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Abstract

We define sets of orthogonal polynomials which lack one or several degrees, because of a finite number of constraints. In
particular, we are interested in a generalization of Hermite polynomials, governed by a constraint of zero average. These are
of interest, for example, for the study of the Hohenberg—Kohn functional. In particular, they allow the calculation of potential
perturbations which generate strictly proportional density perturbafierste thisarticle: B.G. Giraud et al., C. R. Physique
5 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Polynémes orthogonaux contraints. Nous définissons des ensembles deymirhes orthogonaux sous des contraintes
diverses. C'est notamment les cas d'une généralisation de polyndmes d’Hermite, contraintes par une moyenne de zéro, pour la
fonctionnelle de Hohenberg—Kohn. Ils permettent le calcul des perturbations de potentiel qui engendrent strictement la méme
forme pour les perturbations de densRéur citer cet article: B.G. Giraud et al., C. R. Physique 5 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Dans de nombreux problémes de physique mathématiqueribesssaire de considérer des développements sur des bases
de fonctions satisfaisant a des contraintes. C’est notamment le cas de la fonctionnelle de Hohenberg—Kohn [1], d’'usage fré-
quent en physique atomique, moléculaire et nucléaire. En effet elle lie de fagon biunivoque la densitéin systeme et
son potentiel & un corps(r), sous deux conditions : (gjp(r) = 0, pour la conservation du nombre de particules ; et (b)

Su(r) # cte, pour une variation non triviale du potentiel. Ces contraintes permettent de calculer correctement les dérivées
fonctionnellessu/3p et §p/Su. Dans cette note, nous définissons des bases de fonetjgns = e—’z/zl"n(r), ou lesT, (r)

sont, sous des contraintes diverses, des polynémes orthogonaux par rapport a laermdsirale support] — oo, oo[. Ce

sont donc des modifications de polyndmes d’Hermite. Un premier ensemble de polyndmes est défini selon les Egs. (1) par
la contrainteffoOO e*’Z/ZAn(r) dr = 0. Le polynbme constantig est donc incompatible avec la contrainte. La forme expli-

cite desA;, compatibles est donnée par les Egs. (3), ainsi qu’une relation de récurrence par I'Eq. (7). Une autre contrainte,
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ffooo e 212 Bn(rydr =0, voir les Egs. (17), élimine le polyndmB4 et définit un autre ensemble de polynémes, dont la
formule explicite est donnée par les Egs. (18). Une premiericapipn pratique de ces polyndmes est proposée : ils permettent
de calculer des perturbations de potentiel qui engendrent strictement la méme forme pour les perturbations de densité.

1. Introduction

Polynomials which are orthogonal but do not form a complete set may be important for some applications. They do not
belong to the two kinds of multiple orthogdreolynomials studied by van Assche [Rather, we design them according to
constraints. In particular, the present study was promptetidygdnsideration of the Hohenberg—Kohn functional and similar
functionals along the Thomas—Fermi method [1,3,4], of a general use in atomic, molecular and nuclear theoretical physics.
Indeed, in such functional approaches, the ground state energy of a system is a functional of itsodensityd there is a
special interest in the mean fieldr) driving the system. It is thus convenient to expand variations iof a basis{w;, (r)} of
particle number conserving componemdis(r) = Y _,, pmwn (r), With the constraintym, [ dr w,, () = 0. Simultaneously, it
is convenient to expand variations ©fin a basis orthogonal to the flat potential, because, trivially, auflats just a change
in energy references, cannot influence the density. The same basis can thus be &ised fer} ", su, w, (r), since the very
same condition/" dr w,, (r) = 0, expresses orthogolity to a constant:.

We will consider two examples, missing the first or the second polynomial in the normal degree hierarchy running from
m = 0 tooo. These are the subjects of Sections 2 and 3. A numerical, illustrative example, shows how to define ‘eigen-density-
potential modes’ where potential perturbations generate density perturbations which have exactly proportional forms. A brief
discussion and conclusion make Section 5.

