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ABSTRACT

A simple hand calculation method based on group theory is proposed to predict the near field maps of finite metallic nanoparticles of canonical
geometries: prism, cube, hexagon, disk, sphere, etc corresponding to low order localized surface plasmon resonance excitations. In this
article, we report the principles of the group theory approach and demonstrate, through several examples, the general character of the group
theory method which can be applied to describe the plasmonic response of particle of finite or infinite symmetry point groups. Experimental
validation is achieved by collection of high-resolution subwavelength near-field maps by photoemission electron microscopy (PEEM) on a
representative set of Au colloidal particles exhibiting either finite (hexagon) or infinite (disk, sphere) symmetry point groups.
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1. Introduction

Surface plasmons [1] provide a unique opportunity for the light
manipulation at the nanometer scale. In the case of a metallic
nanoparticle (MNP), the excitation of a plasmon resonance
generates intense electromagnetic fields located at specific points on
its surface, called hot spots. At these points, light is confined in
subwavelength distances (< 20 nm) and field amplitudes are large
[2, 3]. The ability to produce and control hot spots offers great
promises for many applications, including sensing [4-6], heating [7,
8], photosynthesis [9,10], oncology [11-13], imaging [14, 15],
computer science [16] and many others. In view of the technological
applications envisaged, it is necessary to develop simple methods to
investigate this phenomenon.

The positions of hot spots in a nanoparticle depend on both its
geometry and the configuration of the exciting electromagnetic
wave. The distribution of hot spots in any nano-object can be
guantitatively determined by numerical simulations using advanced
methods such as the Finite Difference Time Domain (FDTD) [17—
19] or the Discrete Dipole Approximation (DDA) [20, 21].
However, these methods require large computational memory and
long calculation times. In this work, we propose a simple and fast
analytic method to predict the hot spot spatial distributions of a basic
shape nanostructure by a simple hand calculation. In short, the hot
spot positions are extracted from the particle and electromagnetic
wave symmetries using group theory.

The group theory is a mathematical approach used in chemistry
to predict and to analyze the physicochemical properties of matter

based on its symmetry. One important representative example is the
use of the group theory to build the orbitals of a molecule. A
fundamental step of this approach is the determination of an
orthonormal set of functions acting as basis vectors for the
irreducible representations of the molecule symmetry point group.
These functions, commonly called symmetry adapted linear
combinations (SALC), are usually linear combinations of the
atomic orbitals of the molecule [22-24]. In the proposed method, an
equivalent approach is adopted to predict and to interpret the
plasmonic behaviour of a metallic nanoparticle. The distribution of
the hot spots due to the excitation of a plasmon mode is deduced
from the particle symmetry and that of the exciting electric field.
Indeed, the determination of the SALC eigenstates of a nanoparticle
under excitation gives a direct image of its plasmon charge
distribution which corresponds to the hot spot positions.

In our previous works, we successfully applied the group theory
approach to determine the plasmonic responses of 2D-(triangle [25])
and 3D-(cube [26]) metallic nanoparticles, all objects of finite
numbers of symmetry elements. However, difficulties arise when a
particle possesses an infinite number of symmetry elements as
encountered in the cases of arod, a disk, a sphere, etc. In this article,
we extend and generalize the proposed approach to the case of
particles of infinite symmetry.

The first part of the article is a concise description of the group
theory method as applied to the case of objects of finite symmetry.
As an example, the plasmonic response of a thin hexagonal particle
is described. In the second part, we expose the method
generalization so as to determine the plasmonic response of objects
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of infinite symmetry. In this regard, two canonical particle shapes
are considered, namely disk (2D-MNP) and spherical (3D-MNP)
shapes. Experimental validations are carried out by mapping the
near field distributions using the photoemission electron microscopy
(PEEM) [27, 28].

