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Abstract

We study generalised linear regression and classification for a synthetically generated dataset encom-
passing different problems of interest, such as learning with random features, neural networks in the lazy
training regime, and the hidden manifold model. We consider the high-dimensional regime and using the
replica method from statistical physics, we provide a closed-form expression for the asymptotic general-
isation performance in these problems, valid in both the under- and over-parametrised regimes and for a
broad choice of generalised linear model loss functions. In particular, we show how to obtain analytically
the so-called double descent behaviour for logistic regression with a peak at the interpolation threshold,
we illustrate the superiority of orthogonal against random Gaussian projections in learning with random
features, and discuss the role played by correlations in the data generated by the hidden manifold model.
Beyond the interest in these particular problems, the theoretical formalism introduced in this manuscript
provides a path to further extensions to more complex tasks.
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1 Introduction

One of the most important goals of learning theory is to provide generalisation bounds describing the quality
of learning a given task as a function of the number of samples. Existing results fall short of being directly
relevant for the state-of-the-art deep learning methods [1, 2]. Consequently, providing tighter results on the
generalisation error is currently a very active research subject. The traditional learning theory approach to
generalisation follows for instance the Vapnik-Chervonenkis [3] or Rademacher [4] worst-case type bounds, and
many of their more recent extensions [5]. An alternative approach, followed also in this paper, has been pursued
for decades, notably in in statistical physics, where the generalisation ability of neural networks was analysed for
a range of “typical-case” scenario for synthetic data arising from a probabilistic model [, 7, 8,9, 10, 11, 12,13, 14].
While at this point it is not clear which approach will lead to a complete generalisation theory of deep learning,
it is worth pursuing both directions.

The majority of works following the statistical physics approach study the generalisation error in the
so-called teacher-student framework, where the input data are element-wise i.i.d. vectors, and the labels
are generated by a teacher neural network. In contrast, in most of real scenarios the input data does not
span uniformly the input space, but rather live close to a lower-dimensional manifold. The traditional focus
onto i.i.d. Gaussian input vectors is an important limitation that has been recently stressed in [15, 14]. In
[14], the authors proposed a model of synthetic data to mimic the latent structure of real data, named the
hidden manifold model, and analysed the learning curve of one-pass stochastic gradient descent algorithm in a
two-layer neural network with a small number of hidden units also known as committee machine.

Another key limitation of the majority of existing works stemming from statistical physics is that the
learning curves were only computed for neural networks with a few hidden units. In particular, the input
dimension is considered large, the number of samples is a constant times the input dimension and the number
of hidden unit is of order one. Tight learning curves were only very recently analysed for two-layer neural
network with more hidden units. These studies addressed in particular the case of networks that have a fixed
first layer with random i.i.d. Gaussian weights [12, 13], or the lazy-training regime where the individual
weights change only infinitesimally during training, thus not learning any specific features [16, 17, 1¢].

In this paper we compute the generalisation error and the corresponding learning curves, i.e. the test error
as a function of the number of samples for a model of high-dimensional data that encompasses at least the
following cases:

« generalised linear regression and classification for data generated by the hidden manifold model (HMM)
of [14]. The HMM can be seen as a single-layer generative neural network with i.i.d. inputs and a rather
generic feature matrix [19, 14].

+ Learning data generated by the teacher-student model with a random-features neural network [20],
with a very generic feature matrix, including deterministic ones. This model is also interesting because
of its connection with the lazy regime, that is equivalent to the random features model with slightly
more complicated features [16, 12, 13].

We give a closed-form expression for the generalisation error in the high-dimensional limit, obtained
using a non-rigorous heuristic method from statistical physics known as the replica method [21], that has
already shown its remarkable efficacy in many problems of machine learning [6, 22, 8, 23] and was proven
rigorously in many cases see e.g. [24, 25]. While in the present model it remains an open problem to derive
a rigorous proof for our results, we shall provide numerical support that the formula is indeed exact in the
high-dimensional limit, and extremely accurate even for moderately small system sizes.

1.1 The model

We study high-dimensional regression and classification for a synthetic dataset D = {(x*, y“)}Z:1 where
each sample p is created in the following three steps:

(i) First, for each sample . we create a “latent” vector c* € R as

e~ N(0,1a), (1.1)



(ii) We then draw 8° € R? from a separable distribution Py and draw independent labels {y"}=, froma
(possibly probabilistic) rule f°:

Yyt = f0 <\}gc“ : 00) €R. (1.2)

iii) The input data points " € R? are created by a one-layer generative network with fixed weights
p p y yer g g
F € R¥*P and an activation function o : R — R:

=0 <\;aFTc“> . (1.3)

We study the problem of supervised learning for the dataset D aiming at achieving a low generalisation error

new "y drawn by the same rule as above, where:

€z on a new sample x

1 X
Eg e EEmnew’ynew [(yw(wnew) _ ynew)2:| . (14)

with £ = 0 for regression task and k£ = 1 for classification task. Here, 3, is the prediction on the new label
Yy of the form:

(@) = [ (@ - w). (1.5)

The weights w € RP? are learned by minimising a loss function with a ridge regularisation term (for A > 0)

and defined as

n
A
o = argmin | S 0" 2 - w) + w3 (16)
w =1

where £(.) can be, for instance, a logistic, hinge, or square loss. Note that although our formula is valid for any
fOand f, we take fO = f = sign, for the classification tasks and f* = f = id for the regression tasks studied
here. We now describe in more detail the above-discussed reasons why this model is of interest for machine
learning.

Hidden manifold model: The dataset D can be seen as generated from the hidden manifold model intro-
duced in [14]. From this perspective, although x* lives in a p dimensional space, it is parametrised by a latent
d-dimensional subspace spanned by the rows of the matrix F which are "hidden" by the application of a scalar
non-linear function ¢ acting component-wise. The labels y* are drawn from a generalised linear rule defined
on the latent d-dimensional subspace via eq. (1.2). In modern machine learning parlance, this can be seen
as data generated by a one-layer generative neural network, such as those trained by generative adversarial
networks or variational auto-encoders with random Gaussian inputs c# and a rather generic weight matrix F

[ s > > ]'

Random features: The model considered in this paper is also an instance of the random features learning
discussed in [20] as a way to speed up kernel-ridge-regression. From this perspective, the c*s € R? are
regarded as a set of d-dimensional i.i.d. Gaussian data points, which are projected by a feature matrix
F=( -ff’)£=1 € RYP into a higher dimensional space, followed by a non-linearity . In the p — oo limit of
infinite number of features , performing regression on D is equivalent to kernel regression on the c#s with
a deterministic kernel K (c#t,c#?) = B¢ [o(f - ¢ /d) - o(f - ¢#2 /d)] where f € R? is sampled in the same
way as the lines of F. Random features are also intimately linked with the lazy training regime, where the
weights of a neural network stay close to their initial value during training. The training is lazy as opposed
to a “rich” one where the weights change enough to learn useful features. In this regime, neural networks
become equivalent to a random feature model with correlated features [16, 29, 30, 31, 17, 18].



1.2 Contributions and related work

The main contribution of this work is a closed-form expression for the generalisation error €, eq. (2.1), that is
valid in the high-dimensional limit where the number of samples 7, and the two dimensions p and d are large,
but their respective ratios are of order one, and for generic sequence of matrices F satisfying the following
balance conditions:

1 & a a a
7Zwi1wi2 - wFip Fipy -+ Fip, = O(1), (1.7)
VP
where {w®}!_, are r independent samples from the Gibbs measure (2.7), and p1, p2,--- ,pq € {1,--- ,d},
ai,ag, - ,as € {1,--- ,r} are an arbitrary choice of subset of indices, with s, ¢ € Z.. This mild condition is

satisfied for instance by random i.i.d matrices and weakly correlated ones, but also by deterministic orthogonal
ones such as Fourier and Hadamard matrices, or the weights matrices used in Fast-food [32] and ACDC layers
[33]. The non-linearities f°, f , 0 and the loss function ¢ can be arbitrary. Our result for the generalization
error stems from the replica method and we conjecture it to be exact for convex loss functions /. It can also
be useful for non-convex loss functions but in those cases it is possible that the so-called replica symmetry
breaking [21] needs to be taken into account to obtain an exact expression. In the present paper we hence
focus on convex loss functions ¢ and leave the more general case for future work. The final formulas are
simpler for nonlinearities o that give zero when integrated over a centred Gaussian variable, and we hence
focus of those cases.

