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Abstract: Dissolution and precipitation processes are present in key phenomena affecting the 

behavior of cement-based materials. Additionally, cement–based materials exhibit viscoelastic 

behavior. Recently, analytical homogenization tools have been developed to upscale the effective 

properties of composites in an ageing linear viscoelastic framework [1,2]. Taking advantage of 

these tools, an extension of Bazant’s original solidification theory [3] was proposed in a 3D 

tensorial context [4]. In this paper, we propose to benchmark these analytical approaches by 

comparing with numerical homogenization to estimate the behavior of ageing composites in 

different scenarios. To this end, 3D numerical samples are generated by randomly distributing 

inclusions of various sizes and shapes in a box [5,6]. We compare the response of solidification in 

two main morphologies: spherical and convex polyhedral inclusions. The results provided here go 

towards a better description of the dissolution/precipitation processes, which is an important feature 

in the characterization of cement-based materials ageing behavior.  

 
 

 

1 INTRODUCTION 

Dissolution and precipitation processes are 

present in key phenomena affecting the 

behavior of cement-based materials. At early-

age, due to hydration process, new phases are 

formed within capillary pores; at late ages, the 

material can be submitted to degradation 

processes in which hydrated phases dissolve. 

These processes reflect in an ageing behavior 

of the material.  

Moreover, cement–based materials, as other 

geomaterials, exhibit viscoelastic behavior. 

Recently, analytical homogenization tools 

have been developed to upscale the effective 
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properties of composites in an ageing linear 

viscoelastic framework [1,2].  

Bazant [7] showed that an ageing effective 

behavior can be observed in materials in which 

one of the constituents shows a change in its 

volume fraction in time, as occurs for example 

in a solidification process. This effect is 

observed even if the basic constituents are 

non-ageing per se [8]. An extension of this 

idea to a 3D tensorial context was carried out 

by Sanahuja [4]. The results showed that the 

topology of dissolution/precipitations affected 

the overall response of the material [9,10]. 

In this paper, we propose to benchmark 

these analytical approaches by comparing with 

numerical homogenization to estimate the 

behavior of ageing composites in different 

scenarios. To this end, 3D numerical samples 

are generated by randomly distributing 

inclusions of various sizes and shapes in a box 

[5,6]. We compare the response of 

solidification in two main morphologies: 

spherical and convex polyhedral inclusions.  

 

2 REPRESENTATION OF 

DISSOLUTION AND PRECIPITATION 

PROCESSES 

Analytical and numerical strategies to cope 

with the representation of dissolution/ 

precipitation are presented in the following. 

Hereafter, we assume that precipitation occurs 

in pores. Extensions to cases with dissolution 

or combined one step dissolution/precipitation 

are straightforward. 

 

2.1 Analytical framework 

Defining the product operator (𝑓 ∘

𝑔)(𝑡, 𝑡0) ≡ ∫ 𝑓(𝑡, 𝑡′)
𝑡

𝑡′=−∞
𝑑𝑡′𝑔(𝑡′, 𝑡0), the 

stresses 𝜎 can be then written in terms of 

strains ε and the relaxation ℝ 4-rank tensor as 

[2,11]: 

𝜎(𝑥, 𝑡) = ℝ(𝑥, 𝑡, . )  :⏞
∘

𝜀(𝑥, . ) 
(1) 

With this correspondence principle, analytical 

homogenization schemes can be derived in 

ageing linear viscoelasticity (e.g. for schemes 

based on Eshelby solution [2] or in specific 

morphologies [1]). Hereafter, we consider 

Mori-Tanaka estimations for isotropic 

spherical inclusions following Sanahuja [2]. 

The integrals are numerically evaluated by a 

trapezoidal rule (see [2] for details). 

To represent solidification, we use the 

extensions of solidification theory proposed by 

Sanahuja [4]. The changes in the volume 

fraction of phases are taken into account with 

analytical homogenization replacing the 

precipitating phase by fictitious ageing phases. 

