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FROM TOPOLOGICAL RECURSION TO WAVE FUNCTIONS AND PDES
QUANTIZING HYPERELLIPTIC CURVES

BERTRAND EYNARD AND ELBA GARCIA-FAILDE

ABSTRACT. Starting from loop equations, we prove that the wave functions constructed from topo-
logical recursion on families of spectral curves with a global involution satisfy a system of partial
differential equations, whose equations can be seen as quantizations of the original spectral curves.
The families of spectral curves can be parametrized with the so-called times, defined as periods
on second type cycles. These equations can be used to prove that the WKB solution of many
isomonodromic systems coincides with the topological recursion wave function, and thus show that
the topological recursion wave function is annihilated by a quantum curve. This recovers many
known quantum curves for genus zero spectral curves and generalizes to hyperelliptic curves. In the
particular case of a degenerate elliptic curve, apart from giving the quantum curve, we prove that
the wave function satisfies the first Painlevé isomonodromic system and equation just from loop
equations, making use of our system of PDEs. In general, we are able to recover the Gelfand—Dikii
isomonodromic systems just from topological recursion.

CONTENTS
1. Introduction 1
2. Spectral curves with a global involution )
3. Loop equations and deformation parameters 10
4. PDE for any degree 2 curve 15
5. Quantum curves 24
References 30

1. INTRODUCTION

Topological recursion is a powerful tool, which was first discovered in the context of large size
asymptotic expansions in random matrix theory [10, 7, 5, 6] and established as an independent
universal theory around 2007 [15]. Its most important role was to unveil a common structure in
many different topics in mathematics and physics, which helped building bridges among them and
gaining general context. For instance, it has been related to fundamental structures in enumera-
tive geometry and integrable systems, such as intersection theory on moduli spaces of curves and
cohomological field theories.

A quantum curve is a Schrodinger operator-like non-commutative analogue of a plane curve that
annihilates the so-called wave function, which can be seen as a WKB asymptotic solution of the
corresponding differential equation. Inspired by the intuition coming from matrix models, it has
been conjectured that there exists such a quantum curve associated to a spectral curve, which is
the input of the topological recursion, and whose WKB asymptotic solution is reconstructed by the
topological recursion output.

This claim was verified in [22] for a class of spectral curves called admissible, which are basically
spectral curves whose Newton polygons have no interior point. Admissible spectral curves include

a very large number of spectral curves of genus 0. Therefore they recover many cases previously
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studied in the literature in various algebro-geometric contexts. In the present work, we go beyond
admissible spectral curves and study the quantum curve problem for spectral curves with a global
involution, given by algebraic curves whose defining polynomials are of the form y? = R(z), with R
a rational function on x. This setting includes the genus 0 spectral curves with a global involution
y — —y, such as the well-known Airy curve, which are many less that the set of admissible curves,
but it also includes all genus 1 spectral curves, i.e. all elliptic curves, and all hyperelliptic curves,
which are curves of genus g > 1 where R is a polynomial in z.

Quantum curves encode enumerative invariants in an interesting way, and help building the bridge
between the geometry of integrable systems and topological recursion. One of the most celebrated
applications of quantum curves is in the context of knot theory, where the quantum curve of the
A-polynomial of a knot provides a conjectural constructive generalization of the volume conjecture
8,9, 4].

1.1. Quantum curves and topological recursion. We start by presenting the idea of quantum
curves and their relation to topological recursion. Consider P € C[z,y] and let

C={(z,y) e C*| P(z,y) =0}

be a plane curve.
Consider A > 0 a formal parameter. A quantization of the plane curve C, is a differential operator
P of the form

P(%,@\; h) = PO('/Z.\7@\) + O<h)
wherez =z, = h%. In fact, P is a formal series (or transseries) normal-ordered operator valued
polynomial (all the § in a monomial are placed to the right of all the Z) whose leading order term
Py(Z,y) recovers the polynomial equation of the original spectral curve (normal ordered). Actually,
in general Py(x,y) can be a reducible polynomial with P(z,y) one of its factors. The operators &
and 7 satisfy the following commutation relation which justifies the name ‘quantization”:

[y, %] = h.
One can consider a Schrodinger-type differential equation
(1) P(#,9)¢(z,h) = 0, with z € C,

whose solution can be calculated via the WKB method, that is we require 1) to have a formal series
(resp. transseries) h expansion of the form

¥(z, 1) = exp (Z ﬁmlSm(Z)>

m=0

(resp. of the form of a formal series in powers of exponentials of inverse powers of & whose coefficients
are formal power series of h). The coefficients Si(z) are determined recursively via (1). One
fundamental question is if the formal solution ¢ can be computed directly from the original plane
curve C. The conjectural answer is provided by the topological recursion and is already established
in many cases.

The input data of the topological recursion is called spectral curve. For the purpose of this paper,
a spectral curve will be given as in [12], i.e. by the data (X, z,y,wq 1,wo2), where ¥ is a compact
Riemann surface, and x and y are meromorphic functions on ¥ such that the zeroes of dx do not
coincide with the zeroes of dy. Then x and y must be algebraically dependent, i.e. P(z,y) = 0 with
P € C[z,y]. We consider w1 = ydz and wp 2 a symmetric bi-differential B on %2 with double poles
along the diagonal and vanishing residues. The output of the topological recursion are symmetric
meromorphic multi-differentials wg ,(z1,...,2,) on "
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The perturbative wave function 1(z) constructed from topological recursion is defined (see [15])

!« Lt R o O dir(21)der(22)
o) —2(0) p(; Pl IR [ CRCIES 59’05"72<x<zl>—x<zz>>2>>’

0O,n=>1

where o € X is a chosen base-point for integration. In general the quantum curve is obtained by
choosing 0 = ¢ such that z({) = o0, and one may need to regularize the (g,n) = (0,1) term in
the limit o — (. We choose a regularization for (g,n) = (0,2) which slightly differs from some
part of the literature and produces the first factor of the expression. We emphasize that our
definition transforms as a spinor %—form under change of coordinates. Actually, we will generalize
the definition of the wave-function by allowing integration over any divisor as in [12].

A further question is if the differential operator P can be directly constructed from the topological
recursion. This has also been answered affirmatively in many cases. In this article, we actually
construct an operator that we believe is a more fundamental object, which appears more naturally
for curves of genus g > 0, and provides a PDE which also allows to reconstruct the wave function
1. Our system of PDEs will also imply a quantum curve in the more classical sense considered in
this section.

1.2. Generalized cycles. Let us now recall the concept of generalized cycles on a Riemann surface
as in [12], which will help us introduce suitable local coordinates in the space of spectral curves.
These local coordinates can be seen as deformation parameters giving rise to families of spectral
curves and will play a key role when producing our system of PDEs for a large class of spectral
curves.

The so-called times t;, introduced in [12], can be viewed as local coordinates in the space of
spectral curves. Time deformations ¢y, belong to the tangent space, which is isomorphic to the
space of meromorphic differential forms on the spectral curve, and via form-cycle duality it can
be identified with the space of generalized cycles on the spectral curve. In [12], generalized cycles
are defined as elements of the dual of the space of meromorphic forms on ¥ such that integrating
wp,2 = B on them gives meromorphic 1-forms.

In practice a generating family is given by 3 kinds of cycles, dual to 3 kinds of forms:

e 1st kind cycles: This type of cycles are usual non-contractible cycles, i.e. elements [v] €
Hy(%,C). If ¥ is compact of genus g, then dimH; (X, C) = 2g.
¢ 2nd kind cycles: A cycle of second type v = ~,.f consists of a small circle 7, around a
point p € ¥ (small in the sense of projective limit) weighted by a function f holomorphic
in a neighborhood of 7, and meromorphic in a neighborhood of p, with a possible pole at
p (of any degree), i.e. by definition Sv w = 2mi Res, fw.
e 3rd kind cycles: They are open chains v = 7,,, (paths up to homotopic deformation
with fixed endpoints), whose boundaries 0y = [p] — [¢] are degree zero divisors.
Let x : X — C be the meromorphic function that makes the spectral curve a branched cover of
the Riemann sphere. A basis of functions which are meromorphic in a neighborhood of p € ¥ is
given by

{5£}kez, with &, = (z — z(p))M/orde (@),

If z(p) = o0 we set &, = z1/orde(®) - with ordy(z) < 0. The following set of cycles generates an
integer lattice in the space of second kind cycles:

(2) Ay =18, pES, k>0,
1 §5k
= Y k> 1.
(3) Bp,k 27T’L./7p L , DE 4,
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Given a meromorphic 1-form w on 3, for every pole p of w, we define for every j > 0 the KP
times:

. 1 1 .
(@ i =BRGP =g | wim s | g
so that
dogp(w)
(5) W~ Z tp,jfpfj*ldﬁp + analytic at p.
j=0

Since we assumed Y to be compact, the number of poles is finite. Moreover, all the times with
J = deg,w are vanishing. Therefore, only a finite number of times are non-zero.

