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Abstract

Factorizing low-rank matrices is a problem with many applications in machine learning and
statistics, ranging from sparse PCA to community detection and sub-matrix localization.
For probabilistic models in the Bayes optimal setting, general expressions for the mutual
information have been proposed using powerful heuristic statistical physics computations
via the replica and cavity methods, and proven in few specific cases by a variety of meth-
ods. Here, we use the spatial coupling methodology developed in the framework of error
correcting codes, to rigorously derive the mutual information for the symmetric rank-one
case. We characterize the detectability phase transitions in a large set of estimation prob-
lems, where we show that there exists a gap between what currently known polynomial
algorithms (in particular spectral methods and approximate message-passing) can do and
what is expected information theoretically. Moreover, we show that the computational gap
vanishes for the proposed spatially coupled model, a promising feature with many possible
applications. Our proof technique has an interest on its own and exploits three essential
ingredients: the interpolation method first introduced in statistical physics, the analysis
of approximate message-passing algorithms first introduced in compressive sensing, and
the theory of threshold saturation for spatially coupled systems first developed in coding
theory. Our approach is very generic and can be applied to many other open problems in

statistical estimation where heuristic statistical physics predictions are available.

Keywords: Sparse PCA, Wigner spike model, community detection, low-rank matrix es-
timation, spatial coupling, replica and cavity methods, interpolation method, approximate

message-passing
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1. Introduction

We consider the following probabilistic rank-one matrix estimation (or rank-one matrix
factorization) problem: one has access to noisy observations w = (wij)zjzl € R™" of the
pair-wise product of the components of a vector s = (s;)I"; € R"” where the components are
i.i.d random variables distributed according to S; ~ Py, ¢ = 1,...,n. The matrix elements
of w are observed through a noisy element-wise (possibly non-linear) output probabilistic
channel Pyy(wij|sisj), with 4,5 = 1,...,n. The goal is to estimate the vector s from w,
up to a global flip of sign in general, assuming that both distributions Py and P, are
known. We assume the noise to be symmetric so that w;; = wj;. There are many important
problems in statistics and machine learning that can be expressed in this way, among which:

e Sparse PCA: Sparse principal component analysis (PCA) is a dimensionality reduction
technique where one looks for a low-rank representation of a data matrix with sparsity
constraints |Zou et al.| (2006))]. The following is the simplest probabilistic symmetric
version where one estimates a rank-one matrix. Consider a sparse random vector S,
for instance drawn from a Gauss-Bernoulli distribution, and take an additive white
Gaussian noise (AWGN) channel where the observations are Wj; = S;5;/v/n + AZ;;
whith Zij ~ N(O, 1) Hereﬂ Pout(wij|5i5j) = N(wij|8i8j/\/ﬁ, A)

o Spiked Wigner model: In this model the noise is still Gaussian, but the vector S is
assumed to be a Bernoulli random vector with i.i.d components S; ~ Ber(p). This
formulation is a particular case of the spiked covariance model in statistics introduced
by [Johnstone and Lu| (2004, 2012)]. It has also attracted a lot of attention in the
framework of random matrix theory (see for instance [Baik et al. (2005)] and references
therein).

o Community detection: In its simplest setting, one uses a Rademacher vector S where
each variable take values S; € {—1,1} depending on the “community” it belongs
to. The observation model then introduces missing information and errors such that,
for instance, Pout(wij|5i5j) = p15(wz~j — SZ'Sj) —i—pgé(wij + SZ‘S]') + (1 —p1 — pg)é(wij),
where §(-) is the Delta dirac function. These models have recently attracted a lot
of attention both in statistics and machine learning contexts (see e.g. [Bickel and
Chen| (2009); [Decelle et al.| (2011); Karrer and Newman| (2011); Saade et al.| (2014);
Massoulié| (2014)); Ricci-Tersenghi et al.| (2016)]).

e Sub-matrix localization: This is the problem of finding a submatrix with an elevated
mean in a large noisy matrix, as in [Hajek et al|(2015); |Chen and Xu (2014))].

o Matriz completion: A last example is the matrix completion problem where a part
of the information (the matrix elements) is hidden, while the rest is given with noise.
For instance, a classical model is Pout(wij|sis;j) = pd(wi;) + (1 — p)N (wij|sisj, A).
Such problems have been extensively discussed over the last decades, in particular
because of their connection to collaborative filtering (see for instance [Candes and
Recht/ (2009); (Cai et al.| (2010)); Keshavan et al.| (2009); Saade et al.| (2015)]).

1. In this paper N (z|m,o?) = (2r02) "2 exp(—(z — m)?/20?))



Here we shall consider the probabilistic formulation of these problems and focus on es-
timation in the mean square error (MSE) sense. We rigorously derive an explicit formula
for the mutual information in the asymptotic limit, and for the information theoretic min-
imal mean square error (MMSE). Our results imply that in a large region of parameters,
the posterior expectation of the underlying signal, a quantity often assumed intractable to
compute, can be obtained using a polynomial-time scheme via the approximate message-
passing (AMP) framework [Rangan and Fletcher (2012); Matsushita and Tanaka (2013);
Deshpande and Montanari| (2014); Deshpande et al. (2015)); Lesieur et al.| (2015b))]. We
also demonstrate the existence of a region where no known tractable algorithm is able to
find a solution correlated with the ground truth. Nevertheless, we prove explicitly that it is
information theoretically possible to do so (even in this region), and discuss the implications
in terms of computational complexity.

The crux of our analysis rests on an ”auxiliary” spatially coupled (SC) system. The
hallmark of SC models is that one can tune them so that the gap between the algorithmic and
information theoretic limits is eliminated, while at the same time the mutual information is
maintained unchanged for the coupled and original models. Roughly speaking, this means
that it is possible to algorithmically compute the information theoretic limit of the original
model because a suitable algorithm is optimal on the coupled system.

Our proof technique has an interest by its own as it combines recent rigorous results
in coding theory along the study of capacity-achieving SC codes [Hassani et al| (2010);
Kudekar et al.| (2011)); Yedla et al.| (2014)); Giurgiu et al. (2016); Barbier et al.| (2017al);
Dia, (2018))] with other progress coming from developments in mathematical physics of
spin glass theory [Guerral (2005)]. Moreover, our proof exploits the “threshold saturation”
phenomenon of the AMP algorithm and uses spatial coupling as a proof technique. From
this point of view, we believe that the theorem proven in this paper is relevant in a broader
context going beyond low-rank matrix estimation and can be applied for a wide range of
inference problems where message-passing algorithm and spatial coupling can be applied.
Furthermore, our work provides important results on the exact formula for the MMSE and
on the optimality of the AMP algorithm.

Hundreds of papers have been published in statistics, machine learning or information
theory using the non-rigorous statistical physics approach. We believe that our result helps
setting a rigorous foundation of a broad line of work. While we focus on rank-one symmet-
ric matrix estimation, our proof technique is readily extendable to more generic low-rank
symmetric matrix or low-rank symmetric tensor estimation. We also believe that it can be
extended to other problems of interest in machine learning and signal processing. It has
already been extended to linear estimation and compressed sensing [Barbier et al. (20164,
2017b)].

We conclude this introduction by giving a few pointers to the recent literature on rigorous
results. For rank-one symmetric matrix estimation problems, AMP has been introduced by
[Rangan and Fletcher (2012)], who also computed the state evolution formula to analyze
its performance, generalizing techniques developed by [Bayati and Montanari (2011)] and
[Javanmard and Montanari (2013))]. State evolution was further studied by [Deshpande
and Montanari (2014)] and |[Deshpande et al| (2015)]. In |Lesieur et al. (2015a,b))], the
generalization to larger rank was also considered. The mutual information was already
computed in the special case when S;==41~Ber(1/2) in [Korada and Macris (2009))] where



an equivalent spin glass model was analyzed. The results of [Korada and Macris (2009)] were
first generalized in [Krzakala et al.| (2016)] who, notably, obtained a generic matching upper
bound. The same formula was also rigorously computed following the study of AMP in
[Deshpande and Montanari| (2014)] for spike models (provided, however, that the signal was
not too sparse) and in [Deshpande et al.| (2015))] for strictly symmetric community detection.
The general formula proposed by [Lesieur et al. (2015a)] for the conditional entropy and
the MMSE on the basis of the heuristic cavity method from statistical physics was first
demonstrated in full generality by the current authors in [Barbier et al| (2016b)]. This
paper represents an extended version of |Barbier et al. (2016b)] that includes all the proofs
and derivations along with more detailed discussions. All preexisting proofs could not reach
the more interesting regime where a gap between the algorithmic and information theoretic
performances appears (i.e. in the presence of “first order” phase transition), leaving a
gap with the statistical physics conjectured formula. Following the work of |[Barbier et al.
(2016Db)], the replica formula for rank-one symmetric matrix estimation has been proven
again several times using totally different techniques that involve the concentration’s proof
of the overlaps [Lelarge and Miolane| (2017)); Barbier and Macris (2018)]. Our proof strategy
does not require any concentration and it uses AMP and spatial coupling as proof techniques.
Hence, our result has more practical implications in terms of proving the range of optimality
of the AMP algorithm for both the underlying (uncoupled) and spatially coupled models.

This paper is organized as follows: the problem statement and the main results are
given in Section [2|along with a sketch of the proof, two applications for symmetric rank-one
matrix estimation are presented in Section [3] the threshold saturation phenomenon and the
relation between the underlying and spatially coupled models are proven in Section [4] and
Section [o] respectively, the proof of the main results follows in Section [6] and Section

A word about notations: in this paper, we use capital letters for random variables, and
small letters for fixed realizations. Matrices and vectors are bold while scalars are not.
Components of vectors or matrices are identified by the presence of lower indices.

2. Setting and main results

2.1 Basic underlying model

A standard and natural setting is to consider an additive white gausian noise (AWGN)
channel with variance A assumed to be known. The model reads
S5 S

Wij = 775 + \/Kzij, (1)

where z = (zij)ijl is a symmetric matrix with Z;; ~ N(0,1), 1 < i < j < n, and
s = (s;)"_; has i.i.d components S; ~ Py. We set E[S?] = v. Precise hypothesis on Py are
given later.

Perhaps surprisingly, it turns out that the study of this Gaussian setting is sufficient to
completely characterize all the problems discussed in the introduction, even if we are dealing
with more complicated (noisy) observation models. This is made possible by a theorem of
channel universality. Essentially, the theorem states that for any output channel Py (w|y)
such that at y = 0 the function y — log Pyy(w|y) is three times differentiable with bounded



second and third derivatives, then the mutual information satisfies
I(S; W) = I(SST;SST + VA Z) + O(v/n), (2)

where A is the inverse Fisher information (evaluated at y = 0) of the output channel

A*:i/mﬂaamm<0““§ﬂwwhﬂ)? 3)

This means that the mutual information per variable I(S; W)/n is asymptotically equal
the mutual information per variable of an AWGN channel. Informally, it implies that we
only have to compute the mutual information for an “effective” Gaussian channel to take
care of a wide range of problems. The statement was conjectured in [Lesieur et al. (2015a)]
and can be proven by an application of the Lindeberg principle [Deshpande et al.| (2015)],
[Krzakala et al.| (2016)].

2.2 AMP algorithm and state evolution

AMP has been applied for the rank-one symmetric matrix estimation problems by [Ran-
gan and Fletcher| (2012)], who also computed the state evolution formula to analyze its
performance, generalizing techniques developed by |[Bayati and Montanari (2011)] and [Ja-
vanmard and Montanari (2013)]. State evolution was further studied by [Deshpande and
Montanari (2014))] and |[Deshpande et al.| (2015)]. AMP is an iterative algorithm that pro-
vides an estimate §(*) (w), at each iteration ¢ € N, of the vector s. It turns out that tracking
the asymptotic vector and matrix MSE of the AMP algorithm is equivalent to running a
simple recursion called state evolution (SE).
The AMP algorithm reads

J
B = LS (w1 — b))

T n

20 _ a(t=1)y  _ p(t—1)5(t—2)
{SJ nt((ws ).7 b S )7 (4)

for j =1,--- ,n, where n;(y) is called the denoiser and n;(y) is the derivative w.r.t y. The
denoiser is the MMSE estimate associated to an “equivalent scalar denoising problem”

v—F

y=s+%(E)z,  X(BE)?%:= A (5)
with Z ~ N (0,1) and
(z=Y)2
drzPy(z)e 2=(B?
n(y) = Bx|Y — y) — L refolo)e B2 (©)

[ dzPy(z)e 22(E)?

where E is updated at each time instance ¢ according to the recursion .
Natural performance measures are the “vector” and “matrix” MSE’s of the AMP esti-
mator defined below.



