+1)!]

I . 1
_’!];( Y [k!(i—j—k)!+(k—l)!(i—j—k)!

jb+i j }
Ki—k—j+D! *k-DIG—k—j+ 1!

i

k J 1 k—l(i_j_l)
= Y (-1
|:l—])'Z( )<k> (l—j—l)!kg;( ) k—1
J(b+l) k( j+1> o, k_l<i—j)
]+1)'Z( 2 k +(i—j)!]§)( A VO

=ill(a—1i)8;; — 8 jy1+ jb+D)d j—1+ jdi ;]

=illad;j — 8 j+1+ j(b+i)d; j-1]. (18)
Thus
n—1
My(a.b) =D, [[i!' T +1i), (19)
i=0
where

D, = det[aa,-,j =& j+1+ jb+1)8 j-1l. (20)
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Expanding by the last row and last column, one gets the recurrence relation

Dyy1=aDy+nb+n—1Dy, 1, (21)
Do=1 Dj=a, D2=a2+b, (22)

To find D,, introduce the generating function

f@)= Z D (23)
Multiplying Eq. (21) on both sides by’ /n! and summing ovet from 0 tooco, one has
£@) =af @)+ bzf (@) + 22 f'(2) (24)
since
Z Dn+1— = i D, (25)
! n!
n=0
and
00 n—2
n(b+n—1)D,_ 1——bz P +z2 P S—
nX; Z Z (n —2)! (26)
=bzf(2) + 2°f'(2)
hence
1= f'() = (a+b2) f(2) (27)
or
f@) = 1—2) 214 =m0z, (28)
This gives Egs. (3) and (7).
Ifa=0
2\ —b/2 o 22" (b 29
f@=@0-2% =,§);<§n (29)

so that the determinant (2) of anx n matrix is zero whem is odd, as it should, and
whenn is even it is

2n—1

M2, (0, b) = @ (g) ]’[ HRNCES)

n! -

- i=0 ) (30)
— [H(2i+1)!l"(b+2i+1)i| -

i=0

The pfaffian is the square root of this and its sign can be fixed by looking at one of the
terms.
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Whena = b,
f@=@A-2"% and D, = (a),. (31)

Whena is a small integer, expression (7) fby, simplifies. For example, whan= 1,

el 2n
f@=A+0-z5" D2 =1+ )Z (b%l) (32)
and
Dy — (Zn)' (b+1> (33)
2n + 1)! +1
D2n+1_( +)< 2)- (34)

Or whena = 2,

f@)=1+22A-25)" 022 = (147 Z <b+2) (35)

n=| 0 2
and
@) (b+2 @n)! (b+2
b2 == < 2 >n+(n—1)!< 2 )nl’ (36)
M+ (b+2
Dary =220 (L) . (37)
n! 2 .

etc.
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