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O. Babelon* K. K. Kozlowskil V. Pasquier?

April 6, 2018

Abstract

We construct a basis of solutions of the scalar t — Q equation describing the spectrum of the ¢g-Toda
and Todas chains by using auxiliary non-linear integral equations. Our construction allows us to provide
quantisation conditions for the spectra of these models in the form of thermodynamic Bethe Ansatz-like
equations

1 Introduction

The Ruijsenaars-Schneider ¢-Toda chain introduced in [I7], appears as a natural ¢ deformation of the
quantum mechanical Toda chain. As show in [2], the ¢-Toda chain can be embedded in a larger family of
models which can be interpreted as stemming from the quantisation of the classical Toda chain endowed
with the second Hamilton structure. The quantisation of the spectrum of the g-Toda chain was derived
in |14} I1] in the form of a scalar t — Q equations by implementing the separation of variables transform
for the chain. This form of the quantisation conditions is however non-efficient for any practical study
of the spectrum and needs to be recast in a more convenient way. Due to the connection of the g-Toda
chain, in particular in the two-particle sector, with certain operators arising as quantisation of mirror
curves, there has been recently a renewed interest in describing the spectrum of the chain [9 [0, 12 18].
The works [12] [I8] describe the quantisation conditions for the spectrum by solving the finite difference
scalar t — Q equation in non-explicit terms, in the spirit of the early quantisation conditions for the
quantum mechanical Toda chain [5] [7, [8]. The approach of [9] [12] takes its roots in the work [I5] which
proposed a heuristic scheme allowing one to provide quantisation conditions of many quantum integrable
models by means of TBA-like equations which involve auxiliary solutions to non-linear integral equations.
The conjectured quantisation conditions were established, for the quantum mechanical Toda chain, in
[13]. The recent works [9] [12] proposed a conjectural form of quantisation conditions appropriate for
describing the spectrum of the ¢-Toda chain. These results were checked numerically in the case of a
low number of particles.

In the recent work [I], the authors have obtained a characterisation of the spectrum of the Ruijsenaars-
Schneider ¢-Toda and the Todas chain by means of a scalar t — Q equation. In the present paper, we
show that this scalar t — Q equation can be solved in terms of a one parameter family of Fredholm deter-
minants, or generalisations thereof, acting on ¢?(N) generalising the construction obtained in [5, 7 8] for
the Toda chain. We then show that this equation may as well be solved within the non-linear integral
equation approach developed, for the Toda chain, in [I3]. This leads to quantisation conditions for these
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two models of interest in the form of thermodynamic Bethe Ansatz-like equations. So far, we were not
able to compare our form of the quantisation conditions with the ones obtained in [9, [12]. This may be
due to the fact that the works [9, [I2] consider the |g| = 1 case while we focus on the |¢| < 1 regime.
The paper is organised as follows. Section [Z] introduces the two models of interest: the g-Toda
and the Todag chain. The Hamiltonians of these models are given in Subsection 21l Subsection
recalls the main result of [I], which are the quantisation conditions for the spectrum of these models in
terms of a scalar Baxter t — Q equation. This is the starting point of the analysis that is carried out
in this work. Section [3] provides an explicit construction of the solutions to the scalar t — Q equations.
A set of elementary solutions, built in terms of Fredholm determinants or generalisations thereof, to
this equation is constructed in Subsection 3.1l Then, in Subsection B.2] these are recast in terms of
solutions to non-linear integral equations. The rewriting of quantisation conditions for these models in
terms of Bethe equations is carried out in Subsection B3] Section [ establishes the equivalence of the
non-linear integral equation based description of the spectrum with the one based on t — Q equations.
Finally, Section [3] contains results allowing one to reconstruct, starting from a solution of a non-linear
integral equation parameterising a given generalised Eigenvalue of either model, the model’s spectrum.
The paper contains several appendices where technical results are postponed. Appendix [Al discusses
infinite determinants. Appendix [Bl gathers various results related to the non-linear integral equation of
interest to this work. Subappendix [B.1] establishes solvability results for the class of non-linear integral
equations of interest. Subappendices [B.2] and [B.3] establish properties of auxiliary function built in
terms of solutions to the non-linear integral equation of interest. Appendix [Clestablishes various general
properties of solutions to the scalar t — Q equations of interest to this work. Subappendix computes
various associated Wronskians while Subappendix establishes the overall form of solutions. Finally,
Appendix[Dldiscusses the main properties and definitions of the special functions of interest to the present
study. Subappendix [D.I] focuses on g-products and #-functions, Subappendix [D.2] recalls properties of
the double sine function and Subappendix [D.3l reviews properties of interest of the quantum dilogarithm.

2 The models and their quantisation conditions

2.1 The Todas; and g-Toda chains

Let X,,, x,, be canonically conjugated operators
[Xpn,xn] = —i

acting on a Hilbert space V., ~ L?(R). Thus, their properly scaled exponents form a Weyl pair:

2
— S %n —wiXp

2
e w2'me = ge Wkng T ™

., with g=e™o . (2.1)
Here, wq,ws are two auxiliary complex parameters which satisfy the constraint $(wq/ws) > 0 so that
|g] < 1. Throughout this work, we shall always consider wy,ws to be generic.

The g-Toda chain refers to the below Hamiltonian on h = @_,V, ~ L2(RY):

™

N
H(quToda _ Z |:1 + qfle—i—gﬁle—i—Q(Xn—Xn—l)} e*Wan
n=1
while the Todas denotes the Hamiltonian:

N
H’lI‘odag _ z :e—wlxn _,_6*3—’;“26*3—;‘(""*%71)

n=1

K1, ke appearing above are some coupling constants.

By means of the quantum inverse scattering method, these Hamiltonians can be embedded into a
larger family of commuting operators H = {H('J, % ,H;V}, with e = q — Toda or Today. Furthermore,
elements of # commute with their respective duals which are obtained by the substitution (w;,ws) <



(w2,w1). These a priori provide one with an independent set of operators so that, in order to have a

Well-posed spectral problem, one should consider the joint diagonalisation of the family H and its dual
~q—Toda

family H. Here and in the following, dual quantities will be denoted with a tilde, viz. Hy and
~Tod
Hko * In particular, the dual parameter ¢ to g is

§=e™%  sothat |g>1. (2.2)

It is convenient to gather the members of the commuting family of operators into a single operator
valued hyperbolic polynomial, closely related to the model’s transfer matrix

N
t(A) = (—1)Ne T PureBH NN (L) o BTN gaToda (2.3)
j=0
in the case of the ¢-Toda chain and
N
t(A) = Y (—1)7 e S (VTN Todes (2.4)
j=0

for the Todas chain. One defines analogously the dual quantities.

2.2 The Baxter equation quantising the spectrum

Irrespectively of the considered model, t()), t(\) both commute with the total momentum operator

N
Piot = Zxa .
a=1

Thus one may immediately reduce the dimensionality of the spectral problem by projecting onto the
subspace by,

= @/hpodp07 (2'5)

associated with the Fourier mode pg of the total momentum operator Pi;. Upon projection, the operator
t(A) restricts to the operator t(\; pg) on the reduced space hy,. The reduced operator is expected to have
a pure point-wise spectrum although this property has not yet been established. Taken the hyperbolic
polynomial form of t()), resp. t()), the Eigenvalues of t(\;pg), resp. t(\;po), can be parameterised by
N complex roots 7 = (71,...,7n), resp. T = (71,...,7n) and take the form:

e g-Toda
N N
=\ =[] {2smh1(A_Tk)}, and () =[] {ZSmh—()\—%k)}; (2.6)

w
k=1 2 k=1 “1

e Todas

Any collection of roots 7,7 parameterising the Eigenvalues of t(\;po), resp. t(\;po), are subject to
the constraint

_m 1 . 1
H e g Th — e~ 2W1Po and H e w1k — g~ 3W2P0 , (2_8)



for the ¢-Toda chain and

27 ~ 2r N

N

_2x _21N _o2r _ 27N
H e w2 Th — gTWIPO | o7 iy H2 and H e w1k = TW2P0 | o7 Ty 2 (2.9)
k=1

for the Todas chain. These constraints translate the fact that the Eigenvalues are associated with
Eigenfunctions belonging to b, .

We are now in position to formulate precisely the spectral problem associated with the ¢-Toda and
Today chains. The latter consists in finding a collection of roots 7, 7, satisfying to the constraints (28]
or (Z9) so that there exists a joint, self-dual, entire solution ¢ to the set of self-dual Baxter equations
subordinate to the associated hyperbolic polynomials ¢, and £z

tr(N)g(\) = gNVer (o2 q(A —iwy) + 0 g(A +iwr)) (2.10)
tz(N)g(\) = gV (032 g(A — iws) + 0 1g(A + iwa)) (2.11)

where the polynomials are defined in (2.6]) or (2.7)), depending on the model of interest. The parameters
appearing in the above equations take the form :

e g-Toda
wry

o= (=), g=ec =, x=1; (2.12)

e Todas

TR

o=(-DN, g=e T2, x=eP0, (2.13)

The main difference between the ¢-Toda and Todas chains is that, in the former model, » depends
explicitly on the zero mode py and the transfer matrix Eigenvalue polynomial only grows in the direction
3‘%(/\ / wg) — —oo. For further applications, it will be important to study the analyticity properties in pg
of the solution g to the ¢t — g equations governing the spectrum of the Todas chain. We leave this to a
subsequent publication.

3 Solution of the Baxter equation.

We shall construct solutions (t,,%z,q) to the spectral problem described in Subsection by following
the below procedure:

i) we first construct two fundamental, meromorphic and linearly independent, solutions ¢+ to the
set of self-dual Baxter equations ([2.I1l), this for any value of the roots 7 and 7 subject to the
constraints (2.8]), (2.9). Their expression involves certain determinants of infinite matrices, in the
spirit of Gutzwiller [7, []].

ii) We show that these determinants can be re-expressed in terms of certain solutions to non-linear
integral equations and that this induces a re-parametrisation of the solutions ¢+ in terms of a new
set of variables &, & which can be constructed from 7 and 7 occurring in 7). Here, we follow the
strategy devised in [I3] for the Toda chain model.

iii) We show that producing a linear combination solving the set of self-dual Baxter equations ¢(\) =
Pr(N)g+(N) +P-(A)g- (), with P being elliptic functions on the lattice (iw;,iws), and such that
q is entire can only be possible if § = § and § satisfy a set of Bethe equations.

iv) We show that the characterisation of the solutions to the spectral problem in terms of solutions
to non-linear integral equation is complete, in that with every such solution one can associate two
functions g+ which constitute a set of fundamental solutions to a set of self-dual Baxter equations
(211 associated with some polynomials ¢,z .

The fact that |¢| < 1, |¢| > 1 play an important role in the analysis developed below. In particular,
taking the |q|,|g| — 1 limits, even on the level of the final formulae does not appear evident despite the
fact that this limit is formally smooth on the level of the scalar t — Q equation. The extension of the
techniques developed in this work so as to deal with the |¢| = 1 case demands a separate investigation
and will not be considered here.