Definition 1 (Vector and matrix MSE of AMP) The vector and matrix MSE of the
AMP estimator g(t)( W) at iteration t are defined respectively as follows

_ 1 A (t
Vinsejp (A7) i= TEg w(] 5"~ 53], (7)
_ 1 at) @7
Mumsey (A7) = —Esw[|§757 — SSTIF]. (8)

where || A||2 = D A?j stands for the Frobenius norm of a matriz A.

A remarkable fact that follows from a general theorem of [Bayati and Montanari| (2011))]
(see [Deshpande et al| (2015)] for its use in the matrix case) is that the state evolution
sequence tracks these two MSE’s and thus allows to assess the performance of AMP. Con-
sider the scalar denoising problem (). Hence, the (scalar) mmse function associated to this
problem reads

mmse((E)~?) i= Egy (S — B[X|Y])?], (9)
The state evolution sequence E® ., ¢t € N is defined as
EWD — mmse(S(EM)72),  EO =y, (10)

Since the mmse function is monotone decreasing (its argument has the dimension of a signal
to noise ratio) it is easy to see that that E® is a decreasing non-negative sequence. Thus
limy_, oo E® := E(*) exists. One of the basic results of [Bayati and Montanari (2011)],
[Deshpande et al.| (2015))] is

Jim Vmsel,p (A7) = EO, and im Mumnsel” \p (A1) = 0? — (v — E®)2. (11)
We note that the results in |[Bayati and Montanari (2011)], [Deshpande et al. (2015)] are
stronger in the sense that the non-averaged algorithmic mean square errors are tracked by
state evolution with probability one.

Note that when E[S] = 0 then v is an unstable fixed point, and as such, state evolution
“does not start”, in other words we have E() = v. While this is not really a problem when
one runs AMP in practice, for analysis purposes one can circumvent this problem by slightly
biasing Py and remove the bias at the end of the analysis. For simplicity, we always assume
that Py is biased so that E[S] is not zero.

Assumption 1: In this work we assume that P, is discrete with bounded support.
Moreover, we assume that Py is biased such that E[S] is non-zero.

A fundamental quantity computed by state evolution is the algorithmic threshold.

Definition 2 (AMP threshold) For A > 0 small enough, the fized point equation cor-
responding to has a unique solution for all noise values in |0, A[. We define Aanmp as
the supremum of all such A.



2.3 Spatially coupled model

The present spatially coupled construction is similar to the one used for the coupled Curie-
Weiss model [Hassani et al| (2010)] and is also similar to mean field spin glass systems
introduced in |[Franz and Toninelli (2004); Caltagirone et al. (2014)]. We consider a chain
(or a ring) of underlying systems positioned at p€{0,..., L} and coupled to neighboring
blocks {u—w, ..., ptw}. Positions u are taken modulo L+1 and the integer we{0,..., L/2}
equals the size of the coupling window. The coupled model is

[A
wiuju = SiquV % + Ziujy\/Z, (12)

where the index i, € {1,...,n} (resp. j,) belongs to the block u (resp. v) along the ring, A
is an (L+1)x(L+1) matrix which describes the strength of the coupling between blocks, and
Zi,j, ~N(0,1) are i.i.d. For the analysis to work, the matrix elements have to be chosen
appropriately. We assume that:

i) A is a doubly stochastic matrix;

)

ii) A, depends on |u—v|;

iii) A, is not vanishing for |u—v| < w and vanishes for |u—v|>w;

iv) A is smooth in the sense |A,, —A,t1,|=0O(w™2) and A* := sup,, , A = O(w™1);
v) A has a non-negative Fourier transform.

All these conditions can easily be met, the simplest example being a triangle of base 2w+1
and height 1/(w+1), more precisely:

1 ln—v|
1-— , —v|<w
Ay = w1 < w+1> Iz | < (13)
0, lw—v| >w

We will always denote by S, := {v| Ay, # 0} the set of 2w + 1 blocks coupled to block .

The construction of the coupled system is completed by introducing a seed in the ring:
we assume perfect knowledge of the signal components {s;, } for pcB:={-w—1,...,w—1}
mod IA1. This seed is what allows to close the gap between the algorithmic and information
theoretic limits and therefore plays a crucial role. We sometimes refer to the seed as the
pinning construction. Note that the seed can also be viewed as an “opening” of the chain
with fixed boundary conditions.

AMP has been applied for the rank-one symmetric matrix estimation problems by [Ran-
gan and Fletcher| (2012)], who also computed the state evolution formula to analyze its
performance, generalizing techniques developed by [Bayati and Montanari (2011)] and [Ja-
vanmard and Montanari (2013)]. State evolution was further studied by [Deshpande and
Montanari (2014))] and [Deshpande et al.| (2015])].

The AMP algorithm and the state evolution recursion [Deshpande and Montanari| (2014);
Deshpande et al.| (2015)] can be easily adapted to the spatially coupled model as done in
Section |4} The proof that the state evolution for the symmetric rank-one matrix estimation



problem tracks the AMP on a spatially coupled model is an extension of the analysis done
in [Deshpande and Montanari (2014); Deshpande et al. (2015)] for the uncoupled model.
The full re-derivation of such result would be lengthy and beyond the scope of our analysis.
We thus assume that state evolution tracks the AMP performance for our coupled prob-
lem. However, we believe that the proof will be similar to the one done for the spatially
coupled compressed sensing problem [Javanmard and Montanari (2013))]. This assumption
is vindicated numerically.

Assumption 2: We consider the spatially coupled model with Py satisfying As-
sumption 1. We assume that state evolution tracks the AMP algorithm for this model.

2.4 Main results: basic underlying model

One of our central results is a proof of the expression for the asymptotic mutual information
per variable via the so-called replica symmetric (RS) potential. This is the function E €
[0,v] = igrs(E;A) € R defined as

_ ozt S

— E)2 2 = _Z_
Z'RS(E; A) = (Ui‘)A_H) _ ES,Z []n</ deo(a:)e 22(E>2+ (2(E)2+2(E))>:| , (14)

with Z~N(0,1), S~ Py. Most of our results will assume that Py is a discrete distribution
over a finite bounded real alphabet Py(s) => " | pad(s—aq) (see Assumption 1). Thus
the only continuous integral in is the Gaussian over Z. The extension to mixtures of
continuous and discrete signals can be obtained by approximation methods not discussed
in this paper (see e.g. the methods in [Lelarge and Miolane| (2017)]).

It turns out that both the information theoretic and algorithmic AMP thresholds are
determined by the set of stationary points of (w.r.t E). It is possible to show that
for all A > 0 there always exist at least one stationary minimumﬂ In this contribution
we suppose that at most three stationary points exist, corresponding to situations with at
most one phase transition as depicted in Fig. [1| (see Assumption 3 below). Situations with
multiple transitions could also be covered by our techniques.

Assumption 3: We assume that P is such that there exist at most three stationary
points for the potential .

To summarize, our main assumptions in this paper are:

(A1) The prior Py is discrete with bounded support. Moreover, we assume that Py is biased
such that E[S] is non-zero.

(A2) We consider the spatially coupled model with P, satisfying Assumption
We assume that state evolution tracks the AMP algorithm for this model.

(A3) We assume that Py is such that there exist at most three stationary points for the

potential .

Remark 3 An important property of the replica symmetric potential is that the stationary
points satisfy the state evolution fized point equation. In other words Jirs/OFE = 0 implies
E = mmse(X(E)~2) and conversely. Moreover it is not difficult to see that the Aanp

2. Note E =0 is never a stationary point (except for the trivial case of Py a single Dirac mass which we
exclude from the discussion) and E = v is stationary only if E[S] = 0.



is given by the smallest solution of dirs/OE = 0%irs/OE? = 0. In other words the AMP
threshold is the “first” horizontal inflexion point appearing in irs(E;A) when A increases
from 0 to 4o0.

One of the main results of this paper is formulated in the following theorem which pro-
vides a proof of the conjectured single-letter formula for the asymptotic mutual information
per variable.

Theorem 4 (RS formula for the mutual information) Fiz A > 0 and let Py satisfy

Assumptions (A3). Then

lim lI(.S'; W) = min igs(E;A). (15)

n—oo n Ec[0,v]
Proof See Section [6l [ |

The proof of the existence of the limit does not require the above hypothesis on Fy. Also,
it was first shown in [Krzakala et al.| (2016])] that

lim sup lI(S;W) < min igg(E;A), (16)
n—+oo T Ec[0,v]
an inequality that we will use in the proof section. Note that, interestingly, and perhaps
surprisingly, the analysis of [Krzakala et al. (2016])] leads to a sharp upper bound on the
“free energy” for all finite n. We will make extensive use of this inequality and for sake of
completeness, we summarize its proof in Appendix [A]
Theorem [4| allows to compute the information theoretic phase transition threshold which
we define in the following way.

Definition 5 (Information theoretic or optimal threshold) Define Ay as the first
non-analyticity point of the mutual information as A increases. Formally

1
Agpt 1= sup{A| li_)rn EI(S; W) is analytic in |0, Al}. (17)

The information theoretic threshold is also called “optimal threshold” because we expect
Aamvp < Agpt. This is indeed proven in Lemma

When F is s.t has at most three stationary points, then minge(g,,] irs(E; A) has
at most one non-analyticity point denoted Agg (see Fig. . In case of analyticity over all
R4, we set Arg =00. We call Agrg the RS or potential threshold. Theorem {4 gives us a
mean to concretely compute the information theoretic threshold: Agpy =Ags.

From Theorem 4 we will also deduce the expressions for the vector MMSE and the
matriz MMSE defined below.

Definition 6 (Vector and matrix MMSE) The vector and matric MMSE are defined
respectively as follows

Vinmse, (A~ 1= %ES,W{HS—E[XWWHQ. (18)

Mmmse, (A1) := %ES,W[Hssr —ExxT W] (19)

10
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Figure 1: The replica symmetric potential irg(FE) for four values of A in the spiked Wigner
model with S; ~ Ber(p). The normalized mutual information is minigrs(F) (the
black dot, while the black cross corresponds to the local minimum) and the asymp-
totic MMSE is argminigrg(F), where v =p in this case with p=0.02. From top
left to bottom right: i) For low noise values, here A = 0.0008 < Aanp, there
exists a unique “good” minimum corresponding to the MMSE and AMP is Bayes
optimal. i7) As the noise increases, a second local “bad” minimum appears: this
is the situation at Aayp < A =0.0012 < Ags. iii) For A =0.00125 > Agg, the
“bad” minimum becomes the global one and the MMSE suddenly deteriorates.
iv) For larger values of A, only the “bad” minimum exists. AMP can be seen
as a naive minimizer of this curve starting from £ =v=0.02. AMP can reach
the global minimum in situations 4), #i7) and iv). However, in situation ii), when
Aanp <A< Ags, AMP is trapped by the local minimum with large MSE instead
of reaching the global one corresponding to the MMSE.

The conditional expectation E[- W] in Definition [6]is w.r.t the posterior distribution

1 oy (ﬁ,wf L
P(x|w) = =——e 227/ Lvn W Po(z:), (20)
Z(w) an

with the normalizing factor depending on the observation given by
z - —Ly .(w_w..)2
Z(W) :/{Hdl'ipo(l‘i)}e 2A £4i<j \"\/n ij (21)
i=1

The expectation Egw|-] is the one w.r.t P(w)P(s) = Z(w) [[/_, Po(si). The expressions
for the MMSE’s in terms of are given in the following corollary.

