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calculations of beta spectra
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CEA, LIST, Laboratoire National Henri Becquerel (LNE-LNHB), Bat. 602 PC111, CEA-Saclay, 91191 Gif-sur-Yvette Cedex, France

Abstract. The new code BetaShape has been developed in order to improve the nuclear data related to
beta decays. An analytical model was considered, except for the relativistic electron wave functions, for
ensuring fast calculations. Output quantities are mean energies, log f¢ values and beta and neutrino spectra
for single and multiple transitions. The uncertainties from the input parameters, read from an ENSDF file,
are propagated. A database of experimental shape factors is included. A comparison over the entire ENSDF
database with the standard code currently used in nuclear data evaluations shows consistent results for the vast
majority of the transitions and highlights the improvements that can be expected with the use of BetaShape.

1. Introduction

By its very nature, beta decay is a three-body process,
producing a beta electron, a neutrino and a daughter
nucleus, all having continuous energy spectra. The beta
spectrum shape varies due to the nature of the transition,
which can be allowed or forbidden depending on the
structure of the nuclei involved, and certain atomic effects.

Beta and electron capture processes govern the vast
majority of radionuclide decays and their emission
properties are crucial features in nuclear data evaluations
for building the decay schemes. Modern evaluations,
from either DDEP (Decay Data Evaluation Project
[1]) or ENSDF (Evaluated Nuclear Structure Data File
[2]) provide spectrally integrated emission quantities
determined using the LogFT program [3]. For various
applications, users now require lower uncertainties than
those present in current nuclear databases, as well as the
full beta and neutrino spectra.

Following this renewed interest, a review of the
existing codes has been conducted showing their limitation
in terms of the nature of the transitions calculated and
the analytical formalisms whose restrictive approximations
do not allow calculations of high accuracy. The LogFT
program is based on the original code from [4] and was
developed over a period of more than 30 years. This
code handles both beta and electron capture transitions
and propagates the uncertainties of the input parameters.
Reading and writing standard ENSDF files, it provides
mean energies of beta spectra, log ft values, as well as
BT and electron capture probabilities. However, in order
to ensure very fast calculations, this program uses simple
analytical models that lead to a lack of accuracy: any
lepton or nuclear wave function is calculated; the electron
is assumed to interact with the Coulomb field of a point
nucleus; inaccurate corrections estimate both the screening
effect and the shape factors of first and second forbidden
unique transitions.
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Improved physical models were implemented when
developing the BetaShape program described below. This
program includes a database of experimental shape factors
and provides mean energies, log f¢ values and the
associated energy spectra for beta transitions. To ensure
its ease-of-use, BetaShape handles ENSDF files. Hereafter,
the theoretical model is summarized in Sect. 2.1; the
calculated quantities are given in Sect. 2.2; the program
structure is described in Sect. 3; and the validation of
the code through a systematic comparison of the LogFT
and BetaShape results over the entire ENSDF database is
described in Sect. 4.

2. Calculations
2.1. Theory

The theoretical model has already been described in detail
in [5], except Biihring screening. The Behrens and Biihring
formalism [6] was followed. Assuming massless neutrinos,
the beta spectrum shape is

5—3,/ x pWq*F(Z, W)C(W)S(Z, W)R(Z, W) (1)
with W and p the total energy and momentum of
the beta particle, ¢ the momentum of the correlated
neutrino, F(Z, W) the Fermi function, C(W) the shape
factor, S(Z, W) the screening correction and R(Z, W) the
radiative corrections. In order to ensure fast calculations,
the atomic exchange effect was not included as its
evaluation is time-consuming [7].

In this formalism, the Fermi function includes the finite
nuclear size effect as it is defined by the product of the
usual Fermi function Fy and a factor L, which accounts
for the distortion of the electron wave function by a non-
point-like nuclear charge

F(Z, W) = FyLo = (o, +02,) /2p2 )

The Fermi function is determined from the Coulomb
amplitudes oy of the relativistic electron wave functions.