A interesting application of our setting is Ridge regression, i.e. taking f (z) = = with square loss, and
random i.i.d. Gaussian feature matrices. For this particular case [13] proved an equivalent expression. Indeed,
in this case there is an explicit solution of eq. (1.6) that can be rigorously studied with random matrix theory.
In a subsequent work [34] derived heuristically a formula for the special case of random i.i.d. Gaussian feature
matrices for the maximum margin classification, corresponding to the hinge loss function in our setting, with
the difference, however, that the labels y* are generated from the x* instead of the latent variable c* as in our
case.

Our main technical contribution is thus to provide a generic formula for the model described in Section 1.1
for any loss function and for fairly generic features F, including for instance deterministic ones.

The authors of [14] analysed the learning dynamics of a neural network containing several hidden units
using a one-pass stochastic gradient descent (SGD) for exactly the same model of data as here. In this online
setting, the algorithm is never exposed to a sample twice, greatly simplifying the analysis as what has been
learned at a given epoch can be considered independent of the randomness of a new sample. Another motivation
of the present work is thus to study the sample complexity for this model (in our case only a bounded number
of samples is available, and the one-pass SGD would be highly suboptimal).

An additional technical contribution of our work is to derive an extension of the equivalence between the
considered data model and a model with Gaussian covariate, that has been observed and conjectured to hold
rather generically in both [14, 34]. While we do not provide a rigorous proof for this equivalence, we show
that it arises naturally using the replica method, giving further evidence for its validity.

Finally, the analysis of our formula for particular machine learning tasks of interest allows for an analytical
investigation of a rich phenomenology that is also observed empirically in real-life scenarios. In particular

« The double descent behaviour, as termed in [35] and exemplified in [36], is exhibited for the non-
regularized logistic regression loss. The peak of worst generalisation does not corresponds to p = n as
for the square loss [13], but rather corresponds to the threshold of linear separability of the dataset. We
also characterise the location of this threshold, generalising the results of [11] to our model.

« When using projections to approximate kernels, it has been observed that orthogonal features F perform
better than random ii.d. [37]. We show that this behaviour arises from our analytical formula, illustrating
the "unreasonable effectiveness of structured random orthogonal embeddings”.

« We compute the phase diagram for the generalisation error for the hidden manifold model and discuss
the dependence on the various parameters, in particular the ratio between the ambient and latent
dimensions.



2 Main analytical results

We now state our two main analytical results. The replica computation used here is in spirit similar to the
one performed in a number of tasks for linear and generalised linear models [38, 6, 39, 40], but requires a
significant extension to account for the structure of the data. We refer the reader to the Appendix C for the
detailed and lengthy derivation of the final formula. The resulting expression is conjectured to be exact and, as
we shall see, observed to be accurate even for relatively small dimensions in simulations. Additionally, these
formulas reproduce the rigorous results of [13], in the simplest particular case of a Gaussian projection matrix
and ridge regression task. It remains a challenge to prove them rigorously in broader generality.

0.7
Theory
0.6 e Gradient descent
' X Gaussian equivalent

0.5 A
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Figure 1: Comparison between theory (full line), and simulations with dimension d = 200 on the original
model (dots), eq. (1.3), with o = sign, and the Gaussian equivalent model (crosses), eq. (2.10), for logistic loss,
regularisation A\=1073, n/d = 3. Labels are generated as y* =sign (c“ : 90) and f = sign. Both the training
loss (green) and generalisation error (blue) are depicted. The theory and the equivalence with the Gaussian
model are observed to be very accurate even at dimensions as small as d = 200.

2.1 Generalisation error from replica method

Let F be a feature matrix satisfying the balance condition stated in eq. (1.7). Then, in the high-dimensional limit
where p, d,n — oo with & = n/p, v = d/p fixed, the generalisation error, eq. (1.4), of the model introduced
in Sec. (1.4) for o such that its integral over a centered Gaussian variable is zero (so that kg = 0 in eq. (2.10)) is
given by the following easy-to-evaluate integral:

Tlim ey = By, [(£°00) = FO0)?] (2.1)
where f0(.) is defined in (1.2), f(.) in (1.5) and (v, A) are jointly Gaussian random variables with zero mean
and covariance matrix:

E:(p* J‘é)eR? (2.2)

with M* = kym%, Q* = k3q* + k2q},. The constants ky, k1 depend on the nonlinearity o via eq. (2.10), and
qr, gk, m?, defined as:

1 1
— ~ (6% Y = —E|[[Fw||
p d\l I %= |[Fad||
1 1
* = —E||w]||? * = ZFE [(Fw) - 6° 2.3
Qw » ||| ms = [(Fw) - 6" (2.3)



The values of these parameters correspond to the solution of the optimisation problem in eq. (1.6), and can be
obtained as the fixed point solutions of the following set of self-consistent saddle-point equations:

VS_ VL( ZgH<_Z)>7
~ +ds
V., = odil E§ [fR dy Z ijo) 80.177 (y’wl)] qs = mV [1 — 22‘9“( ) + 2292(_2)]
N _ Guw 2.0 (_
e = Z3Ee [ fud 2 (9 0) (1 (vsr) —r)7] Gty [70n(=2) +2%gu(=2)]
Mg = O"“Eg UR dy 0,2 (y,wo) (0 (y,w1) — wl)] , ms = W‘ZS (1 —2gu(=2)),
A aHZ
Vw = *Eg [IR dy Z yaw()) 3w77 (y,wl)] ) Vi = A_:f/w [% -1+ Zg.u(_z)] ’
\qw o a:"ﬁ*]Eg |:fR dy Z yuw()) (77 (yywl) - WI)Q] 5 quw = ’7(}:_5‘&2{)2 |:% -1+ 22911(_z>:| ’
| —i-(;n:‘?im [—zgu(—2) + 2°g,(—2)] ,
(2.4)
written in terms of the following auxiliary variables £ ~ N (0,1), z = )‘J‘r/i and functions:
B . [ (x— w)2
n(y,w) = argmin [ 5t
dZC (w w 0
Z(y,w) = | —e 5o — f(x 2.5
where V = k3V; + K2V, V0 = p — 2= Q= K2qs + K2qu, M = kimg, wo = M//QE and wy = /Q&. In

the above, we assume that the matrix FF—r € R9*4 associated to the feature map F has a well behaved spectral
density, and denote g, its Stieltjes transform.

The training loss on the dataset D = {z",y"}]|_; can also be obtained from the solution of the above
equations as

. A "
Jim e = o=qi, 4 Bey [2 (y,06) € (v, 0y, 1)) (2.6)

where as before £ ~ N (0,1), y ~ Uni(R) and Z, 7 are the same as in eq. (2.5), evaluated at the solution of the
above saddle-point equations wj = M*//Q*§, wi = VQ*E.

Sketch of derivation — We now sketch the derivation of the above result. A complete and detailed account
can be found in Appendix C and D. The derivation is based on the key observation that in the high-dimensional
limit the asymptotic generalisation error only depends on the solution w € RP? of eq. (1.5) through the scalar
parameters (g%, g, m%) defined in eq. (2.3). The idea is therefore to rewrite the high-dimensional optimisation
problem in terms of only these scalar parameters.

The first step is to note that the solution of eq. (1.6) can be written as the average of the following Gibbs
measure

| 8| 3 Uyt et w)+ 3w}
pp(wl{z! y"}) = ——e U : (2.7)

B
in the limit 8 — oo. Of course, we have not gained much, since an exact calculation of y3 is intractable for
large values of n, p and d. This is where the replica method comes in. It states that the distribution of the
free energy density f = —log Z3 (when seen as a random variable over different realisations of dataset D)
associated with the measure j15 concentrates, in the high-dimensional limit, around a value f5 that depends
only on the averaged replicated partition function Zj; obtained by taking r > 0 copies of Zg:

d 1
fﬁ — hm e hm - (E{:l:p y,u}ZB) (28)

r—0+ dr p—oo



Interestingly, E(; ;3 Z can be computed explicitly (see Appendix C), the upshot being that it can be written as
T pq)(r)(m\ gs:qw)
E(gnyny 25 o< [ dgsdgydmg ™6 0 (2.9)

where ® 3 - known as the replica symmetric potential - is a concave function depending only on the following
scalar parameters:
1 1 0

1
qs:gHF’sz, qw:;}”“’“% mS:&(Fw)e

for w ~ pg. In the limits of eq. (2.8), this integral concentrates around the extremum of the potential ) Since
the optimisation problem in eq. (1.5) is convex, by construction as 5 — oo the overlap parameters (g%, g, m*)
satisfying this optimisation problem are precisely the ones of eq. (2.3) corresponding to the solution w € R?
of eq. (1.5).

