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Abstract. The neoclassical transport of impurities is investigated for a plasma

without toroidal rotation nor anisotropic ion temperature. It is shown that a natural

poloidal asymmetry of the impurity density exists in this case, and that it can be

described with a simple analytical model. The poloidal asymmetry tends naturally

to cancel as the impurity profile evolves towards its steady state, so that the main

effect of the poloidal asymmetry is to slow down the impurity flux compared to its

predicted value without poloidal asymmetry. The contribution of the asymmetries

of the electrostatic potential and of the main ion density can be included in the

analytical derivation, thus forming a self-consistent description of the neoclassical

impurity flux together with its poloidal distribution. Numerical simulations with a

non linear fluid code confirm the analytical findings, showing that the neoclassical

transport of impurities is strongly modified by its natural poloidal distribution.

1. Introduction

The operational space of a fusion reactor results from the balance between the heat

source produced by alpha particles and additional heating systems on the one side, and

the heat losses produced by the radiation emitted by ions. The inevitable presence of

impurities in a fusion plasma greatly enhances their radiative losses and has motivated

numerous studies, both experimental and theoretical. The outcome of these works is

that impurity transport across magnetic flux surfaces is strongly influenced by collisional

(or neoclassical) transport, in particular when the electric charge of the impurity is high.

Although it will not be discussed in this paper, it has to be noted that turbulence also

plays a key role in the radial transport of impurities, with diffusive and convective com-

ponents that compete with the neoclassical contribution and often overcome it, as evi-

denced in numerical [Angioni and Peeters, 2006, Dubuit et al., 2007, Fülöp et al., 2010,

Futatani et al., 2010] or experimental works [McKee et al., 2000, Guirlet et al., 2006,

Parisot et al., 2008, Villegas et al., 2010, Howard et al., 2012, Angioni et al., 2017,
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Sertoli et al., 2017]. To leading order, the main players in the neoclassical impurity

transport are the density profile of the main ion, which drives an inward impurity flux

that contaminates the plasma core, the main ion temperature profile, that drives a pro-

tective outward flux and leads to the concept of temperature screening, and the poloidal

asymmetry of the impurity density. The latter effect alters the previous contributions

in a complex manner, leading to a large increase or damping of the impurity flux, or

even its reversal. The dependence of the flux on these asymmetries can be expressed

as a function of the horizontal asymmetry (between the high field side and the low

field side) and the vertical asymmetry [Angioni and Helander, 2014]. Several condi-

tions are known to induce a high level of these asymmetries, such as toroidal rotation

[Wesson, 1997, Romanelli and Ottaviani, 1998, Fülöp and Helander, 1999] or tempera-

ture anisotropy [Kazakov et al., 2012, Bilato et al., 2014], and the impurity screening or

accumulation that are predicted in these cases are consistent with experimental observa-

tions [Reinke et al., 2012, Casson et al., 2015]. But the impurity distribution is already

asymmetric in more quiet conditions, i.e. without toroidal rotation nor ion temperature

anisotropy, and this natural asymmetry can already lead to a significant modification

of the radial flux.

We investigate in the present work these natural impurity flux and poloidal

distribution arising from neoclassical transport from both analytical and numerical

perspectives. Analytical theory shows that the horizontal and vertical impurity

asymmetries are strongly related and form a circle when the collisionality is modified,

the center and radius of the circle being set by the density and temperature gradients

and the angle by collisionality, as described in sections 2 and Appendix A. If the

electrostatic potential is poloidally symmetric, which is the case to leading order in

the context that is considered (no toroidal rotation, isotropic ion temperature), the

poloidal asymmetry is evolving toward a uniform poloidal distribution of the impurity.

When the electrostatic potential and the ion density have a small poloidal asymmetry,

or when toroidal rotation is considered (in a simplified way however), the asymmetry of

the impurity can still be determined analytically, but the steady state distribution has

a remaining asymmetry. Numerical simulations are performed with the nonlinear MHD

code XTOR [Lütjens and Luciani, 2010] where neoclassical physics [Maget et al., 2016],

as well as impurity dynamics [Nicolas et al., 2014, Ahn et al., 2016] are implemented.

The description of the model is given in section 3 and complemented in the Appendix

C. The main result reported in section 4 is that if we start from a flat initial impurity

profile, a natural poloidal asymmetry will arise and strongly damp the radial impurity

flux, the neoclassical drive being directed inward (when the ion density profile is peaked)

or outward (when it is flat). The flux and poloidal distribution are in good agreement

with theory predictions, and the slow impurity evolution is consistent with a poloidal

asymmetry that decays to zero. The implications for the experimental analysis and

for the combined study of impurity transport with MHD activity are discussed in the

conclusion (section 5).
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2. Impurity flux and its poloidal distribution

2.1. Impurity flux

The neoclassical impurity flux results from the collisional friction between the impurity

and the main ion. To leading order, its amplitude is modulated by the poloidal

asymmetry of the impurity density itself. But the asymmetry of the main ion density

induces corrections that cannot be completely neglected even in the absence of toroidal

rotation or temperature anisotropy, as will be shown in the numerical application. A

derivation that takes into account both effects is therefore also presented, and extends

the domain of applicability of the analytical model.

2.1.1. Impurity flux for a poloidally symmetric ion density In the hypothesis where

the ion density is a flux function, the flux-averaged value of the impurity flux can be

expressed in the following form (see Appendix A):

〈Γa · ∇ψ〉 = maνa
F 2Ta 〈na〉
e2
a 〈B2〉

[(
1〈
b2

n

〉 − 〈 n
b2

〉)
G +

(
1〈
b2

n

〉 − 1

)
U

]
(1)

where we have defined F ≡ RBϕ and

G ≡ ∂ψ ln pa −
Ti
Ta

ea
ei
∂ψ ln pi + Ca

0

Ti
Ta

ea
ei
∂ψ lnTi (2)

U ≡ u(ψ)
〈B2〉
F

ea
Ta

(3)

and

u(ψ) =
Vi · ∇θ
B · ∇θ

− Ca
0

〈B2〉

(〈
u2‖i
〉

+ F
∂ψTi
ei

)
(4)

Ca
0 =

3

2

1

1 + Ta
Ti

mi

ma

(5)

with Vi the fluid velocity of the main ion. The flux surface average of the parallel

ion heat flux is represented by the term
〈
u2‖i
〉

(see Appendix A). We have used the

notations of [Angioni and Helander, 2014]:

b2 = B2/
〈
B2
〉

(6)

n = na/ 〈na〉 (7)

If the neoclassical friction is large, as is usually the case, we can approximate the

flux function u(ψ) (see Appendix A)

u(ψ) ≈ − (Ca
0 + ki)

F

〈B2〉

(
∂ψ lnTi +

ei
Ti

〈
u2‖i
〉

F

)
(8)

with ki the neoclassical ion coefficient that sets the poloidal ion flow, with an asymptotic

value in the banana regime that is ki ≈ −1.17 (see [Hirshman and Sigmar, 1981]). In the

case of a heavy impurity with the main ion in the banana regime, we have Ca
0 +ki ≈ 0.33,
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a value that is often used but that can be significantly different depending on the plasma

parameters that are considered.