2. Hermite polynomials under a constraint of zero average

In this section we consider basis states carrying a wei@hzt/z, in the formw,, (r) = e*’z/zAn (r), whereA,, is a polyno-

mial. Itis clear thatdg cannot be a finite, non-vanishing constant if the constrjidt,e—’z/on(r) = 0, must be implemented.
Hence let polynomialg\,, (r) of precise ordern, n > 1, be defined by,

00 00
2 1,2

/ e T ALNMAL( I =apdpn, m>=1 n>1, / e 2" Ap(r)dr=0, m>1, Q)

—o0 -0

where thes, are normalizations, defined later. The constant polynordl) is left out of the orthogoriay relations. From a
trivial parity argument one sees that the odd (indexed) polynomials, undisturbed by leavifig, auitl be proportional to the
Hermite polynomials. Only the even (indexed) polynomials are modified. In fact,Aith) the usual Hermite polynomials,

l’l/2 2
2 dN" 2 i @) (2ry"=
Hy(r)=e (—d—) e 'Z<—> P (2)
one can verify that
\ Haj(r)
Agn1(r) = Hopq1(r),  Azy(r) = Hay(r) — (n — 1)122" 1 Z ——, 3)
s 247 j!
satisfy Egs. (1) forn, m > 1 with
1
ag, = 22"<2n>!<1+ Z)ﬁ’ agny1 =222 + DI/ )
For this verification one needs
r i (2n)! @) @t D)
2.2 _on _1,2 . : J): !
/ e " HE(r) dr =207, / e 2" Hp,(r)dr = py o, Z 2IGE = e (5)
0 _ j=0
The last equation is a special case of the more general identity
n .
'G+a) T'(n+a+1l)
> = (6)

—TG+D  al(n+1)
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for a = 1/2 and can be proven by induction.
The polynomialsA,, (x) obey the following three term recursion (differential-difference) relation

Apg1(r) =2rAp(r) — 2A5,(r) + 2[n + (=D ]A,—1(r), ©)
where a prime denotes the derivative. It is straightforward to verify this by substituting Egs. (8) ford using
2rHy (r)= Hn+1(") + H;é (r)= Hn+1(r) + 2an_1(r), (8)

or one may argue as follows:

1. By partial integration,

o0 o0
/ ef%rZA;l(r) dr = / ef%rZrAn(r) dr, 9)
—00 —00

so that(r A, — A},) can be expressed as a linear combination ofape-) with n + 1 > k > 0. One does not needy.

2. The coefficient of théth term obtains by an integration pfA,(r) — A, (r)] againstA, (r), weighted bye"z. But, by
partial integration of thet, term, one obtains, i <n — 1,

/ e [rAn(r) — AL ()] Ar(r) dr = / e An(M)[Af(r) = rAr(m)] dr =0, (10)

by the usual argument, sin¢eA; (r) — A}((r)] is then a polynomial expressible as a linear combination ofithe) with
0 < j <k +1<n. Furthermore, sincd,, does not have the correct parity to contribute to the expansiondf — AJ,),
only A,41 andA,_j are left.

3. Coefficients ofd,,1(r) andA,_1(r) can be fixed by computing explicitly the coefficients of the powdrs andr"—1
or by the use of the orthogonalitglation. If the normalizations areso that the highest degree termAf is (2r)", a
condition fulfilled by the Hermite polynomials and byetansatz, Egs. (3), then it is consistent to set

1
rAp(r) — A;l(r) = EAn+l(r) +ay_1A4,_1(r). (11)

Again a partial integration of tha, term then gives

an

/efrz [rAn — A;z]An—l dr = / efrzAn [A;1—1 — rAn,l] dr = -5 (12)
and thusy,,_1 = —ay /(2a,_1).
The new polynomialsi, and A4, weighted by their natural weight eéeerz/Z), are shown in Fig. 1.
Straightforward manipulations give also
A, —rAL +2nAz, =4(n—1)(2n + 1) Ag,_2, (13)

Fig. 1. Comparison of the Hermite polynomiats and H, with the new polynomialsi, and A4. Full lines, Ha(r) and Hu(r), multiplied by
exp(fr2/2) and normalized to 2 and 4 at the origin, respectively. Dashed litgs,) exp(fr2/2) and A4 (r) exp(fr2/2), also renormalized
at the origin to 2 and 4respectively.
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and