In summa, the replica method allows to circumvent the hard-to-solve high-dimensional optimisation
problem eq. (1.5) by directly computing the generalisation error in eq. (1.4) in terms of a simpler scalar

optimisation. Doing gradient descent in <I>(BO) and taking 8 — oo lead to the saddle-point eqs. (2.4).

2.2 Replicated Gaussian Equivalence

The backbone of the replica derivation sketched above is a central limit theorem type result coined as the
Gaussian equivalence theorem (GET) from [ 1] used it in the context of the “replicated” Gibbs measure obtained
by taking r copies of (2.7) - see Appendix B for more detail. In this approach, we need to assume that the
“balance condition” (1.7) applies with probability one when the weights w are sampled from the replicated
measure. We shall use this assumption in the following, checking its self-consistency via agreement with
simulations (see Appendix E for more details on the simulations).

It is interesting to observe that, when applying the GET in the context of our replica calculation, the
resulting asymptotic generalisation error stated in Sec. 2.1 is equivalent to the asymptotic generalisation error
of the following linear model:

L7
xt = kol + k1 —=F ' " + ki 2¥, (2.10)
Vd

with kg = E[0(2)], k1 = E[20(2)], ks = E [0(2)?] — k% — K%, and 2* ~ N(0,1,). We have for instance,
(Ko, K1, Ky) = (O, \/%,0.2003) for o = erf and (Ko, K1, fx) = (O7 %, 1- %) for o = sign, two cases
explored in the next section. This equivalence constitutes a result with an interest in its own, with applicability
beyond the scope of the generalised linear task eq. (1.6) studied here.

Equation (2.10) is precisely the mapping obtained by [13], who proved its validity rigorously in the particular
case of the square loss and Gaussian random matrix F using random matrix theory. The same equivalence arises
in the analysis of kernel random matrices [41, 42] and in the study of online learning [14]. The replica method
thus suggests that the equivalence actually holds in a much larger class of learning problem, as conjectured as
well in [34], and numerically confirmed in all our numerical tests. It also potentially allows generalisation of
the analysis in this paper for data coming from a learned generative adversarial network, along the lines of
[43, 28].

Fig. 1 illustrates the remarkable agreement between the result of the generalisation formula, eq. (2.1) and
simulations both on the data eq. (1.3) with o(z) = sign(z) non-linearity, and on the Gaussian equivalent
data eq. (2.10) where the non-linearity is replaced by rescaling by a constant plus noise. The agreement is
flawless as implied by the theory in the high-dimensional limit, testifying that the used system size d = 200 is
sufficiently large for the asymptotic theory to be relevant. We observed similar good agreement between the
theory and simulation in all the cases we tested, in particular in all those presented in the following.
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Figure 2: Upper panel: Generalisation error evaluated from eq. (2.1) plotted against the number of random
Gaussian features per sample p/n = 1/« and fixed ratio between the number of samples and dimension
n/d = a/~ = 3 for logistic loss (red), square loss (blue). Labels are generated as y* = sign (c“ . 00), data
as x* = sign (FTc“) and f = sign for two different values of regularisation ), a small penalty A\ = 10~*
(full line) and a value of lambda optimised for every p/n (dashed line). Lower pannel: The training loss
corresponding to A = 10~% is depicted.

3 Applications of the generalisation formula

3.1 Double descent for classification with logistic loss

Among the surprising observations in modern machine learning is the fact that one can use learning methods
that achieve zero training error, yet their generalisation error does not deteriorate as more and more parameters
are added into the neural network. The study of such “interpolators” have attracted a growing attention
over the last few years [9, 36, 35, 44, 12, 13, 45, 46], as it violates basic intuition on the bias-variance trade-off
[47]. Indeed classical learning theory suggests that generalisation should first improve then worsen when
increasing model complexity, following a U-shape curve. Many methods, including neural networks, instead
follow a so-called "double descent curve" [36, 35] that displays two regimes: the "classical" U-curve found at
low number of parameters is followed at high number of parameters by an interpolation regime where the
generalisation error decreases monotonically. Consequently neural networks do not drastically overfit even
when using much more parameters than data samples [48], as actually observed already in the classical work
[47]. Between the two regimes, a "peak” in the generalization is observed at the interpolation threshold [36, 35].
It should, however, be noted that existence of this "interpolation” peak is an independent phenomenon from
the lack of overfitting in highly over-parametrized networks, and indeed in a number of the related works
these two phenomena were observed separately [49, 22, 9, 47]. Scaling properties of the peak and its relation
to the jamming phenomena in physics are studied in detail in [36, 45].

Among the simple models that allow to observe this behaviour, random projections —that are related to
lazy training and kernel methods— are arguably the most natural one. The double descent has been analysed
in detail in the present model in the specific case of a square loss on a regression task with random Gaussian
features [13]. Our analysis allows to show the generality and the robustness of the phenomenon to other tasks,
matrices and losses. In Fig. 2 we compare the double descent as present in the square loss (blue line) with the
one of logistic loss (red line) for random Gaussian features. We plot the value of the generalisation error at
small values of the regularisation A (full line), and for optimal value of A (dashed line) for a fixed ratio between
the number of samples and the dimension n/d as a function of the number of random features per sample p/n.
We also plot the value of the training error (lower pannel) for a small regularisation value, showing that the
peaks indeed occur when the training loss goes to zero. For the square loss the peak appears at 1/a=p/n=1
when the system of n linear equations with p parameters becomes solvable. For the logistic loss the peak
instead appears at a value 1/a* where the data D become linearly separable and hence the logistic loss can
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Figure 3: Generalisation error of the logistic loss at fixed very small regularisation A = 10™%, as a function of
n/d = a/v and p/n = 1/a, for random Gaussian features. Labels are generated with y* = sign (c* - 6°),

the data x* = sign (FTC") and f = sign. The interpolation peak happening where data become linearly
separable is clearly visible here.
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Figure 4: The position of the interpolation peak in logistic regression with A = 10~%, where data become
linearly separable, as a function of the ratio between the number of samples n and the dimension d. Labels are
generated with y* = sign (c/‘ : 00), the data x* = sign (FTC“) and f = sign. The red line is with Gaussian
random features, the blue line with orthogonal features. We see that for linear separability we need smaller
number of projections p with orthogonal random features than with Gaussian.

be optimised down to zero. These values 1/a* depends on the value n/d, and this dependence is plotted in
Fig. 4. For very large dimension d, i.e. n/d — 0 the data matrix X is close to iid random matrix and hence the
a*(n/d = 0) = 2 as famously derived in classical work by Cover [50]. For n/d > 0 the o* is growing (1/a*
decreasing) as correlations make data easier to linearly separate, similarly as in [11].

Fig. 2 also shows that better error can be achieved with the logistic loss compared to the square loss, both
for small and optimal regularisations, except in a small region around the logistic interpolation peak. In the
Kernel limit, the generalization error at optimal regularisation saturates at €,(p/n — co) ~ 0.17 for square
loss and at €,4(p/n — 00) ~ 0.16 for logistic loss. Fig. 3 then depicts a 3D plot of the generalisation error also
illustrating the position of the interpolation peak.
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Figure 5: Generalisation error against the number of features per sample p/n, for a regression problem (left) and
a classification one (right). Left (ridge regression): We used n/d = 2 and generated labels as y* = c* - 6°,
data as * = sign (FTC“) and f () = z. The two curves correspond to Ridge regression with Gaussian
(blue) versus orthogonal (red) projection matrix F for both A = 1078 (top) and optimal regularisation \
(bottom). Right (logistic classification): We used n/d = 3 and generated labels as y* = sign (c“ . 90), data
as xt = sign (FTC“) and f = sign. The two curves correspond to a logistic classification with again Gaussian
(blue) versus orthogonal (red) projection matrix F for both A\ = 10~* and optimal regularisation \. In all cases,
full lines is the theoretical prediction, and points correspond to gradient-descent simulations with d = 200.

3.2 Random features: Gaussian versus orthogonal

Kernel methods are a very popular class of machine learning techniques, achieving state-of-the-art performance
on a variety of tasks with theoretical guarantees [51, 52, 53]. In the context of neural network, they are the
subject of a renewal of interest in the context of the Neural Tangent Kernel [17]. Applying kernel methods
to large-scale “big data” problems, however, poses many computational challenges, and this has motivated a
variety of contributions to develop them at scale, see, e.g., [52, 54, 55, 56]. Random features [20] are among the
most popular techniques to do so.

