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We derive the exact analytical solutions to the symmetron field theory equations in the presence of a one-
or two-mirror system. The one-dimensional equations of motion are integrated exactly for both systems and
their solutions can be expressed in terms of Jacobi elliptic functions. Surprisingly, in the case of two parallel
mirrors, the equations of motion generically provide not a unique solution but a discrete set of solutions
with increasing number of nodes and energies. The solutions obtained herein can be applied to qBOUNCE
experiments, neutron interferometry and for the calculation of the symmetron-field-induced “Casimir
force” in the CANNEX experiment.
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I. INTRODUCTION

The accelerated expansion of the Universe may require
the introduction of additional degrees of freedom (see [1]
for a recent review). Such new degrees of freedom, in
particular light scalars, are theoretically well motivated
irrespective of their role in the acceleration of the expansion
of the Universe. If they exist in nature, they must appear in
some screened form in order to prevent detection in all past
experiments and observations involving scalar fifth forces.
A number of screening mechanisms exist [1], the chame-
leon [2–4] and Damour-Polyakov mechanisms [5], the
K-mouflage [6–8] and Vainshtein ones [9], allowing such
hypothetical new fields to remain unseen in local tests of
gravity.
In the Damour-Polyakov mechanism, the coupling to

matter weakens in regions of high density or high
Newtonian potential. A particular representative of this effect
is the symmetron mechanism [10,11] (for earlier work see
[12,13]), in which the coupling of the scalar to matter is
proportional to the vacuum expectation value (VEV) of the
field. The effective potential of the scalar field is such that it
acquires a nonzero VEV in low-density regions, while the
symmetry is restored in high density regions. Thus, in such
high density regions, the field effectively disappears as it is
screened from any observation ormeasurement. In regions of
low density on the other hand, the field spontaneously breaks
symmetry and acquires a nonvanishing VEV, couples to
matter and mediates a fifth force.

When the mass of the symmetron field in the cosmo-
logical vacuum is small, e.g. of order of 103H0 whereH0 is
the Hubble rate now, the symmetron field could have
cosmological implications [11] in particular on the growth
of perturbations and large-scale structure [14,15]. These
effects can be captured using N-body simulations in order
to obtain nonlinear properties of the matter power spectrum
and the halo mass function, see [16,17]. Although the
symmetron is not directly coupled to photons as its matter
coupling is conformal, quantum effects can give a direct
interaction to electromagnetism [18] which could lead
to signatures of cosmological domain walls [19,20].
Symmetron fields for inflation have also been investigated
in [21]. In [22–25], atomic interferometry was used to
constrain symmetrons with masses below the dark energy
scale. It was found that, whilst symmetrons with masses m
slightly larger than the present Hubble ratem ∼ 103H0 have
implications cosmologically [26], they cannot be tested by
atomic interferometry, whereas symmetrons with masses of
order of the dark energy scalem ∼ 10−3 eV are within reach
of the Eötwash types of experiments [27]. Recent bounds on
symmetrons have been obtained by Jaffe et al. [28].
In [29], gravity resonance spectroscopy [30,31] is used

for the first time to put new bounds on symmetrons. The
experimental analysis depends heavily on the field profile
of symmetrons in both the one mirror or two mirror setups,
where the field is either present over an infinite plane of
high density or is confined between two such parallel
planes. Here, we show that an idealized one-dimensional
setup of a single mirror covering an infinite half-space or
two parallel mirrors of finite separation each covering an
infinite half-space admit exact analytical solutions, which
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can be expressed in terms of Jacobi elliptic functions.
Moreover, we find that, very surprisingly for highly non-
linear differential equations, solutions are generically not
unique but rather show a discrete spectrum of possible
solutions with an increasing number of nodes and energies.
For a similar study applied to chameleon field theory
see [32].
In Sec. II, we will recall some background information

on symmetrons, which will provide the relevant definitions
for the field theory analysis. In Sec. III, the solutions for
the one mirror case will be derived, while in Secs. IVand V,
the symmetric and antisymmetric two mirror solutions will
be given and discussed in Sec. VI. As an illustration, in
Sec. VII a particular case study is carried out for an
arbitrary choice of parameters and the complete spectrum
of solutions is derived. Section VIII provides relevant
information on the qBOUNCE experiment, where the
symmetron induced resonance frequency shift for the case
of a single mirror has also been summarized for a large
range of parameters. A conclusion in Sec. IX will be
followed by an Appendix providing additional technical
details on the screening of a neutron.

II. BACKGROUND

Following [1], the symmetron potential is given by

VðϕÞ ¼ −
μ2

2
ϕ2 þ λ

4
ϕ4; ð1Þ

with a parameter μ of dimension mass and the dimension-
less self-interaction coupling λ. Together with the coupling
to matter this induces an effective potential

VeffðϕÞ ¼ VðϕÞ þ AðϕÞρ; ð2Þ

where for the symmetron we have

AðϕÞ ¼ 1þ ϕ2

2M2
þOðϕ4=M4Þ; ð3Þ

and hence

VeffðϕÞ ¼
1

2

�
ρ

M2
− μ2

�
ϕ2 þ λ

4
ϕ4: ð4Þ

Here, we have neglected an additional term ρ, which does
not affect the equations of motion.
In the “symmetric phase” where ρs ≥ M2μ2, we use

ρeff ¼ ρs −M2μ2 ≥ 0; ð5Þ

while in the “broken symmetry phase” where ρb < M2μ2

we use

μ2eff ¼ μ2 −
ρb
M2

> 0: ð6Þ

For the relevant experimental situations such as the
qBOUNCE experiments, neutron interferometry or
Casimir experiments like CANNEX, we typically have
ρeff ≃ ρs and μ2eff ≃ μ2, still the exact solutions hold for
more general situations.
The one-dimensional Hamiltonian is given by

H ¼ 1

2

�
dϕ
dz

�
2

þ VeffðϕÞ

¼ 1

2

�
dϕ
dz

�
2

þ 1

2

�
ρ

M2
− μ2

�
ϕ2 þ λ

4
ϕ4: ð7Þ

The two vacuum values of ϕ, given by the equation
Veff;ϕðϕÞjϕ¼�ϕV

¼ 0, read �ϕV where

ϕV ≔

ffiffiffiffiffiffiffi
μ2eff
λ

r
: ð8Þ

For static solutions, we have

d2ϕ
dz2

¼ Veff;ϕðϕÞ: ð9Þ

Multiplication by dϕ
dz and integration with respect to z

provides the important relation

1

2

�
dϕ
dz

�
2

−
1

2

�
dϕ
dz

�
2
����
z¼z0

¼ VeffðϕÞ − VeffðϕÞjz¼z0 ; ð10Þ

which determines the solutions provided both the value of
the field and its first derivative are given at a point z0.