In the large aspect ratio approximation, we get

u(ψ) ≈ − Ca
0 + ki
〈B2〉

Ti
ei

q∗

ε

(
∂r lnTi +

ei
Ti

ε

q∗
〈
u2‖i
〉)

(9)

with ε = r/R and q∗ = rB0/∂rψ with B0 the magnetic field at the magnetic axis, and

with the notations G̃ = (rB0/q
∗) G and Ũ = (rB0/q

∗) U we have

G̃ = ∂r ln pa −
ea
ei

Ti
Ta
∂r ln pi + Ca

0

ea
ei

Ti
Ta
∂r lnTi (10)

Ũ = − (Ca
0 + ki)

ea
ei

Ti
Ta

(
∂r lnTi +

ei
Ti

ε

q∗
〈
u2‖i
〉)

(11)

The poloidal asymmetry is separated into horizontal (δ) and vertical (∆) components

(see [Angioni and Helander, 2014]), so that we have:

b = 1− ε cos θ (12)

n = 1 + δ cos θ + ∆ sin θ (13)

Assuming δ and ∆ to be the same order as ε, the radial impurity flux writes at

lowest order in ε:

〈Γa · ∇r〉 ≈ − 〈na〉 Da
PS

[(
1 +

δ

ε
+
δ2 + ∆2

4ε2

)
G̃ +

1

2

(
δ

ε
+
δ2 + ∆2

2ε2

)
Ũ
]

(14)

with Da
PS ≡ 2q∗2maνaTa/(e

2
a 〈B2〉). Note that due to the dependence νa ≈

νi(Za/Zi)
2mi/ma with νi the ion-ion collision frequency, the diffusion coefficient

Da
PS is comparable for all impurity species if we assume that they have the same

temperature. For the comparison with numerical simulations, we will consider

different approximations of the theoretical value of the radial impurity velocity V th
a,r =

〈Γa · ∇r〉 / 〈na〉:

V th (0)
a,r = −DPS G̃ (15)

V th (1)
a,r =

(
1 +

δ

ε
+
δ2 + ∆2

4ε2

)
V th (0)
a,r (16)

V th (2)
a,r = V th (1)

a,r +DPS
Ca

0 + ki
2

ea
ei

Ti
Ta

(
δ

ε
+
δ2 + ∆2

2ε2

)
∂r lnTi (17)

The first evaluation V
th (0)
a,r ignores all poloidal asymmetries, the second one V

th (1)
a,r takes

them into account but assumes u(ψ) = 0, the third one takes into account asymmetries

and u(ψ), but assumes that
〈
u2‖i
〉

= 0.

2.1.2. Impurity flux for a poloidally asymmetric ion density In the case where the ion

density is not a flux function, the neoclassical impurity flux can be expressed as (see

also Appendix B):

〈Γa · ∇ψ〉 = maνa
F 2Ta 〈na〉
e2
a 〈B2〉

( 1〈
b2

n

〉 − 〈 n
b2

〉)
G +


〈
b2

N

〉
〈
b2

n

〉 − 〈 n
N

〉U · · ·




5· · ·+

〈
b2

N

〉
〈
b2

n

〉 − 1〈
b2

n

〉 + 1−
〈 n
N

〉N
 (18)

N = Ca
0

ea
ei

Ti
Ta

(
∂ψ lnTi +

ei
Ti

〈
u2‖i
〉

F

)
(19)

with N = ni/ 〈ni〉 the asymmetry of the main ion density. Using the notation

N = 1 + δN cos θ + ∆N sin θ, we arrive to

〈Γa · ∇r〉 ≈ − 〈na〉 Da
PS

[(
1 +

δ

ε
+
δ2 + ∆2

4ε2

)
G̃ · · ·

]
[
· · ·+ 1

2

(
δ − δN
ε

+
δ2 + ∆2 − δδN −∆∆N

2ε2

)
Ũ · · ·

]
[
· · · − 1

2

(
δN
ε

+
δδN + ∆∆N

2ε2

)
Ñ
]

(20)

A simplified expression, to be compared with equation (17), can be derived with the

assumption
〈
u2‖i
〉

= 0:

V th (2)
a,r (N, φ) ≈ −Da

PS

{(
1 +

δ

ε
+
δ2 + ∆2

4ε2

)
G̃ · · ·

}
{
· · · − 1

2

ea
ei

Ti
Ta

(Ca
0 + ki)

(
δ

ε
+
δ2 + ∆2

2ε2

)
∂r lnTi · · ·

}
{
· · ·+ 1

2

ea
ei

Ti
Ta
ki

(
δN
ε

+
δδN + ∆∆N

2ε2

)
∂r lnTi

}
(21)

where the asymmetry (δ,∆) now depends not only on the asymmetry of the ion density

but also on that of the electrostatic potential φ as will now be shown.

2.2. Poloidal distribution

In the general case, the poloidal variation of the impurity density (see Appendix A and

Appendix B) is determined by :

∂θ lnna +
ea
Ta
∂θφ−

maΩ
2∂θR

2

2Ta
= JF

maνa
ea

[(
1− b2

n
〈
b2

n

〉)G +

(
b2

N
− b2

n

〈b2/N〉
〈b2/n〉

)
U · · ·

]
[
· · ·+

(
b2/n

〈b2/n〉

(
1−

〈
b2

N

〉)
− b2

(
1− 1

N

))
N
]

(22)

with J the Jacobian of the co-ordinate system (ψ, θ, ϕ), φ the electrostatic potential

and Ω the toroidal angular velocity, assumed to be a constant.

2.2.1. Poloidally homogeneous ion density and electrostatic potential We can identify

the terms in cos θ and sin θ of the poloidal distribution of the impurity (see equation

13) and we obtain from equation (22), where toroidal rotation is ignored:

∆ = A [G (2ε+ δ) + Uδ] (23)

δ = −A (G + U) ∆ (24)
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with A = JF maνa/ea. Due to the dependence νa ∝ e2
a/ma (to leading order), the

parameter A scales linearly with the impurity charge, and the impurity mass has a

negligible influence. The above relations show that the horizontal (δ) and vertical (∆)

asymmetries are related through

∆2 + (δ − Cδ)2 = R2
∆ (25)

which describes a circle of center Cδ and radius R∆ with

Cδ = − ε/ (1 + U/G) (26)

R∆ = |ε/ (1 + U/G)| (27)

The position of the center Cδ depends on the sign of 1 +U/G. We have for Ta = Ti,

ea � ei and neglecting the flux-averaged parallel heat flux:

1 + U/G ≈ ∂r lnni + (1 + ki) ∂r lnTi
∂r lnni + (1− Ca

0 ) ∂r lnTi
(28)

If the ion density profile is flat, then the position depends on the sign of

(1 + ki) / (1− Ca
0 ). This sign is negative in usual cases because ions are often not deeply

in the banana regime and (ki + 1) is positive. In that case, the center Cδ is at δ > 0.

If on the contrary the density profile is peaked, then 1 + U/G ≈ 1 and the center is at

δ < 0.

We can define the angular position α that results from the collisional drive

δ = Cδ +R∆ cosα (29)

∆ = R∆ sinα (30)

and we have

cosα =
R∆

Cδ

(AGε)2 −R2
∆

(AGε)2 +R2
∆

(31)

sinα = 2R∆
AGε

(AGε)2 +R2
∆

(32)

If the equilibrium gradients are such that G > 0, then sinα > 0 and the vertical

asymmetry ∆ is positive. This situation is typically encountered for a peaked ion

density profile. For a flat density profile, we have G < 0 and the vertical asymmetry

∆ is negative. When the collisionality increases, the asymmetry moves away from 0

following the circle defined by (Cδ, R∆, α), but the sign of the vertical asymmetry does

not change. This is illustrated in figure 1.

With this model for impurity flux and asymmetry, one can estimate the impurity

that will be transported the fastest for a given equilibrium. For example, using an

equilibrium with a peaked ion density profile and a flat impurity profile that will be

described in section 3.2, we can compute the radial flux for a large set of impurity mass

and charge, taking into account the poloidal asymmetry. This is shown in figure 2,

where we cover the range Za ∈ [2, 92] and ma/mp ∈ [10, 186] with mp the proton mass.