(© The Authors, published by EDP Sciences. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 4.0
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These wave functions are calculated for the Coulomb
potential of a uniform spherical charge by numerically
solving the Dirac radial equations according to the fast but
complicated method from [6] (see [5] for more details).

The forbidenness of a transition is determined by the
spin change AJ = |J; — Jy| and the parity change ;7
between the initial nuclear state of the parent nucleus and
the final nuclear state of the daughter nucleus. Allowed
and forbidden unique transitions can be calculated without
involving the structure of the nuclei by approximating
the integral of the lepton wave functions over the entire
space by their magnitudes evaluated at the nuclear surface.
Given that L = 1 if AJ = 0 for an allowed transition, and
L = AJ for any (L — 1) forbidden unique transition, the
theoretical shape factor is then

2k—1) , 2(L—k)

p q
2k — DI[2(L — k) + 1]!

L
C(W)= Q2L — 1)! Zxk( (3)
k=1

The X parameters are defined from the Coulomb
amplitudes oy by

o= (a2 + ) / (e?, +af) )

A usual assumption is to set Ay = 1 to avoid calculating
these parameters, which can be justified for certain
transitions where their energy variation can be weak. This
assumption is here referred to as the A; = 1 approximation
and was kept as an option in the BetaShape program.

Calculation of beta spectra for forbidden non-unique
transitions is far more difficult than for forbidden unique
transitions. The approximation described above is no
longer valid and the structure of the initial and final
nuclear states has to be taken into account. The usual &
approximation treats a forbidden non-unique transition as
a forbidden unique one of identical AJ. The validity of
this assumption was thoroughly tested in [5] and is used in
the BetaShape program. In order to improve the accuracy
of the spectrum shapes, the BetaShape program includes
a database of 130 experimental shape factors given in [5],
with an update for 1381 a [8].

The calculations also account for the outer radiative
corrections R(Z, W), considering the energy loss of beta
particles in the electromagnetic field of the nucleus by
means of internal bremsstrahlung and virtual photons.
These analytical corrections were derived by Sirlin for
allowed transitions [9,10]. This correction can be turned
off when using BetaShape.

Finally, the spectrum shape is modified by applying
the screening correction S(W, Z). The most widespread
approach was set out by Rose in [11]. For evaluating
the screening effect, a Thomas-Fermi potential V|, which
depends only on the atomic number of the daughter
nucleus is subtracted from the total energy W of the beta
particle in all the quantities required for the calculation
of the spectrum shape, except in the neutrino energy q.
This method is well described in [4]. The parameterization
of the potential used in the BetaShape program can be
found in [5]. A more refined analytical approach was
recently investigated in [12] based on the work of Biihring
[13]. This correction was adapted to Salvat’s potentials
[14] which were preferred for their better reliability. This
formulation allows the determination of the screened-
to-unscreened ratios FoLg/FoLo and A} /Ax, which were

found to be consistent with the ratios given in Table III
in [15]. BetaShape allows the choice of the screening
correction from either Rose or Biihring, or neither.

2.2. Calculated quantities

First, the transition parameters and their uncertainties are
determined from the input ENSDF file: intensity /g, partial
half-life t = Ty/,/1g, forbidenness from the spins and
parities of the nuclear states, total maximum energy of the
beta particle W, from the Q-value and the nuclear levels.
Beta and neutrino spectra are then calculated according to
the options chosen by the user and a measured spectrum
is determined from an experimental shape factor if the
transition is present in the database.

The total spectrum, as a result of the sum of
single spectra weighted by the transition intensities, is
determined if the radionuclide decays through more than
one transition. If present, the measured spectrum is
always preferred. A spectrum determined with the Ay = 1
approximation is never considered.

These spectra are integrated to determine the mean
energies, the log ft values and some analysis parameters,
defined in [5], that compare calculated and measured
spectra, if an experimental shape factor is available.
Every integral is determined via a three-point Lagrangian
interpolation. The mean energy of a beta spectrum is

5 L = DN W)W )
e NowHaw

In case of multiple transitions, the mean energy of the total
spectrum is also determined. The log ft value of a B~
transition is calculated from the partial half-life  and

Wo

Jp = 1 N(W)dw (6)

Uncertainties are determined as in the LogFT program.
Due to the non-trivial correlation between the polynomial
parameters, the uncertainty from an experimental shape
factor is not propagated.

