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Abstract
We show that for a rather generic set of regular spectral curves, the

Topological-Recursion invariants F, grow at most like O((5¢)!r~9) with some r > 0.

1 Introduction

Topological-Recursion [8, 4, 2, 7, 9, 1] associates to an object called a ”spectral curve”
S, a double sequence (indexed by two non-negative integers g, n) of differential forms,

that we shall call its " TR-invariants”:

TR : Spectral curves — invariants
S = {wgn(S)}ton (1-1)

where w, ,,(S) is a symmetric multidifferential n-form, and for n = 0, w, ¢(S) is denoted
F,(S) € Cis a complex number (a 0-form).

These invariants play an importamt role in enumerative geometry, in integrable
systems, in string theory, in WKB approximation, in random matrices, ... etc, see

reviews [7, 9].

The main question of this article is: how F,(S) behaves at large g, and more
generally how w,,(S) behaves at large g ? TIs the series ) 7 h* >F,(S)

summable ?



We shall establish some bounds, under reasonable smoothness assumptions on the
spectral curve §. We shall find that the series

o0

SO HEE(S) (1-2)
g=0
is an asymptotic series with factorially bounded coefficients, thus having a Borel trans-
form converging in a disc. We postpone to a following article the issue of whether this

is a resurgent series and whether it can be Borel-ressumed.

2 Bound on the growth

2.1 Hypothesis

We consider a spectral curve
S=0,xy,B), (2-1)

where:

e ) is a Riemann surface (it needs not be compact neither connected, for example

it could be a union of disjoint discs, = a "local curve”),

e x: Y — CP! is a holomorphic function, it makes ¥ a ramified cover of (an open
domain of) the Riemann sphere CP!, and in particular it can have ramification

points.

We shall moreover assume that x has only simple ramification points, at which
the 1-form dx has only simple zeros, and only a finite number of them, we

denote the set of ramification points:

R ={a | dx(a) = 0}. (2-2)

e v is a meromorphic 1-form on ¥, that is holomorphic in a neighborhood of ramifi-
cation points. We shall denote y = ydx where y is thus a holomorphic function in
a neighborhood of ramification points. Remark: In the "local curve” definition of
topological recursion, all what is needed is y to be a formal series, with possibly
a zero radius of convergence, here we assume something much stronger: that y is
analytic in a neighborhood of every a. However we don’t care about how y could

have poles or singularities outside of these neighborhoods of A.

We shall furthermore assume that at any ramification point a, we have

dy#0 at a. (2-3)



These assumptions are generic, they indicate that near a branch point a, y be-

haves like a square-root:
y(p) ~yla) +y'(a)vx(p) —x(a) + O(x(p) — x(a)) , y=ydz. (2-4)

e B is a meromorphic bidifferential on ¥ x 33, with double pole at coinciding points,

and no other poles, normalized, in any local coordinate ( as

d((p1) ® d((p2)

B(pr, p2) 1w (C(p1) = C(p2))?

+ analytic. (2-5)

e Let us define for p € >

aeR

For some 0 < R < 1 we are going to consider the domain of X

Yr={peX||p(p)| < R} (2-7)

We assume that the radius R is small enough so that g is a union of disjoint
discs, whose centers are the ramification points. We make once for all a choice
of squareroot in the definition of p, so that p is analytic in each disc, and is thus

a local coordinate in each disc.

Definition 2.1 Let
dp(p)

C=1% swp |K(pip)ges| 1oe) = plon)] ofr) o
= Su M - 2 i
B= sw | PP~ Pl (2-9)

Here K is the Topological-Recursion kernel (see [8]), worth

_1 fpp=0a(p) B(p1p)
Knp) =5 4) -y’ (2-10)

where o,(p) denotes the unique point such that p(o,(p)) = —p(p) in the disc around a.

Our hypothesis imply that B and C' are < oo.