A1) —rAS 1+ 2+ DAz 1 =420+ DAy, 1, (14)
or

Ay —rAy+nAp=2[n+ (—D"][n —1-(-D"]A,_2. (15)

Here, in the same way as a prime means first derivative, we used double primes for second derivatives. Furthermore, odd
polynomials being Hermite polynomials, they satisfy the differential equation

A, 1 (r) — 2rA/2n+l(r) +2(2n+ 1Az, 41(r) =0, (16)

3. Hermite polynomials constrained by a zero momentum

Let the polynomialsB,, (r) of precise degree, n # 1, be defined by

0 o0
/ ¢ B () Bu(r) dr = bpdpn, m#£1 n#£1, / e B () dr =0, m#1, @
—00 —00

where theb,, are constants. The polynomiBl (r) is left out.

From the parity argument one sees that the even (indexed) polynomials are proportional to Hermite polynomials. They are
not disturbed by leaving ouBq(r) and only the odd (indexed) polynomials must be modified. In fact \&itkir) the usual
Hermite polynomials, one can verify that

¥ Haja(r)
Ban41(r) = Hap1(r) = 3(n — 122"~ 12 S B = Hau), (18)

satisfy Eqs. (17) fom # 1,n # 1, with

b2n+1:22"+1(2n+1)!<1+ %)\/ﬁ by, = 22" 2n)\/7. (19)
For this verification one needs Egs. (5) and
o
/ 2" Hopor (r) dr = Lfl)!zﬂ, (20)
e n.
with
- (2n + 3)!

2j+D!
zo 2212

§ (21)

220 +3p1(n + 1)1

which is a special case of Eq. (6) for=3/2.

4. Illustration: eigenmodes of density and potential perturbations

Consider a one-dimensional toy modelM@fon-interacting fermions embedded ih@amonic oscillator, with Hamiltonian
H= % Z,N:l(—dz/drl? + rl.z). The ground state density is trivially obtained from fKidowest orbitalsp (r) = Z{V:l[z//i 12
where, trivially again,; refers to the Hermite polynomiall; _,, weighted by exp—r2/2) and suitably square normalized
to 1. Assume now that a perturbatiém is added to the harmonic potential. et 1,..., NandI =N+ 1, N +2,...,00
label ‘hole’ and ‘particle’ orbitals, respectively. A standard argument provides the perturbative variation of the density,

1|6uli
Sp(r) =2 Wiy (r >< | ‘ . (22)
il
This reads, whedu andsp are expanded in that orthonormal bagig provided by polynomialst,
(Iwgli
dpp = ZZDﬂZI 77‘ a‘]> Sug, (23)
L

ila
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Fig. 2. Spectrum of-F, in a Log; ¢ plot.

whereD denotes the projection of a particle hole product of orbitals upon the pagis

Dpis = / o wp (M) (V1 (). (24)

The self energieg for this toy model are, triviallyp; =i — 1/2 andn; = I — 1/2, but Egs. (22)—(24) can be generalized
for any mean field theory, naturally. Notice now that the perturbation matrix elefd@ng |i) is also aD matrix element,
(Ilwg i) = Dgy; - This exhibits thesymmetric matrix

F=D D (25)

Eog—H

where Eq — H is a short notation to account for the energy denomisadmid the tilde indicates traposition. We shall call
F a ‘flexibility’ matrix, as it connects potentialgpturbations and deitg perturbations. Thesymmetrical way in which this
connection occurs seems remarkable.

In the following numerical example, whe® = 4, we slightly modified the basiéw}; rather than polynomials\,, (r)
we used polynomial&, (r) « A, (v/2r), with a suitable normalizatior][f"<>o dr exp(—2r2)/2/7 Gy ()G () = Smn. This is
because productg;y; carry a factor exp-r2), and we found it more reasonable to have the same exponential,farhen
calculating any overlaf,; ;. We expect such a ‘tail matching’ to ensure a better convergence when sumnjatipmsust be
truncated, since the particle indéxannot run tao in practice. Thus we sdt< 101, then considered even particle-hole states
only, with a rulei 4+ I = even, andF was reduced to its positive parity submatrix with dimensionrgtimely the degree @,
ran from to 2 to 50. Keeping in mind thé is semi-negative definite we show in Fig. 2 the kgglot of its spectrum.