As a B* transition is always competing with an
electron capture transition, the log ft value of such
a transition has to account for the electron capture
contribution

ferpr = fe + fp (7N

Rigorously, the log ft value cannot be determined by
BetaShape in this case because the electron capture
transitions are not treated. However, provided that /g # 0,
it is straightforward to write

1+ fe
log ft =log (Zﬂu) + (m> ®)

The Behrens and Biihring formalism for electron capture
is very similar to the one for a beta transition [16].
Introducing the decay constant A, one has I, /Ig = A./Ag.
For allowed and forbidden unique transitions, the nuclear
structure is factored out and appears as a similar constant
K for both BT and electron capture parts: Ag = K fg and
Le = K f.. The quantity f, is the sum of the contribution
of each orbital

fa zznxcxfx (9)
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where C, is similar to the shape factor of the 87 transition,
and n, is the relative occupation number of the orbital x.
It is noteworthy that n, is not taken into account in the
LogFT program. Thus, I,/Ig ~ f./fs. Consequently, one
might expect for allowed and forbidden unique transitions

log f1 ~ log (fﬁn/z) (10)
B

This approximation was studied during the validation
process of BetaShape (see Sect. 4).

3. Program structure

The BetaShape program has been written in C++ and
consists of six classes, four interfaced programs, 155
functions and a database of 130 experimental shape
factors. Information is transferred from one program
to another via temporary files, which slightly increases
the execution time, but allows easy improvement of the
different parts of the code for future versions. The Tools
class was created for reading, writing and handling strings,
numbers and uncertainties throughout the process.

The core of the calculations is performed in four
classes:

e ContWF calculates the relativistic electron wave
functions, the Fermi function and the A; parameters;

o Behrens calculates the corrections, the theoretical
shape factor, the spectra and integrated quantities, and
performs spectrum normalisations;

e ExpSF checks if the transition is present in the
database and if so calculates the normalized spectra
and integrated quantities from the experimental shape
factor;

e Residuals calculates the analysis parameters.

The bsan program manages the calculation of a single
transition from the input parameters and writes the results
in a text file.

An interface has been implemented for dealing with
ENSDF files. The readENSDF program is the main
entrance of BetaShape. The input ENSDF file, which can
include more than one radionuclide decay, is sent to the
Ensdf class where information is read; the transitions to
be calculated are determined and sorted by radionuclide;
and log files are created for further inspection by the
user. Next, the bsan_mult program is called for each
radionuclide decay, recursively calling bsan for each
transition; calculates the total spectra and their mean
energies; and writes the results in a text file. Then, the
writeENSDF program is called to write the report files and
an updated ENSDF file.

When choices or estimates are necessary, they are
explicitly referred to within the log files. For instance,
when multiple spins or parities are possible for a nuclear
state, the first spin and parity are chosen. Many cases can
occur, such as, quantities without uncertainties, unplaced
transitions, etc. The default options are Biihring screening,
radiative corrections and search for an experimental shape
factor are turned on; A; = 1 approximation and calculation
of neutrino spectra are turned off. Output precision is six
digits and a binning of 300 energies is considered.

4. Validation

Due to the complexity of the code, a benchmark of
23 radionuclides selected to cover a large number of
possibilities was used throughout the development: ''C,
26A1, 40K, SZV, 6OCO, 63Ni, 68Ga, 75Ge, SSKI‘, 99TC, IOSRU,
N2y 1370, 18] g 143G 166 185y 198 Ay 206T] 210B;
214pp, BITh and 2*!'Pu. This first version of the code was
then run over the entire ENSDF database [2]. The code was
improved until every bug was fixed and every specific case
was treated.

