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Abstract

We develop an approach to compute observables beyond the linear regime of dark matter
perturbations for general dark energy and modified gravity models. We do so by combining
the Effective Field Theory of Dark Energy and Effective Field Theory of Large-Scale Structure
approaches. In particular, we parametrize the linear and nonlinear effects of dark energy on
dark matter clustering in terms of the Lagrangian terms introduced in a companion paper
[1], focusing on Horndeski theories and assuming the quasi-static approximation. The Euler
equation for dark matter is sourced, via the Newtonian potential, by new nonlinear vertices
due to modified gravity and, as in the pure dark matter case, by the effects of short-scale
physics in the form of the divergence of an effective stress tensor. The effective fluid introduces
a counterterm in the solution to the matter continuity and Euler equations, which allows a
controlled expansion of clustering statistics on mildly nonlinear scales. We use this setup to
compute the one-loop dark-matter power spectrum.
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1 Introduction

In the near future, large-scale structure (LSS) surveys have the chance to remarkably increase
our understanding of the recent universe by measuring its expansion history and the properties
of the clustering of massive objects. While the properties of gravity are highly constrained in the
early universe and on solar system scales, the new wealth of data will allow us to test gravity on
scales where, so far, much less is known. This gives us the opportunity to probe in detail various
cosmological scenarios, including dark energy and modified gravity theories, which could leave
observable signatures in upcoming LSS surveys (see e.g. [2, 3] and references therein). Given that
we will have such precise data, we are pressed to understand how to use it in the best way.

Because most of the aforementioned data will be concentrated on short scales where gravita-
tional nonlinearities become large, one must understand the mildly nonlinear regime of structure
formation. This challenge has already been recognized in the attempt to constrain primordial non-
Gaussianity (see e.g. [4] and references therein) with LSS measurements, so that much work has
already been done to understand the mildly nonlinear regime (see e.g. [5–16] for a non-exhaustive
list). In the case of primordial non-Gaussianity, strong constraints have already been made by the
cosmic microwave background (CMB), and so one must very precisely understand LSS observables
in order to use them to make improved constraints. The situation is more promising, however, for
dark energy and modified gravity. Because they are low-redshift phenomena, they are currently
much less constrained by the cosmic microwave background radiation, so it is expected that LSS
measurements will play a more important role in their understanding.

This is the second of a series of two papers. In the first one [1], we constructed the nonlinear
action for dark energy and modified gravity theories characterized by a single scalar degree of
freedom, using the language of the Effective Field Theory of Dark Energy (EFTofDE) [17–21].
An important advantage of this approach is that it ensures that predictions are consistent with
well-established physical principles such as locality, causality, stability and unitarity, because these
conditions can be imposed at the level of the Lagrangian.

In this article, we use the EFTofDE to parametrize the effect of dark energy and modified
gravity on linear and nonlinear perturbations in the quasi-static regime. Moreover, we model the
gravitational clustering of dark matter in the mildly nonlinear regime using the Effective Field
Theory of Large-Scale Structure (EFTofLSS) approach [13, 14]. For the inclusion of a clustering
quintessence type dark energy [22, 23] in the EFTofLSS, see [24].

In order to correctly describe gravitational clustering at the highest wavenumbers possible,
the EFTofLSS was developed to correctly treat, in perturbation theory, the effects of short-scale
modes on the long-wavelength observables measured in LSS. The central idea of this approach is
to include appropriate counterterms (which have free coefficients not predictable within the EFT)
in the perturbative expansion, which systematically correct mistakes introduced in loops from
uncontrolled short-distance physics. One is then left with a controlled expansion in k/kNL, where
kNL is the strong coupling scale of the EFT (i.e. the EFT can not describe scales above kNL due
to unknown UV effects).

This has at least three important benefits. First, the maximum wavenumber describable with
the theory has been increased over former analytic treatments [25]. Second, for k . kNL, observ-
ables can be computed to higher and higher precision by including more and more loops (up to
non-perturbative effects). Finally, one is able to estimate the theoretical error in any computation
by estimating the size of the next loop contribution which has not been computed. So far, this
research effort has shown that clustering can be accurately described for dark matter bispectrum
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[26, 27], one-loop trispectrum [28], galaxies [29–31], including baryons [32] and massive neutrinos
[33], for the BAO peak [34, 35], in redshift space [36–38], and including primordial non-Gaussianity
[39, 31]. Importantly, now that the theory is on a firm footing, research has been able to move on
to the practical question of efficient numerical implementation of the above ideas [40, 41]. In this
article, we would like to start using the machinery of the EFTofLSS to develop a robust way to
test nonlinearities in dark energy and modified gravity theories.

First, in Sec. 2, we review the development of the nonlinear EFTofDE presented in [1]. In
particular, we present the linear and nonlinear operators describing scalar-tensor theories in the
Horndeski class, assuming the quasi-static regime. We then show how the modifications of gravity
induced by the scalar field enter the LSS equations as a modified Poisson equation, relating the
second derivative of the gravitational potential to a nonlinear combination of the matter overden-
sity.

Then, we move on to derive the equations for the dark-matter overdensity, described by the
continuity and Euler equations. The effect of unknown short-scale physics enters as a source term
in the Euler equation. As reviewed in Sec. 3, in the standard dark matter case this source term
has the form of a total spatial derivative of an effective stress-energy tensor. Using the EFTofDE
approach we show that, in the quasi-static non-relativistic limit, this is the case also in the presence
of dark energy and modified gravity. Therefore, at one-loop in perturbations this term gives rise
to a counterterm that enters the dark-matter equations in the same way as in general relativity.

In Sec. 4 we use the perturbation equations in the presence of dark energy and modified
gravity to compute the power spectrum at one-loop order. In our perturbative approach, we use
the exact Green’s functions of the linear equations (which are scale independent) to solve for the
time dependence at higher orders. This is to be contrasted with the case in ΛCDM where one can
normally use the Einstein de Sitter approximation, which is accurate to better than one percent [42]
for the time dependence of higher loop terms. Moreover, we include the effect of the counterterms
due to the short-scale modes, which in our calculation is a free parameter. The details of the
calculation and several definitions are reported in App. C. For other one-loop calculations in
perturbation theory including the effect of modified gravity see e.g. [43–47].

In order to compute the perturbative expansion, one must perform loop integrals over inter-
mediate momenta. As discussed for instance in [48, 49, 7, 50–52], individual terms in the loop
expansion that are summed to compute the equal-time power spectrum up to one-loop may contain
spurious infrared (IR) divergences. These ultimately must cancel in the final expression, because of
the equivalence principle [53, 54]. A similar cancellation takes place in the ultraviolet (UV) because
of matter and momentum conservation. However, because in general the different contributions
have different time dependences, a small numerical error in the calculation of their coefficients may
lead to an incomplete cancellation [55]. This motivates us to use the IR&UV-safe versions of the
momentum integrals, where divergences are subtracted out at the level of the integrand [53, 56, 55].
We explicitly show that the spurious IR terms cancel at one loop, also including modifications of
gravity, as expected from the fact that the equivalence principle is satisfied in our case. We report
the details of this technical but important issue in App. C.5. A consequence of this finding is that
the so-called consistency relations for LSS [51, 52, 54, 57] are satisifed also in our case.

To anticipate some of our results, in Fig. 1 we show a small sample of the effects of modified
gravity on the one-loop power spectrum. In particular, we show the one-loop power spectrum
computed by turning on three different couplings, one that starts at quadratic order in the action,
αB, and two that start at cubic order in the action, αV1 and αV2 (see Sec. 2), divided by the
one-loop power spectrum in ΛCDM.
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Figure 1: Effect of some of the modified gravity couplings on the one-loop matter power spectrum. The ratio
between the predicted up-to-one-loop power spectrum with dark energy and that for ΛCDM is shown for different
current values of three modified gravity parameters, αB, αV1, and αV2, including LSS counterterms. Specifically, αB

enters at quadratic and higher order in the action while αV1 and αV2 enter at cubic and higher order, so they do not
modify the linear spectrum. All of the modified gravity parameters which are not mentioned in the legend are set to
zero. Moreover, the curves labeled as “Linear” (thin dashed-dot lines) are the linear predictions for the corresponding
values of αB,0. The bands around the dashed green and red curves are obtained by varying the amplitude of the LSS
counterterm over a reasonable range (see more details in Sec. 5). Since a non-vanishing αB changes also the linear
power spectrum with dark energy, large modifications on mildly nonlinear scales due to this parameter also imply
large changes in the linear spectrum. On the other hand, αV1 and αV2 have a direct effect on mildly-nonlinear scales
without affecting the linear predictions.

As expected, the main effect of αB is to change the linear power spectrum. This can be seen
in the low k behavior of the solid red and solid blue curves in Fig. 1. The nonlinear effects from
αB, which appear as modifications at higher k, are only substantial if they are accompanied by
a large change in the linear power spectrum. On the other hand, by turning on the nonlinear
couplings αV1 or αV2, we directly modify the power spectrum on nonlinear scales, as can be seen,
for example, in the thick dashed green curve in Fig. 1. The green and red shaded regions are given
by varying the value of the counterterm for the respective curves over a reasonable range. More
details on this plot can be found in Sec. 5.

2 Nonlinear effective theory of dark energy

In this section, we briefly review the results from [1] that are relevant to compute the one-loop
dark-matter power spectrum. In the EFTofDE, the dark-energy field is the Goldstone mode of
broken time diffeomorphisms [58, 59]. Ultimately, this means that the action in unitary gauge can
be written in terms of operators which are fully diffeomorphism invariant, like the 4-dimensional
Ricci scalar (4)R, and operators that are invariant under the remaining time-dependent spatial
diffeomorphisms. These are tensors with upper zero indices, like g00, the extrinsic curvature Kµν ,
and the 3-dimensional curvature Rµν of the spatial metric hµν , all of which can have arbitrary
time-dependent coefficients.
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It is convenient to define the following combinations of operators,

δK2 ≡ δK2 − δKν
µδK

µ
ν , δG2 ≡ δKν

µR
µ
ν −

1

2
δKR , (2.1)

δK3 ≡ δK3 − 3 δKδKν
µ δK

µ
ν + 2δKν

µ δK
µ
ρ δK

ρ
ν , (2.2)

where δKµν = Kµν − Hhµν , K = hµνKµν , and R = hµνRµν . Focusing on Horndeski theories
[60, 61] and restricting to the quasi-static, non-relativistic limit, the full action in unitary gauge
for the gravitational sector is given by [1]

Sg =

∫
d4x
√
−g
{
M2
∗ f(t)

2
(4)R− m3

3(t)

2
δKδg00 −m2

4(t)

(
δK2 −

1

2
δg00R

)
− m2

5(t)

2
δg00δK2 −

m6(t)

3
(δK3 + 3δg00δG2)− m7(t)

3
δg00δK3

}
,

(2.3)

where δg00 = 1 + g00. The effective Planck mass (the coefficient in front of the time derivative
part of the graviton kinetic term) is given by

M2 ≡M2
∗ f + 2m2

4 . (2.4)

We can then define the dimensionless versions of the coefficients in eq. (2.3) as [62, 1]

αB ≡
M2
∗ ḟ −m3

3

2M2H
, αM ≡

M2
∗ ḟ + 2(m2

4)·

M2H
, αT ≡ −

2m2
4

M2
,

αV1 ≡
2m2

5 + 2Hm6

M2
, αV2 ≡

2Hm6

M2
, αV3 ≡

4Hm7 + 2Hm6

M2
.

(2.5)

The dark energy field π, or its dimensionless version χ ≡ Hπ, can then be introduced into the
action (2.3) by performing a time change of coordinates.