Corollary 7 (Exact formula for the MMSE) For all A # ARgs, the matric MMSE is
asymptotically

2

lim Mmmse, (A1) =v* — (v — argmingepo ] iRs (£ A))2. (22)

n—oo

Moreover, if A<Aavp or A>ARgs, then the usual vector MMSE satisfies

lim Vmmse,(A™!) = argminpgepo o irs (£ A). (23)

n—oo

11



Proof See Section [Tl [ ]

It is natural to conjecture that the vector MMSE is given by argminEe[Oyv]iRs(E; A) in the
whole range A # ARrg, but our proof does not quite yield the full statement.

Another fundamental consequence of Theorem [4] concerns the optimality of the perfor-
mance of AMP.

Corollary 8 (Optimality of AMP) For A < Aamp or A > ARgs, the AMP is asymp-
totically optimal in the sense that it yields upon convergence the asymptotic vector-MMSE
and matriz-MMSE of Corollary[7 Namely,

. . (t) -1\ _ 71 -1

tl}_anOO ngrfoo Mmse, ‘s \p (A7) = nlglgo Mmmse, (A™). (24)
. . (t) -1y _ 71: -1

tilgéo nll)I_Poo Vmse, ‘s \p (A7) = nh_I}Igo Vmmse, (A™). (25)

On the other hand, for Aavp < A < Ars the AMP algorithm is strictly suboptimal, namely

. . (t) -1 . -1
tLleroo ngrfm Mmse,, s\p (A7) > nh_{go Mmmse,, (A™). (26)
. . (t) -1 : -1
tl}linoo ngrfoo Vmse, syp(A7) > nlg]go Vmmse, (A™"). (27)
Proof See Section [l [ ]

This leaves the region Aayp < A < Agg algorithmically open for efficient polynomial
time algorithms. A natural conjecture, backed up by many results in spin glass theory,
coding theory, planted models and the planted clique problems, is:

Conjecture 9 For Aavp < A < Ags, no polynomial time efficient algorithm that outper-
forms AMP exists.

2.5 Main results: coupled model

In this work, the spatially coupled construction is used for the purposes of the proof. How-
ever, one can also imagine interesting applications of the spatially coupled estimation prob-
lem, specially in view of the fact that AMP turns out to be optimal for the spatially coupled
system. In coding theory for example, the use of spatially coupled systems as a proof device
historically followed their initial construction which was for engineering purposes and led
to the construction of capacity achieving codes.

Our first crucial result states that the mutual information of the coupled and original
systems are the same in a suitable limit. The mutual information of the coupled system of
length L and with coupling window w is denoted I, 1,(S; W).

Theorem 10 (Equality of mutual informations) For any fived w s.t. Py satisfies As-
sumptz'on the following limits exist and are equal

lim lim ——— 1, (S W) = lim ~I(S: W). (28)

L—oon—oco n(L + 1) n—oo n,

12



Proof See Section [ [ |

An immediate corollary is that the non-analyticity points (w.r.t A) of the mutual in-
formations are the same in the coupled and underlying models. In particular, defining
ASoe = sup{A | limy e limy, 00 Lo, (S; W)/ (n(L + 1)) is analytic in ]0, A[}, we have
AGpt =Aopt-

The second crucial result states that the AMP threshold of the spatially coupled system
is at least as good as Agg (threshold saturation result of Theorem . The analysis of
AMP applies to the coupled system as well [Bayati and Montanari| (2011); Javanmard and
Montanari (2013)] and it can be shown that the performance of AMP is assessed by SE.
Let

o1 &(t)
El(f) = lim EEs,z[HSu—S Hg] (29)

n—00 H

be the asymptotic average vector-MSE of the AMP estimate Sff) at time t for the p-th

“block” of S. We associate to each position u € {0,...,L} an independent scalar system
with AWGN of the form y=s+3,(E; A)z, with

v— Zi:[) A By

Su(E)7? = A

(30)

and S~ Py, Z~N(0,1). Taking into account knowledge of the signal components in the
seed B, SE reads

EY = mmse(S,(ED; A)=2), EYY = v for p e {0,...,L}\ B, 31)
E,(f)zofor,uEB,tEO
where the mmse function is defined as in @[}
From the monotonicity of the mmse function we have E,(frl) < E,(f) forall u € {0,..., L},

a partial order which implies that lim; E® = E(®) exists. This allows to define an
algorithmic threshold for the coupled system on a finite chain:

AAMPw,L = SHP{A’E,SOO) < FBgood(A) ¥ p}

where Fgo0d(A) is the trivial fixed point solution of the SE starting with the initial condition
E© = 0. A more formal but equivalent definition of Aanp w7 is given in Section

Theorem 11 (Threshold saturation) Let AS,p be the algorithmic threshold on an in-
finite chain, A§\p :=liminf,_ o liminfr o AAvp.w,z, 5.1 Po satisfies Assumpti(ms
and . We have AGy\p > ARs.

Proof See Section [ [ |

Our techniques also allow to prove the equality A%y;p = ARrs, but this is not directly
needed.
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2.6 Road map of the proof of the replica symmetric formula

Here we give a road map of the proof of Theorem [ that will occupy Sections [AH6] A
fruitful idea is to concentrate on the question whether Aqp; = Ars. The proof of this
equality automatically generates the proof of Theorem

We first prove in Section that Agpt < Ars. This proof is based on a joint use of the
[-MMSE relation (Lemma , the replica bound and the suboptimality of the AMP
algorithm. In the process of proving Ay < Agg, we in fact get as a direct bonus the proof
of Theorem [ for A < Agps.

The proof of Agpt > ARrs requires the use of spatial coupling. The main strategy is to
show

Ars < Afmp < Agpt = Aopt.- (32)

The first inequality in is proven in Section [4| using methods first invented in coding
theory: The algorithmic AMP threshold of the spatially coupled system A%,p saturates
(tends in a suitable limit) towards Ags, i.e. Ars < A yp (Theorem. To prove the (last)
equality we show in Section [5| that the free energies, and hence the mutual informations,
of the underlying and spatially coupled systems are equal in a suitable asymptotic limit
(Theorem [10). This implies that their non-analyticities occur at the same point and hence
Aot = Aopt This is done through an interpolation which, although similar in spirit, is
different than the one used to prove replica bounds (e.g. (16)). In the process of showing
ASLe = Aopt, we will also derive the existence of the limit for I(S; W)/n. Finally, the
second inequality is due the suboptimality of the AMP algorithm. This follows by a direct
extension of the SE analysis of [Deshpande and Montanari (2014); Deshpande et al. (2015)]
to the spatially coupled case as done in [Javanmard and Montanari| (2013))].

Once Aqpy = ARgg is established it is easy to put everything together and conclude the
proof of Theorem In fact all that remains is to prove Theorem {4 for A > A,y This
follows by an easy argument in section @ which combines Ay,; = ARg, the replica bound
and the suboptimality of the AMP algorithm. Note that in the proof sections that
follow, we assume that Assumptions |(A1)H(A3)| hold.

2.7 Connection with the planted Sherrington-Kirkpatrick spin glass model

Let us briefly discuss the connection of the matrix factorization problem (/1) with a statistical
mechanical spin glass model which is a variant of the classic Sherrington-Kirkpatrick (SK)
model. This is also the occasion to express the mutual information as a “free energy”
through a simple relation that will be used in various guises later on.

Replacing w;; = n~Y 25,8+ \/Kzij in and simplifying the fraction after expanding
the squares, the posterior distribution can be expressed in terms of s,z as follows

n

1
P(x]s,z) = e "B T Ry(a), (33)
i=1
where
n SiSjl‘iSL‘j zijxixj
— — 4
H(x]s,7) = Z:(m T - ) (34)
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and

Z= / { ﬁdmiPo(:ci)}e_H(x|s’z). (35)
i=1

In the language of statistical mechanics, is the “Hamiltonian”, the “partition
function”, and is the Gibbs distribution. This distribution is random since it depends
on the realizations of S, Z. Conditional expectations with respect to are denoted by
the Gibbs “bracket” (—). More precisely

Exs,z [A(X)|S =s,Z = z] = (A(X)). (36)

The free energy is defined as
1
fn= —#Es,z[ln Z]. (37)

Notice the difference between Z in and Z in . The former is the partition function
with a complete square, whereas the latter is the partition function that we obtain after
expanding the square and simplifying the posterior distribution.

In Appendix B] we show that mutual information and free energy are essentially the
same object up to a trivial term. For the present model

1 1 v? 1 P

—I(S;W) = ——Es z[ln Z] + = + - (2E[S"] - v), (38)
where recall v = E[S?]. This relationship turns out to be very practical and will be used
several times.

For binary signals we have s; and z; € {—1,+1}, so the model is a binary spin glass
model. The first term in the Hamiltonian is a trivial constant, the last term corresponds
exactly to the SK model with random Gaussian interactions, and the second term can be
interpreted as an external random field that biases the spins. This is sometimes called a
“planted” SK model.

The rest of the paper is organized as follows. In Section [3|we provide two examples of the
symmetric rank-one matrix estimation problem. Threshold saturation and the invariance of
the mutual information due the spatial coupling are shown in Section [4 and [f] respectively.
The proof of Theorem [ follows in Section[6] Section [7]is dedicated to the proof of Corollary
[7 and Corollary [8

3. Two Examples: spiked Wigner model and community detection

In order to illustrate our results, we shall present them here in the context of two exam-
ples: the spiked Wigner model, where we close a conjecture left open by [Deshpande and
Montanari (2014))], and the case of asymmetric community detection.

3.1 Spiked Wigner model

The first model is defined as follows: we are given data distributed according to the spiked
Wigner model where the vector s is assumed to be a Bernoulli 0/1 random variable with
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Wigner Spike model Wigner Spike model, p=0.02
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Figure 2: Left: close up of the phase diagram in the density p (where Py(s) = pd(s — 1) +
(1 — p)d(z)) versus noise A plane for the rank-one spiked Wigner model (data
from |Lesieur et al. (2015b)]). In [Deshpande and Montanari| (2014))], the authors
proved that AMP achieves the information theoretic MMSE for all noise as long as
p > 0.041(1). We show that AMP is actually achieving the optimal reconstruction
in the whole phase diagram except in the small region between the blue and red
line. Notice the large gap with spectral methods (dotted black line). Right:
MMSE (red) at p = 0.02 as a function of the noise variance A. AMP (dashed
blue) provably achieve the MMSE except in the region Aanp < A < Agp. We
conjecture that no polynomial-time algorithm will do better than AMP in this
region.

probability p. Data then consists of a sparse, rank-one matrix observed through a Gaussian
noise. In [Deshpande and Montanari (2014)], the authors proved that, for p > 0.041,
AMP is a computationally efficient algorithm that asymptotically achieves the information
theoretically optimal mean-square error for any value of the noise A.

For very small densities (i.e. when p is 0(1)), there is a well known large gap between
what is information theoretically possible and what is tractable with current algorithms in
support recovery [Amini and Wainwright (2008)]. This gap is actually related to the planted
clique problem [d’Aspremont et al. (2007); Barak et al.| (2016))], where it is believed that
no polynomial algorithm is able to achieve information theoretic performances. It is thus
perhaps not surprising that the situation for p < 0.041 becomes a bit more complicated.
This is summarized in Fig. and discussed in |[Lesieur et al| (2015b)] on the basis of
statistical physics consideration which we now prove.

For such values of p, as A changes there is a region when two local minima appears
in irs(F;A) (see the RS formula ) In particular for Aapp < A < Agpt, the global
minimum differs from the AMP one and a computational gap appears (see right panel in
Fig. . Interestingly, in this problem, the region where AMP is Bayes optimal is still quite
large.
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The region where AMP is not Bayes optimal is perhaps the most interesting one. While
this is by no means evident, statistical physics analogies with actual phase transition in
nature suggest that this region will be hard for a very large class of algorithms. A fact that
add credibility to this prediction is the following: when looking to small p regime, we find
that both the information theoretic threshold and the AMP one corresponds to what has
been predicted in sparse PCA for sub-extensive values of p [Amini and Wainwright| (2008))].

