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Abstract 
 

The molecular Monte Carlo method, combined with the CRG interatomic potential, is used for the 
first time to investigate stoichiometric mixed oxides U1-yPuyO2 (with y in the range 0 to 1). The 
implementation of this Monte Carlo method for mixed oxides simulation was carried out involving 
two algorithms, with and without cation exchange. The use of these two Monte Carlo algorithms 
allowed us to test the effect of the substitutional disorder implied by the coexistence of two types of 
cations. Structural, thermodynamic, and mechanical properties of the stoichiometric mixed oxides fuel 
U1-yPuyO2 have been investigated over a wide temperature range (from 300 K to the melting 
temperature) and plutonium content (from 0 to 100 atom %). Our study shows that the exploration of 
cationic configurations through the cation exchange algorithm is required for a complete description 
of the mixed oxides fuel properties, especially for the atomic structural properties. Concerning 
thermodynamic properties, the evolution of the computed specific heat as a function of temperature 
exhibits one peak for all plutonium contents around 2300 K, i.e. at ~0.8 Tm (Tm is the melting 
temperature). The same behaviour is observed for the linear thermal expansion coefficient. These 
peaks, also observed in previous studies, are related to the Bredig transition known to occur around 
0.8 Tm. A good agreement between our results, experiments, and previous calculations is found for 
temperatures up to about 2100 K. Above this temperature, our calculations show a behaviour different 
from experimental recommendations.  

1. Introduction 
 

Uranium dioxide UO2 has been widely studied as the conventional fuel for Light Water Reactors 
(LWR). It can also be blended with other actinide powders, such as PuO2, to form Mixed Oxide 
(MOX) fuels.  To date, MOX fuel is used in Light Water Reactors with a low Pu content (~9 at %). 
Fuel recycling helps save resources, reduces waste and amount of spent nuclear fuel from LWR, and 
burn minor actinides. In order to encourage fuel recycling, MOX fuel is envisaged as the reference 
fuel for generation IV Sodium Fast neutron Reactors (SFR) with a higher Pu content (between 25-30 
at %). To ensure safety and fuel performance in the fuel qualification process, a complete 
investigation of MOX properties is required. Extensive knowledge of structural, mechanical and 
thermodynamic properties, among others is essential for fuel performance codes. However, 
experimental studies of Pu and its compounds are challenging to handle due to the high toxicity of 
plutonium. Therefore, atomistic simulation could be an alternative way of obtaining these properties.  
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In the literature, UO2 has been widely investigated compared to PuO2 and MOX fuels for which 
experimental thermodynamic data (thermal expansion, enthalpy, heat capacity…) are poorly known, 
especially at high temperatures (over 2000 K). Usually, experimental thermodynamic data are used to 
develop empirical correlations (so-called recommendations) used to describe the properties of the 
materials. However, due to a lack of experimental data on PuO2 and MOX fuel, it is impractical to 
establish recommendations for these compounds. Kopp Neumann additivity law is often used as an 
alternative for the determination of MOX thermodynamic properties from UO2 and PuO2 
recommendations. Moreover, several authors in the literature [1], [2] consider the recommendations 
of MOX to be the same as those for UO2. Nonetheless, these recommendations are not based on 
updated data (such as the melting temperature, enthalpy, and heat capacity). Therefore, 
recommendations fail to reproduce correctly some material behaviours, such as the Bredig transition, 
which is known to occur at 0.8 Tm (melting temperature) [3], [4]. Such transition can be observed in 
several ionic materials, which can exhibit properties more reminiscent of simple liquids than of ideal 
crystalline materials when subject to an increase of the temperature or pressure. Around the critical 
temperature or pressure at which such transition appears, the atomic diffusion in these materials 
approaches the values usually observed in fluids at high temperatures. These materials discovered 
about 200 years ago by Faraday [5], [6] are called “superionic” as they can conserve their ionic 
composition at critical temperature. Superionic materials are usually classified as follows:  

(i) type I superionic materials, which  exhibit a first-order solid-solid structural transition, 
which has a noticeable effect on direct materials properties such as lattice parameter of anion 
sublattice and pair distribution functions.  

(ii) type II superionic materials, which show a kink in their derivative properties (such as heat 
capacity at constant pressure and thermal expansion coefficient) at a critical temperature (Tλ). At Tλ, 
the heat capacity at constant pressure and the thermal expansion coefficient exhibit peaks, that are the 
signature of a second-order or some higher order “rounded” thermodynamic transition [7]. In actinide 
oxides, this transition is also termed “Bredig transition” or “lambda transition” [3], [8].  

To date, all the theoretical studies carried out on MOX using empirical potentials are restricted to the 
use of Molecular Dynamic (MD) simulations. Several properties of MOX have been investigated 
using different potential forms. Yamada et al. [9] published one of the first studies on MOX using a 
Born-Mayer-Huggins interatomic potential [10], [11], and dealing with the thermophysical properties 
of PuO2 and MOX fuel. In this work, a Morse potential term [9], [12] has been added  to account for 
the covalent bonding between anions and cations. The authors evaluated the lattice parameter, heat 
capacity, compressibility, oxygen diffusivity and thermal conductivity of PuO2 and MOX with 0.2 % 
of Pu. This study was extended by Kurosaki et al. [13] to higher temperatures (up to 3000 K). Arima 
et al. [10], [14] expand from the previous study by using only a Born-Mayer-Huggins interatomic 
potential for more extensive ranges of Pu content. However, these studies failed to reproduce bulk 
modulus and thermal conductivity at high temperatures (over 2000 K). Furthermore, the results 
obtained differed from one author to another depending on the empirical potential used [14]–[16]. 
These differences indicate the strong dependence of the results to the chosen potential form as well as 
the data (lattice parameter, thermal expansion and elastic constants at room temperature) on which the 
potential parameters were fitted. Recently, Cooper et al. [17] proposed a more sophisticated form of 
potential adding a many-body term to the pair-type contributions, through the Embedded Atom Model 
(EAM), to account for the many-body interactions in the compounds. The results obtained with the 
CRG potential reproduce correctly many measured properties of many actinide oxides and their mixed 
oxides for temperatures up to the melting temperature. 
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Molecular Dynamic (MD) consists in determining the trajectory of atoms by solving Newton's 
equations of motion of the system. During MD simulations of solids, atoms move slightly around their 
equilibrium positions, but the simulation time (limited to a few tens of nanoseconds) is not necessarily 
long enough to observe the atoms moving from one crystalline site to another. This constitutes a 
limitation of MD for the simulation of mixed oxide U1-yPuyO2. Stoichiometric U1-yPuyO2 mixed oxide 
is known to form an ideal solid solution [18], [19] (i.e. cations are randomly distributed in the face 
cubic centered sublattice). Exploring the cation distribution repartition during the simulation requires 
allowing the system to reach its real thermodynamic equilibrium state. Therefore, the use of MD to 
simulate mixed oxides might not be a relevant approach, since the initial cation repartition will be 
kept fixed during the simulation. Alternatively, the molecular Monte Carlo (MC) [20] simulation 
approach is expected to be more relevant since it can enable the exchange of uranium and plutonium 
atoms during a simulation, which allows for exploring the space of the cationic configurations to 
achieve the real thermodynamic equilibrium. The latter method has been successfully applied by 
Allan et al. [21] and Lavrentiev et al. [22] for the determination of the phase diagram and the 
thermodynamic properties of CaO/MgO system. In addition, the MC method has also been used in the 
literature to predict adsorption in porous materials such as MOFs, ZIFs, and Zeolites [23], [24]. 