2. Experimental
2.1. Sample preparation

Single-crystalline Au nanoparticles (spheres, hexagons, disks)
were prepared following already published protocols, based on the
seed mediated growth [26, 29-31]. The chemical reduction of
hydrogen tetrachloroaurate (l11) hydrate (HAuCl14:3H,0) was
carried out in aqueous solution in the presence of
cetyltrimethylammonium bromide (CTAB) as the capping agent.
Ultra-smooth and highly uniform spheres were obtained following
the multistep procedure reported by Wang’s group [30]. Spheres of
increasing sizes were produced through overgrowth of smaller ones,
followed by an oxidation step of the intermediate polyhedrons [30].
Here, spherical 40-nm nanoparticles resulting from mild oxidation
of 60-nm cubes were employed as seeds in the first step of the
growth [26]. Three successive steps of growth and mild oxidation
were required to produce highly spherical spheres with an average
diameter of 98 + 1nm. The oxidant complex Au(l11)/CTAB was used
to reshape intermediate nanocrystals into rounded shapes by
smoothing the vertices and edges, as explained elsewhere [29, 30].
To grow 150-200 nm (in-plane height) hexagons, a method initially
proposed by Mirkin’s group to produce triangular nanoplates was
adapted [31]. By optimizing the concentrations of the reactants in
the growth solution, i.e. CTAB 0.1 M, HAuCl140.7 mM and ascorbic
acid 1.6 mM, a high percentage of hexagonal nanoplates (~90%)
was obtained to the detriment of triangular shapes (~10%). These
nanoplates were purified through selective sedimentation to the
bottom of the tube while the polyhedral byproducts (~50%)
remained in the supernatant. Nanodisks 92 nm in diameter were
obtained by mild oxidation of slightly larger hexagonal nanoplates
using the same oxidizing complex as for the spheres. The PEEM
samples were prepared by depositing a drop of the corresponding
nanoparticles solution on an ITO/SiO;, substrate (PGO CEC0505S,
< 50 Q/sq) and then cleaned by UV/Ozone [32] to remove any
organic residues.

2.2. PEEM Imaging
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Plasmon field maps are acquired with photoemission electron
microscopy (PEEM), whose working principle is recalled in Fig.1
[33-38]. A nonlinear multiphotonic photoemission process is
strongly enhanced upon excitation of surface plasmons. The
collected photoelectrons associated with a localised surface plasmon
resonance reflect the actual spatial plasmon field distribution at the
surface of the metallic nanostructure under investigation. The
photoemission electron microscope used is a commercial Elmitec
SPELEEM II1 operating in ultra-high vacuum at pressure in the low
range of 10-2° mbar. The routine spatial resolution is about 20 nm.

In this setup, the nano-objects are excited at grazing incidence
(angle a = 72.5 + 2° between laser beam k-vector and surface
normal), in the visible wavelength range (520-640 nm: 2.38-1.94
eV), with the pulsed output of an optical parametric oscillator
(Chameleon OPO, Coherent Inc.) pumped by a mode-locked
Ti:sapphire oscillator (Chameleon Ultra 11, Coherent Inc., repetition
rate 80 MHz, pulse width 140 fs) and, in the infrared wavelength
range IR (710-1050 nm; 1.75-1.18 eV), directly with the pulsed
output of the mode-locked Ti:sapphire oscillator. The peak power
densities at the sample surface are tuned from 50 to 500 MW/cm2,
The polarization of the laser beam is adjusted from P to S
polarization with the help of a half-wave plate allowing a selective
excitation of plasmon modes.

In addition to the near optical field maps, images of the particle
topography, with a spatial resolution close to 10 nm, can be obtained
using backscattered electrons in the low-energy electron microscopy
(LEEM) imaging mode [39]. Both PEEM and LEEM images can be
combined in order to correlate the near optical field distribution to
the particle topography.

3. Results and Discussion
3.1. Particles of finite symmetry

The first step of the group theory method is to define the point
group symmetry [23] of the considered particle. A flat particle of
hexagonal symmetry possesses a Dgn Symmetry (not considering any
substrate). In more details, a hexagon is invariant following a
rotation of a 2n/6 angle around an axis perpendicular to its plane (Cs
rotation axis along the z axis). It presents also six C,in-plane rotation
axes, six vertical symmetry planes o4y, an horizontal symmetry plane
on and a centre of inversion i (see Fig. S1 in the Electronic
Supplementary Material (ESM)). So, a regular hexagonal particle
possesses a finite number of symmetry elements. The corresponding
character table is given in Table 1.