Finally, another interesting line of work for such probabilistic models has appeared in
the context of random matrix theory (see for instance [Baik et al.| (2005)] and references
therein). The focus is to analyze the limiting distribution of the eigenvalues of the observed
matrix. The typical picture that emerges from this line of work is that a sharp phase
transition occurs at a well-defined critical value of the noise. Above the threshold an outlier
eigenvalue (and the principal eigenvector corresponding to it) has a positive correlation
with the hidden signal. Below the threshold, however, the spectral distribution of the
observation is indistinguishable from that of the pure random noise. In this model, this
happens at Agpectral = p?. Note that for A > Agpectral spectral methods are not able to
distinguish data coming from the model from random ones, while AMP is able to sort
(partly) data from noise for any values of A and p.

3.2 Asymmetric community detection

The second model is a problem of detecting two communities (groups) with different sizes
pn and (1—p)n, that generalizes the one considered in |[Deshpande et al.| (2015))]. One is
given a graph where the probability to have a link between nodes in the first group is p+u(1—
p)/(py/n), between those in the second group is p+pup/(y/n(1—p)), while interconnections
appear with probability p—u/y/n. With this peculiar “balanced” setting, the nodes in each
group have the same degree distribution with mean pn, making them harder to distinguish.

According to the universality property described in Section [2] this is equivalent to the
AWGN model (1)) with variance A =p(1—p)/u? where each variable s; is chosen according
to

Py(s) =pé(s =/ (1 =p)/p) + (1 = p)(s+/p/(1 = p)). (39)

Our results for this proble are summarized in Fig. [3l For p> p.=1/2—4/1/12 (black
point), it is asymptotically information theoretically possible to get an estimation better
than chance if and only if A<1. When p< p., however, it becomes possible for much larger
values of the noise. Interestingly, AMP and spectral methods have the same transition and
can find a positive correlation with the hidden communities for A < 1, regardless of the
value of p.

4. Threshold saturation

The main goal of this section is to prove that for a proper spatially coupled (SC) system,
threshold saturation occurs (Theorem ), that is Ags < AQyp- We begin with some

3. Note that here since E = v = 1 is an extremum of igs(E; A), one must introduce a small bias in Py and
let it then tend to zero at the end of the proofs.
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Figure 3: Left: Phase diagram in the density p (where Py(s) = pd(s — /1 —p/p) + (1 —
p)o(s++/p/1 — p)) corresponding to an asymmetric community detection problem
with two communities. For p > 1—4/1/12 (black point), it is information theoret-
ically impossible when A > 1 to find any overlap with the true communities and
the optimal MMSE is equal 1, while it is possible for A < 1. AMP is again always
achieving the MMSE, and spectral method can find a non-trivial overlap with the
truth starting from A < 1. For p < 1—/1/12, however, it is information theoret-
ically possible to find information on the hidden assignment (below the blue line),
but both AMP and spectral methods misses this information: Right:MMSE (red)
at p = 0.05 as a function of the noise variance A. AMP (dashed blue) provably
achieve the MMSE except in the region Agpectral = Aamp < A < Agpt.

preliminary formalism in Sec. on state evolution for the underlying and coupled
systems.

4.1 State evolution of the underlying system

First, define the following posterior average

1)2 S zZ
(A) = fdmA(x)Po(m)eUE(E,A)?”(z(E,Aﬂ+E(E,A>)

, (40)

z2 s -
f deo(a;)e_ m(Ea2 T ( SE.A2 TSEN )

where S ~ Py, Z ~ N(0,1). The dependence on these variables, as well as on A and F is
implicit and dropped from the notation of (A). Let us define the following operator.

Definition 12 (SE operator) The state evolution operator associated with the underlying
system is

Tu(E) := mmse(X(E)?) = Es 2[(S — (X)), (41)
where S ~ Py, Z ~ N(0,1).
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The fixed points of this operator play an important role. They can be viewed as the
stationary points of the replica symmetric potential function E € [0,v] — irs(F;A) € R or
equivalently of fiq : E € [0,v] —= frg(E) € R where

1}2

Fis(B) = ins (B3 A) = (42)

It turns out to be more convenient to work with firg instead of irs. We have

Lemma 13 Any fized point of the SE corresponds to a stationary point of frg:

Ofis (B )

E=Ty(E) < o5 P

—0. (43)

Proof See Appendix [ |

The asymptotic performance of the AMP algorithm can be tracked by iterating the SE
recursion as follows (this is the same as equation expressed here with the help of T3,)

EWD —1(E®), t>0, EO =y, (44)

where the iteration is initialized without any knowledge about the signal other than its
prior distribution (in fact, both the asymptotic vector and matrix MSE of the AMP are

tracked by the previous recursion as reviewed in Section . Let Ego0d(A) = TIEOO) (0), the
fixed point reached by initializing iterations at £ = 0. With our hypothesis on Fj it is not
difficult to see that definition [2|is equivalent to

Aamp = sup {A > 0| T (v) = Egooa(A)}. (45)
The following definition is handy

Definition 14 (Bassin of attraction) The basin of attraction of the good solution Egood(A)
is Vgood = {E | T (E) = Egooa(A)}.

Finally, we introduce the notion of potential gap. This is a function dffq : A € Ry —
dfRs(A) € R defined as follows:

Definition 15 (Potential gap) Define
6frs(A) ==infpgy, , (fRs(E) — fRs(Egood)) (46)

as the potential gap, with the convention that the infimum over the empty set is oo (this
happens for A < Aanp where the complement of Veooa s the empty set).

Our hypothesis on Py imply that
Ars = sup {A > 0 3fis(A) > 0} (47)
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4.2 State evolution of the coupled system
For the SC system, the performance of the AMP decoder is tracked by an MSE profile (or
just profile) E®, defined componentwise by

. 1 a(t)
t) _
El(i) = nEIJ?oo EES’W”S'M - SH

(W)I3. (48)
It has L + 1 components and describes the scalar MSE in each block p. Let us introduce
the SE associated with the AMP algorithm for the inference over this SC system. First,

denote the following posterior average at fixed s,z and A.

2 s
/ dxA(z)Py(z)e QEH?E’AJQ te ( BB T SHEA) )

(A)p: = = ) (49)
[ dxPy(z)e =u®A)7 s ®a)? T SuEs)
where the effective noise variance of the SC system is defined as
V= s M E
Su(E)7? = L B (50)

A
where we recall S, := {v| Ay, # 0} is the set of 2w 4 1 blocks coupled to block .

Definition 16 (SE operator of the coupled system) The state evolution operator as-
sociated with the coupled system @ is defined component-wise as

[Te(B))y = Es.2[(S — (X),)°]. (51)
T.(E) is vector valued and here we have written its u-th component.

We assume perfect knowledge of the variables {s;,} inside the blocks p € B := {0 : w —
1} U{L —w : L} as mentioned in Section that is x;, = s;, for all i, such that pu € B.
This implies £, = 0V € B. We refer to this as the pinning condition. The SE iteration
tracking the scalar MSE profile of the SC system reads for u ¢ B

B = [T(BY)], ¥t>0, (52)

with the initialization E\”) = v. For i € B, the pinning condition forces E) = 0V t. This

equation is the same as but is expressed here in terms of the operator T'c.
Let us introduce a suitable notion of degradation that will be very useful for the analysis.

Definition 17 (Degradation) A profile E is degraded (resp. strictly degraded) w.r.t an-
other one G, denoted as E = G (resp. E > G), if E,, > G, ¥ p (resp. if E = G and there
exists some p such that E, > G,,).

Define an error profile Ego0q(A) as the vector with all L +1 components equal to Egooq(A).

Definition 18 (AMP threshold of coupled ensemble) The AMP threshold of the cou-
pled system is defined as

Soup = Hminf,, ;oo sup {A > 0| T (v) < Egooa(A)} (53)

where v is the all v vector. The liminf,, 1, s taken along sequences where first L — oo

and then w — oo. We also set for a finite system Aamp.w,r = sup{A > 0| TC(OO)(U) =<
Egood(A)}~
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The proof presented in the next subsection uses extensively the following monotonicity
properties of the SE operators.

Lemma 19 The SE operator of the SC system maintains degradation in space, i.e. E >
G = T.(E) = T.(G). This property is verified by Ty(E) for a scalar error as well.

Proof From one can immediately see that E = G = ¥,(E) > X,(G) V u. Now,
the SE operator can be interpreted as the mmse function associated to the Gaussian
channel y = s + X,(E,A)z. This is an increasing function of the noise intensity ZZ:
this is intuitively clear but we provide an explicit formula for the derivative below. Thus
[T(E)], > [T.(G)], ¥V i, which means T, (E) = T.(G).

The derivative of the mmse function of the Gaussian channel can be computed as

d mmse(X 2

) = oy X — B varlx Y]] (54
This formula explicitly confirms that T,,(E) (resp. [Tc(E)],) is an increasing function of %2
(resp. Ei) [ |

Corollary 20 The SE operator of the coupled system maintains degradation in time, i.e.,
T.(EY) < EY = T, (E"Y)) < EYY . Similarly T.(EY) = EY = T.(E¢HY) = E¢D,
Furthermore, the limiting error profile E) = TC(OO)(E(O)) exists. These properties are
verified by Ty(FE) as well.

Proof The degradation statements are a consequence of Lemma The existence of the
limits follows from the monotonicity of the operator and boundedness of the scalar MSE. B

Finally we will also need the following generalization of the (replica symmetric) potential
function to a spatially coupled system:

L
frs®) =2 3 T B B)

p=0vesS,
L 1 (x272m5+xZ2 (E A))
Z]Esvz[ln(/dxpo(x)e 25, (E)?2 HATH ):|7 (55)
n=0

where Z ~ N(z]0,1) and S ~ Py(s). As for the underlying system, the following Lemma
links the SE and RS formulations.

Lemma 21 If E is a fized point of (52)), i.e. E,, = [T.(E)], = 6f§§iE)|E =0V pebB=
{w:L—w-—1}.

Proof The proof is similar to the proof of Lemma [I3]in Appendix [D] We skip the details
for brevity. |

Now that we have settled the required definitions and properties, we can prove threshold
saturation.
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Figure 4: A fixed point profile E* of the coupled SE iteration (solid line) is necessarily null
V u € {0 : w— 1} because of the pinning condition, and then it increases to
reach Epax € [0,v] at some pfimax € {w : L —w — 1} (for a symmetric coupling
matrix pmax = L/2). Then, it starts decreasing and it is again null V u €
{L —w : L}. By definition, the associated saturated profile E (dashed line) starts
at Fgood(A) V o < pux, where i, is such that: E}) < Egooa(A) V € {0 i} and
B > Egood(A) V g/ € {ptx +1 : L}. Then, E matches E* V 1 € {ts : fimax}
and saturates at Fpyax V it > Umax. Lhe saturated profile is extended for p < 0
and g > L indices. The green (resp. red) branch shows that when the block
indices of E are 1 < 0 (resp. pu > L), then E, equals to Egood(A) (resp. Emax)-
By construction, E is non decreasing in p and is degraded w.r.t the fixed point
profile E > E*.

4.3 Proof of Theorem [11]

The proof will proceed by contradiction. Let E* a fixed point profile of the SE iteration
(52). We suppose that E* does not satisfy E* < Egooq(A), and exhibit a contradiction for
A < Ags and w large enough (but independent of L). Thus we must have E* < Egp0q(A).
This is the statement of Theorem [28]in Sec. and directly implies Theorem

The pinning condition together with the monotonicity properties of the coupled SE
operator (Lemma and Corollary ensure that any fixed point profile E* which does
not satisfy E* < Ego04(A) necessarily has a shape as described in Fig. 4l We construct an
associated saturated profile E as described in Fig. [4, From now on we work with a saturated
profile E which verifies E = E* and E > Egyy0q(A). In the following we will need the
following operator.

Definition 22 (Shift operator) The shift operatorS is defined componentwise as [S(E)],, :
B, 1.
4.3.1 UPPER BOUND ON THE POTENTIAL VARIATION UNDER A SHIFT

The first step in the proof of threshold saturation is based on the Taylor expansion of the
RS free energy of the SC system.