In this study, molecular Monte Carlo simulations are performed for the first time to investigate the 
structural, mechanical, and thermodynamic properties of U1-yPuyO2, from 300 K to the melting 
temperature and from 0 to 100 % of Pu. This corresponds to a large amount of calculations, and as a 
consequence, we have used a classical potential to calculate atomic interactions as it is less 
computationally demanding than electronics calculations. The CRG empirical potential function from 
Cooper et al. [17] was chosen for this study since it was thoroughly tested by several authors [15], 
[25], [26]. The present article is organized as follows: in section 2, we describe the simulation 
conditions and the CRG empirical potential. Section 3 is dedicated to a study of the effects of cation 
exchanges, followed in section 4, by the presentation of the thermodynamic properties obtained using 
the molecular simulations. Results concerning the lattice parameter, thermal expansion, the linear 
thermal expansion coefficient, compressibility coefficient, bulk modulus, the enthalpy, and heat 
capacity are presented and discussed. The results are systematically compared to experimental data 
available and the recommendations. Finally, conclusions and perspectives are given in section 5. 

2. Methods 
 

MC simulations are carried out within the isobaric-isothermal (NPT) ensemble: both the atomic 
coordinates and the cell dimensions are allowed to vary during the simulations. We systematically 
compared two types of calculations: one without exchange of uranium and plutonium atoms, and one 
with cation exchanges. In the two cases, the temperature effect is take into account by allowing 
random translations of randomly selected atoms, and the pressure effect is obtained using random 
volume changes of the simulation box. In the first case, the attempt probabilities attributed to these 
MC moves are 99 % and 1 % respectively. This first case is fully comparable to MD simulations in 
the NPT ensemble. In the second case, a third move is also used to account for the effect of the 
cationic repartition: an exchange move between randomly selected uranium and plutonium atoms 
[27]. In this second case, the attempt probabilities attributed to these 3 MC moves are 79 %, 1 %, and 
20 % respectively. In all calculations, each move attempt is accepted or rejected following a standard 
Metropolis scheme based on the potential energy difference between the old and new configurations 
[20]. The maximum variations in the atomic displacements and the volume changes are adjusted 
automatically during the simulation to maintain an acceptance/rejection ratio of approximately 0.4. 



5 
 

The values of thermodynamic properties are averaged on 500 million configurations.  Simulations are 
performed with the MC GIBBS code [28], [29]. 

The empirical potential used to describe interactions between atoms in this work is the CRG potential 
[17], which combines a pair potential description with the many-body Embedded Atom Model (EAM) 
[30] from Daw and Baskes. In the CRG empirical potential, the potential energy 𝐸 between an atom 𝑖 
with respect to all other atoms is given by: 

     𝑬𝒊 ൌ
𝟏

𝟐
∑ 𝑼𝜶𝜷ሺ𝒓𝒊𝒋ሻ𝒋  െ 𝑮𝜶൫∑ 𝝈𝜷ሺ𝒓𝒊𝒋ሻ𝒋  ൯

𝟏
𝟐                             Eq. 2.1 

This equation has two distinct components. 𝑈ఈఉሺ𝑟ሻ represents the pairwise interaction between two 

atoms 𝑖 and  𝑗 separated by distance 𝑟.  𝛼 and 𝛽 are used to label the species of atom 𝑖 and  𝑗 

respectively. The pairwise interaction terms are described using both long-range (Coulomb, 𝑈ሺ𝑟ሻ) 

and short-range (Buckingham, 𝑈ሺ𝑟ሻ and Morse, 𝑈ெሺ𝑟ሻ) contributions as given by the equations 

(Eq. 2.2 to Eq. 2.5) below. 

𝑼𝜶𝜷ሺ𝒓𝒊𝒋ሻ ൌ 𝑼𝑪൫𝒓𝒊𝒋൯  𝑼𝑩ሺ𝒓𝒊𝒋ሻ  𝑼𝑴൫𝒓𝒊𝒋൯                                    Eq. 2.2 

𝑼𝑪ሺ𝒓𝒊𝒋ሻ ൌ
𝒒𝜶𝒒𝜷

𝟒𝝅𝜺𝟎𝒓𝒊𝒋
                                                                            Eq. 2.3 

𝑼𝑩൫𝒓𝒊𝒋൯ ൌ 𝑨𝜶𝜷𝒆𝒙𝒑 ൬െ
𝒓𝒊𝒋

𝝆𝜶𝜷
൰ െ

𝑪𝜶𝜷

𝒓𝒊𝒋
𝟔                                                     Eq. 2.4 

𝑼𝑴ሺ𝒓𝒊𝒋ሻ ൌ 𝑫𝜶𝜷 
𝒆𝒙𝒑 ቀെ𝟐𝜸𝜶𝜷൫𝒓𝒊𝒋 െ 𝒓𝜶𝜷

𝟎 ൯ቁ

െ𝟐𝒆𝒙𝒑 ቀെ𝜸𝜶𝜷൫𝒓𝒊𝒋 െ 𝒓𝜶𝜷
𝟎 ൯ቁ

                              Eq. 2.5 

The parameters 𝑞ఈ,  𝑞ఉ,  𝐴ఈఉ, 𝝆𝜶𝜷, 𝐶ఈఉ, 𝐷ఈఉ, 𝛾ఈఉ and 𝑟ఈఉ
   are the parameters of these equations 

given in Table 1. 

The second component of equation Eq. 2.1 represents the many-body EAM interaction term added by 
Cooper et al. to improve the pair interaction model. The pair interatomic potentials fail to reproduce 
the Cauchy’s violation observed in actinide oxides with fluorite type structure (i.e. C12≠C44 where Cij 
are elastic tensor elements in Voigt notation). 𝜎ఉ in this equation is computed as shown in equation 

Eq.2.6. In this equation, a short-range cut-off as an error function is applied at 1.5 Å that reduces the 
EAM component gradually to prevent unrealistic forces occurring at short separations; ensuring that 
there is no discontinuity in the interatomic energy, which would arise from an abrupt cut-off as 
pointed by Cooper et al. [31]. The function erf [31] stands for the error function and the parameters 
𝜂ఉ and 𝐺ఈ are presented in Table 2. 

𝝈𝜷൫𝒓𝒊𝒋൯ ൌ
𝟏

𝟐
൬

𝜼𝜷

𝒓𝒊𝒋
𝟖 ൰ ሼ𝟏  𝒆𝒓𝒇ሾ𝟐𝟎ሺ𝒓 െ 𝟏. 𝟓ሻሿሽ                      Eq. 2.6 
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Table 1. Parameters of the interatomic CRG empirical potential [17]. M stands for U and Pu cations. 
The parameter in bold is the refitted one, which predicts the correct melting PuO2 temperature at 2800 
± 50 K, as proposed by Cooper et al., in a second article [31].  

q(|e|) M 2.2208 
 O -1.1104 

A(eV) M-M 18600 
 U-O 448.779 
 Pu-O 527.516 
 O-O 830.283 

ρ(Å) U-U 0.2747 
 Pu-Pu 0.2637 
 U-O 0.3878 
 Pu-O 0.3793 
 O-O 0.3529 

C(eV.Å6) M-M 0.00 
 M-O 0.00 
 O-O 3.8843 

D(eV) U-O 0.6608 
 Pu-O 0.7019 

ɣ(Å-1) U-O 2.058 
 Pu-O 1.980 

r0(Å) U-O 2.381 
 Pu-O 2.346 

 

Table 2. Parameters of the many-body EAM term used within the CRG empirical potential [17]. The 
parameters in bold are the refitted one which predicts the melting PuO2 temperature at 2800 ± 50 K as 
proposed by Cooper et al., in a second article [31]. 