The effective behavior is then estimated 

through non ageing linear viscoelastic 

homogenization. In this context, the relaxation 

tensor for a given phase solidifying at time ti
s 

is identified by: 

ℝi(t, t0) = ℝs(t − t0) H(t0 − ti
s)  (2) 

where ℝs(t − t0) is the relaxation tensor of the 

solidified material and t0 is the age of loading.  

This strategy involves a discretization of 

the ageing function in n steps. Here, as in [4], 

the solidification times are chosen so that the 

same volume fraction of solid fage
∞ /n 

precipitates at each ti
s. Correspondingly, we 

have [4]: 

𝑓𝑎𝑔𝑒(𝑡𝑖
𝑠) = (𝑖 −

1

2
) 

𝑓𝑎𝑔𝑒
∞

𝑛
 

(3) 

with fage
∞  being the final value of the volume 

fraction of the phase solidifying. The 

estimation of the effective properties then is 

made by determining the properties of a 

fictitious n-phases composite. Sanahuja [4] 

showed that the precipitation mechanism and 

the kinetics of the ageing process affect 

directly the effective ageing viscoelastic 

response.  

Figure 1 shows a scheme of the 

solidification processes as accounted for 

analytically here for a composite with 

matrix/inclusions morphology (so that Mori-

Tanaka can be applied). 

 

2.2 Numerical framework 

Two numerical samples (Figure 2) are 

studied: a) with a volume fraction of 30% of 
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spherical inclusions and (b) with 40% of 

convex polyhedral inclusions obtained from 

Voronoi decomposition [12]. These numerical 

samples are generated by randomly 

distributing the inclusions in a box. The 

procedure for constructing the mesostructures 

is detailed in [13] and [14]. The open-source 

python library Combs based on the Computer-

Aided Design code Salome (www.salome-

platform.org) is used to generate geometry and 

meshes of the mesostructures [13]. The GJK 

3D algorithm has been recently implemented 

in Combs for fast convex particles distance 

computation (see e.g. http://www.dyn4j.org/ 

2010/04/gjkdistance-closest-points). The 

corresponding meshes are automatically 

generated with meshing software directly 

plugged in Salome. The number of tetrahedral 

elements is 1.75 and 2.37 millions for the 

microstructures of Figure 2 a) and b), 

respectively. Static uniform boundary 

conditions (SUBC) are generally adopted 

(otherwise stated), since they are reported to 

return more adequate results for composites in 

which the inclusions are stiffer than the matrix 

[1,15] than kinematic uniform boundary 

conditions.  

 
 

  

Figure 1: Representation of solidification processes: matrix/inclusions configuration with massive precipitation in 

pores.  

  

(a)    (b)    (c) 

Figure 2: Numerical samples: 30% of spherical inclusions (a), 40% of convex polyhedral inclusions (b). Representation 

of solidification process with a discretization of nd = 5 timesteps (c). 

 

The simulations are performed with the 

finite element code Cast3M (www.cast3m.fr), 

in which the ageing viscoelastic constitutive 

behavior is implemented following an 

algorithm similar to the one of [16], by means 

of the MFront code generator (http://tfel. 

sourceforge.net/, [17]). The solidification 

process is modelled by decomposing randomly 

http://www.salome-platform.org/
http://www.salome-platform.org/
http://www.dyn4j.org/%202010/04/gjkdistance-closest-points
http://www.dyn4j.org/%202010/04/gjkdistance-closest-points
http://www.cast3m.fr/


Tulio Honorio, Benoit Bary and Julien Sanahuja 

 4 

the different inclusions in as many sub-phases 

as necessary to comply with the required 

discretization in terms of sub-volume. As this 

decomposition is random, a great number of 

realizations can be generated. An example is 

shown on Figure 2(c) in the case of the 40% 

polyhedral inclusions and a discretization of 

aggregates in 5 sub-volumes. 

 

3 RESULTS  

We consider a porous composite material in 

which the material constituting the matrix 

phase precipitates within the pores (massive 

precipitation [4]) following an ageing function. 