III. ONE MIRROR

In this section, we treat the case of a single mirror filling
the infinite half-space z ≤ 0.

A. Broken symmetry Phase

First, we consider the case of low density ρb < M2μ2

corresponding to the medium above the mirror and search
for a solution that asymptotically for z → ∞ goes as
ϕðzÞ → �ϕV implying dϕ

dz → 0. Without loss of generality
we consider ϕðzÞ → þϕV and find for z0 ¼ 0 and z → ∞

−
1

2

�
dϕ
dz

�
2
����
z¼0

¼ VeffðϕVÞ − VeffðϕÞjz¼0: ð11Þ

Subtracting Eq. (11) from (10) gives

1

2

�
dϕ
dz

�
2

¼ VeffðϕÞ − VeffðϕVÞ; ð12Þ
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leading to

Z
ϕðzÞ

ϕ0

dϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−μ2effðϕ2 − ϕ2

VÞ þ λ=2ðϕ4 − ϕ4
VÞ

p ¼ z: ð13Þ

With y ≔ ϕðzÞ
ϕV

and k ≔ ϕ0

ϕV
, the latter being the ratio between

the value of ϕ taken for z ¼ 0 and the vacuum value ϕV , we
find

z ¼ 1

μeff

Z
y

k

dy0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y02 þ 1=2ðy04 − 1Þ

p

¼
ffiffiffi
2

p

μeff
ðtanh−1y − tanh−1kÞ

¼
ffiffiffi
2

p

μeff
tanh−1

�
y − k
1 − ky

�
: ð14Þ

Inverting the relation straightforwardly leads to

ϕðzÞ ¼ ϕV
k
jkj

jkj þ tanhðμeffzffiffi
2

p Þ
1þ jkj tanhðμeffzffiffi

2
p Þ ; ð15Þ

or, equivalently,

ϕðzÞ ¼ ϕV
k
jkj tanh

�
μeffzffiffiffi

2
p þ tanh−1jkj

�
: ð16Þ

B. Symmetric phase

Here, we consider the case of high density ρs ≥ M2μ2, as
inside the mirror. Clearly, for z → −∞ we have ϕðzÞ → 0
and hence ϕ0 → 0. Therefore, we find for z0 ¼ 0 and
z → −∞

−
1

2

�
dϕ
dz

�
2
����
z¼0

¼ −VeffðϕÞjz¼0: ð17Þ

Subtracting the latter equation of Eq. (10) gives

1

2

�
dϕ
dz

�
2

¼ VeffðϕÞ: ð18Þ

Without loss of generality we consider the positive solution
ϕðzÞ ≥ 0. Then, for z ≤ 0 we obviously have

dϕ
dz

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρeff
M2

ϕ2 þ λ

2
ϕ4

r
; ð19Þ

or with ϕ0 ≔ ϕð0Þ
Z

ϕðzÞ

ϕ0

dϕ

ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λM2

2ρeff
ϕ2

q ¼
ffiffiffiffiffiffiffi
ρeff

p
M

z: ð20Þ

Since for positive x

d
dx

�
− ln

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ax2

p

x

�
¼ 1

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ax2

p ; ð21Þ

we find

ϕðzÞ ¼ ϕ0

coshð
ffiffiffiffiffi
ρeff

p
M zÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λM2

2ρeff
ϕ2
0

q
sinhð

ffiffiffiffiffi
ρeff

p
M zÞ

; ð22Þ

or equivalently

ϕðzÞ ¼ −
ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M
1

sinh
� ffiffiffiffiffi

ρeff
p
M z − sinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

Mϕ0

		 :

ð23Þ

This can also be expressed in terms of Jacobi elliptic
functions since

sinh u ¼ scðu; 1Þ ¼ sdðu; 1Þ: ð24Þ

C. Boundary conditions

Using the boundary conditions

1

2

�
dϕ
dz

�
2
����
z¼0−

¼ 1

2

�
dϕ
dz

�
2
����
z¼0þ

; ð25Þ

we find

ρeff
2M2

ϕ2
0 þ

λ

4
ϕ4
0 ¼ −

μ2eff
2

ðϕ2
0 − ϕ2

VÞ þ
λ

4
ðϕ4

0 − ϕ4
VÞ; ð26Þ

or

jϕ0j ¼
ϕVffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q ; ð27Þ

leading to

jkj ¼ 1ffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q : ð28Þ

The second boundary condition

ϕð0−Þ ¼ ϕð0þÞ; ð29Þ

is trivially satisfied.
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D. Final solution

Finally, we obtain the solution

ϕðzÞ ¼ ΘðþzÞϕV
k
jkj tanh

�
μeffzffiffiffi

2
p þ tanh−1jkj

�
− Θð−zÞ

×

ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M
1

sinh
� ffiffiffiffiffi

ρeff
p
M z − sinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

MkϕV

		 ;

ð30Þ

where k is given by

k ¼ � 1ffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q ; ð31Þ

which determines the boundary value of the scalar field.
This solution has been used in [29] in order to evaluate the
energy levels of a neutron in a qBOUNCE experiment.

IV. TWO MIRRORS: SYMMETRIC SOLUTION

In this section, we treat the case of two parallel infinitely
thick mirrors separated at distance 2d in z-direction, with
z ¼ 0 being the center between the two mirrors. First, we
consider symmetric solutions only.