Lemma 23 Let E be a saturated profile. Set Ey := (1 — X\)E+ AS(E) for A € [0,1] and
OE, :=E, — E,_1. There exists some X € [0,1] such that

2
oS~ fis(B) = L 3 05,08 s, (56)

uu’ 0
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Proof Using the remainder Theorem, the free energy difference can be expressed as

: Ois(E) 1§ 0 fis(E)
Fis(S(E)) — frs(E Z‘E ‘E—i_ 2u;05E“5E“' 0F,0E,, |8,

(57)

for some A € [0,1]. By definition of the saturated profile E, we have 6E, =0V p € A =
{0 pu} U{pmax +1 : L} and E, = [T(E)], for r ¢ A. Recalling Lemma 21| we see that
the derivative in the first sum cancels for r ¢ A. Hence the first sum in vanishes. MW

Lemma 24 The saturated profile E is smooth, i.e. 6E* := max|0E,| = O(1/w) uniformly
I
in L.

Proof By definition of the saturated profile E we have 6E, =0V u € A :={0: p.} U
{#max + 1 : L}. For p ¢ A, we can replace the fixed point profile component E, by
[T.(E)], so that OE, = [T.(E)], — [T ( )]u—1. We will Taylor expand the SE operator. To
this end, we define 52 2.=3 u(E )72 — (B )72 for p € {p* + 1 : fmax}. Recall that
A1 =N, A > 0 and A* ==sup,, A = O(1/w). Thus from we get

1652 :%) > Aw(By - Ey_l)(
veS,

A*
S K Z (El/ - Eu—l)

veES,

20A* 1
<2 o) (59)

where we have used F, — E,_1 > 0 to get rid of the absolute value. Note that the first and
second derivatives of the SE operator w.r.t Z;2 are bounded as long as the five first
moments of the posterior exist and are bounded (which is true under our assumptions).
Then by Taylor expansion at first order in ¢ 2;2 and using the remainder theorem, we obtain

| O[T (E _ 1
3B = T®)s — (Bl < 165,21 BB oty < 00, 69)
" w
where the last inequality follows from (58)). |

Proposition 25 Let E be a saturated profile. Then for all A > 0 there exists a constant
0 < C(A) < 400 independent of L such that

fes(S(E) — fes(®)] < T8 (60)

w

Proof From Lemma in order to compute the free energy difference between the shifted
and non-shifted profiles, we need to compute the Hessian associated with this free energy.
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We have

c -2 v
9 frs(E) _ Z AuvBy 1 Zazgg[Tc(E)]u— YN

0E, S5, 2A 2 &
1
= 5a (2 AwBot Y Ao [L(E)) — ) (61)
VGSM Z/GSM
and
D*fEs(E) 1 ) 1 L. (E),
aEﬂaEM’ B E <A'u"ul]I(M < S'u) N E Z A,u,zzAulyan)' (62)

IIESMOSM/

We can now estimate the sum in the Lemma 23l The contribution of the first term on the
r.h.s of can be bounded as

L L
1 OE*A*(2w+1) 1
E‘Z > AuwSESEy| < . ‘ZaEﬂ( <O(=), (63)
u=0p'€S, u=0
where we used the facts: 0F, > 0, the sum over y = 0,---, L is telescopic, E,, € [0,v],

A* = O(1/w) and §E* = (w™1) (Lemma. We now bound the contribution of the second
term on the r.h.s of . Recall the first derivative w.r.t ¥, 2 of the SE operator is bounded
uniformly in L. Call this bound K = O(1). We obtain

L
ﬁ] S 6E0Ey Y Apuhy, 2B

—2
wop' =1 vESUNS,,/ 2y
KA2SE" | & 1
§ W ZdEﬂ Z card(SM N Su/) § O(E) (64)
p=1 w e{p—2w:p+2w}
The last inequality follows from the following facts: the sum over u =1,--- | L is telescopic,
A* = O(1/w), Lemma[24] and for any fixed y the following holds
> card(S, N S,) = (2w + 1) (65)
we{p—2w:p+2w}
Finally, from , and the triangle inequality we obtain
1\ i 5,0, 2L | ol (66)
2| Za TR OB, 0B, By T w
Hop' =1
uniformly in L. Combining this result with Lemma 23] ends the proof. |
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4.3.2 LOWER BOUND ON THE POTENTIAL VARIATION UNDER A SHIFT

The second step in the proof is based on a direct evaluation of fiq(S(E)) — fRg(E). We
first need the Lemma:

Lemma 26 Let E be a saturated profile such that E = Eyo0q(A). Then Enax & Vaood-

Proof The fact that the error profile is non decreasing and the assumption that E >
Ego0d(A) imply that Enax > Ey = Egood(A). Moreover, Enax < [Te(E)] e < Tu(Fmax)
where the first inequality follows from E = E* and the monotonicity of T¢, while the second
comes from the fact that E is non decreasing. Combining these with the monotonicity of
Ty gives Ty(Fmax) > Emax which implies Té“’) (Bmax) = Emax > Egood(A) which means
Emax ¢ Vgood- u

Proposition 27 Fiz A < Agrs and let E be a saturated profile such that E = Ego0q(A).
Then

[frs(S(E)) — frs(E)| = 0frs(A) (67)
where 0 frg(A) is the potential gap (Definition .

Proof Set
I(%) i= Bz | In (/dxpo(x)e_QEl?(w2_2sm_22zz)>} .
By
c c “ Aot L A
frs(S(E)) — frs(E) = Z Z T(U—Eu)(U—Eu) - Z Z N (v—E,)(v—E,)
p=—1veES, p=0rveS,
L L
=) I(EuSE) + ) I(Su(E))
=0 u=0
=Y By w-B) - Y - B)0-B)
veS_y veSy,
— (31 (E)) + Z(EL(E)), (68)

where we used Aj,y1,41 = Ay implying also $,(S(E)) = £,_1(E) as seen from (50).
Recall £(E)~2 = (v—E)/A. Now looking at ([50), one notices that thanks to the saturation
of E, ¥_1(E) = X(Ey) where Ey = FEgo0d(A) (see the green branch in Fig. {4), while
Y (E) = ¥(EL) where E, = Enax (see the red branch Fig. [4). Finally from (68]), using
that the coupling matrix is (doubly) stochastic and the saturation of E

v—F)2 v— 2
s (S) — fis(®) = [V 1 0a(a))] - [V R ()
= Fis(Baood) — fiis(Bmax) < ~0/s(), (69)
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where we recognized the potential function of the underlying system frq(E; A) = igs(E; A)—
’U2

1~ and the last inequality is a direct application of Lemma [26| and Definition Finally,
using the positivity of § fiq(A) for A < Agg, we obtain the desired result. |

4.3.3 END OF PROOF OF THRESHOLD SATURATION

We now have the necessary ingredients in order to prove threshold saturation.

Theorem 28 (Asymptotic performance of AMP for the coupled system) Fiz A <
Ags. Take a spatially coupled system with w > C(A)/d fag(A) where C(A) is the constant
in Proposition[25. Then any fized point profile E* of the coupled state evolution iteration

must satisfy E* < Egooq(A).

Proof The proof is by contradiction. Fix A < Arg and w > C(A) /6 frs(A). We assume
there exists a fixed point profile which does not satisfy E* < Ego0d(A). Then we construct
the associated saturated profile E. This profile satisfies both statements of Propositions
and Therefore we must have §fiq(A) < C(A)/w which contradicts the choice
w > C(A)/6frs(A). We conclude that E* < Ego0q(A) must be true. [ |

Theorem [I1]is a direct corollary of Theorem [2§ and Definition [I§] Take some A, < Agg
and choose w > C(A.)/6 frs(Ax). Then we have Aanmp,w, > As. Note that 0 frq(As) —
04+ for A, — Agrs. Thus Taking L — +oo first and w — 400 second we can make A, as
close to Agrs as we wish. Therefore we obtain AQyp = liminfz 400 AAMP,w, > ARs
where the limit is taken in the specified order.

5. Invariance of the mutual information under spatial coupling

In this section we prove that the mutual information remains unchanged under spatial
coupling in a suitable asymptotic limit (Theorem . We will compare the mutual infor-
mations of the four following variants of . In each case, the signal s has n(L + 1) i.i.d
components.

o The fully connected: If we choose w = L/2 and a homogeneous coupling matrix
with elements A, , = (L +1)"!in . This yields a homogeneous fully connected
system equivalent to with n(L + 1) instead of n variables. The associated mutual
information per variable for fixed L and n is denoted by i$°}.

e The SC pinned system: This is the system studied in Section [] to prove threshold
saturation, with the pinning condition. In this case we choose 0 < w < L/2. The
coupling matrix A is any matrix that fulfills the requirements in Section (the
concrete example given there will do). The associated mutual information per variable
is here denoted iy’ ;. Note that i7% ; = (n(L + 1)1, L(S; W)

e The periodic SC system: This is the same SC system (with same coupling window
and coupling matrix) but without the pinning condition. The associated mutual

information per variable at fixed L, w,n is denoted £ .
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o The decoupled system: This corresponds simply to L + 1 identical and independent
systems of the form ([1)) with n variables each. This is equivalent to periodic SC system
with w = 0. The associated mutual information per variable is denoted dez Note

that 4 = n=11(S; W).

Let us outline the proof strategy. In a first step, we use an interpolation method twice: first
interpolating between the fully connected and periodic SC systems, and then between the
decoupled and periodic SC systems. This will allow to sandwich the mutual information of
the periodic SC system by those of the fully connected and decoupled systems respectively
(see Lemma. In the second step, using again a similar interpolation and Fekete’s theorem
for superadditive sequences, we prove that the decoupled and fully connected systems have
asymptotically the same mutual information (see Lemma |32 for the existence of the limit).
From these results we deduce the proposition:

Proposition 29 For any 0 < w < L/2

DT~ lim L I(S; W) (70)

n—+oo n

lim ¢
n—+oo '

Proof Lemma implies that lim,, 4o zflog = limy, 400 dez One also notes that zflez =
%I (S; W). Thus the result follows from Lemma [

In a third step an easy argument shows

Proposition 30 Assume Py has finite first four moments. For any 0 < w < L/2

i i) = O() ™)
Proof See Appendix [G] [ |
Since i€ ; = (n(L+ 1)), (S; W), Theorem [10|is an immediate consequence of Propo-
sitions 29 and 30l

5.1 A generic interpolation

Let us consider two systems of same total size n(L + 1) with coupling matrices A1) and
A supported on coupling windows w; and wy respectively. Moreover, we assume that the
observations associated with the first system are corrupted by an AWGN equals to /A /tz
while the AWGN corrupting the second system is \/A/(1 —t)z’, where Z;; and Z; are two
ii.d. standard Gaussians and ¢t € [0,1] is the interpolation parameter. The interpolating
inference problem has the form

ALY /A
Wingy = SiuSjy no T Ziuge\ T

;(LOL) / A
Wingy = SiuSju n + Ziuju 1—t

(72)

In this setting, at ¢ = 1 the interpolated system corresponds to the first system as the noise
is infinitely large in the second one and no information is available about it, while at t =0
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the opposite happens. The associated interpolating posterior distribution can be expressed
as

Pt(x|57 z, Z,)

—H(t A A(O)) P T 73
th() H H o(xi,) (73)

p=01,=1

where the “Hamiltonian” is Hine (£, AD, A©)) := 2 (t, AW) + H(1 — ¢, A©) Wit

L 2 .2 /
A) :i E A E T3P _ S8 Tin T Lip T Fingu A
A = 2n n Vit

w<ju
L ptw n 2 .2
A VG SinSiTinTi,  TiuTj, Zing, VA (74)
A Hov 2n n /ntA '
p=0v=p+1 ipsju=1 Hsv

and Ziy (t) is the obvious normalizing factor, the “partition function”. The posterior average
with respect to is denoted by the bracket notation (—);. It is easy to see that the mutual
information per variable (for the interpolating inference problem) can be expressed as

1 v2 1

(5 1) sz Zn O]+ g+ gy CRIST ) (1)

Tint (t) ==

The aim of the interpolation method in the present context is to compare the mutual

informations of the systems at ¢ = 1 and ¢ = 0. To do so, one uses the fundamental theorem
of calculus

it (1) — i (0) = /0 ar PlD). (76)

and tries to determine the sign of the integral term.
We first prove that

diing (t)
dat

1 £ 1) - 1 = 2 o2

T ALCE-I PO MR CID SRCRE RS V) SR
p=0rv=p—wi 7/;“]1/—1 ©n=0 iy=1
H+wo
(Z Y ALY me]usmsﬁz%szs2)>] (77)
pn=0rv=p—wq iy,Jr=1 iy=1

where (—); denotes the expectation over the posterior distribution associated with the
interpolated Hamiltonian Hint(t,A(l), A(O)). We start with a simple differentiation of the
Hamiltonian w.r.t. ¢ which yields

qa
dt

1

Hine (1, AV, AO) = (A, AD) = B(£, AD)),

4. Note that since the SC system is defined on a ring, we can express the Hamiltonian in terms of forward
coupling only.
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where

2 .2
Al (xiuxju S0 S5uTiTh iy R V A)
E : fupL E :

u=0 1 <Jju 2n " ntAE}IB

L ptw n 2.2
—l—Z Z A Z (551“%,_Siusjyxiuxju_xiuxjuziuju\/A)

v
pn=0rv=p+1 i, ju=1 2n n 9 ntAE}V)
L 2 .2 ,
(O)) :ZA(O) Z xl“zjl‘ _ SipSjuTinTiy, - Lip Ty, iuju\/g
Hi . ! 2n n (0)
" 2¢/n(1 = t) Ay
L ptw 9 9 . o
e . 2n n .