Here, we want to compare the performance of random projection with respect to structured ones, and in
particular orthogonal random projections [37] or deterministic matrices such as the Fourier and Hadamard
ones used in fast projection methods [32, 57, 5¢]. In our computation, the effect of orthogonality appears in
the spectrum of the matrix F = UT DV for U € R4, V € RP*P two orthogonal matrices drawn from the
Haar measure, and D € R%*? a diagonal matrix of rank min(d, p). In order to compare the results with the
Gaussian case, we fix the diagonal entries dj, = max(,/7, 1) of D such that an arbitrary projected vector has
the same norm, on average, to the Gaussian case.

Fig. 5 shows that random orthogonal embeddings always outperform Gaussian random projections, in line
with empirical observations, and that they allow to reach the kernel limit with fewer number of projections.
Their behaviour is, however, qualitatively similar to the one of random i.i.d. projections. We also show in
Fig. 4 that orthogonal projections allow to separate the data more easily than the Gaussian ones, as the phase
transition curve delimiting the linear separability of the logistic loss get shifted to the left.

3.3 The hidden manifold model phase diagram

In this subsection we consider the hidden manifold model where p-dimensional x data lie on a d-dimensional
manifold, we have mainly in mind d < p. The labels y are generated using the coordinates on the manifold,
eq. (1.2).

In Fig. 6 we plot the generalisation error of classification with the square loss for various values of the
regularisation \. We fix the ratio between the dimension of the sub-manifold and the dimensionality of the
input data to d/p = 0.1 and plot the learning curve, i.e. the error as a function of the number of samples per

11
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Figure 6: Generalisation error against the number of samples per dimension, « = n/p, and fixed ratio between
the latent and data dimension, d/p = 0.1, for a classification task with square loss on labels generated as
yH = sign (c" : 00), data x# = erf (FT c“) and f = sign, for different values of the regularisation A (full lines),
including the optimal regularisation value (dashed).

dimension. Depending on the value of the regularisation, we observe that the interpolation peak, which is
at o = 1 at very small regularisation (here the over-parametrised regime is on the left hand side), decreases
for larger regularisation A. A similar behaviour has been observed for other models in the past, see e.g. [4°].
Finally Fig. 6 depicts the error for optimised regularisation parameter in the black dashed line. For large
number of samples we observe the generalisation error at optimal regularisation to saturate in this case at
€g(ac = 00) — 0.0325. A challenge for future work is to see whether better performance can be achieved on
this model by including hidden variables into the neural network.

Fig. 7 then shows the generalisation error for the optimised regularisation A with square loss as a function
of the ratio between the latent and the data dimensions d/p. In the limit d/p >> 1 the data matrix becomes close
to a random i.i.d. matrix and the labels are effectively random, thus only bad generalisation can be reached.
Interestingly, as d/p decreases to small values even the simple classification with regularised square loss is able
to “disentangle” the hidden manifold structure in the data and to reach a rather low generalisation error. The
figure quantifies how the error deteriorates when the ratio between the two dimensions d/p increases. Rather
remarkably, for a low d/p a good generalisation error is achieved even in the over-parametrised regime, where
the dimension is larger than the number of samples, p > n. In a sense, the square loss linear classification
is able to locate the low-dimensional subspace and find good generalisation even in the over-parametrised
regime as long as roughly d < n. The observed results are in qualitative agreement with the results of learning
with stochastic gradient descent in [14] where for very low d/p good generalisation error was observed in the
hidden manifold model, but a rather bad one for d/p = 0.5.
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Appendix

A Definitions and notations

In this section we recall the models introduced in the main body of the article, and introduce the notations
used throughout the appendices.

A.1 The dataset

In this work we study a series of regression and classification tasks for a dataset {x*, y“}ﬁzl with labels
y* € R sampled identically from a generalised linear model:

0
w o po #cu.g
y* ~ P, <y‘ Nz ) (A1)

where the output-channel P)) (-) is defined as:

.00 .99
(w525 ) = [asrpens (- 1 (S5e)) (*2)

for some noise £ and for data points «# € RP given by:

1 d
¢ =o \/gpzz:lc‘zfp . (A.3)

The vectors c* € R? is assumed to be identically drawn from A (0,1;), and 8° € R? from a separable
distribution Py. The family of vectors f, € R? and the scalar function o : R — R can be arbitrary.

Although our results are valid for the general model introduced above, the two examples we will be
exploring in this work are the noisy linear channel (for regression tasks) and the deterministic sign channel
(for classification tasks):

M:cu.go N 0( cu.90>:” (M.cu.QO A)

V== +VAE P y‘ = quN R (A.4)
1. go t. go n #. 9o
y“zsign(c\/a ) & Pg <y‘c\/a ): 5<y“—sign<c\/g >> (A.5)

pn=1



where £# ~ N(0,1) and A > 0.
This dataset can be regarded from two different perspectives.

Hidden manifold model: The dataset {x",y"},—1 ... » is precisely the hidden manifold model introduced
in [14] to study the dynamics of online learning in a synthetic but structured dataset. From this perspective,
although «* lives in a p dimensional space, it is parametrised by a latent d < p-dimensional subspace
spanned by the basis {f,},=1,... 4 which is "hidden" by the application of a scalar nonlinear function o
acting component-wise. The labels y* are then drawn from a generalised linear rule defined on the latent
d-dimensional space.

Random features model: The dataset {x*,y"},—1 ... » is tightly related to the Random Features model
studied in [20] as a random approximation for kernel ridge regression. In this perspective, c# € R%is regarded as
a collection of d-dimensional data points which are projected by a random feature matrix F = ( fp)ﬁ:l c Réxp
into a higher dimensional space, followed by a non-linearity ¢. In the limit of infinite number of features
d,p — oo with fixed ratio d/p, performing ridge regression of " is equivalent to kernel ridge regression with
a limiting kernel depending on the distribution of the feature matrix F and on the non-linearity o.

A.2 The task

In this work, we study the problem of learning the rule from eq. (A.1) from the dataset {(x*, y")},=1,.. n
introduced above with a generalised linear model:

A~

g = f (@) (A.6)

where the weights w € RP are learned by minimising a loss function with a ridge regularisation term:

n
N . A
W = min Zlayﬂ,mu ‘w) + Sl - (A7)
'u,:

for A > 0.

It is worth stressing that our results hold for general /, f and f° - including non-convex loss functions.
However, for the purpose of the applications explored in this manuscript, we will be mostly interested in the
cases f(x) = fO(x) = x for regression and f(z) = f°(z) = sign(x) for classification, and we will focus on
the following two loss functions:

Syt — 2t - w)?, square loss

4 L A-8
log (1 + e v (@ '“’)) , logistic loss (A.8)

Lyt xt - w) = {

Note that these loss functions are strictly convex. Therefore, for these losses, the regularised optimisation
problem in (A.7) has a unique solution.

Given a new pair (2", y"*V) drawn independently from the same distribution as {(x*,y")}};_;, we
define the success of our fit through the generalisation error, defined as:
1 new ~new 2
Eg = EEwnew’ynew (y -y ) (Ag)

where §"% = f (™Y - w), and for convenience we choose k = 0 for the regression tasks and k£ = 1 for
the classification task, such that the generalisation error in this case counts misclassification. Note that for a
classification problem, the generalisation error is just one minus the classification error.

Similarly, we define the training loss on the dataset {x*, y*}}_ as:

1 g A
€ = E]E{ml»",y#} Zﬁ(y/" zh W) + 5”“’”% . (A.10)
pn=1
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Finally, all the results of this manuscript are derived in the high-dimensional limit, also known as thermodynamic
limit in the physics literature, in which we take p,d,n — oo while keeping the ratios & = n/p, v = d/p
fixed.

B Gaussian equivalence theorem

In this section we introduce the replicated Gaussian equivalence (rGE), a central result we will need for our
replica calculation of the generalisation error in Sec. 2.1 of the main body. The rGET is a stronger version of
the Gaussian equivalence theorem (GET) that was introduced and proved in [14]. Previously, particular cases
of the GET were derived in the context of random matrix theory [59, 41, 60, 42]. The gaussian equivalence has
also been stated and used in [13, 34].

B.1 Gaussian equivalence theorem

Let F € RY%P be a fixed matrix, w® € RP,1 < a < rbe a family of vectors, 0° € R be a fixed vector and
0 : R — R be a scalar function acting component-wise on vectors.