 

 

 

A 2592 atom (864 cations and 1728 anions) supercell is used. It corresponds to a 666 time 
replication of a 12 atom cubic supercell of the MO2 fluorite structure. Several methods are used in the 
literature to model the chemical disorder of two different atoms in size limited systems of binary 
alloys [32]–[36]: in particular the Virtual-Crystal Approximation (VCA) method [35], the Site-
Coherent-Potential-Approximation (SCPA) [33] method and the Special Quasi-random Structure 
(SQS) [32] method. The first two approaches are “structureless” since they do not account for the 
local structure relaxations, which impact local properties averaging. They only consider the average 
occupations by <A> , <B>, or <AB> of sites in the case of A-B alloys, removing the information 
associated with the geometrical arrangements of atoms around the sites. In the VCA method, the alloy 
is assumed to have a single <AB> averaged type of atom while the SCPA method assumes all A and 
separately all B are equivalent (composed of chemical species having similar size), and each is 

𝐺ఈൣ𝑒𝑉. Åଵ.ହ൧ 𝜂ఉൣÅହ൧ 
U 1.806 3450.995 
Pu 2.168 3980.058 
O 0.69 106.856 
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embedded in a uniform medium. The method commonly used for small size supercells of binary alloy 
is the SQS method developed by Zunger et al. [32]. Pezold et al. [37] have also used a Monte-Carlo-
based search scheme to construct a set of SQS structures covering the entire concentration range. The 
SQS method allows building configurations of binary alloys accounting for the substitutional disorder 
based on the reproduction of the pair correlation functions at rather short distances. This approach 
becomes difficult to handle for the large supercells, especially larger than 96 atoms, whereas 
modeling an ideal solid solution requires a large supercell in order to represent the random 
distribution in the mixture correctly. For this reason, we built larger supercells containing 2592 atoms 
by duplicating the SQS 96 atom supercells (see Figure 1.a) in the three spatial directions. These 
supercells represented our initial configurations (see Figure 1.b). All the initial configuration used in 
this work (for calculations with or without cation exchanges) are built in this way and contained 2592 
atoms. The arrangements of U and Pu cations from Pezold et al., [37] are used for the whole range of 
Pu content. 

 

Figure 1: SQS 96 atom supercells with 25% Pu content a) and 3 x 3 x 3 SQS duplication in the three 
spatial directions to obtain 2592 atoms. All the initial configurations used in this work are built in this 
way.  

3. Effect of the MC cation exchange algorithm and deviation from the ideal solid solution  

3.1. Effect on thermodynamic properties 
In order to measure the effect of cation exchanges in our MC simulations, we have compared results 
from MC simulations with and without cation exchanges.   

Table 3 shows the various calculated thermodynamic properties, namely lattice parameter (a), 
enthalpy (H), linear thermal expansion coefficient (α), bulk modulus (B) and heat capacity (Cp) of 
stoichiometric U0.75Pu0.25O2 obtained at room temperature. In this work, the enthalpy is defined as 
H ൌ U  PV ൌ 9/2 ∗ RT  Uconf   PV. Were U, P, and V are respectively the energy, the pressure 
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and the volume of the system. The energy U can also be written as the sum of the configurational 
energy of the system Uconf (the energy coming from the CRG potential) and a perfect gas (or kinetic) 
contribution equal to 9/2*RT (corresponding to the energy of an isolated UO2 molecule). All the 
computed properties in Table 3 are obtained using both algorithms, with and without cation 
exchanges. Results are also compared with ab initio and experimental measurements available in the 
literature [38], [39], [40], [41]. Concerning α and Cp from MC in Table 3, they are both computed 
respectively by analyzing the volume fluctuations, following the equation Eq 4.2, and by analyzing 
the energy fluctuations, following the equation Eq 4.5. As shown in this table, the computed values of 
lattice parameter and enthalpy for both algorithms are identical. Moreover, these values are consistent 
with the experimental data as well as with ab initio MD results. Concerning derivative properties 
(linear thermal expansion, bulk modulus and heat capacity), the values given by the two algorithms 
show a slight difference, less than 0.3%, which is smaller than statistical uncertainty. Therefore, no 
effect of the cation exchange algorithm was detected with respect to the thermodynamic properties. 
Besides, our computed heat capacity at room temperature showed an overestimation by roughly 17% 
of experimental and ab initio values. This was discussed in more details in section 4. All the other 
calculated properties using both algorithms matched reasonably well with the experimental [39], [38], 
[40], [41] as well as ab initio results [42], [43]. To conclude, both algorithms are equivalent to 
compute the thermodynamic properties of MOX.  
 
Table 3. Lattice parameter (a), enthalpy (H), linear thermal expansion coefficient (α), bulk modulus 
(B), and heat capacity (Cp) of U0.75Pu0.25O2 solid solution computed at 300 K using MC simulation 
method with and without cation exchanges. These results are compared to ab initio and experimental 
data available in the literature. Concerning ab initio results, reported lattice parameter and bulk 
modulus are computed using static calculation (at 0 K) while the heat capacity is obtained using ab 
initio MD at 300 K.   

  MC without cationic 
exchange 

MC with cationic 
exchange 

Ab initio  Experimental 

a (Å) 5.45 ± (1.06 10-5) 5.45 ± (1.06 10-5) 5.52 (± 1.3 %) a 5.46 c 
H(106.J.mol-1) -3.94 ± (2.10 10-4) -3.94 ± (2.10 10-4) - - 
α (10-5.K-1) 2.95 ± 0.11 2.96 ± 0.11 - 2.93 d 
B (GPa) 207 ± 3 207 ± 3 197 a 209e 
Cp (J.mol-1 .K-1) 75.70 ± 0.27 75.62 ± 0.27 64.43 b *64.63 f 
aref [42]. bref [43]. cref [38]. dref [39]. eref [40]. fref [41]. *measurement is for 28% Pu content 

 

 

3.2. Effect on structural properties: interatomic distances and oxygen tetrahedron distribution  
 

We also checked the influence of the cation exchanges algorithm on structural properties such as pair 
distribution functions (PDF) and interatomic distances. It is well established in the literature that 
stoichiometric U1-yPuyO2 crystalizes in the fluorite-type structure [18], [44] in which U and Pu cations 
are distributed in the face-centered cubic lattice to form the cation sublattice. In this cation sublattice, 
the substitution of U cations by Pu cations (and vice versa) slightly modifies the interatomic distances 
between uranium or plutonium and oxygen atoms compared to pure oxides. As shown by Njifon et al. 
[42] using DFT calculations, the U-O interatomic distance decreases with the addition of plutonium 
atoms by comparison to its value in UO2, which is in agreement with the XAS (X-ray Absorption 
Spectroscopy) experiments. For MC simulations (see Table 4), our calculated interatomic distances 
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are identical whatever the algorithm used. These distances are also identical to those obtained in pure 
oxides UO2 and PuO2. These results probably come from the empirical potential which was fitted only 
on the pure actinide oxide properties. However, the differences between our calculated distances, ab 
initio results and the experimental measurements are of the same order of magnitude as the 
uncertainty on the lattice parameter (1.06* 10-5 Å).   

 

Table 4. The interatomic distances M-O (with M=U or Pu) in U0.70Pu0.30O2 , UO2, and PuO2 within the 
first coordination shell in comparison with both experimental XAS [19] and ab initio theoretical work 
[42]. The ab initio values were obtained for U0.75Pu0.25O2 solid solution. All interatomic distances are 
given in Å. 