3.1 The fundamental system of solutions

From now on, it will appear convenient to introduce the parameter
2N

and two constants ( ,5 such that
N 2 st N 27T ~
e¥16 = ewipo H e w2’ and  e¥26 = ew2po H e w1t (3.2)
a=1 a=1

Note that, for the ¢-Toda chain, owing to the form of the constraints on 7, T [23), one may take
¢ =( =0, and it is this choice that will be made in the following.
Finally, in the case of the Todas chain, we shall restrict ourselves to the regime of parameters

maxa:112|(e2p°p)wa| <1. (3.3)

3.1.1 The infinite determinants K, I~(i
By taking suitable infinite size limits of finite size determinants, we construct in Subsection [A] four
meromorphic functions K+ and their dual K4 on C. The functions K4
e are iwy periodic;
e have simple poles at {7 Fiw1N + iweZ};
e given A\ = ixw; + iywe, they have the asymptotic expansion
LN
1+ O(ewz ) q — Toda
Ki(\) = om0 xr — 400 (3.4)
1+ O(ew2 ) Todas

1 + O(e_w_zN’\) q — Toda
1

1— pwr e2wipo

2m,
+ O(e w2 ) Todas

e solve the second order, finite-difference, equations:

Ki(—im) = Ki(3) - £l (3.6)
K_(Atiw)) = eK_(\) — Pt K (A —iwn) (3.7)

tr (Vs (N — iw1)

The hyperbolic polynomials ¢, are given by eq. (2I2)) or eq. ([ZI3), depending on the model of
interest. We do stress that the parameters 7 defining the polynomials ¢,()\) are taken arbitrary
here, it particular they don’t necessarily correspond to a parametrisation of an Eigenvalue of the
transfer matrix t(\).

Similarly, the dual functions I?i

e are iwp periodic;

e have simple poles at {7x FiwoN + iw1Z};

e given \ = ixw; + iywe, have the asymptotic expansion

1+ O(ew%N)‘) q — Toda

K_(\) = Yy — —00 (3.8)

27
1+ O(ew_zN)‘) Todas

1 + O(e_W_2N’\) q — Toda
Ki(\) = 1 or Yy — +00; (3.9)
+ O(eiwz ) Todag

1— pw262w2170



e K + solve the second order, finite-difference, equations:

p“’262“’251?+ (A + iwa)
1?.;-(/\)1?.;-(/\ + iw2)
_ _ K_(A—i
K_(A+iw) = K_(\) — J . (3.11)
tr(Niz(A — iws)
The hyperbolic polynomials ¢z are given by eq. ([ZI2) or eq. (ZI3) and, again, the parameters
7 defining these polynomials are taken arbitrary, so that the connection with Eigenvalues of the
transfer matrix t(\) is irrelevant.

K (A —iwy) = eCK (\) —

(3.10)

It seems also worthy to stress that, in the Todas chain case, the finite difference equations satisfied
by K. are not the dual ones of those satisfied by K.

There is a nice relationship between K1 and K 1 in case when the modular parameters (w1, ws) and
coupling constants k1, ko satisfy the reality condition w7 = ws and Kk, € R. In this case, the transfer
matrices are related as (t()\))T = t(N), so that t;(A) = #z(X). Then, by using that e¥1¢ = e¥2¢, the
explicit determinant representation for K4 entail that

K:(\) = K=(X) . (3.12)

3.1.2 The Hill determinants and its zeroes 9, B

By rearranging the finite difference equations satisfied by K. eqns. (@6)-(377) and K. eqns. (B10)-
(B11) one obtains that the quantities

A +iw)K_(X)

_ : w1 w1 K (
HO) = K. WK_(A+iw) — p c. +(A) ()\+1w1) (3.13)
~ — ~ 00) 2 g2 Ky (A +iw) K- (V)
HON) = K (WK_(\+iws) — p <. L OV O i) (3.14)
solve
HA +iwe) = H(N) and HN —iw) = e 1S H(N)
HN+iwr) = H(N) and HN — iwg) = e*2C H(N)

It is easy to see that H, resp. ﬁ, have simple poles on the lattice {Tk + iwnZ + inZ}. Thus, there

exists constants b, E and N roots § = (8y,...,0y) along with their duals & = (01,...,dy) satisfying,
independently of the model, to the constraints

N

N
po = wi; ;5;@ and po = w?ZQ ;51@ ) (3.15)
such that one has the zero/pole factorisation
HO) = b Zj((i)) AN =B g,j((i)) (3.16)
Here, given any set of N-parameters A = (A1,...,An), we introduced the shorthand notation
N N
H (A=X) and  Ga(0) = [0 —A0), (3.17)
1 k=1

where () is closely related to the Jacobi 6; function and 6 to its dual. See Appendix [0} eqn. ([D.2)
in particular, for more details.



J, & are representatives of the lattice of zeroes of the quasi-elliptic functions H, H. In fact, by using
the infinite determinant representation for the functions K, K, one may interpret H and H as being
double-sided infinite determinants of Hill type. This interpretation is rather direct for the ¢g-Toda chain
but demands some work in the Todas chain.

Finally, when the modular parameters (wi,ws) and coupling constants k1, k2 satisfy the reality
condition w7 = wy and k, € R, the two Hill determinants are related as

HO) = HOX —iws) (3.18)

what is a direct consequence of the definitions (BI3), (BI4) and the conjugation properties for K

B.12).

3.1.3 The solutions g4

We are now in position to present the explicit form of the fundamental system of solutions ¢+ to the set
of dual Baxter equations (2.I1)). The formulae describing g4 involve p-infinite product (z;p) for |p| < 1
and it is convenient to introduce the compact notations

N
H (A= dr); for any function w . (3.19)

We refer to Appendix [D.1] for more details on these functions. Finally, recall that to any collection of
variables T, T one can associate, through the Hill determinant construction, two constants b, h and a
collection of variables 6, §.
Then, we introduce the functions
Q+(N)

q:l:()\) = eig(i)\)

(3.20)
with
Qr(N) = (™) N YW £ ) and Q) = (¢M) vV e-(WV S . (3:21)
The building blocks of Q1 are constructed with the help of the functions Ky and K as:
() = Ko (¢eBNg?) L ) = 0T R (3% NG (322)

and

eo) = TR (PN ) L ) = B (3% NG L (3:29)

The expression for the functions féoi )()\) depends on whether one considers the ¢-Toda or the Todas
chain. In the g-Toda case, they take the form

N2 NmQ 2o
T T /\}-e‘p;)‘, with Q=w; +ws, (3.24)

0 = e

2&)1&)2 2&)1&)2

while, for the Todas chain, they read

L I B (3.25)

Q+ given in ([B.2]) are entire functions. Also, f,Sf ) solve the finite difference equations (C12) or
(C11), depending on the model.

By using the finite difference equations satisfied by K, K + and elementary transformation properties
under iws, iws shifts for the ¢, § ~2 products and the 6, 6 functions, one readily checks that ¢+ defined

above solve eqns. (2IT)).



3.1.4 Some heuristics leading to the construction of ¢+

We now briefly discuss the role played by the various building blocks of the functions ¢+. The two
solutions to the set of dual Baxter equations (2-I1]) can be factorised as

0 = G2 A KL ) R
R e SOOI SO SO

The prefactors involving #-function correspond to a particular choice of a quasi-elliptic function. mul-
tiplying a given solution. They should be though of as corresponding to a particularly convenient
normalisation of solutions. The functions

g % g ~2 — 2N ~ 2
(}EZN)Z(;;;QZS A7) and gP(3) = (gqiNi(e;;A;qqg)L 1500 (326)

correspond to the solutions to the "asymptotic" ¢t — g equations, where the second (+) or the first (-) term
in the set of self-dual ¢t — ¢ equations (ZIT]) has been dropped. Such equations describe the spectrum of
appropriate open Toda chains, and take the form

() =

T

trNEP ) = gV P (A —iwy)  and )GV ) = ¢V o 2¢O (A —iwy) . (3.27)
as well as

t.,.()\)q(f)) (\) = gN“’la_lq(,O)(/\ + iwq) and tq.()\)q(f)) (\) = gNw2g™! q(f))(/\ + iws) . (3.28)
The functions K., resp. K +, correct the behaviour of the full solution for the iwq, resp. dual iws, regime
so that one may hope to obtain a solution to the full self-dual ¢ — ¢ equations (2IT)).
3.2 A rewriting in terms of solutions to non-linear integral equations

3.2.1 The auxiliary functions Y5 and 173

For further purpose, we single out two strips in the complex plane:
B= {z €C:z=1lzw +iyws (x,y) € Rx]—1/2; 1/2[} (3.29)

and its dual

B = {z €C:z=lrw +iyws (z,y) € —1/2; 1/2[><R} . (3.30)

They are depicted in Fig. [l B
Further, we observe that the Hill determinants H(A) and H(\) can be decomposed as

HA) = up(N)u_(N) and HA) = ap(AN)u_(N), (3.31)
where we have set
(e_%k;(f) (qze%A;qz’)
u_(\) =h——L2 and uy(\) = ———-2L9% . (3.32)
(efi_y;f) (q2ei_y;q2)
Their duals have a similar representation
~ g —2TX ~ g N =2
+(A\) = an u_-(\)=>—5—"-%2. (3.33)

(6*267‘2“_9;5’2) ~
-



Figure 1: The strips B and B and the curves €5 and %}.

It is easy to see that the functions A — K4 (X Fiw1/2)/ug (X — iw1/2) have only simple poles and
that these form the lattice {5k Fiwy /2FiNw; +1Zwo } Furthermore, owing to the asymptotic expansions
of K4, one has that

KAoig) and  SAH1S) U (3.34)
Uy (/\ — 1%) z—+00 U_ (/\ — 1%) z——o0 1 — p¥1e2¥1P0 1o q,,

for A = izw; +iyws € B and where 17,4a, = 1 for the Todas model and 1roda, = 0 for the g-Toda chain.
Thus, there exists some xg > 0 such that these functions have no zeroes in the region corresponding to
+x > xp.

Thus, one may introduce a curve %j.,, starting at izjwi — iws/2 and ending at iz{wi + iws/2, for
some x(, that divides the strip B in two disjoint domains By such that +it € By when ¢ > 0 and large
enough. The curve is oriented in such a way that B is to its left, see Fig. [ The curve %5,, is chosen
in such a way that:

§

Ko (A —ig)

Ky (A —i%) B
e the poles and zeroes of o areallin B_;
wy (A —i%g)
K_(A+i%
e the poles and zeroes of ( T2 ) are all in B.
U_ (/\ - 171)

This property ensures that there exist holomorphic and iwy periodic determinations of the logarithms

Ki(A=iwn/2)] . L [E- (i /2)
u+(/\—iw1/2)} By d ) =1 {u ( —iw1/2)]

which, owing to [334)), are bounded functions in By. In fact one can even choose the determination so

that [y (izw; + iyws) — 0 for £ — 400, and uniformly in y € R.
Further, we introduce two functions on %s;,:

L(\) = In { B,  (3.35)

Vs = LA +iw) + O —iw), (3.36)
Vs(\) K+ (2 _;j(lA/ 2_)5;53; wi/2) (3.37)

It is easy to see that Vs admits a continuous determination of its logarithm on %s;, given by
In [Vg} A = (A + 1=V (3.38)
and that one has the explicit representation

Vs ewlc,K+(/\+i%)K*(/\_i%) . ta(/\_'ﬂ) ()\-‘riﬂ) |

(3.39)



The latter is a consequence of the identity

oo tr (A= 1)t (N +142)
A+ i) u (N —3iee) = e—¢wr 2 2
ur(Aig)u-(A-3ig) = e ts(h — 19 )ts (A + 190

HA—i%) . (3.40)

Finally, the functional relation between the Hill determinant and Ky entails that Y5 and Vs are
related as
pwleYG(A)

ts(A — 12 ts (A +190)

Analogously, one introduces the dual quantities. We only insist on the differences occurring in the
dual setting. There, one has the asymptotic expansions

Vs(A) = 1+

(3.41)

Ko (A —i%g) bt R (i)

Uy (/\ - 1“’—22) y—+oo 1 — pv2e2w2P0 1y, uU_ (/\ — 1%) y——00

1 (3.42)

for A = izw; + iyws € B. One then defines the curve %”NS‘ o analogously to €5,,, although one should pay

attention to the fact that the dual curve has to be oriented so that the domain ng is to its left, see Fig.
[ One likewise defines dual, iw; periodic, holomorphic determinations of the logarithms

K_(A+ iw2/2)]
- (X —iwz/2)

K (A —iws/2)

Uy (A —iwy/2) B, (4)

L) = 1n{ } in By and [L(\) = 1n{

which, owing to (342)), are bounded functions in B. In fact, one can even choose the determination so
that [_(izw; + iyws) — 0 for y — —oo, and uniformly in 2 € R.

