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Abstract

Several determinants with gamma functions as elements are evaluated. These kinds of determinants
are encountered, for example, in the computation of the probability density of the determinant of
random matrices. The s-shifted factorial is defined as a generalization for non-negative integers of
the power function, the rising factorial (or Pochammer’s symbol) and the falling factorial. It is a
special case of polynomial sequence of the binomial type studied in combinatorics theory. In terms
of the gamma function, an extension is defined for negative integers and even complex values.
Properties, mainly composition laws and binomial formulae, are given. They are used to evaluate
families of generalized Vandermonde determinants with s-shifted factorials as elements, instead of
power functions.

1. Introduction

This work has been motivated by studies of the probability density of the determinant (PDD) of random
matrices [1-3]. The method used, and sketched in section 5, is to compute the Mellin transform of the
PDD. In many cases it turned out to be a determinant with gamma functions as elements. One aim of this
work is to evaluate some of these determinants and more generally determinants with shifted factorials (or
Pochhammer’s symbols) as elements.

We define in section 2 the s-shifted factorial (2)s,n, equation (2.1), as a generalization for non-negative
values of n of the power function 2™, the rising factorial (z),, equation (2.3), and the falling factorial [z],,
equation (2.4); both the names and the notations of these last two objects are not well established, see [4—
10] '. As a function of z, the s-shifted factorial is a special case of the polynomial sequences of the binomial
type studied mainly in the calculus of finite differences and combinatorics; see in particular [6, 7] and for a
wide bibliography [8, 9]. Expressed in terms of gamma functions, the s-shifted factorial can be extended to
negative values and even complex values of n. The s-shifted factorial provides a compact formulation which
emphasizes similarities and connections which exist between the power function and the shifted factorials:
multiplication laws, Pascal triangle property, generating function and binomial formulae.

It is shown in section 3 that Vandermonde determinant with (z;)s,; instead of (z;)* as elements is still
equal to the usual Vandermonde determinant. Other determinants with the inverse of a s-shifted factorial,
or the ratio of two s-shifted factorials, as elements are also evaluated, both for positive and negative values
of the index 4. Using the relations between the s-shifted factorial and the gamma function, or the binomial
coefficient, to each determinant evaluated in section 3, it corresponds a determinant in section 4 with elements
expressed in terms of gamma functions. Finally, some applications of these determinants are given in section
5: evaluation of the PDD of random matrices and also, a possible application to Stieltjes moment problems

1 See [4] Pochhammer’s symbol (2), := z(z +1)---(z +n —1) 6.1.22, [5] (2), :=2(z+1)--- (2 +n —1)
p. xLiii, [6] ‘factorielle z descendante d’ordre n’ (z)p := z(z — 1) --- (2 — n + 1) [4f], ‘factorielle z montante
d’ordre n’ or Pochhammer’s symbol n < z >,:= z(z+1)--- (z+n — 1) [4g], [7] lower factorial (z), := z(z —
1)---(z=n+1) (1.1), upper factorial 2™ := z(z+1)--- (z4+n—1) (1.2), [8] section 5 falling factorial sequence
(2)n:=2(2—=1)---(z —n+1) 2.1, rising factorial sequence < z >,:=z(z+1)---(z+n —1) 3.1, [9] falling
factorial of lengthn [2], := z(z—1) - - - (z—n+1) 3.2, rising factorial of lengthn [2]" := z(z+1)---(z+n—1)
3.4 and IIL.2.A and [10] 22 := 2(z — 1) -+ - (2 —n + 1) nth falling power of z and 2™ := 2(z +1)--- (2 +n —1)
nth rising power of z 3.4.2.
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arising in connection with the boson normal ordering problem. As another example of application of the
binomial formula, the finite sum of s-shifted factorials of arithmetic progression to n terms is evaluated in
appendix A. Some basic properties of the product of differences and of the Vandermonde determinant are
recalled, respectively, in appendices B and C. Finally, appendix D illustrates another way to handle s-shifted
factorials.

2. Definition and some properties of the s-shifted factorial

2.1. Definitions and relations between shifted factorials

With n a non-negative integer, z and s (the shift) some complex numbers, let us define the s-shifted factorial

by ' 1 n=20
(2)sin ':{Z(Z+S)"'(Z+(n_1)s) n=12,.... (21)

For s =0, 1 and —1, this definition coincides, respectively, with the power function, the rising factorial (or
Pochhammer’s symbol, mainly in hypergeometric theory) and the falling factorial, namely for n nonzero,

O;n = 2" (2'2)

m=)n=2(z+1)--(z4+n—-1) (2.3)

and when n = 0 all these quantities take the value 1. Thereby, the s-shifted factorial allows compact
expressions which emphasize the similarities between the power function and the shifted factorials.
For any non-negative integer n, one has

(2)sin = (=1)" (=2)—sin (2.5)
=(z+(n—-1)s)_

s (2.

For s nonzero, the s-shifted factorials are related to the rising factorial, equation (2.3), by

z
(2)sin = 8" (_) . (2.7)
S/ n
As a function of z, (2)s;n is a monic polynomial (i.e. the coefficient of the highest power is one) in z of
degree n,
n(n —1
(Z)s;n ="+ g
2
with 0, —s, ..., —(n—1) s as zeros. Consequences of these properties in terms of Vandermonde determinants
are developed in section 3. The sets of polynomials {(z)s.n,n = 0,1,...} are special cases of the polynomial
sequences {pn(z),n =0,1,...}, pn(2) being exactly of degree n. We are going to use these sequences in the
way it is done in combinatorics [7-9] 2. Any polynomial sequence is a basis of the vector space P over the
complex field of complex polynomials in the variable z. Then, to any two polynomial sequences {p,(z)} and
{an(z)} there exist uniquely determined connecting coefficients such that qn(z) = Y.} ¢nk Pr(2). These
important coefficients have been widely studied, e.g.,

s 4 (n—1)s" 2 (2.8)

(2o =Y s(nk) ¥ 2" =>"Smk)[le  (2)n=_ L(nk) [k (2.9)
where s(n, k), S(n, k) and L(n, k) = (Z:i)n!/k! are, respectively, the Stirling numbers of the first and second
kind [4, 6, 7, 9, 10] ® and the signless Lah numbers [6, 7, 9, 10] 4 (other relations between 2", (z),, and [2],

2 See, e.g., [7] section 1, [8] section 3, [9] section II1.2.
3 See, e.g., [4] 24.1.3,4, [6] chapter V [5e,f], [7] (1.11-13), [9] 3.24,25 or [10] 2.5.2.
1 See, e.g., [6] chapter III p. 165 , [7] (1.14) and section 9, [9] 3.24,25, [10] 3.1.8.
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immediately follow from equations (2.5) and (2.6)). We will see in subsection 2.6 that {(z)sn,n =0,1,...}
has in addition the important property to be a polynomial sequence of the binomial type.

2.2. Special values

With k some non-negative integer, one gets

0 k=0,....,n—1

(=F)n = (=1)" [k]n = (_1)n(k ﬁ!n)' kel (2.10)
0 k=0

(F)n = (=1)" [=kln = (k(;gﬁ;)'l)! k=102 . (2.11)

Then, for s nonzero, values of (ks)s., follow from equation (2.7), in particular (s)s., = nls™.

2.8. Relations with the gamma function and definition of the generalized s-shifted factorial
One has [4] °

=iy =y = e () =

T+ 2 z
[Z]n_l—‘(z—n+1)_(z—n)!_n!< > (2.13)

For s nonzero, relations with (z)s., follow from equation (2.7).