The impurity that is transported inwards with the fastest velocity has a charge in the
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Figure 1. Poloidal asymmetry circle: influence of the equilibrium gradients (ε = 0.15,

left plot); influence of collisionality (ε = 0.15, middle plot); influence of radial position

(U/G = 0, right plot)

Figure 2. Role of the impurity charge and mass : radial velocity as a function of

the ion charge (left plot), with poloidal asymmetry (top) and without (bottom), and

vertical asymmetry as a function of horizontal asymmetry (right plot), for the peaked

ion density profile decribed in section 3.2, and for a flat impurity profile. The different

points for each impurity charge correspond to different masses.

range 20 to 30. This corresponds to a maximum of the vertical asymmetry, and this can

be understood when the impurity flux is expressed as a function of (Cδ, R∆, α)

Aε 〈Γa · ∇r〉
(AGε)2 +R2

∆

≈ − DPS

4R∆

sinα

[(
1 +

δ

ε
+
δ2 + ∆2

4ε2

)
− 1

2

(
δ

ε
+
δ2 + ∆2

2ε2

)(
1 +

ε

Cδ

)]
(33)

where the poloidal asymmetries (δ, ∆) are functions of (Cδ, R∆, α). To leading order,

the amplitude of the flux is maximized when α ≈ ±π/2 and then the vertical asymmetry

is also an extremum. Note that the mass of the impurity plays a minor role in its radial

neoclassical transport when rotation can be neglected.

2.2.2. Poloidally inhomogeneous ion density and electrostatic potential We now

assume some poloidal asymmetry of the ion density and of the electric potential, as
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well as finite rigid toroidal rotation. We note:

eφ

Te
=
e 〈φ〉
Te

+ δφ cos θ + ∆φ sin θ (34)

and for each impurity we note
(
δaφ, ∆a

φ

)
= Za(Te/Ta) (δφ, ∆φ). The toroidal rotation

term is obtained from the poloidal variation of the major radius:

∂θR
2 ≈ −2εR2

0 sin θ (35)

and we note δM = εmaR
2
0Ω2/Ta = 2ε(ma/mi)(Ti/Ta)M

2
i with Mi the ion Mach number.

The identification of cosine and sine terms of the impurity asymmetry leads to (see

Appendix B):

∆ + ∆a
φ = A [(2ε+ δ)G + (δ − δN)U − δNN ] (36)

δ + δaφ − δM = −A [∆G + (∆−∆N)U −∆NN ] (37)

The circle has now a shifted center and does not intersect the origin in general:

(δ − Cδ)2 + (∆− C∆)2 = R2
∆ (38)

Its characteristics are changed into:

Cδ = C0
δ

(
1− δN

2ε

U +N
G

)
−
δaφ − δM

2
(39)

C∆ = −
∆a
φ

2
− C0

δ

∆N

2ε

U +N
G

(40)

R2
∆ =

∣∣C0
δ

∣∣2 [1 +
δaφ − δM
C0
δ

− δN
ε

U +N
G

+

(
δaφ − δM

2C0
δ

− δN
2ε

U +N
G

)2

· · ·

]
[
· · ·+

(
∆a
φ

2C0
δ

− ∆N

2ε

U +N
G

)2
]

(41)

with C0
δ = −ε/(1 + U/G) the center of the circle when only the asymmetry of the

impurity is considered. The collisional angle α can then be determined in the general

case :

δ = Cδ +R∆ cosα (42)

∆ = C∆ +R∆ sinα (43)

with

cosα =
R∆C

0
δ

D

{[(
AGε
C0
δ

)2

− 1

](
1 +

δaφ − δM
2C0

δ

− δN
2ε

U +N
G

)
· · ·

}
{
· · ·+ AGε

C0
δ

[
∆N

ε

U +N
G

−
∆a
φ

C0
δ

]}
(44)

sinα =
R∆C

0
δ

D

{[(
AGε
C0
δ

)2

− 1

](
∆a
φ

2C0
δ

− ∆N

2ε

U +N
G

)
· · ·

}
{
· · ·+ AGε

C0
δ

(
2 +

δaφ − δM
C0
δ

− δN
ε

U +N
G

)}
(45)
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Figure 3. Influence of the asymmetry of the electric potential on W44+ (left column)

and C6+ (right column). From top to bottom: radial velocity, horizontal symmetry,

and vertical asymmetry, for the peaked ion density profile case at
√
ψ = 0.5.

and D = (AGε)2 (R∆/C
0
δ )

2
+R2

∆.

As an illustration, we show in figure 3 the variation of the radial velocity and

poloidal asymmetry of Tungsten W44+ and Carbon C6+ for the peaked ion density case

at
√
ψ = 0.5, as a function of δφ and ∆φ, assuming δM = 0. Here we assume that

the ion density and electric potential asymmetries are related by (δN ,∆N) = −(δiφ,∆
i
φ)

[Reinke et al., 2012]. The radial velocity varies with a parabolic shape as a function of

δφ, as evidenced in the case of Tungsten. The horizontal asymmetry of the impurity

varies in the direction opposite to that of the electric potential, due to the displacement

of the center Cδ, and can change sign. The impact of toroidal rotation can be estimated

on this same example if we neglect the asymmetry of the electric potential and ion

density. Then δφ can be replaced by −δM (see equation (37)). The well known result

that inward impurity flux is amplified as rotation is increased, is recovered.

In the situations that we consider in the numerical simulations, the poloidal

asymmetry of the electric potential is much smaller than the range of values covered

in figure 3, with |δφ| below 0.1% and |∆φ| below 0.02% inside
√
ψ = 0.8. However, we

will see that the contribution of the electrostatic potential is measurable, in particular

regarding the modification of the poloidal asymmetry of light impurities.
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2.3. Equilibrium impurity profile

The impurity flux (eq. 14) can be expressed as a function of (Cδ, R∆, α), where the

parameters can be computed from the impurity and ion gradients contained in G and

U . This allows deriving the equilibrium (in the sense of stationnary) impurity profile in

an iterative process:

(i) The gradients G and U are computed from an initial impurity profile

(ii) The circle center and radius are deduced from equations (26) and (27)

(iii) The angle on the circle is determined using the relations (31) and (32), and the

asymmetries using equations (29) and (30)

(iv) The impurity flux can then be computed using equation (14) and the equilibrium

conditions (〈Γa · ∇r〉 = 0) provides a new value for G and therefore for the impurity

gradient

(v) By allowing only a fraction of the variation of impurity gradient to be effective at

each step, we obtain a progressive evolution of the impurity distribution, until the

flux cancels.

This procedure will be used in section 4.4 for establishing the expected trajectory of the

poloidal asymmetry in the (δ, ∆) plane, and compare it with the simulations.

From the circle equation (25) and the condition that the flux vanishes (equation

14) we obtain that ∆ = 0 at equilibrium, i.e. the equilibrium poloidal distribution has

no vertical asymmetry. This leads also, using equations (23) (24) and (32), to δ = 0,

and G = 0, i.e. the impurity poloidal distribution at equilibrium has no asymmetries

and the impurity profile converges to its neoclassical value without asymmetries. This

can be verified by applying the above procedure, as shown in the left plot of figure 4, or

by performing a scan in the impurity gradient length, as shown in the right plot of the

same figure (the equilibrium profiles are taken here from the peaked ion density profile

that will be described later).

In the presence of a poloidal asymmetry of the electrostatic potential (or a finite

toroidal rotation), the steady state impurity concentration has a remaining poloidal

asymmetry itself. To illustrate this, we show in figure 4 the trajectory of the poloidal

asymmetry of Tungsten W44+ for a poloidally symmetric electrostatic potential and for

(δφ, ∆φ) = (−4× 10−4, 0). We assume again that (δN ,∆N) = −(δiφ,∆
i
φ). This example

shows that even a small asymmetry of the electrostatic potential has a considerable

effect on the steady state asymmetry of highly charged impurities.