Define two kernels K, K as
™

K(\) = L{coth[

. T . ~
= S (A= 1w1)} — coth [w—2()\ + 1w1)} } and K=Ky cuw, - (3.44)

w2

Then, the functions Y5 introduced in (3:30]) and its dual counterpart }73 satisfy to the below non-linear
integral equations:

Ys(\) /K()\ )1 [1 prrerets) ] d (3.45)
5(A) = —7)n|l+ = oy | 4T .
¥ t(;(T—lTl)tls(T—Fl?l)
and its dual _
Y:(A KO —7)In |1 pree’s(™) 3.46
O e L o
CKSP

The logarithms in the integrand are to be understood as being given by the determinations of In [Vg} N

and In [173] (M) that have been provided above.
The non-linear integral equation property can be established as follows. Let A € %5, and set

(N = / dTK (A —7)In [Vs](A) . (3.47)
Cs;p

By using the expression ([B:38)) and the fact that A — [1(\) are analytic in By, iws periodic and bounded
when A — oo, A € By, one may recast ¥ in the form

WO\ = / drK (A = 7)1, (7) + / drK(A = 1) (7). (3.48)

2B, —0B_
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Here 0B+ stands for the canonically oriented boundary of B4. Indeed, the contribution of the lateral
boundaries does not contribute to each of the integrals due to the iws periodicity of the integrand while
the boundaries at infinity produce vanishing contributions since, for A € €., the kernel 7 — K(X — 1)
decays when 7 — oo, 7 € B. Then, since 7 — K(A — 7) is meromorphic on B and, for A € G5,,, has
simple poles at 7 = A\ + iwy € By with residues £1/(2ir), one concludes that

U(A) =L (A +iwy) + (A —iwy) = Y5(N) , (3.49)

hence the claim. The dual case is dealt with in much the same way.

3.2.2 Integral representations for K., IN(i

To start with, one introduces two auxiliary functions v+(A), vy (A — iwy) by means of the below integral
representations

vp(A) = exp{ - / {coth [1()\ -7+ 1%)} + 1}ln Vs (1) dr } (3.50)

wo 2iWQ
Cg&p

and

v (A —iwy) = exp{ / {coth [1()\—7—1%)] —|—1}1n [Vs](7) i} . (3.51)

w2 21&)2
Cs g

Here, Vs is as defined through (337) and In [Vg} is the appropriate determination for its logarithm on
€s.p given in (339).

Similarly, one introduces the dual functions on %”} .

T\ = exp{ - / {coth [wll(A - T—|—i%)} + 1}1n [Vs](r) - %} (3.52)
Cs.p

and

w1 21&)1

U (A —iwe) = exp{ / {coth [1()\ -7 - 1%)} + 1} In [173} (1) dr } . (3.53)

Cs:0

These functions are closely related to K+ and I}i. Indeed, it holds for A € €., that
Ki(A) = urN) (N, K-(A) = u— (A —iwr) vp (A — iwr) (3.54)

and, similarly for the dual analogues, given A\ € ‘gg_ »

KiQ) = 0 N)3(0N), Ko(\) = 7 (A — iws) T, (A — iws) . (3.55)

We remind that the functions uy, resp. w4, have been defined in B32), resp. (B33). Note that
B54)-[B.53) hold in fact everywhere by meromorphic continuation.

These factorisations can be established by residue calculations analogous to those used in the proof
that Y5 and Yj solve the non-linear integral equations ([B.43)) and (B3.46). We only specify that the +1
term in the integrands are chosen in such a way that

coth [ —(A—7+i%)[+1 — 0  and coth[l(A—Tii%)}—i—l 0. (3.56)

w2 T—00,TEB_ w1 T—00,7EB

This allows one to ensure that when transforming %s.,, resp. %”} ,» into +0B4, resp. :I:(?gi, the boundary

at infinity of —9B_, resp. 8g+ does not produce additional contributions stemming from the fact that
[_(7), resp. [4(7), does not approach zero when 7 — oo with 7 € B_, resp. with 7 € B,..

11



Various properties of the functions vy, which follow from their definition ([B.50)-(3.51]) and the fact
that Y5 solve (845) are obtained in Subsection [B.3l In particular, it is shown there that A — v4()) has
simple poles at 0 — iN*w; + iZw, with non-vanishing residues. Likewise, A — v (A — iw;) has simple
poles at dx + iN*w; + iZws with non-vanishing residues. Although the pole property is rather clear on
the level of the representations ([B.54)), the fact that these are genuine poles, viz. that the residues are
non-vanishing, is, however, not directly apparent.

It is interesting to observe the form of the finite-difference equations satisfied by the vy, and their

duals. By using their relation to K4, K + and the finite difference equations satisfied by the latter one
gets that

oy vp(A +iwy)

tr(Nr(A) = ts(Nrp(A —iwr) + p O i) (3.57)
tr(ANyy(A—iwy) = ts(Nv(A) + p““% . (3.58)

The dual equations follow by the duality transformation. One should note that, in these equations, the
parameters 7 and § are not independent but related through [BI6), viz. the §,’s are the representatives
of the lattice of zeroes of the Hill determinant that is built up from the parameters 7,. Observe also that
these equation allow one to express the polynomial - (A) solely in terms of v4,; and of the polynomials
ts. By using the Wronskian relation satisfied by vy, (B37)), one gets that

200, V1 (A Fiwr vy (A — iwr)

T ts(h+icwr)
e=0,%+1

tr(A) = ts(Nor(A —iwr)og(A) — p

(3.59)

An analogous equation holds for the dual case.

3.2.3 New representation for the functions ¢, in

The results of the previous analysis allow one to recast the building blocks ¢4, 1+ in terms of quantities
solely depending on the parameters §, § and hence drop the connection with the parameters 7, 7. These
functions are expressed as

) = v (@eBNq?) L ) = B (7% 5N (3.60)
and
vo() = w—iwn) (e BN L D) = 0 —iw) (T2ENGTE) (36D

From the preceding discussions, it follows that:

e 1 is entire

e ¢ does not vanish on the lattice dy +iZw; + iZws as follows from the properties of vy, discussed

earlier on;

e Dual properties hold for zzi;

The parametrisation of ¢+’s building blocks in terms of the functions vy, vy, allows one to prove
that g4+ are two linearly independent solutions of the set of dual Baxter ¢ — ¢ equations. The linear
independence is a consequence of g+ not sharing a common set of zeroes. Indeed, let Z, resp. Z, be the
set of zeroes of Vs, resp. V3, and let Z1 = ZNB4 and 24 = ZNB+. The results obtained in Subsection

[B.3] of the appendix ensure that ¢4+ has zeroes at {Zi +iwy /2 + ing} U {ZNi +iws /2 + iZwl}. These
sets are obviously disconnected. It remains to show that Z_ is non-empty. This is a consequence of the
fact that €¥s(») has poles at &), + iwy /2 £ iIN*wy + iZws.

12



3.3 Quantisation conditions in the form of Bethe equations for the ¢,’s

For the purpose of stating the result, it is convenient to introduce two functions

Ts(\) = —%/ { coth {i(A—rﬂ?)} + coth | 2()\—7—1%)} +2} nV](r) - 2?—;2 ,
Ts(\) = — / { coth {%(A—TH%)} + coth [%(A—T—l;)} +2} [ V3](r) - 2?;1 .

Let ¢ be an entire solution of the set of self-dual Baxter equations (2.11]) associated with the polyno-
mials ¢, and £z. Let & and & be the representatives of the zeroes of the associated Hill determinant BI13)
and its dual (3I4]), such that the coordinates oy, are pairwise distinct modulo the lattice iw1Z + iweZ

Then it holds that § = & and, up to an overall inessential constant, ¢ can be expressed in terms of
the elementary solutions ¢+ ([B.20) as

a(A) = q+(A) = &a-(A) - (3.62)
The set of N + 1 parameters (9, £) satisfies to the constraint

254 - “’1:2 (3.63)

as well as to the Bethe equations which take the form

e g—Toda
ML L7650+ F(5) T — 0, +i0/2) g
e wiwa 5(0) +Z5 (3% H = g2 for k=1,...,N. (3.64)
6k_6é+19/2)
Z:l
e Todas
Mk 5 5 xN_ 52 4T (5,) + Ts(5%) il — 6, +10/2) 2
e wiws 1wz 5(0%) +Z5 (3% H = ¢e2? for k=1,...,N. (3.65)

61@ — Iy +1Q/2)

These equations are expressed in terms of the quantum dilogarithm defined in (D.15)) .
Prior to giving a proof of this statement, some remarks are in order.

i) The Bethe equations (3.64), (3.65]) are manifestly modular invariant. Furthermore, if the reality
condition w; = w3 and k., € R holds, then the Bethe equations are compatible with real roots §;
o .
and £e2P° being of modulus one.

Indeed then, due to (D.18)), it holds

w(z +1i0Q/2) _w(—E+iQ/2)
w(—2+iQ/2)  @(z+i2/2)

(3.66)

Also in this situation, one can readily check that €5, = Cﬁ%_ r where the complex conjugation
also takes care of the change of orientation. Further, assuming that § € RY, one obtains that
exp {Y5 ()\)} = exp {Y5 (X)} as follows from the explicit expression ([B.39) for these quantities, the

conjugation properties of the zeroes of the transfer matrices Eigenvalues T = 7 and those of the
Hill determinants (3I8) and of Ky (312). From there, one deduces that one may choose branches

appropriately so that In[Vs](\) = ln[ﬁs} (X), and thus, by taking complex conjugation, one gets
that Zs(A) = —Zs(X). This property entails that, in such a case, one has that Zs(\) + Zs(}) is
purely imaginary for real \.
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ii) The expressions for ¢4 simplify in the case when § = 6 and read

T SO L GV CYRTES
a+(N) = (29") .50 o) ™ ) (3.67)

and . - .
iva VLA = iw1) D) (A — iws)
TLL, S = A)

where S is the double sine function. It follows immediately from this representation that, when

0 = 0§, g+ are manifestly modular invariant.

-(\) =g £, (3.68)

iii) The statement of the quantisation conditions when the coordinates of § are not pairwise distinct
is more complicated and we chose to omit it here since we believe this situation to be very non-
generic. Still, we would like to stress that in the non-pairwise distinct case, one cannot a priori
discard the possibility that § # J.