In a second step, we determine the irreducible representation
(irrep) [22, 23] Tex of the external electric field E,.,. The latter is
deduced from the exciting wave symmetry and the character table of
the considered particle. In the case of a regular hexagonal particle
excited with an electromagnetic wave polarized linearly, E,,, is
vectorial in nature E,, = (Eextx, Eexty, Eextz) and transforms like
the translation vectors (x, y, z). So, according to the character table
of the Dgn point group, the in-plane (X, y) component transforms like
the irrep Ey, and the normal z component transforms like the irrep
Ag (see Table 1). In the following, the z component of E,,, will
not be further considered since the particle under investigation is
essentially an xy-two-dimensional structure. Indeed, plasmon
resonances normal to the particle plane are expected in the deep blue
wavelength range, where absorption losses of most noble metals
forbid any coherent plasmon oscillation. So, only in-plane surface
plasmon resonances are further on considered.

Springer [www.editorialmanager.com/nare/default.asp
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Linear,
E 2C; 2C; C, 3C'; 3C"; i 2S; 2Ss on 364 36, .
rotations
Ayl 1 1 1 1 1 11 1 1 1 1
Ayl 1 1 1 -1 -1 1 1 1 1 -1 -1 R,
By1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
By 1 -1 1 -1 -1 1 1 -1 1 -1-1 1
Egxz2 1 -1 -2 0 0 21 -1-2 0 O (R« Ry)
Ey 2 -1 -1 2 0 0 2 -1 -12 0 O
Ay,1 1 1 1 1 1 -1-1 -1-1-1 -1
A, 12 12 1 -1 -1 -1 -1 -1 -1 1 1 z
By, 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1
By 1 -1 1 -1 -1 1 11 -1 1 1 -1
Ew 2 1 -1 -2 0 0 2-1 1 2 0 O % y)
Eu 2 -1 -1 2 0 0 21 1 -2 0 O

Table 1 Character table for De, point group [40]. Following standard
conventions, the principal order rotation axis (Cs) is taken as the z axis of the
Cartesian reference coordinate system (Ox, Oy, Oz). Red lines represent the
irreducible representations of the m components.

Plasmon modes that can be excited with an external electric field
Hx{ are called optically active (bright modes). For a plasmon mode
of a given symmetry particle to be excited by an external electric
field, its irrep and that of the exciting field have to fulfil a vectorial
selection rule as demonstrated by Zhang et al. [41]. More precisely,
this vectorial selection rule states that if the i component i = (x, v,
z) of the electric field E, of a plasmon mode indexed n transforms
as the irrep T; respectively that of an external field E,,,
transforms as the irrep TI'exi, then the excitation strength of the
resonance mode N (En|Eex;) Vanishes unless there is a product I'ni ®
Iexti transforming as the totally symmetric irrep A. So, for a
hexagonal MNP illuminated with an electromagnetic wave
polarized linearly, only the 2-dimensional irrep Ej, contains modes
with non-zero electric dipole moment in the xy plane (bright modes).
The details of the calculation are given in ESM.

Based on the above symmetry considerations, the final step
consists in determining the charge distribution of the plasmon
mode under investigation. A localised surface plasmon resonance
corresponds to an accumulation of surface charges at specific
angular points of the object: corners, edges, or faces [34, 42-47].
Either positive or negative, these induced charges can be described
by virtual s-atomic orbitals attached to specific sites at the object
surface. A hexagonal particle presents geometry singularities
(corners) at the positions of which electrical charges can accumulate,
so one natural choice for the definition of the default basis vectors
is to attach s-atomic orbitals to the six object vertices. The plasmonic
charge distribution corresponds to the determination of the SALC
eigenstates. This operation is conducted by application of the
projector operator (Van Vleck operator — see ESM) associated to the
irrep of the considered plasmon mode to the basis function set. In

3

practice, a first eigenstate is determined by projection of any of the
basis vector. For a hexagonal particle, one charge distribution
eigenstate of E;y, symmetry is thus (+2, +1, -1, -2, -1, +1), where
numbers design charges at corners. The obtained charge distribution
corresponds to an in-plane dipolar mode excited with an electric
dipole moment along a line joining two opposite object apexes (see
Fig. 2(a)). Since Ej, is a 2-dimensional irrep, a second charge
eigenstate perpendicular to the first one exists. The latter is obtained
by orthogonalization and corresponds to (0, +1, +1, 0, -1, -1). It is
excited with an electric field normal to two opposite hexagon edges
(see Fig. 2(b)). The orthogonalization procedure in conducted within
the set of the projected basis vectors.