3. Model and settings

3.1. MHD model

The numerical tool that we use is the XTOR code [Lütjens and Luciani, 2010] with

the drift-neoclassical model described in [Maget et al., 2016] where we have made
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Figure 4. Left : Influence of the asymmetry of the electric potential on the trajectory

of the poloidal asymmetry towards steady state, for W44+ in the peaked ion density

profile case at
√
ψ = 0.5. Right: Radial Tungsten velocity (top) and asymmetry (δ,∆)

as a function of the normalized Tungsten density gradient for (δφ,∆φ) = (0, 0).

corrections detailed in [Maget et al., 2019]. The model is completed with two additional

equations per impurity, describing particle conservation and parallel momentum:

∂tna +∇ · (naVa) = ∇ ·Da∇na + Σa (46)

manaDtVa‖ = −∇‖pa + naeaE‖ +Ra‖ − (∇ · Πa)‖ (47)

with Dt ≡ ∂t+
[(
V‖ab + VE

)
· ∇V‖ab

]
·b and where we assume E‖ ≈ −∇‖pe/(ene), Ra‖

is the parallel component of the collisional friction force and (∇ · Πa)‖ is the parallel

component to the anisotropic pressure tensor (see Appendix C). This implementation

is similar to that used in [Ahn et al., 2016], except for the parallel ion heat flux that is

connected here with the neoclassical closure. All components of the radial impurity flux

(classical, banana-plateau and Pfirsch-Schlüter) are included in this model, although

the Pfirsch-Schlüter one remains dominant in the simulations, as can be verified by

artificially removing the anisotropic pressure tensor.

The collision frequency between the impurity and the main ion (the coefficient νa
in equation 1) is normalized to the Alfvén time, and it can be multiplied by a free

factor αν . This free factor is used in the present study for investigating the collisionality

dependence of the impurity flux. The impurity species are considered as traces and do

not interact with the main plasma evolution.

3.2. Equilibrium and other settings

The equilibrium that is considered is a low pressure, circular cross-section tokamak

equilibrium, with a monotonic safety factor profile, computed with the equilibrium code

CHEASE [Lütjens et al., 1996]. It has an inverse aspect ratio ε = 0.3, the pressure

profile is given by ∂ψp ∝ (1− ψ) and the current density profile by I∗ ∝ (1 − ψ)2

(see [Lütjens et al., 1996] for the definition of I∗). At magnetic axis (R0 = 2.4m), the
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Figure 5. Left : ion density (top) and temperature (bottom) profiles for the two

reference cases. Right: total and bootstrap current densities (top) and safety factor

profile (bottom).

magnetic field is B0 = 3T , the ion density ni(0) = 4 × 1019m−3, electron temperature

Te(0) = 1954eV , and τ ≡ Ti/Te = 1, these quantities being chosen so that they are

consistent with the CHEASE equilibrium : p(0) = eni(0)Te(0) [1 + τ ]. The ion density

profile is parametrized with

ni(ψ)/ni(0) =
1− d1ψ

d2

1 + d3ψd4
(48)

Two different ion density profiles are considered:

• Nearly flat density profile : (d1, d2, d3, d4) = (0.1, 1, 0.1, 1)

• Peaked density profile : (d1, d2, d3, d4) = (0.5, 2, 2, 1.5)

the first one leading to an outward impurity flux, and the second one to an inward

impurity flux. The magnetic equilibrium being fixed, this leads to slightly different

temperature profiles (see figure 5). Note that the code computes the bootstrap current

as part of its neoclassical outputs, as shown in figure 5.

In the study we investigate the dynamics of two different trace species. One

is a light impurity, the Carbon 12
6 C6+, and the other is Tungsten 184

74 W44+, a

heavy one that is of particular concern for fusion research since plasma facing

components made with this material receive the peak heat flux in the divertors of JET

[Hirai et al., 2007], Asdex-Upgrade [Krieger et al., 1999], EAST [Yao et al., 2015] and

WEST [Bucalossi et al., 2011], anticipating the situation of ITER [Pitts et al., 2009].

The profile of the coefficient ki is shown in figure 6. We have CW
0 ≈ 1.48 and

CC
0 ≈ 1.29, so that in the outer part of the plasma, where ki > 0, the weight of the

ion temperature gradient in the determination of the impurity flux is much larger than

could be anticipated in the banana regime approximation Ca
0 + ki = 0.33. Note finally
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Figure 6. Diffusion coefficients DPS and D⊥ (top), and neoclassical parameter ki
(bottom) for the peaked and nearly flat ion density cases.

that the initial profile of these impurities is flat, with a central value that represents a

fraction 10−6 of the central ion density.

Since we want to study the neoclassical part of impurity transport, we set a very

low value for the anomalous diffusion coefficient D⊥,a, much lower than DPS,a. We take

a constant value D⊥,a = 0.0016m2/s in all the simulations (except during a short phase

in the long term evolution presented in section 4.4). The profiles of both quantities are

shown in figure 6. The central Lundquist number used in the simulations is S0 = 108

(about half the value consistent with plasma parameters), and we take Sχ⊥ = 103,

χ‖/χ⊥ = 108 and D⊥ = 2/3 χ⊥.

4. Impurity flux of trace impurities and comparison with analytical

estimates

4.1. Determination of particle fluxes and other diagnostics

The impurity particle flux is determined from the dynamics of the axisymmetric

component of the impurity density na. From

∂tna +∇ · Γa = 0 (49)

we get

∂tNa + 〈Γa〉Sψ = 0 (50)

with Sψ the area of the flux surface considered and

Na ≡
∫
dV na (51)
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〈Γa〉 ≡ S−1
ψ

∫
Γa · dSψ (52)

From this we compute the radial velocity Vr,a = 〈Γa〉 / 〈na〉.
We will use a criterion to evaluate the conditions where the poloidal asymmetry will

be large, by computing a simplified form of the vertical asymmetry ∆ [Ahn et al., 2016]:

C = 2Rq2ma

mi

νa
Ωi

|∂r lnni − (Ca
0 − 1)∂r lnTi| (53)

with Ωi = eiB0/mi the ion cyclotron pulsation. The poloidal asymmetry is expected to

be unimportant whenever C � 1. This criterion is useful for estimating the range over

which αν can be varied without loosing the linear dependence of the particle flux with

respect to the collisionality. For example, in a simulation with a low Lundquist number,

the current diffusion is accelerated compared to reality, and one would like to accelerate

in a consistent way the particle fluxes. This will be possible only if the criterion in

equation (53) remains small compared to unity.

The poloidal asymmetry of the electrostatic potential can be evaluated in the

simulation by computing

∂θφ = − JB2

F
vE · ∇ψ (54)

δφ = − e

2Te
[∂θφ(θ = π/2)− ∂θφ(θ = −π/2)] (55)

∆φ =
e

2Te
[∂θφ(θ = 0)− ∂θφ(θ = π)] (56)

This asymmetry can be related through the parallel Ohm’s law to the electron density,

in the limit where plasma resistivity can be neglected:

E‖ ≈ −
∇‖pe
ene

(57)

e

Te
∂θφ ≈ ∂θ lnne (58)

In principle, the asymmetry of the main ion density should be opposite to that of the

electrostatic potential [Reinke et al., 2012], but we evolve only the ion density in the

code, assuming electroneutrality with a trace impurity: ne = Zini. We have therefore

(δN , ∆N) ≈ (δφ, ∆φ), as can be verified in the simulations.

4.2. Impurity flux as a function of collisionality

We perform simulations where the impurity collision frequency is amplified by the

arbitrary factor αν (see section 3.1), from αν = 8 down to αν = 0.25 (for the peaked

density case) or αν = 0.1 (for the flat density case). The initial impurity profile is

flat. Each value of the scan in αν is kept between 5 to 10 ms, which is generally long

enough to stabilize the particles fluxes. We then compute the averaged quantities and

the standard deviations over a period of 3 to 5 ms.