A. Broken symmetry phase

Here, we consider the case of low density ρb < M2μ2, as
between the mirrors and choose z0 ¼ 0. Due to the
symmetry of the setup the derivative of the field has to
vanish there yielding

1

2

�
dϕ
dz

�
2

¼ VeffðϕÞ − Veffðϕ0Þ; ð32Þ

where ϕ0 ≔ ϕð0Þ. Without loss of generality we take
ϕ0 > 0. Then, for 0 ≤ z ≤ d we have

dϕ
dz

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðVeffðϕÞ − Veffðϕ0ÞÞ

p
; ð33Þ

and

Z
ϕðzÞ

ϕ0

dϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−μ2effðϕ2 − ϕ2

0Þ þ λ=2ðϕ4 − ϕ4
0Þ

p ¼ −z: ð34Þ

With x ≔ ϕðzÞ
ϕ0

, and taking μeff > 0, we have

−z ¼ 1

μeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
Z

x

1

dx0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x02Þð1 − k2=2

1−k2=2 x
02Þ

q

¼ 1

μeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�
F

�
arcsinðxÞ; k=

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�

− F

�
π

2
;

k=
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
��

; ð35Þ

where we have employed the elliptic integral of the first
kind

Fðϕ;lÞ ¼
Z

sinϕ

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − t2Þð1 − l2t2Þ

p : ð36Þ

Here, k gives the ratio between the maximum value of the
field between the two plates and the vacuum value ϕV in the
absence of the two plates; i.e., the ratio k captures the effect
of confinement of the field between the plates. Hence, we
obtain

ϕðzÞ ¼ ϕð0Þ sin
�
F−1



F

�
π

2
;

k=
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�

− μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
z;

k=
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
��

: ð37Þ

With the Jacobi elliptic functions,

snðu;lÞ ¼ sinðF−1ðu;lÞÞ;
cnðu;lÞ ¼ cosðF−1ðu;lÞÞ;
dnðu;lÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2sin2ðF−1ðu;lÞÞ

q
; ð38Þ

we can write this as

ϕðzÞ ¼ ϕð0Þsn
�
F

�
π

2
;

k=
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�

− μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
z;

k=
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�
: ð39Þ

Since

sn

�
uþ F

�
π

2
;l

�
;l

�
¼ cnðu;lÞ

dnðu;lÞ ¼ cdðu;lÞ; ð40Þ

and

snð−u;lÞ ¼ −snðu;lÞ;
cnð−u;lÞ ¼ þcnðu;lÞ;
dnð−u;lÞ ¼ þdnðu;lÞ; ð41Þ
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we have, also for −d ≤ z ≤ d and positive as well as
negative ϕð0Þ

ϕðzÞ ¼ ϕVkcd

�
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
z;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�
: ð42Þ

B. Symmetric phase

We can read off the solution inside the mirrors directly
from the corresponding solution in the one-mirror case

ϕðzÞ¼
ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M

×
1

sinh
� ffiffiffiffiffi

ρeff
p
M ðjzj−dÞþsinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

Mϕd

		 ; ð43Þ

where ϕd ≔ ϕðdÞ and hence can be positive or negative.

C. Boundary conditions

Using the boundary conditions at the mirror surface

1

2

�
dϕ
dz

�
2
����
z¼d−

¼ 1

2

�
dϕ
dz

�
2
����
z¼dþ

; ð44Þ

we find

−
μ2eff
2

ðϕ2
d − ϕ2

0Þ þ
λ

4
ðϕ4

d − ϕ4
0Þ ¼

ρeff
2M2

ϕ2
d þ

λ

4
ϕ4
d; ð45Þ

or

jϕdj ¼ ϕV jkj
ffiffiffiffiffiffiffiffiffiffiffi
1 − k2

2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q : ð46Þ

Using this in the second boundary condition,

ϕðd−Þ ¼ ϕðdþÞ; ð47Þ

provides the relation

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

k2

2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r

×

����cd
�
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
d;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�����: ð48Þ

The solution of the equation above gives possible values
of k; i.e., it determines the value ϕ0 of the field between
the two plates. It will give all solutions for which
ϕ0ðd−Þ ¼ �ϕ0ðdþÞ; hence, one still has to extract the
subset of solutions satisfying ϕ0ðd−Þ ¼ ϕ0ðdþÞ.

D. Final solution

Finally, we obtain the solution

ϕðzÞ ¼ Θðd − jzjÞϕVkcd
�
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
z;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�

þ Θðjzj − dÞ
ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M

×
sgnS

sinh
� ffiffiffiffiffi

ρeff
p
M ðjzj − dÞ þ sinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

Mϕd

		 ;

ð49Þ
where

sgnS ≔
cd
n
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
d; jkj= ffiffi

2
pffiffiffiffiffiffiffiffiffiffiffi

1−k2=2
p

o
���cdnμeff ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − k2=2
p

d; jkj= ffiffi
2

pffiffiffiffiffiffiffiffiffiffiffi
1−k2=2

p
o��� ; ð50Þ

k is the solution of
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

k2

2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r

×

����cd
�
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
d;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�����; ð51Þ

and

ϕd ¼ �ϕVk

ffiffiffiffiffiffiffiffiffiffiffi
1 − k2

2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q : ð52Þ

As mentioned already, Eq. (51) will give all solutions for
which ϕ0ðd−Þ ¼ �ϕ0ðdþÞ, hence one still has to extract the
subset of solutions satisfying ϕ0ðd−Þ ¼ ϕ0ðdþÞ.
Clearly, the expression on the left-hand side of Eq. (51) is

Oð1Þ. The first factor on the right-hand side is for most
cases of interest, where typically ρeff ≫ M2μ2eff, compa-
rably large. This implies that for a solution the second
factor must be small, viz. it will be close to a zero of the
Jacobi function cd. The Taylor expansion around the first
zero of the Jacobi function cd reads

cdðu;lÞ ¼ −ðu − Fðπ=2;lÞÞ þOððu − Fðπ=2;lÞÞ3Þ:
ð53Þ

Hence, to linear order, we findffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

k2

2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r

×

����μeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

q
d − F

�
π

2
;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�����;