The proof of the above characterisation of the spectrum goes as follows. Since ¢+ is a fundamental
system of solutions to the set of self-dual Baxter equations (ZI1I), by virtue of the structure of solutions
to the set of self-dual t — ¢ equations which is obtained in Subsection of the appendix, for any
solution to these equations, the entire solution ¢ in particular, the exists elliptic functions P4 (\) such
that

q(A) = P+ (Ng+(A) + P-(N)g-(A) - (3.69)

As q is entire, the self-dual Wronskian of ¢, c.f. (C4)), is also an entire function. The functional equations
([C3) it satisfies then determines it completely to be Wq] = C,»~** for some normalisation constant
Cy. On the other hand, the self-dual Wronskian can be computed explicitly by means of (C.14) leading
to

W) = 29700, B P )P (3 (3.70)

where Cj is a constant defined through (C.I5)-(C.16).
Both information entail that

with & = gmﬂ. (3.71)
Cs

Suppose that § # § and let 6, € &\ 8. Then, P, (\)P_()) has simple zeroes at 0y 4 iw1Z + iwpZ. Each
zero being simple, only one of the two elliptic functions may vanish on the lattice o +iwi Z+iwsZ, say Py.
Therefore, one has P_(dx) # 0. Recall that both ¢4 have simple poles at {J, +iw1Z + iw2Z, a € [1; N]}.
Thence, should such a situation occur, one would have

Res(q(A)dA, A = 0x) # 0, (3.72)
hence contradicting that ¢ is entire. Accordingly, it holds that & = & so that:
Pr(A)P-(N) =-€. (3.73)

If the elliptic functions are non-constant, then they necessarily have zeroes and poles. Suppose that z
is a zero of Py. Then P, vanishes on the lattice z + iZw; + iZwo. Thus, P_ has poles on this lattice.
However, it follows from the characterisation of vy (A — iw;), resp. 0 (X — iws), given in Subsection [B3]
that, for a bounded ||, 1 (A —inw; —imw,)1h_ (A —inw; —imws) does not vanish provided that n and m
are large enough. Thence, it holds that the function ¢q_P_ has a pole at z — inw; — imw, for some n,m
large enough. Since ¢4 P is regulalﬂ at z —inw; — imws, this contradicts that ¢ is entire. Thus, P4 and
P_ are both constant, and up to an overall inessential constant one may take P, =1 and P_ = —&.

f 2z € 6 + iZw1 + iZws, then the pole at z of ¢4 is compensated by the zero of Py .
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Thus q is expressed by the below linear combination

a\) =g+ (N) —€g-(\) = —— lQJr()\) —¢(-1)Y

N
95;) [1 {G_E(A_ée)}Q—(A)] : (3.74)

where we used that Ny
Os(N) N — 27 (\—g,)
— = (-1 wa ‘ . 3.75
oo = GOV {e } (3.75)

The denominator in (B74) has simple zeroes on the lattice &), 4 iwiZ + iwoZ, k € [1; N]. Since & = 4,
@+ do not vanish on this lattice. This ensures that the parameters § characterising an entire solution ¢
have to satisfy to the constraints

N
Q4+ (0k + inwy + imws) N —oN — 27 (5, —5,)
— _1 n wo k 12 .
Q_ (0 + inwy + imws) (=174 II {e } (3.76)

=1
for k=1,...,N and any (n,m) € Z?. By using eqns. (C.8)-(C.I0) which ensure that
W, [Q+, Q_](8k + inwy + imws) = W, [Qy, Q_](0k + inw; + imws) = 0, (3.77)

one gets that

Q+ (O + inwn +imws) g-2Nn Q-+ (9%) (3.78)
Q_ (0 + inwy + imws) Q—(0r) '
In other words, all constraints (B.76) will be satisfied, provided that they holds for n = m = 0 and
k=1,...,N. Thus, q defined as ¢ = ¢+ — £g— will be entire, provided that it holds

gy () _
)\hﬁné}k =G =¢ for k=1,...,N. (3.79)

A straightforward calculation shows that

- inN 2ims 1Toda
a+(N) —ixgZs(N) +Z5 () { T 52 SOk Efléa} :

) =p e wiws wiwsy

@ (X — b +10/2) } - (380)

Here, 1Toda, = 1 in the case of the Todas model and 1toda, = 0 for the g-Toda chain.
To conclude, we remind that the additional constraint (363]) on the roots d, is already present from
the very start of the analysis, c.f. (315).

4 Equivalence of T'() equations and non-linear integral equations

In this section we show that the description of the spectrum through non-linear integral equations is fully
equivalent to the original, dual ¢ —¢ equation based descriptionZIIl Namely, we show that starting from
a given set of solutions Y5, Y5 to the appropriately defined non-linear integral equations (3.45)), (3.46)),
one can introduce two functions ¢+. These functions enjoy certain property that allow one to produce
two combinations of these functions giving rise to two hyperbolic polynomials ¢, and t; whose roots
depend on the sets of original roots 6, 5 arising in the non-linear integral equations for Ys, Y5. These
polynomials are such that the ¢+ solve the set of dual ¢ — ¢ equations subordinate to the polynomials
tr and t.;-.

15



4.1 The building blocks ¢, and ¢_

4.1.1 The fundamental building blocks

Recall the two strips B and B introduced respectively in (29), (:30). Starting from now, we consider
two collections of N parameters § = (J1,...,0y) € BN and 6 = (d1,...,0n5) € BY, such that each
collection satisfies to the constraints

W1W2

Djz
Mz

Do - (4.1)
k=1 k=1

In the discussions to come, we will only consider the case of generic, in particular pairwise distinct sets
of roots 6, 5. However, all properties continue on to the non-generic case, upon evident modifications
due to multiplicities, by taking limits. _

Next, we assume that one is given two solutions Y5 and Yj to the non-linear integral equations
B43), (344). Since, these non-linear integral equations are the starting point of the analysis, some
care is needed in discussing the contours €5, ,, %”5‘ " These are defined as follows. €5,, is a contour in
B starting at izw; — iwe/2 and ending at izw; + iws/2 for some well chosen & € R. This entails that
%s;p cuts B, in two disjoint domains B+ such that +itw; € B4 for ¢ > 0 and large. The contour s, is
oriented so that the domain B is to its left.

The dual definition holds for the contour (fi One should however pay attention that the orientation

requirement imposes that (5~ starts at iZws +1w1 /2 and ends at iZws —iw; /2 for some well chosen 7 € R.

The contour €5, ,, resp. ‘K , has to satisfy the three properties:
i) it is such that the points d; + 17 + iNwq, resp. Ok =+ 17 4 iNws, are all in B4, resp. gi;
ii) the functions

w1 aY3(A) w1Y3(A)

p
tg()\—l—)ts()\—l—l )

p

Va(d) = 1+ GO 2 (D)

and Vs(\) = 1 + (4.2)

do not vanish on %s;,, resp. on ‘gg_p, and have continuous logarithms In [Vg] (1), resp. In [IN)S} (1),
on these curves;

iii) when shrinking p to 0, no zero of the function Vs, resp. ]N/S, crosses the contour %s.,, resp. %Ng_p.

Thus, the non-linear integral equations are joint equations for the unknown functions Ys and 375 and

the contours €., and ‘@”gp.
Several comments are in order

i) It is shown in Appendix [B] that, provided |p| is small enough, there exist a unique solution Y,
resp. Y, to (3:49), resp. (B40), and that, for |p| small enough, one can take the contours %s),,

resp. (5 , to be p independent.

iii) Appendlx [B.2] discusses the analytic properties of Y5 and 375, solving ([343) and (344]), as mero-
morphic functions on C

The two functions Y and }73 being given, recall the definition of the functions Vs(X) and IN)S()\) given
in [@.2) and then define the functions v(A), v (A — iw1) by means of the formulae [.50) and (B.5).
Similarly, one introduces the dual functions on (5~ , through eqns. (3.52)-(B.53).

According to Subsection B3, A — v4(N) extends to a meromorphic function on C. It is non-
vanishing in By and has simple poles at d; — iN*w; + iZws with non-vanishing residues. Likewise,
A = v (A —iwy) extends to a meromorphic function on C. It is non-vanishing in B_ and has simple
poles at 0 + iN*w; + iZws with non-vanishing residues.
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4.1.2 The functions of main interest

Finally, let

q+(A) = % (4.3)

with
—ix ~ ix ~ -
Q) = (™) TN N PO and Q- = (¢) - U-WN ). ()
The building blocks of Q)+ are constructed with the help of the functions vy, and v 4:
_ 2,25X, 2 i _ ~—2 — 2N ~—2
) = o) (e FNg?) L B = B (7% NG ) (4.5)

and

27

Do(\) = v (A — iwr) (qu—@A;qQ)a C (N = B\ — iws) (af‘é’eif’l%r?)s. (4.6)

Some explanations are in order. The functions f éi)()\) are as defined through ([B.24) for the ¢-Toda
chain and [B25)) for the Todas chain.
It will be of use for the following, to establish a few overall properties of the functions @+ and its

building blocks which follow from properties of solutions to the non-linear integral equation for ¥s and
Y;:

e 1 is entire and does not vanish on the lattice §; + iZw; + iZws as follows from the properties of
vy, discussed earlier on;

e dual properties hold for Ji;

e this ensures that (Q+ are both entire functions.

4.2 t. and t; are trigonometric polynomials.

Let g+ be as given by eq. ({3) with 4, d satisfying to (@I). In addition, in the Todas case, assume that
|pre* 0| <1 and  |pM2e* | < 1. (4.7)
Then, there exists N roots 7 = {7,}&V and N dual roots 7 = {7, }¥' such that

wor G+ (A —iw1)g— (A +iw1) — g— (A — iw1) g4 (A + iw1)

tr(\) = gy - - , 4.8
A = oy V4 O+ in) — ¢ (Vg2 O+ iwn) (48)
and . . . .
Lo\ = oghwr e g+ (A —iwa)g— (A + ?wz) —q-(A— 1w2)q4f(/\ + iws) . (4.9)
g+ (N)g— (A +iws) — ¢ (V) g+ (A + iw2)
The roots {7,} and {7,} satisfy to
N, . N a - .
I1 e ETe = Wb oo Ne 11 e BT = mwapo iR Today
a=1 a=1
(4.10)
N . N oL .
[Te =™ = e~ 2P0 , [Te #™ = e~ TP q — Toda
a=1 a=1

In the Today case, we are only able to establish the hyperbolic polynomiality of the quantities
appearing in the rhs of (Z8)-(@9) under the hypothesis (7). We have no idea whether the upper bound
in this hypothesis represents some genuine limitation of the method or whether it may be omitted without
altering the conclusion of the above statement by a suitable modification of the form of the non-linear
integral equation.
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In order to establish the statement, we denote by 75(\) the rhs of ([AJ]). Then a direct calculation
shows that

N 5o Un @, Q40
Ts(\) = agN@rse _ e wm AT | el o (4.11)
0 = et I = F e 07 )
where 5
U [Q4,Q-1(N) = Q+ (A —iw1)Q- (A +iwr) — ¢V Q1+ (A +1iw1)Q— (A —iwy) (4.12)
and
Wi [Q+.Q-1(N) = Q+(NQ-(A+iw1) — ¢*NQr (A +iw1)Q—(N) . (4.13)

W, [@+,Q_] can be computed in a closed form; the explicit expression can be found in (C.8). Also, we
have introduced

@) = (™) PV £ and QW) = (6NN oo (N £57 (V) (4.14)

Note that the functions J+ and {/JV, could have been simplified between the numerator and denominator
in (@II) by using their iw; periodicity.