The evolution of the radial particle flux and of the asymmetry at
√
ψ = 0.4 are

shown in figures 7 and 8 for the peaked and flat ion density cases respectively. The
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Figure 7. Peaked ion density profile : evolution of the radial particle flux (top),

horizontal asymmetry δ (middle) and vertical asymmetry ∆ (bottom) for C6+ (left)

and W44+ (right) at
√
ψ = 0.4, during the collisionality scan (αν decreasing from 8

to 0.25 with the following steps : 8, 4, 2, 1, 0.5, 0.25). The asymmetry of the electric

potential (δaφ, ∆a
φ) is shown with dashed lines for the two impurities, as well as the

predicted horizontal asymmetry without (δth) and with (δth(N,φ)) the contribution

of poloidal asymmetries of the main ion density and of the electrostatic potential.

analytic evaluations of the flux (V
th (0)
a,r , V

th (1)
a,r and V

th (2)
a,r ) are computed from the

theoretical density asymmetry without the contribution of the electrostatic potential, i.e.

from equations (14), (29) and (30). For Carbon 6+, the different analytical evaluations

are all similar and close to the numerical result because the level of asymmetry is always

small. For Tungsten 44+, the situation is extremely different. At high collisionality,

the radial flux is always very low, it passes through a maximum amplitude at lower

collisionality and then converges towards the analytical estimate V
th (0)
a,r at vanishing

collisionality. The damping of the flux at large collisionality is inconsistent with the

neoclassical evaluation without poloidal asymmetries, which are quite large in that

regime with δ ∼ 8%. When their role is considered without the u(ψ) term (V
th (1)
a,r ),

the agreement is improved only for the peak ion density profile, but for the flat ion

density profile, where the ion temperature gradient contribution contained in the u(ψ)

term is dominant, the prediction is worse. Taking into account the u(ψ) term, i.e. with

V
th (2)
a,r , a good agreement is found either for the peaked or flat ion density cases, with a

non monotonic variation of the Tungsten flux.

The evolution of the poloidal asymmetry is shown on the second and third plots

of the two figures 7 and 8, together with the predicted asymmetry (δth,∆th). The
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prediction for Tungsten is satisfactory, with a non monotonic variation of the vertical

asymmetry that follows that of the radial flux. For Carbon, we observe a change

of sign for the horizontal asymmetry that cannot be explained without taking into

account the contribution of the main ion and electrostatic potential asymmetries

(δth(N, φ),∆th(N, φ)). We see indeed that the asymmetry of the electrostatic potential

seen by Carbon,
(
δCφ , ∆C

φ

)
, is comparable to the measured asymmetry δ of the Carbon

density. For Tungsten, we have δWφ generally below the measured horizontal asymmetry

of the density, except when the collisionality amplification is below unity (αν < 1)

where it is comparable. We also measure in this case a change of sign of the horizontal

asymmetry due to the contribution of the electrostatic potential, consistent with the

prediction of the analytical model. However, it should be noted that in both cases the

poloidal asymmetry is very low when the contribution of the electrostatic potential

become of comparable amplitude, so that it has no significant impact on the flux.

Note also that the dynamics of the electrostatic potential (which is decoupled from

the impurity equations in our model), is relatively slow compared to the time scale of

the scan that is performed, as can be seen in figure 7 in the plot relative to the horizontal

asymmetry of Carbon. This explains why the prediction that uses the information from

the poloidal asymmetry of the main ion density and electrostatic potential, δ(N, φ), is

initially relatively far from the measured asymmetry, with an agreement that becomes

satisfactory after 20 ms.

The profiles of the radial particle velocity, asymmetry criterion (eq. 53), horizontal

(δ) and vertical (∆) asymmetries are shown in figures 9 and 10 for αν = 1. The impurity

flux is directed outward when the ion density is flat and inward when it is peaked, in

qualitative agreement with analytical estimates, except close to the edge where in all

cases the poloidal asymmetry can be very large, and the analytical formula is no longer

valid. The importance of poloidal asymmetries, as evaluated by the asymmetry criterion,

is small for C6+, except at the very edge. For W44+, the criterion reaches unity around√
ψ = 0.6 but the deviation of the radial velocity from V

th (0)
a,r is visible already from√

ψ = 0.4. This is clearly reflected in the different predictions of the impurity flux. In

all cases, the analytical prediction V
th (2)
a,r that takes into account the asymmetry and

the u(ψ) term is in good agreement with the simulations. It is interesting to detail

how the horizontal asymmetry of Carbon depends on the electrostatic contribution.

The theoretical prediction without the electrostatic potential is a nearly pure vertical

asymmetry, but since δφ is negative, the Carbon density adopts a positive horizontal

asymmetry, in agreement with the picture given in figure 3.

A closer look to the impurity flux behavior with respect to theory prediction is

shown in figures 11 and 12 by plotting the ratio of the radial velocity to its analytical

prediction V
th (0)
a,r as a function of the collisional amplification factor αν (left plot), of

the measured horizontal asymmetry (middle plot) and with respect to the asymmetry

criterion (right plot). In the middle plot we also show the ratios V
th (1,2)
a,r (N, φ)/V

th (0)
a,r

as a function of the measured horizontal asymmetry, and the contribution of the

electrostatic potential is taken into account for evaluating the theoretical asymmetry
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Figure 8. Flat ion density profile : evolution of the radial particle flux (top), horizontal

asymmetry δ (middle) and vertical asymmetry ∆ (bottom) for C6+ (left) and W44+

(right) at
√
ψ = 0.4, during the collisionality scan (αν decreasing from 8 to 0.1 with

the following steps : 8, 4, 2, 1, 0.5, 0.25, 0.1). The asymmetry of the electric potential

(δaφ, ∆a
φ) is shown with dashed lines for the two impurities, as well as the predicted

horizontal asymmetry without (δth) and with (δth(N,φ)) the contribution of poloidal

asymmetries of the main ion density and of the electrostatic potential.

(we use therefore formulas 39, 41, 44 and 45 for computing the theoretical radial velocity

of equation 14). The contribution of the asymmetries of the main ion density and of

the electrostatic potential is particularly important when the collisionality is reduced

and δ becomes comparable to δWφ . The colored area covers the domain bounded by

V
th (1)
a,r (N, φ)/V

th (0)
a,r (upper bound) and V

th (2)
a,r (N, φ)/V

th (0)
a,r (lower bound). It illustrates

therefore the contribution of u(ψ).

For the peaked ion density profile, the reduction of the Tungsten flux by the poloidal

asymmetry is well captured by V
th (1)
a,r , and the contribution of u(ψ) is moderate. In

contrast, when the ion density profile is nearly flat, the contribution of u(ψ) reverses

the dependence of the flux on the horizontal asymmetry.

The numerical simulation show therefore that in the two cases that are considered,

a peak or a flat ion density profile, the Tungsten flux is damped by the self consistent

poloidal asymmetries that are generated by the friction with the main ions.

4.3. Poloidal asymmetry and geometrical approach

The relation between horizontal and vertical asymmetries can be verified through the

collisionality scan, since it is equivalent to a variation of the asymmetry angle α, on

a circle with a fixed center and radius. On figures 13 and 14 we display for example
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Figure 9. Peaked ion density profile, from top to bottom : profile of the radial particle

velocity from the simulation and from analytical estimates, asymmetry criterion from

equation (53), horizontal asymmetry and vertical asymmetry from the simulation and

from analytical model with and without the contribution of the poloidal asymmetries

of the main ion density and of the electrostatic potential, for C6+ (left) and W44+

(right), with αν = 1.

the trajectory of the asymmetry at different radial positions for the two impurities,

evidencing the geometrical dependencies illustrated in figure 1.

The analytical predictions for the position of the center of the circle, its radius and

the angle α can also be compared with the numerical simulations. The center and radius

of the circle can indeed be determined from the simulations by taking every possible

pairs of points on the circle (δi, ∆i) issued from the collisionality scan to compute a

series of evaluations for (Cδ, R∆) :

Ci 6=j
∆ =

∆2
j −∆2

i + δ2
j − δ2

i

2 (δj − δi)
(59)

Ri 6=j
∆ =

(
∆2
i + (δi − Ci 6=j

∆ )2
)1/2

(60)

and by taking the averaged value, and its standard deviation for estimating the error

bars. Note that in contrast with the analytical model, this procedure does not assume

that the circle intersects the origin. The collisional angle can be computed from the

measured asymmetry and compared with the theoretical prediction. This is shown (for

W44+) in the right part of the two figures 13 and 14, and a satisfactory agreement is
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Figure 10. Flat ion density profile, from top to bottom : profile of the radial particle

velocity from the simulation and from analytical estimates, asymmetry criterion from

equation (53), horizontal asymmetry and vertical asymmetry from the simulation and

from analytical model with and without the contribution of the poloidal asymmetries

of the main ion density and of the electrostatic potential, for C6+ (left) and W44+

(right), with αν = 1.