ð54Þ
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respectively,

μeffd ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1 − k2

2

q F

�
π

2
;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ρeff
M2μ2eff

q

≃
1ffiffiffiffiffiffiffiffiffiffiffi
1 − k2

2

q F

�
π

2
;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�
: ð55Þ

Since

1ffiffiffiffiffiffiffiffiffiffiffi
1 − k2

2

q F

�
π

2
;

jkj= ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=2

p
�

∈ ½π=2;∞Þ; ð56Þ

we have

μeffd≳ π

2
: ð57Þ

In the limit ρeff → ∞, the inequality above becomes
rigorous, viz. for μeffd < π=2 no solution can exist in this
limit. This result has been anticipated in [27], where also
the particular solution without any nodes has been approxi-
mated by an iteration procedure. Furthermore, in [33], the
zero-node solution has been obtained in the approximation
of vanishing field values inside the mirrors.
In this work, exact solutions are presented for the first

time both inside and outside the mirrors. This is important
for weak couplings, viz. for large values of M as well as
large values of μ. In those cases, the field inside the mirrors
is less suppressed. Another novelty, not anticipated before,
is the existence of a whole set of solutions for larger values
of d due to the periodicity of the Jacobi function. These
solutions will be instrumental in analyzing the results of
neutron interferometry experiments where the integral of
the field across the space between two mirrors measures the
phase shift that a neutron experiences on its path to the
detectors and also for Casimir experiments and the corre-
sponding calculation of the “Casimir force” induced by the
symmetron field. The precise calculations of these effects
are left for future work.

V. TWO MIRRORS: ANTISYMMETRIC
SOLUTION

In this section, we treat again the case of two parallel
infinitely thick mirrors separated at distance 2d in
z-direction, with z ¼ 0 being the center between the two
mirrors. But, here, we consider antisymmetric solutions
only.

A. Broken symmetry phase

Here, we consider the case of low density ρb < M2μ2 as
between the mirrors and take z0 ¼ 0. Due to antisymmetry,
the field has to vanish there (ϕ0 ¼ 0) yielding

1

2

�
dϕ
dz

�
2

−
1

2
ϕ0
0
2 ¼ VeffðϕÞ: ð58Þ

where ϕ0
0 ≔

dϕ
dz jz¼0. Without loss of generality, we take

ϕ0
0 > 0, then for −d ≤ z ≤ d, we have

dϕ
dz

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ0
0
2 þ 2VeffðϕÞ

q
; ð59Þ

and since VeffðϕÞ ≤ 0 this gives a real solution only for
ϕ0
0
2 ≥ −2VeffðϕÞ. We have

Z
ϕðzÞ

0

dϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ0
0
2 − μ2effϕ

2 þ λ=2ϕ4
p ¼ �z: ð60Þ

Defining μ̃ð�Þ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2eff �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ4eff − 2λϕ0

0
2

pq
, we find

�jϕ0
0jz ¼

ffiffiffi
2

p jϕ0
0j

μ̃ðþÞ

Z
Φ̃ðzÞ

0

dϕ̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ϕ̃2Þ

�
1 − μ̃ð−Þ2

μ̃ðþÞ2 ϕ̃
2
	r

¼
ffiffiffi
2

p jϕ0
0j

μ̃ðþÞ F

�
arcsinðΦ̃ðzÞÞ; μ̃

ð−Þ

μ̃ðþÞ

�
; ð61Þ

and obtain

ϕðzÞ ¼
ffiffiffi
2

p jϕ0
0j

μ̃ðþÞ sin

�
F−1



� μ̃ðþÞffiffiffi

2
p z;

μ̃ð−Þ

μ̃ðþÞ

��
: ð62Þ

With the Jacobi elliptic function

snðu;lÞ ¼ sinðF−1ðu;lÞÞ; ð63Þ
and

snð−u;lÞ ¼ −snðu;lÞ; ð64Þ
we can write this as

ϕðzÞ ¼ �
ffiffiffi
2

p jϕ0
0j

μ̃ðþÞ sn

�
μ̃ðþÞffiffiffi
2

p z;
μ̃ð−Þ

μ̃ðþÞ

�
: ð65Þ

B. Symmetric phase

Again, we can read off the solution inside the mirrors
directly from the corresponding solution in the one-mirror
case:

ϕðzÞ ¼
ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M
z
jzj

×
1

sinh
� ffiffiffiffiffi

ρeff
p
M ðjzj − dÞ þ sinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

Mϕd

		 :

ð66Þ

PHILIPPE BRAX and MARIO PITSCHMANN PHYS. REV. D 97, 064015 (2018)

064015-6



C. Boundary conditions

Using the boundary conditions at the surface of the
mirror,

1

2

�
dϕ
dz

�
2
����
z¼d−

¼ 1

2

�
dϕ
dz

�
2
����
z¼dþ

; ð67Þ

we find

1

2
ϕ0
0
2 −

μ2eff
2

ϕ2
d þ

λ

4
ϕ4
d ¼

ρeff
2M2

ϕ2
d þ

λ

4
ϕ4
d; ð68Þ

or

jϕdj ¼
jϕ0

0j
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q : ð69Þ

Using this in the second boundary condition,

ϕðd−Þ ¼ ϕðdþÞ; ð70Þ
gives

μ̃ðþÞ ¼
ffiffiffi
2

p
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r ����sn
�
μ̃ðþÞffiffiffi
2

p d;
μ̃ð−Þ

μ̃ðþÞ

�����: ð71Þ

The solution of the equation above gives the absolute value
of ϕ0

0. It will give all solutions for which ϕ0ðd−Þ ¼
�ϕ0ðdþÞ, hence one still has to extract the subset of
solutions satisfying ϕ0ðd−Þ ¼ ϕ0ðdþÞ.