The total action for our system, then is S = Sg + Sm, with

Sm = −1

2

∫
d4x
√
−gT (m)

µν δgµν , (2.6)

where T
(m)
µν is the stress-energy tensor of cold dark matter, which we assume is minimally coupled

to the metric gµν . In the long wavelength limit, dark matter is a non-relativistic perfect fluid with
zero speed of sound, for which the stress-energy tensor is

T (m)µ
ν = ρmu

µuν , (2.7)

where ρm is the energy density in the rest frame of the fluid and uµ is the 4-velocity. In the
non-relativistic limit, we have uµ = (1/

√
−g00, a

−1vi) and

T (m)0
0 = −ρm ≡ −ρ̄m(1 + δ) , T (m)0

i = ρmav
i = −a2T (m)i

0 , T (m)i
j = ρmv

ivj , (2.8)

where we have defined δ and vi, respectively the energy density contrast and 3-velocity of matter,
and ρ̄m(t) is the background energy density. Importantly, though, in the mildly nonlinear regime,
dark matter is not a perfect collisionless fluid. Indeed, describing the deviations from this behavior
is the aim of the EFTofLSS, and will be discussed thoroughly in the rest of this paper.
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In this paper, we work with scalar perturbations to the metric in Newtonian gauge, which can
be written

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdx
idxj . (2.9)

We also work in the quasi-static, non-relativistic limit. A convenient way to keep track of the
terms that are important in this limit is to introduce a small counting parameter ε such that a
spatial derivative counts as ∂i/Ha ∼ O(ε−1). For instance, relevant for the fluid-like equations, we
have

Φ ∼ ε2 , vi ∼ ∂iΦ

Ha
∼ ε , δ ∼ ∂2Φ

(Ha)2
∼ 1 , (2.10)

where ∂2 =
∑3

i=1 ∂i∂i. Time derivatives are of order O(H) and thus do not change the order of
ε, e.g. Φ̇ ∼ O(ε2H). The leading operators in this expansion are those with the highest number
of spatial derivatives per number of fields. For operators with n fields, the dominant ones contain
2(n−1) spatial derivatives and are thus of order ε2 [1]. The others are of order O(ε4) and contribute
to post-Newtonian corrections.

Defining the three vector

ϕa ≡

 Φ
Ψ
χ

 , (2.11)

to write equations in a compact form, at leading order in the above expansion, the Newtonian
gauge actions at quadratic, cubic, and quartic order in perturbations are respectively given by [1]

S(2)
g = −

∫
d3xdt aM2Aab(t)∂iϕa∂iϕb ,

S(3)
g =

∫
d3xdt

M2

3! aH2
Babc(t)ε

ikmεjlm∂iϕa∂jϕb∂k∂lϕc ,

S(4)
g =

∫
d3xdt

M2

4! a3H4
Cabcd(t)ε

ikmεjln∂iϕa∂jϕb∂k∂lϕc∂m∂nϕd ,

(2.12)

where the dimensionless arrays Aab, Babc and Cabcd parametrize the coupling strength between
fields and εijk is the 3-dimensional Levi-Civita symbol. Their explicit definition is given in App. A.
Variation of the action with respect to the fields yields the equations of motion,

Ada∂
2ϕa −

Bdab
4H2a2

εikmεjlm∂i∂jϕa∂k∂lϕb −
Cdabc

12H4a4
εikmεjln∂i∂jϕa∂k∂lϕb∂m∂nϕc = δd1

ρ̄ma
2

2M2
δ .

(2.13)

3 The effective fluid of modified gravity

3.1 Effective fluid equations with only dark matter

As a warm-up, in this subsection we briefly review the construction of the effective fluid equations
for dark matter [13, 14] (for a more rigorous treatment dealing also with the higher moments of the
Boltzmann hierarchy see [13]). The general approach is to derive the equations for the full fields,
which includes both long wavelength and short wavelength perturbations, and then smooth them
to obtain the equations for the long-wavelength parts of the fields. This procedure will introduce
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an effective stress tensor which describes the effects of short scale physics on the long modes.
Throughout this subsection, we will assume that Φ = Ψ, up to relativistic corrections. First,
we expand the Einstein tensor into a background part Ḡµν , a linear part GL

µ
ν and a remaining

nonlinear part GNL
µ
ν , i.e.,

Gµν = Ḡµν +GL
µ
ν +GNL

µ
ν . (3.1)

Then, the perturbed Einstein equations are

M2
Pl

(
GL

µ
ν +GNL

µ
ν

)
= δT (m)µ

ν , (3.2)

where δT (m)µ
ν contains all pieces of the stress tensor besides the background. Following [13], we

start with the linearized Bianchi identity

∇̄µGL
µ
ν +∇L

µḠ
µ
ν = 0 , (3.3)

where quantities with an over-bar are evaluated on the background, and quantities with an L are
linear in perturbations.

We start by evaluating this for ν = 0. After using the Einstein equations (3.2) to plug in the
expression for GL

µ
0, and dropping relativistic corrections, we find

a−3∂µ

(
a3δT (m)µ

0

)
= 0 . (3.4)

Now, using the matter stress tensor in the form of a fluid as in eq. (2.7) and combining eq. (3.4)
with the zeroth order equation for ρ̄m, i.e. ˙̄ρm = −3Hρ̄m, we obtain the standard continuity
equation in the non-relativistic limit,

ρ̇m + 3Hρm + a−1∂i
(
ρmv

i
)

= 0 . (3.5)

Now we move on to the Euler equation. After using that Γ̄σµiGL
µ
σ = 0, the linear Bianchi

identity (3.3) for ν = i becomes

a−3∂µ
(
a3GL

µ
i

)
= 2Ḣ∂iΦ . (3.6)

Again, we use eq. (3.2) to replace GL
µ
i and get

a−3∂µ

(
a3δT (m)µ

i

)
= a−3M2

Pl∂µ
(
a3GNL

µ
i

)
− ρ̄m∂iΦ , (3.7)

where on the right-hand side we have used that 2ḢM2
Pl = −ρ̄m. At leading order in ε, the nonlinear

part of the Einstein tensor reads

GNL
j
i = a−2

(
δj i(∂kΦ)2 − 2∂iΦ∂jΦ

)
, (3.8)

which in eq. (3.7) contributes a term of the same order as the other two. One can also check that
∂0GNL

0
i is down by O(ε2) with respect to ∂jGNL

j
i, so that we can ignore it in eq. (3.7). Thus, we

are left with

a−3∂µ

(
a3δT (m)µ

i

)
= −∂j

[
ρ̄mΦδj i − a−2M2

Pl

(
δj i(∂kΦ)2 − 2∂iΦ∂jΦ

)]
= −ρm ∂iΦ ,

(3.9)
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where to get the second equality we have used the Poisson equation, 2M2
Pla
−2∂2Φ = ρ̄mδ.

We have written the right-hand side of the above equation in two different forms to stress two
different points about this equation. First, using the right-hand side in the second form, replacing
the expression for the stress tensor (2.7) on the left-hand side and using the continuity equation
(3.5), eq. (3.9) becomes the standard Euler equation in the non-relativistic limit, i.e.,

ρm

(
v̇i +Hvi +

1

a
vj∂jv

i

)
= −1

a
ρm∂iΦ . (3.10)

The second point concerns the smoothing procedure, which we briefly review next.
As described in [13, 14], one can define the long-wavelength fields by smoothing with a window

function WΛ(~x − ~x′). In particular, let us define the long-wavelength gravitational potential Φ`,
the long-wavelength dark matter density contrast δ` and momentum density πi` ≡ ρ̄m(1 + δ`)v

i
`

respectively as

Φ`(~x) ≡
∫
d3x′WΛ(~x− ~x′) Φ(~x′) , (3.11)

δ`(~x) ≡
∫
d3x′WΛ(~x− ~x′) δ(~x′) , (3.12)

(1 + δ`(~x)) vi`(~x) ≡
∫
d3x′WΛ(~x− ~x′)

(
1 + δ(~x′)

)
vi(~x′) . (3.13)

Then, we apply this window function to the continuity equation (3.5) and the Euler equation (3.10).
Because we have chosen to smooth directly the momentum density in eq. (3.13), the smoothing of
the continuity equation eq. (3.5) is simple and gives

δ̇` + a−1∂i
(
(1 + δ`)v

i
`

)
= 0 . (3.14)

The fact that no counterterms show up in eq. (3.14) means that the density δ` and the momentum
density πi` are renormalized simultaneously. However, because vi`(~x) = πi`(~x)/(ρ̄m(1 + δ`(~x))) is a
contact operator, the velocity field itself must be renormalized [63].1

The situation is different for the Euler equation because of the presence of terms that mix long
and short modes. Reference [13] describes the smoothing of the Euler equation in great detail,
so here we simply report the result and highlight one important point. Applying the smoothing
procedure to eq. (3.9), we find that

ρm,`

(
v̇i` +Hvi` +

1

a
vj`∂jv

i
` +

1

a
∂iΦ`

)
= −1

a
∂jτ

ij
s , (3.15)

where τ ijs is made up of all short modes and describes how the short modes affect the dynamics
of the long modes. Because the short modes are not accessible in perturbation theory, this is an
incalculable object. To deal with this, we parametrize our ignorance by expanding τ ijs in powers
and derivatives of the long wavelength fields, and we include all operators, called counterterms,
that are consistent with the equivalence principle. The important thing about the structure of the
right-hand side of eq. (3.15) is that it is a total derivative, and this is ensured by the form of the

1Alternatively, one can decide not to renormalize the velocity field directly, but instead add counterterms to
eq. (3.14) [64]. We adopt the former approach in this paper, although, since we will not be considering correlations
of the velocity field, this choice is of no consequence here.
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first equality of eq. (3.9). This structure dictates the leading k dependence of the counterterms,
as we will see in Sec. 4.4.

The final form of the continuity, Euler, and Poisson equations, then, is

δ̇` + a−1∂i
(
(1 + δ`)v

i
`

)
= 0 , (3.16)

v̇i` +Hvi` +
1

a
vj`∂jv

i
` +

1

a
∂iΦ` = − 1

a ρm,`
∂jτ

ij
s , (3.17)

∂2Φ` =
3

2
H2a2 Ωmδ` , (3.18)

where Ωm ≡ ρ̄m/(3M
2
PlH

2).

3.2 Effective fluid equations with dark energy

Now, we would like to extend this analysis by including dark energy and modified gravity in the
quasi-static limit, using the EFTofDE action (2.3).2 Because matter and dark energy are not
directly coupled in the Jordan frame, the continuity equation (3.16) is not changed, so we will
focus on the Euler equation. In particular, the goal is to find that the short modes enter the
Euler equation as a total derivative, similarly to what happens in the pure dark matter case, see
eq. (3.15). The reason that this is not obvious anymore is because the Poisson equation, which
we had to use in Sec. 3.1, is no longer linear in δ but it is now modified. Indeed, in the presence
of modifications of gravity this equation is replaced by a more complicated system of equations
eq. (2.13) whose perturbative solution at third order in perturbations is given, for ∂2Φ, by eq. (3.32)
below.

The full action that we are considering is S = Sg + Sm where Sg is the gravitational action
(2.3), which depends on the metric and the dark energy field χ; Sm is the dark-matter action,
whose stress tensor is given by eq. (2.7). To proceed, we define the gravitational tensor T (g)

µν

from the variation of the gravitational action with respect to the metric,

T (g)
µν ≡ −

2√
−g

δSg

δgµν
. (3.19)

(In the absence of dark energy and modified gravity this is simply −M2
PlGµν .) Thus, including

matter, the perturbed equations for the metric read

δT (g)
µν + δT (m)

µν = 0 . (3.20)

Next, let us split δT (g)
µν into a linear and nonlinear part,

δT (g)
µν ≡ T (g)

L µν + T
(g)
NLµν . (3.21)

Analogous to eq. (3.6), we have the following identity at linear order,3

a−3∂µ

(
a3T

(g)
L

µ
i

)
=

ρ̄m

M2
∂iΦ . (3.24)

2F.V. is in debt with L. Alberte, P. Creminelli and J. Gleyzes for many interesting conversations about the
subject of this section.