  MC without 
 cationic exchange 

MC with cationic 
exchange 

Ab initio MD  Experimental 

    
dU-O  dPu- O dU-O  dPu- O  dU-O dPu-O  dU-O  dPu-O  

        
U0.70Pu0.30O2 2.35 2.33 2.35 2.33 2.38 2.37 2.35 2.35 

 
UO2 2.35    2.40  2.37  
PuO2  2.33      2.33 
  

In the fluorite structure, the anions are located at the center of the tetrahedrons formed by 4 cations. In 
the MOX, each oxygen atom is then located at the center of a cationic tetrahedron formed by U and 
Pu cations with 5 possible configurations, since the number of Pu can vary from 0 to 4. The 
distribution of these 5 types of tetrahedrons in a sample varies with the plutonium content and  the 
potential used to describe the local interactions between cations in the system. We considered a 
sample of stoichiometric MOX (U,Pu)O2 with 30% Pu content. The investigation at room temperature 
of the distributions of the 5 types of tetrahedrons is carried out first without the cation exchange 
algorithm, and then with the cation exchange algorithm.  

Figure 2 shows the average tetrahedron distribution calculated using both algorithms as a function of 
the number of plutonium around each oxygen atom in U0.70Pu0.30O2. The results are compared to the 
experimental tetrahedron distribution obtained by Vigier et al. [19] using 17O NMR (Nuclear 
Magnetic Resonance), as well as with the theoretical distribution corresponding to the stoichiometric 
U0.70Pu0.30O2 ideal solid solution [19]. This figure shows that the curve obtained with cation exchanges 
is closer to the experimental curve than the one obtained without cation exchange, proving that MC 
simulations with cation exchanges yield a better description of the real distribution. Small differences 
are found when we comparing the experimental curve by Vigier et al., with that of a random 
theoretical distribution representing an ideal solid solution. Despite these differences, Vigier et al. 
have concluded that their experimental sample was an ideal solid solution. Our results using cation 
exchanges is closer to random theoretical distribution of an ideal solid solution than to the 
experimental distribution. Therefore, we conclude that the MC method with the cation exchange 
algorithm associated with the CRG empirical potential reproduce well the random distribution of 
cations expected in the theoretical ideal solid solution. Experimentally, according to the authors, 
experimental distribution, no signal was detected for tetrahedrons containing 4 Pu. The concentration 
of the tetrahedrons containing 4 Pu was too low for a 30 % Pu content sample to be detected by 17O 
NMR. The MC computed value for tetrahedron with 4 plutonium atoms was about 1%.  
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Since our results do not reproduce perfectly the experimental distribution, it is interesting to 
investigate other structural information such as the number of Pu in the first cationic coordination 
shell and the evolution of the U/M fraction. 

 

   

Figure 2: Tetrahedron distribution around an oxygen atom as a function of the number of Pu 
neighbours in U0.70Pu0.30O2 at 300 K using MC simulation algorithms with and without cation 
exchanges. The results are presented along with the random theoretical distribution of an ideal solid 
solution and experimental distribution by Vigier et al. [19].      

 

3.3. Effect on U/M fraction and on number of Pu atoms in the first coordination shell   
 

To investigate with more detail the atomic structure, we first studied the pair distribution functions 
(PDF) between cations. The number of plutonium around a given plutonium cation is determined 
through the integration of the Pu-Pu PDF. These results are shown in Figure 3 as a function of 
interatomic distances for U0.75Pu0.25O2 at 300 K and 1000 K with a focus on the first coordination shell 
around a Pu in the cation sublattice (between 4 and 5 Å). In the fluorite structure, twelve cations (U 
and Pu) can be found in the first cation coordination shell. In the case of a plutonium content of 25 %, 
three plutoniums are expected around a given plutonium cation. As shown in Figure 3, three 
neighbouring plutonium cation are found for the two temperatures studied when cation exchange is 
not allowed. This shows that during the MC simulation process without cation exchange, the cationic 
repartition remained frozen in the initial configuration coming from SQS despite the effect of 
temperature. In contrast, in MC simulations with cation exchange, the number of plutonium in the 
first coordination shell of a given plutonium reaches values higher than three. This observation 
demonstrated that during the MC simulation process using cation exchange algorithm the system did 
not remain frozen in the initial cationic configuration.  The results also shows that the Pu atoms tend 
to cluster with each other, leading to a small deviation from the ideal solid solution. The slight 
clustering of Pu atoms is higher at 300 K than at 1000 K. However, this effect is tenuous and accounts 
for a difference of only 3.33 %.  
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Figure 3: Variation of integrated Pu-Pu pair distribution function (PDF) in U0.75Pu0.25O2 at 300 K and 
1000 K as a function of interatomic distance. The solid lines stand for the simulations without cation 
exchanges and the dashed lines for the simulations with cation exchanges. 

 

The phenomena shown in Figure 3 can be confirmed by analyzing the U/M fraction with M being 
U+Pu. This U/M fraction is the ratio between the number of U atoms and the total number of U and 
Pu cations in the system. It is obtained by combining the integrated U-U and U-Pu pair distribution 
functions. Figure 4 shows the U/M fraction as a function of pair distance for the MOX containing 25 
% of plutonium. Given 25 % of plutonium, the U/M fraction is expected to be 0.75 in our system. For 
the algorithm without exchanges, a 0.75 ratio is obtained at short distances for both investigated 
temperatures, while significant lower values are obtained at long distances. For cation exchange, the 
U/M fraction is slightly higher than 0.75 at short distances and is exactly equal to 0.75 at long 
distances, implying that the U atoms tended to cluster at short distances. Moreover, the fact that the 
U/M fraction decreases considerably at long distance for all temperatures studied without cation 
exchange is a proof that the duplication of SQS supercells does not lead to a good description of a 
random distribution of cations beyond the second shell.            

 

To conclude on this part, the MC simulations with and without cation exchanges lead to similar 
results as far as thermodynamic properties are concerned. From the structural point of view, the MC 
simulations with cation exchanges give a better description. Owing to these observations, only the 
results from MC simulations with cation exchanges have been used for further analyses.    
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Figure 4: Evolution of U/M (M=U+Pu) fraction in U0.75Pu0.25O2 solid solution at 300 and 1000 K as a 
function of interatomic distance. The solid lines stand for the simulation without cation exchanges and 
the dashed lines for the simulations with cation exchanges. 

 

3.4. Deviation from the ideal solid solution as a function of temperature and Pu content   
 

Figure 5 shows the deviation from the ideal solid solution of our systems, i.e. the difference between 
the calculated number of Pu in the first coordination shell and the expected one as a function of the 
plutonium content for the whole range of temperatures studied. Note that this deviation is obtained as 
previously by integrating PDFs in the first coordination shell. For all investigated temperatures, the 
deviation from the ideal solid solution is very low, with a maximum deviation of 0.11 Pu obtained at 
300 K for a Pu content of 37.5 %. Two situations could be observed depending on the temperature 
which indicates a typical change of the cationic configuration in our systems. At low temperatures 
(less than ~1800 K) the Pu atoms tended to group together slightly, yielding to a positive cluter 
deviation, while at high temperatures the Pu atoms tended to separate from each other slightly, leading 
to a negative deviation. This negative deviation at high temperatures may be due to the predominance 
of the entropy term in the system, while the enthalpy contribution may be responsible for the 
clustering observed at lower temperatures. The temperature at which we observed this change of 
behavior for the cationic distribution varies with the plutonium content. At low Pu contents, the 
temperature is around 1200 K, while for high Pu contents it is around 2300 K. No relation is 
established between this phenomenon and experimental observation.  
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Figure 5: Deviation from the ideal solid solution as a function of plutonium content at different 
temperatures. This deviation is defined as the difference between the calculated and the expected 
number of Pu in the first coordination shell.     