Actually, the relations above can be taken as the definition of (z)s., in terms of the gamma function.
Thereby, one extends the s-shifted factorial to negative values, and even to complex values ¢ of n, defining
the generalized s-shifted factorial by

(Z)s:t = St F(% + t)
| ()

S

(2.14)

with a cut, say, along the negative real axis of the complex s plane, with —7 < args < m, to ensure a
single-valued dependence on s, and we choose the determination such that s® = 1 for s = 1. As s goes to
zero, say, along the real axis, using the Stirling formula [4] 6, T'(z) ~ e=22°"2 (2m)2 (1+0(1/z2)) as z — o0
in |arg z| < m, one recovers the function z¢. Furthermore, the definitions of the rising and falling factorials
are extended by

(2)e = (R [zle = (2)-1se- (2.15)

Then, it immediately follows from the definition (2.14),
(Z)S;O =1 (2'16)

(Z)S;t = (—S)t (_2)—5;15 (217)

by the recurrence formula I'(z 4+ 1) = 2 T'(2),
(2)s1 =2 (2.18)
and by the reflection formula [4] 7, T'(2) T'(1 — 2) = 7/ sin(nz),

st sin(wi)
(—s)t sin(ﬂ'(f +1)

(Z)S;t =

) (z+(t— 1)5)75;)5 . (2.19)

5 See, e.g., [4] 6.1.5, 6.1.21 and 6.1.22.
6 See, e.g., [4] 6.1.37.
T See, e.g., [4] 6.1.17.



Thus for any integer ¢,

(Z)S;q = (=1)1 (_Z)fs;q (2.20)
=(z+(¢—1)s)__. (2.21)

g

which generalize equations (2.5) and (2.6) for any integer, even negative.

2.4. Multiplication laws

When the power function fulfils z* 2" = 2z!*" with r and ¢ some complex numbers, it follows from the
definition (2.14),
(Z)S§t (Z + tS)S;T = (Z)s;t-l-r (222)

and in particular, by equation (2.16), setting r = —t yields

1

(2)s;t = m . (2.23)

This relation generalizes 2! = 1/27* for s = 0 and provides the relation between the s-shifted factorials for
any integer ¢ and —q, by equation (2.21),

1 1 1
et = e~ o)D) =9 =9 (2.24)

In terms of binomial coefficients, the multiplication law (2.22) reads

GCE-0065) = Qme=(s) e

For a proper choice of determination the power function fulfils w'z! = (wz)'. For the s-shifted factorial,
one has

(w2)st = 7 (2) 2 (2.26)

and thus for any integer g,
(w2)s;q = w? (Z)i;q . (2.27)

For w = —1, relation (2.26) corresponds to equation (2.17). For w = k and ¢ = n some non-negative integers,
iterating the multiplication law (2.22) and from equation (2.27),

k—1n—1 k—1

(k2)sion = K™ H H (z+ (nl+j) 2) = kM H (z+ gs)sm (2.28)

£=0 j=0 £=0

where the last equality corresponds to a rearrangement of the factors, both nf 4+ j and ¢ 4+ jk taking once
all the kn values 0,1,...,kn — 1. The equation above can also be obtained from the definition (2.14) and
the Gauss multiplication formula [4] & | T'(kz) = (2r)z(0-RF=—3 [T}2) I'(z+¢/k). Note that, based on the
reflection formula and the Gauss’ multiplication formula, 2sin(7wkz) follows the known multiplication law

similar to equation (2.28) [5] ¥,

k—1
2 sin(mhz) = [ 2 sin(n (= + g)) . (2.29)
=0

8 See, e.g., [4] 6.1.20.
9 See, e.g., [5] 1.392 (1.).



T tr

For a proper choice of determination the power function fulfils (2!)" = 2 No equivalent general
relation exists for the s-shifted factorial. Although (27!), has no simple relation with ((2),)~!, let us
point out the following expression for any integers n > p > 0, by equations (2.24), (2.22) and (2.6), with
z2#0,—s,...,—(n—1)s,

1 - - (Z +p5)sm—p - (Z + (n B 1)8)75;71*10
@y~ EF Py =y T = Do (2:30)

recovering for s = 0 the relation (27)~1 = 277 = 2" ~P (")~

2.5. Generalized Pascal triangle property and s-difference operator
The multiplication law (2.22) and equation (2.18) yield

(Z)s;t - (Z - S)S;t =ts (Z)s;tfl (231)

which generalizes the Pascal triangle property for binomial coefficients, by equation (2.12),

z+1 z z
Co-=0)+(.20)- (2.82)
Let us define the s-difference operator A on functions f of z by
Af(z) = f(z + s) — {(2) (2.33)

(this operator must not be confused with the product of differences A,,(z) introduced latter in section 3 and
defined by equation (B.1)). It follows immediately from equation (2.31),

Ag(2)sy =15 (24 8)s1—1 A_(2)s = —t5(2)s:1—-1 (2.34)
and iterating these formulae, e.g., the first one
A% (2)sit = [tp s (2 + ps)sit—p (2.35)

. . P
recovering for s = 0 the expression of j—pz".
¥4

2.6. Generating function and binomial formulae

With z some complex variable, let Gg.,(x) be the generating function of the s-shifted factorials (z)s.,

oo In
Gs;z (.I) = ZO(Z)S;H F ) |SI| < 1 (236)
and, using equation (2.7),
Gz () = G,z (sx). (2.37)

Now, the generating function of the rising factorials can be obtained directly from the binomial series with
equation (2.12),

1—2) =) (1" <_Z) 2" =Y (2)n %T =Gy.(z), |z]<1. (2.38)

Therefore,
Gopz(2) = (1 - s2) = (2.39)
% = e"%.

recovering for s = 0 the expression Go_,(z) := Y - ;2"
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Since the generating function G, () above reads as an exponential function F(x)? of z, it satisfies the
multiplication law [11]
Giiz(7) G () = Gaizgu (@) - (2.40)
Expanding both sides of this last equation as a power series in x yields,

n

Gt =3 (1) Gl (e (2.41)

k=0

namely, the s-shifted factorial satisfies the binomial formula. The polynomial sequence {(z)sn,n = 0,1,...}
which satisfies (2)s.,0 = 1 and the binomial formula above is said to be of binomial type [6-10] °. This
property is shared by many other binomial sequences {p,(z),n = 0,1,...} which have been studied mainly
in combinatorics using generating function methods and above all efficient operator methods.

The binomial sequences can be characterized by a generating function which depends exponentially on
~ [9] 11

Gz (ZC) = eg(m)z = e($+ggm2+---)z Z p{g} (242)

then p{g}( ) is a monic polynomial of degree n in z, the coefficients of which are known as Bell polynomials

[6] 2 (indeed, expanding the exponential series above, the term in 2™ reads 2" 2" (1 + O(z))/n!). In the

case we consider, g(r) := —s~!In(1 — sz) and p{g}( ) = (2)s:m; for s = 0, g(z) = = and p{g}( ) = 2z". The
binomial sequences can as well be characterized by the fact [7-9] '3 that the basis operator of the sequence,
i.e. the linear operator D of the vector space P (already considered in subsection 2.1) into itself defined by
Dpo(z) := 0 and Dp,(2) := npp—1(z) for n > 1, is a delta operator, i.e. it is shift invariant, DE, = E,D
for all complex number a, where E, is the translation operator defined by E,f(z) := f(a + z) and moreover
Dz = c # 0. In our case, from equation (2.34), Dy := —A_;/s = (I-E_)/s, where I is the identity operator,
is clearly shift invariant and Dsz = 1. Indeed, the blnomlal formula (2.41) for the s-shifted factorial can also
be demonstrated by recurrence from the Pascal triangle properties (2.31) and (2.32). It is true for n = 0
and 1. Let us assume it to be true for n, then,

n

G+ =3 (1) Gl W (s 4wt 0= 1)

k=0

ni:l (ki 1) (2)ssk (W) s341— k‘f’%( ) (W) sint+1-k

G ICrT — (2.43

Il Il
3 =
+
= O

=

=0

By equation (2.12), in terms of binomial coefficients, the binomial formula (2.41) reads

<z —;w> _ kz: (Z) (nlf k) , (2.44)

As for the power function, the binomial formula for the s-shifted factorial can be directly extended to p > 2
variables using multinomial coefficients,

(ij 5),, = > #'n' (21)sim + (2p)simy - (2.45)

10 See, e.g., [6] [6a] and [13c,d], [7] (1.6), [8] section 5, [9] section I11.2, [10] 3.4.2 (3.).
11 See, e.g., [9] 3.59.
12 See, e.g., [6] section I1L.3.