3While the Bianchi identity is no longer valid once we break diffeomorphism invariance, there is still a linear
version coming from spatial diffeomorphisms. Consider the diffeomorphism xµ → xµ + ξµ(x), but with ξ0 = 0. This
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Thus, from eq. (3.20) it follows that, on the equations of motion,

a−3∂µ

[
a3
(
δT (m)µ

i + T
(g)
NL

µ
i

)]
= − ρ̄m

M2
∂iΦ . (3.25)

We want to derive an equation analgous to eq. (3.9) from this equation. As in (3.9), the leading
terms coming from the matter stress tensor enter eq. (3.25) at order ε, so we need to examine the

leading terms coming from the nonlinear gravitational stress tensor. First, let us examine ∂jT
(g)
NL

j
i.

By direct calculation (see the explicit expression in App. B, eq. (B.8)), one can check that T
(g)
NL

j
i

starts at O(ε0), one order higher than the matter stress-tensor in the above equation. However, one
can check that the divergence of this term vanishes identically, so that there are no contributions
to the Euler equation at this order of spatial derivatives, as expected. Then we have to go to an

order higher in ε. One can check that there is no contribution at O(ε) to T
(g)
NL

j
i. At O(ε2) the

expression for T
(g)
NL

j
i is long, but we do not need it explicitly for our purposes, because this piece

automatically enters as a total derivative at the correct order in ε. This leaves us with

a−3∂µ

(
a3δT (m)µ

i

)
+ a−3∂0

(
a3T

(g)
NL

0
i

)
= −∂j

( ρ̄m

M2
δj iΦ + T

(g)
NL

j
i

)
. (3.26)

The final term that we have to consider is T
(g)
NL

0
i. By direct inspection (see again App. B for

the explicit expression) it can be checked that at O(ε) this term is a total derivative. This means
that it enters the Euler equation as a total derivative as well, so that the equation above can be
rewritten as

a−3∂µ

(
a3δT (m)µ

i

)
= −∂j

( ρ̄m

M2
δjiΦ + T

(g)
NL

j
i + a−3∂0

(
a3tj i

))
, (3.27)

where we have defined the tensor tj i as

∂jt
j
i ≡ T (g)

NL
0
i . (3.28)

Moreover, it is very lengthy but straightforward to check that, by plugging the explicit expressions

for T
(g)
NL

j
i and tj i at the relevant order in ε on the right-hand side of eq. (3.27) and using the

nonlinear constraint equations (2.13), eq. (3.27) can be also written as

a−3∂µ

(
a3δT (m)µ

i

)
= − ρm

M2
∂iΦ . (3.29)

In summary, eq. (3.27) shows explicitly that in the quasi-static limit any corrections to the
Euler equation due to short-distance physics must enter as the divergence of an effective stress
tensor. As the final step, we use the expression for the matter stress tensor eq. (2.7) and smooth

induces δgµν = ∇µξν +∇νξµ and δπ = −ξµ∂µπ, which gives a variation in the gravitational action of

δSg = −
∫
d4x
√
−g
(
T (g)
µν ∇µξν +

1√
−g

δSg

δπ
ξµ∂µπ

)
. (3.22)

Now, because the action starts at quadratic order, δSg/δπ starts at first order, so that the second term above starts
at second order in perturbations. This means that at linear order the first term must be zero itself, which gives

∇̄µT (g)
L

µ
i +∇L

µT̄
(g)µ

i = 0 . (3.23)

Then, to get eq. (3.24), one follows the same steps that lead to eq. (3.6).
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(3.27) to obtain the fluid-like equations. From the smoothing of eqs. (3.27) and (3.29), the final
form of the fluid-like equations for the long-wavelength fields is

δ̇ + a−1∂i
(
(1 + δ) vi

)
= 0 , (3.30)

v̇i +Hvi +
1

a
vj∂jv

i +
1

a
∂iΦ = − 1

a ρm
∂jτ

ij
s , (3.31)

where here we have dropped the subscript ` to remove clutter.
Note that the situation that we discuss here is different from the case of clustering quintessence

for small sound speed [22–24], where the dark energy behaves as a second dynamical fluid. More
generally, multiple fluids (see e.g. [32, 24, 33]), can exchange momentum between themselves
through their interactions with gravity. As a consequence, counterterms could enter the Euler
equation through an effective force term γis(~x, a) that is not a total derivative [32]. The quasi-static
assumption made in this article ensures that the dark energy field satisfies constraint equations
that can be used to re-express the scalar field fluctuations in terms of matter fluctuations and that
there is no separate independent dark energy fluid.

Coming back to eq. (3.31), to get the expression for ∂2Φ`, the equivalent of the Poisson equation
(3.18) in the case of pure dark matter, we must perturbatively solve the system of constraint
equations (2.13) which arises from varying the gravitational and matter actions; see [1] for details.
While the field χ is already an effective long-wavelength field, the metric potentials Φ and Ψ are the
full fields, and so these equations must be smoothed to be written in terms of the long-wavelength
fields. However, one can check that the constraint equations (2.13) are linear in Φ and Ψ, and thus
the smoothing can be done without adding additional counterterms. Dropping the subscript ` to
reduce clutter, to order δ3 one finds [1]

∂2Φ = H2a2

{
3 Ωm

2
µΦ δ +

(
3 Ωm

2

)2

µΦ,2

[
δ2 −

(
∂−2∂i∂jδ

)2]
(3.32)

+

(
3 Ωm

2

)3

µΦ,22

[
δ −

(
∂−2∂i∂jδ

)
∂−2∂i∂j

] [
δ2 −

(
∂−2∂k∂lδ

)2]
+

(
3 Ωm

2

)3

µΦ,3

[
δ3 − 3δ

(
∂−2∂i∂jδ

)2
+ 2(∂−2∂i∂jδ)(∂

−2∂k∂jδ)(∂
−2∂i∂kδ)

]}
+O(δ4) ,

where

Ωm ≡
ρ̄m

3M2H2
. (3.33)

The functions µΦ(a), µΦ,2(a), µΦ,22(a), and µΦ,3(a) are related to the coefficients of the action
eq. (2.3) [1]. Their expressions are explicitely given in App. A but from the viewpoint of the LSS
equations, they are simply free functions of time. We stress that this solution is only valid on
scales above the nonlinear scale where δ ∼ 1 and above the Vainshtein scale where scalar field
fluctuations enter the nonlinear regime, as shown in our companion article [1].

As the last piece to the puzzle, we will give the explicit expansion, in terms of the long-
wavelength fields, of the effective stress tensor appearing in eq. (3.31) in Sec. 4 when we discuss
the perturbative solution.

4 Calculation of the one-loop power spectrum

In this section, we solve eq. (3.30) - eq. (3.32) for the one-loop power spectrum of dark matter
density fluctuations in the presence of the dark-energy operators presented above. For the one-
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loop computation that concerns us here, we need to solve for δ up to third order, including the
counterterm contribution from the EFTofLSS.

4.1 Equations in Fourier space

Let us define the conformal Hubble rate as H ≡ Ha and use a prime to denote the derivative with
respect to the scale factor a. In Fourier space, and in terms of the scale factor a, the equations of
motion for the dark-matter overdensity δ and the rescaled velocity divergence,

Θ ≡ −∂ivi/H , (4.1)

are

a δ′(~k, a)−Θ(~k, a) =

∫
~k1

∫
~k2

(2π)3δD(~k − ~k1 − ~k2)

× α(~k1,~k2)Θ(~k1, a)δ(~k2, a) (4.2)

aΘ′(~k, a) +

(
1 +

aH′

H

)
Θ(~k, a) +

k2

H2
Φ(~k, a) =

∫
~k1

∫
~k2

(2π)3δD(~k − ~k1 − ~k2)

× β(~k1,~k2)Θ(~k1, a)Θ(~k2, a)

+H−2

∫
d3x ei

~k·~x∂i
(
ρ−1

m ∂jτ
ij
s (~x, a)

)
(4.3)

where α and β are the standard dark matter interaction vertices,

α(~q1, ~q2) = 1 +
~q1 · ~q2

q2
1

and β(~q1, ~q2) =
|~q1 + ~q2|2~q1 · ~q2

2q2
1q

2
2

, (4.4)

and we have used the notation
∫
~k
≡
∫

d3k
(2π)3 .

As discussed above, because dark matter and dark energy are coupled only through gravity (in
the Jordan frame), the above equations are exactly the same as in the dark-matter-only case. The
modification of gravity comes through a modified relation between ∂2Φ and δ, i.e. eq. (3.32). In
Fourier space, eq. (3.32) reads,4

− k
2

H2
Φ(~k, a) = µΦ

3 Ωm

2
δ(~k, a) (4.5)

+ µΦ,2

(
3 Ωm

2

)2 ∫
~k1

∫
~k2

(2π)3δD(~k − ~k1 − ~k2) γ2(~k1,~k2)δ(~k1, a)δ(~k2, a)

+ µΦ,3

(
3 Ωm

2

)3 ∫
~k1

∫
~k2

∫
~k3

(2π)3δD(~k − ~k1 − ~k2 − ~k3)γ3(~k1,~k2,~k3)δ(~k1, a)δ(~k2, a)δ(~k3, a)

+ µΦ,22

(
3 Ωm

2

)3 ∫
~k1

∫
~k2

∫
~q1

∫
~q2

(2π)3δD(~k − ~k1 − ~k2)(2π)3δD(~k2 − ~q1 − ~q2)

× γ2(~k1,~k2)γ2(~q1, ~q2)δ(~k1, a)δ(~q1, a)δ(~q2, a) ,

4The analogous equations for ∂2Ψ and ∂2χ in terms of δ are given in [1]. Once we solve for the one-loop power
spectrum of δ in the rest of this work, this expression of ∂2Φ (and the analogous ones for ∂2Ψ and ∂2χ) can be used
to straightforwardly compute the one-loop correlation functions of the potentials. Having these expressions is useful
for computing other important observables used to test dark energy, e.g. the total lensing potential (Φ + Ψ)/2.
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where the momentum dependent interaction vertices describing the effects of dark energy are given
by

γ2(~k1,~k2) = 1−
(
~k1 · ~k2

)2
k2

1k
2
2

γ3(~k1,~k2,~k3) =
1

k2
1k

2
2k

2
3

(
k2

1k
2
2k

2
3 + 2

(
~k1 · ~k2

) (
~k1 · ~k3

) (
~k2 · ~k3

)
,

−
(
~k1 · ~k3

)2
k2

2 −
(
~k2 · ~k3

)2
k2

1 −
(
~k1 · ~k2

)2
k2

3

)
.

(4.6)

Similar results have been found in the context of Horndeski theories [44, 45, 47]. The linear
equations are modified by the term proportional to µΦ and new nonlinear terms are introduced by
the new nonlinear vertices of this equation. The vertex proportional to µΦ,3, which is truly a cubic
vertex (i.e. it is not built out of two quadratic vertices), is of a new form in large-scale structure.
We will comment more specifically on the effects of these vertices later. Finally, as mentioned in
Sec. 3.2, the effective stress tensor τ ijs is sourced by long-wavelength fluctuations and we will give
its form in more detail in Sec. 4.4.

4.2 Solutions and Green’s functions

To solve the above equations, we seek a perturbative expansion of the dynamical fields in the form

δ(~k, a) =

∞∑
n=1

δ(n)(~k, a) + δct(~k, a) and Θ(~k, a) =

∞∑
n=1

Θ(n)(~k, a) + Θct(~k, a) , (4.7)

where δ(n) and Θ(n) are the n-th order solutions to the equations of motion in the absence of the
effective stress tensor τ ijs , and δct and Θct are the fields sourced by τ ijs .