21/n(1— t)AY)

Using integration by parts with respect to the Gaussian variables Z;;, ZU, one gets
E o (X X0 = ) P g X2 X3 ) — (X, X;,)7 78
8,22/ 21,5, (Xiu X, el = \| - Bs 2,2 | (X5, X, ) — (X3, X5, )i (78)
(1- t)A?W 2 2 2
Es 2.2121,5, (X0, X5,) = \| 2 Bs 2.0 [ (X2 X2 )e = (X, X, )] (79)
Moreover an application of the Nishimori identity (164)) shows
Es 2,2 [(Xi, X;,)7] = Es 2.2/ [{Xi, Xj, Si,, S, )e]- (80)

Combining — and using the fact that the SC system defined on a ring satisfies

L ptw
ZANU Z Liy L5455, +: : Z AUV § : Lip Ly Sip Sj =
1 <ju n=0v=p+1 'Lu,ju—l
L ptw
72 Z A“” z: xluxﬂvslush—i_ ZA “xlu ’u
pu=0rv=p—w Tp,Jv=1
we obtain ([77)).
Now, define the overlaps associated to each block u as
1 n
5L 2 : X2 g2
Z lua qu = E ZHS’LM (81)
i iu=1

Hence, (77) can be rewritten as

i (1) 1
dt  4A(L+1)

Es 7,z [<qTA(0) a—q'AWq+ % (Eleiag(A(O)) - deiag(A(l))) >J :
(82)
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where q7 = [qo---qr], Q" = [do - - - §1] are row vectors and diag(A) represents the column
vector with entries {Auu} =0~ The coupling matrices AM A are real, symmetric, circu-
lant (due to the periodicity of the ring) and thus can be diagonalized in the same Fourier
basis. We have

iz (1) 1
dt  4A(L+1)

Es22(a"(DO - D) a+  (qding(A”) — qTdiag(AM)) ) |
(83)

where q is the discrete Fourier transfrom of g and D), D©) are the diagonal matrices with
the eigenvalues of AW, A®) Since the coupling matrices are stochastic with non-negative
Fourier transform, their largest eigenvalue equals 1 (and is associated to the 0-th Fourier
mode) while the remaining eigenvalues are non-negative. These properties will be essential
in the following paragraphs.

5.2 Applications

Our first application is

Lemma 31 Let the coupling matriz A verify the requirements (i)-(v) in Sec. [2.3 The
mutual informations of the decoupled, periodic SC and fully connected systems verify

i < b L < iSE (84)
Proof We start with the second inequality. We choose A,(},,) = (L 4+ 1)~ for the fully
connected system at ¢ = 1. This matrix has a unique eigenvalue equal to 1 and L degenerate
eigenvalues equal to 0. Therefore it is clear that D(®) — DM is positive semi-definite and
qr (D(O) — D(l))q > (0. Moreover notice that Af“z = Ago is independent of L. Therefore for
L large enough

R R 1 _
a'diag(A) - a"diag(AM) = (g — =) > du = 0. (85)

per
Therefore we conclude that . is positive and from UL, — Uy = 0. For the first
( )

inequality we proceed similarly, but this time we choose A,y = (5W for the decoupled
system which has all eigenvalues equal to 1. Therefore D(® — DM is negative semidefinite
so qT (D(O) — D(l))d < 0. Moreover this time

q'diag(A?) — q"diag(A) = (Aoo - 1) un <0 (86)
n=0

because we necessarily have 0 < A(()%) < 1. We conclude that is negative and from

dec per
nL nwL<0 u

The second application is
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Lemma 32 Consider the mutual information of system and set i, = n~1I(S; W).
Consider also in, and in, the mutual informations of two systems of size n1 and ny with
n =nq + ng. The sequence niy, is superadditive in the sense that

N1in, + N2in, < Nip. (87)
Fekete’s lemma then implies that lim, o t, exists.

Proof The proof is easily obtained by following the generic interpolation method of Sec.

for a coupled system with two spatial positions (i.e. L + 1 = 2). We choose AEL?,) = Opws

u,v € 0,1 for the ”"decoupled“ system and A,(}l,) = 1/2 for p,v € 0,1 for the "fully con-
nected“ system. This analysis is essentially identical to [Guerra and Toninelli (2002)] were
the existence of the thermodynamic limit of the free energy for the Sherrington-Kirkpatrick

mean field spin glass is proven. |

6. Proof of the replica symmetric formula (Theorem

In this section we provide the proof of the RS formula for the mutual information of the
underlying model (Theorem {)) for 0 < A < Agp (Proposition and then for A > At
(Proposition . For 0 < A < Agpe the proof directly follows form the I-MMSE relation
Lemma the replica bound and the suboptimality of the AMP algorithm. In this
interval the proof doesn’t require spatial coupling. For A > A,,; the proof uses the results
of Sections (] and [5] on the spatially coupled model.

Let us start with two preliminary lemmas. The first is an I-MMSE relation [Guo et al.
(2005)] adapted to the current matrix estimation problem.

Lemma 33 Let Py has finite first four moments. The mutual information and the matriz-
MMSE are related by
1dI(S;, W) 1 1
- =-M n(A 1/n).
AT 7 Mmmse ( )+ O(1/n) (88)
Proof
1dl (S; W) 1

= WES,W[Z (SiS; — E[Xin\W])z}

1<j
1 2 RS 2 2 2
= @ES,W[HSST - E[XXT‘W]HF} t 2 ;Es,w[(si — E[X]|W])7]
1
= ZMmmsen(A_l) + O(1/n), (89)

The proof details for first equality are in Appendix [C] The second equality is obatined by
completing the sum and accounting for the diagonal terms. The last equality is obtained
from

Es,wl((S7 — E[X7|W))’] = E[S]] — 2Es, w[S7E[X?[W]] + Ew [E[X?W]?]

(571 — Ew [E[X7[W]?]
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where we have used the Nishimori identity Eg, w[S?E[X?|W]] = Ew[E[X?|W]?] in the
second equality (Appendix @[) |

Lemma 34 The limit lim,_,, o n~ 'I(S; W) exists and is a concave, continuous, function

of A.

Proof The existence of the limit is the statement of Lemma [32]in Sec. [5l The continuity
follows from the concavity of the mutual information with respect to A™!': because the limit
of a sequence of concave functions remains concave, and thus it is continuous. To see the
concavity notice that the first derivative of the mutual information w.r.t A~! equals the
matrix-MMSE (Lemma and that the later cannot increase as a function of A=, |

6.1 Proof of Theorem [4] for 0 < A < Agp

Lemma 35 Assume Py is a discrete distribution. Fiz A < Aamp. The mutual information
per variable is asymptotically given by the RS formula .

Proof By the suboptimality of the AMP algorithm we have
Mmseg)AMP(A_l) > Mmmse,, (A™1). (91)
Taking limits in the order lim; o limsup,, ,, ., and using we find

v? — (v — E®)2 > lim sup Mmmse,, (A™1). (92)

n—-+o0o

Furthermore, by applying Lemma [33] we obtain

v? — (v — E()? 1dI(S; W)
> 1 -
1 S nien dATL 53)
Now, for A < Aanp we have E(®) = sood(A) which is the unique and hence global

minimum of igs(E; A) over E € [0,v]. Moreover, for A < Axnp we have that E(*)(A) is
continuously differentiable A~! with locally bounded derivative. Thus

d L dirs
— E;A)) = E®) A
A (Erél[g,lv] irs(E; )) AT s A)
OJiRs dE() Oirs
= E(®). A E(0). A
op PR AT T a1 ETTA)
OiRs o
= AT (E( ); A)
. (U—E(OO))Q—FUQ B 8E572[--'] ox—2
N 4 0¥ 2 E(0) OA—1 F(c0)
v? — (v — B()2

= 4 ) (94)
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where Eg #[- - -] is the expectation that appears in the RS potential . The third equality
is obtained from

ox—?
= —y — E() 95
OA~L F(o0) v ( )
and
0Es z[-- -] 1 .
= ‘E(m) = (v —E). (96)
. . . . . 01
This last identity immediately follows from 5}2 s = 0. From and
d 1dI(S; W)
E;A)) > 1 —_—
an T g, s AN 2 e R
(97)
which is equivalent to
d 1dI(S; W)
— E:A) <l f———.
aa 2y st AN = el S R (58)

We now integrate inequality over an interval [0, A] C [0, Aamp|

A 1dI
min igs(E;A) — min igs(E;0) §/ dA hmlnffM
0

E€[0,v] E€[0,v] n=4oon  dA
< lim inf/ dA lM
n——+o0 0 n dA
= liminf — I(S W) — H(S). (99)

n—-+o0o

The second inequality uses Fatou’s Lemma and the last equality uses that for a discrete
prior

lim I(S;W) = H(S)— lim H(S|W)=nH(S). (100)

A—>0+ —>0+

In Appendix [F| an explicit calculation shows that ming igg(E;0) = H(S). Therefore

min igs(E;A) < liminf — I(S W). (101)

Ec[0,v] n—+oo N

The final step combines inequality (101])) with the replica bound to obtain

min irs(E;A) < liminf — I(S W) < limsup I(S W) < min igg(F;A). (102)

E€[0,v] n—-+00 1 n—+oo M Ee€(0,v]

This shows that the limit of the mutual information exists and is equal to the RS formula
for A < Aamp. Note that in this proof we did not need the a-priori existence of the limit.
|
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Remark 36 One can try to apply the same proof idea to the regime A > Arg. Fquations
— work out exactly in the same way because the AMP fized point E) is a global
minimum of irs(E; A). Then when integrating on |A, +00[C [Ars, +00[, one finds

lim sup lI(S; W) < min igs(E;A). (103)

n—4oo N E€[0,v]

This essentially gives an alternative proof of for A > Agg.
Lemma 37 We necessarily have Axnp < Agpt-

Proof Notice first that it not possible to have Args < Aamp because in the range
10, Aanmp|, as a function of E, the function irg(F; A) has a unique stationary point. Since
minge(o irs(E£; A) is analytic for A < Agg, it is analytic for A < Aayp. Now we
proceed by contradiction: suppose we would have Aaxyp > Agpe. Lemma asserts
that limy 0o n ' 1(S;W) = mingeo,)irs(E;A) for A < Apyp thus we would have
lim,, s 100 1 I(S; W) analytic at Aopt. This is a contradiction by definition of Agpy. [ ]

Lemma 38 We necessarily have Ars > Agpt -

Proof If Ars = +oo then we are done, so we suppose it is finite. The proof pro-
ceeds by contradiction: suppose Arg < Agpt. So we assume Arg € [Aamp, Aopt| (in
the previous lemma we showed that this must be the case). For A €]0, Arg| we have
minge(o iRS(E; A) = irs(Fgood(A); A) which is an analytic function in this interval.
By definition of Agpy, the function limg, o %I (S; W) is analytic in |0, Agpe[. There-
fore both functions are analytic on |0, Arg[ and since by Lemma they are equal for
10, Aamp[C]0, ARrs|, they must be equal on the whole range 10, Agg[. This implies that the
two functions are equal at Arg because they are continuous. Explicitly,
1

mElanS(E, A) = nggloo EI(S,W)M vV A €]0, Agg]. (104)
Now, fix some A €]ARs, Agpt[. Since this A is greater than Agrg the fixed point of state
evolution E(*) is also the global minimum of irg(E;A). Hence exactly as in (91)-(98)
we can show that for A €]Agg, Agptl, is verified. This time, combining ,
and the assumption Ars € [Aamp, Aopt[, leads to a contradiction, and hence we must
have Ars > Agpi. To see explicitly how the contradiction appears, integrate on
|Ars, A[C]ARs, Aopt [, and use Fatou’s Lemma, to obtain

1 1
R . i (Lra. 1l
min irs (£; A) — minigs(F; Ars) < lim inf (nI(S, Wla = —I(8; W)IARS)
1 .1
:ngrfoo EI(Sa W)|a _nEIJPoo ﬁl(sa “)’ARS‘ (105)

From and we obtain ming igs(F; A) = limy, 1 o0 %I(S; W) when Aanp < Agrs <
A < Agps. But from , this equality is also true for 0 < A < Agg. So the equality is
valid in the whole interval |0, Agp[ and therefore ming igg(E; A) is analytic at Arg. But
this is impossible by the definition of Ags. [ |
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Proposition 39 Assume Fy is a discrete distribution. Fiz A < Agpe. The mutual infor-
mation per variable is asymptotically given by the RS formula .