Let ¢ € R% be a Gaussian vector N (0,17). The GET is a statement about the (joint) statistics of the
following r + 1 random variables

1 1
A= —w - o(u) €R, v=—c-0°cR. (B.1)
VP (x) Vd
in the asymptotic limit where d, p — oo with fixed p/d and fixed r. For simplicity, assume that o(x) = —o(—x)

is an odd function. Further, suppose that in the previously introduced limit the following two balance conditions
hold:
Condition 1:

p
\};3 Z F;,Fj, = O(1), (B.2)
=1

for any p.
Condition 2:

T
§otn = % Z W wi? - wi* Fyy Fipy - Fyp, = O(1), (B.3)
i=1

for any integers k > 0, ¢ > 0, for any choice of indices p1, p2,--- ,pq € {1,--- ,d} all distinct from each
other, and for any choice of indices a1, ag, - ,ax € {1,--- ,7}. Under the aforementioned conditions, the
following theorem holds:

Theorem 1. In the limit d,p — oo with fixed p/d, the random variables {u, \* , u} are jointly normal, with
zero mean and covariances:

2 2
ayb Ke o b, K1 b 2 102
E[)\)\]:;*w-w%—gsa"s, E[17] = <16°]
E[\%] = %sa .90 (B.4)
where:
1
s® = —Fw"® € RY, a=1,--,r (B.5)
VD
and
ko =E; [o(2)], w1 =E; [20(2)], kiw = E. [0(2)%] — Kp — K7 (B.6)

where z ~ N(0,1).
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B.2 Replicated Gaussian equivalence

Note that the GET holds for a fixed family {w?®}"_, and matrix F € R%*P satisfying the balance condition
from eq. (B.3). In the replica setting, we will need to apply the GET under an average over r samples (refered
here as replicas) of the Gibbs distribution 11, introduced in eq. 2.7 on the main. We therefore shall require the
assumption that the balance condition eq. (B.3) holds for any sample of 115. We refer to this stronger version
of the GET as the replicated Gaussian equivalence (rGE). Although proving this result is out of the scope of the
present work, we check its self-consistency extensively with numerical simulations.

C Replica analysis

In this section we give a full derivation of the result in Sec. 2.1 in the main manuscript for the generalisation
error of the problem defined in Sec. A. Our derivation follows from a Gibbs formulation of the optimisation
problemin eq. (A.7) followed by a replica analysis inspired by the toolbox of the statistical physics of disordered
systems.

C.1 Gibbs formulation of problem

Given the dataset {z",y"}]|_, defined in Section A.1, we define the following Gibbs measure over R”:

1 -8 z(yu,:c“-w>+k||w||§} 1 L

pa(wl{z", y"}) = A n=t ’ = H e Py @t w) 1_167%“’1‘2 (C1)
8 B =1 i=1

=P, (y|lw-z+) =Py (w)

for 8 > 0. When 8 — oo, the Gibbs measure peaks at the solution of the optimisation problem in eq. (A.7) -
which, in the particular case of a strictly convex loss, is unique. Note that in the second equality we defined
the factorised distributions P, and F,,, showing that 153 can be interpreted as a posterior distribution of w
given the dataset {x*, y"}, with P, and P, being the likelihood and prior distributions respectively.

An exact calculation of ju4 is intractable for large values of n, p and d. However, the interest in p3 is that
in the limit n, p, d — oo with d/p and n/p fixed, the free energy density associated to the Gibbs measure:

1
fﬁ = — lim EE{:EH’?J;L} log Z3 (C.2)

p—o0

can be computed exactly using the replica method, and at 3 — oo give us the optimal overlaps:

1 . 1 . 1 N
do = Bl ¢ = JE|[Fd||” mq = JE [6" - Fi] (€3)

that - as we will see - fully characterise the generalisation error defined in eq. (A.9).

C.2 Replica computation of the free energy density

The replica calculation of f3 is based on a large deviation principle for the free energy density. Let

Ss({@ ) = —; log Z5 (C.4)

be the free energy density for one given sample of the problem, i.e. a fixed dataset {x", y“}zzl. We assume
that the distribution P(f) of the free energy density, seen as a random variable over different samples of the
problem, satisfies a large deviation principle, in the sense that, in the thermodynamic limit:

P(f) ~ e"®) | (C5)
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with ® a concave function reaching its maximum at the free energy density f = f3, with ®(fg) = 0. This
hypothesis includes the notion of self-averageness which states that the free-energy density is the same for
almost all samples in the thermodynamic limit.

The value of fz can be computed by computing the replicated partition function

Eigu g1 Z5 = /df PPl (C.6)
and taking the limit
.d o 1 ,
fo= lim o Jim = (B Z5) (€7)

Although this procedure is not fully rigorous, experience from the statistical physics of disordered systems
shows that it gives exact results, and in fact the resulting expression can be verified to match the numerical
simulations.

Using the replica method we need to evaluate:

Ean gy 25 = / d6° P,(8") / I] dw P (w) x

a=1
n 0 '

dy* B P°<“CM'0> P<“ a <1FT“>> C.
Xg/y yy!ﬁgyy\wa\/&c (C8)

)

where P, and P, have been defined in (C.1). In order to compute this quantity, we introduce, for each point
in the database, the » + 1 variables

1

I//_L = ﬁc'u . 00 s (C9)
1

N =w" o FTc“> . C.10

g <¢Zz (C.19)

Choosing c* at random induces a joint distribution P(v,, )\Z) In the thermodynamic limit p, d — oo with
fixed p/n, and for matrices F satisfying the balance condition in eq. (B.3), the replicated Gaussian equivalence
introduced in Section B.2 tells us that, for a given y, the r + 1 variables {v,, Aj;}{,_; are Gaussian random
values with zero mean and covariance given by:

sab _ ( 2. g b) £ RHDX(r+1) (C.11)

The elements of the covariance matrix M@ and Q® are the rescaled version of the so-called overlap parameters:

1 1 1 1
p= gl miosted® g— st = wtwl (C12)
p
where s* = %Fw“. They are thus given by:
M*® = rymg, Q" = riqy + riqs". (C.13)

where k1 = E; [20(2)] and s, = E; [0(2)?] — k7 as in eq. (B.6). With this notation, the asymptotic joint

probability is simply written as:

XT: 20 (Zfl)abzb
o " " (C.14)

D=

a7 1 h
Py, AN }a=1) = me “
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with zg = vy and z;; = A fora = 1,--- , 7. The average over the replicated partition function (C.8) therefore
reads:

E (g ) 25 _/dOO Py(6°) /Hde H/dy X
X /dy“ Py (y”|yu)/Hd)\Z P(vu, {001 [T Py (v H{ALY) - (C.15)
a=1 a=1

Rewriting as a saddle-point problem

Note that after taking the average over x, the integrals involved in the replicated partition function only
couple through the overlap parameters. It is therefore useful to introduce the following Dirac d-functions to
unconstrain them, introducing the decomposition:

1:d—<r+1>2/dp5(dp—|90|\2)/Hdmg5(dmg_sa.90) x

a=1
/ [T s (dac? / [T dalo(paid —w-w)
1<a<b<r 1<a<b<r
D ad.;Ha a aa a_ qa.no0
_ g—(r+1)? dpdp _; (dp—116°12) dm dm? 1a§ 1 (dm?—s-6°)
=d /27r p(dp— H \ «

birab —; dab sa. b b b s ~ab ab__na a00b
/ H dqua Zg%gqg @ / H deUqu z<§ng(mw wtw')
1<a<b<lr 1<a<b<r
(C.16)

Introducing the above in eq. (C.15) and exchanging the integration order allows to factorise the integrals over
the d, p, n dimensions and rewrite:

dpdp dmadm dq?d§e® dg®dgab ()
Efonyn) 25 = / / H / II =55 (C17)
1<a<b<r

where the integrals over the variables m?, ¢?* and ¢ run over R, while those over 7%, ¢** and ¢2° run over
iR. The function ®(), a function of all the overlap parameters, is given by:

T
o0 = —ypp—y > mimt = > (10PE + qudn ) + ) (p,me, g2, g )
a=1 1<a<b<lr

+ 0l (e, 620,00 (C13)

where we recall that « = n/p, v = d/p, and we have introduced:

log/dy/dyPO (ylv /H [dAP, (y|AY)] P(v, {\%})

1 X r Z [qg]bwa wb+qab a, b] Zr: mgsa,eo
() = ~log / d6° P,y (6°)ele°II” / [] dw® Po(w®)er=sb=r a=1 (C.19)
p a=1
Note that s* = ﬁFwa is a function of w?, and must be kept under the w® integral. In the thermodynamic

limit where p — oo with n/p and d/p fixed, the integral in eq. (C.17) concentrates around the values of the
overlap parameters that extremize ®("), and therefore

1
= — lim - t ), C.20
/ POt T {p p?x g “} (€20

{q2%,G2°,q2b,gab
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Replica symmetric Ansatz

In order to proceed with the r — 07 limit, we restrict the extremization above to the following replica
symmetric Ansatz:

mg = ms m® = fora=1,---,r
N 1.
qsa7w :Ts/w q??w = —ETs/w fora = 1’ ,T
qg?w = 4s/w qs/w = qs/w forl<a<b<r (C.21)

Note that, in the particular case of a convex loss function with A > 0, the replica symmetric Ansatz is justified:
the problem only admitting one solution, it a fortiori coincides with the replica symmetric one. For non-convex
losses, solutions that are not replica symmetric (also known as replica symmetry breaking) are possible, and
the energy landscape of the free energy needs to be carefully analysed. In the practical applications explored
in this manuscript, we focus on convex losses with ridge regularisation, and therefore the replica symmetric
assumption is fully justified.