To find the linear equations of motion, we combine the first line of the expression for ∂2Φ from
eq. (4.5) with the continuity and Euler equations from eqs. (4.2) and (4.3). This gives the linear
equation of motion for δ(1)(~k, a),

a2 δ(1)(~k, a)′′ + a

(
2 +

aH′(a)

H(a)

)
δ(1)(~k, a)′ − µΦ(a)

3 Ωm(a)

2
δ(1)(~k, a) = 0 . (4.8)

This equation has two independent solutions. For small deviations from ΛCDM, one is a growing
solution, denoted by D+(a), and the other is a decaying solution, denoted by D−(a). Thus, at late
time the linear solution is given by the growing mode,

δ(1)(~k, a) =
D+(a)

D+(ai)
δ(1)(~k, ai) and Θ(1)(~k, a) =

aD+(a)′

D+(ai)
δ(1)(~k, ai) , (4.9)

where ai is the initial time at which we choose to set the initial conditions. This should be early
enough so that the system is still linear, but past radiation domination, so that our equations for
δ are correct.

With the two linear solutions D+ and D−, we can construct the four Green’s functions for the
system (4.2) and (4.3), Gδ1(a, ã), Gδ2(a, ã), GΘ

1 (a, ã) and GΘ
2 (a, ã). These are explicitly derived in

App. C.1. The Green’s function Gδ1 encodes the response of δ to a perturbation to the continuity
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equation, Gδ2 encodes the response of δ to a perturbation to the Euler equation, and similarly for
Θ. Then, the perturbative solutions of the system can be written as

δ(n)(~k, a) =

∫ a

0
dã

(
Gδ1(a, ã)S

(n)
1 (~k, ã) +Gδ2(a, ã)S

(n)
2 (~k, ã)

)
, (4.10)

Θ(n)(~k, a) =

∫ a

0
dã

(
GΘ

1 (a, ã)S
(n)
1 (~k, ã) +GΘ

2 (a, ã)S
(n)
2 (~k, ã)

)
, (4.11)

where the source terms S
(n)
i are the n-th order expansion of the right-hand sides of eq. (4.2) for

i = 1, and eq. (4.3) for i = 2, after plugging in eq. (4.5). In general, the n-th order source term is
proportional to n powers of the linear field, i.e. S(n) ∼ [δ(1)]n, and the k dependence is dictated by
the particular dependence of the nonlinear vertices. For example, S(2) ∼ [δ(1)]2, and S(3) contains
two types of terms, the normal δ(1)S(2), and the new [δ(1)]3 term.

4.3 Power spectrum

The power spectrum is defined as

〈δ(~k, a)δ(~k′, a)〉 = (2π)3δD(~k + ~k′)P (k, a) . (4.12)

Then, using the perturbative expansion in eq. (4.7) and assuming Gaussian initial conditions,5 we
can expand the power spectrum up to one-loop as

P (k, a) = P11(k, a) + P 1-loop(k, a) . (4.13)

On the right-hand side, P11 is the linear contribution,

P11(k, a) = 〈δ(1)(~k, a)δ(1)(~k′, a)〉′ , (4.14)

where 〈· · · 〉′ means that we have stripped the factor of (2π)3δD(~k+~k′), which must be present due
to momentum conservation, from the right-hand side. Using eq. (4.9), the linear power spectrum
is given by

P11(k, a) =

(
D+(a)

D+(ai)

)2

P in
k , P in

k ≡ 〈δ(1)(~k, ai)δ
(1)(~k′, ai)〉′ . (4.15)

The initial power spectrum P in
k can be obtained from a linear Einstein-Boltzmann solver like CAMB

[65] or CLASS [66], if ΛCDM initial conditions are sufficient, or one of the recently developed
Boltzmann codes that include linear effects of the EFTofDE [67–70].

The one-loop contribution to the power spectrum is given as

P 1-loop(k, a) ≡ P22(k, a) + P13(k, a) + P ct
13(k, a) , (4.16)

where

P22(k, a) = 〈δ(2)(~k, a)δ(2)(~k′, a)〉′ ,

P13(k, a) = 2〈δ(1)(~k, a)δ(3)(~k′, a)〉′ ,

P ct
13(k, a) = 2〈δ(1)(~k, a)δct(~k′, a)〉′ .

(4.17)

5The inclusion of primordial non-Gaussianities is straightforward [30, 39, 31].
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We will first move to the calculations of P22 and P13 and postpone the calculation of P ct
13 to the

next subsection.
To compute P22 and P13 we need the second and third order solutions in perturbation theory

without the contribution of the effective stress tensor τ ijs , respectively δ(2)(~k, a) and δ(3)(~k, a) in
the expansion in eq. (4.7). These can be obtained by using eq. (4.10) and the explicit calculation
is given in App. C.2. From these solutions we obtain

P22(k, a) =

∫
d3q

(2π)3

∫ a

0
da2

∫ a2

0
da1 p22(a, a1, a2;~k, ~q) , (4.18)

P13(k, a) =

∫
d3q

(2π)3

∫ a

0
da2

(
p

(1)
13 (a, a2;~k, ~q) +

∫ a2

0
da1 p

(2)
13 (a, a1, a2;~k, ~q)

)
, (4.19)

where the integrands of these expressions are given by

p22(a, a1, a2;~k, ~q) ≡
7∑
i=1

T
(22)
i (a, a1, a2)F

(22)
i (~k, ~q) ,

p
(2)
13 (a, a1, a2;~k, ~q) ≡

10∑
i=1

T
(13)
i (a, a1, a2)F

(13)
i (~k, ~q) ,

p
(1)
13 (a, a2;~k, ~q) ≡ T (13)

11 (a, a2)F
(13)
11 (~k, ~q) .

(4.20)

The integrands are thus given as a sum over separable products of time-dependent and momentum-
dependent contributions.6 Their explicit expressions are reported in App. C.4.

Let us make some comments here. In p22, the contributions to the sum for i = 1, . . . , 4 come
from the standard dark-matter vertices, which are functionally the same as the corresponding
ΛCDM functions, but numerically different due to the modification of D+ and D− by µΦ in the
linear equations of motion. The contributions to the sum for i = 5, 6, 7 are due to the new nonlinear
terms coming from eq. (4.5), i.e. they are proportional to µΦ,2 and µΦ,22. In p13 there are two types

of terms: p
(2)
13 , which has two insertions of Green’s functions, and p

(1)
13 , which has one insertion

of a Green’s function. The latter comes from the new cubic vertex proportional to µΦ,22. The
contributions to the sum for i = 1, . . . , 6 come from the standard dark-matter vertices while those
for i = 7, . . . , 11 are due to the new nonlinear compulings. In conclusion, with respect to the exact
time dependence computation in ΛCDM, we have six additional momentum integrals and eight
additional time coefficients to compute. An interesting point to notice about the above expressions
is that the cubic vertex proportional to µΦ,3 does not contribute to the power spectrum at one loop.

As can be seen in App. C.4, this is because γ3(~k, ~q,−~q) = 0. However, this vertex will contribute
to the two-loop power spectrum, the one-loop bispectrum and the tree level trispectrum. Because
αV3 only shows up in µΦ,3, this means that the new quartic vertex in the Horndeski Lagrangian
(2.3) does not contribute to the one-loop power spectrum.

6References [44, 45] have solved for the standard perturbation theory kernels of the one-loop power spectrum,
with gravitational sector described by Horndeski theories. They have shown that the number of independent terms
is actually much smaller than in eq. (4.20), due to relationships among the momentum-dependent kernels and among
the Green’s functions. Because the numerical computation of the loops was not too demanding, we did not seek
to simplify our expressions further. Moreover, in our presentation the momentum integrals, which can be done
independently of the dark-energy parameters, are computed separately from the time integrals, which one must
compute for each set of dark-energy parameters.
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As discussed in the Introduction, some of the kernels F
(22)
i (~k, ~q) and F

(13)
i (~k, ~q) in eq. (4.20)

contain spurious IR divergences. However, the equivalence principle guarantees that these vanish
once all the contributions are summed together in the equal-time one-loop power spectrum. This
has been shown to be the case for the standard ΛCDM vertices. Since the modifications of gravity
that we introduce do not violate the equivalence principle, this must be the case for the new

contributions as well. Similarly, the kernels F
(13)
i (~k, ~q) contain spurious UV divergences that are

known to vanish by mass and momentum conservation. Because this remains the case in our setup,
these spurious divergences do not appear in the final result.

When computing the loop integrands, it is convenient to formulate them in terms of IR&UV-
safe versions, which automatically remove spurious divergences and ensure that these do not sig-
nificantly affect the numerical computation. We report the derivations and expressions of the
IR&UV-safe versions of the one-loop integrals in App. C.5. We now turn to discuss the contribu-
tion from the short-scale stress tensor, P ct

13.

4.4 Effective stress tensor and counterterms

Next, we move on to expressing the effective stress tensor in eq. (4.3) in terms of the long-
wavelength fields. Because the equivalence principle is satisfied under our assumptions, the short
modes can only be affected by tidal effects, so that the stress tensor can be written as an expansion
in derivatives and powers of the tidal fields, ∂i∂jΦ, ∂i∂jΨ and ∂i∂jχ, and of the first derivative
of the velocity ∂jv

i, evaluated along the fluid flow. Thus, at the lowest order in derivatives and
fields7 the effective stress tensor takes the following form [63]

−
(

1

ρm
∂jτ

ij
s

)
(~x, a)

=

∫
da′
[
κ(Φ)(a, a′) ∂i∂2Φ(~xfl(~x; a, a′), a′) + κ(Ψ)(a, a′) ∂i∂2Ψ(~xfl(~x; a, a′), a′)

+ κ(χ)(a, a′) ∂i∂2χ(~xfl(~x; a, a′), a′) + κ(v)(a, a′)
1

H
∂i∂jv

j
m(~xfl(~x; a, a′), a′)

+ κ
(stoch.)
1 (a, a′)∆i

stoch.(~xfl(~x; a, a′), a′) + . . .
]
,

(4.21)

where the fluid line element ~xfl is defined recursively by

~xfl(~x; a, a′) = ~x−
∫ a

a′

da′′

H (a′′)
~vm

(
~xfl(~x; a, a′′), a′′

)
, (4.22)

and ∆i
stoch. is a stochastic term [14]. The κ(i) are free functions whose explicit dependence on a

and a′ is not relevant for what follows. The above espression of the stress tensor shows that the
EFTofLSS is non-local in time [63] (see also [71, 29]). Because for the one-loop computation we
only need to work at linear order in the counterterms, we can set ~xfl = ~x in eq. (4.21). For higher
order corrections due to the fluid flow, one should expand the arguments for ~xfl near ~x.

Let us now look at the various terms appearing in eq. (4.21). First, the stochastic term is
expected to be Poisson-like and does not correlate with the matter fields, so that in momentum

7For example, we do not include a term like ∂2vim because it is the same as ∂i∂jv
j
m apart from vorticity, which

is only generated at a higher order in perturbation theory.
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space we can write, at lowest order in k/kNL,

〈∆i
stoch.(

~k)∆j
stoch.(

~k′)〉 =
(2π)3

k3
NL

δ(~k + ~k′)
kikj

k2
NL

Cstoch. , (4.23)

where Cstoch. is expected to be an order-one number. To get the contribution to the power spec-
trum, we contract the above with kikj , so that the overall contribution is proportional to k4 and,
as we will see, it can be neglected with respect to the other contributions.8

Next, we consider the rest of the terms in eq. (4.21). Similarly to what we did in eq. (4.5) to
write ∂2Φ in terms of δ, we can also write the other fields ∂2Ψ and ∂2χ in terms of powers of δ
(at least perturbatively, see [1]). Then, we can use the continuity equation (4.2) to replace ∂jv

j

with δ̇. Because we are doing a one-loop computation, we only need to evaluate eq. (4.21) on the
first-order fields, which means that the integrand on the right-hand side of eq. (4.21) (without the
stochastic piece) reduces to

κ(δ)(a, a′)∂iδ(1)(~x, a′) + κ(v)(a, a′)∂iδ(1)′(~x, a′) , (4.24)

where κ(δ) is related to κ(Φ), κ(Ψ), κ(χ), and the µ parameters in eq. (4.5) after making the
replacements for ∂2Φ, ∂2Ψ, and ∂2χ described above. Again, the specific form of this relation is
not important for what we describe here.