2.2 The bounds

The following theorem is the main result in this paper

Theorem 2.1 (Bound) If2g—2+n >0, n>1 and p1,...,p, € Xg, we have the
bound

" i Dn C2g—2+n Bg—l+n
wg, (plv » P ) S (n . 1)' Cg,n T (2_11)
dp(p1) . .. dp(p,) (inficqr, .y Ip(pi)]) ™"
where
dg,n = 39 —3+n 5 Dg,n = dg,n +n (2_12)

and Cy,, 1s the sequence defined by Co3 =1, C1 1 =1, Cyo =0, and by recursion

stable D 1
(Dyir + )Pt

g+l ((TL+ ) g—1n+2 T Z g1,mi+1l “ga, 2+1> (Dg’n+1>Dg,n+1

g1+g92=g, ni+n2=n
2Dg ny1+1
+2C' (2Dg g1 + 1) P
7n pa—
" 33(2Dg i1 — 2D 2

(2-13)
where “stable” means (g;,n; + 1) # (0,1),(0,2).

We shall use the following lemma, that we admit (proof straightforward)

Lemma 2.1 Ifk >0 andd >0

d+k k
inf 1 _ (d+k) < e’
nelo,1f (1 —n)knd kk dd Kk

Proof of theorem 2.1.

Since this is the main result of this paper, we do the proof here in full detail.

(d+ k). (2-14)

First we write

Wgn(pb cee apn)
n yeeesPn) = 7 ’ !
Won(p1,- - pn) dp(p1) . .. dp(pn) o

which is now a meromorphic function on (Xg)", with poles only at p(p;) = 0.

In all what follows we shall write

ri = |p(pi)l, (2-16)
Tmin = Il’liIl i, (2_17)
m=——>1 (2-18)

T'min

By definition of topological recursion [8] we have

1
Wyn+1(P1; - - - s Pot1) = Z i % K(p1,p) [
acER peCa
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stable

Z Wy 1410 | (05 11) W 1411/ (00 (), I2)

91+g92=g,11Ul2={p2,....pn+1}

1
+Z—% K(plap)wg—l,n—i-l(pa Ua(p)>p2>"'apn+l)

acR 2mi p€Ca
n+1
DI
27
=2 aeR p€Ca

K(plvp)B(Ua(p)7pj) Wg,n(p7p27 v 71/)\]'7 cee 7pn+1)
(2-19)

where, for each term, C, is any small-enough circle around a, that we can choose to

write as a circle in the coordinate p(p) as:
p(p) =r e , 0 € [0, 2m]. (2-20)

”Small-enough” means that the value of the radius » > 0 has to be chosen so that the
circle doesn’t enclose any point other than a, at which the integrand could have poles,

in particular, since K (p,p;) has a pole at p(p) = £p(p1) , so we must have
r <, (2-21)

and for the last line of (2-19), for each value of j, since B(o,(p),p;) has a pole at
p(p) = —p(p;j), we must have
r<r;. (2-22)
We shall thus choose
r=0Tmn , 7 €]0,1]. (2-23)

The residue is independent of the value of 1 €]0, 1], and therefore we shall eventually
choose the value of n that will minimize the bound.
e We start with (g,n) = (1,1):

o) = Yo f  Koun)[Be00) (2-24)

acNR

From (2-8), (2-9) we have for any n €]0, 1|

1 |dp(p)/p(p)]

Wii(p1)| < CB—]{
Waap)] 270 Jiowl=r=nlpen) 1P(P1)* = p(0)*[ 4 |p(p)|?

< el [7 v

~ o 0 4 (T% - 7”2) 72

- CB 1

oA (L=

CB

(2-25)



so that the theorem holds with
0171 =1.

e Then for (g,n) = (0, 3), topological recursion gives:

(2-26)

s = 235§ K [Bop) Bew)m)] 20

e dp(p)/p(p)|

1 1

|WO73(p17p27p3)| S

21 Jipyi=r 1p(01)* = p(0)?| [p(P) — p(P2)* |p(p) + p(p3)I?

1 [ db 1

< 20B*—
- 2 /0 (r2 —712) (ro —7)2 (r3 —1)?
- 20 B2 1
T S (7 =% (2 —n)? (13— n)?