Proof Lemma says that the two functions, lim,, 4o 7~ '1(S; W) and minge(o . irs(E; A),
are equal for A < Aamp and Lemma implies that both functions are analytic for
A < Agps- Thus they must be equal on the whole range A < Agp;. Since we also know
they are continuous, then they are equal also at A = Agpy. |

6.2 Proof of Theorem [4] for A > A

We first need the following lemma where spatial coupling comes into the play.
Lemma 40 The optimal threshold is given by the potential threshold: Aopy = ARs.
Proof It suffices to see that

Agrs < Afjpp < Agpt = Agpt < Ags. (106)

The first inequality is the threshold saturation result of Theorem [11] in Section The
second inequality is due the suboptimality of the AMP algorithmﬂ The equality is a con-
sequence of Theorem [10]|in Section [5| Indeed, equality of asymptotic mutual informations
of the coupled and underlying system implies that they must be non-analytic at the same
value of A. Finally, the last inequality is the statement of Lemma [38|in Section [6.1 |

Proposition 41 Assume Fy is a discrete distribution. Fiz A > Aqpe. The mutual infor-
mation per variable is asymptotically given by the RS formula .

Proof We already remarked in section [6.1] that for A > Ags,

A (minins(B; A)) < limint = LEW)

dAVE n—+o0o N dA ' (107)

Now we integrate on an interval |[Agrs, A] both sides of the inequality. Since from Lemma
we have that Ars = Agp, it is equivalent to integrate from Agpy upwardsﬁ

A A
4 ) ) 1dI(S: W
/ dA — (minigs(£; A)) < / dA lim inf 7¥‘ (108)
Aopt dA E Aopt n—+00 1 dA

By Fatou’s lemma the inequality is preserved if we bring the lim inf outside of the integral,

thus
Aopt }

1 1
— lim —I(S;W)‘A— lim ~I(S; W)

n—-+oo N n—+oo N

1 1
inips(E: A) — minigs(E: Apg) < lim inf —IS-W‘ —2I(S:W
mElmRs( i A) H}EIHZRS( ; RS)_ﬁfﬂ}o{n (S; )A - (S; W)

(109)

opt

5. More precisely one shows by the same methods Lemmas [35| and |37 for the spatially coupled system.
6. This is the point we did not yet know in section
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To get the last line we have used the existence of the thermodynamic limit (see Lemma [34)).

But we already know from Propositionthat ming igs(E; Aopt) = limy, 40 %I(S; W) A
Therefore o
1
. A< Tim LS
min irs(E;A) < ngg-loo nI(S’ W), (110)
which together with ends the proof. |

7. Proof of corollaries [7] and

In this section, we provide the proofs of Corollary [7] and Corollary [§] concerning the MMSE
formulae and the optimality of the AMP algorithm. We first show the following result about
the matrix and vector MMSE’s in Definition [6

Lemma 42 Assume the prior Py has finite first four moments and recall the second moment
is called v. The matriz and vector MMSE verify

Mmmse, < (v — (v — Vmmse,)?) + O(%) (111)

Proof For this proof we denote (-) the expectation w.r.t the posterior distribution ([20)).
The matrix and vector MMSE then read

Mmmse,, := %E&W [HSST - <XXT)H§}, (112)
1
Vmmse, = ~Es,w|[|S - (X)|3]. (113)

Expanding the Frobenius norm in (112)) yields

Mmmse,, = %E&w[ Z (SiS; — <Xin>)2} = %ES,W{ Z 535]2 - <Xin>2

i,j=1 hj=1
B[] - Z: Es wl(X.X,)?] (14)

where the second equality follows from Esw[(X;X;)?] = Eswl[9:iS;(X;X;)], implied by
the Nishimori identity (164). Similarly, using Es w[(X;)?] = Es w[S;(X;)] implied by the
Nishimori identity, (113]) simplifies to

n

1

A% n=v——9Y E X;)2. 115
mmse, = v n; s w(Xi)7] (115)

Hence,
Mmmse,, — (v? — (v — Vmmse,)?) = A, — By, (116)
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with

A= s (33 7)) - 1)

B, = % > (Es,vaXsz)Q] - Es,wKXz')Q}ES,WKXj)Q])- (118)
ij=1

Since the signal components {S;} are i.i.d and Py has finite first four moments, A,, = O(1/n).
It remains to show that 5, > 0. This is most easily seen as follows. By defining the overlap

1 n
(X, 8) = EZSiXZ- (119)
=1

and using the Nishimori identities Eg w[(X;)?] = Esw[Si(X;)] and Es w[(X;X;)?] =
Esw[SiS;(XiX;)], we observe that

B, = Eswl(¢®)] — Es,w((¢)]®
= Es w((q — Es,w[{g)])?] (120)

which is non-negative. |

Remark 43 Using ideas similar to [Korada and Macris (2009)] to prove concentration of
overlaps in inference problems suggest that Lemma[{3 holds with an equality when suitable
“side observations” are added.

7.1 Proof of Corollary [7]

We first show how to prove the expression for the asymptotic Mmmse,, by taking the
limit n — 400 on both sides of . First notice that since n~1I(S; W) is a sequence
of concave functions with respect to A™!, the limit when n — 400 is also concave and
differentiable for almost all A~! and at all differentiability points we have (by a standard
theorem of real analysis on convex functions)

im -9 rsw) =

n dA~T n—+oo

Thus from Lemma [33] and Theorem [4] we have for all A # Agg

nll)&r_loo Mmmse, (A1) = 4@ Elél[glv] irs(E; A). (122)

It remains to compute the right hand side. Let E(A) denote the (global) minimum of
irs(F; A). For A # ARgg this is a differentiable function of A with locally bounded deriva-

37



tive. Hence using a similar calculation to the one done in , we obtain

d diRrs
dA-T <E?[an} irs (B A)> ga—1 o A)
OiRS dEy Jirs
= o Foi B GaT F g1 Foi &)
8’LRS
= 2 (B A), (123)
To compute the partial derivative with respect to A we first note that 85% = 0 implies
0
— E ]Iy .. -2
0= _v=Fo_ szl -]} 0 : (124)
2A 0¥=2 |p OFE |g
0 0

where Eg z[- - -] is the expectation that appears in the RS potential . This immediately
gives

0Es z[-- -] 1
v g 2T ) (125)
Thus
JiRs (EO,A) _ (’U — E0)2 + 0?2 B OES,Z[- ] ) ome
AT 4 ax-2 |, OA-1|,
0
2 (o 2
_ v (- ) <”4 o). (126)

From ([122)), (123), (126)) we obtain the desired result, formula (22).

We now turn to the proof of for the expression of the asymptotic vector-MMSE.
From Lemma 42| and the suboptimality of the AMP algorithm (here Ey(A) is the global
minimum of igg(F; A) and E(*) the fixed point of state evolution)

v? — (v — Ep)? = lim Mmmse,
n—oo

. . 2 . . 2
< hnniloréf (v = (v — Vmmse,)?)

< lim sup (v2 —(v— mesen)Q)
n—oo
<v? — (v — E™®)? (127)
For A ¢ [Aamp, Ars], we have that Ey = E(*°) which ends the proof.

7.2 Proof of Corollary
In view of we have

i lim Viselyyp (A7) = B0, (128)
lim lim Mmse(t)AMP(Afl) =% — (v— E(™))2, (129)

t—+00 n—-+00
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For A ¢ [Aamp, Ars] we have E() = argminEe[O,U]iRs(E; A) and also the two formulas of
Corrolary m hold. This directly implies the formulas and .

On the other hand for A € [Aamp, Arg] we have E(®) > argmingepo irs (5 A), s0
using the monotonicity of E(®) leads to strict inequalities in and and thus to

and 9.

Appendix A. Upper bound on the mutual information

For the completeness of this work we revisit the proof of the upper bound on mutual
information. This result was already obtained by |[Krzakala et al. (2016)] using a Toninelli-
Guerra type interpolation and is used in this paper so we only sketch the main steps.

We consider the following interpolating inference problem

_ SiSj A
wy =1 Ay
A (130)

Yi = Si t 1/ mii=p %o

with m := v — E € [0,v], and Z/ ~ N(0,1). For ¢t = 1 we find back the original problem
since the y; observations become useless and for ¢ = 0 we have a set of decoupled
observations from a Gaussian channel. The interpolating posterior distribution associated
to this set of observations is

e MO Po(as) 1 -

x|s,z,7') := = e MO x;
Fi(x|s,z,2) T das Py o0 = 201 H( Elpo( i) (131)

where

i<j=1
m(l—t) » m(l-t) m(l—t)
+Z;( e LR e )

can be interpreted as a “Hamiltonian” and the normalizing factor Z(t) is interpreted as a
“partition function”. We adopt the Gibbs “bracket” notation (—); for the expectation with
respect to the posterior (131]). The mutual information associated to interpolating inference
problem is

) 1 v? 1 4 9
l(t) = _EESZ,Z' [ln Z(t)] + E + m(QE[S ] —v ) (132)
Note that on one hand (1) = 1I(S; W) the mutual information of the original matrix
factorization problem and on the other hand
: 1 - f’"”x”ngxT(m—er\/ﬁz') v’ 1 42
10——nEszx{ln(/{il_lldxiPo(xi)}e 24 A A )} +E+m(2E[S | —v%)
= —FEg /[ln (/de (x)e_%z”(mfsﬂ/%zl))} + v + L(21[*3[54] —v?)
7 0 4A T 4An
= irs(F; A) — m 1 (2E[S*] — v?) (133)
— RS AN T 4An v
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From the fundamental theorem of calculus

. . 1 d
Z(l) - Z(O) = n/ dtd ESZZ/[IHZ( )] (134)
S0 we get
1 , o m? 1 A 1/t d

We proceed to the computation of the derivative under the integral over t. Denoting by
(—): the expectation with respect to the posterior (131), we have

3 B ln (2(0)) = Bs 2 [ - <‘”jlt“)>t]. (136)

Hence, a simple differentiation of the Hamiltonian w.r.t. ¢ yields

d <X.2X2>t (XiX)8:8;  Zij( XX\
—E Mn (Z(t —E , _ L= + 143 ] + ij i<\ j
gEszzn (2)] = Eszz [z - it L)
XD (XanSi ZUXa) [ m
+;<m oA~ "TA 2 A(l_t))}'
(137)

We now simplify this expression using integration by parts with respect to the Gaussian
noises and the Nishimori identity (164]) in Appendix @ Integration by parts with respect
to Z;; and Z] yields

¢
Es,z,2/[Zij(XiXj)t] = Es 2,20z, (XiXj)] = 4/ —AEszz [(XZZX?% - <Xin>?} (138)

and

Es 2,2/ [Z{(Xi)i] = Es 2,2/ (07/(Xi)t] = wEs,z,zf [<X2'2>t - <Xz')ﬂ- (139)
An application of the Nishimori identity yields
Es z,2/[(XiX;)15:i5)] = Es 7,2, [(X: X;)7) (140)
and
Es 7.2 [(X:)tSi] = Es 7.2/ [(X:)7] (141)
Combining - we get
E%Eszz[ln(zoﬁ))} ml ' Z Es 2.2/ [(X:X;5:5,) i s.2.2/[(XiS:)]
" iSi= i=1

1 1
= [Alszz [(4(S,X)%)¢ — 2(¢(S, X))sm] + IARZ ;ES,Z,Z’KXZZ%S%?]
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where we have introduced the “overlap” ¢(S,X) := n~! >, SiX;. Replacing this result
in (135) we obtain the remarkable sum rule (recall m :=v — E)

1
Li(8:W) = ins(B: ) — 1 / dtEs 7.2/ [{(a(S, X) — m)?)]
4A — Z sz.2/ [(X})S2] + ﬁ(znz[s‘*] —v?). (142)

Thus for any E € [0, v] we have

lim sup ~I(S; W) < ins(E: A) (143)

n—+oo N

and follows by optimizing the right hand side over E.