D. Final solution

Finally, we obtain the solution

ϕðzÞ ¼ �Θðd − jzjÞ
ffiffiffi
2

p jϕ0
0j

μ̃ðþÞ sn

�
μ̃ðþÞffiffiffi
2

p z;
μ̃ð−Þ

μ̃ðþÞ

�

� Θðjzj − dÞ
ffiffiffiffiffiffiffiffiffi
2ρeff
λ

r
1

M
z
jzj

×
sgnA

sinh
� ffiffiffiffiffi

ρeff
p
M ðjzj − dÞ þ sinh−1

� ffiffiffiffiffiffiffi
2ρeff
λ

q
1

Mϕd

		 :

ð72Þ
where

sgnA ≔
sn
n
μ̃ðþÞffiffi

2
p d; μ̃

ð−Þ

μ̃ðþÞ

o
���snnμ̃ðþÞffiffi

2
p d; μ̃

ð−Þ

μ̃ðþÞ

o��� ; ð73Þ

and jϕ0
0j is the solution of

μ̃ðþÞ ¼
ffiffiffi
2

p
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r ����sn
�
μ̃ðþÞffiffiffi
2

p d;
μ̃ð−Þ

μ̃ðþÞ

�����; ð74Þ

and

ϕd ¼ � jϕ0
0j

μeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q : ð75Þ

As mentioned before, Eq. (74) will give all solutions for
which ϕ0ðd−Þ ¼ �ϕ0ðdþÞ; hence, one still has to extract
the subset of solutions satisfying ϕ0ðd−Þ ¼ ϕ0ðdþÞ.
For most situations of interest, where ρeff ≫ M2μ2eff ,

the left-hand side of Eq. (74) is typically small, while the

factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q
is comparably large. Hence, a solution

demands that the Jacobi function sn should be close to its
zero, which is the case for a vanishing first argument. For
the first zero this leads to solutions obeying ϕ0ðd−Þ ¼
−ϕ0ðdþÞ rather than ϕ0ðd−Þ ¼ ϕ0ðdþÞ. The Taylor expan-
sion around the second zero of the Jacobi function sn reads

snðu;lÞ ¼ −ðu − 2Fðπ=2;lÞÞ þOððu − 2Fðπ=2;lÞÞ3Þ:
ð76Þ

Hence, to linear order, we find

μ̃ðþÞ ¼
ffiffiffi
2

p
μeff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

r ���� μ̃
ðþÞdffiffiffi
2

p − 2F

�
π

2
;
μ̃ð−Þ

μ̃ðþÞ

�����;
ð77Þ

respectively,

μ̃ðþÞd ¼
ffiffiffi
2

p
2F

�
π

2
;
μ̃ð−Þ

μ̃ðþÞ

�
� μ̃ðþÞ

μeff
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρeff

M2μ2eff

q

≃
ffiffiffi
2

p
2F

�
π

2
;
μ̃ð−Þ

μ̃ðþÞ

�
: ð78Þ

Since

ffiffiffi
2

p
2F

�
π

2
;
μ̃ð−Þ

μ̃ðþÞ

�
∈ ½

ffiffiffi
2

p
π;∞Þ; ð79Þ

and

μ̃ðþÞ ∈ ½μeff ;
ffiffiffi
2

p
μeff �; ð80Þ

we have

μeffd≳ π: ð81Þ
In the limit ρeff → ∞, the inequality above becomes
rigorous, viz. for μeffd < π no solution can exist in this
limit. Here, d must be twice as large as in the case of the
symmetric solution, which is intuitively clear.

VI. DISCUSSION OF THE TWO-MIRROR
SOLUTIONS

An important question to consider is whether the sym-
metric and antisymmetric solutions exhaust the set of
possible solutions or whether there are still others without
definite (anti)symmetry? One may argue that a solution
without any symmetry must satisfy two boundary conditions
(continuity of ϕðzÞ and ϕ0ðzÞ) for the left boundary and a set
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of two different boundary conditions for the right boundary.
If we start with a symmetric solution, then all four boundary
conditions are satisfied. Moving the right mirror to generate
another solution without symmetry, we keep the parameter k
fixed (in order to still satisfy the left boundary conditions)
and vary the distance dR to the right mirror. For a given value
of k, this leads to a resonance equation for dR whose solution
is either the original one dR ¼ dL or correspond to new
solutions. One may construct new solutions which are either
symmetric again or antisymmetric but will have a different
number of nodes from the solution we started with. This
depends on the value of dR. A more thorough discussion of
the possible existence of other solutions together with the
symmetric and antisymmetric ones is left for future work.
On the other hand, it is not obvious how the symmetric and
antisymmetric solutions should be expected to appear in an
experimental setup, in particular, whether the solutions are
stable or not and which one is the stablest. One can expect
that the solutionwith the fewest number of zeros between the
two mirrors should be the ground state, although we have no
proof of that assertion and further study is certainly necessary
to tackle this important question.

VII. A PARTICULAR EXAMPLE

Let us focus on a particular example for the parameters
given in Table I for two mirrors. This illustrates the
different cases presented in the previous sections and

provides an example of multiple solutions. The correspond-
ing one-mirror solution with k ¼ 0.214967 is depicted in
Fig. 1.
The energies

E ¼
Z

∞

−∞
dzHðzÞ; ð82Þ

where the Hamiltonian HðzÞ is given by Eq. (7), for the
complete set of three solutions are also given in Table I and
the corresponding field profiles are depicted in Fig. 2. We
denote solutions, viz. modes by their number of nodes 0,1,2
and an upper index þ to denote symmetry as well as − to
denote antisymmetry. From Table I, one can see that the

FIG. 1. The one-mirror solution is depicted for the parameters
of Table I. One can see that the condition ϕ=M ≪ 1, necessitated
by Eq. (3), is indeed satisfied in this case.

TABLE I. Values of energy E are given for the three solutions
for values ρeff ¼ 1.082 × 10−5 MeV4, M ¼ 107 MeV, μeff ¼
10−10 MeV, λ ¼ 10−2 and mirror distance d ¼ 9.5 × 10−3 m.