Before proceeding with the limit in eq. (C.20), we need to verify that the above Ansatz is well defined - in
other words, that we have not introduced a spurious order one term in ® that would diverge. This means we
need to check that lim ¢ = 0.

r—0+
First, with a bit of algebra one can check that, within our replica symmetric Ansatz:

lim i) = 0. (C.22)
r—0+
Therefore,
lim @) = —ypj + ylog /R a6 Py (¢°) ™" (C.23)

where we have used the fact that Py is a factorised distribution to take the p — oo limit. In order for this limit
to be 0, we need that p = 0, which also fixes p to be a constant given by the second moment of §°:

p = Eg [902} (C.24)

We now proceed with the limit in eq. (C.20). Let’s look first at ¥,,. The non-trivial limit comes from the fact
that det ¥ and ¥~ ! are non-trivial functions of r. It is not hard to see, however, that X! itself has replica
symmetric structure, with components given by:

C1N00 R+(r-1)Q _yaa _ 5 PR+ (r=2)pQ— (r—1)M>
= mr e - ar U) S E R QR D i)
-1 Y M —1neb A M2—pQ
T VY e 1y ML Ml al¢ o Ty BN i PYomr Te
(C.25)

where M,  and R are the rescaled overlap parameters in the replica symmetric Ansatz, that is:
_ _ .2 2 _ .2 2
M = kims, Q = Kiquw + K1Gs, R = KTy + RITs. (C.26)

This allows us to write:

log/dy/du PY (y|v) /HXm (yA\e "o

—5 log det (27X) . (C.27)

\0'

n R ~ T 2 - n
S AN - ESC S (2N Y e
b=1 a=1 a=1
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In order to completely factor the integral above in the replica space, we use the Hubbard-Stratonovich trans-
formation:

~9 % e V=0t 3 A
b= Eée a=1

e @b=l = (C.28)
for &€ ~ N(0,1), such that
. 5,2 _B=Qyey (/CHe—nm A"
\Ilé) = log/dy/du Pz? (y|v)e 2 [/ dAP, (y|\)e 2 ( ) ]
— %log det (27X). (C.29)

Taking into account the r dependence of the inverse elements and of the determinant, we can take the limit to
get:

2 a2
-1 +(Q MZ/p 5+§;’j§?u),\

1 dv 1,2 dA
im ~w) = 0 v R-Q T\ (rR-Q?
v Eﬁ/Rdy/ Vamp v We os var Ty e
1 Q
| _0) - <~ )
Slog(R—Q) — =5 (C30)
Finally, making a change of variables and defining:
. drz 2o

2y, V) = e Tl PO (y|) (C.31)

V2V

allows us to rewrite the limit of ¥, - which abusing notation we still denote ¥, - as:

M M?
Uy = E¢ URdy z) <y; ﬁf,p - Q) log Z, (y; VQE R~ Q)] : (C.32)

One can follow a very similar approach for the limit of ¥, although in this case the limit is much simpler,
since there is no r dependence on the hat variables. The limit can be written as:

1 v, et go\T
v, = lim 7]]35777790 log \/Rd ds PS(S;?7)6_‘/7”8“2"‘(\/(7551‘1'“”390) s (C.33)

p—o0 p

for &,n ~ N(0, 1), and we have defined:

ot - 1
Ps(s;m) = /R dw P,(w)e” 3 |l P +Vaul w s (s - \/ﬁFw) (C.34)

Summary of the replica symmetric free energy density

Summarising the calculation above, the replica symmetric free energy density reads:

. . . 1 1
f = extr { - %""srs - %QSQS + ymsms — §Tw7"w - §Qwa
— QW (R, Q, M) = Wy (7, Gy i, o ) | (€35)
; _n . _d .
with o = Y= and:
Q= /ﬁ%qs + quw, R = /i%’l“s + /ﬁirw M = k1mg. (C.36)
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The so-called potentials (¥, ¥,,) are given by:

T
S

1 Vs - .
Uy = lim —E¢, g0 log dsPS(s;n)e*VTHSHM(‘/‘Eﬂ”mSeO) (C.37)
p_}wp ?/'77 Rd
M M?
v, =E /d ZO<;, —)102 : ,R— ] C.38
y s[Ryyy\@ip 0 gy(y\/@ Q) (C.38)
where:
Pw +qw 2 =~ T 1
Py(s; :/ dw Py, (w)e™ 7 el Hvaunt, wy <s— Fw>
(s3m) - (w) v 7
. dr 1 2,
Zy/o(y;w’v)_/\/ﬁe 2w (PO (y|) (C39)

C.3 Evaluating U, for ridge regularisation and Gaussian prior

Note that as long as the limit in W, is well defined, the eq. (C.35) holds for any Py and P,,. However, as discussed
in Sec. A.1, we are interested in 8° ~ A/(0,1;) and ridge regularisation so that P,, = exp <—'32—/\Hw| ]2) In
this case, we simply have:

72!§w
P —eg Pt N x C
o) — A . 40
(s5m) DAL (55, %) (C.40)
with:
Vawn F1 1  FF'
o= VA Tp o R, Y= = cR¥d (C.41)
B+ Vi /P BAX+Vy, P

and we have defined the shorthand Vw = Ty + Gw. Therefore the argument of the logarithm in U, is just
another Gaussian integral we can do explicitly:

P 174w 1l Tl L jjpen—12
N 5 5 M Bt b+ Il ] 1 NT Aoy —1 1
B, 5 lslP+oTs _ € : o 7wy () (VD) (427 )

(BA n Vw)p/2 det <Id + Vsz)

(C.42)

where we have defined the shorthands VS =f;+gsand b = (\/(Tsf 1, + mseo) € R, Inserting back in
eq. (C.37) and taking the log,

U, = lim E L G 1 (6>\+V) 1 (1 +f/z) Ly
P e 9T, 2 ) Ty BT ) Tt Sk
1 1 T N —1
b b+ P —— (b4 nt (1 +V82> b+ x! ] C.43
5 VSH | 2pVS( 1) (g ( p)|  (C43)

The averages over 7, £, 8Y simplify this expression considerably:

1 Qw T w—1 (jw
E Spl=-—>__(F1 > (F1,)) =d————
o 1T BH] = o (P TR L) = d e

B 1 B
E,co0llb+ 27 p||? = d(m2 + ¢) + Sdutr (FF) !

¥ N ~ -1
Eyeo0 (b+27'n) (Id + VSE) ") = ;qw tr [FFT <1d + VSE) }

N —1
+ (M2 + Go) tr (Id n VSZ) (C.44)
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Finally, we can combine the two terms:
FF'

tre— [FFpT (Id T \752>_1] - BA‘wa tr (Id + VSE) - (C.45)

1 V. FF'
m —trlog | Ig+ ——————

and write:

U, = —% log (B)\ + Vw)

— -1 -
2p—=oop BAX+V, P
~ -1
n2 44 1 V. FFT
+w y—lim —tr[Ij+ ————
2V p—0oo p BAXN+V, P
~ —1
1 g 1 V. FFT
R TR N Tt vl 7 A (C.46)
2 BN+ V, p—=00 p BAX+V, P

Note that ¥ only depends on the spectral properties of the matrix %FFT € RP*P and more specifically on its

resolvent in the asymptotic limit. A case of particular interest is when FF' has a well defined spectral measure
p on the p, d — oo limit with v = d/p fixed. In that case, we can write:

. -1 . .
1 s FFT A+ Vi A+ Vi

tim Lo (g ) PAE Ve o PAE T (C47)

p=oo p PA+ Ve P Vs Vs
(C.48)

where g,, is the Stieltjes transform of 1, defined by:
du(t)

= . C.49
() = [ (.49)

Similarly, the logarithm term can be expressed as the logarithm potential of i - although for the purpose of
evaluating the generalisation error we will only need the derivative of these terms, and therefore only the
Stieltjes transforms and its derivative.