1.3. Context and outline. One of our motivations to study the problem of quantum curves for
any spectral curve with a global involution was two be able to recover the whole isomonodromic
system associated to Painlevé I just from loop equations. We also aimed to give the first quantum
curves for spectral curves of genus g > 1 and we were especially interested to see how introducing
deformations with respect to the times could give rise to systems of PDEs that we consider more
natural in general.

1.3.1. Comparison to the literature. In [23], they generalize the techniques employed in [22] to find
the quantum curves for admissible curves to apply them to the family of genus one spectral curves
given by the Weierstrass equation. They find an order two differential operator that annihilates
the perturbative wave-function 1. However, it is not a quantum curve, since it contains infinitely
many h corrections which are not meromorphic functions of . They also check the first orders of
the conjectural quantum curve [11, 14, 3] for the non-perturbative wave-function.

In [19], they focus on the Painlevé I spectral curve, which is a degenerate torus, and they get
from topological recursion a PDE that annihilates the wave function, which is compatible with
the isomonodromic system and, together with another identity coming from integrable systems,
provides a quantum curve that annihilates the wave function. In [17], the first author slightly
generalizes the same results to the case of any elliptic curve, that is he considers not only the
degenerate case of Painlevé I, but tori where none of the two cycles are pinched. In both papers,
they show that the & corrections from [23] can be controlled by a derivative with respect to a
deformation parameter. The quantum curves still contain inifinitely many h-correction terms, but
in this case, these corrections are given by the asymptotic expansion of the solution of Painlevé 1
around h — 0 [16].

In [18], the approach is reversed: they prove that Lax pairs associated with h-dependent Painlevé
equations satisfy the topological type property of [1], which implies that one can reconstruct the
h-expansion of the isomonodromic 7-function from to topological recursion. Finally, in [21], they
generalize this result showing that it is always possible to deform a differential equation 0, ¥ (x) =
L(z)¥(z), with L(x) € sl3(C) by introducing a formal parameter £ in such a way that it satisfies
the topological type property.

In the present work, we recover the PDE from [19, 17] from loop equations (which are necessary
for topological recursion, but not sufficient) and as part of a system that we obtain because we
consider a wave-function where the integrals are over any divisor of degree zero. With our system,
we are able to recover the whole isomonodromic system associated to Painlevé I just from loop
equations. We also give an additional meaning to the deformation parameter that appears naturally
in [19, 17] for the case of elliptic curves, making use of the powerful idea of deforming with respect to
the generalized cycles introduced in the previous section. The elliptic curve case is a very concrete
case in which there is only one such deformation parameter, but we see that we need to consider
several in the higher genus cases.



1.3.2. Qutline. In Section 2 we introduce the type of curves we consider in this work and relate
them to the concept of spectral curves as input of the topological recursion. We also give the link
to the spectral curves in the setting of isomonodromy systems, which serves as a motivation to us.
Moreover, we compute the deformation parameters of the family of elliptic curves, which recovers
the Painlevé isomonodromy system setting in the degenerate case; in particular, the so-called KP
times.

In Section 3 we recall the loop equations for our specific setting and deduce some interesting
consequences relating them to time deformations, which appear when considering spectral curves
of genus g > 0.

In Section 4 we prove our main result. We obtain from the loop equations a system of partial dif-
ferential equations that annihilates our wave-function defined from topological recursion integrating
over a general divisor. We also give the shape of this system in the particular cases of genus zero
and elliptic curves. Finally, we consider our system for the particular case of a two-point divisor,
which then consists of only two PDEs, with derivations with respect to two spectral variables and
the deformation parameters, called times. We are able to combine the two PDEs in such a way
that we eliminate one of the spectral variables.

In Section 5, we argue that if the spectral curve comes from an isomonodromic system, then
the topological recursion non-perturbative wave function has to coincide with the solution of the
isomonodromic system, which implies an ODE, which is the quantum curve we were looking for. As
particular interesting cases, we recover the Painlevé system and equation, and its higher analogues
defined in terms of Gelfand-Dikii polynomials.

Acknowledgements. B.E.’s work is supported by the ERC Synergie Grant ERC-2018-SyG 810573
"ReNewQuantum”. It is also partly supported by the ANR grant Quantact : ANR-16-CE40-0017.
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d’avenir project, reference ANR-11-LABX-0056-LMH, LabEx LMH.
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degrees.

We would also like to thank R. Belliard, M. Bergere, G. Borot, V. Bouchard, J. Zinn-Justin and
A. Voros for valuable discussions on the subject.

2. SPECTRAL CURVES WITH A GLOBAL INVOLUTION

In this article we focus on algebraic plane curves of the form

(6) y* = P(x),

with P(z) € C[z] an arbitrary polynomial of =, and we will generalize to y?> = R(z) with R(z) € C(x)
an arbitrary rational function of z.

The degree of the polynomial 42 — R(x) is related to the genus of the curve. For example, in
the case in which R is a polynomial of degree 2m + 1 or 2m + 2 the curve has genus § < m, with
equality if the plane curve is smooth. If the degree is odd, the curve has one point at infinity and
if the degree is even, the curve has two points at infinity. If § > 1, the curve is called hyperelliptic;
if g = 1 (with a distinguished point), it is called elliptic, and if § = 0, it is called rational.

2.1. Spectral curves as input of the topological recursion. The method of topological re-
cursion associates to a spectral curve S a doubly indexed family of meromorphic multi-differentials
Wg,n o X"
TR: Spectral curve § = (X, z,ydz, B) ~» Invariants wy,, (Fy = wg)-
5



A spectral curve is the data of ¥ a Riemann surface,  : ¥ — CP'! a holomorphic projection to the
base CP!, making ¥ a ramified cover of the sphere, ydz a meromorphic 1-form on ¥, and B a 2nd
kind fundamental differential, i.e. a symmetric 1 ® 1 form on > x ¥ with normalized double pole
on the diagonal and no other pole, behaving near the diagonal as:

le dZQ
2

B(Zl, ZQ) = m

+ holomorphic at z; = z».
In case the spectral curve is of genus 0, i.e. ¥ = CP!, it is known that such a B is unique and is
worth

ledZQ
(21 — 22)*
If the genus g of ¥ is > 1, B is not unique since one can add any symmetric bilinear tensor product
of holomorphic 1-forms. A way to find a unique one is to choose a Torelli marking, which is a
choice of a symplectic basis {{A4;}/_,, {B;}/_;} of H1(2,Z). There exists a unique B normalized on
the A-cycles of Hy(X,Z)

B(Zl,ZQ) =

§ B(Zl, ) =0

A;
Such a bi-differential has a natural construction in algebraic geometry and is called the normalized
fundamental differential of the second kind on X. See [13] for constructing B for general algebraic
plane curves.

Remark 2.1. The coordinate z : ¥ — CP! in the definition of spectral curve can be thought as a
ramified covering of the sphere. We call degree of the spectral curve the number of sheets of the
covering, i.e. the number of preimages of a generic point. In this article, we focus on spectral curves
of degree 2 with a global involution (z,y) — (x, —y).

2.2. Spectral curves from isomonodromic systems. Painlevé transcendents have their origin
in the study of special functions and of isomonodromic deformations of linear differential equations.
They are solutions to certain nonlinear second-order ordinary differential equations in the complex
plane with the Painlevé property, i.e. the only movable singularities are poles.

An h-dependent Lax pair is a pair (L(z,t;h), R(x,t;h)) of 2 x 2 matrices, whose entries are
rational functions of z and holomorphic in ¢ such that the system of partial differential equations

0
h%\lf(x,t) = L(x,t;h)V(z,t),
h%l’(m,t) = R(x,t; h)V(x,t)

is compatible. We call such a system an isomonodromy system.

The compatibility condition, i.e. %\I’ = %\I’, is equivalent to the so-called zero-curvature
equation:

oL 0R
hat hax +[L,R] = 0.