The functions SE” 1) are entire functions what entails that Ts is a meromorphic function whose poles

correspond to the zeroes of
War [QY™, QEVI(N) = g™ M fED N7 (A + i) (). (4.15)

This expression in a consequence of (C8) and the iw; periodicity of ¢ and ¢_. Thus, the potential
poles of Ts(A\) can only be located at the zeroes of 5()\), viz. belong to the lattice dx + iw1Z + iweZ. It

follows from the properties justified at the end of Subsection 1] that the functions Qi" 1) do not vanish
on this lattice. Writing out explicitly that W, [ Eﬁdl), Q(_wl)](ék + inw; + imws) = 0, one infers that

S:Jl)(égC + inwy + imws) Q(_wl)(égC +i(n + Dw; + imws)
= q2NQE:)1)(5k +i(n + 1w + imws) Q(_wl)((sk + inwy + imws)  (4.16)

what ensures that

S:Ul)(&g +inwi +imws) N ngl)(‘sk +i(n 4 Oy + imews) (4.17)

Q(_wl) (0 + inwy + imws) Q(—wl)(ék +i(n + Ow + imws)

In particular, with £ = 2 this entails that U, [Q+,Q_](6r + i(n — 1)w; + imws) = 0. Since oy +i(n —
1wy + imws is a simple zero of the denominator in (£11]), this entails that 75 is entire.
One can further simplify the expression for 75 and recast it as

Ts(A) = ts(Nvr (X —iwr)v (N — 2w, V1 (A Fiwn)vy (A —iwy) - |
5(A) = ts(N)or( Jo(A) — p Hi 2 0r 1 o) (4.18)
e=0,£1

From there it becomes clear that 75 is iws periodic and, owing to the asymptotic behaviour of vy, at
oo which is established in Sub-section of the appendix, we infer that

1+ ‘efi_gN)“ Todas

|7:§()\)‘ < C,- B B for e B\ D5a+iw kdiwal,e - (4.19)
}eEN)‘} + }e_w_zN’\} g — Toda aegnﬂ 1 :
kLEZL

Here, € > 0 is arbitrary but small enough, C. is some e-dependent constant and

D,e= {s eC:|s—z< e} . (4.20)
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Since Ts(A) is entire, it admits the integral representation

Ts(z) dz
Ts(N) = zé—())\ 2ir

0D,

for ANeD, = D6a+iw1k+iw2€,2e . (4.21)

Thus, immediate bounds based on this representation and ([I9]) leads to

C. L+ [e 5 —
‘7:;()\)‘ < —- for e D6a+iw1k+iw2€,e . (4.22)
L feB M 4 e MY

Thus, upon replacing C. — C. /e, the bounds (@I9)) hold, in fact, on C. By the hyperbolic variant of
Liouville’s theorem, we do get that there exist 1:1 roots 75 such that 75 = t,.
Furthermore, upon looking at the leading e=s® = 400 asymptotics in the g-Toda case one gets that

A) = ewz VA Hewza (1+0(1))  while  t.(A) =e=2® Hewza (1+o0(1)).  (4.23)

This obviously yields ([@I0).

27
In the Today case, one rather computes the e =2 — 0 limit. By using the form of the asymptotics
of 14, given in Subsection [B.3] one gets that

N —2n5, le N
e w2
7oy = (e v ol
1_pw1 Hazlewz a 1_pw1H 1ew2
N 2 N 4
— (—)N He‘ﬁ5a{1 e He@‘s"} + o(1) = (—1)N{e*wwo +pmeww0} +oo(1). (4.24)
a=1 a=1
N 27
One may then conclude by using that t-(A\) = (=1)" ] e” “2™ - (1 + o(1)) and recalling the explicit
a=1

expression for p in the Todas model. B
The reasonings in the dual case are quite similar, with the sole difference that, if T5(\) denotes the
rhs of (E3) one gets

- , U Q. Q%10
Ts(\) = aglVw2s¢ 4.25
e ) )
where Q7 (0) = (9™) 7 9 (V) £57 (), QET ) = (9V) - () £57 ),
U [Q+: Q-1 = Q4+ (A —iw2)Q-(A +iwz) — Q+ (A +iw2)Q— (A — iwa) , (4.26)
and §
Wi [Q+,Q-](N) = Q+(NQ-(A +iw2) — Q4+ (A +iw2)Q-(N) . (4.27)
The ws reduced Wronskian appearing in [@23]), can be expressed as
Wea [QU, QE2)(N) = 27297 M2 [P ) 57 (0 + 1w )B5 () - (4.28)

The rest of the reasonings in the dual case are formally the same.
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4.3 The Baxter equation associated with ¢4

Let g+ be as given by (@3) and let the hyperbolic polynomials ¢, and t; be as given by {@S8)-@3).
Then ¢+ provide one with the two linearly independent solutions of the self-dual ¢ — ¢ equations (Z.IT)
associated with these polynomials.

The proof of the statement goes as follows. The fact that ¢+ are linearly independent is a consequence
of g+ not sharing a common set of zeroes. Indeed, let Z, resp. ZN, be the set of zeroes of Vs, resp. 173,
and let Zy = ZN B4 and ZNi =ZnN Bvi. The results obtained in Subsection [B.3] of the appendix ensure
that ¢4 has zeroes at {Zi +iw/ 2—|—iZw2} U {ZNi +iwe /2417w } These sets are obviously disconnected.
It remains to show that Z_ is non-empty. This is a consequence of e¥s(V) = 1 + o(1) when A — oo,
X € B, and of the fact that €¥3(V) has poles at 6, + w1 /2 + iN*w; 4 iZws.

Next, introduce the iw;-Wronskian

W lg+,q-1(A) = ¢+ (Ng- (A +iw1) — ¢- (Vg (A +iwr) . (4.29)

It holds,

tr (Mg (M Woy g4, g-](N)
=0 (gN%)““{%(/\—iwl)q—(/\+iwl)q+(/\) - q+(/\+iw1)Q—(/\—iwl)q+(>\)}
= ar(A = i) { W [, a-JO) + @ 0+ iwn)a- (V) } - o (970)
— e O+ i) = Wl g JO = i) + e (A —iwn)a- () b o (972" (4.30)

The last two terms in each bracket cancel out. It is discussed in Subsection of the appendix that
W, [q4,q—](\) satisfies to the finite difference equation W, [q+, ¢—_](A—iw1) = o723~ W, [q+, q-](N).
Thus, the handlings can be simplified further, leading to

br(Nar W [, a-10) = gV W [ a- {05 ar (A= iwn) + 07l qr (A +iw) . (431)

The closed formula (C.6)-(C.S) for W, [+, q—] ensures that this Wronskian is a meromorphic function
on C that, furthermore, is not identically zero. It can thus vanish at most on a locally finite set. Thus,
it holds that g solves the iw; t — g equation everywhere, with the exception of an at most locally finite
set and away from its pole. By continuity, it satisfies this equation on C \ {0y + iZw; + iZw2}. The
reasoning is much the same regarding to the dual, iw, ¢t — g equation, as well as for g_. We leave the
details to the reader.

5 Spectrum of the transfer matrices

In this last section, we establish how to reconstruct the spectrum of the transfer matrix and its dual
from the knowledge of the parameters d describing a given joint Eigenvector of these matrices. One
could, of course, use the relation ([359). However, the latter seems rather impractical from the point of
view of concrete applications. The reconstruction we propose below is rather direct and relies on objects
that are natural from the point of view of the non-linear integral equation approach.

Let d be a collection of pairwise distinct parameters solving the Bethe equations ([B.64]) or (3.69).
Assume that the contours %5, and %N(;; p are such that the roots 7 and 7 associated with the Eigenvalues
tr of t(\) and #; of t()\) are such that

T+ i% €B. and T4+ i% € B, . (5.1)
Define the auxiliary functions
—2m
ap(N) = e w2
ar(\) = e @M



Then, given Vs, resp. IN)S, as defined in ([£2)), it holds

N N dy
Zak(Ta) = Zak(da) — / {a;C (u — 1%) — (u + i%)}ln [Va] (1) - =—— (5.2)
a=1 a=1

2im
%5;13
N N
~ _ ~ ~/ - wy ~/ ‘w1 ¥ du
Zak(Ta) = Zak(da) - a;, (u — 17) — (u + 17) In [Va] (1) - % (5.3)
a=1 a=1 Pt
Cg&p
where k=1,...,N — 1.
Prior to discussing the proof of this representation, some remarks are in order.
i) The integral representation reconstructs the Newton polynomials
N
Pe(Xy,...,Xy) = Y Xk (5.4)
a=1
in the variables efi_gn, . .,efi_gkm for Kk = 1,...,N — 1. Since the newton polynomials are

an algebraic basis in the space of symmetric polynomials, it means that one can reconstruct the
elementary symmetric functions o in the variables e_%ﬁ, e ,e_%km fork=1,...,N—1 from
the answer given above. The value of the last elementary symmetric polynomial oy is simply
deduced from the constraints on the parameters ([@I0). Thus, the obtained integral representation

allows one to fully reconstruct the two hyperbolic polynomials ¢, and ;.

ii) The way of reconstructing 7 and 7 solely involves the parameters § and the solutions to the non-
linear integral equations (B.3), (B4), which occur in these expressions through Vs and 173. Thus,
the present result allows one to fully describe the spectrum of the models solely on the level of
non-linear integral equations.

iii) The hypotheses (B.Il) may appear as a posteriori data which are hard to verify a priori. However,
one should note that, taken the definition of H, for |p| small enough, the sets § will be close to the
poles of H, viz. the 7. Hence, the very definition of the contour %3, ensures that hypotheses (5.1
does hold. For greater values of |p|, the validity of (51)) is less clear, although, in practice, one may
always reach the large values of |p| by first starting from |p| small enough, and then deforming the
parameter. That would then allow one to find, for the value of p of interest, pi, pr, € Z such that

w ~ LW o~ >4
T £ 171 + ippw1 € B+ and T 172 + ipgws € By . (5.5)
The reconstruction ([B.2))-(E3]) would then still hold, provided one makes the substitution
Tk <> Tk +ipgw1 , TEsp. Tip = Tk +iprwa ,

in the corresponding formulae.

We now establish the result. We only focus on the Todas; model, and in that case solely establish
eqn. (B.2). All the other cases are dealt with in a similar fashion, up to small, evident, modifications.

Let
Iy = — / {a;(u —ig) — a;(u—i—i%)}ln [Vs] (1) - du . (5.6)

2im
Cg&p

Upon using that In [Vg} is smooth on the integration contour and that it is iws periodic there, one may
integrate by parts and, upon using that the ay’s are also iws periodic one gets that the boundary terms
cancel out, so that:

To— [ {anln=i%) - anuris) }5E8 20 657
Cs;p
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The functions v/, resp. 74/, built from the given solution to the non-linear integral equation define
polynomials ¢, and 7. One builds then, just as in Section [3, two elementary solutions ¢+. From these
one builds Vs as in (3.37). Thus, one has the explicit representation

Vi(r)  Ki(r—i%) K. (t+i%)  H(r—i%)

= - 27 5.8
Vs(r) © Ki(r—i%) T Ko (r¥im) | H(r—i%) (5:8)
Observe that one has the below bounds in the A — oo regime
‘eiiigk)\‘ 5 A€ B+
(A= i%) = an(A+i%)| < G (5.9)
1 , AEDB_
for some constant Cy > 0, as well as
K\ (A —i<t n ! 14l ﬂ
M’ < Cle®™, AeB; and ]M < Cle®, aeB.  (5.10)
K (= i%) K_(rig)

for some constant C'.
Thus, the decay at infinity and the iws periodicity of the integral allow one to split the integral into
three pieces
K (n—i%)  du
T, = { —jer) — 4w }#
* / ol = i) - onlp+ig) Ki(p—i%) 2ir
B,

s w cw KI_ /,L—i—lﬂ d'LL
—/{ak(#—l%)—ak(ﬂ-l-l%)}ﬁ'ﬁ
- 2

oB_
- / ak(u_i%)w d,u' (5.11)

((oﬂa;pu
{—6s,p+iw1}

The first two parts can be computed, at this stage, by residues and each yields 0 since the integrand is
holomorphic. Relatively to the third integral, one may close the contours by virtue of iws-periodicity.
In’ ’H,(u — 1%) has simple poles at p € {i%t + 0p + iZw; + iZwo} with 2im residue +1 and simple poles
at p € {15 + 7 +1Zwy +1Zw2} with 2im residue —1.