2C B? 1
<
N Tﬁlin (1 - 77)5

20 B?
< 5 +— withn — 0,

T

so that the theorem holds with
C()73 =1.

(2-28)

(2-29)

e The bound shall then be proved by recursion. Let (g,n) such that 2g +n > 2.

Assume that the bounds are already proved for all W, ,, such that 2 < 2¢' +n' <

2g 4+ n + 1, we shall now prove it for Wy ;1.

From the recursion hypotyhesis, and assuming that we choose the circle C, of radius

T = Nrmin, We have (we write |I1| = ny, |I3] = no, so that ny +ny = n)

C [dp(p)/p(p)|

7’L1! 091714-”1

dp(p)2K(plap)Wg1,l+n1 (p> Il) Wg2,1+n2 (Ua(p)> 12)

C291—2+14n1 Bgit+m

21 Jpee, lp(p1)? — p(p)?|
n2! Cg2,1+n2 (292—2+1+n2 Rga+n2
‘p(p) |2dg2,1+n2 +2n2+2

|p(p) [PAor 1 F2mt2

2g—2+n+1 —1+n+1
S nl! n22! Cgl,l-i-’nl ng,1+n2 C g Bg
1 T df 1
27 0 (7’% — 7‘2) r2d91,1+7l1 +2dgy 14 ny+2n+4
1 1
< ] | 2g—24n+1 g—1+n+1
> Nps Ny 09171+n1 ng7l+n2 C B 7’% — /r2) r2dgni1t2n
29—24n+1 —14n+1
< 7’L1! 7’L2! Cg171+n1 Cg271+n2 c9 " BY " 1
— 2d97n+1+2(n+1) 2 2 2dg’n+1+2n
min 2g—2+nt+1 Rg—ltntl KON
n1! HQ! Cg1,1+n1 092714_”2 C g " BY " 1
< (2-30)

2dg nt1+2(n+1)

min

(1 _ ;,72) 7]2d97n+1+2n :



By a similar reasoning we get when g > 0

1
Z 2— % dp(p)2K(pl>p)Wg—l,n+2(pa Ua(p)>p2> cee 7pn+1)
R ™ pGCa

1% [dp(p)/p(p)| (1 + 1)! Cyorjnyp C29- 120 po-tintl
21 Jpec, 10(p1)* = p(p)?| |0(p)|#o=1me2t2nt2)
(n + 1)109_17%2 (29—2+n+1 Bg—l+n+l 1 -
— Tfrldiin+l+2(n+l) (1 _ n2) n2dg,n+1+2n : ( - )
By a similar reasoning we get when n >0, and j =2,...,n+ 1:
1 ~
> e dp(p) K (p1,p)B(0a(p). pj) Wyn(P, D2, - Bjs -+ Pnt1)
aER ™ Jpeca
(n — 1)'an 6’29—2+n+1 Bg—l+n+l 1
- 2dg.n1+2(n+1) (02 —1?) (n; —n)? nPdansit2n-2
(n _ 1)!Cg Zunc2g—2+n+1 B9—14n+1 1
- 2o n1+2(nt1) (1 — )3 n2on+1+2n=2" (2-32)

min

Using lemma 2.1, the recursion hypothesis will be satisfied with

stable D 1
(Dyr + )Pt

g,n+1 ((n+ ) g—1,n+2 T+ Z g1,n1+1 g, 2+1) (Dg’n+1>Dg,n+1

g1+92=g, ni+n2=n

2C (2Dg,p41 + 1)Poni
T 30D, e — 2P

(2-33)

O

Remark 2.1 The exponent of 1/rmi, i.e. 2dg, + 2n is optimal, indeed it is reached for the
Airy spectral curve, and is in agreement with [5, 6].

Remark 2.2 But the coefficient C,, is probably far from being optimal, it was obtained
by bounding the integral by the integral of the absolute value, ignoring the phase oscillations,
which could produce large cancellations. We are clearly overestimating here.