In [20], Jimbo and Miwa gave a list of the Lax pairs whose compatibility conditions are equivalent
to the six Painlevé equations.

Let us consider the expansion around A = 0 of the first equation of the system: L(z,t;h) =

im0 P Ly (x,t). The associated spectral curve is given by
(7) det(yId — Lo(z,t)) =0,

which is actually a family of algebraic curves parametrized by t.
6



2.2.1. Motivational example: The first Painlevé equation. Let us consider the first Painlevé equa-
tion with a formal small parameter A:

h? 62
Pr: ——U-3U=t
(TS U-3U
The leading term u = u(t) of a formal power series solution U(t,h) = u(t) + > -, 12k, (t) satisfies
t = —3u? and determines the subleading terms recursively:

up = cpu' % ¢ € Q
by the recursion
25k2 — 1 u

Tck - Z CiCk+1—j-
J=1

co=1, 241 =

The coefficient ug(t) has a singularity at u = 0, i.e. ¢ = 0. This special point is called a turning
point of Pr. We shall assume that t # 0. We denote by U the derivative with respect to ¢ of U(¢, h).
The Tau-function 7 (¢) is defined in such a way that

52
U(t) = —h? Sz loe T

The Painlevé equation ensures that 7 is an entire function with simple zeros at the movable poles
of U.
The Lax pair associated to the first Painlevé equation is given by

Uy x—U 0 1
. — 2 . . : = .
(8) L(x,t;h): ((m U+ 20) + %2[] —gU and R(x,t;h) <$ +2U 0>

The leading term of £ in its expansion around A = 0 is given by

0 T—u
Lo(,t) = <x2 + uzr — 2u? 0 > '

The spectral curve reads
(9) det(yId — Lo(z,t)) = y* — (z — u)*(z + 2u) = 0,

which is actually a family of algebraic curves parametrized by t. Since we have assumed t # 0, the
two roots of R(z) = (z — u)?(z + 2u) * = v and z = —2u are distinct, but the root z = u has
multiplicity 2. These curves have genus 0 or, more precisely, constitute a family of tori with one of
the cycles pinched.

In general, we want to study the family of tori given by

(10) y? =1+t +V,

where R(z) = 2® + tx + V has three different roots. The case t = —3u?, V = 2u? recovers the
particular degenerate case (9).

2.3. Parametrizations and deformation parameters of the elliptic case. In the elliptic
case, we give the parametrizations and compute the coordinates because it has more structure than
the genus 0 case, since we need to introduce one deformation parameter, and it also illustrates how
the general case works. The degenerate case corresponds to Painlevé I, which is our prototypical
example, when making the connection to isomonodromy systems.

7



2.3.1. Degenerate case. When V = 2u3, consider the parametrization of the spectral curve given
by

{x(z) = 22 — 2u,

y(z) = 23 — 3uz,

with z € ¥ = CP! and the fundamental form of the second kind on ¥:
ledZQ

B(Zl,ZQ) = m

It satisfies
> =23 +tx 4V,
with t = —3u?, V = 2u>.

This curve has one ramification point at z = 0 and one pole at z = o0.
Near z = o0, we have

3
Yy~r2+—5+—5——5——5 +0(x?)
2z2 222 8x2 A4x?
This implies that
1
to,1l = 5 ydr = Res a2 ydr = —t,
2mi

J ydr = Res 3 ydr = =V,
B 2Z—00

1
los = = ydr = Res x*%

- ydr = =2,
211 -Aoo,5 z—00

1 5 tvV
wa,s ydr = ng_%so r2 ydx = 10’

where we use the generalized cycles A, and B, ;, defined in (2) and we have considered only the
values k = 1,5 for which ¢ 5 # 0.

The degenerate cycle A corresponds to a small simple closed curve encircling zg = v/3u and the
cycle B corresponds to the chain (—+/3u — +/3u). Therefore, we have

€ 1 ydz =0 I=§yd$=—(3u).

[S1[s

" omi 15
A B

The prepotential Fy [12, 15] is worth
1 tV 2 12
I+>t de | == [tV —2— | = 2tV = —Z4°
(e Zk: o,k jgw’k Y a:) 5 < 10) 5 5 U

oFy
ot

DO | =

Iy =

and satisfies

=V |,



2.3.2. Non-degenerate case: elliptic curves. When V # 2u?, we shall consider the Weierstrass
parametrization of the torus of modulus 7, and with a scaling v:

x(2) = v?p(2),
1/3
y(z) = 5¢'(2),
with z € ¥ = C/Z + 7Z the torus of modulus 7. The fundamental form of the second kind on X,
normalized on the A cycle is:
B(Zl, ZQ) = (p(zl — 22) + Gg(T))ledZQ.
with Gy (7) the k*® Eisenstein series. It satisfies
v =2 +tr 4V,
with
t=—150Gy(1), , V = —3505Gs(7).
Instead of parametrizing the spectral curve with ¢ and V', we shall parametrize it with ¢t and e where
1
€= ydz = 30°G) (7).
A
We shall now write
V =V(te).

We have:
dV = 2mivde — v2Gy(7)dt.
This curve has 3 ramification points at z = %, 3 HTT, and one pole at z = 0.

Near z = 0, we have

t 1% 2tV
y~x%+ rt— - — - 7+O(af%).
2x2 212 812 42
This implies that
1
too1 = =— ydr = Res ¢ 3 ydr = —t,
27 J A, z—0

)

J ydr = Res 3 ydr = —V.
Bea z—0

1 5
tos = 57— ydr = Res 272 ydo = —2,
271 A s zZ—00
1 5 tvV
Ju,, = = 5Reg af iz = .

We also define

The prepotential Fyy = wp o is worth

1 tv 2 1

and satisfies
dFy = Vdt + Ide.
9



In terms of the torus modulus 7 and scaling v, we have
4
t = —150'Gy(7), V = —3505Gs(7), e = 3°GY(7), I =2mite + 31/75.

We also have ) ) 5
_ 3 2 1 &
F = 5 log (4t° + 27V*) + 4logy.

3. LOOP EQUATIONS AND DEFORMATION PARAMETERS

We start by recalling the loop equations for the topological recursion applied to any spectral
curve of degree 2 with a global involution. Let y> = R(z), with R € C(x). The family of curves
that we consider has the global involution z — —z, i.e. x(2) = z(—=2).

Let wo,1(2) = y(2)da(2), wo2(21,22) == B(21,22) and wy, for 29 —2 +n > 0 be defined as the
topological recursion amplitudes for this initial data [15].

The loop equations for this particular case read:

Theorem 3.1. [15] The linear loop equations read:

da(z)dz(z)
11 Sy ey + —Z, 21y =0400n1 —————=.
( ) Wg,nJrl(z zZ1 Zn) wg,nJrl( Z, 21 Zn) 9,00m,1 (x(z) _w<zl))2
The quadratic loop equations claim that the following expression
1
(12) EPWRY] wgfl,nJrQ(zv —Z, Zlv"'wzn) + Z wg1,1+\[1\('z7Il)wg2,1+\lz\(_zyl2)

dx(z)?
( ) g1+92=g9,
Liula={z1,....,zn}

is a rational function of x(z) with no poles at the branch-points.
We will make use of an immediate consequence of the loop equations:
Corollary 3.2. For all g,n =0,

-1
(13) Pyp(x(2);21,...,2n) = W(wg17n+2(z,—z,z1,...,zn)

+ Z wg1,1+|11|(z7Il)wgz,l+|12|(_zvI2)>

g1+92=g,
Iiula={z1,...,zn}

i i i (a:(z) —1a:(zi) e da;,(;j“ — 7%))

i=1

is a rational function of x(z) that has no poles at the branch-points and no poles when x(z) = x(z;).