7]

13 See, e.g., [7] section 3 theorem 1, [8] section 7, [9] 3.45.

6



From equation (2.5) the following corollary is immediately obtained:

(z— = z": ( ) (2)sik (W) —s;n—k - (2.46)

k=0

Although, as already noted, (27 1); # ((2);)~!, the binomial formula can be extended to the inverse of
s-shifted factorials. Indeed, by equations (2.30), (2.41) and (2.6),

kzio (Z) (Z)ls; (w)sn f i ( ) n(_z)ls?:)_s?"—k (w+(n— 1)8)—s;k

=0 (W) sn
z4w+2n—1)s)__ (z+w+(n—1)s)

(2)sin (W)sin - (2)sim (W) sim ’ (2.47)

"\ 11 (z 4+ w)™ 1 1\"
— — (4= 2.4

k=0

corresponding for s =0 to

where, once again, the last equality above does not hold for s nonzero. Similarly, one also gets from equations
(2.30) and (2.46)

k

z— (n—1
( (w)sn ) )Sm (249)

corresponding for s = 0 to

i‘) ()w';_(zl_%yl_@_l)"' (2.50)

Another kind of useful relations is as follows. From equation (2.25), the multiplication law (2.22) and
the binomial formula (2.41),

n

5 (1) o e (when = bl 3 (” 27 Gl )

k=0 k=p k—p
)sip z+ ps)sik—p (W) s;n—
kz( P) e+ o) ‘
= [n]p (2)sp (2 + W+ PS)sin—p - (2.51)

Several of these binomial formulae are used in the next section to evaluate some determinants with
s-shifted factorials as elements. As another example of application, the finite sum of s-shifted factorials of
arithmetic progression to n terms is evaluated in appendix A.

3. Generalized Vandermonde determinant with s-shifted factorials as elements
In what follows, n is a positive integer and z is, either a set of complex numbers, or a complex function,

z:={2,j=0,...,n—1} or jr—z(j) =2 j=0,...,n—1. (3.1)



Some basic properties of the product of differences A, (z) := [[o<;-j<,_1(2; — 2i), equation (B.1), and of

the Vandermonde determinant det [(z;)"],

ij=0....m_1 AT€ recalled, respectively, in appendices B and C.

3.1. Expressions for s-shifted factorial with a non-negative index

Lemma 1. With n a positive integer and s some complex number, the generalized Vandermonde determinant
of s-shifted factorials, still is the product of differences,

det [()si] o 0y = An(2) (3.2)

)=

thus, it does not depends on s. More generally,

det [HZ(ZJ)} i,j=0,...,n—1 /\An(z) (3.3)

where I1;(z) are n linearly independent polynomials in (z)s,. each of degree less than n and defined as follows:

n—1

I;(2) := Zci*k (2)se 1=0,...,n—1 A= det[c@k]ik:o...n—l #£0. (3.4)
k=0

In particular, with b; some complex numbers, one has

det [(bz + Zj)s;i} im0, 1 = An(z) . (35)
Finally, with t some complex number,
n—1
et [(z7)sri], o oy = { 1] ()en } Anl). (3.6)
§=0

Two proofs are given. Based on the properties of the s-shifted factorial, proof 1 expresses the determi-
nants considered in terms of Vandermonde determinants. Illustrating again the similarities between (z)s.;
and z*, proof 2 follows the same steps as a usual way of computing the Vandermonde determinant, equation

(C.1).

Proof 1. The s-shifted factorial (2)s,; is a monic polynomial of degree i in z, see equation (2.8). Hence,
formula (3.2) follows from equation (C.3). Note that equation (3.2) still holds for the monic polynomials
obtained from any generating function defined by equation (2.42). Formulae (3.3) and (3.5) can be directly
obtained either from equation (C.3) in terms of usual polynomials (e.g., (b; + 2)s;; is also a monic polynomial
of degree i in z) or starting from formula (3.2), by the same arguments as for equation (C.3), in terms of
polynomials in s-shifted factorials (e.g., by the binomial formula (2.41), (b;+2)s;i = > p_o (1) (bi)sik (2)sin—k»
i.e. a monic polynomial of degree ¢ in (z),.). Finally, equation (3.6) follows from the multiplication law
(2.22) and formula (3.5).

Proof 2. Let M, ; := (2;)s;;- The determinant det[M; ;]; j=o,... n—1 is not changed if one replaces the row
R; by the linear combination R; — (M; 0/M;—1,0) Ri—1, successively for i =n —1,n—2,...,1. Then, by the
multiplication law (2.22), fori=1,...,n—1and j =0,...,n—1,

Mij = (2))si— (20 + (i = 1)8) (zj)ssi1 = (25 — 20) (2))ssi1 - (3.7)

This operation replaces the column Cy by zeros except for the row Rg left unchanged. Expanding the
determinant with respect to Cy and taking out the factors depending only on j yield the recurrence formula
on n,

Disn (205 -, 2n—1) := det [M; 5],

’ 1,7=0,..., n—1
n—1
= {H(Zj _ZO)}Ds;nfl(zla---;anl)- (38)
7j=1



An iteration of this last equation, down to Dy (z,—1) = 1, completes the proof.

The recurrence procedure above makes step by step the matrix (M; ;)i j=o,. n—1 triangular. Let us
denote by a superscript the rank of the step in this procedure. At the first step the row i = 0 is unchanged
while fori=1,...,n —1,

M;
RW =R, — M-_fo Ri 1. (3.9)
At the second step the rows ¢ = 0,1 are unchanged, while for i =2,...,n—1,
(1)
R® — g0 Mt poy
i i 1 i—
Mi(f)l 1
(1) (1)
M o M; ) M;y M1,
=R;— ( — 4 : Ri_1+ : —Ri_o. (3.10)
Mi-1,0 Mi(i)l,l Mi(i)l,l Mi—2,0

Generically, the final expression of the row i is given by Rgl) It happens that in the special case z; := b+ js,

with b some complex number and s nonzero, these expressions read

RY =Ry — (b+ (i — 1)s) Ria (3.11)
R =Ry —2(b+ (i — 1)) Ric1 + (b+ (i — 1)s) (b + (i — 2)s) Ri—2 (3.12)

i

Rgi) _ Z(_l)ifk (;) (b +(i— 1)5)_”% R (3.13)

k=0

where the last formula can be checked as follows. With M; ; := (b + js)s, by the binomial formula (2.46),
equations (2.7) and (2.6),

MO =3 1y (;) (b4 (i —1)s) ., (b+js)u

k=0
=s'(j—i+1); =5[] (3.14)

which vanishes for ¢ > j, see equation (2.10). Another proof of this identity is given in appendix D.1. Thus,
as expected, the resulting matrix is triangular and its determinant is the product of its diagonal elements
s [§]; = s? jl. Then, by equation (B.5),

det [(b —I—js)s;i]

4,J=0,...,n—

n—1
=" G = An(i = b+ js) (3.15)
j=0

completing the proof of equation (3.2) in the special case z; := b + js.