Let X7 denote the components of theh eigenvector of. Starting from the most negative eigenvalue, we show in Fig. 3,
together with the density(r), the first three ‘density-potential’ eigenmodes,

25 25
DPw(r) = > X[ wa, (r) = (2/n)211 exp(—r2) > XPGay(r), m=123. (26)
y=1 y=1

dns wav

Fig. 3. Full line (thin): density generated by the first 4 Hermite polynésnigery long dashes: lowest eigenmode generated by the ‘flexibility’
matrix 7. Dashed line: second mode. Dotted line: third mode. All curves are normalized to 1 at the origin.
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All curves are normalized to the same value 1 et O; for instance the true density is recovered with a faci@g@ ).
But it must stressed that the eigenmodes are infinitesimals, representing modulations of both the harmoniCrB;z&Eeatiell
the true density, and that the ratios of such modulations are the eigenvaléies of

5. Discussion and conclusion

Our choice of the weigherrz/2 and of manipulations of Hermite polynomials was guided by nuclear physics, where the
harmonic oscillator is not a bad first approximation to a mean field potential for the nuclear shell model. Simultaneously, we
found a description of the ‘tangent hyperplane’ of the Hohenberg—Kohn functional. For atomic and molecular physics, however,
a weighte™", because of Coulomb tails of orbitals, and manipulations of Laguerre polynomials are likely to be more relevant,
obviously. Generalizations to three-dimensional problems are also in order.

A thorough investigation of numerical convergence when the particle and the ‘new basis’ labels are truncated is also neces-
sary. Short range potentials, with a continuum for part of their spectrum, are more realistic than the harmonic potential, and will
be a priority for a proper handling of Egs. (22)—-(24) when discrete sums turn into integrals.

Itis clear that the present illustrative results are somewhat limited and that the number of similar problems, with other weights
for orthogondity rules, is very large. Furthermore, the number of d¢oaists is arbitrary, andry number of combinations of
moments can be considered, in order to create other sets of polynomials.

We have not found yet a physical motivation for similar problems with Legendre polynomials, because physical constraints
in angular space are not familiar to us. Biése are not forgotten in our agenda.

The zoology of the ‘flexibility’ matrix with its eigenmodes already seems to make an intriguing problem. Furthermore our
approach can clearly be generalized to mean fields of interactinigles. For want of a direct construction of the Hohenberg—
Kohn functional, information on its functional derivative is a by-product of the present approach.

Appendix A
Here are the first ten polynomials for tHeset,

Ar(r) =24(r),
Aa(r) = 22(r2 - 1)
As(r) =22(2r° = 3r),
Agr) =282 - 72 1 1),
As(r) = 23(4r5 — 203 + 15),

Ap(r) = 24(4r8 — 32% 1 47:2 — 11),

A7(r) =2%(8r" — 84° 1+ 2103 - 105),

Ag(r) =25(8:8 — 116-% + 4384 — 453-2 + 39),

Ag(r) =25(16-° — 2887 + 1512° — 2520-3 + 945),

Aqo(r) = 25(16-10 — 3688 + 26006 — 6576 + 48812 — 633). A1)

Here are the first ten polynomials for tieset,

Bo(r) =1,

Ba(r) =2Y(2r% - 1),

B3(r) = 3(r3 3r )

Ba(r) =22(4r* — 122 1 3),

Bs(r) = 24(2r5 133+ 9r)

Be(r) =23(8° — 60-* + 90-2 - 15),

B7(r) =25(4r" — 485 + 1233 - 69),
2

Bg(r) = 2*(16-® — 2245 1 840 — 840-2 + 105,
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Bo(r) = 2°(8r° — 156" + 846-> — 14673 + 531r),
Byo(r) = 2°(32-10 — 7208 + 5040-° — 12600 + 94502 — 945). (A.2)
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