Proof. First, the expression (13) is even under z — —z and meromorphic on ¥, hence a meromorphic
function of z(z) € CP!, i.e. a rational function of z(z). From the loop equations, it has no pole at
branchpoints. Let us study the behavior at z = z;. The only term in (12) that contains a pole at
z = z; 18

1
WB(Zyzi)wg,n<_Z,Zl, ey iy Zn)-
Remark that B(—z, %;) has no pole at z = z; and

Ble,2) + B(—z ) = dz(z)dz(z;) dz(z) ) '

@) —a()? (m(z) — ()

10



Therefore we add a term without any poles to the previous one and consider the term with a pole
at z = z; to be
1 dz(z)dz(z) .
Won( =2y 215y Ziy vy Zn)-
To(2 (@l(e) —alz) o7 F )

We can write it as

(14) di< <x<z)_1x<2i)> <wg,n(—z, zl(ix<z)z,zn)

Won(—2is 2153 Ziy ooy 2n) | Won(—Zis 215+ Ziy e vy 2n)
— -
dz(z) da(z;)
The sum of the first two terms does not have a pole at z = z;. Therefore subtracting the last term
for all ¢ = 1,....n, we obtain an expression with no poles at z = z;. Since this expression is an
even function of z, there is no pole at z = —z; either. O

Recall that in general wgo = B can have poles only at coinciding points and the w, ,’s with
2g —2+n > 0 can have poles only at ramification points. Therefore, from the corollary we see that
Py (x(2),21,...,2,) as a function of z can only have poles at the poles of w1 = ydz.

3.1. Relation to time deformation for Painlevé I. Now we restrict ourselves to curves de-
scribed by polynomials of the form
y? =1+t +V,

with ¢t = —3u? and V = 2u3. In this case, wp,1 = ydz can only have poles at z(z) = .

The topological recursion amplitudes for 2g — 2 + n > 0 are analytic away from branchpoints; in
particular they are analytic at oo, with the following behavior near z = oo:

Wen(2, 215, 20) = O(z72).

In our case, this implies the following behavior at z(z) = oo:

Won+1(2,21,- .+, 2n)
dz(z)

Since the only pole can come from terms that contain wg; = ydx, Py, has the following behavior

at z(z) — oo:

(15) = O(a:(z)%g), for 29 —24+n = 0.

y(2)dz(2) wgni1(z, 21, - -, 2n) N O(x(z)_g),

Pyo(x(2),21,...,2n) = 2 A (2)?

(16)  Pyn(w(2),21,- .. 20) = 2y(2)0(x(2) ) + O(a(2)™3) = O(1), for 29— 2 +n >0,

where the last behavior comes from the fact that in the elliptic curve case, we have y ~ 5.
We have seen that P, ,, is a polynomial of degree 0, that is independent of z, and can be written:

oot m) =2 iy )} 22 )
Corollary 3.3. For (g,n) # (0,0),(0,1):
0
(17) Pyn(x(2),21,...,2n) = — § Won+1(2,21,. .., 2n) = gwgm(zl,...,zn),

Bowo,1

with By 1 the second kind cycle given by ﬁcom/:n(z), where Coy denotes a small contour around
0.
11



Moreover

(18) Poo(z(2) =y(z)2 =a® +to +V =23 +ta + %wo,o,
Ly y(z) +y(z)) _ 0
(19) P()J(LE(Z),Zl) = de(z)B(Z,Zl) - dl (m> = awoﬂ(zl).

Proof. The expressions for (g,n) = (0,0), (0,1) are direct computations using (13).
~ y(2) e B y(z1)
Poi(z(z),21) = (2) (B(z,21) — B(—2,21)) — d4 <x(z) )

In order to get the second equality in (19), observe from the first equality that also P; has the
following behavior at x(z) — oo:

y(z) B(z,21)
dz(z)

For (g,n) # (0,0), since Py ,, is constant with respect to z, we can write

Po1(x(2),21) =2 +0(z(2)7Y) = 2y(z)0(x(z)%3) +0(z(2)7Y) = 0(1).

. 3 Wont1(2,21,-..,2n)
P, = 2 lim x(z)2 22
o z(z)—>0 ( ) dZE(Z)
= —21%50.90 Va(z) wgnt1(2,21,. .., 2n) =
(20) = — § Wy n+1(2, 215+, 2n)-
Bw,1
Moreover, since t = —t 1, we have %WOJ = —%WOJ = — SBOO L W0,2, and since B is the Bergman
1 s

kernel normalized on the A-cycles, we also have #woz = SBO@ | Wo,3- Knowing that, it is proved
in [15, 12] that
0 0

§ Won+1(2, 21, .., 2n) = leg’n(zl""’zn) = —%wg,n(zl, ey Zn)
0,
B 1

0

3.2. Generalization to any plane curve with a global involution. Our goal is to find the
relation between P, , from loop equations and an operator depending on time deformations acting
on the topological recursion amplitudes. In this section, we generalize the relation that we have
just found in the Painlevé I case to all plane curves with a global involution.

Consider algebraic curves of the form

(21) y2 = R(x),

with R(x) € C(x) an arbitrary rational function.

This is parametrized by a pair of meromorphic functions z,y on a Riemann surface . The
ramified covering given by z : ¥ — CP! is a double cover. Depending on the parity of the behavior
of y at x — o0, = has either one double pole (order d = —2) or 2 simple poles (order d = —1). Let
us denote o the global involution which sends (z,y) — (z, —y).

The 1-form wp 1 = ydx can have a pole over = o0 and poles over the zeros of the denominator
of R(x). We call ¢; the poles of w1 of respective degrees given by m; + 1.

Let us define d; := ordg, (z). If ¢; is not a pole of z, we assume that it is not a ramification point,
hence d; = 1. If (; is a pole of z, then d; can be either —2 or —1 as we commented, depending on

¢; being a ramification point or not. Notice that if (; is a pole, so is 0({;), and thus poles come in
12



pairs. Moreover, we can only have o((;) = (;, if (; is a double pole of x, which corresponds to the
case d; = —2. Near (; we use the local variable

(22) & = (v — ()T,

where we define z((;) = 0, if ¢; is a pole of x.
We write the Laurent expansion:

(23) ydz ~ Z e, f;lfjd& + analytic at ;.
j=0
This defines the local KP times [12]
; 1
(24) te,j = RC?S gydr = 3 § ydx.
'ACi»j

Notice that for poles for which o((;) # (;, we have

(25) to(cg = ~teii-
Again, loop equations imply that the P, ,, defined in (13)
(26) Pyn(z521,...,20)

has no pole at coinciding points or at branchpoints. It must be a rational function of x, whose
poles can be only at the poles of ydx, i.e. at the poles of R(z) and possibly at x = o0

Proposition 3.4. Defining the operator

L(z) = Z Z te,j Z xk<_d%_k_2)#

iz (¢;) =00 j=1—2d; o<k<i=d_9 Ot jtdi(h+2)

d;

m; j
* Z Yty Dl —(6) G+ 1 - k)

()0 i=0 k=0 Ot¢, j+1—k
then,
(28) Pyo(z521,...,2n) = L(x).wg (21, ..., 2n)-
Proof. Let us write the Cauchy formula for x = x(2)

d /
Pyn(x;21,...,2,) = Res = Pyn('sz1,...,2)
oz X — T ( ,)
1 dx(z
= - Res ————— 21,
et x(2') — x(2) gn(@(Z)521,- - 2n)
d /
+— Res () Pyn(x(2);21,..., 20)

1 daz(2)
= 3 ZZBEZ m Pyn(@(2'); 21, 20)

2 i (2) —
- 5 Z Z:ﬂ(z) Zlfnjzx(z) *+DAz(2") Pyn(a’; 21, - 2n)
t,@(¢;)=00 k=0
1 —(k+1) N )
(29) +§ Z Z 62 Rez &( ) dx<2/) Pg,n(-z',, 2, 72n).

x(¢i)#00 k=0
13



Since the behavior at the poles is given by the terms containing wp ; = ydz in (13), near any of the
poles (; we have

2 —o(d—
(30) Pyo(z(2);21,. .., 20) ~ %wgmﬂ(z,zl, o zn) + O(E 2(di 1)).
First consider the poles over x = o0, with d; = —1 or d; = —2, which contribute to P, as
- Z Z Re? Tz )7(k+1)y<2,)°~)g,n+1<2,7 Zlyee 7Zn)

i,2(¢;)=00 k>0

. 1
= - > Ztg,JZ Ress< Nk g (2 )]‘1ng,n+1<z’,zl,...,zn>

3,2(¢;)=00 =0 k=0

= — t Res f( ) + ]w TLJrl(z/azlv"'vzn)
2 Z IPILLC e,

i,x(C)=00 " j=0 k=0 76

= — Z Zt%]z <k‘~|—2+d)jg wgn+1(Z, 215+, 2n)

i,2(¢;)=00J= 0 k=0 Cindt+d; (k+2)

- Z Z b Z (2)* <k+2+d>#wg,n(zl,...,zn).

i,2(Ci)=00 j=1—2d; O<k< =i _9 Ot ¢, j+di(k+2)

d;

The finite poles contribute as

1
B Z Z§i(2)_(k+1)Zst_fi(z/)kdx(z/) Pyn(as21,. .0y 20)

1,2(¢;)#00 k=0

Z Zg —(k+1) Res f( ) ( /)wg’nJrl(Z/,Zl,---azn)

/4)
w(Gpon k20 76

= Z Z i Z iz ~(h+1) Res &i(z ) 7j71wg,n+1(zly 21,5 %n)

x((;)7#00 j=0 k>0 dok

- Z Z b, Z Ei(z)" (G +1 — k)j wgn+1(2', 215+, 2n)
B

x(¢;)#00 j=0 Civi+1l—k
0
- Z Z b Z &i(z k+1 (J+1— k)at%“%"(zl’ R
@ (i) #005=0 Cinj+1—k

0

We have just found a differential operator L(z) in the times, whose coefficients are rational
functions of z, with poles at z = o or © = z(({;), i.e. the same poles as R(x), with at most the
same degrees.