Lemma 2. With n a positive integer, s some complex number and z; # 0, —s,...,—(n — 2)s,
1 -1 n(n—1)/2
det {—] = % Ay (z). (3.16)
(2j)s3i i,j=0,....,n—1 H_j:o (2j)sin—1
This formula generalizes equation (C.5).
Proof 1. Withn —1>14¢>0 and z; #0,—s,...,—(n — 2)s, by equations (2.30) one gets
1 det|(z; +(n—=2)s) | ], o .
det[ } _ et n_l) ottt n : (3.17)
(25)si i,j=0,...n—1 szo (25)sm—1



Then, changing ¢ into n — 1 — ¢ (i.e. rearranging the rows) on the right-hand side determinant above, lemma
2 follows from equation (3.5). Note that when s = 0, equation (C.5) for the power function can also be
derived as above from 1/2% = z"=171/;n=1,

Proof 2. This proof of lemma 2 follows the same steps as proof 2 of lemma 1. With the linear combination
of rows R; — (M;o/M;—1,0) Ri-1,

1 (2 — 1
M= . (25 — 20) L i=1,....n—1. (3.18)
(25)s;i (20+ (i —1)s) z; (27 + 8)ssi—1
Then, with z; # 0, —s, ..., —(n — 2)s, the recurrence formula on n reads
Ds;n(ZOa ey Zn—l) := det [Mi,j} 4,j=0,...,n—1
n— n—1
_ (=t Hj:l (25 — 20)

Dgp1(21+8,...,2n-1+5). (3.19)

(20)sin-1 [12) 2
Iteration of this last equation, down to D1 (zn_l +(n— 1)8) =1, ends the proof.

As in proof 2 of lemma 1, in the special case z; := b+ js with b some complex number and s nonzero,
the determinant can be made triangular in one step, replacing R; by the linear combination

0~ ( 1
RE=2 (k> (—b—2(—-1)s),,_, R (3.20)

k=0
Indeed, with M, ; :=1/(b+ js)s; and b # 0, —s, ..., —(2n — 3)s, it follows from the binomial formula (2.47)
and equations (2.5)—(2.7)
i ' 1 1 (=s)" [7l:
MY = (’) = 3.21
i,j kgo k (—b —2(i — 1)8)5;1'71@ (b+79)s:k (b + (i — 1)8)5;1. (b+ js)sui ( )

which vanishes for ¢ > j. Another proof of this identity is given in appendix D.2. Then, the determinant is
the product of its diagonal elements,

n—1 4
det [(b +j5)s;i]z‘.,j—0.,....,n1 =) e ]-11) (b +(j— 1)sj)s;j (b+78)s:; (3.22)
and, using the multiplication law (2.22), it can be shown by recurrence that for all s
n—1 n—1
[TO+G-1s),,0+is)s = [[O+78)sn (3.23)
=0 =0
corresponding to a rearrangement of the factors. Finally, by equation (B.5),
det [¥} oy An(j = b+ js) (3.24)
(b+78)s; i,5=0,....n—1 H?:_ol (b+78)sin—1
ending the proof of equation (3.16) in the special case z; := b+ js.
Lemma 3. With n a positive integer, a and b some complex numbers and az; +b # 0, —s,...,—(n — 2)s,

o ﬂ B n—1 (b+(n—1—])(1—a)s)
¢ t{(azj + b)S;i:|i)j—0)m)n_1 B {H (azj +b)sin—1

=0

5 } An(z). (3.25)

10



This formula generalizes equation (C.6).

Proof 1. From equation (2.30), withn—1>4¢>0and az+b#0,—s,...,—(n —1)s,

(2)s:i 1 )
(az+b) - (az+b) 1 (Z)S;i (az+b+25)s;nflfi- (3.26)

When a = 1, from the binomial formula (2.41) and the multiplication law (2.22),

n—1—1¢ .
) n—1—1 )
(Z)s;i (Z + b + ZS)s;n—l—i = § ( k ) (b)s;k (Z)s;i (Z + Zs)s;n—l—i—k

(’fl _kl B Z) (b)S;k (Z)S;n—l—k = Hl(z) (3'27)

0 k=0,...i—1
- 11— .
Cik (” 2)(m$n1k k=i,....n—1. (3.28)

Thus, the matrix [¢; k)i k=0,... n—1 is triangular and its determinant is the product of its diagonal elements,

.....

n—1
det[ci,k]i7k:07,,,7n_1 = H(b)s;j . (3.29)
§=0
Then, when a = 1, lemma 3 follows from equation (3.3), with z; + b # 0, —s,...,—(n — 2)s,

EJ

{ T el s

_____ ]:0 Zj+b sin— 1

{nl }A(@. (3.30)

=0 Zg+bsn 1

'CJ

Note that for s = 0, the equation (C.6) for the power function can also be derived as above.

When a # 1, (2)s;i (a2 +b+18)s;n—1—; is still a polynomial II;(z) of degree n —1 in (z),,. (or equivalently z).
But now the evaluation of the connecting coefficients ¢; ;; (or even to compute det[c; i]ik=0,...n—1 We only
need) is no longer easy since there is no simple combination law between the s-shifted factorials of z and az.
proof 2 provides a simple proof of lemma 3 for all values of a.

Proof 2. This proof of equation (3.25) follows the same steps as proof 2 of lemma 1. With the linear
combinations of rows R; — (M; 0/Mi—1,0) Ri-1,

(2j)s;i _ (zj — 20) (b + (-1~ a)s) (25)ssi—1

M ; = , i=1,...,n—1. (331
J (azj + b)sy (azo +b+ (i — 1)5) (azj +b) (azj +b+5)si1 ! " ( )
Then, with az; +b# 0, —s,..., —(n — 2)s, the recurrence formula on n reads
Dyin(20, .- ., Zn—1;a,b) := det[M; 73]1,]:0 777 o
(b) 1—a)s;n—1 i — 20
= (azé—i—b ) H pS—— Dgn—1(z1,...,2n-150,b+5). (3.32)
s n— - J

Iteration of this equation, down to D, (zn,l; a,b+ (n— 1)5) =1, ends the proof.

11



Note that in lemma 3, corresponding to a rearrangement of the factors,

n—1 n—1
[Te+(r-1-H-a)s) =[O+ mn-1- )5) (1—aysis (3.33)
=0 =0

As in proof 2 of lemma 1, in the special case z; := ¢+ js with ¢ some complex number, a = 1 and s

nonzero, the determinant can be made triangular in one step, replacing R; by the linear combination

Ll i\ (e+(-1Ds)_ .
R =N (—1)iF (1) : sk Ry (3.34)
1; k (d—|—2(z— 1)5)_8;1,_1C
where d := b+ c. Indeed, with M;; := (c+ j$)s;/(d + js)s; and d # 0, —s,...,—(2n — 3)s, after some

elementary algebra based on the relations (2.5)—(2.7), (2.12) and (2.13), one gets

(i) _ : i— i (C+ (Z o 1>S)—s;i—k (C+j3)s;k
Mg _kzzo(_l) k(k:) (d+2(i—1)s)__. , (d+js)sk

—s3i—

i (¢)s;i —1 ., & g.—-1 : S s R
1) — st p d —1,—ises . d - 3.35
) (d—|—(i—1)s) 3 2(esT 44, dsT +i i:cs sT+4;1) ( )

ER)

= (-

where the 3F5 is a terminating Saalschiitzian generalized hypergeometric series [12] 4

(v = )i (v = B
(V)i (y —a—B)i

sFa(a, B, —4;v,1+a+ B —y—41) = 1=0,1,.... (3.36)

Hence, .
() _ s' [7li (d = ¢)sui
B (d+js)sy (d4 (i — 1)s)

(3.37)

S3%

which vanishes for ¢ > j. Another proof of this identity is given in appendix D.3. Then, the determinant is
the product of its diagonal elements and with equation (3.23), one finds

i, A

(d+7j5)si

.....