312
(a) of _,1_. (b)
%

E,.symmetry

Figure 2 Symmetry adapted linear combinations (SALCs) corresponding to
the two dipolar eigenmodes of a solid thin hexagon of Dg, symmetry.

As an experimental validation, PEEM images of the near optical
field distribution of the E;, plasmon mode in hexagonal Au MNPs
are presented in Fig. 3. The objects under investigation are colloidal
Au hexagons of in-plane height (altitude) of 150-200 nm and 16 + 2
nm in thickness. Hexagon’s thickness can be neglected in
comparison to the in-plane dimensions. As a result, only the dipolar
plasmon mode in the xy plane will be excited in the experimentally
accessible near infrared wavelength range. The average distance
between the particles is 1 + 0.45 um, so no significant object field
coupling is expected. SEM image of the colloidal hexagons and their
individual PEEM absorption spectra are given in ESM (Fig. S4 and
Fig S7). The Au hexagons are excited with a laser beam at grazing
incidence and at wavelength A close to the dipolar resonance (A =
850 nm). Fig. 3 details a comparison between PEEM results and
group theory prediction. Experimental images are recorded at
different exciting electric field orientations. Arrows in Fig. 3
represent the projection of the vectorial sum of the electric fields
incident and reflected by the substrate under Fresnel conditions (see
ESM). Additional PEEM images are given in ESM to valid the
results reproducibility (Fig. S11). For an electric field normal to two
opposite hexagon edges (Fig. 3(b), (d), (f), (h)), four corners exhibit
clear photoemission signatures which corresponds to the dipolar
eigenstate E1,(0, +1, +1, 0, -1, -1) described in group theory. For an
electric field whose direction is aligned on two opposite hexagon
apexes (Fig. 3(a), (c), (e), (g), (i), two hot spots are observed
reminding the dipolar state E; (+2, +1, -1, -2, -1, +1). The four

www.theNanoResearch.com | www.Springer.com/journal/12274 | Nano Research
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Figure 3 Polarization dependence of the dipolar plasmon mode of a 150 nm individual Au hexagon. Left column, PEEM imaging; right column, corresponding group
theory predictions. Photon wavelength A = 850 nm, beam incidence angle a. = 72.5 + 2°.

missing points are due to an insufficient dynamic range of the PEEM
detection line. Indeed, being highly non-linear in nature [48] the
photoemission signal exhibits a large dynamic range challenging the
detector capabilities. Further considerations regarding the relative
hot spot intensities and experimental details can be found in ESM
(Fig. S14). So, for a 2D-MNP of hexagonal symmetry, a good
agreement between PEEM near field maps and group theory is noted
which further validates the analytical method in the case of objects
of finite symmetry [49]. This method was also successfully applied
to describe the plasmonic response of triangles (2D particles) [25]
and cubes (3D particles) [26].

3.2. Particles of infinite symmetry

In the following, we extend and generalize the group theory
approach to the case of particles of infinite symmetry. A particle of
infinite symmetry exhibits an infinite number of symmetry elements
making impossible the direct determination of the charge
distribution by the previously detailed approach. Indeed, the
problem is twofold. On one hand, at the surface of such an object
there are no remarkable angular points where to attach s-atomic
orbitals to mimic charges (no possible choice of the default basis).
On the other hand, the projection operator corresponds to an
intractable infinite sum of terms. As a general solution, we proposed
to adopt a symmetry group that mimics an infinite group. In short,
the particle surface is meshed so as to generate a high, but finite,
number of symmetry elements; the object is thus transformed into
an object of finite symmetry. For the choice of the default basis
vector set, the s-atomic orbitals are attached at the different mesh
points (vertices) and the projection operator turns into a finite sum
allowing the previously detailed route toward the charge eigenstates
calculations. As examples, the dipolar plasmon modes of nanodisks
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(2D particles) and nanospheres (3D particles) are presented, together
with their experimental validations acquired by PEEM microscopy.

