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ABSTRACT: We investigate compactifications of type Il and M-theory down to AdS5 with generic
fluxes that preserve eight supercharges, in the framework of Exceptional Generalized Geometry.
The geometric data and gauge fields on the internal manifold are encoded in a pair of general-
ized structures corresponding to the vector and hyper-multiplets of the reduced five-dimensional
supergravity. Supersymmetry translates into integrability conditions for these structures, gen-
eralizing, in the case of type IIB, the Sasaki-Einstein conditions. We show that the ten and
eleven-dimensional type IIB and M-theory Killing-spinor equations specialized to a warped AdS5
background imply the generalized integrability conditions.
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1 Introduction

Flux compactifications play a central role both in the construction of phenomenologically-
relevant models due to their potential to stabilize moduli, as well as in gauge/gravity duality
where they realize duals of less symmetric gauge theories. There has been significant progress
in understanding the geometry of the internal manifolds arising in flux compactifications, using
the tool of G-structures, and their extension to generalized geometry.

For the lower dimensional effective theory to be supersymmetric, the existence of globally
defined spinors on the internal manifold is required [1]. This leads to a reduction of the structure
group on the d-dimensional tangent bundle to a subgroup G C SO(d), or in other words to have a
G-structure. The degrees of freedom of the internal metric are then parameterized by geometric
structures which are singlets of the corresponding G-structure.

In generalized geometry, the metric degrees of freedom are combined with those of the
gauge fields into a generalized metric. Similarly, the lower dimensional effective theory is super-
symmetric if the generalized metric is encoded in structures which are singlets of a generalized
G-structure [2-6]. The group G in this case corresponds to the structure group of the general-
ized tangent bundle. The latter combines the tangent bundle of the manifold, where the vectors
generating the diffeomorphism symmetry of general relativity live, with powers of the cotangent
bundle, whose sections are the p-forms generating the gauge symmetry of the supergravity gauge
fields.

While supersymmetric Minkowski backgrounds in the absence of fluxes are described by
integrable G-structures, their flux analogues are integrable generalized G structures [4, 6-11].
This geometric reformulation of backgrounds with fluxes gives a characterization that allows
in principle to find new solutions, as well as to understand the deformations, which are the
moduli of the lower dimensional theory. In the context of gauge/gravity duality, deformations of
the background correspond to deformations of the dual gauge theory. For compactifications to
AdS, the G structures are weakly integrable, and so are the corresponding generalized structures
[10, 12, 13].

In this paper we focus on AdSs; compactifications of type IIB and M-theory preserving
eight supercharges. These are dual to four-dimensional A/ = 1 conformal field theories. The
internal manifolds are respectively five and six-dimensional. The generalized tangent bundle
combines the tangent bundle plus in the case of M-theory the bundle of two and five-forms,
corresponding to the gauge symmetries of the three form field and its dual six-form field, while
in type IIB two copies of the cotangent bundle and the bundle of five forms and the bundle of
three-forms, corresponding respectively to the symmetries of the B-field and RR 2-form field
and their dual six-forms and the RR 4-form. In both cases the generalized bundle transforms in
the fundamental representation of Eg) , the U-duality group that mixes these symmetries.

Compactifications leading to backgrounds with eight supercharges in the language of (excep-
tional) generalized geometry are characterized [5] by two generalized geometric structures that
describe the hypermultiplet and vector multiplet structures of the lower dimensional supergrav-
ity theory. When this theory is five-dimensional, the generalized tangent bundle has reduced
structure group USp(6) C USp(8) C Egs) [11], where USp(8), the maximal compact subgroup
of Fg , is the generalized analogue of SO(6), namely the structure group of the generalized

tangent bundle equipped with a metric.



The integrability conditions on these structures required by supersymmetry were formulated
in [13]. The “vector multiplet” structure is required to be generalized Killing, namely the general-
ized vector corresponding to this structure generates generalized diffeomorphisms (combinations
of diffeomorphisms and gauge transformations) that leave the generalized metric invariant. The
integrability condition for the hypermultiplet structure requires the moment maps for generic
generalized diffeomorphisms to take a fixed value proportional to the cosmological constant of
AdS. These conditions can be seen as a generalization of Sasaki-Finstein conditions: they imply
that the generalized Ricci tensor is proportional to the generalized metric. They parallel the
supersymmetry conditions obtained from five-dimensional gauged supergravity [14].