§ m
)—A O

An(j ' 3.38
I;Idﬂssnl (j = c+js) (3.38)

ending the proof of equation (3.25) in the special case z; := ¢+ js and a = 1.

3.2. Consequences for s-shifted factorial with a negative index

Using equation (2.24), (2)s;—i = 1/(z — ) —s4, and (B.2), the following corollaries are direct consequences of
the previous lemmas.

Corollary 1. With n a positive integer, s some complex number and z; # s,2s,...,(n —1)s,
n—1
det [(Zj)S;fiLj:O...n—l = det |: :| = (—1)71(71—1)/2 {H(Zj)s;—(n—l)}An(Z)- (339)
T (27 — 8)—s;i i,j=0,...,n—1 j=0

Proof. Consequence of lemma 2.
14 See, e.g., [12] equations 2.1(30) and 4.4(3).
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Corollary 2. With n a positive integer and s some complex number,

det {7} = det ()], 0. 1 =An(z). (3.40)
(2)s;—i i,j=0,....n—1 T
Proof. Consequence of lemma 1.
Corollary 3. With n a positive integer, a, b and s some complex numbers and az; +b # s,2s,...,(n—1)s,

det [(azj +b)s;—i

] _ det { (2 — 8)—s;i
(%) 55— i,j=0,....,n—1

(azj +b— 3)—s;i]i,j—o,...,n—1

B n—1 (azj—i—b)s;,(n,l) 2
_{jll (b+s+(n—j)a—1)s) }An( ) (341)

5—J

Proof. Consequence of lemma 3.

Remarks:

(i) Tt should be noted that equations (3.39), (3.40) and ‘almost’ (3.41) can be obtained, respectively, from
equations (3.16), (3.2) and (3.25) changing for all w and ¢, 1/(w)s;; into (w)s;,—,, although these quantities
are not equal.

(ii) A proof following the same steps as proof 2 of lemma 1, and using the same linear combination of rows
Ri— (M;0/M;-1,0) Ri-1, can also be given for corollaries 1-3.

(iii) The extensions of lemma 1, corresponding to equations (3.3) and (3.6), apply as well to lemmas 2 and
3 and to corollaries 1-3, see equation (C.7), e.g., with

n—1
IL;(2) :== Cik (2)si—k 1=0,...,n—1 A :=det [Ci,kL oo .m1 70 (3.42)
k=0 T
then
det [Hi(zﬂﬂi,j:o,...,nq =A det[(zj)s;*k}j,kzo ..... n—1 (3.43)

and also, with ¢ some complex number,

n—1

det[(2)sit-)i g = L] (Zi)sie det[(z5 + 8oimi oy (3.44)
j=0

Lemma 4. With n a positive integer and s some complex number,

det |(z; + wj)sm—1], ._ = (-1 "("_1)/2((71_71)!)2An z) A, (wW). 3.45
[( Jsin—1]; g neq = (=1) (Y (z) An (W) (3.45)

Proof. By the binomial formula (2.41), with M; ; := (2; + w;)s;n—1 = Z;& (";1) (2i) sk (W) s;m—1—k, the

matrix M reads as the product of two matrices. Since the determinant of the product is the product of the
determinants, one gets

-1
det [(z; + wj)s;n—l}i,jzo ..... n—1_ det[(n L )(Zi)&kh,k_o ..... n—1 det[(wj)S?"_l_k]j,kzo,..,,nfl' (3.46)

Taking the binomial coeflicients out of the first determinant and rearranging the rows of the last determinant,
equation (3.45) follows from lemma 1.

13



Note that in all lemmas and corollaries above, the determinants considered are anti-symmetric poly-
nomials or rational fractions of the n variables zy, ..., z,_1, therefore one expects the simplest polynomial
alternant A, (z) to be a factor of the result. The same argument holds for A,,(w) in lemma 4.

4. Determinants with gamma functions or binomial coefficients as elements

Using the relations (2.12)—(2.14) between the s-shifted factorial and the gamma function or the binomial
coefficient, the results listed below are immediate consequences of the formulae derived in section 3 with
s = £1. For corollaries 4-6, a direct proof following the same steps as proof 2 of lemma 1, and using the same
linear combination of rows R; — (M, 0/M;—1,0) Ri—1, can also be given. It is only sketched as an example for
corollary 4. In the special case z; = b+ aj, with a and b some complex numbers, the product of differences
A, (z) is given by equation (B.5).

Corollary 4. With n a positive integer,

det [T(z +1)], o,y = {]:[ F(zj)} An(z) 2 #0,-1,... (4.1)
7=0

det K?)L_O - H%&J' An(z). (4.2)

.....

Proof 1. Consequences of lemma 1.

Proof 2. With the linear combination of rows R; — (M, 0/M;—10) Ri—1,

Mi)j ZF(ZJ+Z) — (Zj—ZQ)F(Zj+i—1) t=1,...,.n—1. (43)
Then, with z; # 0, —1, ..., the recurrence formula on n reads
Dn(ZQ, ceey Zn—l) := det [Mi,j] 4,7=0,... n—1
n—1
:P(ZQ) {H(ZJ —Zo)}Dn_l(Zl,...,Zn_l). (44)
Jj=1

Tteration of this equation, down to Dq(zp—1) = I'(2,—1), ends the proof of equation (4.1).

In the special case z; := b+ j # 0,—1,..., one recovers the result already published in [1] 1° |
n—1
det [T(b+i+5)], o 1= [[/T0O+7). (4.5)
j=0
Corollary 5. With n a positive integer,
1 -1 n(n—1)/2
det [7} = nE1 ) A, (z) (4.6)
L'(z; + 1) i,j=0,....n—1 Hj:O I(zj+n—-1)

and for z; #0,1,...,n—2,

1

(7)

det { ]
§,j=0,...,n—1

n—1 .
_ (_q\n(n—1)/2 J! ). .
e o o
15 See [1] equation (A.12).
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Proof. Consequences of lemma 2.

In the special case z; :== b+ j, one gets [13]

1

|
det [— L EPEPIRIVES = SR N
¢ [F(b-ﬁ-i‘f‘j)]i)j—(),,,,)n_l ( ) E)F(b-i-n—l—i—j)

Corollary 6. With n a positive integer and b some complex numbers, for z; # 0, —1

3 c

I'(z; + 1) ]

b+ (n—1-5)(1—a)),T(z)
det |:F(CLZJ +b+1i) { H } Y

o Ilaz; +b+n—1)

and for az; +b#0,1,...,n -2,

) (i b-eo-pa-aly
det |‘(az]'+b)‘|i.’j_0 . - {1:[ [azj + bln—1 }An( )

Proof. Consequences of lemma 3.