4. Results and discussions 

4.1. Lattice parameter 
 

The lattice parameter of MOX (U1-yPuyO2) is computed for various plutonium contents from pure UO2 
to pure PuO2 in the temperature range from 300 K to the melting temperature. We show in Figure 6.a. 
the lattice parameter for U1-yPuyO2 calculated along with UO2 Martin’s experimental recommendation 
[39] as well as Shamashita’s measurements for PuO2 [45].  

Figure 6.a. shows a regular increase of the lattice parameter of U1-yPuyO2 with decreasing plutonium 
content and increasing temperatures up to the melting point. At room temperature, the computed 
values of lattice parameters for UO2 and PuO2 are 5.469 Å and 5.396 Å respectively. These values are 
in good agreement with available experimental measurements [45]–[47]. The ionic radius of uranium 
being slightly larger than that of plutonium, the lattice parameter of UO2 is as expected higher than 
that of PuO2. Furthermore, for all Pu contents, a similar evolution of the lattice parameter with 
temperature is obtained. This variation is in good agreement with the experimental UO2 

recommendation from Martin [39] and with the PuO2 experimental data from Yamashita [45]. These 
results suggest a similar structural behavior for pure uranium and plutonium oxides and for U1-yPuyO2 

mixed oxides. Lattice parameter results agree well with the values reported by Ma et al. [11]  using 
classical MD for a plutonium content of 25 atoms %. 

We also calculated the deviation of the lattice parameter from Vegard’s law [48]  to check if it is still 
consistent with a solid solution. Vegard’s law states that the lattice parameter of a solid solution varies 
linearly with the component for all temperature. Following this idea, we have calculated the lattice 
parameter of the mixed oxide as a function of the plutonium content from the lattice parameters of 
pure UO2 and pure PuO2 as suggested by the Vegard’s law. The lattice parameter thus obtained is 
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subtracted to the corresponding value calculated in our simulations in order to calculate the deviation 
from the Vegard’s law.  

Figure 6.b shows this deviation as a function of temperature for various plutonium contents. The 
results highlight that for temperatures ranging from 300 K to 2000 K, the Vegard’s law is respected 
with a slight deviation of around 0.02%. At higher temperatures, the deviation from the Vegard’s law 
increases up to a maximum value of 0.08% around 2600 K. This behavior at high temperatures is 
related to the Bredig transition and is further investigated in the next section.   

Figure 6.c shows the mixing molar volumes as a function of Pu content at different temperatures. As 
shown in this figure, the mixing molar volumes are very low for all temperatures and Pu contents 
(with a maximum achieved at 50 % of Pu content). This result is in agreement with the small 
deviation from Vegard’s law reported above and confirms the existence of the ideal solid solution. 
However, a slight deviation from ideality is more important at high temperatures (3100 K). 

 

 

 

 

a) 

b) 
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Figure 6: Lattice parameter a), deviation from the Vegard’s law b), and mixing volume c) calculated 
in this work for different temperatures and different plutonium contents in U1-yPuyO2.  Lattice 
parameters are compared to both experimental UO2 Martin’s recommendation (solid black line) and 
experimental Yamashita’s PuO2 data (solid red line). The error bars calculated from the block 
averaging method (see ref. [49] for details) are too small to be seen (about 7x10-9 Å).     

 

4.2. Linear thermal expansion coefficient 
 

To further investigate the effect of temperature on expansion, the linear thermal expansion coefficient 
(α) is evaluated as the first derivative of the lattice parameter with respect to the temperature, as 
follows.     

         𝜶 ൌ
𝟏

𝒂𝟎
ቀ𝝏𝒂

𝝏𝑻
ቁ

𝒑
                                                              Eq. 4.1 

where 𝑎 stands for the lattice parameter at 300 K. In our Monte Carlo simulations, we computed the 
thermal expansion by analyzing volume fluctuations, as shown in equation (Eq.4.2) [50].   
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𝟏

𝟑〈𝑽〉𝒌𝑻𝟐 ൫〈𝑽𝑯 〉 െ 〈𝑽〉〈𝑯 〉൯             Eq. 4.2 

where 𝑉 is the volume of the system, 𝐻 is the configurational enthalpy, 𝐻=𝑈  𝑃𝑉 where 𝑈 is the 
intermolecular potential energy.   

Figure 7 shows the linear thermal expansion coefficients obtained for various plutonium contents of 
stoichiometric U1-yPuyO2. The comparison is made with the experimental recommendations by Fink 
for UO2 [2] and by Uchida for UO2 and PuO2 [51]. The linear thermal expansion coefficient evolved 
with temperature following approximately a similar trend, whatever the plutonium content.  Two main 
regions appear in this graph. The first region concerns temperatures ranging from 300 K to 2300 K, 
where 𝛼 values are similar and display a regular evolution for all plutonium contents. The tendency in 

c) 
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this region is consistent with previous theoretical studies [15], [16], [31]. Also, our MC values for 𝛼 
agrees well with Uchida’s experimental data for pure UO2 and PuO2 [51], with Fahey et al. [52] 
experimental results and with Martin’s experimental recommendation on UO2 [39]. Investigations by 
Fahey et al. showed that at room temperature the 𝛼 values of different actinide dioxides are almost the 
same, around 8.5x10-6 K-1. This result was expected since the lattice parameters of UO2, PuO2 and 
MOX fuel are close to each other up to ~2300 K [39], [53]–[55] and increase regularly with 
temperature in this range. This behaviour is confirmed by several other X-ray measurements and 
theoretical works (see Refs. [15], [31], [39], [45], [53], [55], [56]).  

In the second region, which concerns temperatures from 2300 K to the melting temperature, the 𝛼 
values vary from one Pu content to another and increase significantly with temperature up to a 
maximum before decreasing, forming peaks that appear at different temperatures for each plutonium 
content. Our results exhibit a discrepancy with Fink’s recommendation in this region for all plutonium 
contents. Fink’s recommendation however is based only on UO2 data. Furthermore, the data used to 
build the recommendation were scarce and scattered above 2500 K.  Therefore, this recommendation 
should be considered with caution concerning (U,Pu)O2 oxides. Our results are on the contrary in 
good agreement with Molecular Dynamics simulations results by both Cooper et al. [57] and Balboa 
et al. [15]. This behavior of 𝛼 in the high temperature region may be related to the already mentioned 
Bredig transition which occurs at the temperature designated Tλ (see next section for more details).      

 

Figure 7: Monte Carlo simulation of the evolution of the linear thermal expansion coefficient as a 
function of temperature for various plutonium contents in U1-yPuyO2 solid solution along with 
experimental Uchida’s data for pure UO2 and PuO2 [51] and Martin’s recommendation for pure UO2 
[39]. The error bars calculated from the block averaging method (see ref. [49] for details) are too 
small to be seen (about 3x10-6 K-1).    