Appendix B. Relating the mutual information to the free energy

The mutual information between S and W is defined as I(S; W) = H(S) — H(S|W) with
H(S|W) = —Es w|[In P(S|W)| = —Es z[(In P(X]S, Z))]. (144)

By substituting the posterior distribution in , one obtains
H(S|W) = Eg z[In Z] + Eg z[(H(X]S, Z))] + H(S). (145)

Furthermore, using the Gaussian integration by part as in ((138]) and the Nishimori identity

(140) yield
" 1

Es,z[m(Xis,Z»]:—KEs[Z(sfsm: & (P 1) £ 2E[SY). (146)
i<j=1

Hence, the normalized mutual information is given by , which we repeat here for better
referencing

1 1 v? 1 o o
—I(S;W) = ——Esz[In Z] + = + < (2E[S"] - v?). (147)
Alternatively, one can define the mutual information as I(S; W) = H(W) — H(W|S).
For the AWGN, it is easy to show that

n(n+1)

H(WIS) = In(27Ae). (148)

Furthermore, H(W) = —Ew [ In P(W)] with

- - v Pr( s wlx :; - 7 Pr( Q*izig (Lij*wii)z
/{Ed iPo(xi) } P(w]x) o) D /{Hd iPo(zi) } v
= ———ry (149)

Zz
(27I-A) 7L(7L+1) ’
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where Z is the partition function with complete square . Hence, H(W) reads

n(n+1)
4

n(n+1) 1 SiS;

== In(27A) — Es z[In 2] + QAES,Z[;( e

with Z the simplified partition function obtained after expanding the square . A
straightforward calculation yields

QZEs,z[Z(% +VAZ;)*] = n(n4+ D, QQnES[Z(SZZSJQ‘)]

H(W) = In(27rA) — Ew [In Z]

+ \/KZij)z], (150)

i<j i<j

n(n+1)

— T ln<e) + i(vz(n — 1) + 2E[S4D (151)

Finally, combining (148)), (150) and (151)) yields the same identity (147]).

Appendix C. Proof of the I-MMSE relation

For completeness, we give a detailed proof for the -MMSE relation of Lemma [33] following
the lines of [Guo et al. (2005)]. In the calculations below differentiations, expectations and
integrations commute (see Lemma 8 in [Guo et al.|(2005))]). All the matrices are symmetric
and Zij ~ N(O, 1) for ¢ < j

Instead of it is convenient to work with the equivalent model w;; = \8/% +zi; and set
sisj = ui;. In fact, all subsequent calculations do not depend on the rank of the matrix u
and are valid for any finite rank matrix estimation problem as long as the noise is Gaussian.
The mutual information is I(S; W) = H(W) — H(W|S) and H(W|S) = % In(v/2me).
Thus

1dI(S;W)  1dH(W)

n dATl1 T n dATLT (152)
We have H(W) = —Ew/|[ln P(W)] where
_n(n+1) _1 . (h_w)2
P(w) = Ey[P(w|U)] = EU[(%) e Ny (v ] (153)
Differentiating w.r.t A~1
dH(W) dP(w|U)

and

dPWU A U _1 . h_w 2 _ n(n41)
(|)_1/4nZUkl(wkl— kit )e gzzg(m i) 2r) "z (155)

dA—1 = VAn
A d _is_ (Yid ) n(n
==\ 1 2 Uk g 1o () (gm) -2, (156)
k<l

42



Replacing this last expression in ((154)), using an integration by part w.r.t wy; (the boundary
terms can be shown to vanish), then Bayes formula, and finally (153)), one obtains

4n dH(W d _iy (Y, n(n
Vi = A 1 ZEU[Ukl/dw(HmP(w))me iy (Fok—wis) (277)*%]

_ _Z/dWEU Uki ‘;V‘JV[)I)} du()k;l)

k<l
_ _; / AW By [Uk] EU[dPCmF)]
= ;/dWEUW Uk EU[<wkl %)P(W‘U)]
—Ew| > Eow [Un] (Wit - \/:EEUW vu]) ] (157)
k<l

Now we replace w = \/UTLA + 2, where u' is an independent copy of u. We denote Ew|[] =
Eyo z[-] the joint expectation. The last result then reads

dH(W) 1

it = 5w [ B U] (U8~ Buw (U] + Zuvad) ] )

Now note the two Nishimori identities (see Appendix D))
B [EU,W[UM]U,SJ — Ew {EU‘W [Uklﬂ, (159)
w|(UR?] = Ew [Egw [U2]], (160)
and the following one obtained by a Gaussian integration by parts
VA Ew |Eujw [Un) Z| = Ew [Euiw U] — Evjw [Un]®] (161)

Using the last three identities, equation ((158|) becomes

dH(W
% 5A(—1) - #EW[ZEUIW (U] — Euw [Ukl}ﬂ
k<l
- #EW > (0%~ Eow [Ukl])2]7 (162)
k<l

which, in view of (152)), ends the proof.

Appendix D. Nishimori identity

Take a random vector S distributed according to some known prior P(()gm and an observation
W is drawn from some known conditional distribution Py g(w[s). Take X drawn from a
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posterior distribution (for example this may be )

Py (x) Pws (wlx)

P(x|w) = Pw)

Then for any (integrable) function g(s, x) the Bayes formula implies

EsEwsExiwlg(S, X)] = EwEx/wExwlg(X', X)] (163)

where X, X’ are independent random vectors distributed according to the posterior distri-
bution. Therefore

Es wExw[9(S, X)] = EwEx/wExjwlg(X’, X)]. (164)

In the statistical mechanics literature this identity is sometimes called the Nishimori
identity and we adopt this language here. For model for example we can express W in
the posterior in terms of S and Z which are independent and Exw([—] = (—). Then the
Nishimori identity reads

Es z[(9(8,X))] = Es z[(9(X', X))]. (165)

An important case for g depending only on the first argument is Eg[g(S)] = Eg z[(9(X))].
Special cases that are often used in this paper are

Es z[Si(Xi)] = Es z[(Xi)?]

Es z[SiS;(XiX;)] = Es z[(X: X;)?] (166)
E[S?] = Es z[(X7)].

A mild generalization of ((165)) which is also used is

Es z[SiSj(X:)(X;)] = Es z[(Xi X;) (Xi) (X;)]. (167)

We remark that these identities are used with brackets (—) corresponding to various “in-

terpolating” posteriors.

Appendix E. Proof of Lemmas [13] and

We show the details for Lemma [I3] The proof of Lemma [2]] follows the same lines. A
straightforward differentiation of fRq w.r.t. E gives

W(FA) E-v 1 ) A
= +2AEZ,S[< X2 4 2XS+ ZX U_E>]. (168)

Recall that here the posterior expectation (-) is defined by . A direct application of the
Nishimori condition gives

)

v = Eg[S?] = Es.z[(X?)], (169)
Esz[S(X)] = Es,z[{X)?], (170)



which implies
Esz[(S — {X)E)?] = Es z[(X?)] — Es z[{X)?]. (171)

Thus from (168) we see that stationary points of frq satisfy

B = 20— 2B /{(X)?) | -2 B 2(2(X)) (172)

Now using an integration by part w.r.t Z, one gets

mEs,z[ﬂXﬂ = v — Eg z[(X)?], (173)

which allows to rewrite (172]) as

E = v~ Esz[(X)”) = Es.4[(S — (X))?] (174)

where the second equality follows from (169)) and (171). Recalling the expression of
the state evolution operator we recognize the equation E = T, (E).

Appendix F. Analysis of igs(E£;A) for A — 0

In this appendix, we prove that lima_,o mingigs(£;A) = H(S). First, a simple calcula-
tion leads to the following relation between irg and the mutual information of the scalar
denoising problem for E € [0, v]

E2

irs(EB;A) = I(S;S+X(E)Z) + R

(175)
where Z ~ N(0,1) and X(E)? := A/(v — E). Note that as A — 0, X(E) — 0 (for
E #v). Therefore, lima_,0 I(S; S + X(E)Z) = H(S). Now let Ey be the global minimum
of irs(F;A). By evaluating both sides of at Ey and taking the limit A — 0, it
remains to show that F3/(4A) — 0 as A — 0 (i.e. E? — 0 faster than A). Since Ejy is
the global minimum of the RS potential, then Ey = Ty,(Fp) = mmse(X(Ey)~2) by Lemma
Moreover, one can show, under our assumptions on Py, that the scalar MMSE function
scales as

mmse(X72) = O(e~ =), (176)

with ¢ a non-negative constant that depends on Py [Barbier et al.[(2017b))]. Hence, E3/(4A) —
0 as A — 0, which ends the proof.

Appendix G. Proof of Proposition

Call HP®" and (—)per the Hamiltonian and posterior average associated to the periodic SC
system with mutual information 2% . Similarly call H" and (—)cou the Hamiltonian and
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posterior average associated to the pinned SC system with mutual information ¢, ;. The
Hamiltonians satisfy the identity H" — HP = dH with

2 .2 2 2
57‘[ = A |:xi“xj“ t Si”sjl‘ _ Siusjﬂxiﬂxjﬂ _ (xiuxju - Siusju)ziuju]
- E : s E :

neB i <jp 2nA nA VAN

2,2 2 2
D IED DR Y [xiu% VS Sh ST, (T, — 86,85,) i
IL7V 2
L nA nA NN
peBrve{ut+l:ut+winB tpu<ju v

2 .2 2 .2

A iL‘Zu L3, + SW i, Siu 55, Li, T, (1’1# L, — SiuSjy )zMJV

+ v - - :
R 2nA nA /AN, ,

peBre{p—w:p—1}NB 1 >Ju #

It is easy to see that

1

. . -4

Zzil;,,L - Z%?BU,L = mES,Z[ln<e H>Cou]7 (177)
. , 1 5

’L?LO’;’L — Z?:;,L = mES7Z[h’l<€ H>per]- (178)

and using the convexity of the exponential, we get

jeou - B8z lOMpar] _per jeon | Bz [(0M)con] (179)
L n(L+1) = nwlk = nwl n(L+1)

Due to the pinning condition we have Eg z[(0H(X))cou] = 0, and thus we get the upper
bound zfle; L < i - Let us now look at the lower bound. We note that by the Nishimori
identity in Appendix [D] as long as Py has finite first four moments, we can find constants
K1, Ky independent of n,w, L such that Es z[(X? X7 )per] < K1 and Es z[(X}] )per] < Ko.
First we use Gaussian integration by parts to eliminate z; 5, from the brackets, the Cauchy-
Schwartz inequality, and the Nishimori identity of Appendix[D] to get an upper bound where
only fourth order moments of signal are involved. Thus as long as Py has finite first four

moments we find

[Esz[(0H(X))e]| _ A (2w +1)° w
: < =0(—=). 1
wbrn =9y 9% (180)
for some constant C' > 0 independent of n,w, L and we recall A, := supA,, = O(w™1).
Thus we get the lower bound ;7% —O(%F) < zfle; ;- This completes the proof of Proposition
o0l
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