In the special case z; :=c+j,a=1and d := b+ ¢ with ¢ # 0,—1, ..., one gets [13]

Tlc+i+7) - T(c+7)
det{F(dﬂﬂ)} A 1] V@117

where szol (d—c¢); = H;l;()l (d—c+ j)n—1-i.

Corollary 7. With n a positive integer and z; #0,—1, ...,

det [T(z — )], o,y = (-1 "M)/?{Hr —n+1}A(z).

Proof. Consequence of corollary 1.

Corollary 8. With n a positive integer,

e

=0,...,

Proof. Consequence of corollary 2.

Corollary 9. With n a positive integer and az; +b#n—1,n—-2,...,

det [%]M - {1:[ b+1+asj—tg)(;fir))ljﬁ(zn}A"(Z)'

Proof. Consequence of corollary 3.

15
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In the special case z; :=c+jand a=1withd:=b+c#n—1,n—2,..., one gets

det {M} - {:lf[:j![d—c]j M}. (4.15)

T(c+j—1) T(c+ j)

Corollary 10. With n a positive integer,

o Iz +wj; +n— 1) B (_1)71("*1)/2 ((n _ 1)!)” ] "

det |: F(Zz + wj) :|i,j—0,...,n—1 - (H?;Ol ]')2 An( )An( ) (416)
a[(F O

det K n—1 >:|i,j—0,...,n—1 B (]_[?:_Oljl)2 An(2) Bn(w). (4.17)

Proof. Consequences of lemma 4.

5. Some examples of applications

Let us sketch some examples of applications which motivated this work, i.e. the calculation of the probability
density of the determinant (PDD) of random matrices. Three ensembles of n x n random matrices, with
n = 1,2,..., have been extensively investigated, namely the orthogonal (8 = 1), unitary (8 = 2) and
symplectic (8 = 4) ensembles of, respectively, real symmetric, complex Hermitian and real quaternion self-
dual matrices [14]. Then, the probability density of the eigenvalues x := {z; real € D,j =0,...,n — 1}

reads
n—1

Pos(x) = Cup | 8a ()| T wley) (5.1)
§=0
where C), g is the normalization constant, A, (x) is defined by equation (B.1) and w(zx) is a non-negative
weight function. Quantities one computes in random matrix theory are often expressed in terms of determi-
nants (or Pfaffians). This is the case for the expectation value of any factorized function of the eigenvalues,
d(x) = H?:_ol @(x;) [1,3]. Let us show here this result only in the simplest case § = 2, namely with
du(z) := w(zx) p(x) dz, one has

(®) ;:/Ddu(xo).../pdu(xn,l)\An(x)f:n! det[®5u] o (5.2)

Dy = /D dyu() Py(2) Qu(2) (5:3)

where P; (resp. Q) is any monic polynomial (i.e. the coefficient of its highest power is one) of degree j
(resp. k). Indeed, from equation (C.3), each of the two factors A, (x) can be expressed as a polynomial
alternant and expanded as 3 s 1o n—1}€(P) H;:Ol P, (), where £(p) is the signature of the permutation
p:={po,.--,Pn-1} Thereby, one gets

n—1 n—1
@= Y o [] [ ar @@= S o) [[ens 6
p,0€8,{0,...,n—1} 7=0 D p€S8,{0,...,n—1} 3=0

completing the proof of equation (5.2). According to the measure du(z) considered, one may take advantage
of the freedom of choice of the monic polynomials in order to simplify the calculations. Thus, it may be
useful to choose the set of orthogonal (or skew orthogonal for 8 = 1 or 4) polynomials with respect to the
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weight w(x) [14, 15] 1 . For example, taking ® as the identity operator, the result above with ¢(z) = 1
provides a convenient way to compute the normalization constant, e.g., for 8 = 2

n—1
1_TL. 1253 V; .= T W\ ‘(E2 .
(Co) ' = 'H : /Dd (2) Py (2) (5.5)

where P; are the orthogonal monic polynomials for the weight w(z).
The calculation of the PDD,

9n.5(Y) ::/Dd:bo---/pd:tn_l Pog(x)0(y —zo- - Tpn-1) (5.6)

of the random matrices we consider, is based on the use of the Mellin transform. Since this transformation
explores a function only on the real non-negative half-axis, one needs to compute the Mellin transform of
the restriction to y > 0 of both the even and odd parts of the PDD, gfﬁ(y) = 3 (9n.8(y) £ gnp(—y)). From

equations (5.6), with s some complex number, the Mellin transform of g 5(y) reads

n—1
e _ 1
Mfﬁ(s) 1:/0 dy y* 19:,6@) =3 /DdéUO"'/Dd!En—l Py 5(x) H 902;5(55) (5.7)
j=0

05 () =eF(@) |z ef(@):=1 e (x):=sign(x) (5.8)

)

namely, an expression of the type given by equations (5.2) and (5.3) when 8 = 2, thus

1
MiQ(s) =3 Ch2n! det [@fk(s)] e (5.9)

859 = [ drule) ok, () Pi0) Qulo). (5.10)
D

Now, one can consider several ensembles of random matrices associated with the classical orthogonal
polynomials characterized by the weight function w(x) and the domain D [14] 17 .
(i) For the frequently used Gaussian unitary ensemble [1] associated with the Hermite polynomials, w(z) =

exp(—22) with D = R. Choosing the polynomials P; (resp. Q) to be the monomial 27 (resp. x*), one finds
[4] 18

(I)jtk(S) = / dze™ e (z) |z 2T Res >0

=5 (1 (1) () (5.11)

Then, the alternate elements of det [@Jik (S)L k—0 . n_q Deing zero, we can rearrange its rows and columns
so as to collect the zero elements separate from the nonzero elements. Note that this checkerboard structure
of the determinant is true for any w(z)p(z) with a well-defined parity and a domain D symmetrical with
respect to x = 0. Thus,

+
det[®F, ()] 4o, .1 = det [q);j,%(Sﬂg‘,k:o,...,[(n—l)/z] det [(1)2J‘+17%+1(Sﬂj,k:o,...,[(n—z)/m (5-12)
2
n/2 -
det [q)j—k(s)] _ — (=)™ (det [@2j12k+1(8)]‘j7k:07m)n/2> n even (5.13)
0 n odd

16 See, e.g., [15] appendix A.14.
17 See, e.g., [14] section 19.3.
18 See, e.g., [4] 6.1.1.
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where [z] denotes the largest integer less than or equal to . From equation (5.11), the three determinants
above are of the type considered in corollary 4, equation (4.5), e.g.,
[(n=1)/2]

=det[T(5+7+8)], 0wy = 11 3T +5).  (5.14)
j=0

+
det [®y) 5y (5)]j,k:o,...,[(n—1)/2]

(ii) For the so-called Laguerre unitary ensemble [3], w(z) = 2® exp(—z) with & > —1 and D = [0, co[. Still

choosing the polynomials P; (resp. Qi) to be the monomial 27 (resp. z¥), one finds [4] 1
@fk(s) = /0 dra®e ™ |z|*t2i™F =T(s+a+j+k) Res>0 (5.15)
Then, again with corollary 4 equation (4.5), one obtains
n—1
det[®5,(5)] o ny = L[ 4T (s +a+) (5.16)
3=0

the result being the same for + since the spectrum is non-negative.

(iii) For the so-called Gegenbauer unitary ensemble [3]: w(z) = (1 — 22)*~1/2 with A > 1 and D = [-1,1].