Two ageing functions are studied, a 

sigmoid and a linear one, as shown in Figure 

3, given respectively by: 

𝑓𝑎𝑔𝑒
𝐴 (𝑡) =

𝑡4

1 + 𝑡4
𝑓𝑎𝑔𝑒

∞  
(4) 

𝑓𝑎𝑔𝑒
𝐵 (𝑡) = min (1,

1

3
𝑡) 𝑓𝑎𝑔𝑒

∞  
(5) 

The behavior of the matrix (and 

precipitating phase, which are the same here) 

is represented by a generalized Maxwell 

model: 

𝑋(𝑡 − 𝑡′) = 𝑥0 + ∑ 𝑥𝑖

𝑖

exp[−(𝑡 − 𝑡′)/𝜒𝑖] + 𝑥0 (6) 

where 𝑋 is the shear or bulk relaxation 

functions, μ and k, respectively. xi are the 

Maxwell generalized parameters associated to 

each relaxation function and 𝜒𝑖 is the 

characteristic time of each chain. Table 1 

gathers the values of the parameters used in 

this paper. There, the values are normalized 

with respect to a chosen μ′ and k′.  
 

Table 1: Properties of the matrix and precipitating 

phase based on Maxwell generalized behavior 

 𝑥0 𝑥1 𝑥2 
𝑘/𝑘′ 1 1 1 

𝜇/𝜇′ 1/2 1/2 1/2 

𝜒/𝜏 - 0.1 1 

 

The pores are treated as elastic phases with μ 

and k equal to 0. 

 
Figure 3: Ageing functions and discretization 

3.1 Spherical inclusions 

Figure 4 shows the components of 

relaxation tensor for both analytical and 

numerical estimations in the 30% spherical 

inclusions case. Recall that in the isotropic 

case we have: 

𝑅1111 = 𝑅2222 = 𝑅3333 = 𝑘(𝑡, 𝑡′) +
4

3
𝜇(𝑡, 𝑡′) 

 

𝑅1122 = 𝑅1133 = 𝑅2233 = 𝑘(𝑡, 𝑡′) −
2

3
𝜇(𝑡, 𝑡′) 

 

𝑅1212 = 𝑅1313 = 𝑅2323 = 𝜇(𝑡, 𝑡′) 

(7) 

 

The same solidification discretization was 

used in both cases, nd = 20. The ageing 

function is linear (𝑓𝑎𝑔𝑒
𝐵 ). In analytical 

estimations 200 timesteps are used. As already 

mentioned static uniform boundary conditions 

(SUBC) are used in numerical simulation. 

Numerical and analytical results are in fairly 

good agreement, especially with R1111 and 

R1212 components. 

Note that, as expected, the effective 

behavior of the composite is ageing even if the 

behaviors of the constituent phases are non-

ageing (non-ageing linear viscoelastic for both 

matrix and precipitating phase, and “elastic” 

pores). Figure 5 shows the influence of 

solidification discretization (nd = 5, 10 or 20 

timesteps). The linear ageing function (𝑓𝑎𝑔𝑒
𝐵 ) is 

used. We note that the analytical solutions are 

more sensible to solidification discretization 

than FEM solutions. 
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Figure 4: Components of relaxation tensor: comparison between analytical (full lines) and numerical results (dots) for 

the same solidification discretization. Volume fraction of inclusions is 30% and the ageing function is linear (𝑓𝑎𝑔𝑒
𝐵 ). 

  

 
numerical results  

analytical results 

Figure 5: Influence of solidification discretization. Volume fraction of inclusions is 30% and the ageing function is 

linear (𝑓𝑎𝑔𝑒
𝐵 ). 
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Figure 6: Influence of the boundary conditions. 

Numerical simulations are the dots (SUBC: full squares 

and KUBC: empty circles). Dot-Dashed curves are 

analytical results (as in Figure 5). 10 timesteps were 

used in the solidification discretization in all three cases. 

The ageing function is linear (𝑓𝑎𝑔𝑒
𝐵 ). 