In what follows, we will mostly focus on two kinds of projection matrices F:

Gaussian projections: For F € R%*P a random matrix with ii.d. Gaussian entries with zero mean and
variance 1, y is given by the well-known Marchenko-Pastur law, and the corresponding Stieltjes transform is
given by:

12—/ -1-9) 4
N 22y ’

9u(?) 2<0 (C.50)

Orthogonally invariant projection: For F = U'DV with U € R%? and V € RP*? two orthogonal
matrices and D € R?*P a rectangular diagonal matrix of rank min(d, p) and diagonal entries dj, the empirical
spectral density 1, is given by:

1 min(r,p) 1 1 min(d,p)
pa(N) = p (A=) = (1 — min (1, )> SN+ - Z S\ —d?) (C.51)
k=1 v p k=1

Therefore the choice of diagonal elements dj, fully characterise the spectrum of FF' . In order for the ortho-
gonally invariant case to be comparable to the Gaussian case, we fix d in such a way that the projected vector
Fw is of the same order in both cases, i.e.

(C.52)

217 fory>1
.=
1 fory<1
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With this choice, the Stieltjes transform of y reads:

1\1 1
gu(z) = {_(1 ~a)z o= (C.53)

C.4 Gaussian equivalent model

It is interesting to note that the average over the dataset {z*,y"}]|_, of the replicated partition function Zj
in eq. (C.15), obtained after the application of the GET, is identical to the replicated partition function of the

same task over the following dual dataset {Z", y*}},_,, where:

1
' = Kkoly, + k1—=F ' e + K, 2" (C.54)

Vd

where z# ~ N(0,1,), and the labels y* ~ P, are the same. Indeed, calling ?:’g the replicated partition function
for this equivalent dataset, and considering #y we have:

Egn iy 2 = /d00 Pg(oo)/Hdw Py, (w®) x
a=1

n I'I‘-OO T K
X dy* E P0<“c ) P(Hw“-(lFTcﬂ+mz#>> .
Mll/ ) cH zH Yy y‘ \/;l ];Il y y‘ \/a *

a

@

(C.55)
Rewriting (I):
1= /dyu P (y |yu)/Hd)\Z Py (y"|\%) x
a=1
1 " K1 T
X Een zn [(5 (Vu — —ct- 00> H 0 (x\a — —w* - F' c* + kew® - z“)] . (C.56)
Vi o=
=P(v,\)

It is easy to show that taking (g, k1) to match those from eq. (B.6), the variables (1/#, {)\Z}) are jointly
Gaussian variables with correlation matrix given by X exactly as in eq. (C.11). This establishes the equivalence

Zh = Zj (C.57)

from which follows the equivalence between the asymptotic generalisation and test error of these two models.

D Saddle-point equations and the generalisation error

The upshot of the replica analysis is to exchange the p-dimensional minimisation problem for w € RP
in eq. (A.7) for a one-dimensional minimisation problem for the parameters {7, gs, ms, 'y, ¢ } and their
conjugate in eq. (C.35). In particular, note that by construction at the limit 5 — oo the solution {q¥, m%, ¢} }
of eq. (C.35) corresponds to:

(Fw) - 8° (D.1)

»
Ul

1 ~ 112 1 A 112
Gw = Il a5 = Sl[Fwl| m =

where w0 is the solution of the solution of eq. (A.7). As we will see, both the generalisation error defined in
eq. (A.9) and the training loss can be expressed entirely in terms of these overlap parameters.
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D.1 Generalisation error as a function of the overlaps

Let {z"",y"*"} be a new sample independently drawn from the same distribution of our data {x*, y*}}_,.
The generalisation error can then be written as:

1 new ¢ T _new ~ 2
o = qearye (7 = f (0 (FTe) )
1 r ew ew -
- /dy/dy PO(y[v) /d)\ (y — F(N))*Ecnen [5 (v—c™. 8% 5 ()\ o (FTcn ) w)] . (D2)
where for convenience, we normalise £ = 0 for the regression task and £ = 1 for the classification task. Again,
we apply the GET from Sec. B to write the joint distribution over {v, A}:

%) p—— (D3)

Jdet 21%)

D=

where z = (1, \)T € R? and ¥ is given by

_(r M _ Lo x _ M1 mny 90 *_MjAz /i%A2
(e ) =gl A =tea) e @t =TIl el D)

Inserting in eq. (D.2) gives the desired representation of the generalisation error in terms of the optimal overlap
parameters:

1 .
o= [ [ @ P [ anPeA - F0)? ©5)
For linear labels y = ¢ - 8° in the regression problem, we simply have:

€g=p+Q —2M* (D.6)

while for the corresponding classification problem with y = sign (c . 00):

€ zlcos_l(M*) (D.7)
g T \/@ .

which, as expected, only depend on the angle between Fii and 6°.

D.2 Training loss

Similarly to the generalisation error, the asymptotic of the training loss, defined for the training data
{w,u’ y”}ﬁ:l as:
1 3 )+ b2
et = Bpanyny | YLt ®) + ]3] (D3)
pn=1

can also be written only in terms of the overlap parameters. Indeed, it is closely related to the free energy
density defined in eq. (C.2). A close inspection on this definition tells us that:

li = lim 03f3. D.9

g, € = gie Os e 9
Taking the derivative of the free energy with respect to the parameter 8 and recalling that p = an, we can
then get:

13

lim ¢ = QA lim Egpp ym [ ] — Bli_>m 0p¥y. (D.10)
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For what concerns the contribution of the regulariser, we simply note that in the limit of p — oo, the average
concentrates around the overlap parameter ¢}. Instead, for what concerns the contribution of the loss function,
we can start by explicitly taking the derivative with respect to 3 of ¥,, in eq. (C.32), i.e.:

Zoww ~ gt (2—w7)2~BL(y.2)
9 1 1

with Zé/ 0 defined in eq. (C.31). At this point, as explained more in details in section D.4, we can notice that in
the limit of 3 — oo, it holds:

0p¥y = —E¢

Jim 9, = B, [ [ 0 2 i) (y,wf))] , (D.12)

with 77 (y, w}) given in eq. (D.21). Combining the two results together we then finally get:

_ A
Jim e = Soq, + B [/}R dy 2, (y,w(ﬁ)f(y,n(y,wf))] : (D.13)

D.3 Solving for the overlaps

As we showed above, both the generalisation error and the training loss are completely determined by the
B — oo solution of the extremization problem in eq. (C.35). For strictly convex losses ¢, there is a unique
solution to this problem, that can be found by considering the derivatives of the replica potential. This leads to
a set of self-consistent saddle-point equations that can be solved iteratively:

(7 = —220,,0, (R,Q, M) re = =20,y (Fs, Gy M, Py Guo)
st = —2%&15\1}1} (R, Qa M) ds = *%aqsqu (f& (js, m57 'f’wv ij)
ms = %67713\:[13/ (RanM) ms = %8fns‘llw (f’&qA&ms’fw’qu) (D 14)
w — _20481%”\1’1/ (RaQaM) = _28rw\1’ (T37(§87m5772w74w)
(jw = _2046qw\1]y (R7 Qa M) quw = _26@0\1]111 (Tsa qua m& f'wy dw)
In the case of a F with well-defined spectral density j:, we can be more explicit and write:
Vs_—(l—zg#( z))
gs = m‘;qs [1—2zg,(—2) + 2%g),(—2)] — w/\fi‘“;w)vs [—2gu(=2) + 2%g,,(—2)]
mg = @ 1—2g,(—2
o= (1 2 gu(—2)) -
S S .
0o =Vt |5~ 1 #200)] + Gy o) + gl (-2)
where:
- . . BA+V,
V:e/w =Ts/w ~— qr/w ‘/s/w =Ts/w + Ar/w z = VTIU (D.16)
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We can also simplify slightly the derivatives of ¥, without loosing generality by applying Stein’s lemma,
yielding:

ap? 2
Vo= e | [, dy 20 (v 3560 — 25) oty (v: VQE R - Q)|
~ au? 2
Gs = T B¢ | [p dy Z) (y; J56p %) fy (y;vVQE, R = Q)

Q
g = e | fedy 2) (v 0660 = &) 1) (0 9560 =36 ) h iv@eR-Q)]

Vo = g2 [y dy 20 (3 3560 — 47) 0y (55 VQE R - Q)]
du = onEe | [ dy 20 (v 256,028 f, (s VQE R~ Q)]

with fz'/ 0 (y;w,V) = 9,log Zg'/ ° For a given choice of spectral density p (corresponding to a choice of
projection F), label rule P:L(j) and loss function /, the auxiliary functions (2%, Z) can be computed, and from them
the right-hand side of the update equations above. The equations can then be iterated until the convergence to
the fixed point minimising the free energy at fixed («, 7y, 3). For convex losses and 5 — 00, the fixed point of
these equations gives the overlap corresponding to the estimator solving eq. (A.7).