Note that the special case A = % corresponds to the the so-called Legendre ensemble with w(x) = 1. Still

choosing the polynomials P; (resp. Qi) to be the monomial 27 (resp. z¥), one finds [4] 2°

1
BE,(s) = / de (1 — )24 (@) [2] ' 27 Res >0

—1
F(s-i—]é-l—k)

P()\—f— erngkJrl) .

_1 (1£(-1)F) T (A +3)

5 (5.17)

Therefore, the equations (5.12) and (5.13) are still satisfied and the three determinants which occur are of
the type considered in corollary 6 equation (4.11), e.g.,

L($4j+k)
D+ X435 +k) o, (n-1)/2)

B [(ni_ll)/2] j;r()\+ % +j)P(§ +j)
= P+ A+ (= 1)/2]+3)

[(n—1)/2]+1
det (@3 5.(5)]; ko (n_1yjzy = (A +3) det

(5.18)
=0

(iv) For the so-called Jacobi unitary ensemble [3], w(z) = (1—z)% (1+)® witha > 1,b> 1 and D = [-1,1].
Fora=b=X-— %, this ensemble is identical to the Gegenbauer ensemble above. For a # b, the problem is
more complicated, in particular due to the fact that w(z) is no longer an even function. To illustrate the
use of the formulae we derived, let us calculate only the normalization constant C), 5. Choosing the monic
polynomials Pj(z) = (z — 1) and Qg(z) = (1 + z)*, one finds from equation (5.3) with p(z) = 1

1 .
) X s 1 I'b+1+k
cpjk(s):/ dz (1 — )+ (1 4 2)tE = (—1)f gorerire L@ F 1) Db F14H) (5.19)

1 T(a+b+2+j+k)

Then, the determinant in equation (5.2) is of the type considered in corollary 5 equation (4.8),

n—1
—1 i j L
. ) —1)7 200+ I+2i P 4 1 L DT(b+ 1+ 4 det[
(Cnz) ~=n (E( ) (a I /) Pla+b+2+45+k) ;10 n
n—1 . - ;
— plgn=Datbein T flarl 2 )I0+1+1)), (5.20)
it Tla+b+n+1+y)

19 See, e.g., [4] 6.1.1.
20 See, e.g., [4] 6.2.1 and 6.2.2.
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This result can be checked either from equation (5.5) using the constants associated with the Jacobi poly-
nomials [16] 2! | or from the Selberg integral [14] 22 .

Finally, for all these unitary ensembles (except, possibly, for the currently unknown Jacobi ensemble
with a # b), the Mellin transform ./\/lffz(s) appears to be a product, or a ratio of products, of gamma
functions whose arguments are linear in s. Then, from the inverse Mellin transform, the PDD is expressed
in terms of Meijer G-functions [17] 2* . For the orthogonal and symplectic ensembles the expressions are
more complicated [1-3], but we are still led to consider similar determinants. Note that, as a by-product,
one gets also the non-negative integer moments of the PDD for ¢ = 0,1,.. .,

M, 5(q) == /Ddygn,ﬁ(y) yi =1+ (=D))M; 5+ 1)+ (1= (D)) M, 5(g+1). (5.21)

In connection with quantum coherent states, Dr K A Penson brought our attention on the boson
normal ordering problem, see [18-20] and references therein. Let ¢ and af be the boson annihilation and
creation operators respectively, satisfying [a,af] = 1. The normal ordering of powers of boson monomials
((aT)T as)n, with n, r, s (r > s) some non-negative integers involves integer sequences of numbers which are
generalizations of the usual Stirling numbers of the second kind, equation (2.9), and Bell numbers, whose
values they assume for r =s =1,

((at)" as)n = (at)*r=?) Z Sy.s(n, k) (at) a” B, s(n) := Z Srs(n, k). (5.22)
k=s

k=s

A complete theory of these sequences of numbers has been worked out. In particular, the B, ¢(n) can be
expressed as a sum of of an infinite series of shifted factorials (generalized Dobinski formula) and moreover,
can be considered as the n-th moments of a positive weight function W, ¢(x) with x > 0,

B, s(n) = /OOO de " W, s(z). (5.23)

Extending n to complex values and using the inverse Mellin transform, one gets from above many solutions
W, s(x) of the Stieltjes moment problem [19]. Generalizing this approach to the integer sequences arising
from the normal ordering of exponentiated boson monomials, as given by equation (5.22), also provides
solutions to Stieltjes moment problems. It happens that determinants of the type we evaluate are the
Hankel determinants which positivity, if it can be proved, ensures the existence of the moment problem [20].

Let us add that the reader can find in [21] many methods of evaluations, lists of results and a wide
bibliography on the determinant calculus. Beyond the evaluation of particular determinants, we want to
point out that the properties of the s-shifted factorials given in section 2 emphasize similarities and connec-
tions which exist with the power function (see another example in appendix A), thereby providing compact
formulae and possibly a guide to find new relations.
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Appendix A. Finite sum of s-shifted factorials of arithmetic progression

For p a non-negative integer and a, r and s some complex numbers, we compute the finite sum of s-shifted
factorials of arithmetic progression to n terms,

|
—_

n

ri=a+kr Sspnla,r) = (2k)sp n=1,2,... (A.1)
0

>
Il

using the same trick as for the sum of powers of natural numbers. By the binomial formula (2.41),

+1
(Zk+1)sip41 = (26 +7)sip41 = pz (p—g 1> (2k)s;e (T)sip+1—t - (A.2)

£=0
Summing up both sides of this equation for £ = 0,...,n — 1 yields the recurrence formula on p, for n fixed,
Sspmla,r) = _ b ((Zn)s;p-i-l — (20)s;p41 — pii (p+ 1) Ss.on(a,r) (r)s;p+1—é) p,n=12.... (A3)

(p+ 1)r —\ !

The first two sums are independent of s,

Seom(@,r)=n  Sein(a,r) =na+ w r. (A.4)

When r = s, then 2z — s = zz_1, and with s nonzero, an explicit expression of Sy, (a,s) can be
obtained directly from the generalized Pascal triangle property (2.31),

Sspn(a, s)

Z 7;DJrl Zkfl)s;erl)
k=

( Zn—1)sip+1 — (2—1)5;p+1) (A.5)

p+1

p+1

where z_; = a — s. This result can be checked by recurrence using the general equation (A.3). Similarly, for
r = —s one gets

Sspnla, —s) = ! ) ((ZO)S;p-i-l - (Zn)S;p-i-l) . (A.6)

s(p+1

Thus, for a = r = s = 1 one has, respectively, for the rising and the falling factorials

(n)pt1
Stpm(1,1) = (L)p+ -+ (n)p = D _iJrl (A7)
n p=20
+1

Sotpn(LD) =[]+ +np=1q[pp+ - +[nlp= [np —I—]T—H =L...,n (A.8)

0 =n-+1,

Further general properties follow from equations (2.5) and (2.7):
Sspn(—a, —r) = (=1)" S_s;p.n(a,7) (A.9)
a r

Ssipn(a,r) =" S1.pn (S g) s#0. (A.10)

Appendix B. Product of differences

20



With the notations of equation (3.1), the product of differences A, (z) is defined by
1 n=1
An(z) = An(20y -y 2n—1) i= H (zj—2) n=2,3,..." (B.1)

0<i<j<n—1

The following relations are immediately obtained with a and b some complex numbers:

Ap(b+az, ..., b+ azn_1) = a2 A, (2) (B.2)
1 1 -1 n(n—1)/2
An(—,..., ): (n)l — Au(z) 2 £0 (B.3)
0 #n—1 [Ti=0 (z))"
20 Zn1 bn(n—l)/2
A, oo = A, b i #0. B4
(b—l— azg b—l—azn,l) H?;()l(b+ az;)n=1 (2) +az; # (B4)