 

4.3. Enthalpy and specific heat   
 

It is commonly observed that some crystalline materials exhibit significant molecular mobility above 
a specific onset temperature [58], [59], termed  “Tammann temperature”, corresponding to a factor of 
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around 2/3 of the melting temperature. This specific onset temperature has been identified in 
superionic materials. In regard to UO2, MD studies [60]–[62] show a significant oxygen disorder at 
temperatures above 2000 K in agreement with neutron scattering experiments [63]–[66]. These 
temperatures also acknowledge a change of the material dynamics from that of a “simple” crystal to 
some kind of highly defective crystalline structure. Ronchi et al. [4], Hiernaut et al. [67], Hyland et al.  
[68] and most recently Pavlov et al. [69]  made reasonably accurate measurements of heat capacity of 
UO2 using laser flash method in the temperature range including the onset temperature. Their 
measurements showed peaks around Tλ =2600 K that arose from the second-order transition presented 
before, and commonly called the “Bredig transition”. Nevertheless, this transition is difficult to 
observe experimentally for UO2, PuO2 or MOX. The value of the transition temperature for a given 
sample is related to its O/M ratio, and due to the variation of O/M ratio during the observation, it often 
appears that the transition is not clearly seen when increasing the temperature. These technical 
difficulties lead to high scattering of heat capacity measurements around Tλ; consequently the 
available recommendations in the literature failed to reproduce the peak related to the Bredig 
transition.  
 
In the literature, two different interpretations have been attributed to the mechanism behind the Bredig 
transition. Some authors [16], [69], [70] attributed the increase of the heat capacity to the formation of 
lattice and electronic defects with the main contribution from Frenkel pair defects. However, the 
decrease of the heat capacity after the Bredig transition remains unclear up to date. In parallel, other 
authors [62], [71] have attributed the Bredig transition to the pre-melting of the oxygen sublattice. 
Zhang et al. [71]  recently performed a detailed study on superionic UO2 showing that the peaks 
related to the Bredig transition could be attributed to the significant mobility of the oxygen ions. 
According to Zhang et al. [21], the thermal motion of the oxygen ions causes high pressure on the U 
ions. Therefore, the material exhibits some structural rearrangements (by interpenetrating U and O 
lattices) to accommodate the high internal stresses instead of undergoing the crystal melting. Thus, the 
oxygen sublattice behaves like a liquid. The latter mechanism proposed since the analysis of the 
oxygen sublattice around the Bredig transition shows several similarities with what is observed in 
glass-forming liquids [72], [73].  In this context, our calculated enthalpies and heat capacities appear 
particularly relevant. 

 

The computed enthalpy increment i.e. H(T) – H(300 K) of stoichiometric U1-yPuyO2 is displayed in 
Figure 8.a as well as the UO2 and PuO2 experimental Fink’s recommendations [2] as well as 
experimental measurements by Kandan et al. [41] for three plutonium contents (21 %, 28 %, and 40 

%). As mentioned before, the enthalpy is defined as H ൌ U  PV ൌ
ଽ

ଶ
∗ RT  Uconf   PV. Where U, 

P, and V are respectively the energy, the pressure and the volume of the system. The energy U can 
also be written as the sum of the configurational energy of the system Uconf (the energy coming from 

the CRG potential) and a perfect gas (or kinetic) contribution equal to 
ଽ

ଶ
∗ RT (corresponding to the 

energy of an isolated UO2 molecule). The calculated results are in good agreement with PuO2 Fink’s 
recommendation up to 1000 K and UO2 Fink’s recommendation up to 2650 K. For the whole range of 
investigated temperatures, the calculated enthalpy increments are identical for all plutonium contents 
and increased approximately linearly with increasing temperature even if the points around 2300 K 
are slightly scattered. This scattering was also observed by Potashnikov et al. [16] in the range 2000-
2600 K and attributed to the first-order phase transition due to the anionic sublattice instability. 
Although our results did not fit well with the Fink’s PuO2 recommendation above 1000 K, they are in 
agreement with the experimental calorimetric measurements of Kandan et al. [41]. The study by 
Kandan et al. indicated that the enthalpy increment values for the three investigated compositions 
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(21%, 28%, and 40%) are indistinguishable within the experimental uncertainties. Furthermore, recent 
theoretical works showed that there is no noticeable influence of the plutonium content on the 
enthalpy increment of MOX solid solution [15], [31] below the melting point. This result is not in 
agreement with the Fink’s recommendation, which suggests two different behaviors for UO2 and 
PuO2. Nevertheless, Fink highlights in his article that few data on PuO2 were available at this time 
especially at high temperatures compared to UO2.  

Figure 8.b shows the mixing molar enthalpies as a function of plutonium content. The obtained values 
obtained are minimal for all Pu contents up to 1800 K. This is the expected behavior for an ideal 
solution, and consistent with the fact that the ionic radii of U and Pu are close to each other [74]. 
Above 1800 K, the mixing enthalpies are small but significantly negative at 2300 K and 2450 K, with 
a minimum achieved at 50 % of Pu content, while at 3100 K the mixing enthalpy goes back to values 
close to zero. This behavior at high temperature may be related to the Bredig transition. 

 

 

 

a) 
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Figure 8: Monte Carlo results of the evolution of the enthalpy increment as a function of temperature 
for different plutonium contents in U1-yPuyO2 solid solution a) and mixing enthalpy as a function of Pu 
content b). The results are compared to experimental UO2 and PuO2 Fink’s recommendation data [75] 
as well as experimental measurements by Kandan et al. [23] for three different plutonium contents, 
namely 21 %, 28 %, and 40 %. The error bars calculated  from the block averaging method (see ref. 
[49] for details) are too small to be seen (about 3x10-3 J.mol-1).    

 

The heat capacity of MOX fuel is a fundamental property that governs nuclear reactor performance 
and safety. Its knowledge is essential for fuel performance codes. Heat capacity is the first derivative 
of the enthalpy with respect to the temperature at constant pressure (as shown by equation Eq.4.3). So, 
compared to enthalpy increment, more precise information can be extracted from the analysis of the 
heat capacity.  

                                                 𝑪𝒑 ൌ ቀ𝝏𝑯

𝝏𝑻
ቁ

𝒑
                           Eq. 4.3  

We  evaluated the heat capacity using two different approaches that we call here “indirect” and 
“direct”. In the indirect approach, the previous results of the variation of enthalpy displayed in Figure 
8 are fitted using the exponential form  as the one proposed by Fink to build its recommendation (see 
Eq.4.4 and ref [75] for details). Then the heat capacity is calculated as the analytical derivative of the 
fitting function. This approach is commonly used by experimentalists to post-treat their increment 
enthalpy measurements and was used by Fink to build its recommendations. It was also used by 
Cooper et al. [17] to determine the heat capacity of pure oxides as UO2, ThO2 and PuO2 using 
classical MD. The value of Cp obtained by this approach is strongly conditioned by the mathematical 
form chosen to fit ΔH. Moreover, the fitted parameters may considerably vary from one compound to 
another and have no physical meaning.  Our results using the indirect approach are displayed in 

b) 
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Figure 9.c along with UO2 and PuO2 Fink’s recommendations [75]. The fits are made for temperatures 
up to 2200 K because, above this temperature, they were clearly inappropriate. For all plutonium 
contents (except pure PuO2), a good agreement with UO2 Fink’s recommendation is found up to 2200 
K. Note that this empirical approach well reproduces the form of UO2 Fink’s recommendation but 
failed for PuO2. Again, Fink highlights in his article that at this time very few heat capacity data on 
PuO2 were available, especially at high temperatures (more than 298.15 K) to validate the PuO2 

recommendation. A more recent recommendation by Konings et al. [76] shows the same trend of heat 
capacity for both UO2 and PuO2. 