2.2.1 Factorial Bound

Theorem 2.2 We have the bounds:

Cyn <t 195" (5g — 5+ 3n)! (2-34)
Cyn <9 (5g — 5+ 3n)! eto—4H3ng2o—2tngs=39=3n14-9 (2-35)

where -
= ¢ 2-36
S=25€ (2-36)

14x27 _,

T = W e (2—37)

35
t=——¢* 2-38
02 (2-38)



The bound can also be written
Cyn <9 (5g — 5+ 3n)! et94H3n359-54n1479, (2-39)

proof:

We shall prove the theorem by recursion. First observe that it is satisfied for
Cos =1, Cip =1and Cyp = 0. Assume that it is satisfied for all Cy ,, such that
2¢' +n' <29+ n+ 1. We shall now prove it for C, 4.

Define

Ay =59—5+3n |, Kgpn=29—2+n , Dy, =39g—3+2n. (2-40)
For stable (g,n) (i.e. (g,n) # (0,1),(0,2)) and with n > 1 we have
Ko >1 . Agn >3 . Dyn>2. (2-41)

We shall need the following inequalities:

[ ]
Dy +1< Dy, + Kgn = Agn. (2-42)
[ J
n=2A,,—b5kgn <24,, —5=2(4,,—1)—1 (2-43)
e for all u €]0, 2[ we have
1 Agn —3 Agn +7—4u
1= —— (A, — UKy, — < g 1<
g Eo 2u( gn—Ukgn—3n+un) < E oy = g+1< g
(2-44)
The case u = % gives
g+1 <240 - 2). (2-45)

The number of stable pairs (g1, 1 + nq), (g2, 1 + ny) such that ¢; + g2 = g and

ny + ny = n, is:

1
(g+ 1) +1) =4 < 4(Agnir = 2)(Agnr — 1= 5). (2-46)
e We have
Ag—l,n+2 = Ag,n+1 -2 (2‘47)
A917n1+1 + Ag2,n2+1 - 1= Ag,n+1 -3 (2‘48)
Ay =Ag 1 — 3. (2-49)



We shall use the property that for any a,b strictly positive integers, we have
alb! < (a+b—1)!. This implies that

A917n1+1!A927n2+1! S (A91m1+1 + AHQ,TL2+1 - 1)' = (Ag,n—‘,-l - 3)' (2_50)
Ag—17n+2! - (AgJH-l - 2)! = (Agm-i-l - 3)!(Ag7n+l - 2) (2‘51)
Agnl = (Agsr — 3)! (2-52)

From lemma 2.1, we have:

stable

Cynt1 < <(n +1)Cyt 42 + Z Cyrm+1 ng,nz+1> e(Dgnt1 +1)

g1+92=g, ni+n2=n
3

+20,., =

on 35(2Dgmi1 + 1)%, (2-53)

now using the recursion hypothesis we have

r
Cg,n—i—l < t T_gS_n_l (;(n + 1)Ag—1,n+2!
stable

HtsT Z Agipi! Agz,nz-l—l!) e(Dgn+1+1)

g1+92=g, ni+n2=n

g —me 24e3s 1
+tr Is 1Ag,n! T(Dg’n—i—l + 5)3, (2—54)
and thus
C1g n+1 1 ((’f’
: < -+ 1) (A — 2
t T_gS_n_lAgm_i_l! Agt7n+1(Ag7n+1 — 1)(Ag,n+l - 2) S( >( g+l )
+-((g+ D)+ 1) = 4)) e(Dyper +1)
24e3s 1
T(Dg,nﬂ + 5)3)7 (2-55)
Remark that Dy, 41 +1 < Ay 41 and Dy ,qq + % < Ay 41, therefore
Cg n+1 € ((T
: < T4 1) (Ag g — 2
t /r’—gs—n—lA‘g’n_i_l! — (A’éig,n—i-l _ 1)(Ag7n+1 . 2) : (n _I_ )( g,n+1 )
+=((g+1)n+1) - 4))
24e?s 1
+T(Dg7n+1 + 5)2>, (2-56)
We define
er/s=c"=14/80 (2-57)
et/s =c=9/80 (2-58)
21e%s/3% = ¢/ = 16/80. (2-59)