Mode E [MeV] k jϕ0
0j [MeV2]

0þ −1.76369 × 10−28 0.997142
1− −8.30488 × 10−29 6.9018 × 10−20

2þ −9.36839 × 10−30 0.451367

FIG. 2. The field profiles for the three solutions from Table I are
depicted. Again, one can see that the condition ϕ=M ≪ 1,
necessitated by Eq. (3), is indeed satisfied in this case.
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0þ mode has lowest energy, 1− a higher one and 2þ the
highest energy. The energy level E ¼ 0 would correspond
to the vanishing solution ϕðzÞ ¼ 0. These three solutions
exhaust the spectrum of possible solutions for these
parameter values and exhibits clearly how antisymmetric
and multiple node solutions are a crucial part of the
complete set of solutions.
Intuitively, we expect the energies to increase with the

order of the nodes not only in this particular example but
also in general. Clearly, depending on the parameter values
and distance between the mirrors one can have an arbitrary
number of nodes.

VIII. SYMMETRON INDUCED FREQUENCY
SHIFT IN qBOUNCE

In this section, we derive limits obtained from the
qBOUNCE experiment [30,31,34] using the exact solu-
tions obtained herein. In this experiment, ultracold neutrons

are dropped in earth’s gravitational potential and reflected
by a neutron mirror, which has been reported for the first
time in [35]. The energy eigenstates are discrete and allow
to apply the method of resonance spectroscopy. The basic
setup is described in [31]. In the most recent version of the
experiment, Rabi-spectroscopy has been realized with
energy resolution 3 × 10−15 peV [29].
The experimental setup is such, that ultracold neutrons

pass three regions, while being reflected on polished glass
mirrors. In [29], the resonance spectroscopy transition
between the energy ground state E1 ¼ 1.40672 peV and
the excited states E3 ¼ 3.32144 peV as well as E4 ¼
4.08321 peV have been demonstrated. First, the neutrons
pass region I which acts as a state selector for the ground
state j1i having energy E1. A polished mirror at the bottom
and a rough absorbing scatterer on top at a height of about
20 μm serve to select the ground state. Neutrons in higher,
unwanted states are scattered out of the system. This region
has a length of 15 cm. Subsequently, in region II, a
horizontal mirror performs harmonic oscillations with
a tunable frequency ω, which drives the system into a
coherent superposition of ground and excited states. The
length of this region is 20 cm. Finally, region III is identical
to the first region and hence acts again as a ground state
selector. The quantum-mechanical description of a neutron
above a mirror in the gravitational potential is given by the
Schrödinger equation [36]. After separation into free trans-
versal and bound vertical states

Ψð0Þ
n ðx; tÞ ¼ e

i
ℏðp⊥·x⊥−E⊥tÞ

2πℏv⊥
ψ ð0Þ
n ðzÞe− i

ℏEnt; ð83Þ

it reads

−
ℏ2

2m
∂2ψnðzÞ
∂z2 þmgzψnðzÞ ¼ EnψnðzÞ: ð84Þ

The characteristic length scale,

z0 ¼
ffiffiffi
3

p ℏ2

2m2g
¼ 5.87 μm; ð85Þ

and energy scale E0 ¼ ððℏ2mg2Þ=2Þ1=3 are given by the
mass m of the neutron and the acceleration of the earth g.
With the substitution

σ ¼
ffiffiffi
3

p 2m2g
ℏ2

�
z −

En

mg

�
≡ z − zn

z0
; ð86Þ

Eq. (84) becomes

d2ψ̃nðσÞ
dσ2

− σψ̃nðσÞ ¼ 0; ð87Þ

which is Airy’s equation.

FIG. 3. Top: Here the screening charge Q is plotted as a
function of the coupling parameter M. The parameters taken
are for a neutron, viz. R ¼ 2.5 × 10−3 MeV−1, ρn ¼
1.53 × 1010 MeV4 and μ ¼ 5 × 10−8 MeV. Bottom: The field
profile of a sphere (neutron) is plotted as a function of the radial
distance of the center of the sphere. The blue line corresponds to
M ¼ 500 MeV and the yellow line to M ¼ 50 MeV with the
other parameters having the same values as those used for the
upper plot. The blue square is bounded by the radius of the sphere
(neutron) and the vacuum field value ϕ ¼ ϕV .
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From the effective symmetron potential,

VeffðϕÞ ¼
1

2

�
ρ

M2
− μ2

�
ϕ2 þ λ

4
ϕ4; ð88Þ

we can deduce the semiclassical neutron-symmetron cou-
pling as

Veff ¼
1

2

m
M2

ψ�ψϕ2: ð89Þ

There are some subtleties involved here, which will be
discussed in the Appendix. The corresponding quantum
mechanical perturbation potential is given by

V ¼ 1

2

m
M2

ϕ2; ð90Þ

and leads to a resonance frequency shift (see e.g. [37])

δEð1Þ
mn ≡ Eð1Þ

m − Eð1Þ
n

¼ 1

2

m
M2

Z
∞

−∞
dzðjψ ð0Þ

m ðzÞj2 − jψ ð0Þ
n ðzÞj2ÞϕðzÞ2: ð91Þ

Likewise, the first-order correction to the wave functions
reads (see e.g. [37])

ψ ð1Þ
n ðz; tÞ ¼ 1

2

m
M2

X∞
m¼1nn

R
∞
−∞ dz0ψ ð0Þ�

m ðz0Þψ ð0Þ
n ðz0Þϕðz0Þ2

Eð0Þ
n − Eð0Þ

m

× ψ ð0Þ
m ðzÞe− i

ℏEnt: ð92Þ

Hence, the correction to the density ϱð0Þn ðzÞ ¼
ψ ð0Þ�
n ðzÞψ ð0Þ

n ðzÞ to first order is given by

ϱð1Þn ðzÞ ¼ 2Reðψ ð0Þ�
n ðzÞψ ð1Þ

n ðzÞÞ

¼ m
M2

Re
X∞

m¼1nn

R
−∞

∞dz0ψ ð0Þ�
m ðz0Þψ ð0Þ

n ðz0Þϕðz0Þ2
Eð0Þ
n − Eð0Þ

m

× ψ ð0Þ�
n ðzÞψ ð0Þ

m ðzÞ: ð93Þ

where Re denotes the real part.
In the one-mirror case, the unperturbed normalized

wavefunction for z > 0 reads (see e.g. [38])

ψ ð0Þ
n ðzÞ ¼ Cð1Þ

n Ai

�
z − zn
z0

�
; ð94Þ

with normalisation

Cð1Þ
n ¼ 1ffiffiffiffiffi

z0
p

Ai0ð− zn
z0
Þ ; ð95Þ

and zn ¼ En
mg. Outside this region the wavefunction vanishes.