Example 3.1. In the elliptic case of curves of the form y? = 2% + tx + V we have only one pole,
at (; = o0, of degree m; = 5, with d; = —2. The only non-vanishing times are ¢y, 5 = —2 and
tew,1 = —t, and thus only the terms with j = 5 and £ = 0 contribute:

. 0
Z too,; Z mk(]/2—k—2)at%
j=1,5 0<k<—2+(j—1)/2 0,5 —2(k+2)
14



0

toos(i/2 =k —2)

§=5k=0 Otes,j—1
5 0
- 2G5
o 0
_ 9
ot

Example 3.2. In the Airy case, y> = x, we have only one pole, at (; = o0, of degree m; = 3, with
d; = —2. The sum is empty and

L(z) = 0.
Remark 3.3. More generally, the admissible curves considered in [22], are those for which

L(z) = 0.

4. PDE FOR ANY DEGREE 2 CURVE

For r > 1, let D = >, ai[p;] be a divisor on ¥, with p; € ¥. We call ), o; the degree of
the divisor and denote Divy(X) the set of divisors of degree 0. For D € Div((X), we define the
integration of a 1-form p(z) on ¥ as

(34) LM@F?%L%@,

where o € ¥ is an arbitrary base point. This integral is well defined locally, meaning that it is
independent of the base point o because the degree of the divisor is zero, however it depends on a
choice of homotopy class from o to p;.

For (g,n) # (0,2) consider the functions of D, defined locally:

(35) Fg70(D) = Iy,
#
(36) Fyn(D) = j _ j Won(215-- ) 2n),
D D
n—1
1
F (2,D) = (229 2n),
(37) g,n(zv ) dZE(Z) jD jD wg, (Za zZ2 y 2 )
n—2
1
// I~ R — ... I~
(38) Fy.(2,2,D) = EBIEE) fD fD Wyn (2, 2,23, .., 2n).

Recall that
B(z1,29) :== dida log <E(zl,zg)\/dx(zl)dx(22)> ,

with E(z1,22) being the prime form, which is defined in [15], and satisfies that it vanishes only if
z1 = z with a simple zero and has no pole.
15



For (g,n) = (0,2) define:

(39) Fo2(D) =2 Z a;a;log <E(p,-,pj) da:(pi)dx(pj)) ,
i<j
1 T
(40) Fyo(z,D) = mdz <Z a; log (E(z,pi) d:n(z)da:(pi)>> ,
i=1
- B(z,Z2)
/" . )
(41) F072<Z7 z, D) = 7dx(z)dx(§) .
Since the wy, are symmetric, we have the following relations for (g,n) # (0,2):
d
(42) d_a:,-Fg’"(D) = na;F, ,(pi, D),
(43) AN B (D) = (0 — Da2Fpopis D) + e (L E (5. D)
dfl:i an Z g,n 19171 1 d~ gn ﬁ:pia

where x; = x(p;), Z = x(p), and % acts on meromorphic functions by taking exterior derivative
and dividing by dz, which amounts to derivate an analytic expansion of the meromorphic function
with respect to a local variable .

For (g,n) = (0,2) we have

(44) i, o (D) = 20 Jim <F672(2,D) - ai%(z) log (E(Zapi) dx(z)dﬂf(l)i)>>
(45) = 2q Z % T ton) 108“ < (pi»pj) dﬂ?(pi)dx(pj)> :

Integrating the first part of Theorem 3.1 over a divisor D of degree 0, we obtain:

Lemma 4.1.

o
46 Fyo(2,D) + F z,D) _
( ) 02( ) 02( ; ) . x(pz)
Lemma 4.2. Fort any KP time, we obtain
0 0

(47) J j J wo,3(2, 21, 22) =J J = wo,2(21,22) = = Fo2(D).
Proof.

da(z1)dz(z2) . ' N
(48) f f < (21, 29) ( @) —2(2) ~|—2Zo¢laj log(xz; — xj) =

1<J

E(pi,pj)/da;dx;
220@0@- log ( lﬂj— . J 2Za,aj log(x +Za log = Fya(D).
1<j i<j

Taking the derivative with respect to ¢ of the first line gives the left hand side of (47) because we
are taking this derivative at fixed x. O

onsider 2,p1) = og | E(z,p1 x(z)dx(p1) ) and observe that
Consider dF =d,l d d d ob h

. dE(z,p1) 1
(49) M "G 26 =20



With this notation one can rewrite (45) as

5 dE(z,ps)
/ o i )
F0,2(27D) - Z Q; da:(z)
i=1
and —Fo 2(D) =20 3, a]%.
We define
@i fyo(D
So(D,t) = f ydz = Fo1(D), Si(D,t) 10gH< (pi, pj) d:E(pi)d:E(pj)) = M,
D 1<j 2
. Fyn(D)
Sm(D,t) = Z —
29—2+n=m—1
g=0,n>1
and
o0
(50) (D, t,h) = exp(S(D,t,h)), with S(D,t,h) Z LS, (D, t).
Theorem 4.3. Let F := Zg>0 hQQFg. For every k =1,...,r, we obtain
(51) h? d—Q—ZM—L@H 3 4%y ¥ = (R(zx) + L(xy).F) ¥
da? Zome— F = (2 — x;)(z; — xj) F m )

i#k,j#k

Proof. We will give the proof of the claim for the case k = 1, but it works exactly the same for
every k.

Let us first consider the generic situation with (g,n) # (0,0),(0,1),(0,2), (1,0). For n = 0, we
can write Py o(z(z)) as

(52) v o(z2, D)+ > F) 1(2,D)F}, (2,D) = L(z).Fy0(D) = L(z).Fy(D).
g1tg2=9g
Setting z = p1, 1 = x(p1) and using (42) and (43), we obtain

1 d 2 1 d , - 1 ng1,1<D) dF92,1<D)
st (1) a3 (o), B 5 |

207 F=p1 grige—g Q1 dxq dxq

Making use of (42) again, we get

(53) Proa(z) = Y L @) dFp1 D)

o dx dx
g1+g2=g <1 1 1

= L(x1).Fy(D).

For n > 0, we integrate (13) n times over D and use (17) to get

(0,2)
n
F;—l,n+2(z’ Z’D) + Z ( >Fg;1,n1+l(z D)Fgg n2+1(z7D)+

g1+g2=g m
ni+na2=n
" 19 F ,n Z7D
— 2nF} 5(—2,D)F) ,( Z p ) 6 )( ):L(x).Fg,n(D),

17



where the sum of the second term is taken over g;,n; = 0 and “no (0,2)” means we exclude the

case (gi,n;) = (0,1) for i = 1,2, and we have used that

(Fya(2, D) — Fyo(—2, D))F. (2, D) = —2F}5(—2 D)F. (2, D) +i ZD)
0,2\~» 0,2 ) g,n\< 0,2 —r pl)
which follows from (46).
Letting z = p1, 2; = x(p;), dividing by n! and using (42) and (43), we obtain
1 (4 2F (D) — 1 d (5, D) I
(n+2)la2 \ dz g=lm+2 (n+ Doy \dz(p)” 91+ Py Sep
no (0,2
ol ! APy 1(D) Ay 11 (D)
P (n1 + 1)!(ng + 1)la? daq dz
ni+n2=n
1 i 1 (ng,nw) - ngg,nw)) Lo (ng/m(;a, D>>
n! & x(p1) — z(p;) dz; ap  dz (n—1)! dz(p) F=p1
2 dF,,(D) F,