9



writing A = Ay 41, we have

1

d(n+DAgni =2 +e((g+ Dn+1) = 4) +(Dypir + 5)°
< 2 -1)-1DA-2)+c(2(A-2)2(A-1)—1)—4) + (A - %)2
< (2 +40)(A—1)(A—=2) — (" +2¢)(A—2) —dc+ (A? —A—l—i)
< 2 +4)(A-1D)(A-2)— (" +20)(A=2) —de+(A—1)(A—2)+2A -2+
< 244+ DNA-1)(A=-2)—("+2c)(A—2) —de+ (2A -2+ i)
< 2+ 4e+DNA-1)(A-2)=("+2c—2)(A—-2) —de+ (2 + i)
(2-60)
We have
d"+2c—2d =0 (2-61)
9,
dc — €= 0 (2-62)
and
2" +4c+d =1 (2-63)

This implies

1
1) (g ~2) +el(g+ D+ 1) = )+ Dy +3)° < (Agr = DAy —2)
(2-64)
which implies the bound for Cy ;1. O
2.3 Bounds for F|
For g > 2 we have [§]
1 1
F, = i) 2-
eI M # cuwow) (2:65)

where d® = (y — y(a))dz. Our assumption that y behaves like a square-root implies
that ®(p) — ®(a) behaves like O(p(p)?). Let us define

C = —#%BC sup |®(p) — @(a)| |p(p)| > (2-66)
PEXR
Theorem 2.3 For g > 2 we have
~ 1 C

29—2 pg—1 g;1 ~

|[Fyl < CCH2B g s (2-67)
~ 9 P 1 _(bg —2)!

F|<(C—C%*2p91 g ) 2-

IFol < 08060 Ro9—6 29 — 2 (2-68)

10
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proof:  Choosing the circle of radius |p(p)| = R, one has

1 C o 29—2+1 pg—1+1 R
(29 — 2)|Fg| S g—BC C 9 B‘g Cg717R2d ) Rd@
0 9!
g o 1
< COMBTCopar
o o 1
< Ccc¥rpy 1Cg,1W. (2-69)

O
Remark that R was constrained by the condition that discs |p(p)| < R are disjoints,
in other words R somehow measures the ”distance between ramification points”, and

thus we recover the well known fact that Fj, diverges when ramification points meet.

Conclusion: Borel transform and resurgence

In this article, we have showed that, under reasonable generic asumptions Fy(S) has a
factorial growth at large g, of speed at most (5g)!. We already pointed out that this
is an upper bound, probably overestimated, and indeed for most known examples, F}
has actually a factorial growth of order (2¢)!.

Let us assume that Fj, has a factorial growth of order (8¢)! with g < 5.

We may define
R o0 By
F(S,8) =3 5051 Fal) (2-70)

9=0

which is absolutely convergent in a disc.

It may happen that it is an entire function convergent in the whole complex plane
C (this is the case where the growth of F, was actually slower than (8g)!, and one
could choose a smaller value of 3).

If F (S, s) would be analytically continuable beyond its convergence disc, up to oo,

we would recover F' by the Laplace transform

o) _2
F(S,h) = h 7 / dse™" "F (S, s). (2-71)
0
This requires to know if F (S8, s) can be analytically continued beyond its convergence
disc, up to oo, in other words this requires to know if Fj is a resurgent series [3].

Equivalently this needs to know where the singularities of a (S, s) can be, or what
are the possible divergences at oc.

If F has singularities at finite distance, we may get contributions to F of the type

h

who

e_ssing

(2-72)

11



If 8 =2 we would get corrections in e .

If 3> 2 and F is an entire function and behaves at oo as

al @

F ~e° (2-73)
We may get contributions to F' of the type

P (2-74)
For instance if a = % we would get corrections in e

We shall study the resurgence properties in a forthcoming work...
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