Now, everything follows exactly as it does in other one-loop treatments [63, 32, 24], and we
can use the linear solution δ(1)(~x, a) = D+(a) δ(1)(~x, ai)/D+(ai) to write

−
(

1

ρm
∂jτ

ij

)(1)

s

(~x, a) =

(∫
da′
[
κ(δ)(a, a′) + a−1f+(a)κ(v)(a, a′)

] D+(a′)

D+(a)

)
∂iδ(1)(~x, a)

= κ(a) ∂iδ(1)(~x, a) ,

(4.25)

where we have symbolically performed the integral over a′ to be left with a function of a only. By
taking the Fourier transform of H−2∂i

(
ρ−1

m ∂jτ
ij
)
, as it appears on the right-hand side of eq. (4.3),

the first-order counterterm contribution to the right-hand side of eq. (4.3) is

− 9 (2π)c2
δ,1(a)

k2

k2
NL

δ(1)(~k, a) , (4.26)

where we have defined c2
δ,1(a) ≡ −κ(a)k2

NL/(9(2π)2H(a)2).9 This acts as a source term to the Euler
equation in the same way that the nonlinear vertices do, so to find the counterterm contribution
δ(ct) to the perturbative expansion, we use the Green’s functions from Sec. 4.2. Putting this all
together, we finally have10

δct(~k, a) = −(2π) c2
δ(a)

k2

k2
NL

D+(a)

D+(ai)
δ(1)(~k, ai) . (4.28)

8As discussed in [14], the correlation function (4.23) starts at order kikj because of momentum conservation,
i.e. because dark matter does not exchange momentum with dark energy, γis(~x, a) = 0. If γis(~x, a) 6= 0, a lower order
k2 contribution is possible [32]. In any case, stochastic contributions are expected to be small.

9The factor of 9 introduced here is simply a convention and is explained in Footnote 10.
10We have introduced the relevant counterterm parameter that enters the power spectrum at one loop as

c2δ(a) =

∫ a

da′Gδ2(a, a′) 9 c2δ,1(a′)
D+(a′)

D+(a)
. (4.27)

The factor of 9 has been included because, approximating the quantities in eq. (4.27) with their Einstein de Sitter
expressions and taking c2δ,1(a) ∝ a4 as an indication (i.e. the time dependence in a scaling universe with n = −2
[72]), we have that c2δ(a0) ' c2δ,1(a0).
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That is, the counterterm contribution at one loop has the same functional form (in k) as the pure
dark-matter case. The counterterm c2

δ(a), however, is expected to have a different value than in
the pure dark matter case because the UV physics has been changed by the dark energy. This
gives a contribution to the power spectrum

P ct
13(k, a) = −2(2π)c2

δ(a)
k2

k2
NL

P11(k, a) , (4.29)

which completes our calculation. Note that the nonlinear scale kNL appearing above will in general
be different than the corresponding scale in ΛCDM.11

5 Results

While a complete exploration of the effects of different parameter choices is left for future work,
in this section we would like to give a rough idea of the size of the effects that we are computing.

To use the above formalism to compute the one-loop power spectrum, we must assume a
parametrization for the time dependence of the Hubble rate H(a) and of the functions αI(a)
appearing in eq. (2.5). This in turn gives a time dependence to the functions µΦ, µΦ,2 and µΦ,22

that determine the modification of the LSS equations. For simplicity, we have chosen,

αI(a) = αI,0
1− Ωm(a)

1− Ωm,0
,

Ḣ

H2
(a) = −3

2
Ωm(a) , Ωm(a) =

Ωm,0

Ωm,0 + (1− Ωm,0)(a/a0)3
,

(5.1)
where Ωm,0 is the current matter fraction. This parameterization is such that the Hubble rate H(a)
and the matter fraction Ωm(a) are as in ΛCDM, and the αI(a) vanish during matter domination
at early times. This justifies the use of standard initial conditions, which we set at ai = 0.02
using CAMB, assuming cosmological parameters Ωm,0 = 0.281, h = 0.697, A2

ζ = 2.37 × 10−9 and
ns = 0.971.

We display a sample of our calculations in Fig. 1. In particular, in this figure we plot the ratio
of the one-loop power spectrum with modifications of gravity and the one in ΛCDM at redshift
z = 0. We consider the effects of three different dark-energy couplings, αB, αV1, and αV2, while
setting the other αI to zero. We restrict αB,0 to negative values so that the speed of sound squared
of scalar fluctuations is positive (see e.g. discussion in App. D of Ref. [73]). Moreover, we consider

11For instance, the modifications of the linear equations through µΦ 6= 1 affect the nonlinear scale.
Using the expression for the linear power spectrum in a scaling universe [72, 53, 63], P11(k, a) =
(D+(a)/D+(a0))2(2π/kNL)3(k/kNL)n, where n ' −2 near the nonlinear scale in the real universe, the change in
the nonlinear scale can be estimated by

kNL ∼ k(ΛCDM)
NL

(
D

(ΛCDM)
+ (ai)

D
(ΛCDM)
+ (a0)

D+(a0)

D+(ai)

)− 2
n+3

, (4.30)

where we have assumed the same initial conditions for the two theories. For µΦ ' 1, the effect can be treated
perturbatively in the linear equation of motion (4.8) and we have

kNL ∼ k(ΛCDM)
NL

(
1− 3

n+ 3

∫ a0

ai

daGδ,ΛCDM
2 (a0, a)

(
µΦ(a)− 1

)
Ωm(a)

D
(ΛCDM)
+ (a)

D
(ΛCDM)
+ (a0)

)
, (4.31)

where Gδ,ΛCDM
2 is the Green’s functions in ΛCDM. Thus, a µΦ > 1 causes more linear growth and the nonlinear

scale kNL is smaller than the corresponding one in ΛCDM (non-linearities appear earlier and on larger scales).
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the following combinations of parameters. First, αB,0 = −0.9 and αB,0 = −0.5 (thick solid blue
and red lines, respectively) with αV1 = αV2 = 0. For these two cases we also show the linear power
spectrum (thin dashed-dotted blue and red lines, respectively). Then we consider αB,0 = −0.5 and
several different values of αV1 6= 0 (with αV2 = 0) and αV2 6= 0 (with αV1 = 0). In particular we
show the case αV2,0 = 0.2 (thick dashed violet), αV2,0 = 0.7 (thick dashed green), and αV1,0 = 0.7
(thin solid green).12

To show these curves we need to assume a value of the speed of sound in the LSS counterterm in
eq. (4.29). For illustration purposes we take the representative value c2

δ(a0) = 0.53 k2
NL/(2hMpc−1)2,

which is the one measured in ΛCDM simulations in Ref. [25]. In the case of modified gravity, it
is reasonable to think that the speed of sound will differ from this value by something of order
of the dark-energy couplings. Therefore, for two cases in the plot, we also show a shaded band
corresponding to c2

δ(a) (1± αB,0), delimitating the plausible true value of the sound speed.
Not surprisingly, we see that the effect of αB enters most strongly at linear level and only has

a sizable nonlinear effect when accompanied by a large change in the linear power spectrum. For
instance, in the αB,0 = −0.9 case the linear effect is about 16% and the nonlinear effect is only
about 2%. On the other hand, since αV1 and αV2 do not enter in the linear solution they only
affect the power spectrum at mildly nonlinear scales. For example, with αB,0 = −0.5, αV2,0 = 0.7
produces about a 5% change at k = 0.1hMpc−1. Additionally, we see that, at least at one-loop,
the effect of varying c2

δ(a0) is essentially degenerate with changing αV1,0 or αV2,0.
The plot also shows the difference between the linear and the nonlinear theory. For example,

the linear power spectrum in the αB,0 = −0.5 case is shown along with many different nonlinear
power spectra. In all cases, the nonlinear theory deviates from the linear theory by a few percent
before around k ≈ 0.1hMpc−1. Again, we leave a more specific exploration of the different effects
of the EFTofDE couplings, their time parametrization, and the EFTofLSS counterterms, to future
work. In particular, it would be interesting to compare these results to N-body simulations to see
how the EFTofLSS counterterms depend on values of the EFTofDE parameters.

6 Conclusions

In this paper we have combined the Effective Field Theory of Dark Energy and the Effective Field
Theory of Large-Scale Structure to study dark matter clustering in the mildly nonlinear regime,
for general dark energy and modified gravity models. The gravitational sector is described by the
EFT action developed in a companion paper [1], in terms of six operators parametrized by time
dependent functions, three of which start beyond linear order.

To understand how these nonlinear couplings affect the clustering of dark matter, in Sec. 3 we
derived the effective fluid equations for dark matter, by smoothing the continuity and Euler equa-
tions. The smoothed Euler equation includes a Newtonian potential sourced by the nonlinearities
in the gravitational sector and an effective stress tensor generated by short modes. Because of
the presence of a new field, it was important to derive the general way in which the UV modes
enter the Euler equation. We found that the counterterms in the effective fluid equations enter
the Euler equation in the standard way as in ΛCDM, i.e. as the divergence of a stress tensor. This
implies contributions to the power spectrum as P ct

13 ∼ k2P11 and Pstoch. ∼ k4. This was to be

12As explained above, αV3 does not contribute to the one-loop power spectrum because it enters the fluid-like
equations with a specific momentum dependence that vanishes when used to compute the one-loop power spectrum.
This vertex contributes, however, to the one-loop bispectrum and two-loop power spectrum.
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expected, however, since our system only has one propagating field in the Newtonian limit, so that
there are no relative velocity effects which can generate counterterms without derivatives in the
Euler equation. Additionally, for the same reasons, we expect that the bias expansion takes the
same general form as in ΛCDM, where one expands in powers and derivatives of ∂i∂jΦ, along with
stochastic terms, integrated along the fluid trajectory.

We then explicitly constructed the one-loop solution in Sec. 4. Although the linear equation
of motion of δ is scale independent, we must solve for the higher order time dependence with
the exact Green’s functions of the linear equations. This leads to a rather lengthy expression
for the one-loop power spectrum, since many diagrams with different time dependences must be
summed together (Sec. 4.3). This situation presents a potential problem: spurious IR and UV
divergences in the individual loop terms, which must ultimately cancel when all of the terms
are summed together, may not in practice fully cancel if the time dependent coefficients are not
computed accurately enough. To avoid this problem, in App. C.5 we have given the expressions
for the IR&UV-safe integrands, which have these spurious divergences removed at the level of the
integrand. In particular, we find no new spurious IR divergences, which shows that our system
still obeys the dark-matter consistency relations [51, 52, 54].

In Sec. 5, we have presented a sampling of our results for the one-loop power spectrum, including
the operators proportional to αB, αV1, and αV2. We leave a more detailed study of the various
parameter combinations, and their time parameterizations, to future work. As shown in Fig. 1, only
the operators proportional to αV1, and αV2 are unconstrained at linear order and can appreciably
contribute to the mildly nonlinear regime. However, the recent tight bound on the difference
between the speeds of gravitational waves and light [74] has severely constrained αT, αV1, αV2

and αV3 [75–77]. For αT = αV1 = αV2 = αV3 = 0 one finds that (see App. A for the explicit
expressions)

µΦ−1 =
(αB − αM)2

ν
, µΦ,2 =

αM − 2αB

2

(
µΦ − 1

ν

)3/2

, µΦ,22 = 0 , µΦ,3 = 0 , (6.1)

which shows that it is not possible to enhance the nonlinear contributions keeping the linear one
small. Thus, assuming these constraints, the nonlinear effects in Horndeski theories can only come
from the parameters αB and αM and be associated to deviations in the linear predictions. Even if
the leading nonlinear effects are ruled out, it is still important to know, in a precision comparison
to data, the nonlinear effects (which must be present because the dark-energy field nonlinearly
realizes time diffeomorphisms) from the parameters that enter at linear level.