By construction of the curve 6s,,, one has that d; £ iw1/2 € Bx. Since 0 + 3iw1/2 is already at
distance greater than 1 along the iw; axis and in units of iwy, solely 0y + iwy /2 lies inside the integration
contour of the third integral. Likewise, by virtue of hypothesis (&), solely the poles at 7 + iwy/2 are
located inside of the integration contour. Hence,

N

T = Z{ak(m - ak(5a)} , (5.12)

a=1

what entails the claim.

Conclusion

In this work, we constructed the explicit solution to the scalar t — Q equations describing the spectrum
of the ¢-Toda and Today chains. The solution ¢ was expressed through Fredholm determinants and we

showed that it is equivalently expressed in terms of solutions to non-linear integral equations. Ultimately,
we obtained a set of quantisation conditions, in the form of Thermodynamic Bethe Ansatz like equations.
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A Infinite determinants

Let K(in)()\) be defined as the below determinants of n x n tridiagonal matrices

1KY 0 o 0]
SRR T S N e - 1
(n) . . . . tr ()\ + lkwl)
K”(\) = det 0 - - . 0 with o (A1)
. . . (+) = -
0 ol K tr (A + ke
0 .0 Y
eiC 7)o 0
) e o) B 1
(n) . . . K tr ()\ — ikwl)
K™(\) = det 0 - " - 0 with ) (A.2)
. () _ _pretnt
0 . ) w7 O ikwn)
Lo o0 o) e
N 2m
Here, we remind that e*1¢ = e“1Po [] e~ @2 "*. Analogously, define the dual determinants as
a=1
[ew2t B 0 0
A gl jH : P+ _ 1
¢ e . : b N —
~ (n) 2 2 k t-,*-()\—f'ikWQ)
K\ = det| 0o . B 0 with X (A.3)
7(+) & = 7pw262wzc
0 by k N E.,z ()\ + ikWQ)
Lo o0 &P el ]
1 B0 0 ]
~(— = : =(— 1
~(n) . . . . tz (A — ikw2)
K™(X) = det 0 - - . 0 with s (A4)
~_ ~(=) — pi
0 b, “ 72 (N — thao)
Lo . 0 &) 1]
. N 2m.
Further, in the dual case, one has e¥2¢ = ev2P0 [] ¢ w1 *
a=1
Define
4 : : N ~ (&) - : N
D_(r ) = C\ {Tk F iw N* + 1w2Z}k71 and D7 = C\ {Tk F iwoN* + 1w1Z}k71 . (A.5)
Then, under the hypothesis
Wagvalo| < ] A6
ag%aluf;}‘p e (A.6)
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(n)

for the Todas chain and under no additional condition for the ¢-Toda chain, K" (n)

,resp. K1, converge

on compact subsets of D.(,-i), resp. 5_(;[), to holomorphic iwy periodic functions K4, resp. iw; periodic
(&)

functions I}i, on D.(,-i), resp. 55_ These functions extend to meromorphic functions on C. The

functions K4:

e have simple poles at {7 F iwN* + ing}:’:l;

e have the asymptotics (34)), (3.3);
e solve the second order finite difference equations (3.6)), (3.7).

Analogously, the dual functions K.

e K, have simple poles at {%k F iwaN* + iwlZ}szl;

e have the asymptotics (3:8)), (39);
e solve the second order finite difference equations (3.10), (3.I)).

The proof of these properties goes as follows. We first assume that convergence holds and establish
periodicity and the second order finite difference equation. We treat the case of K as all others are
dealt similarly.

We first prove the periodicity. One obviously has KSF")()\ +iws) = KSF")()\) Hence, taking the limit,
one gets K (A + iwg) = K1 (\). The recurrence equations ([3.8]) follows by developing in respect to the
first column:
pleS:l*Q)()\ + iwy)

tr(A+iw)t-(N)

and then taking the limit on the level of this representation. Finally, the presence/absence of poles at

some point z € C follows upon taking the n — 400 limit on the level of Res(KSrn)()\)d)\, A=2).
Hence, it remains to establish convergence and asymptotics. Here, we treat the case of K and K_
as both determinants demands slightly different techniques to deal with.

KM —iwy) = K" () — (A7)

)

To start with, we observe that given an n x n matrix with entries Még and the identity matrix I,

it holds
n 1 n
det I, + M™] = > det [M{7), ] (A.8)

3

Further, one has the bound ensured by Haddamard’s inequality and the fact that it holds Y~ |w,|? <

=1
n 2
(3 )
=1
k
S asm) < Y] (x9)
Aly.nny ag [ PR ag s=
a; €[1;n] a; €[lin
where
C[M] = limsu M) A10
(M] = limsup 3 [M7] (4.10)

a,beN*

Thus, the sequence of determinants converges whenever C[M| < +o00. Furthermore, in such a case, one

has the uniform in n bound
| det (£, + M)~ 1] < cla]e™. (A.11)

One can represent Ki")(A) = det [1,, + 5ICS:1)} where

((”CE:)) = b((;r)(sa,bfl + C((;L)(Sa,bJrl (A12)

ab
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and d4p is the Kronecker symbol. Further, take ¢ > 0 and small enough and define

N
D‘(ri) = (C\ U U UDquZiw1€+ipw2,e (A]'S)

k=1 LeN~* peZ

where D, . is the open disk of radius € centred at z. Then, uniformly in A € ’DS-J.;) of the form \ =
izwy + iyws, with x > o for some xg € R, it holds, for some zy and e-dependent constant C' , that

1 am = —
632N)‘qk7‘ with {7 L g~ Toda . (A.14)

— | <
t.,.(/\—|—1kw1)‘ - ¢

v=2 Today

Thence, for some constant C’, one can bound C[(SICiLn)], with C defined in (A.I0), as

k] < ST+ S jelP| < ¢

acN* aeN*

e%“‘ . (A.15)

This bounds ensures that K,({H(/\) converges on compact subsets of D.(,-i). Since the limit issues from
a uniform convergence on compacts of a sequence on holomorphic functions, one gets that K is holo-

morphic on DS-i). Finally, the asymptotics follow from the estimates on C[éICSL")] given above and the

bound (ATT).

In the case of the g-Toda chain, the case of K (Jl) is dealt with by very analogous handlings. However,

the Todasy case demands more work. In that case, one can represent K En)(A) = det [’T + 5IC(7")} , where
T is a tri-diagonal symmetric n x n Toeplitz matrix

eS¢ b 0 0

wi¢ . w
T = ¢ e 0 with b =c = pz e (A.16)
0 )
0 0 c ewit

while (5/C£"))ab = bgdab—1 + ¢40q,p+1 and the coefficients take the form

o

it

™

(=)Ve =
t-,-()\ — ikwl)

Ta

by = ¢ = pwz_le“’lp“{ - 1} so that ’bk’ < C‘e_%)" el (A.17)

for some constant C' and uniformly in A € D.(r;), with A = izw; + iyws with = < zy and zg fixed. The
inverse of 7 can be computed explicitly, see e.g. [4] where the inversion of general tri-diagonal matrices
is performed. Set « such that e = b. Observe that the hypothesis [b] < 1 implies that R(a) > 0.
Then, one has

sinh(ka)sinh(n+1— 6] , _,

—1 _ (ko sinh(«) sinh[(n + 1)« -
Teew = (=1)"e sinh(¢a) sinh[(n + 1 — k)a] .y (A.18)
sinh(«) sinh[(n + 1)a]
Then, it is straightforward to obtain, that, uniformly in &, ¢ € [1;n], one has
] £ o] et Al
’77% ’ ~ lsinh(a) |e | (A.19)
Thus, since one has
(771 6k) = b Tl 4 e Tk (A.20)
it holds s .
(77 o) | < cler e 1, (A21)
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as ensured by eqns. (A7), (A19) and for some constant C. Thus, it holds that

c[T 1ok < e (A.22)
Since
e—2a(n+1) 1 — g—2a(n+1) -
det[T] = ﬁ one has K_(\) = ————— - det 1, + 716K

what allows one to conclude regarding to convergence to K_ as well as to its asymptotics along B_.

It is useful to remark that, in the ¢-Toda chain case, all quantities K, IN(i correspond to one
parameter A\ family of Fredholm determinants of id + trace class operators on ¢?(N). They can thus be
immediately defined as the corresponding infinite determinants, see e.g. [6]. However, this is no longer
the case for the Todas chain as the approximants of K_ and K + do not have a standard form. Of course,
upon multiplication by 7! one still recovers an expression for the form id + rank n approximation of
a trace class operator, but the structure of the obtained matrix makes the second order finite difference
equation structure much less apparent.

B Non-linear integral equations: solvability and properties

Recall the definitions of the strips B given in 329) and B given in (3.30).
Furthermore, given a collection of points d;, € B and &), € B one introduces a non-intersecting contour

e I's5 in B starting at izw; — iws/2 and ending at ixw; + iws/2 for some x € R. The contour I's cuts
B in two disjoint domains B4 such that +itw; € B4 for ¢ > 0 and large. The contour is oriented
in such a way that B is on its + side, where the + side is to the left of the contour along its

orientation. Finally, the contour I's is chosen such that the points §; + i% + iNw; are all in B4.

° FS in B starting at iTws + 1w1/2 and ending at ifws + iwy /2 for some & € R. The contour I‘ cuts
B in two disjoint domains Bi such that +itwy € Bi for t > 0 and large. The contour is oriented
in such a way that B+ is on its + side, where the + side is to the left of the contour along its
orientation. Finally, the contour fg is chosen such that the points &g + i% + iNws are all in gi.