Cnlag da

Using (42) again, we obtain the following expression for the left hand side:

1 d \? 1 d \?
(=) Fipe(D) - ——— () Fy_insa(D
(n +2)la? (dxl) g-1n+2(D) (n + 2)la? <d$1> s-tn+2(D)
no (0,2
(AN, oL W ! AFyyin,11(D) APy 1 (D)
T\ gn(D) + 1 1 d d
n! \ dz; o, (n1 + D!(ng + 1)la2 1 1
ni+ng=n

1 Z 1 dF, (D) LG dF, (D)
n! & a(p1) — (pi) da; o dz

2 dFyn(D) (< o ,
+ 7 B (epuD)) =
nlaqg  da (Z; z(p1) — x(p;) 0.2(—p1, D)

no (0,2)

2
1 <di> Fpu(D)+ Y L dFunn(D) A (D)
n! \ dry oo, (n1 + 1)!(ng + 1)!a? 1 1
ni+na2=n
RS 1 dF, (D) LG dF, (D)
n! & a(p1) — (pi) da; o dz
2 dF,,(D - o
,—ﬂ <F6,2(P7D) - f) :
nlay  dr z(p) — 2(p1) ) j=p,

18
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For all ¢ > 3, we sum this expression for all g > 0,n > 1 such that 29 —2+n = {—2 and P, o(x(21))
from (53) for all g > 0 such that 2g —2 = ¢ — 2, and we use (44) to obtain:

1/ d)\° 1 1 dF, (D)  «a; dF, (D)
—(—) F,,(D)—= gn Qi %lgn
Py (n! (@) Fanl? n!;x@l)—x(m)( R

g=0,n>1
1 1 dFy, 0, (D) 1 dFy,n, (D)
DY ) B e D DR e el I D SRR ACSOR RS
Lpyiba=t \ 291 —2+m1=b,—1 = Lo ogy—o4np=0,-1 "% 1 2g+n=~0
g1=20,n1>1 g1=20,n2>1 g=0,n=0

Therefore, for ¢ > 3, we have proved

r dSe—1 | a; dSea

i 25 _‘_i Z d Z dx@ ai da;
dxl 1 a2 da:l Zl dxl —

1 gyt bo= ) — (pi)

L(x1).Fy, £ even,
= L(x1).Sp_
(“)51+{Q odd,

that is

(54) [nf] | W? 4 25+i d 4 Z dmz o _
dxq a2 dry d:nl ) — z(p:)

(3] [W*L(z1).S + (R(z1) + L(21).F)] .

Let us finally consider the special cases:
e For (g,n) = (0,0) we get

2
(55) %<§E£D>:R@ﬂ

o dxq

-i<é%&>223@g

2 + Qi dS

_:L'pz)

pl? +F0,1<Z7D)

2F} (2, D)F} 5(2,D) — Z 52 = L(x).Fy.1(D).
thus
2FKN%IDPEJZJ»'_m“$€g{ii2)_*“Faﬂfig{:iﬁﬁ@rD)
Yo e DAl D) o ),

= 2(2) — 2(pi) ’
19



At z = p; this gives
1 dFg,(z, D)
27 1 (1, D (F 2D _a7> ta <7>
0,1(p1 ) 072< ) 11’(2’) — w(pl) . 1 dz .

1 dFy (D) a;dFya(D)
_Z (pl)—:n(pi)< da; +a_1d7331> = L(21).Fo(D).

d 2 1 d d T dFO,l(D) + %dFO,l(D)
(d—l'l> Fo1(D) + a_—lFO,l(D)—lFo,z(D) - Z i o1 dei L(z1).Fo.(D).

d\? 2 d d 350 i 45
= LS8 L(x1).S).
<d1‘1> SO * Oz% dl‘l dxl Z <x1) SO

- pz)
d\? Ld g d &:f—s
2 - i dr; = o dry _ _
(7] (h ((dxl) S + 2 an dxl Z T 2o L(xl).5> (R(z1) + L(xl)F)> 0.
e For (g,n) = (0,2) we first rewrite (13):
(56) Poa(z(2),21,22) — 2y(z)%;l’z2) =
_ B(z,21)B(=2,22) B(—%,21)B(z,22) B(z2, —21) B(z1,—2) _
(dz)? (dz)? Yo —a)dey | 2z — 2g)das
B(z,21)B(z, 22) 1 B(z2,—21) Bz, 22) 1 B(z1,—22)  B(z,21)\ _
2 (dz)? +di T — T dzy dz * d2w — 2y das dx N
B(z,21)B(z, 22) 1 B(z2,21) | B(z,22) 1 B(z1,22) | B(z,21)
9 _ _
(dx)? & T — T dzq * dz d2:n — 9 dzo * dz
1 1
+ dyds

T—T1T —To
Now we integrate twice over D:

(57) f f Po2(x(2), 21, 22) — 2F6,1(27D)F6,3(27D) =

s

200 dE(pi,p; 1
2(F)o(2, D)) —2Za, —Fja(=D) - ZLZ%( (pi, ;) )

d:L'Z' Ty — l’j

We introduce 13’672(2,D) = Fyo(2,D) - 041% and obtain:

. A dE(z,p1) (dE(z,p1))? 2000 =~
(58)  2(Fyo(z,D))? + don F 5 (2, D)T + 202 @E  iom Fyo(z,D)—
202 dE dE
ay (z,p1) 22 F02 2, D) Z 10 (2 pl)
r—n z;ﬁl T
1 d 1 d Qo 1o
Fya(D) =)’ Foa(D +2Z L D L :
r —x1 dz Sr dz; = (x — ) (z; — xj) = (x —z1)(z1 — 25)
i#1

20



Observe that

. ara; dE(z,p1) a0 a0;
) JLH;I(—ZQE_@ TP aP ezt

i#l j£1 (x —z1)(21 — x5) iz (x1 — ;)

Using this, at z = p; we obtain

60) L (Mf . <i>2F072<D) iy ! <dFo,2(D) .\ %dFOQ(D)) .

20[% d:E1 dl’l izl Tr1] — Xy dl’l (05} d:E1
a;;
2028 (p1) + 2 ) ,
S0+ L )
i#1,j#1

where we have called S(p;) the limit

iy W p1) (dE(zp1) L

z—p1 da(z) dz(z) x(z) —xz(p1) )
Now observe that, using the Lemma 4.2, we obtain

dz(z1)dz(z2)
L . = L . _
(z(2))-wo,2(21,2) (z(2)) (wo 2(21,2) @(21) — 2(2))°
- Z Z tCzJ Z (Z)k(k +2+ di) J\B w0,3<z/721722)

0,2 (Gi) =00 0<h<—2—j/d; Cidtd; (k+2)

ms

j
+ Z Z b Z D (- j — 1)f wo,3(2', 21, 22),
k=0 Bej+1—k

i,a(Gi)#00 3 =0

which implies that

(62) L(x).Fo2(D f f Poo(x; 21, 22).

For the first term of (57), we thus obtain:

Foo(D) 1 d d 1 (dFy2(D)\? 1/ d \?
L — = ——Fy1(D)—Fps3(D — | ———= — | — ) Fya(D
09) L) 28 = o (D) g Foa(D) + o (A ) 4 5 (D)

1 1 dFo2(D)  «; dFpa(D) aQ;

9 0,2 i ©4°0,2 vt

S 4 e Z2020 ) .

15(p1) 2 Z; T — T ( dx; * o) da " Z; (z1 — zi)(xi — x5)
i#1,j#1

e For (g,n) = (1,0) we get

—B(z,—2)

dz(z)2 +2F0/71(Z,D)F{71(2,D) = L(x1).F10(D).
At z = p; this gives

—B(p1,—p1) |, 1 dFpa(D) dF1a(D)

da? ot day dzq
21

= L(xl).FL()(D).