D.4 Taking 8 — oo explicitly

Although the saddle-point equations above can be iterated explicitly for any 5 > 0, it is envisageable to take
the limit 8 — oo explicitly, since 3 is an auxiliary parameter we introduced, and that was not present in the
original problem defined in eq. (A.7).

Since the overlap parameters depend on 5 only implicitly through Z, and its derivatives, we proceed with
the following ansatz for their 3 — oo scaling:

‘/;7Ow = B‘/s/w q§7w =dqs/w m;)o = Mms
o 1. o1 o
S/w = E‘/s/w qs/w = ?qs/w mg = Mg. (D18)

This ansatz can be motivated as follows. Recall that:

dx 1 2 dz -8 (””7“)2%(90,@/)}
Zy(y;w, V) = e W) plley) = [ 2o [ v . D.19
Wy ) VarV VarV (D19)
Therefore, letting V = p3V; + p2V,, scale as V> = BV, at B — oc:
Zy(y;w,V) = d(z—mn) (D.20)
B—o0
where:
[z —w)?
n(y;w,V) = argmin | ———— + {(z,y)| . (D.21)
zeR 2V

For convex losses ¢ with A > 0, this one-dimensional minimisation problem has a unique solution that can
be easily evaluated. Intuitively, this ansatz translates the fact the variance of our estimator goes to zero as
a power law at § — o0, meaning the Gibbs measure concentrates around the solution of the optimisation
problem eq. (A.7). The other scalings in eq. (D.19) follow from analysing the dependence of the saddle-point
equations in V.
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The ansatz in eq. (D.18) allow us to take the § — oo and rewrite the saddle-point equations as:

~ 2 aw
Voo = 2R [ [, dy 20%2]

50 2
o= = i IEAEN
e = U Ee ([, dy 0,20 (1))

(D.22)
Ve = oyl UR dy 2, ?/woz}
qw —O(/L*}Eg |:f]Rdy ZO( ) ]
V;OO = T (1 z g#(—z))
= % 1= 250,(=2) + #(2)] - Gl [aou(o2) + (-]
mZ =75 (- 2 gu(~2) (D.23)

w m + S
(43 = v [5 — 14 22(2)] o+ BT [ g,(2) 4 220~

where Z))(y; w, V) is always evaluated at (w, V) = <\]/\/I%£7p - %),n(y;w,V} at (w, V) = (VQXE, V™)
and z = %

D.5 Examples

In this section we exemplify our general result in two particular cases for which the integrals in the right-hand
side of eq. (D.22) can be analytically performed: the ridge regression task with linear labels and a classification
problem with square loss and ridge regularisation term. The former example appears in Fig. 5 (left) and the
later in Figs. 2 (blue curve), 6, 7 of the main.

Ridge regression with linear labels: Consider the task of doing ridge regression ¢(y, x) = % (y — x)2,

A > 0 on the linear patterns y = ﬁCHO + VAz, with z ~ N(0,1,) and 8* ~ N(0,1;). In this case, we
have:

w+yV
cw. V) = D.24
nyw V) ==+ (D.24)
and the saddle-point equations for the hat overlap read:
oo @ u3 Ao_oz,ufl—l—A—f—Qoo—QMoo gy QM
ST 414V =7 (1+ Voo)? 414V
2 o) oo
~ oo oy oo 1+ A4+ Q> —2M

= = D.25

This particular example corresponds precisely to the setting studied in [34].

Classification with square loss and ridge regularisation: Consider a classification task with square loss
Uy, z) =3 (y— 2)? and labels generated as y = sign (ﬁCO()), with 8° ~ N(0,1;). Then the saddle-point
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equations are simply:

0o 2M™
o _ 0 HE o0l A m:a\ﬁm
s T ItV St (V) TyVri4 Ve
2M >
Voo_ 04#3 ~00 21+QOO_ VT D
w 11y o = e Ty (D-26)

E Numerical Simulations

In this section, we provide more details on how the numerical simulations in the main manuscript have been
performed.

First, the dataset {x*, Z/“}Z:l is generated according to the procedure described in Section 1.1 of the main,
which we summarise here for convenience in algorithm 1:

Algorithm 1 Generating dataset {z", y"}}|_,

Input: Integer d, parameters o,y € R, matrix F € R¥?, vector 8° € R? non-linear functions o, f° :
R —R.

Assign p < |d/v],n < |ap]

Draw C € R"*? with entries ¢, ~ N(0, 1) i.id.

Assign y + f° (CGO) € R" component-wise.

Assign X < o (CF) € R™*P component-wise.

Return: X,y

In all the examples from the main, we have drawn 8° ~ A(0,1;). For the regression task in Fig. 5 we have
taken f°(z) = x, while in the remaining classification tasks f°(x) = sign(z). For Gaussian projections, the
components of F are drawn from N (0, 1) i.i.d., and in for the random orthogonal projections we draw two
orthogonal matrices U € R4%d Vv ¢ RP*P from the Haar measure and we let F = U' DV with D € R%*? 3
diagonal matrix with diagonal entries dj, = max(/7,1),k = 1,--- , min(n, p).

Given this dataset, the aim is to infer the configuration w, minimising a given loss function with a ridge
regularisation term. In the following, we describe how to accomplish this task for both square and logistic loss.

Square Loss: In this case, the goal is to solve the following optimisation problem:

) R 5 A
W = min 2;(y“m“-'w) +§Hw||§ : (E.1)

which has a simple closed-form solution given in terms of the Moore-Penrose inverse:

(XTX + )\Ip)fl Xy, ifn>p
W = (E.2)
XT(xXT +AL,) 'y, ifp>n

Logistic Loss: In this case, the goal is to solve the following optimisation problem:
- A
N . Mgkt
W = min leog (14 e te) + Sllwl3] - (E.3)
:LI’:

To solve the above, we use the Gradient Descent (GD) on the regularised loss. In our simulations, we took
advantage of Scikit-learn 0.22.1, an out-of-the-box open source library for machine learning tasks in Python
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[61, 62]. The library provides the class sklearn.linear_model.LogisticRegression, which implements GD with
logistic loss and a further ¢3-regularisation, if the parameter ’penalty’ is set to ’12°. GD stops either if the

following condition is satisfied:
max{(Vw), |i =1, ...,p} < tol, (E.4)

with Vaw being the gradient, or if a maximum number of iterations is reached. We set tol to 10~* and the
maximum number of iterations to 10%.

In both cases described above, the algorithm returns the estimator w € RP, from which all the quantities
of interest can be evaluated. For instance, the generalisation error can be simply computed by drawing a new
and independent sample {X"*V, 4"V} using algorithm 1 with the same inputs F, o, f* and 8° and computing:

1 new [ (yyNew

with f(z) = x for the regression task and f(z:) = sign(z) for the classification task.

The procedure outlined above is repeated ngee4s times, for different and independent draws of the random
quantities F, @°, and a simple mean is taken in order to obtain the ensemble average of the different quantities.
In most of the examples from the main, we found that ng.qs = 30 was enough to obtain a very good
agreement with the analytical prediction from the replica analysis. The full pipeline for computing the
averaged generalisation error is exemplified in algorithm 2.

Algorithm 2 Averaged generalisation error.

Input: Integer d, parameters a, vy, A € R, non-linear functions o, f°, f and integer Ngeeds-
Assignp < |d/v]|, n < |ap]
Initialise £, = 0.
for i = 1 to Ngeeds dO
Draw F, 69.
Assign X,y <+ Alg. 1.
Compute W from eq. (E.1) or (E.3) with X, y and .
Generate new dataset X"V, y"*V from Alg. 1.
Assign By By + 7 [lg™ — f (X7 ep) ||
end for

E
Return: ¢, = —*

Tseeds
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