B.1 Unique solvability at small p of the NLIEs of interest
Given f € C( (Fa), resp. f e C (fg), denote

Iflloo = sup {If(s)| - s€Ts} . vesp.  [flls = sw{lf(s) : s€T5f. (B

Fix R > 0 and introduce two Banach spaces

r={/eCO®s) : Iflle <R} and Sa={fec®(Ty) : |Ifllx <R}
Then, there exists pg > 0 and small enough such that, for any |p| < po,

i) for any f € Sg and f € Sg, the functions

w1af(T) W2 f~(7')
pe and 7— 1+ p~ °
11 ta(T—l-ei%) 11 tg(T—l-ei%)

e=+1 e=+1

T— 14+

(B.2)

have no zeroes on I's, resp. I's, and have continuous principal value logarithms on these curves;
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ii) the non-linear integral equation

- /K()\ —7)In [1 o o= I[il)e:E)T — )} dr (B.3)

has a unique solution in Sg. Similarly, the dual non-linear integral equation

20 (7)

_f[f((x—mn[1+55(T_1_)t5(T+1 )].dT B.4)

has a unique solution in S, r. We remind that K has been introduced in eqn. ([3.44), while its dual
is defined as K = K|, -sw,-

Here, we give the proof in the case of equation (B.3)). The dual case can be dealt with in much the
same way. The first statement is clear provided that |p| is small enough. Thence, the operator

pwlef(:u')
T—l—)t5(7'—|—1 ) }

O[f]()\)—/duK(/\—;L)ln{1+t5( (B.5)

I's

is well-defined on Sg. Also it stabilises this set provided that |p| is small enough (its maximal magnitude
depends on R). Indeed, by using that

‘ln(l —i—z)‘ < 2|z| for |z] <2 (B.6)

and upon taking |p| small enough, direct bounds lead to

2K )\ W1 |j
/ld | | M)l |p |e < 2IK|pw1|er||ooJ—1 , (B7)
?)tﬁ(ﬂ+17)|

where

Tic = mas / jdr| [K(A = 7)] (B.3)

and J = inf e ‘ta T — 1—)155 (7' + 1 ‘ > 0 since, by construction of I's,

({5k 4 i< —|—1Zw1} F5) >0.

We shall now prove that 0 is a contractive mapping on Sg. This settles the question of existence and
uniqueness of solutions to (B.3) since any solution to (B.3) is a fixed point of 0 in Sg, by virtue of the
Banach fixed point theorem.

Let f,g € Sgr, then for |p| small enough,

A =1)[[p] [esOHI=ID| (= g)(7)]
|0[f] </dt/|d | _ wl)t&(T+l )‘ _ |pw1|‘eg("')+t(f 9)(T )|

Ipml R

1
< T | wilaR a - . .
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B.2 The solutions Yjs

In the following, given a collection of variables 6 along with their duals g, we assume that we are
given solutions Ys and Yj to the two non-linear integral equations appearing in the body of the paper,

equs. (B.45) and (3.46), along with their associated contours 5, and €5, ,. Also, below, we will use

the shorthand notations Vs and lN/S introduced in ([@2). Finally, we assume 9, d to be generic and, in
particular, pairwise distinct modulo the lattice iw1Z + iwZ.

The function eYi and e¥s, extend to meromorphic functions on C. Let Z, resp. Z , denote the set of
zeroes of Vs, resp. V3, in B, resp. B, and let Z4+ = By N Z, resp. Z+ = B+ N Z. Then it holds that

e e¥% has simple poles at 6 + 31% + iNwq + iZwo;
o ¥4 has zeroes at Z4 =+ iw; + iZws;

and theses are its sole zeroes/poles in C. Likewise
e % has simple poles at 8, + 31% £ iNwy + iZwy;
° ef/«'s has zeroes at ZNi + iws + iZwy;

and theses are its sole zeroes/poles in C.
We stress that each of these simple poles is genuine meaning that it has non-vanishing residues.
The functions Vs, resp. V5 are meromorphic on C:

e Vs has simple poles at §; + i% + iNw; + iZws

° ]N/S has simple poles at o + i% =+ iNwg + 1Zw;

and theses are their sole poles in C.
Furthermore, given any € > 0 small enough, Y5 has the asymptotic behaviour
e ¢-Toda

eY‘;()‘) = 1+ O(eiQN%) for A\ > 00 M€ Bst \ U D5a+iw1k+iw2f,e , (BlO)

a€[1;N]
k,lez

where D, . is the disk of radius € and centred at z.

e Todas
eYa()‘) = 1+ O(e4N%) for A >00 M€ B+ \ U D5a+iw1k+iw2f,e , (B.ll)
a€[1;N]
kLEZ
and
1
eY‘;(A) = N 1 + 0(1) for A —>00 M€ B,\ U D6a+iw1k+iwzl,e y (B12)
)
— p¥ wa ¢ ac[1;N
L=r 1a1;[16 ’ k,[[éeZ]]
N dng
provided that |p¥t J] ew2""| < 1.
a=1

Analogous asymptotics holds for the dual case.

The proof of the meromorphic continuation goes by induction.
First of all, equation (3.45) defines e¥% as an analytic function on the strip B("), where

B = {z = ziwy + yiws € B : for w = uiw, +iyws € €5,, it holds |u—z| <n } ) (B.13)
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Therefore, Vs is meromorphic on the same strip, with simple poles at §, & iw; /2 and with residues

peYs (sr41%)

ts (6k +iws) ti; (6k)

Res(Vs(AdA A = b i) = £0. (B.14)

Let ‘55(:‘;2) = Unez{%s;p + inwsz }. Given A € C\ ‘55(:‘;2), define

dr
2iws

els) — exp{ / (coth [i(A—T—iwl)} — coth L‘%(/\—T—I—iwﬂ})lﬂ[v&]( )

<g&:p

} . (B.15)

Then, e’*®) is holomorphic in C\ (55(:;2) and satisfies to the jump conditions
oJoir (A Hiw1) o= Js— (AHiwy) Vgl(/\) and eJor (A—iwn) o —Js - (A—iwn) _ Vs(\) (B.16)

for A € CK(W) Here, e’s:+(At6iw1) gtand for the 4+ boundary values of the function on the curve %5”).
We remmd that the + side of a curve is found to the left when following its orientation.

Thus, from the already gathered data, one gets that €¥#(}) can be meromorphically continued to B(2)
as

Vs(A—iwr) A eBP N\ BO
eYs(N) _ oJs(N) 1 A e B . (B.17)
Vs(A+iwy) A e BP\ BO

Let Z(1) denote the zeroes of the meromorphic function Vs in B(M). Thus, €¥s(N) | as a meromorphic
function on B, has zeroes in Z( ) +iw,, with Z(l) Z(M N By and simple poles in §; +1i3w; /2. Since
the residues of V5 do not vanish at §y +iw1/2, c. f. eqn. (BI4), the same property holds for the residues
of e¥sO) at 6, + i3w1 /2 since e’ does not Vanish on B® \B(l). The above also entails that Vs can be
meromorphically continued to B®). Its only poles are simple and are located at dj, + iwy (1 + p)/2 for
p = 0,1 and all have non-vanishing residues. Furthermore, denote by Z(?) the zeroes of Vs in B(®. In
its turn this information allows to meromorphically continue Y5 to B®). By straightforward induction,
the claim follows. The situation is similar for the dual case. It thus follows that

Vs(\—iw1) AeBy\BW
Ys(A) — oJs(N) 1 A e B . (B.18)
Vs(A+iwi) XeB_\BW

It remains to establish the statement relative to the asymptotics. The g-Toda and Todas chains
demand a separate treatment.
e ¢-Toda chain

Let
n . . €[-1/2;1/2
() — {Z e C : z=ziw + yiws , { yx 6[ [n,/n—l—/l]] } \ U D5 +iwr k+iwsb,e -
a€[1;N]
k€T
We only focus on the case A — co with A € B, where
Biwe = Bi\ | J Dsotivnrtionte » (B.19)
a€[1;N]
k€T
the other case being tractable in a similar way.
First of all, for n € N, one has that
elslyine) = 1 4 0O(g*") (B.20)
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and

1
= O(g*N" B.21
t5(7+inw1 —3i%)t5(7+inw1 —1“71) (q ) ( )
uniformly in v € g, with
. . x € [0;1] . .
g = {7 =izw; +iyws , ye[-1/2:1/2] so that d(”y, {6k + iZw1 + 1Zw2}) >e€p. (B.22)
Then, upon setting
m, = Sup{|ey“()‘)| e bn} , (B.23)
one readily infers the bound
m, < (14 Cula?) (14 o' fm-1CalgY ) | (B.24)

for some constants C1,Co > 0 and provided that n > ng for some ng large enough. Upon setting

m, . [P |Calg*™Y
m, = ———— and observing that —————
" TH CrjgP & 1+ Calg?"

~

<1 (B.25)

for any n > n{, with n{, large enough, one gets that m/, —m/ _; < 1. Thus, m), <n —nj + 1+ m;s
Thus, for n large enough

—1-

m, < (1+Cila) (14 o= [2(n = DCala*™ ) (B.26)

what ensures that e¥? is bounded on Unz%/b(") for some n{ large enough. The expression for e¥s in
B\ B allows one to conclude regarding to the asymptotics.

e Todas chain

The regime where A — oo with A € B, is treated in much the same way as for the ¢-Toda chain
since, for v € g, it holds:

1 2nN 2 2% Ny
—— = ¢“" (1 4+ O(g™") )ew: B.27
o - o) (B.27
provided that d(”y, {6k + iZw + ing}) > €.
However, for v € g as in (B:22)), one has
1 il 4—ﬂ—5a 2n
= [[e=" - 01+ Tu() (B.28)

ts(y = inws + 315 )t (y — inwn +19)
with 7, () uniformly bounded in n € N and v € g. Likewise,
B0 _ 1y @, () (8.29)

Jn(7y) uniformly bounded in n € N and v € g. We set

N 4
V() = 070 and y = g [ e

a=1
One has the induction
Iu) = (14 a5a) - (14 V1 (D (14" Tu(3)) - (B.30)
Upon making the change of unknown function
1 n
In(y) = 7= + x"¥n(?) (B.31)

1-x
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and setting

(1)

WD) = ) + Ta) + PROTO) - wP) =)+ S By
one gets
Pn(v) = (X" 0P ) + 1+ 0w () en-1(7) - (B.33)

Let mo(v) = I (1+ quwz()l)(fy)). () is bounded in n and v € g, and is uniformly away from 0.
p=no

Upon changing the unknown function ¢, (y) = m,(7)¥n(y) one infers that

n e
Ya(?) = uer (1) + D (P ((”y) : (B.34)
k=ng Tn 7)
If |q2xfl| > 1, then
—1ym o (2)
Yn(7) ~ [X7)_ wee () (B.35)

1—xq72% moo()

1
what ensures that ), (v) = T—x + O(¢*). If |¢*>x~*| < 1, then t,(7) is bounded in n, uniformly in

v €g. Then Y, (v) = —— + O(x"). This entails the claim for the range of parameters stated in the

1-x
claim.

B.3 The auxiliary functions vy,

Let Y5, €s,, and their duals be as introduced in Subsection [B.2Jabove and let 4, 5 satisfy to the constraint
(@I). Recall the definition (@2)) of V5 and V. Let vy(X), v (A —iwy), resp. v3(A),0) (A —iws), be defined
on %s;,, resp. (fap, by means of the integral representations given in the core of the paper, eqns. (350),

B5I) and eqns. 352), 353) for their duals.

Then A — v4(\) has no zeroes and no poles in B;. It extends into a meromorphic function on C
with

e simple poles at 0 — iIN*w; + iZws;
e zeroes at Z_ —i%l.

Similarly, A — v (A —iw;) has no zeroes and poles in B_ and extends into a meromorphic function on
C with

e simple poles at 0y + iIN*w; + iZws;
e zeroes at Z; +ig- .