This work can be extended in several directions. For instance, one can now start using the
machinery developed here to compute other observables, such as the bispectrum, redshift space
distortions and, ultimately, halo statistics in redshift space. It would also be very useful to compare
our predictions of the power spectrum to numerical N-body simulations and understand how the
LSS speed of sound depends on the dark-energy parameters. An obvious extension of this work is
to include the operators of more general theories that are compatible with the constraints on the
graviton speed, such as a subset of the GLPV Lagrangian [78, 79]. Finally, one can also go beyond
the quasi-static approximation and include the effects of the dark-energy field’s propagation.
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A Definitions and previous results

The dimensionless symmetric matrix Aab in eq. (2.12) has components

Aab =

 0 1 −αB

1 −1− αT αM − αT

−αB αM − αT −C2

 , (A.1)

with
C2 = −ν − αB(ξ + αT − αM) , ξ = αB(1 + αT) + αT − αM , (A.2)

where ν is a positive, because of stability, parameter given by [1]

ν ≡ −
{

(1 + αB)

[
αB(1 + αT) + αT − αM +

Ḣ

H2

]
+
α̇B

H
+

ρ̄m

2M2H2

}
. (A.3)

The dimensionless time-dependent arrays Babc and Cabcd parametrize the coupling strength be-
tween fields in eq. (2.12). Their non-vanishing elements are

B123 = B312 = B231 = B213 = B321 = B132 = αV2 ,

B133 = B313 = B331 = αV1 ,

B233 = B323 = B332 = C3 , B333 = C4 ,

C1333 = C3133 = C3313 = C3331 = −αV3 , C3333 = C5 ,

(A.4)

where we have introduced the following combinations,

C3 ≡ −αT − αV2(1− αM)− αV2
Ḣ

H2
+
α̇V2

H
, (A.5)

C4 ≡ −4αB + 2αM − 3αT − (αV1 + αV2)(1− αM)− 3αV2
Ḣ

H2
+
α̇V1 + α̇V2

H
, (A.6)

C5 ≡ 3 (αT − αV1 + αV2 + αV3)− (3αV2 + αV3)αM + (3αV2 + αV3)
Ḣ

H2
− 3α̇V2 + α̇V3

H
. (A.7)

The functions µΦ(a), µΦ,2(a), µΦ,22(a), and µΦ,3(a) in eq. (3.32) are explicitely given, in terms
of the coefficients of the action eq. (2.3), by [1]

µΦ = 1 + αT +
ξ2

ν
, µΨ = 1 +

ξαB

ν
, µχ =

ξ

ν
,

µΦ,2 =
µχ
4

(
6µΦµΨαV2 + 3µχµΦαV1 + 3µχµΨC3 + µ2

χC4

)
,

µΦ,22 =
1

8

{
5µΦµ

2
χ(µχαV1 + 2µΨαV2)2 + 2µ3

χ(3µΨC3 + µχC4)(µχαV1 + 2µΨαV2)

+
1

ν

[
2αV2µΦ(2µΨ − 1) + 2αV1µχµΦ + (3µΨ − 1)C3µχ + C4µ

2
χ

]2}
,

µΦ,3 =
µ3
χ

12

(
− 4µΦαV3 + µχC5

)
.

(A.8)
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B Stress tensor

In this appendix, we provide some explicit expressions for the higher order gravitational stress
tensor that are relevant for the derivation of the Euler equation in Sec. 3.2. We start with the
expressions for the (0i) components. In the quasi-static limit, the (0i) part of the stress tensor can
be written as a total derivative: T (g)0

i = ∂jt
j
i. The linear piece is

tLj i = δj iM
2

{
2Ψ̇ + 2(1 + αB)HΦ− 2αBHπ̇ + 2

(
Ḣ +

ρ̄m

2M2

)
π

}
. (B.1)

The second order piece is

t(2)j
i ≡

M2

a2

[
H

(
− 2αB + αM − αT + αV2

Ḣ

H2

)
T2,ij [π, π]− αTS2,ij [Ψ, π]

+ (αV1 − αV2)S2,ij [π, π̇ − Φ] +
αV2

H

(
S2,ij [Ψ, π̇ − Φ] + S2,ij [π, Ψ̇ +Hπ̇]

)] (B.2)

with

T2,ij [ϕa, ϕb] ≡ ∂(iϕa∂j)ϕb − δij∂kϕa∂kϕb , S2,ij [ϕa, ϕb] ≡ ∂iϕa∂jϕb − δij∂kϕa∂kϕb , (B.3)

where we use the symmetrization normalization V(ab) = 1
2(Vab + Vba). The expression for tj i at

cubic order is

t(3)j
i =− M2

2 a4

(
αV1 − αV2 − αMαV2 − αT +

αV2Ḣ

H2
− α̇V2

H

)(
U3,ij [π, π, π] +

3

2
V3,ij [π, π, π]

)
+

M2

4 a4H
(−2αV2 + αV3)

(
2U3,ij [π, π, π̇ − Φ]− 2U3,ij [π, π̇ − Φ, π] + 2U3,ij [π̇ − Φ, π, π]

+ V3,ij [π, π, π̇ − Φ] + V3,ij [π, π̇ − Φ, π] + V3,ij [π̇ − Φ, π, π]
)

(B.4)

where

U3,ij [ϕa, ϕb, ϕc] = ∂jϕa∂iϕb∂
2ϕc − ∂jϕa∂kϕb∂i∂kϕc , (B.5)

V3,ij [ϕa, ϕb, ϕc] = ∂kϕa∂kϕb∂i∂jϕc − δij∂kϕa∂kϕb∂2ϕc . (B.6)

Next, we look at the (ij) components. At linear order, we have

T
(g)
L

j
i =−M2

{[
2Ψ̈ + 2(3 + αM)HΨ̇ + 2(1 + αB)HΦ̇

+
(

2(1 + αB)Ḣ + 2α̇BH −
ρ̄m

M2
+ 2(1 + αB)(3 + αM)H2

)
Φ− 2(αBHπ̇)·

+
(

2Ḣ +
ρ̄m

M2
− 2(3 + αM)αBH

2
)
π̇ +

(
2Ḧ + 2(3 + αM)HḢ

)
π

]
δj i

− 1

a2
(∂i∂j − δj i∂2)

[
Φ + (αM − αT)χ− (1 + αT)Ψ

]}
.

(B.7)
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At leading order in ε, the nonlinear piece is

T
(g)
NL

j
i =

M2

2H2a4
∂k

{
− C3

[
2∂kχ∂i∂jχ+ δj i∂k(∂χ)2 − δj i∂l(∂kχ∂lχ)− δk(i∂j)(∂χ)2

]
(B.8)

+ 2αV2

[
∂kχ∂i∂jΦ + ∂kΦ∂i∂jχ+ δj i∂k(∂lχ∂lΦ)− δj i∂l(∂kχ∂lΦ)− δk(i∂j)(∂lχ∂lΦ)

]}
.

We see that eq. (B.8) is O(ε0) (and, in fact, there are no terms of O(ε0) with three powers of

the fields in T
(g)
NL

j
i). This would be a dominant term in eq. (3.25), but one can check that the

divergence of the right-hand side vanishes identically, so that there are no contributions to the
Euler equation at this order of spatial derivatives, as expected.

C Toolkit for the one-loop calculation

C.1 Green’s functions

In this appendix, we provide the explicit formulae for the Green’s functions used in Sec. 4 and
throughout this work. We use a slightly different notation than in [24], due to our different
definition of Θ.

Using the perturbative expansion (4.10) and (4.11) in the continuity and Euler equations (4.2)
and (4.3), we find that the four Green’s functions are specified by the following equations [24]

a
dGδσ(a, ã)

da
−GΘ

σ (a, ã) = λσδ(a− ã) , (C.1)

a
dGΘ

σ (a, ã)

da
+

(
1 +

aH′(a)

H(a)

)
GΘ
σ (a, ã)− µΦ(a)

3 Ωm(a)

2
Gδσ(a, ã) = (1− λσ)δ(a− ã) , (C.2)

where λσ is
λ1 = 1 and λ2 = 0,

σ = 1, 2, and δ(a − ã) is the Dirac delta function. The retarded Green’s functions satisfy the
boundary conditions

Gδσ(a, ã) = 0 and GΘ
σ (a, ã) = 0 for ã > a ,

Gδσ(ã, ã) =
λσ
ã

and GΘ
σ (ã, ã) =

(1− λσ)

ã
.

(C.3)

We can then construct the Green’s functions in the usual way using the linear solutions and
the Heaviside step function, ΘH(a− ã), and imposing the boundary conditions (C.3). This gives

Gδ1(a, ã) =
1

ãW (ã)

(
dD−(ã)

dã
D+(a)− dD+(ã)

dã
D−(a)

)
ΘH(a− ã) , (C.4)

Gδ2(a, ã) = − 1

ã2W (ã)

(
D−(ã)D+(a)−D+(ã)D−(a)

)
ΘH(a− ã) , (C.5)

GΘ
1 (a, ã) =

1

ãW (ã)

(
dD−(ã)

dã

a dD+(a)

da
− dD+(ã)

dã

a dD−(a)

da

)
ΘH(a− ã) , (C.6)

GΘ
2 (a, ã) = − 1

ã2W (ã)

(
D−(ã)

a dD+(a)

da
−D+(ã)

a dD−(a)

da

)
ΘH(a− ã) , (C.7)
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where W (ã) is the Wronskian of D+ and D−

W (ã) =
dD−(ã)

dã
D+(ã)− dD+(ã)

dã
D−(ã) . (C.8)

For giving explicit formulae, it is useful to define with a bar the part of the Green’s functions
(C.4)—(C.7) that do not contain the Heaviside function, i.e.,

Gδ,Θ1,2 (a1, a2) ≡ Ḡδ,Θ1,2 (a1, a2) ΘH(a1 − a2) . (C.9)

For reference, the above Green’s functions during matter domination, whenD+ = a andD− ∝ H ∝
a−3/2, reduce to

Ḡδ1(a, ã) =
3 a

5 ã2
+

2 ã1/2

5 a3/2
, Ḡδ2(a, ã) =

2 a

5 ã2
− 2 ã1/2

5 a3/2
,

ḠΘ
1 (a, ã) =

3 a

5 ã2
− 3 ã1/2

5 a3/2
, ḠΘ

2 (a, ã) =
2 a

5 ã2
+

3 ã1/2

5 a3/2
.

(C.10)

C.2 Expressions for δ(2) and δ(3)

To make the notation more compact, because the µ parameters always appear with specific powers
of Ωm in the LSS equations, we define

µ̂Φ,2 ≡ µΦ,2

(
3 Ωm

2

)2

, µ̂Φ,22 ≡ µΦ,22

(
3 Ωm

2

)3

, µ̂Φ,3 ≡ µΦ,3

(
3 Ωm

2

)3

. (C.11)

For computing the bispectrum or higher order power spectrum, it is useful to know the field
contributions explicitly. After defining the shorthand δin

~k
≡ δ(1)(~k, ai), these are

δ(2)(~k, a) =

∫
~k1

∫
~k2

∫ a

0
da1

3∑
i=1

g
(2)
i (a, a1)y

(2)
i (~k,~k1,~k2)δin

~k1
δin
~k2
, (C.12)

where

g
(2)
1 (a, a1) ≡

(
D+(a1)

D+(ai)

)2

f+(a1)Gδ1(a, a1) , (C.13)

g
(2)
2 (a, a1) ≡

(
D+(a1)

D+(ai)

)2

f+(a1)2Gδ2(a, a1) , (C.14)

g
(2)
3 (a, a1) ≡

(
D+(a1)

D+(ai)

)2

µ̂Φ,2(a1)Gδ2(a, a1) , (C.15)

and

y
(2)
1 (~k,~k1,~k2) ≡ (2π)3δD(~k − ~k1 − ~k2)α(~k2,~k1) , (C.16)

y
(2)
2 (~k,~k1,~k2) ≡ (2π)3δD(~k − ~k1 − ~k2)β(~k1,~k2) , (C.17)

y
(2)
3 (~k,~k1,~k2) ≡ (2π)3δD(~k − ~k1 − ~k2)γ2(~k1,~k2) . (C.18)
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Similarly, for δ(3) we have

δ(3)(~k, a) =

∫
~k1

∫
~k2

∫
~k3

∫ a

0
da1

∫ a

0
da2

12∑
i=1

g
(3)
i (a, a1, a2)y

(3)
i (~k,~k1,~k2,~k3)δin

~k1
δin
~k2
δin
~k3

+

∫
~k1

∫
~k2

∫
~k3

∫ a

0
da2

14∑
i=13

g
(3)
i (a, a2)y

(3)
i (~k,~k1,~k2,~k3)δin

~k1
δin
~k2
δin
~k3
.