The first few energy levels are given in table II. For a single

mirror extending to z ≤ 0 we can use Eq. (30) and obtain
for the resonance frequency shift

δEð1Þ
mn ¼ 1

2

mN

M2

μ2eff
z0λ

Z
∞

0

dz tanh
�
μeffzffiffiffi

2
p þ tanh−1k

�
2

×

�Aiðz−zmz0
Þ2

Ai0ð− zm
z0
Þ2 −

Aiðz−znz0
Þ2

Ai0ð− zn
z0
Þ2
�
: ð96Þ

It is straightforward to find all the corresponding
expressions in the two-mirror case. These expressions
are very elaborate in their full detail and hence we will
refrain from reproducing them herein.
In Table III, we summarize the resonance frequency

shifts for a large range of symmetron parameters for the
case of a single mirror. Notice that larger values of λ give
smaller energy shifts for a given μeff . Similarly, increasing
M leads to smaller deviations. The whole parameter space
of symmetrons can therefore be efficiently constrained
using the exact results obtained herein. A sophisticated χ2

analysis has been carried out in parallel to this work [29],
where the solutions obtained herein for a one-mirror setup

TABLE II. Values of the energy of the lowest six states for the
neutrons in the terrestrial gravitational field.

State Energy [peV]

j1i E1 ¼ 1.40672
j2i E2 ¼ 2.45951
j3i E3 ¼ 3.32144
j4i E4 ¼ 4.08321
j5i E5 ¼ 4.77958
j6i E6 ¼ 5.42846

TABLE III. δEð1Þ
41 for one mirror, viz. Eq. (96), for the values

ρ ¼ 2.51 g=cm3 and μeff ¼ 10−3 meV. Notice larger values of λ
and M lead to smaller energy shifts. The current experimental
bound at the 10−15 eV level leads to constraints on parameters
which can be easily extracted using our analysis [29]. For
instance for M ¼ 1 MeV, we find that typically one can expect
that λ≳ 10−10. The exact excluded regions in parameter space,
where the screening of the neutron is taken into account, can be
found in [29] (see the Appendix for a discussion).

δEð1Þ
14 [eV] M [MeV] λ

4.49795 × 10−14 1 10−10

4.49795 × 10−20 1 10−4

4.49795 × 10−26 1 102

4.51053 × 10−20 103 10−10

4.51053 × 10−26 103 10−4

4.51053 × 10−32 103 102

5.75763 × 10−24 105 10−10

5.75763 × 10−30 105 10−4

5.75763 × 10−36 105 102
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are used to extend the exclusion region of the symmetron
parameter space.

IX. CONCLUSION

We have derived exact analytical solutions to the
symmetron field theory in the presence of a one- or two-
mirror system. The one-dimensional equations of motion
have been integrated in each case. Surprisingly, in the
two-mirror case instead of a unique solution for a given
environment and boundary conditions, we have obtained a
discrete set of solutions with increasing number of nodes
and energies. We have derived bounds for the qBOUNCE
experiment and found agreement with those obtained in
the study carried out in parallel to this work [29]. We have
summarized the resonance frequency shift for a large range
of symmetron parameters in the case of a single mirror. The
solutions that we have obtained herein, and in particular
their stability, should be the subject of further studies as
they will play a crucial role in the analysis of neutron
interferometry experiments searching for symmetrons and
for the calculation of the symmetron-field-induced Casimir
force in the CANNEX experiment.
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APPENDIX: SYMMETRON FIELD
OF A NEUTRON

Since neutrons are used in the search for symmetrons in
qBOUNCE experiments and neutron interferometry, it is
important to understand their interaction with the symme-
tron. For a certain parameter regime this interaction
between neutron and symmetron becomes strong. In this
case, the neutron affects the background symmetron field as
generated by the mirrors of the experimental setup in a non-
negligible way, which in turn weakens the effect on the
neutron, viz. screening of the neutron sets in. Since we treat
the symmetron as a classical field theory a consistent
description of its coupling to a quantum mechanical system
is beyond our reach. Therefore, we employ a semiclassical
treatment in which the neutron’s probability distribution
times its mass acts as the source of the symmetron as
defined in Eq. (89). In the following, we will use a
pragmatic approach, which follows what has been done
in the literature so far [22–24,39–42].
A first approach to defining the mass density is

analogous to “semiclassical gravity,” which has been
introduced by Møller [43] and Rosenfeld [44], and where

the operator-valued stress-energy tensor is replaced by an
expectation value. Its nonrelativistic Newtonian approxi-
mation, the so-called “Schrödinger-Newton equation,”
was introduced by Diósi [45] and Penrose [46]. This
equation employs the probability distribution times the
mass as the source of the gravitational potential, i.e.
considering that the square modulus of the wave function
can be used as tracing the mass density of a particle. The
Schrödinger-Newton equation has been applied to single
particles by Moroz, Penrose and Tod [47], although it can
only be understood in the Hartree approximation for a
large ensemble of particles, see [48] for a summary of the
issues related to this equation. In another approach, which
is commonly used in the literature, one may consider that
the neutron has a well-defined size provided by the quark-
gluon dynamics and that in our nonrelativistic treatment
of the neutron at energies well-below the QCD scale this
size of the order of 1 fm provides a reasonable description
for its screening. Clearly, a rigorous treatment of this
issue and distinguishing both approaches is beyond the
scope of this paper. In [29], we illustrate the two cases
and stress that more work needs to be done to derive
completely rigorous bonds for the coupling of the
symmetron to neutrons.
For a quantitative account we treat the neutron as a