3.2.1. 2D particles: disks

As a first example, we consider a thin regular disk. A disk is
invariant following a rotation of an arbitrary angle around its normal
axis (z axis). It has also an infinite number of symmetry planes
containing the principal rotation axis and an infinite number of C,
rotation axis perpendiculars to the main rotation axis. The
corresponding symmetry group is D.n (not considering any
substrate). D..x is an infinite symmetry group, so it is impossible to
determine directly the plasmon charge distribution using the group
theory approach. Following the proposed strategy, the disk
perimeter is meshed with line segments in order to reduce the disk
into a polygon of finite symmetry and to generate angular points
where to attach the initial basis set (set of s-atomic orbitals). In the
present case, the disk is meshed using 32 points and the
corresponding symmetry group is Dason (See Fig. S2 in ESM). The
choice of the number of mesh points is arbitrary; the precision of the
result is proportional to the mesh step size (Fig.S15 in ESM). The
plasmon charge distribution of the disk in-plane dipolar mode is
determined by following the method employed in the case of
hexagons. According to the character table of the D, point group
[40], the external electric field transforms like the irrep Ei, and
excites a dipolar mode of symmetry Ej, (see irrep products in ESM).
The s-atomic orbitals are positioned at the 32 points obtained after
meshing the disk perimeter. The application of the projection
operator, corresponding to the irrep Ei, to one of the equivalent s-
atomic orbitals gives the charge eigenstate displayed in Fig. 4(a).
According to the direction of the incident field, two areas of charge
accumulation, opposite in sign and located at the periphery of the
disc, can be defined. At each remarkable mesh point, the amount of
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Figure 4 (a) Charge distribution of the in-plane dipolar plasmon mode of a disk obtained using group theory (32 points mesh grid). (b) PEEM map of the dipolar
plasmon field distribution of a thin Au nanodisk of 92 nm in diameter. Photon wavelength A = 780 nm, beam incidence angle a= 72.5+2°, 10°off S polarization.

charge decreases progressively from a maximum corresponding to
the two points aligned on the incident electric field until cancelling
in the direction perpendicular to the exciting field. This charge
distribution corresponds to the cosine dependence inherited from the
dipolar (I = 1, m= % 1) spherical harmonics Y1 involved in the
description of the Ey, eigenstates[40].

The group theory result is compared to the ones obtained with
PEEM microscopy (Fig. 4(b)). In more details, the plasmonic
response of Au nanodisks of 92 + 9 nm in diameter and 12 £ 3 nm
in thickness is investigated using PEEM. The average distance
between particles is 0.5 * 0.2 um preventing any significant
plasmonic coupling between objects. SEM images and the
absorption spectra of individual nanodisks are given in ESM (Fig.
S5 and S8). The nanodisks are excited at grazing incidence o = 72.5
* 2° with a laser beam at wavelength A = 780 nm corresponding to
the in-plane dipolar mode. The PEEM map shows that the plasmon
field is distributed in two lobes along the nanodisk circumference,
which is fully consistent with the group theory dipolar state E;, and
the previous studies [50, 51]. The experimental field distribution is
more confined because of the non-linearity of the PEEM
photoemission response (3-photons regime). Additional PEEM
maps are available in ESM (Fig. S.12). In conclusion the
experimental result validates the extended group theory method in
the case of objects of infinite symmetry in 2D [49].

3.2.2. 3D particles: spheres

As a second example, we consider a basic regular 3D object,
namely a sphere. In order to achieve a finite symmetry description,
the particle surface is meshed like a Buckminsterfullerene molecule.
Buckminsterfullerene, called also fullerene Cs, is a spherical
molecule composed of 20 hexagons and 12 pentagons with a carbon
atom at each vertex of each polygon and a bond along each polygon
edge. All vertices are equivalent by symmetry [52]. In short, a
buckminsterfullerene has a structure that resembles a soccer ball.
After meshing, a spherical particle exhibits a structural symmetry
corresponding to the I, point group (see Fig. S3 in ESM). According
to the corresponding character table [40], the irrep describing the
symmetry of the exciting electric field m = (Eextx, Eextys Eextz) 1S
Taw. Ta corresponds to a mode with a non-zero electric dipole
moment and can be excited by the external electric field m
(bright mode). The irrep products are given in ESM. For the initial