(C.19)

The terms with i = 13 and i = 14 only have one time integral because they come from the
cubic vertex, which only needs one insertion of the Green’s function to contribute to the cubic
perturbation δ(3). Here, the dark-matter-only time-dependent coefficients are given by

g
(3)
1 (a, a1, a2) ≡

a1a2D+(a1)D′+(a1)D′+(a2)

D+(ai)3
Gδ1(a, a2)Gδ1(a2, a1) ,

g
(3)
2 (a, a1, a2) ≡

a2
1a2D

′
+(a1)2D′+(a2)

D+(ai)3
Gδ1(a, a2)Gδ2(a2, a1) ,

g
(3)
3 (a, a1, a2) ≡

a1D+(a1)D+(a2)D′+(a1)

D+(ai)3
Gδ1(a, a2)GΘ

1 (a2, a1) ,

g
(3)
4 (a, a1, a2) ≡

a2
1D+(a2)D′+(a1)2

D+(ai)3
Gδ1(a, a2)GΘ

2 (a2, a1) ,

g
(3)
5 (a, a1, a2) ≡

a1a2D+(a1)D′+(a1)D′+(a2)

D+(ai)3
Gδ2(a, a2)GΘ

1 (a2, a1) ,

g
(3)
6 (a, a1, a2) ≡

a2
1a2D

′
+(a1)2D′+(a2)

D+(ai)3
Gδ2(a, a2)GΘ

2 (a2, a1) ,

(C.20)

and the new coefficients are

g
(3)
7 (a, a1, a2) ≡ µ̂Φ,2(a1)

D+(a1)2D+(a2)

D+(ai)3
Gδ1(a, a2)GΘ

2 (a2, a1) ,

g
(3)
8 (a, a1, a2) = µ̂Φ,2(a2)

2a1D+(a1)D+(a2)D′+(a1)

D+(ai)3
Gδ2(a, a2)Gδ1(a2, a1) ,

g
(3)
9 (a, a1, a2) ≡ µ̂Φ,2(a2)

2a2
1D+(a2)D′+(a1)2

D+(ai)3
Gδ2(a, a2)Gδ2(a2, a1) ,

g
(3)
10 (a, a1, a2) ≡ µ̂Φ,2(a1)

a2D+(a1)2D′+(a2)

D+(ai)3
Gδ1(a, a2)Gδ2(a2, a1) ,

g
(3)
11 (a, a1, a2) ≡ µ̂Φ,2(a1)

2a2D+(a1)2D′+(a2)

D+(ai)3
Gδ2(a, a2)GΘ

2 (a2, a1) ,

g
(3)
12 (a, a1, a2) ≡ µ̂Φ,2(a1)µ̂Φ,2(a2)

2D+(a1)2D+(a2)

D+(ai)3
Gδ2(a, a2)Gδ2(a2, a1) ,

g
(3)
13 (a, a2) ≡ µ̂Φ,22(a2)

D+(a2)3

D+(ai)3
Gδ2(a, a2) ,

g
(3)
14 (a, a2) ≡ µ̂Φ,3(a2)

D+(a2)3

D+(ai)3
Gδ2(a, a2) .

(C.21)
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The dark-matter-only momentum dependent coefficients are given by

y
(3)
1 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2,~k1 + ~k3)α(~k3,~k1) ,

y
(3)
2 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2,~k1 + ~k3)β(~k1,~k3) ,

y
(3)
3 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2 + ~k3,~k1)α(~k3,~k2) ,

y
(3)
4 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2 + ~k3,~k1)β(~k2,~k3) ,

y
(3)
5 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3) 2β(~k1 + ~k3,~k2)α(~k3,~k1) ,

y
(3)
6 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3) 2β(~k1 + ~k3,~k2)β(~k1,~k3) ,

(C.22)

and the new coefficients are

y
(3)
7 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2 + ~k3,~k1) γ2(~k2,~k3) ,

y
(3)
8 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k3,~k1) γ2(~k1 + ~k3,~k2) ,

y
(3)
9 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)β(~k1,~k3) γ2(~k1 + ~k3,~k2) ,

y
(3)
10 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)α(~k2,~k1 + ~k3) γ2(~k1,~k3) ,

y
(3)
11 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3)β(~k1 + ~k3,~k2) γ2(~k1,~k3) ,

y
(3)
12 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3) γ2(~k1 + ~k3,~k2) γ2(~k1,~k3) ,

y
(3)
13 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3) γ2(~k2,~k1 + ~k3) γ2(~k1,~k3) ,

y
(3)
14 (~k,~k1,~k2,~k3) ≡ (2π)3δD(~k − ~k1 − ~k2 − ~k3) γ3(~k2,~k1,~k3) .

(C.23)

C.3 Comparison with standard perturbation theory

Using the explicit expressions for δ(2) above, we can compare the new kernel with the well known
kernel from dark-matter perturbation theory, which is given by

δ(2)(~k, a) =

∫
~k1

∫
~k2

(2π)3δD(~k − ~k1 − ~k2)F2(~k1,~k2, a)δin
~k1
δin
~k2
. (C.24)

In the Einstein de Sitter limit the kernel F2 is given by [80]

FEdS
2 (~k1,~k2, a) =

D+(a)2

D+(ai)2

[
5

7
+
k̂1 · k̂2

2

(
k1

k2
+
k2

k1

)
+

2

7

(
k̂1 · k̂2

)2]
. (C.25)

More generally, our formula (C.12) for δ(2) gives

F2(~k1,~k2, a) = A1 +A3 +
(
k̂1 · k̂2

)A1 +A2

2

(
k1

k2
+
k2

k1

)
+
(
k̂1 · k̂2

)2
(A2 −A3) ,

where

Ai(a) ≡
∫ a

0
da′ g

(2)
i (a, a′) . (C.26)

By using the expressions above it can be shown that the coefficient of the monopole, (A1 +A2)/2,
is not altered by the presence of the dark energy and modified gravity and remains the same as
in eq. (C.25). On the other hand, the coefficients in front of

(
k̂1 · k̂2

)0
and

(
k̂1 · k̂2

)2
are altered

explicitly by A3, which is the only term that depends on µΦ,2, see eq. (C.15), and implicitly by µΦ

in the expressions for A1 and A2. A similar result holds for the monopole in the expression for the
second-order velocity divergence θ(2).
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C.4 Expressions for P1-loop

In this appendix, we provide the explicit formulae for the contributions to the one-loop power
spectrum presented in Sec. 4.3.

We start with the (22) type terms in eq. (4.18). The dark-matter-only momentum-dependent
functions are

F
(22)
1 (~k, ~q) = 2αs(~k − ~q, ~q)2 P in

|~k−~q| P
in
q ,

F
(22)
2 (~k, ~q) = 2αs(~k − ~q, ~q)β(~k − ~q, ~q)P in

|~k−~q| P
in
q ,

F
(22)
3 (~k, ~q) = 2αs(~k − ~q, ~q)β(~k − ~q, ~q)P in

|~k−~q| P
in
q ,

F
(22)
4 (~k, ~q) = 2β(~k − ~q, ~q)β(~k − ~q, ~q)P in

|~k−~q| P
in
q ,

(C.27)

and the new (22) terms are

F
(22)
5 (~k, ~q) = 2αs(~k − ~q, ~q) γ2(~k − ~q, ~q)P in

|~k−~q| P
in
q ,

F
(22)
6 (~k, ~q) = 2β(~k − ~q, ~q) γ2(~k − ~q, ~q)P in

|~k−~q| P
in
q ,

F
(22)
7 (~k, ~q) = 2 γ2(~k − ~q, ~q) γ2(~k − ~q, ~q)P in

|~k−~q| P
in
q .

(C.28)

In the above αs(~q1, ~q2) = 1
2(α(~q1, ~q2) +α(~q2, ~q1)). To get the compact forms in eq. (C.34), we have

used the properties that αs and β and γ2 are symmetric and switched the variable of integration
from ~q to −~q in some terms.

The time-dependent coefficients are given by

T
(22)
i (a, a1, a2) = T̃

(22)
i (a, a1, a2) + T̃

(22)
i (a, a2, a1) , (C.29)

where the coefficients from the dark-matter-only theory are given by

T̃
(22)
1 (a, a1, a2) = K(a2, a1, a2) Ḡδ1(a, a1)Ḡδ1(a, a2) ,

T̃
(22)
2 (a, a1, a2) = K(a2, a1, a2) f+(a1)Ḡδ1(a, a2)Ḡδ2(a, a1) ,

T̃
(22)
3 (a, a1, a2) = K(a2, a1, a2) f+(a2)Ḡδ1(a, a1)Ḡδ2(a, a2) ,

T̃
(22)
4 (a, a1, a2) = K(a2, a1, a2) f+(a1) f+(a2) Ḡδ2(a, a1)Ḡδ2(a, a2) ,

(C.30)

and the new coefficients are given by

T̃
(22)
5 (a, a1, a2) = 2µ̂Φ,2(a1)K(a2, a1, a2) f+(a1)−1 Ḡδ2(a, a1)Ḡδ1(a, a2) ,

T̃
(22)
6 (a, a1, a2) = 2µ̂Φ,2(a1)K(a2, a1, a2) f+(a1)−1 f+(a2) Ḡδ2(a, a1)Ḡδ2(a, a2) ,

T̃
(22)
7 (a, a1, a2) = µ̂Φ,2(a1)µ̂Φ,2(a2)K(a2, a1, a2)f+(a1)−1 f+(a2)−1 Ḡδ2(a, a1)Ḡδ2(a, a2) ,

(C.31)

where the common factor K is given by

K(a, a1, a2) =
a1a2D+(a)D+(a1)D′+(a1)D′+(a2)

D+(ai)4
, (C.32)

and f±(a) ≡ aD′±(a)/D±(a).
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Now we move on to the (13) type terms present in eq. (4.19). First, the dark-matter-only
momentum functions are

F
(13)
1 (~k, ~q) = 4αs(~k, ~q)α(−~q,~k + ~q)P in

k P in
q ,

F
(13)
2 (~k, ~q) = 4β(~k, ~q)α(−~q,~k + ~q)P in

k P in
q ,

F
(13)
3 (~k, ~q) = 4αs(~k, ~q)α(~k + ~q,−~q)P in

k P in
q ,

F
(13)
4 (~k, ~q) = 4β(~k, ~q)α(~k + ~q,−~q)P in

k P in
q ,

F
(13)
5 (~k, ~q) = 4× 2αs(~k, ~q)β(−~q,~k + ~q)P in

k P in
q ,

F
(13)
6 (~k, ~q) = 4× 2β(~k, ~q)β(−~q,~k + ~q)P in

k P in
q ,

(C.33)

and the new (13) terms are

F
(13)
7 (~k, ~q) = 4 γ2(~k, ~q)α(~k + ~q,−~q)P in

k P in
q ,

F
(13)
8 (~k, ~q) = F

(13)
10 (~k, ~q) = F

(13)
11 (~k, ~q) = 4αs(~k, ~q) γ2(~k + ~q,−~q)P in

k P in
q ,

F
(13)
9 (~k, ~q) = 4 γ2(~k, ~q)β(−~q,~k + ~q)P in

k P in
q .

(C.34)

We would like to point out that, although the contraction of δ(1) with δ(3) should naively produce
fourteen terms, three of them are zero after the contraction. In particular, the vertex that would be
proportional to µΦ,3 does not contribute to the one-loop power spectrum because γ3(~k, ~q,−~q) = 0.
However, this vertex will contribute to the two-loop power spectrum, the one-loop bispectrum,
and the tree level trispectrum.