Figure 11. Peaked ion density profile : ratio of the radial velocity of Tungsten W44+ to

its simplest theoretical estimate V
th (0)
a,r as a function of the collisionality amplification

factor αν (left), measured horizontal asymmetry δ (middle) and asymmetry criterion

(right), at
√
ψ = 0.4 and 0.6 (at

√
ψ = 0.2, the theoretical value V

th (0)
a,r is close to

zero). In the middle plot, the green area is bounded by V
th (1)
a,r (N,φ)/V

th (0)
a,r (upper

boundary) and V
th (2)
a,r (N,φ)/V

th (0)
a,r (lower boundary).
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Figure 12. Nearly flat ion density profile : ratio of the radial velocity of

Tungsten W44+ to its simplest theoretical estimate V
th (0)
a,r as a function of the

collisionality amplification factor αν (left), measured horizontal asymmetry δ (middle)

and asymmetry criterion (right), at
√
ψ = 0.2, 0.4 and 0.6. In the middle plot, the green

area is bounded by V
th (1)
a,r (N,φ)/V

th (0)
a,r (upper boundary) and V

th (2)
a,r (N,φ)/V

th (0)
a,r

(lower boundary).

Figure 13. Trajectories of the W44+ and C6+ poloidal asymmetries at
√
ψ = 0.2, 0.4

and 0.6 (left), and comparison of the theoretical radius, center and collisional angle at

αν = 1 with its geometric determination during the collisionality scan (right), for the

peaked ion density profile.

found.

4.4. Long term evolution

The impurity transport on the long term is expected to evolve to a situation without

poloidal asymmetries, as shown in section 2.3. In order to test this analytical result,

we have performed longer simulations for the peaked and nearly flat ion density profile

cases, without artificial amplification of the impurity collision frequency (αν = 1). For
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Figure 14. Trajectories of the W44+ and C6+ poloidal asymmetries at
√
ψ = 0.2, 0.4

and 0.6 (left), and comparison of the theoretical radius, center and collisional angle at

αν = 1 with its geometric determination during the collisionality scan (right), for the

nearly flat ion density profile.

the flat ion density case, we had to increase the turbulent impurity transport diffusion

coefficient at the very edge in the period t ∈ [8, 53] ms, in order to avoid the formation of

negative Tungsten density areas, with a maximum value Dedge
⊥ = 0.16m2/s in the period

t ∈ [8, 14] ms, Dedge
⊥ = 0.08m2/s in the period t ∈ [14, 43] ms, and Dedge

⊥ = 0.04m2/s

in the period t ∈ [43, 53] ms, all being below Dedge
PS , as shown in figure 6. The evolution

of the poloidal asymmetry can be compared with the prediction of the analytical model,

following the procedure explained in section 2.3.

We are interested in the slow evolution of the impurity density and its poloidal

asymmetry, but there is first an initial phase where the impurity density organize itself

to match the force balance that is assumed in the analytical theory. Since we start from

a fully constant density, the asymmetry rapidly evolves by spiraling in the (δ, ∆) plane

until this equilibrium is met, as shown in figure 15 for the flat ion density profile case

(each point corresponds to an output of the simulation). The oscillations correspond

to the eigenmode of the impurity evolution equation (46), with pulsation ω and radial

wave vector k that are solution of the (simplified) dispersion relation

ω

k
= −DPS

Za
Zi

[∂r lnni − (Ca
0 − 1)∂r lnTi)] (61)

The duration of this transitory phase increases with the radius considered. For our

investigation on the long term evolution of the poloidal asymmetry, related with the

evolution of the impurity profile and not with the establishment of the initial force

balance, we need therefore to consider times typically larger than t = 10ms after the

simulation starts, for radial positions inside
√
ψ = 0.6.

The evolution of the Carbon C6+ and Tungsten W44+ poloidal asymmetry, after the

equilibration of the asymmetry parameters mentioned above, is shown in figure 16 for

the peaked ion density profile. The figure includes the theoretical prediction using the
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Figure 15. Transitory phase for the nearly flat ion density profile: (δ, ∆) evolution

of W44+ at
√
ψ = 0.4 (t < 10ms),

√
ψ = 0.6 (t < 10ms) and

√
ψ = 0.8 (t < 20ms).

procedure described in section 2.3 (dashed lines), and the prediction taking into account

the actual asymmetries of the ion density and electrostatic potential (dotted lines). For

Carbon, the trajectory in the (δ, ∆) plane is largely influenced by these asymmetries.

In particular, the horizontal asymmetry is initially comparable in amplitude with the

vertical one, whereas it would have been much lower with a poloidally symmetric ion

density and electric potential. The evolution that is covered in the simulation time

is essentially a decrease of this horizontal asymmetry. For Tungsten, the prediction

without the asymmetries of the ion density and electrostatic potential is actually better

than the more complete one, which overestimates the vertical asymmetry. But the

predicted trajectories are in both cases consistent with the measured one, and they are

directed towards a vanishing poloidal asymmetry.

The Tungsten and Carbon densities rise progressively in the plasma core, leading

to a deleterious accumulation. In about 400 ms, the core Tungsten density has nearly

doubled. However, only a small part of the trajectory in the (δ, ∆) plane has been

completed in this period of time.

The same analysis is shown for the nearly flat ion density profile in figure 17. The

initial asymmetry has a positive δ and negative ∆ in this case, and Tungsten and Carbon

concentrations become hollow thanks to the thermal screening. The analytical model

predicts again a decrease of the asymmetry towards zero when the ion density and

electric potential are poloidally symmetric. For Carbon, the influence of the ion density

and electric potential asymmetries is also instrumental in determining the trajectory in

the (δ, ∆) plane. But the trajectory is also deformed by the contribution of the main

ion and electrostatic potential asymmetries for Tungsten.

In these simulations, we observe that the evolution of the asymmetry is slow

compared to that of the impurity concentration, in particular in the case of impurity

accumulation (peaked ion density profile). Therefore, even if the trajectory towards

a vanishing asymmetry is reproduced, the hypothesis of a trace impurity might be

invalidated before the asymmetry has changed significantly. The final Tungsten peaking
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Figure 16. Trajectories in the (δ, ∆) plane for C6+ (left) and W44+ (middle) at√
ψ = 0.4 (top)and

√
ψ = 0.6 (bottom) for the peaked ion density profile. Predictions

from the analytical model are shown with a dashed line for (δφ, ∆φ) = (0 0), and with

a dotted line when using the measured value of (δφ, ∆φ) and (δN , ∆N ) . Right plots :

zoom on the W44+ trajectory at
√
ψ = 0.4 (top) and evolution of the Carbon (middle)

and Tungsten (bottom) concentrations. Arrows indicate the time evolution.

can be evaluated from the condition G = 0 and it gives for the peaked ion density

case nW (0)/nW (0.5) ≈ 70 or nW (0)/nW (0.6) ≈ 5.6 × 103. The slow progress in the

asymmetry evolution reflects therefore the large gap that remains to be covered after

400 ms before the steady state is reached. With such final value of the impurity peaking,

the impact of the impurity accumulation is evidently huge. Then, core radiation will

increase and impact both the electron and ion temperature, the safety factor profile,

turbulent transport (including that affecting the impurity profile that is not taken into

consideration here) and ion density. The situation of a stationary impurity profile

without poloidal asymmetry is therefore impossible to reach in this case.