Furthermore, vy, are related to Ys as

(A1) o (A=8ig) = O (B.36)

and satisfy to the Wronskian relation

vp (A + iwy) vy (A — iw) .

vr(A) v (N) =1 4 p*t - B.37
) P T s + iwn) (B:37)
It is convenient to introduce the compact notation
DS,E == U D6a+iw1k+iw2l,e (B38)
a€[1;N]
kL€Z
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Finally, for any € > 0 small enough, v has the A = oo asymptotic behaviour

14+0(e5Y) A€ By \ Dse
exp{ J W[Vs)(r)— }—I—O(e “2)‘), A€ B_\Ds,
Cs1p 1wa

The asymptotic A = co behaviour of vy depends, however, on the model and takes the form

14+0(e5Y) A€ By \Ds.
= d
vr(A) exp { (gf In[Vs|(7 )1w7; } ' (B.40)
5p —2n )\
1— pwle2w1P0 ]-Todag O(e ’ ) ’ AeB- \IDE’E

Here 11oda, = 1 in the case of the Todas model and 1toda, = 0 in the case of the ¢-Toda chain.
Dual properties hold for the dual functions, namely for any € > 0 small enough, vy has the A — oo
asymptotic behaviour

dT 2m N g

exp?d — [ In[Vg](7) +0(e =17), AeBy\Ds,

W) = { G lwl} ( ) Y . (B.41)
1+O(eo2u_71r)‘) , NeB_ \D&€

The asymptotic A = co behaviour of vy depends, however, on the model and takes the form

e { J uile )

1w
Cs.p 1

_ _amy
Ui()\) = 1— pw262w2p0 1T0da2 + O( et ) Ae B+ \ D&,e . (B42)

1+ O(e%’\) A€ B_\Ds.

The proof of this statement follows from the results obtained in Subsection and the analytic
continuation formulae

vp(A) = exp{ - / {coth [%(A—T—Fi%)] + 1}111 [Vs] () - 2(11(:2}

(gﬁ;p
1 AE BJr — 1—
X . (B.43
Vs(A+ig) AeB—ig (B43)
and that
. T oy dr
v (A —iwy) = exp coth [w—z()\ -7 — 17)} + 1pIn [Vs](7) - T
Cg&p
Vs(A—i%) AeBy+i%
x 5( 2 ) T (B.44)

1 A€ B +i%g

From there, the results of Subsection allow one to read out all the claimed properties. One reasons
similarly in the dual case.
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C General properties of solutions to the Baxter equation

In this section of the appendix, we discuss various overall properties satisfied by solutions ¢ to the system
of dual Baxter equations (2.I1)). We shall assume that w; and wy are generic and that they satisfy to
the condition (w1 /w2) > 0 so that |g| < 1.

C.1 Wronskians

Given any two solutions ¢; and g2 of the system of dual Baxter equations (ZI1]), their Wronskians

Wil @2l(A) = aa(N)ga(A +iw1) — ga(N)gr (A + iw) (C.1)
W, a1, @2l(A) = qa(N)ga(A +iwa) — g2 (N) g1 (A + iws) | (C.2)

satisfy to the finite difference equations
W, la1, 2](A +iwn) = 0?5 Wo a1, g2l (V) Wy [a1, @2] (A + iwz) = 0752 Wi, [a1,¢2](A) . (C.3)

Furthermore, with any solution u of the set of dual Baxter equations (2I1]) one can associated a
self-dual Wronskian
W](A) = u(N)u(A +1Q) — c?u(X + iwr )u(\ + iws) , (C4)

where o is as defined in eq. (ZI2) or eq. (ZI3), depending on the model of interest. The self-dual
Wronskian satisfies to the difference equations

Wlu(A +iwi) = > Wlul(A) and Wu](A+ iwz) = »#2W[u](N) . (C.5)

We now compute the Wronskians of the functions g4 introduced in [B20), or equivalently, (Z3).
Their explicit value will be of use in the course of the analysis. However, at this stage, one should
consider the objects below without having any a priori connection with a ¢ — ¢ equation. It holds that

le [Q+7 Q—] ()‘) sz [Q+7 Q—] ()‘)

le [Q+7q—]()‘) = 95()\)9,5(—)\—1601) and sz[Q+7q—]()\) = 95(A)9,5(—)\> (06)
where
W, (@4, Q-1 = Qr(NQ-(A+iw) — VQr (A +iw)Q- () (C.7)
= g (NI D S O+ w05 (V) (C.8)
and
W, [Q+,Q-1(N) = Qy(NQ-(A+iws) — Qr (A +iw2)Q-(N) (C.9)
= gV (NG WDV FS (N + iwa)B5(N) (C.10)

Those results follow from direct calculations based on the finite difference equations satisfied by the
g-infinite products, the ones satisfied by the functions fﬁf ).

PO +iw) = e fHO0), FON i) = ()N BV D0 (C.11)

Po Po
for the Todas chain, and

Ny W

fp((—)i—)()\ + iwl) _ (_i)Ne*%(AJriun)e%po fé;ﬁ')()\) , fé;)()‘ + iwl) _ (i)Ne* s 6711)0 fzgo_)()‘) , (0_12)

for the ¢-Toda chain. Note that, in order to set the first order difference equations in this form, we made
use of the constraints ([@I]). Finally, in the course of the computations, one also uses the Wronskian
relations satisfied by vy, eq. (B3T). Ome can check by direct inspection that the two Wronskians
satisfy to the finite difference equations eq. (C.3)).
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Finally, the self-dual Wronskian satisfies
Wla](A) = Wig-](A) = 0 (C.13)

while, given two elliptic functions P4, P—_, it holds

WP + P |3) = Py P (g G5 - (2] (1)
(5 is a constant depending on the model.
C; — exp{ in Z 52 4 irN (wf + Bwiws + w%)} (C.15)
wiwW2 6wiwo
for the ¢-Toda chain, while, in the Todas case, it rather reads
. N N
C; = exp{ - wz:z ; D ZJI\LZ ; MTN wl + 3wiws + w%)} . (C.16)

Here, again, the results follow from a direct computation and the use of Wronskian relations eq. (B.37).

C.2 General form of the solutions

We have now introduced enough notations so as to characterise the form of any solution to the set of
dual Baxter equations (Z11)).

Let ¢ be any meromorphic on C solution to the set of two dual Baxter equations (ZI1]) and let s
be any two linearly independent meromorphic on C solutions to (ZITl). Then, there exist two elliptic
functions P (\) of periods iwy, iwg such that

4N =P (Vs () +P- (Vs (). (C.17)

To establish this property, first suppose that formula (CI7) holds. Then one can reconstruct the
function P4 (A) by computing the Wronskians W, [¢,5+]. Indeed,

W [g,82](A) = PN W, [s4,52](A) + P-(MWa, [s-,5:](A) = Pr(MWa, [s5,5:](A) . (C.18)

Thus
W, [q,5%](\)

Ww1 [5+75—]()‘) '
Note that this representation is also valid if one replaces w; by wy, what ensures the consistence with
P+ being elliptic.

Now suppose that g is any solution to the set of two dual Baxter ¢t — ¢ equations (ZI1]). Then define

le [Q7 ]()‘) Ww1 [Q75+]()‘)
le [5+7 ]()‘) le [5+75*](/\)

Pe(\) =+ (C.19)

Grea(A) = q(A) — 51(A) + s (A). (C.20)

As the ratio of any two W, is iw; periodic, one gets that, by construction

le [QrcdaﬁJr]()\) = le [Qrcd75f]()\) =0. (021)

This leads to the system of equations for greq()):

( Qrcd(/\ + iw1)5+(/\) - qmd(/\)5+ ()\ + iwl) )
Gred(A +1w1)s5_(A) — Grea(N)s— (A + iwq)

_ ()\) ()\-l-iwl) e ()\_|_iw1) _
(20 SR ) (e Y <0 e



There can exist non-trivial solutions only if the determinant

det( ﬁf&% Efgiﬁ% ) = W ls4,5-](A) (C.23)

vanishes. However, W, [s+,5_]()) is a meromorphic function on C that is non-identically zero since the
solutions s1 are linearly independent. Therefore it can only vanish at isolated points. Hence, we get
that grea(N) # 0 only for A’s belonging to an locally finite set. greq(A) being meromorphic on C, we infer
that greq = 0. A similar reasoning can be carried out by considering the we Wronskian W,,. One thus
gets that there exists iw; periodic functions 7, () and py,, (1), as well as iws periodic functions 7, (A)
and p, (A) such that

4(A) = Y )54 (A) + P (V)5 (A) = 702 (A)51(A) + P (V)5 (A) - (C.24)
By using the the Wronskian reconstitution formulae once again, we get that
Ve (/\) = Yoo ()‘) and Puwr ()‘) = Pwy (/\) : (025)

In other words, there exists two meromorphic, iw; and iwsy periodic, functions P4 () such that

g(N) = P (V54 (N) + P_(N)s_ () . (C.26)

D Special functions

D.1 q products

Given |p| < 1 one denotes

(zp) = [[A—-2p") and  (w)ip), = [TTI (1 —wr - pa) - 9*) (D.1)

k>0 a=1k>0
for any function w and a collection of N parameters gt = (u1,...,pun). In particular, the 6 function and
its dual take the form
00 = (75 (Pe?)  and B0 = (e5Ng7%) (3% 5N ). (D)
They satisty to the first order finite difference equations
O\ —iw) = —e=:9(\) and O\ —iws) = —e =1 (N (D.3)
and enjoy the reflection relation
O(—\—iwy) = O(A) and O(—X\—iws) = (N . (D.4)

Note that, up to a constant and an exponential prefactor, §(\) coincides with the usual theta function
61(A | 7). The modular transformation formula for f5(\ | 7) translates into

O(\) = O(\)eBW (D.5)
in which ~
T T T
B(z) = 2 4 — (P +3 2) D.6
(2) w1w22 + 1w1w22 o wi + 3wiws + w5 (D.6)
and we remind that
Q= w1 + wo .
Given a collection of N parameters g = (p1, ..., 1n) it also appears convenient to denote
N } N
0u(N) = 0N —na)  and  6,(0) = JJ 0N — pa) - (D.7)
a=1 a=1
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D.2 The double sine function

The double sine function S is defined by the integral representation

dt eizt
InS(z) = / " (@ — 1) (e 1) (D.8)

R+i0+

S can be represented as a convergent infinite product in the case where S(Z—;) >0, d.e. |g] <1 and
|g| > 1:

() ()
e “2 3q i e¥t q
S(\) = - =M. 2 L (D.9)
(~—2 *w—"A.~—2) ( 2005\, 2)
q "¢ “13q grevz 54
The equivalence of these two representation is a consequence of the modular transformation relation for

theta functions (D).
The double sine function satisfies the quasi-periodicity relations

—i 1 —i 1
S(z —iwy) _ . S(z — iwa) _ _ (D.10)
560 1_o % §6) 1o
and enjoys a reflection property '
SN S(=A —iQ) = BN (D.11)
The zeroes and poles of S(z) are all simple and located on the lattices
imwy + inws , m,mn,> 0 zeroes (D.12)
imwy + inws , m,n,< —1 poles . (D.13)
Finally, S has the A\ — oo asymptotics
1 arg(w1) — 5 < arg(\) < arg(wz) + 5
el B arg(wi) — 35 < arg(\) < arg(wz) — 5
S(A) ~ 2x (D.14)

, -1
elB() (quw_z)‘; q2) arg(we) — § < arg()\) < arg(wi) —

_ 27
(q2e GRS q2) arg(wz) + § < arg(\) < arg(w1) + 5

D.3 The quantum dilogarithm

The quantum dilogarithm [3] @ is a meromorphic function that is directly related to the double sine

function S: 0
w()\ + 15) = TSN (D.15)
It when w; = W, it satisfies to the relations
w(z) = w(-32) . (D.16)
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