Using eq. (C.9), the dark-matter-only time dependent coefficients are

T
(13)
1 (a, a1, a2) = K(a, a1, a2) Ḡδ1(a, a2)Ḡδ1(a2, a1) ,

T
(13)
2 (a, a1, a2) = K(a, a1, a2) f+(a1) Ḡδ1(a, a2)Ḡδ2(a2, a1) ,

T
(13)
3 (a, a1, a2) = K(a, a1, a2) f+(a2)−1 Ḡδ1(a, a2)ḠΘ

1 (a2, a1) ,

T
(13)
4 (a, a1, a2) = K(a, a1, a2) f+(a1) f+(a2)−1 Ḡδ1(a, a2)ḠΘ

2 (a2, a1) ,

T
(13)
5 (a, a1, a2) = K(a, a1, a2) Ḡδ2(a, a2)ḠΘ

1 (a2, a1) ,

T
(13)
6 (a, a1, a2) = K(a, a1, a2) f+(a1) Ḡδ2(a, a2)ḠΘ

2 (a2, a1)

(C.35)

The new time dependent coefficients are given by

T
(13)
7 (a, a1, a2) = µ̂Φ,2(a1)K(a, a1, a2) f+(a1)−1 f+(a2)−1 Ḡδ1(a, a2)ḠΘ

2 (a2, a1) ,

T
(13)
8 (a, a1, a2) = 2 µ̂Φ,2(a2)K(a, a1, a2) f+(a2)−1 Ḡδ2(a, a2)Ḡδ1(a2, a1) ,

T
(13)
9 (a, a1, a2) = 2 µ̂Φ,2(a1)K(a, a1, a2) f+(a1)−1 Ḡδ2(a, a2)ḠΘ

2 (a2, a1) ,

T
(13)
10 (a, a1, a2) = 2 µ̂Φ,2(a1)µ̂Φ,2(a2)K(a, a1, a2) f+(a1)−1 f+(a2)−1 Ḡδ2(a, a2)Ḡδ2(a2, a1) ,

(C.36)

and

T
(13)
11 (a, a2) = µ̂Φ,22(a2)

(
D+(a)D+(a2)3

D+(ai)4

)
Ḡδ2(a, a2) . (C.37)
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C.5 Infrared- and ultraviolet-safe one-loop power spectrum

To derive the IR&UV-safe power spectrum, it is helpful to separate the discussion in two parts.
First, we will discuss the divergences of the standard vertices that are present in ΛCDM, i.e. for
µΦ,2 = µΦ,22 = µΦ,3 = 0. In this case the discussion is the same as the one of Ref. [55], because
the momentum dependent kernels are the same. Further below, we will address the non-standard
terms that are coming from the nonlinear modify-gravity vertices, which instead are new. As we
will see, these non-standard pieces can be straightforwardly treated as they do not give rise to
divergences that are not removed by the standard procedure.

We remind that P1-loop = P22 +P13 and that eqs. (4.18) and (4.19) express P22 and P13 in terms

of their integrands p22(a, a1, a2;~k, ~q), p
(2)
13 (a, a1, a2;~k, ~q) and p

(1)
13 (a, a2;~k, ~q), which are defined in

eq. (4.20) in terms of the kernels F
(22)
i (~k, ~q) and F

(13)
i (~k, ~q). The divergencies can be tracked in

the way the kernels F
(22)
i (~k, ~q) and F

(13)
i (~k, ~q) behave in the IR or UV limit.

Let us start by discussing the IR limit, i.e. the limit q/k → 0 and ~k → ~q, of the standard
contributions, where ~k is the power spectrum wavenumber, ~q is the one running in the loop and
k ≡ |~k| and q ≡ |~q|. As explained in Sec. 4.3 the standard contributions to p22 and p13 come,
respectively, from i = 1, . . . , 4 and i = 1, . . . , 6 in the sums in eq. (4.20). In the limit q/k → 0 the
kernels generically have the form

F
(22)
i (~k, ~q) =

(
µ2

2

k2

q2
+
(
bIRi,1 µ+ bIRi,2 µ

3
)k
q

+O
(
k0/q0

))
P in
k P

in
q i = 1, 2, 3, 4 , (C.38)

F
(13)
i (~k, ~q) =

(
−2µ2k

2

q2
+O

(
k0/q0

))
P in
k P

in
q i = 1, 2, 5, 6 , (C.39)

F
(13)
i (~k, ~q) = O

(
k0/q0

)
P in
k P

in
q i = 3, 4 , (C.40)

where bIRi,1 and bIRi,2 are numerical coefficients whose exact value is irrelevant here and µ ≡ k̂ · q̂.
The equivalence principle guarantees that both of the leading terms above, proportional to k2/q2

and k/q, must cancel in the final expression for the equal-time power spectrum, i.e. after adding
together the contributions in eq. (4.18) and eq. (4.19).

Notice that F
(22)
i (~k, ~q) = F

(22)
i (~k,~k − ~q), so that any IR divergence from ~q → 0 has a corre-

sponding IR divergence for ~q → ~k. Following [53], using this property we can map the divergence
at ~q → ~k to ~q → 0 by writing the momentum loop integral as∫

d3q

(2π)3
F

(22)
i (~k, ~q) = 2

∫
d3q

(2π)3

(
F

(22)
i (~k, ~q)ΘH

(
|~k − ~q| − q

)
+ F

(22)
i (~k,−~q)ΘH

(
|~k + ~q| − q

))
,

(C.41)
so that the integration does not involve the region ~q ≈ ~k any longer. This means that we only
have to consider the q/k → 0 limit of p22. This proceedure has also the advantage of cancelling
the subleading divergences in k/q, which are odd in µ (i.e. in ~q) and so they manifestly cancel in
the integrand because of the antisymmetrization over ~q.

Thus, the IR that we need to subtract out are now given by

F
(22)
i,IR (~k, ~q) =

µ2

2

k2

q2
P in
~k
P in
~q i = 1, 2, 3, 4 ,

F
(13)
i,IR (~k, ~q) = −2µ2k

2

q2
P in
~k
P in
~q i = 1, 2, 5, 6 , F

(13)
i,IR (~k, ~q) = 0 i = 3, 4 ,

(C.42)
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where F
(22,13)
i,IR (~k, ~q) = limq→0 F

(22,13)
i (~k, ~q). It is straightforward to check (see [55] for details) that

the sum of all these contributions vanishes in the loop, i.e.,

4∑
i=1

T
(22)
i (a, a1, a2)

(
F

(22)
i,IR (~k, ~q) + F

(22)
i,IR (~k,−~q)

)
+

6∑
i=1

T
(13)
i (a, a1, a2)F

(13)
i,IR (~k, ~q) = 0 , (C.43)

as expected. We can use this result to define the IR-safe kernels by subtracting out the divergent
contribution from each kernel, i.e.,

F
(13)
i,IR-safe(

~k, ~q) ≡ F (13)
i (~k, ~q)− F (13)

i,IR (~k, ~q) ΘH(k − q) , (C.44)

F
(22)
i,IR-safe(

~k, ~q) ≡ F (22)
i (~k, ~q) ΘH(|~k − ~q| − q)− F (22)

i,IR (~k, ~q) ΘH(k − q) . (C.45)

By virtue of eq. (C.43), computing the one-loop power spectrum using these redefined kernels does
not change the final result, but now that the spurious IR pieces have been removed, the integral
can be done with much less precision.

Let us now consider the UV divergences, obtained in the limit k/q → 0. In this limit the
kernels have the form

F
(22)
i (~k, ~q) = O

(
k4/q4

)
P in
q P

in
q i = 1, 2, 3, 4 , (C.46)

F
(13)
i (~k, ~q) =

(
−2µ2 +O

(
k2/q2

))
P in
k P

in
q i = 1, 2 , (C.47)

F
(13)
i (~k, ~q) =

(
2µ2 +O

(
k2/q2

))
P in
k P

in
q i = 3, 4 , (C.48)

F
(13)
i (~k, ~q) = O

(
k2/q2

)
P in
k P

in
q i = 5, 6 . (C.49)

Conservation of mass and momentum implies that effects from the UV can only start at order
k2P in

k or k4. These are simply the terms which can be adjusted by counterterms in the EFTofLSS,
the former contribution coming from ∂2δ, and the latter coming from a stochastic piece [14].

Therefore, the terms proportional to k0/q0 in F
(13)
i must be absent in the final result.13 Indeed,

once can check that
6∑
i=1

T
(13)
i (a, a1, a2)F

(13)
i,UV (~k, ~q) = 0 , (C.50)

so that the UV divergences cancel in the one-loop power spectrum. Combining with the results
obtained above, we can then define the IR&UV-safe kernels as

F
(13)
i,IR&UV-safe(

~k, ~q) ≡ F (13)
i (~k, ~q)− F (13)

i,IR (~k, ~q) ΘH(k − q)− F (13)
i,UV(~k, ~q) ΘH(q − k) ,

F
(22)
i,IR&UV-safe(

~k, ~q) ≡ F (22)
i (~k, ~q) ΘH(|~k − ~q| − q)− F (22)

i,IR (~k, ~q) ΘH(k − q) ,
(C.51)

with

F
(13)
1,UV(~k, ~q) = F

(13)
2,UV(~k, ~q) = −F (13)

3,UV(~k, ~q) = −F (13)
4,UV(~k, ~q) = −2µ2P in

~k
P in
~q ,

F
(13)
5,UV(~k, ~q) = F

(13)
6,UV(~k, ~q) = 0 .

(C.52)

13As noted in [53], one can also subtract out the terms which are degenerate with the counterterms. Because
these parts of the loop integral will be adjusted by counterterms anyway, one does not have to waste computational
time computing them in the loop integrals.
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Using these kernels instead of the original ones for the computation of the one-loop power spectrum
removes both spurious IR and UV divergences.

Let us now discuss the non-standard terms. We must thus consider the kernels F
(22)
i (~k, ~q) for

i = 5, 6, 7 and F
(13)
i (~k, ~q) for i = 7, . . . , 11. Starting from the IR divergences, in the limit q/k → 0

we have

F
(22)
5 (~k, ~q) =

(
µ
(
1− µ2

) k
q

+O
(
k0/q0

))
P in
k P

in
q ,

F
(22)
6 (~k, ~q) =

(
µ
(
1− µ2

) k
q

+O
(
k0/q0

))
P in
k P

in
q ,

F
(22)
7 (~k, ~q) = O

(
k0/q0

)
P in
k P

in
q ,

(C.53)

and
F

(13)
i (~k, ~q) = O

(
k0/q0

)
P in
k P

in
q i = 7, . . . , 11 . (C.54)

There are no divergences in k2/q2 neither for q/k → 0 nor for ~q → ~k. To treat the divergences

linear in k/q in F
(22)
i , it is sufficient to adopt the same procedure for the standard terms outlined

by eq. (C.41). The kernels F
(13)
i have no IR divergences in the non-standard case, so we do not

have to make any modifications of the integrand.
We can turn to the UV limit. For k/q → 0 we have

F
(22)
i (~k, ~q) = O

(
k4/q4

)
P in
q P

in
q i = 5, 6, 7 , (C.55)

F
(13)
i (~k, ~q) = O

(
k2/q2

)
P in
k P

in
q i = 7, . . . , 11 , (C.56)

which are simply contributions degenerate with the counterterms. Therefore, we do not have to
make any subtractions to make the integrand UV-safe. As mentioned before, we could choose to
save computational time by subtracting these terms out of the loops. However, because the gain
is not very significant in the one-loop calculation, we choose for simplicity not to subtract out the
above pieces.

To conclude, to compute the IR&UV-safe one-loop power spectrum we can simply use the
results of [55] valid for the standard case without modifications of gravity, i.e. the kernels defined in
eq. (C.51), where the non-vanishing IR and UV contributions are given respectively by eqs. (C.42)
and (C.52).
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