5. Conclusion

We have focused our work on the impurity transport and its relation to poloidal

asymmetry in the absence of centrifugal force and temperature anisotropy. We find

that the vertical and horizontal asymmetries are positioned on a circle, characterized

by a radius and center that depend on the density and temperature gradients, and

an angle that depends on the collisionality. From this analytical model, we arrive

to the conclusion that the steady state impurity profile has no poloidal asymmetries

in the conditions mentioned above. When the electrostatic potential and main ion
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Figure 17. Trajectories in the (δ, ∆) plane for C6+ (left) and W44+ (middle)

at
√
ψ = 0.4 (top)and

√
ψ = 0.6 (bottom) for the nearly flat ion density profile.

Predictions from the analytical model are shown with a dashed line for (δφ,∆φ) = (00),

and with a dotted line when using the measured value of (δφ,∆φ) and (δN ,∆N ) . Right

plots : zoom on the W44+ trajectory at
√
ψ = 0.4 (top) and evolution of the Carbon

(middle) and Tungsten (bottom) concentrations. Arrows indicate the time evolution.

density are not poloidally symmetric, or when the plasma is rotating toroidally, we

find that the asymmetry of the impurity is still distributed on a circle, but its steady

state value is no longer zero. This model has been tested with the MHD code XTOR

where neoclassical physics and impurity evolution are implemented. The collision

frequency between the impurity and the main ion species can be amplified so as to

verify the main characteristics of the analytical model. We find a good agreement with

theory predictions in the plasma core, with a discrepancy that increases towards the

plasma edge where the analytical model becomes too simplified. The circle that links

horizontal and vertical asymmetries is well reproduced in the simulations, as well as its

collisional angle. Taking into account the asymmetry of the electric potential in the

theoretical prediction improves the agreement with the simulation results. To leading

order, the long term evolution of the impurity distribution is found to be directed

towards a vanishing asymmetry and therefore a steady state impurity profile that

follows the simplest neoclassical prediction. However, the trajectory of the asymmetry

is deformed by the contribution of the electrostatic potential and this effect is recovered

in the simulations.The reduction of the asymmetry as the impurity profile evolves is

representative of the distance between the actual state and the steady state without

poloidal anisotropy. It can be, therefore, very slow, and in the case of impurity

accumulation, the consequence of the increased core radiation and fuel dilution on the
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plasma scenario will be strong before the asymmetry has vanished. In this respect,

the neoclassical impurity accumulation may lead to the activation of other mechanisms

before reaching a steady state, and the vanishing asymmetry can possibly never be

reached.

An outcome of the analytical model is that, in principle, the impurity gradient

could be derived from the measure of the poloidal asymmetry in plasmas verifying

the hypotheses of the model, that is to say a low turbulent transport. In practice,

this measurement is of course extremely delicate given the required precision on the

equilibrium reconstruction and impurity concentration. But identification of poloidal

asymmetries with error bars lower than 5% have already been reported, and they

are easier to determine than the impurity concentration itself [Reinke et al., 2012].

The contribution of turbulent transport in the evolution of impurities is however

essential in most experimental situations [Parisot et al., 2008, Valisa et al., 2011],

except maybe in the very core of the plasma [Dux et al., 1999, Dux et al., 2003] or when

turbulent transport is largely suppressed in a transport barrier [Efthimion et al., 1999,

Pedersen et al., 2000, Pütterich et al., 2011]. The analytical model could therefore be

applicable in such conditions.

Another consequence relates to numerical simulations of impurity transport in

conjunction with MHD. Indeed, unlike plasma resistivity that can be set to a larger

value to accelerate the dynamics of MHD modes, neoclassical impurity transport cannot

be artificially accelerated by increasing, for example, the collision frequency with the

main ion species. This would increase the asymmetry angle and completely change

the impurity dynamics, leading in general to a much weaker radial flux in the case of

highly charged ions like Tungsten. For light impurities like Carbon, the situation is

less critical and the collision frequency can be amplified significantly before the radial

flux departs from a linear scaling. This issue is of particular concern when dealing with

periodic MHD activity like sawteeth or ELMs whose relaxation period is fundamentally

dependent on the resistive time scale. For the study of neoclassical impurity transport

in the vicinity of a saturated island, this limitation does not apply.
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Appendix A. Impurity flux without asymmetry in the ion density

The fluid velocity of a species ’a’ in the drift limit can be expressed as

Va = Va‖b + VE + V∗a (A.1)

Using B = F∇ϕ +∇ϕ×∇ψ and J−1 = ∇ψ · ∇θ ×∇ϕ, the radial particle flux is

given by

Γa · ∇ψ = naVa · ∇ψ = − F

JB2

(
na∂θφ+

∂θpa
ea

)
(A.2)

At equilibrium, the parallel momentum equation (where the pressure anisotropy is

neglected, see Appendix C) writes:

−∇‖pa + naeaE‖ +Ra‖ = −mana∇‖R2Ω2/2 (A.3)

with Ω a constant toroidal angular rotation, R the major radius, ∇‖ = (JB)−1∂θ and

E‖ = −(JB)−1∂θφ. Toroidal rotation effects are included for generality in a simplified

way, but they are not investigated in the numerical work. We have:

Ra‖ = − namaνa

(
Va‖ − Vi‖ + Ca

0

2q‖i
5pi

)
(A.4)

=
naTa
JB

[
∂θpa
naTa

+
ea
Ta
∂θφ−

maΩ
2

2Ta
∂θR

2

]
(A.5)

Ca
0 =

3

2

1

1 + Ta
Ti

mi

ma

(A.6)

so that:

Γa · ∇ψ = − F

eaB
Ra‖ −

maΩ
2

2ea

F

J

na
B2

∂θR
2 (A.7)
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We have the relation

Va =
Va‖
B

B +
Ta
ea
Aa

B×∇ψ
B2

+ JB
R‖a
eana

B×∇θ
B2

(A.8)

R2∇ϕ =
F

B2
B− B×∇ψ

B2
(A.9)

where Aa = ∂ψ ln pa+(ea/Ta)∂ψφ. The assumption of incompressible flux ∇·(naVa) = 0

gives

1

J
∂ψ (JnaVa · ∇ψ) +

1

J
∂θ (JnaVa · ∇θ) +

1

J
∂ϕ (JnaVa · ∇ϕ) = 0 (A.10)

We assume that the first term is negligible, which to leader order means that the radial

flux is constant in the radial direction. This assumption is reasonable when considering

smooth plasma profiles, but can easily break when the second derivative of the profiles

becomes large, e.g. in the vicinity of a transport barrier or of a magnetic island. In the

axisymmetric case (∂ϕ = 0), using J ≡ 1/B · ∇θ we then have

Va · ∇θ
B · ∇θ

=
Ka(ψ)

na
(A.11)

From the expression of Va we obtain

Va · ∇θ
B · ∇θ

=
Va‖
B

+
F

B2

Ta
ea
Aa (A.12)

This gives

Va‖ =
Ka(ψ)

na
B − Ta

ea
Aa
F

B
(A.13)

Similarly for q‖, using ∇ · qi = 0 and q⊥,i = 5
2
pi

B×∇Ti
eiB2 :

qi‖ = Li(ψ)B − 5

2

pi
ei

F

B
∂ψTi (A.14)

These equations express the parallel velocity and fluxes as a function of the

thermodynamic forces As and a constant, yet to be determined. It is possible to

eliminate these constants by carrying appropriate flux surface averages, as shown below.