choice of the basis vector set, s-atomic orbitals are placed at the
vertex positions, i.e. the corresponding carbon atom positions of the
Cso molecules. The plasmon charge averaged on each hexagon and
pentagon surface areas, obtained by projection of one of the s-atomic
orbitals on the irrep Ty, is presented in Fig. 5(a). At dipolar plasmon
resonance, the plasmonic charges (SALC eigenstate) are distributed
over two hemispheres of opposite signs aligned on the incident
electric field direction. This theoretical result is in line with those (i)
of the analytic description of a sphere in the quasi-static regime
[53,54] and (ii) of the more sophisticated and demanding
electromagnetic simulations conducted by FDTD [55, 56], DDA
[57] and BEM [49].

An experimental validation is carried out by mapping the optical
near field in a Au colloidal nanospheres using PEEM. Au
nanospheres of 98 + 1.6 nm in diameter are excited in the visible at
a wavelength A = 540 nm close to the dipolar resonance under
grazing incidence a = 72.5 £ 2° and in S polarization. For the
considered illumination geometry, excitation in S polarization
corresponds to the excitation of the sphere equatorial plane, where
the surface charge separation can be more easily spotted
experimentally. Indeed, a P polarization would correspond to a polar
plane excitation for which the charge separation will be difficult to
ascertain since the electron signal is collected along the polar axis
(normal substrate axis). The average distance between close sphere
neighbours is about 0.6 + 0.1 um, so one expects no significant
plasmonic coupling between the particles. SEM images of the
nanospheres together with individual absorption spectra are given in
Fig. S6 and S9 in the ESM. The field distribution acquired with
PEEM microscopy is represented in Fig. 5(b). The PEEM map
shows a confinement of the plasmon field according to two lobes
around the sphere, aligned along the direction of the exciting electric
field. These experimental results are in agreement with those
obtained using group theory which validates the theoretical method
in the case of 3D objects of infinite symmetry [49]. Additional
PEEM images are given in ESM (Fig. S13).

www.theNanoResearch.com | www.Springer.com/journal/12274 | Nano Research
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Figure 5 (a) Charge distribution of the dipolar plasmon mode in a sphere obtained using group theory (mesh grid in the form of a fullerene Cgo molecule, negative charge

in blue, positive in red. (b) PEEM map of the dipolar plasmon field distribution of a Au nanosphere of 98 nm in diameter. Photon wavelength A = 540 nm, beam incidence

angle o = 72.5 + 2°, S polarization.

4. Conclusions

Group theory offers the possibility to predict and to investigate
the plasmonic responses of MNPs by a hand calculation. In this
article, we have demonstrated, through several examples, that group
theory can be successfully applied to predict the plasmonic hot spots
distribution in particle of finite (hexagon) and infinite (disk, sphere)
symmetry point groups. The symmetry approach is confirmed by
high-resolution subwavelength near field mapping conducted by
PEEM microscopy. This investigation confirms the general
character of the group theory method previously applied to finite
symmetry MNPs [25, 26].

Further extensions of the group theory approach can be
envisaged. First, the present examples correspond to the
determination of plasmon eigenstates of dipolar character of objects
of simple canonical shapes. In this case the choice of an initial orbital
basis is simple, but difficulties arise when one considers higher order
plasmonic modes of the particle. One way to circumvent this
difficulty consists in the meshing of the objects using fullerene
molecules. Indeed, depending on the number of carbon atoms, a
fullerene molecule can adopt a geometrical shape of various
symmetries: a sphere, an ellipsoid, a rod, etc [52]. These molecules
possess a finite number of symmetry elements. So, access to higher
order resonance modes is made possible. Second, the present work
deals with objects of various symmetry point groups and a simple
linearly polarized excitation light wave. Another perspective is the
use of the group theory approach to predict the plasmonic behaviour
of one simple shape MNP excited with an electromagnetic wave of
complex symmetry: elliptically polarized [49] or presenting an
orbital angular momentum for instance.
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