Using that M = S(p1) and summing the expressions for (0,2) and (1,0), we obtain:

d 2 1 d 2 2 d T ((::llS1 [e7% §S1
4 - | — _ 4z o dry
(64) (da:1> St o3 <dx1 Sl) * a? dxl da:l Z —z(p;)
et
- 18 - = L(x1). L(zy).F
+ (of (p1) + ; (@1 —2) (e — ) (1).51 + L(21).F1
i#1

that is

2 a; dS
(65) [1] [h2<<d%l> s+ai%d‘;‘l s Z i _“;d;j)+<a%—1>s<p1>+<*>>] -
1] [F*L(21).S + (R(a1) + L(x1).F)]

with
QO
(66) (*) = :
;j (21 = 23) (i — ;)
i#1,j#1
Assuming o = a—ll, and summing over all topologies, we get the claim. O

Remark 4.1. Very often in the literature a different convention is used to regularize the (0,2) term
of the wave function:

@(D,t, h) == exp <§1(D,t) + Z hm_lSm(D,t)>,

m=0,m##1

where S1(D,t) = 1§,§, <B(z1,z2) — %). Using (48), we obtain that the relation to

our wave function is the following
(Dt h) = (Dt ) - | [ (i — )9
1<j
4.1. PDE for Airy curve. In this particular case, we had Py, = 0.
Therefore, in this case we obtain the following system of PDEs:

d? + ok ;0
(67) h2 - - dxl oak d:ck + Z A T,Z) _ $¢’
day S wk o vy (@ — xi)(x; — )

i#k,j#k
for every k= 1,...,r.

Ezample 4.2. Considering the divisor D = [z1] — [22], sending 2o — o0 and regularizing the (0, 1)
factor of the wave function, we recover the Airy quantum curve from our PDE for k& = 1, with

Tr = T1: )
d
2
4.2. PDE for Painlevé case. In this case we have Py, = %wgvn(zl, cey Zn)-
Therefore, we obtain the following PDE:
+ad ) 0
68 ——h2 dor " opdey O D) = (P —F
(68) ( A Y at+<*)>¢< ) = (P(x) + 5 F),

for every k = 1,...,r, where (*) is given by (66).
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4.3. Reduced equation. Consider a divisor D = [z] — [#/] with 2 points, and call z = z(z),2’ =

x(2"). The equation we have obtained is a PDE: it involves both d/dz and d/dz2’, as well as partial
derivatives with respect to times when L(x) # 0. Let us show here that it is possible to eliminate

d/dz” and arrive to an equation involving only d/dx, as well as possibly times derivatives.
Define

(69) U(z,2') = (z =) ([z] =[] 1, h)e".

Define the differential operators

d2
(70) D = h2@ — L(z) — R(x),
(71) D = R d(i;? — L(z') — R(z").
Equation (51) is equivalent to
~ h? d d\ - ~
(72) D)= — (@ + @> b = —D'p.
In particular this implies
d - d - -
(73) h2@¢ = —hzalﬁ + (v — 2')Dy,
and applying d/dz’ again we find
2 d2 T 7 2 d d ~ ’ d ~
Wt = —Ddzpz—h — U+ (@-a )f@zp d
= Wi - DY — (x — ') (@W + D - 2D (x — x/)D> "
Therefore
0 = (D+D) )
_ d _
= Du+ (B — R@) — L))
d2 / / / d 7 d — / 7

= <h2@ —~D—R(@) - L&) — (v — ) <£D¢+D£¢ h 2D(x—w)D>>1/J

= <R(m) — R(2") + (L(z) — L(z")) — (z — 2) <%D& + Ddi¢ —hD(x - x’)D)) 0

_ <R(m) ~ R + L) — L) — (z — ') <—%w + D%qz b 2(a— $')DZ>> ¥

d dL -

= <R(x) — R(z") + L(z) — L(2") — (z — 1) < ];(::) +h di:x) —h 3z — x/)D2>> P
and thus
(76) R(x; - i(””/)zﬁ + L@”; - f,@,)l/? - (d]jgf) + dﬁf) —h (- w')D2> P
Finally,

0 R R(z) — R(z') L(x)— L(2') dR(x) dL(z)\ -~

(77) Dw_a:—x/< x—x! + x—x! dr dz )1/1-
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This equation is a PDE, with rational coefficients € C(z), involving d/dz and 0/dtxs but no d/da’
anymore.

Notice that the right hand side is of order O(A?) in the limit A — 0, and D — §* — R(x), where
§ = hd/dz.

5. QUANTUM CURVES

The goal now is to prove that ¢(D) obeys an isomonodromic system type of equation, and in
particular this implies the existence of a quantum curve P(x,g, h) that annihilates ¢. To this
purpose, we first prove that ¢([z] — [2/]) coincides with the integrable kernel of an isomonodromic
system. The way to prove it generalizes the method of [2], i.e. first proving that the ratio of ¢ and
the integrable kernel has to be a formal series of the form 1 4+ O(z'~!) and then showing that the
only solution of equations (51) which has that behavior implies that the ratio must be 1.

5.1. Painlevé I (genus 0 case). We shall prove that ¢ ([z] — [2]) coincides with the integrable
kernel associated to the Painlevé I kernel.
Consider a solution of the Painlevé system (8), written as

™ "= (i) 5o

i.e. U(x) satisfying (8):

). detw) -1,

hi—ﬁ(az,t;h)>\1’=0 , <hﬁ—R(:ﬂ,t;h)>\I’=0.

0 ot
Define A(x), A(z), B(x), B(x) as WKB h-formal series solutions, with leading orders

8

A@) ~ iﬁﬁlmm@+0m»
iﬁeh”““ﬂ+0m»
(z) ~ ivze %yl 4+ O(h)),

(z) ~ —ivze " SvdT(1 4 O(R)),

and with each coefficient of higher powers of & in (1 + O(h)) being a polynomial of 1/z that tends
to 0 as z — o0. The integrable kernel is defined as (a WKB formal series of h):

A(z)B(z') — fl(x)B(x’)

Tz —a

(80) K(z,2') =

From the isomonodromic system (8), one can verify that this kernel obeys the same equation (51)
as ¥([z] — [2']). In fact, they are equal:

Theorem 5.1. We have, as formal WKB power series of h
A(z)B(a') — A(z)B(x')

(s1) u(l) — [, ) = ADBE) LD

where © = x(2) and ©' = x(2').

Proof. Define the ratio

(82) H(z,2') = il a:j)w/([z] — ] % i?)
A(z)B(x') — A(x)B(x")



It is a formal series of A whose coefficients are rational functions of z and z’. The leading orders
show that

(83) H(z,2") =1+ O(h).
Moreover, at each order of h, the coefficient is a polynomial of 1/z,1/2’, which tends to 0 at
2,2 — o0:

1
(84) H(z,2')—1¢€ ;(C[z_l, 27 Y([R]].
We shall prove that H = 1 by following the method of [2]. Let us assume that H # 1, and write
(85) H(z,2) =14 Hpy(2)2 ™ + O(z'~M~1),

where M > 1 is the smallest possible power of 2/ whose coefficient Hj; would be # 0 as a formal
series of A. Equation (72) implies

d’H  _dlnB(2')dH _dl A "\/B(z")) dH 1 d d
s CH L AMBE)AH | dn(Ae)/Aw) — B)/BE) dH 4., d
da’ do  da’ da’ de o' —x \dzx da’
whose leading power of 2’ comes only from the second term and is
(87) 2y(2")Hu (2)2 M + 0 M1) =0,
implying that Hj; = 0, and thus contradicting the hypothesis that H # 1. This proves the
theorem. 0

As a corollary this implies that

oy @) —2EY(E] - [t
(88) Jim Blal) (z(2))-

In other words

(89)

h29—2+n

Lt Gwon oXigmson,02 " ar o o wen = A(2(2)).

24/z
In the Painlevé system, the function A(x) is annihilated by the quantum curve

(90) 2 (@-0Per)+ vy + B2 - o P,

Y 2 4 2 -U) z-U"
5.2. General genus 0 case. The same argument applies to any isomonodromic system. Assume
that we have a Lax pair of type (8), whose spectral curve in the limit 7 — 0 is a genus zero curve
of the form det(y — Lo(z)) = y?> — R(z) = 0, and which has a WKB formal power series solution in
the form

B(z) ~ e v(1 4 O(h)),

A(z) ~ 4/ dx/dze Hovdr(1 4 O(n)),
B(z) ~ —mgdx/dze*ﬁ*lfoyd%l+0(ﬁ)),

where each coefficient of higher powers of & in (1 + O(h)) is a rational function of z that tends to

0 at poles z — ¢, where we have chosen a pole z({) = c. This pole has degree —d =1 or —d = 2,

and &€ = z'/? is a local coordinate near the pole. We emphasize that for all genus 0 spectral curves
25



where 3% = vdd () with Pogq(x) an odd polynomial of z, such systems are explicitely known as
Gelfand-Dikii systems [16] described in section 5.4 below, and for more general spectral curves, it
was proved in [21] that a 2 x 2 autonomous system Ly always admits an i-deformation £ with this

property.
We define the following formal series of A:
- / T
. Ho = @D = =D o

A(z)B(a') — A(z)B(2')
It is easy to see that the integrable kernel satisfies equation (72), and thus H satisfies the PDE
(86).