Finally, with a and b some complex numbers, in the special case z; := b+ aj, the product of differences reads

n—1

An(j = b+aj) =a"" V2T 5. (B.5)
j=0
Appendix C. Vandermonde’s determinant

It is well known [5, 15] 24 that the Vandermonde determinant det[(z;)?], ._
of differences defined by equation (B.1), namely,

_, Is equal to the product

det[(zj)i} i im0, el = Ap(z). (C.1)

More generally, let us consider any set of n linearly independent polynomials in z each of degree less than n,
n—1

pi(z) := Zci’k 2P i=0,...,n—1 A= det[civk}ikzo...nfl #0. (C.2)
k=0

Then, since the determinant of the product is the product of the determinants, one gets for the polynomial
alternant

det [pi(zj)]i,j:o,...,n—l = det [Civk]i,kzo,...,n—l det[(zj)k]j,k:o,...,n—l
=AA,(2z). (C.3)
Choosing the p;’s to be monic polynomials of degree i (e.g., the monomials 2°), then ¢; ), = 0 for k =

i+1,...,n—1and ¢;; = 1, therefore A = 1 in equation (C.2). Now, with b; some complex numbers, it
follows from the binomial formula that (z + b;)? is an other choice of monic polynomial of degree 4, hence

4,J=0,...,n—1

When b; = b, the relation above is also a direct consequence of equations (C.1) and (B.2).

Since (2%)~! = (271)%, with @ and b some complex numbers, one immediately obtains from equations
(C.1), (B.3) and (B.4)

1 _1 n(nfl)/2
det[ i] _ = %
(25)Hdig=0,n=1 [[025 (25)" "
bn(n—l)/2

(%)
det | —4— = A, i +b#£0. C.6
e [(aZj n b)zLJ—:O 77777 ne1l H;‘:ol(azj + b)n—1 (z) azj+b# (C.6)

An(z) 2 #0 (C5)

24 See, e.g., [5] section 14.311 or [15] section 7.1.
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More generally, following the same arguments as for equation (C.3), one can consider polynomials of the

monomials introduced above (or even of any function), e.g., with A := det [ci,k]i k0. n_q and az; +b
nonzero, o
n—1 ) k bn(nfl)/Q
det[z ck( i ) ] —A—— An(z). (©.7)
= azj +b/ lij=0,..n-1 Hj:O (azj +b)n—1

Appendix D. Other proofs of equations (3.14), (3.21) and (3.35), (3.37)

These identities can be proved by recurrence on i. Let us also give a proof which illustrates another way to
handle shifted factorials, namely they can be generated by repeated derivations and/or integrations, e.g.,

(%)ij’le = [bl; (D.1)

/yd» /yzd I ! = [b]_; (D.2)
) Yj ) Y1 Y1|y=1 o1 1), —j- .

D.1. Other proof of equation (3.14)

Differentiating j times (x — 1)’ 2®*7~1 in two ways (binomial formula and chain rule derivation of a product)
[13],

(%)j{(x - 1)ixb+j—1} _ i(_l)i—k </Z€> (%)ij-i-j-i-k—l
LG e} @) 09

and setting z = 1, only the term with ¢ = i is nonzero. Thereby, one gets

i

S0 (o= 1y = el - 1 (D)

k=0

where [j];, and thus the right-hand side, vanishes for ¢ > j, see equation (2.10). Since from equations (2.12)
and (2.13)

b4+ k= 1)y = D ki = o O+ (D)
. L'+ )
b= Ui= = 57 -

one recovers equation (3.14) (with s = 1 for simplicity).

D.2. Other proof of equation (3.21)

Assume first 4 > j. Then, as above, one gets

%

k=0
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where the last equality is due to an overall factor y — 1 which remains after the derivation. When i < 7,
integrating j — i + 1 times (y — 1)?4*7"=2 in two ways and then setting y = 1 yield

Yy Y2 : 1 ) 1
d . / d -1 +1 2 -1 z—k(l) :
/0 Yj—it1 ; vy —1)'y ’ Z( ) k) (b+i+k—1)_in1

k=0

1 iz [ 1 (1)
/dymyl—l)l 7 [y [y = Bl - L+ (DY)

Y1 Yji—i (j_l)'

where B(z,w) is the beta function [4] 2°, thus
. e 1 o Th+i—1)

—1)ik Z) = (1) [jl; sm—.. D9
k;( ) (k trich—m - Y Ve (D-9)

Now, since from equations (2.24), (2.12) and (2.13)

i - o (=1)"*
(-1 b+i+k—2;_j_1 = Gritk—1,m (D.10)
T(b+2i—1) 1 1
Th+7) (~b—26-1),_, G+ (D11)
and furthermore
T(b+i—1) T(b+2i—1) 1
Thrity) T+  bri-1:b+) (D.12)

the sum over k in equation (D.7) for ¢ > j and (D.9) for i < j does correspond to the sums considered in
equation (3.21) (with s = 1 for simplicity). Note that since [j]; vanishes for ¢ > j and with equation (D.10),
the relation (D.9) is true in all cases.

D.3. Other proof of equations (3.85), (3.37)
Assume first ¢ > j. With now two variables x and y, as above, one gets

(72) (5) " {ww-vramomyeeslgy

iz_ifkic._‘ kol
_k;( 1) <k>[+j+k 1), [d+i+k—2i ;-

= (%)j{xcd(%)i_j_l{(x _ 1)ixd+i2}}}m_l_ 0 (D13)

where the last equality is due to an overall factor x — 1 which remains after the derivation over x. When i < 7,
differentiating j times with respect to x and integrating j —i+1 times over y the expression (zy—1)% z4-¢+i=2
in two ways and then setting x = 1 and y = 1 yield

Y v 8 J i _c+j—1 _ d+i1—2
/dyjfm"'/ dy (_a ) {(xyl—l) Ty }\2:1
0 0 x y=1

ey ik (1 e+ k—1];
=2 k(k:) (d+i+k—1);_ i1

k=0
= zjj (2) /1 dy1 {(%)Z(xyl — 1)i}{(%)j4xc+g‘—l}yl£+i72 /1 dys - - - /1 dyj_i_;’_l’x:l
= Y1 Yj—i
G-t Z () ifet+i—1Bld+itl—1,j-C+1) (D.14)

25 See, e.g., [4] 6.2.1 and 6.2.2.
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where B(z,w) is the beta function. Thereby, after some elementary algebra, using equations (2.24), (2.12)
and (2.13), one gets

: nli\ le+i+k—1]
kZ:O(_l) k(k) (d+i+k—1)j-it1

= [jli Dletj) Td+i—1) > (-1t (3) (d+i—1)gfc+i—1]i¢

Lle+i) T(d+i+j) = 1
r . : R
_T@+2i—1) Tty _ [lild—ch (D.15)
I'(d+j) T(e+i) (d+j)i(d+i—1)
where the last equality follows from the binomial formula (2.46). Now, since
+ Kk —1];
(o4 bk — 1] [d itk =2y = eI TF=1; (D.16)

d+ithk—1);_in

_ T(d+2i—1) I'(c+j) [c+i—1]i_x (c+ )k
T T(d+j) Tletd)  [d+26-Dlir (d+ i) (D.17)

the sum over k in equation (D.13) for ¢ > j and (D.15) for ¢ < j does correspond to the sum over k in
equation (3.35) (with s = 1 for simplicity). Note that since [j]; vanishes for ¢ > j and with equation (D.16),
the relation (D.15) is true in all cases.
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