∆𝐇 ൌ 𝑪𝟏𝜽 ቂ൫𝒆𝜽/𝑻 െ 𝟏൯
ି𝟏

െ ൫𝒆𝟐𝟗𝟖,𝟏𝟓/𝑻 െ 𝟏൯
ି𝟏

ቃ  𝑪𝟐ൣ𝑻𝟐 െ ሺ𝟐𝟗𝟖, 𝟏𝟓ሻ𝟐൧   𝑪𝟑𝒆ି𝑬𝒂/𝑻   Eq. 4.4 

In the second approach, the direct one, the heat capacity is computed by analyzing the fluctuations of 
the energy during a Monte Carlo simulation. As already pointed by Jorgensen et al. [77], the heat 
capacity has to be separated into two contributions residual and ideal parts. The ideal part can be 
considered as constant above the Debye temperature (about 377 K and 425 K for UO2 and PuO2 
respectively [78]) and obtained by considering the compound as an ideal gas. The ideal heat capacity 
used in this work is assumed identical for all systems and equal to 20.786 J/mol/K. The residual part 
is computed from the following equation. The partial derivatives that appear in this equation are 
calculated using the fluctuation formula presented in Equation Eq.4.5. More details on this 
computational method are available in ref. [50].  
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Eq. 4.5 

 

Figure 9.a shows our direct computed UO2 heat capacity as a function of temperature together with 
experimental data [4], [69], [79], thermodynamic (U,Pu)O2 model by Gueneau et al., [80] using 
CALPHAD method, Fink’s recommendation [75] and a recent model proposed by Pavlovet al. [69]. 
Below 2000 K, all curves have almost the same trend (slight variation of heat capacity). Above 2000 
K, the curves may be divided into two groups. A first group, including the Fink’s recommendation  
[75] and the thermodynamic (U,Pu)O2 model by Gueneau et al. [80], shows an increase of the heat 
capacity up to the melting temperature. A second group, including experimental data [4], [69], [79], 
the model proposed by Pavlov et al. [69] and our calculations, shows a peak around 2600 K.  

 

Figure 9.b shows the direct computed U1-yPuyO2 heat capacity as a function of temperature along with 
Fink’s UO2 and PuO2 recommendation [75] and thermodynamic model proposed by Gueneau et al., 
[80] using the CALPHAD method. For all plutonium contents, the calculated data have the same trend 
and the same behavior as previously observed in section 4.2 for the linear thermal expansion 
coefficient. Below 2000 K, heat capacity followed a gradual increase and took the same values for all 
plutonium contents. Above 2000 K, a much more rapid increase is observed and could be attributed to 
the enthalpy required to create the oxygen disorder. The signature of this phenomenon was already 
observed in Figure 7  showing the linear thermal expansion coefficient. The observed peaks, referred 
to as λ-peaks, were discovered and characterized for the first time by Bredig et al. [3] for most of the 
compounds presenting a fluorite-type structure. This is the main signature of the second-order phase 
transition, also called “diffusing phase transition” or “superionic transition”. A superionic conductor 
behavior is attributed to the material above this transition. Figure 10 shows the pair distribution 
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functions (PDF) of the oxygen-oxygen (O-O) distances and plutonium-plutonium (Pu-Pu) in 
stoichiometric U0.75Pu0.25O2 for various temperatures. The O-O PDF is very sensitive to the increase of 
temperature, which leads to the rapid broadening of the peaks of the O-O PDF compared to the Pu-Pu 
one. At temperatures up to 900 K, the PDF decreases to zero for both O-O and Pu-Pu between the first 

and second coordination shells (after the first peak, ie after 𝑟 ൌ 3.25 Å and 𝑟 ൌ 4.80 Å for O-O and 
Pu-Pu PDF, respectively). Above 900 K, the O-O PDF no longer decreases to zero after the first peak 
while it is still the case for the Pu-Pu PDF at up to 2600 K. This means that the fluctuations in the 
oxygen sublattice are sufficiently large to enable the oxygen atoms to move from one site to another. 
Zhang et al. [71] showed that oxygen ions preferentially hop between sites having multiples of the 
interatomic distance, a behavior observed in many glass-forming liquids. At 2600 K and 3300 K for 
O-O and Pu-Pu respectively, the second peak of the PDF almost disappeares. This behavior 
corresponds to the liquid character of the oxygen and plutonium sublattices respectively. The liquid 
character of the oxygen sublattice corresponds to a pre-melting step, which starts at the Bredig 
transition, while the liquid character of the plutonium sublattice appears after the melting temperature 
of the compound.      

As shown previously [31], the superionic transition is closely related to the creation of oxygen defects 
and to the increase of the self diffusivity of oxygen ions [12], causing a “bump” in several properties 
as linear thermal expansion coefficient, enthalpy and heat capacity. Potashnikov et al. [16] also 
associated this manifestation of λ-peaks to the saturation in anti-Frenkel defects, which corresponds to 
a maximal disorder in the anion sublattice. From our thermal expansion and heat capacity results, this 
transition is found to occur at 2600 K and 2300 K for UO2 and PuO2 respectively, corresponding to a 
temperature equal to 0.85 times the melting temperatures of UO2 and PuO2 which are 3120 K [81] and 
3040 K [82] respectively. These results are consistent with previous experimental [4], [83] and 
theoretical [15], [16], [31], [84]–[86] works showing that the Bredig’s transition occurs around 0.8 
times the melting temperature in various actinide oxides. Our studies are in agreement with other 
theoretical studies showing the existence of Bredig’s transition for all Pu contents including PuO2. 
However even if this transition is well established in UO2 and ThO2 pure oxides as well as in (U1-

yPuy)O2 and (U1-yThy)O2 mixed oxides no experimental results neither recommendations predicted the 
Bredig’s transition in PuO2 except that of Konings et al. [76]. A recent study on antifluorite Li2O by 
Lavrentiev et al. [87] shows that the heat capacity of this material rises all the way up to the melting 
point, where it abruptly falls down. This sudden drop is therefore different from the progressive return 
to normal behavior observed in the fluorite type structure.  
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Figure 9: Evolution with temperature of UO2 a) and U1-yPuyO2 b) heat capacity using the direct 
method and indirect calculation of U1-yPuyO2 heat capacity c). The results are compared  with 
experimental UO2 data (Ronchi et al. [4], Heirnaut et al. [67], Pavlov et al. [69]),  Pavlov’s model 
[69], Fink’s recommendations [75], and thermodynamic model proposed by Gueneau et al. [80] using 
CALPHAD method. For our results, the error bars calculated from the block averaging method (see 
ref. [49] for details) are about 4 J.mol-1.K-1.     

 

The heat capacity calculated in this work using the direct method and displayed in Figure 9.b does not 
match the Fink’s recommendations. Below 500 K, the recommendation shows a rapid rise, which 
cannot be reproduced in classical MC and MD simulations due to the non-consideration of quantum 
mechanic effects in these calculations. Nevertheless, this part of the curve can be obtained 
theoretically from phonon spectrum calculations. From 800 K to 2000 K, Figure 9.b shows an 
underestimation about 4 J.mol-1.K-1 in computed heat capacity compared to the Fink’s UO2 
recommendation for all plutonium contents. However, the thermodynamic (U,Pu)O2 model by 
Gueneau et al. [80] using the CALPHAD method slightly overestimated this recommendation and 
showed a slight effect of Pu content. The underestimation observed in our calculations is on the order 
of magnitude of the calculated statistical error. Theoretically, heat capacity of actinide oxide and 
mixed oxide can be considered as the sum of several terms: heat capacity at constant volume 𝐶, at 
which can be added a dilatation term 𝐶ௗ, a Schottky term 𝐶ௌ and a Frenkel term 𝐶ி. Kato et al. [88] 
showed that it is important to analyze the 𝐶ௌ and 𝐶ி terms in heat capacity of PuO2. An increasing 
PuO2 heat capacity of about 10 J.mol-1.K-1 when the temperature goes from 400 K to 1000 K as well 
as a rapid growth for temperatures above 1500 K has been observed adding 𝐶ௌ and 𝐶ி terms. 
Several authors [89]–[91] showed that adding the Schottky term to the PuO2 heat capacity resulted in 
values closer to the experimental Oetting’s data [92]. Unfortunately, 𝐶ௌ and 𝐶ி terms can not be 
evaluated in our MC simulations and this could be the cause of the slight underestimation of our 
calculated heat capacity from 800 K to 2000 K. Contribution of electronic and Schottky defects on 
heat capacity as a function of temperature can be evaluated using empirical formula proposed in refs 
[13], [93]. Contrary to Fink’s recommendation, our calculations show a return to normal behaviour 
after the Bredig transition. This transition is responsible for the peak observed in our simulations 
around 2300 K while the Fink’s recommendation suggested a rapid and continuous increase of the 