This stabilized version of BetaShape was then
compared to LogFT by inspecting the results for all the
beta transitions within the database. It should be noticed
that LogFT does not check the consistency between the
forbidenness and the spins and parities of the nuclear
states given in the input file. Moreover, mean energies and
log ft values within the database are sometimes not those
from LogFT, depending on the evaluator’s choices, and, as
LogFT changes B+ and electron capture intensities, some
transitions disappear and others appear compared to the
original data. Thus, BetaShape was used to correct the
forbidennesses according to the £ approximation. LogFT
was then run over these preliminary output files from
BetaShape, and BetaShape was then finally rerun over the
output files of LogFT in order to compare the results of
both codes with equivalent input data.

The consistency of the mean energies and log ft values
was tested at k = 1, 2 and 3, corresponding to confidence
levels of 68.3%, 95.4% and 99.7% respectively. A total
of 20066 beta transitions were calculated and compared.
When focusing on discrepancies of the mean energies
greater than 1%, less than 1% of the values are inconsistent
atk = 1 and less than 0.5% at k = 3, as these were mainly
determined from experimental shape factors in BetaShape.
Regarding the log ft values which are more than 1%
discrepant, 2.5% are inconsistent at k =1 and 1% at
k=3.

The approximation given in Eq. (10) to determine
the log ft values of B transitions was also tested
by inspection of the inconsistent values at k =1 for
transitions calculated:

e As allowed: three transitions from measured spectra
were found, as well as 17 transitions from 6432
allowed and 1257 first forbidden non-unique (0.2%),
without any uncertainty on the intensities and with a
discrepancy < 2.5%.

e As first forbidden unique: no transition appeared from
389 first forbidden unique and 289 second forbidden
non-unique.

e As second forbidden unique: only one transition arose,
with a discrepancy of 1.3%, from 109 second forbidden
unique and 30 third forbidden non-unique (0.7%); this
transition is from 2%Po decay with an incongruously
very small uncertainty which comes from the data.

Transitions with higher forbidennesses cannot be calcu-
lated by the LogFT program. Hence the approximation of
Eq. (10) provides consistent results with LogFT for g+
transitions at the precision level of current nuclear data.
To illustrate the improvements of the BetaShape
program, the third forbidden unique B~ transition of
40K is considered as an example. An experimental shape
factor is available in the database, measured from 100 to
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Figure 1. Measured spectrum from the third forbidden unique 8~
transition of **K decay compared with LogFT and BetaShape.
Black spectra: from the experimental shape factor [17], solid
line within the measured energy range, dotted outside. Red
dash dotted spectrum: LogFT (calculated as allowed). Green
dashed spectrum: BetaShape (calculated as third forbidden
unique).

1100keV [17]. This transition is calculated by LogFT
as an allowed transition, leading to a mean energy
E =508.31keV and log ft = 18.0417 (14). BetaShape
calculates this transition as third forbidden unique, leading
to E =583.283 (48) keV and log ft = 20.6006 (14),
very close to the results determined from the experi-
mental shape factor E = 583.982 (48)keV and log ft =
20.5788 (14). The disagreement between the experimental
and calculated spectra is 1.2% within the measured energy
range. The corresponding beta spectra are given in Fig. 1.

5. Conclusion

The BetaShape program has been developed to im-
prove the accuracy of the nuclear data related to
beta emission properties. The theoretical model was
implemented with analytical calculations, except for the
relativistic electron wave functions which are numerical
solutions of the Dirac radial equations. Mean energies,
log ft values, and beta and neutrino spectra for single
and multiple transitions, are provided. A database of
experimental shape factors is also included and the
uncertainties from the input parameters are propagated.
Executables for different platforms are available at
http://www.nucleide.org/logiciels.htm.

This new program was compared to the LogFT
program, the standard code used in modern nuclear data
evaluations. The vast majority of the results of both
codes are consistent, which validates BetaShape. The
remaining discrepancies were found to come from the
improvements of BetaShape. However, this code does
not currently treat electron capture decays, although
preliminary results for these transitions, including atomic
effects, seem very promising [8]. The inclusion of these
calculations within BetaShape will offer a realistic and
more accurate replacement to LogFT.
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