Using the notation u2‖i = 2qi‖B/(5pi) we can write

2Li
5pi

=
1

〈B2〉

(〈
u2‖i
〉

+ F
∂ψTi
ei

)
(A.15)

u2‖i =
〈
u2‖i
〉 B2

〈B2〉
+

(
B2

〈B2〉
− 1

)
F
∂ψTi
ei

(A.16)

We will use the definition

u(ψ) =
Ki(ψ)

ni
− Ca

0

2Li(ψ)

5pi
(A.17)

=
Vi · ∇θ
B · ∇θ

− Ca
0

〈B2〉

(〈
u2‖i
〉

+ F
∂ψTi
ei

)
(A.18)

In presence of neoclassical friction, one can expect the poloidal ion flow to follow its

neoclassical drive, i.e. [Maget et al., 2016]:[
Vi + ki

(
V∗Ti +

u2‖i

B2
B
)]
· ∇θ ≈ 0 (A.19)
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so that , using the fact that Ki(ψ) is a flux function, we have (using equation A.16)

Vi · ∇θ
B · ∇θ

≡ Ki(ψ)

ni
≈ − ki

(
F

〈B2〉
∂ψTi
ei

+

〈
u2‖i
〉

〈B2〉

)
(A.20)

and

u(ψ) ≈ − Ca
0 + ki
〈B2〉

(
F
∂ψTi
ei

+
〈
u2‖i
〉)

(A.21)

At equilibrium, since the surface average cancels the operator (B · ∇), we have

Ta
〈
B∇‖ lnna

〉
+ ea

〈
B∇‖φ

〉
− maΩ

2

2

〈
B∇‖R2

〉
= 0 (A.22)

so that
〈
BRa‖/na

〉
= 0:

Ka

〈
B2

na

〉
−Ki

〈
B2

ni

〉
+ Ca

0

〈
u2‖i
〉
− F Ta

ea
Aa + F

Ti
ei
Ai = 0 (A.23)

This gives, using equations (A.20) and (A.23) to eliminate Ki and Ka:

Ra‖

namaνa
=
F

B

(
Ta
ea
Aa −

Ti
ei
Ai + Ca

0

∂ψTi
ei

)1− B2

na

〈
B2

na

〉
 · · ·

· · ·+

1− 〈B2〉

na

〈
B2

na

〉
u(ψ)B (A.24)

The surface average flux can then be derived from equation (A.7):

〈Γa · ∇ψ〉 = maνa
F 2Ta
e2
a

 1〈
B2

na

〉 − 〈 na
B2

〉(∂ψ ln pa −
Ti
Ta

ea
ei
∂ψ ln pi + Ca

0

ea
ei

∂ψTi
Ta

)
+ · · ·


· · ·+ u(ψ)

F

ea
Ta

 〈B2〉〈
B2

na

〉 − 〈na〉
− maΩ

2

2ea

F

J

〈 na
B2

∂θR
2
〉

(A.25)

Using the notations of equation (13) for the poloidal asymmetry of the impurity, the

correction to the impurity flux due to toroidal rotation is found to be proportional to

the vertical asymmetry ∆:〈 na
B2

∂θR
2
〉
≈ −ε∆R2

0

〈na〉
〈B2〉

(A.26)

where we took R = R0 + r cos θ.

The poloidal asymmetry can be obtained from equation A.5 assuming isothermal

flux surfaces:

∂θ lnna +
ea
Ta
∂θφ−

maΩ
2

2Ta
∂θR

2 = JB
Ra‖

naTa
(A.27)
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Appendix B. Impurity flux in the general case

In the case where the asymmetry of the ion density is retained, we need to make an

assumption in order to take into account the neoclassical friction expressed in equation

(A.20). Indeed, the left hand side is no longer a flux function, and the function u defined

in equation A.17 has the same flaw. We define therefore

ū(ψ) =
Ki(ψ)

〈ni〉
− Ca

0

〈B2〉

(〈
u2‖i
〉

+ F
∂ψTi
ei

)
(B.1)

and we take

U ≡ ū(ψ)
〈B2〉
F

ea
Ta

(B.2)

The equation A.24 then becomes

Ra‖

namaνa
=
F

B

(
Ta
ea
Aa −

Ti
ei
Ai + Ca

0

∂ψTi
ei

)1− B2

na

〈
B2

na

〉
 · · ·

· · · − Ca
0

B

〈B2〉

(〈
u2‖i
〉

+ F
∂ψTi
ei

)(
1 +
〈ni〉 〈B2/ni〉
na 〈B2/na〉

− 〈ni〉
ni
− 〈B2〉
na 〈B2/na〉

)
· · ·+

(
〈ni〉
ni
− 〈ni〉 〈B

2/ni〉
na 〈B2/na〉

)
ū(ψ)B (B.3)

The radial flux and the asymmetry can then be derived from this relation, using

equations (A.7) and (A.27).

Appendix C. Coefficients for the impurity momentum equation

The parallel momentum equation for impurity species can be expressed in the same way

as for the main ion. Using the same notations as in [Maget et al., 2016] but neglecting

the collisions between the impurity and electrons, we have

manaDtVa‖ = −∇‖pa + naeaE‖ +Ra‖ − (∇ · Πa)‖ (C.1)

Ra‖ − (∇ · Πa)‖
mana

= Λai
11Vi‖ + Λaa

11Va‖ + Λai
12

2qi‖
5pi

+ Λaa
12

2qa‖
5pa

− µa1
(
Va‖ + Sa1/B

)
− µa2

(
2qa‖
5pa

+ Sa2/B

)
(C.2)

with Dt ≡ ∂t +
[(
V‖ab + VE

)
· ∇V‖ab

]
· b and(

Sa1
Sa2

)
=

B2

B · ∇θ

(
V∗a + VE

V∗Ta

)
· ∇θ (C.3)

for all species ’a’. The notations are identical to that adopted in reference

[Maget et al., 2016], and all neoclassical coefficients are computed following reference

[Kessel, 1994].

We assume that the parallel heat flux is at equilibrium, that impurity is trace, and

that the interaction between the impurity and the electrons can be neglected. We can
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then expressed the mean parallel impurity heat flux as a function of the mean parallel

flow in a similar ways as it was done for parallel heat flows of ions and electrons in

[Maget et al., 2016, Maget et al., 2019]:〈
2qa‖B

5pa

〉
= Caa

‖ 〈Va ·B〉+ Cai
‖ 〈Vi ·B〉+ Cai

‖,2

〈
2qi‖B

5pi

〉
+ Ca

1 〈Sa1 〉+ Ca
2 〈Sa2 〉 (C.4)

with:

νa = Λai
11 = −Λaa

11 (C.5)

Ca
0 = − Λai

12/Λ
ai
11 =

3

2

1

1 + Ta
Ti

mi

ma

(C.6)

Caa
‖ = − Λaa

21 − µa2
Λaa

22 − µa3
, Cai

‖ = − Λai
21

Λaa
22 − µa3

(C.7)

Cai
‖,2 = − Λai

22

Λaa
22 − µa3

, Ca
1 =

µa2
Λaa

22 − µa3
(C.8)

Ca
2 =

µa3
Λaa

22 − µa3
, Ca

q = Λaa
12 − µa2 (C.9)

so that

Ra‖ − (∇ · Πa)‖
mana

= νa

(
Vi‖ − Va‖ − Ca

0

2qi‖
5pi

)
+ Ca

q

2qa‖
5pa
− µa1

(
Va‖ +

Sa1
B

)
− µa2

Sa2
B

(C.10)

For all species ”s”’ we have

2qs‖B

5ps
=

〈
2qs‖B

5ps

〉
B2

〈B2〉
+

(
B2

〈B2〉
− 1

)
Ss2 (C.11)

The coefficient νa is normalized to the Alfvén time, and it can be multiplied by a

free factor αν . This rescaling is also automatically applied to Ca
q and µa1,2.

In the neoclassical parallel friction force described in equation (C.10), the three

last terms are in general negligible. The neoclassical friction coefficients µa··· are small

compared with the Λai
··· coefficients, and we have:

Ca
q /(C

a
0νa) ≈ Λaa

12/Λ
ai
12 ≈ mi/ma (C.12)

This explains why a simplified momentum equation like A.3 is generally sufficient to

describe impurity transport in tokamaks.
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