classical sphere. As a conservative case we take as its
diameter 2Rn ¼ 1 fm, corresponding to 5 × 10−3 MeV−1

in natural units, and nuclear density ρn¼1.53×1010MeV4.
This is the most commonly used manner of treating the
screening of the neutron. On the other hand, if the mass
distribution were related to the size of its wave function, the
neutron would be approximately described as being dis-
tributed over a sphere of diameter of order z0 ¼ 5.87 μm,
which is the typical length scale for its vertical wave-
function in the qBOUNCE experiment and leads to a much
weaker screening.
As a result, we have to solve the field equation for a static

massive sphere with radius R

d2ϕ
dr2

þ 2

r
dϕ
dr

¼
�

ρ

M2
− μ2

�
ϕþ λϕ3: ðA1Þ

The boundary conditions are

ϕ0ð0Þ ¼ 0;

lim
r→∞

ϕðrÞ → �ϕV: ðA2Þ

Without loss of generality we take the asymptotic value
þϕV . Inside the sphere, we take ρ ≫ M2μ2 and since

ð ρ
M2 − μ2Þϕ

λϕ3
≃

ρ

M2λϕ2
≳ ρ

M2λϕ2
V
¼ ρ

M2μ2
≫ 1; ðA3Þ

we find
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d2ϕ
dr2

þ 2

r
dϕ
dr

≃
ρ

M2
ϕ: ðA4Þ

With

ϕ ¼ φ

r
; ðA5Þ

Eq. (A4) reads

d2φ
dr2

≃
ρ

M2
φ; ðA6Þ

providing the general solution

ϕ ¼ A
e
ffiffi
ρ

p
M r

r
þ B

e−
ffiffi
ρ

p
M r

r
; ðA7Þ

with arbitrary constants A and B. The solution convergent
for r → 0 and satisfying the boundary condition ϕð0Þ ¼ 0
is given by B ¼ −A≕ − C=2

ϕðrÞ ¼ C
sinhð

ffiffi
ρ

p
M rÞ
r

: ðA8Þ

Immediately outside the sphere, the potential contribution
is very small compared to the kinetic parts and can be
approximated by the value close to the vacuum value

ρ

M2
ϕðR−Þ þ λϕðR−Þ3 ≫ −μ2ϕðRþÞ þ λϕðRþÞ3

≃ 2μ2ðϕðRþÞ − ϕVÞ: ðA9Þ

Hence, for the outside solution, we find

d2ϕ
dr2

þ 2

r
dϕ
dr

≃ 2μ2ðϕ − ϕVÞ: ðA10Þ

The general solution is given by

ϕ − ϕV ¼ E
e

ffiffi
2

p
μr

r
þD

e−
ffiffi
2

p
μr

r
; ðA11Þ

with arbitrary constants E and D. The solution convergent
for r → ∞ and satisfying the boundary condition
limr→∞ϕðrÞ → ϕV is given by

ϕðrÞ ¼ ϕV þD
e−

ffiffi
2

p
μr

r
: ðA12Þ

The boundary conditions at the surface of the sphere are
given by

ϕðR−Þ ¼ ϕðRþÞ;
ϕ0ðR−Þ ¼ ϕ0ðRþÞ; ðA13Þ

yielding after some algebraical manipulations

C ¼ ϕV
Mffiffiffi
ρ

p 1

coshð
ffiffi
ρ

p
M RÞ

1þ ffiffiffi
2

p
μR

1þ ffiffiffi
2

p
μ Mffiffi

ρ
p tanhð

ffiffi
ρ

p
M RÞ

;

D ¼ −ϕVRe
ffiffi
2

p
μR

1 − Mffiffi
ρ

p 1
R tanhð

ffiffi
ρ

p
M RÞ

1þ ffiffiffi
2

p
μ Mffiffi

ρ
p tanhð

ffiffi
ρ

p
M RÞ

: ðA14Þ

Finally, we find the solution

ϕðrÞ ¼

8>>><
>>>:

ϕV
Mffiffi
ρ

p 1

coshð
ffiffi
ρ

p
MRÞ

1þ ffiffi
2

p
μR

1þ ffiffi
2

p
μMffiffi

ρ
p tanhð

ffiffi
ρ

p
MRÞ

× sinhð
ffiffi
ρ

p
M rÞ

r ; for r ≤ R;

ϕV − ρR3

3M2

QϕV

1þ ffiffi
2

p
μR

e−
ffiffi
2

p
μðr−RÞ
r ; for r ≥ R;

where we have introduced a screening charge, which we
define as

Q ¼ ð1þ
ffiffiffi
2

p
μRÞ 3M

2

ρR2

1 − Mffiffi
ρ

p 1
R tanhð

ffiffi
ρ

p
M RÞ

1þ ffiffiffi
2

p
μ Mffiffi

ρ
p tanhð

ffiffi
ρ

p
M RÞ

: ðA15Þ

With this definition, see Fig. 3,

Q →

�
0; for screened bodies with R ≫ M=

ffiffiffi
ρ

p
;

1; for unscreened bodies with R ≪ M=
ffiffiffi
ρ

p
:

The acceleration of a small test body, which does not
disturb the field, in the outer field of the sphere is

a⃗ ¼ −
ϕ

M2
∇⃗ϕ: ðA16Þ

Asymptotically for large r we find

a⃗ ¼ −Qϕ2
V
ρR3

3M4

ffiffiffi
2

p
μ

1þ ffiffiffi
2

p
μR

e−
ffiffi
2

p
μr

r
r⃗
r
; ðA17Þ

justifying the definition of Q as a screening charge, which
has to be multiplied to the transition energies. Hence, in
order to account for the neutron’s screening, one has to
replace

δEpq → Qðμ;MÞδEpq; ðA18Þ

for the extraction of the experimental limits. This replace-
ment has been carried out in the sophisticated analysis [29]
but for simplicity has been neglected for all bounds derived
in this letter.
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