Figure 6 shows results with SUBC and 

kinematic uniform (KUBC) boundary 

conditions piloted in stresses compared to 

analytical results in the case of the 30% 

volume fraction. Solidification was discretized 

in 10 timesteps in all cases. We observe that 

both boundary conditions returned close 

results. 

Figure 7 shows the results with the 

sigmoidal ageing function (𝑓𝑎𝑔𝑒
𝐴 ). A reasonable 

agreement is observed again between both 

estimations. 

 

 
Figure 7: Bulk and shear relaxation functions: 

comparison between analytical (full lines) and 

numerical results (dots) for the same solidification 

discretization. Volume fraction of inclusions is 30% and 

the ageing function is sigmoidal (𝑓𝑎𝑔𝑒
𝐴 ). SUBC was used 

in the numerical simulations. 

Figure 8 shows the creep response (in terms 

of J1111 component of creep tensor) for 

numerical and analytical results. Creep tensor 

can be obtained with analytical estimations by 

performing an inversion with respect to the 

integral operator. With numerical simulations, 

this component can be obtained directly from 

the macroscopic strains since a creep test with 

constant applied stresses is performed. It has 

been verified that the results are comparable to 

the analytical estimations [1,18]. We observe 

that the numerical results show a non 
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monotonous evolution with some 

discontinuities in the derivatives for loading 

times t’ < 2 time units. This effect, which can 

be due to the discretization in time and space, 

would deserve further investigations.  

 

 
Figure 8: Creep response: J1111 component of creep 

tensor. Dots are numerical results and dashed lines 

analytical results. Volume fraction of inclusions is 30% 

and the ageing function is linear (𝑓𝑎𝑔𝑒
𝐵 ). 

 

3.2 Polyhedral inclusions 

Simulations with polyhedral inclusions 

were performed and compared to the analytical 

estimations. The results are shown in Figure 9. 

The volume fraction of the inclusions is 40%. 

The linear ageing function is considered.  

Again, an adequate agreement is observed 

between both analytical and numerical results. 

Slightly superior differences between the 

results are obtained when compared to the case 

with spherical inclusions. In addition to the 

effect of the shapes (i.e. polyhedral in the FE 

simulations and spherical in the analytical 

model), the effect of the relatively high 

volume fraction in MT estimates can also play 

a role in these differences. 

 

12 CONCLUSIONS 

A comparison between (semi-)analytical 

and numerical (FEM 3D simulations) 

estimations of the effective properties of 

materials with an ageing/solidifying linear 

viscoelastic behavior was performed. Both 

solutions returned results in fairly good 

agreement. As expected, the obtained effective 

behavior is ageing even if the behavior of the 

constituent phases is not ageing.  

 

 

 
Figure 9: Bulk and shear relaxation functions: 

comparison between analytical (full lines) estimation of 

spherical inclusions and numerical simulations (dots) of 

polyhedral inclusions. We considered 40% of inclusions 

and the ageing function is linear (𝑓𝑎𝑔𝑒
𝐵 ). 

We highlight the following points: 

 Discretization of the solidification 

process in the range studied here plays a 

significant role in analytical estimations 

but not in numerical simulations. 

 The boundary conditions does not 

influence significantly the results in the 

cases studied. 

 The shape of inclusions considered in 
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this study seems to play a minor role in 

the estimations. This adds confidence in 

the use of the analytical estimations 

(based on spherical inclusions) to the 

study of composites with non-spherical 

(but with aspect ratio relatively close to 

1) inclusions. Further investigations are, 

though, necessary to verify this effect in 

composites with higher content of 

inclusions and/or with flattened or 

elongated inclusions with aspect ratio 

significantly different from 1. 

 

Other perspectives of this work include 

accounting for intrinsically ageing behaviors 

associated to the matrix or inclusions, as can 

be found in cement based materials due for 

example to space-filling processes [18,19]. 

Similar combined analytical and numerical 

studies can be performed to investigate the 

thermal properties [20], notably the thermal 

expansions, of composites presenting an 

ageing viscoelastic behavior. 
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