c) 
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heat capacity. This difference with UO2 Fink’s recommendation is probably due to the use of an 
exponential form to fit ΔH experimental data though these data showed almost a linear evolution with 
temperature.  

 

Figure 10: Pair distribution functions (PDF) of the oxygen sublattice (oxygen-oxygen) a) and of the 
cation sublattice (plutonium-plutonium) b) as a function of the pair distance in the stoichiometric 
U0.75Pu0.25O2 at different temperatures.        

 

4.4. Bulk modulus 
The bulk modulus B, which is the inverse of the compressibility coefficient 𝛽், can be obtained from 
the simulations in the NPT ensemble by evaluating  the evolution of the volume of the system as a 
function of pressure at constant temperature. In our Monte Carlo simulations, this property is 
computed from volume fluctuations, as given in equation Eq.4.6 [50].  
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The computed bulk moduli of UO2 and PuO2 at room temperature are listed in Table 5. We compare 
our values with both MD and ab initio studies as well as with available experimental data. Our results 
are in agreement with ab initio calculations and showed that the bulk modulus of UO2 is lower than 
the one of PuO2, whereas MD simulations using CRG potential and experimental results exhibit the 
opposite behavior. A good agreement is found between our calculated bulk modulus of UO2 and the 
experimental data of Idiri [94]. For PuO2, the difference between our calculated value and the 
experimental one from Idiri [94] is around 19 %. However, there were some significant discrepancies 
between reported experimental values for PuO2 [94] (ranging from 178.0 GPa to 379.0 GPa); thus, it 
is difficult to conclude on the quantitative quality of our calculated results.  

The bulk modulus of U1-yPuyO2 for all plutonium contents is computed and plotted in Figure 11 
together with the experimental UO2 data of Browning [95] and the ESNII+ recommendation [96]. 
Figure 11 shows that for the entire range of plutonium content, the bulk modulus decreases linearly 
with the temperature up to ~2600 K. At 2300 K, in the region of the Bredig’s transition, we observe a 
small kink that leads to an increase of the bulk modulus and causes a discontinuity. This tendency is 
consistent with Browning’s experimental work on UO2 [95] and with some MD simulation results [9], 
[11], [15], [97]. Furthermore, our results fitted well with the recommendation of ESNII+ European 
catalog [96]. According to Cooper et al. [17], actinide oxides (AmO2, CeO2, CmO2, NpO2, ThO2, 
PuO2, UO2) exhibit a roughly linear dependence of the bulk modulus with temperature. This reflects 
the decrease of the bulk modulus with increasing lattice parameter. Our results did not show any 
effect of the plutonium content on bulk modulus as recommended in the ESNII+ European catalogue 
[96]. Even if bulk modulus measurements as a function of the content are not available in the 
literature, only a moderate increase in Young’s modulus with the addition of plutonium content has 
been reported by some authors. Novion et al. [98] results indicated that the Young’s modulus 
increases by 4% when the plutonium content is raised from 0 to 15%, while Nutt et al. [99] found an 
only 11% higher modulus value for a mixed (U, Pu)O2 containing 70% plutonium.  

For high temperatures, since no recommendation is given over the temperature range 2900 - 3100 K, 
it is difficult to conclude unequivocally. Therefore, our results above 2600 K constitute reliable 
predictions.  

 

Table 5. The bulk modulus of UO2  and PuO2 computed at 300 K using MC simulation with cation 
exchanges. These results are compared to the other theoretical ab initio, and MD works as well as 
experimental data available in literature.   

                 Bulk modulus (GPa) 
 MC MD Ab initio Experimental 

UO2 207 226.01b 196a 207c 
PuO2 212 220.80b 199a 178c 

                       aref [25]. bref [17]. cref [94].  
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Figure 11: Monte Carlo simulation of the bulk modulus as a function of temperature for different 
plutonium contents in U1-yPuyO2 solid solution along with ESNII+ recommendation [37] and 
Browning’s experimental data [36]. The error bars calculated from block averaging method (see ref. 
[49] for details) are about 5 GPa.            

5. Conclusion 
 

The lattice parameter, the enthalpy, the linear thermal expansion coefficient, the bulk modulus, and 
the specific heat of stoichiometric U1-yPuyO2 MOX fuel is investigated from 300 K to the melting 
temperature in the whole range of plutonium contents from pure UO2 to pure PuO2 using MC 
simulations using the CRG empirical potential. A specific MC algorithm is used to allow the 
investigation of the effect of cation exchange on all investigated properties and their impact on the 
characteristics of the solid solution. Our results showed that at room temperature, there is no 
noticeable effect of the cation exchange algorithm on thermodynamic properties, and the obtained 
results are in good agreement with MD works as well as with experimental data reported in the 
literature. The difference between the two MC algorithms with and without cation exchanges is 
visible only on the atomic structures. The cation exchange algorithm yields a random distribution of 
cations close to what is expected for an ideal solid solution. The study of atomic structure of 
U0.70Pu0.30O2 by analyzing the tetrahedron distribution around an oxygen atoms as a function of the 
number of Pu neighbors through MC simulation with cation exchange algorithm is consistent  with 
experimental 17O NMR measurements by Vigier et al. [19]. Note that both the experimental and 
calculated results are close to a theoretical distribution corresponding to an ideal solid solution. This 
good description of an ideal solid solution is an intrinsic feature of the MC simulation method and 
could not have been achieved by MD. Concerning thermodynamic properties, our results yielded the 
same trends as those obtained with the CRG empirical potential using MD method [15], [31]. These 
results also corroborate Martin and Fink’s recommendations at up to 2300 K especially for UO2. A 
Bredig transition is detected at 0.85xTm (Tm being the melting temperature) and is particularly 
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visible on the curves showing the evolution with temperature of the linear thermal expansion 
coefficient and the heat capacity for all Pu contents including PuO2. We also showed that the indirect 
calculation of the specific heat (by fitting enthalpy results with the mathematical form used in the 
Fink’s recommendation) is close to UO2 Fink’s recommendation, but questions have been raised 
concerning the physical reality of these results. Our direct calculations of the specific heat (by 
analysing the energy fluctuations within MC simulations) predicted a return to normal behavior after 
the Bredig transition as obtained experimentally by Ronchi et al. [4]. This return to normal behavior 
can not be reproduced by the exponential functions used by Fink to establish its recommendations. 
The results obtained in this work underline the need for a reassessment at high temperature of the 
empirical recommendations commonly used to address thermodynamic properties of uranium and 
plutonium oxides.   
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