Moreover the coefficients of H are analytic functions of 2’, which tend to 0 at 2/ — (. Let us
write H(z,2') = 1+ O(z'"/?). The leading order H = 1 + Hyps(2)a™/? + O(2/M*+D/4) must satisfy
y(2)Hy (2)z"™/4 = O(2/(M+D/4) " and therefore H = 1.

This implies that ¢ ([z] — [2/]) coincides with the integrable kernel

(93) o] - [7]) = 2B Wg(;z))) - ﬁ(;)(z))B(x(zl)).

Then taking the limit 2z’ — (¢ this implies that

_ / _ /
L (2 = 2 = [))
@ B(xz(z"))

Knowing that A(z), A(z) satisfy an isomonodromic system with first equation

o () - o (3)

with
a(z,t,h) B(z,t,h)
(96) ﬁ(x’t’h)_<7(:n,t,h) 5(m,t,h)>’

where «, 3,7, ¢ rational functions of z, with coefficients being formal power series of h, we get the
quantum curve annihiliating A(z):

(94) = A(z(2))-

(97) 7 —(a+08)j + (ad — By) + A (doz/d:z: - adﬁ/dx - dﬂ/dxg) .

B B

Its classical part i — 0 is indeed the spectral curve
98)  y* — (alz,t,0) + (2, t,0)y(a(x,t,0)d(z, 1,0) — B(x,t,0)v(z,t,0)) = det(y — Lo(z)).

5.3. Higher genus case. If the curve y?> = R(x) has genus § > 0, it was verified in [23] (for § = 1),
and argued in [3], that the perturbative wave function cannot satisfy the quantum curve, and in
fact just because it is not a function (order by order in /) on the spectral curve. Indeed, multiple
integrals of type Sj e Sj wg,n are not invariant after z goes around a cycle, and don’t transform as
Abelian differentials. It was argued in [15, 3, 12] that only the non-perturbative wave function of
[11, 14] can be a wave function and can obey a quantum curve, and this was proved up to the 3rd
non trivial powers of 4 for arbitrary curves in [3], and verified to many orders for elliptic curves in
[23].
Consider a curve y? = R(x) with genus § > 0, let A; N Bj = ¢;,; be a symplectic basis of cycles
of H1(X,Z) (i.e. integer cycles). We choose the Bergman kernel normalized on A-cycles.
Define the 1st kind times
1
(99) € = i ydx.
A
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Since (51) is a linear PDE, any linear combination of solutions is solution. Moreover, since the
coefficients of the PDE do not involve the times ¢;, we remark that shifting ¢, — ¢; + n; is another
solution, which we denote as follows

(100) v({ei — e + s [2] = [2]).
The transseries linear combination introduced in [11, 14, 3, 12]

(101) D[] - []) = % Y e — e +nkilE] - D Z(a - e+ nad),

ni,..,ngELI
where

(102) T= > Z({e—e+n})

ni,...,ngELI

is thus also a solution of the same PDE. Moreover, this combination is obviously independent [12]
of the integration homotopy class from 2z’ to z, and it is, order by order as a transseries of I a
function of z and 2’ on the spectral curve.

From there, the same argument as the genus zero case applies. Assume that there is an isomon-
odromic system (£, R) whose associated spectral curve is our spectral curve, with

_ (A(z) B(x)
(105) v@) = (40 b))
a formal transseries solution. Then the formal transseries
_ / _ /
100 Ho s - ED = EWE =D o
A(z)B(z') — A(z) B(2')
satisfies the PDE (86), and is such that H(z,2') = 1 + O(z'"/%). The leading order H = 1 +

Hyr(2)a™/4 + O(2/M+D/4) must satisfy y(z')Hpr(2)z"™/4 = O(2/M+1D/4) and therefore H = 1.
This implies that

(105) (] - [£']) = 2(2) — 2()
This also implies that

@) W D
(106) % B(z(2")) )

Since A(z), A(x) satisfy the isomonodromic system
0 (A(x) A(z)
o a5 (i) =20 (30)

where
a(x7 t7 h) 5('1;7 t? h)
L(x,t,h) = < (2.t 1) >

we find the quantum curve annihiliating A(x):

B(z) ~ Blz)”

(108) @2—<a<w>+6<w>>@+<a<x>a<x>—5<a:>v<a:>>+ﬁ<a’<x>—a<x>5/(””) o )

Its classical part i — 0 is indeed the equation

(109) det(y — L(z,t,0)) = 0.
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5.4. Examples: Gelfand-Dikii systems. These systems generalize the Painlevé I equation; they
appear in the enumeration of maps in the large size limit [16]. For these Gelfand-Dikii systems,
the proof that 1([z] — [2/]) coincides with the integrable kernel (which then implies the quantum
curve) can be found in [16] chapter 5, by another method. Here let us provide another proof with
our current method.

The Gelfand-Dikii polynomials are defined as differential polynomials of a function U(t), by the
recursion
0 0 0 h? 62
ng+l(U) =-2U RSEU) - Rk(U)a—[i + Zilzlzgw)-
At each step the integration constant is chosen so that Ry (U) is homogeneous in powers of U and
02/0t%. The first fews are given by

(110) Ro(U) =2,

Ry = 2,
R, = —2U,
h2
Ry = 3U2——U
5h2 - 5h2 nt otU
_ 3 o 2 v
Ry = —5U%+ —UU+=—U T o

Let an integer m > 1, and let tg,%1,%o,...,%, be a set of “times”. Let U(t;tg,t1,%2,...,tm) be a
solution of the followmg non-linear ODE:

(112) i Rj 1 (U) =t.

Notice that, formally, t = —2¢_;. The case m = 1, Ry(U) = t is the Painlevé I equation. The case
m = 2, R3(U) =t is called the Lee-Yang equation. The case m = 0 is simply U(t) = —%.
Consider the Lax pair (adopting the normalizations of [16]) given by

(113) Rzt h) = <:13—|—SU(t) é)

and

(114) L(z.t,h) i (2,1, 1),

where

(115) Lt h) = <:j((:ff)) _%5?;;%) with,

(116)

14 h o A
=5 Z 2 FRL(U),  aj(x,t) = ~3 atﬂ (x,t), iz, t) = (x+20)6;(x,t) + hgaj(xjt)'

One can easily verify that the Gelfand-Dikii polynomials are such that the zero curvature equation
is satisfied

(117) haatﬁ(a: t,h)+ h; R(z,t,h) = [R(z,t, h), L(z,t, h)].
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The differential equation (112) admits a formal power series solution U(¢,h) with only even
powers of h:

(118) U(t,h) = Y W ug(t)
k

whose first term wu(t) = ug(t) satisfies an algebraic equation

m

2] +1)! 1
11 2)H = ——¢.
(119) > /2t = =4
]=0
In the Painlevé I case, m = 1, t;, = Ok,1, we recover t = —3u?.
The spectral curve, in the limit i — 0:
(120) det(y — L(x,t,0)) =0

is always a genus 0 curve. It admits the rational parametrization

z(2) = 2% — 2u(t) .
y(x) = Xto i (411 - 2u(t)/227+4)

+

(121)

where ()4 means the positive part in the Laurent series expansion near z = o0, i.e.

i i L (25 + D! 25241
o S 2] — 2k + 1)

In the Painlevé I case, t; = §;,1, we recover y(z) = z3 — 3uz.
In the case m = 0, with ¢ty = 1, we recover the Airy system

(122) Lla,t,h) = <$2t é)

with spectral curve y? =  — t.
Let ¥(x,t,h) as follows

(123) U(x,t,h) = @8 g (:C))

be a WKB # formal series solution of

(124) h%\lf(:p,t,h)=—£(:n,t,h)\1'(x,t,h) , h%\lf(:z:,t,h)=R(x,t,h)\lf(:n,t,h).

Our previous results show that the formal series ([2] — [00],#, h) coincide with

1 1
(125) Az, t,h) = ——e JovdreZign #0102
\/22

2 2+
h<9— n SZ Si@ Wg,n’

and is annihiliated by the quantum curve

B(z) ~ Blz)”

(126) 7 — (a(z) +6(2))g + (a(2)d(z) — B(x)y(x)) + A <O/(x) - a(z)

29
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