In this paper, we prove the integrability conditions for the generalized structures directly
from the supersymmetry equations of type IIB and eleven dimensional supergravity. For that,
the generalized structures are written in terms of USp(8) bispinors. These are subject to differ-
ential and algebraic conditions coming from the supersymmetry transformation of the internal
and external gravitino (plus dilatino in the case of type IIB). We show that the latter imply the
integrability conditions for the generalized structure.

The paper is organized as follows. Section 2 starts with a short review of generalized ge-
ometry for type IIB compactifications, focusing on the case of Eg ) structure group relevant to
compactifications down to five dimensions. We then present the generalized structures describing
backgrounds with eight supercharges, and their integrability conditions for AdSs; compactifica-
tions. In section 3 we show that the Killing spinor equations imply the integrability conditions.
We outline the key points in the main text, while leaving the details to the Appendices. In
section 4 we show the analogous statements for M-theory. Section 5 is a short discussion of the
results.

2 Generalizing the Geometry

We begin with a brief review of generalized geometry, its description of backgrounds with eight
supercharges and the supersymmetry conditions.

The starting point of generalized geometry is the extension of the tangent bundle T'M of
the internal manifold to a generalized tangent bundle E in such a way that the elements of
this bundle generate all of the bosonic symmetries of the theory (diffeomorphisms and gauge
transformations). The generalized tangent bundle transforms in a given representation of the
corresponding duality group acting on the symmetries. Following the historical path, we start
by discussing the O(d, d) generalized geometry, relevant to the NS-NS sector of type II theories
compactified on d-dimensional manifolds. We then briefly introduce Eg(4) generalized geometry
which encodes the full bosonic sector of type II theories compactified on a (d — 1)-dimensional
manifold, or M-theory on a d-dimensional geometry. In this paper we will concentrate on the
case d = 6, i.e. compactifications of type II (in particular type IIB) and M-theory down to five
dimensions, but most of the statements in the next section are valid for any d.

2.1 Geometrizing the supergravity degrees of freedom

The NS-NS sector of type II supergravity contains the metric gy, the Kalb-Ramond field
Bpyn) and the dilaton ¢. The symmetries of this theory are diffeomorphisms generated by
vectors k and gauge transformations of the B-field which leave the H = dB invariant and which



are parametrized by one-forms w. The combined action of these symmetries can be thought to
be generated by a single object

V=(kw), keTM, weT*M (2.1)

on the combined bundle TM & T* M. In fact, V is well-defined only in a patch of M. If there
is H-flux, in order to construct a global section of the bundle, we need to consider

BV = (k,w + u,B) (2.2)

taking thus into account the non-trivial transformation of the B-field on the overlap of two
patches. These generalized vectors belong to the generalized tangent bundle

E~TM&T*M (2.3)

where the isomorphism is provided by the e? defined above. The structure group of this bundle
can be reduced from GL(2d) to O(d,d) by observing that there exists an invariant metric
defined by

1

n(V, V') = 2(Lkw' + tw) . (2.4)

It is possible to extend many of the concepts of ordinary differential geometry on T'M to
analogues on E. The resulting geometry is called generalized complex geometry or O(d,d)-
generalized geometry?.

One of the key elements in this construction is the analogue of the Lie derivative. This
is the so-called Dorfman derivative along a generalized vector V on another generalized vector
V'3, It expresses the infinitesimal action of the symmetries encoded in V and is given by*

va/ = (ﬁkkl, ﬁkw/ — Lk/dw) (25)

where L is the ordinary Lie derivative. One can write this in a more O(d, d)-covariant way by
embedding the ordinary derivative in a O(d, d)-covariant object through

Dy = (9, 0) € E* (2.6)

where m = 1,...,d, while M = 1,...,2d. The Dorfman or generalized Lie derivative (2.5) takes
the form

LyV' = (V-D)V' — (D x V)V’ (2.7)

where - and x stand respectively for the inner product and the projection to the adjoint repre-
sentation between the vector and dual vector representations®.
In order to include the gauge transformations of the RR fields, or to do a generalized geom-

etry for M-theory, one needs to extend the tangent bundle even further. Not surprisingly, the

!The group O(d,d) corresponds to the T-duality group of the massless sector of type II string theory when
compactified on a d-dimensional manifold.

2For a more complete introduction to this with a focus on supergravity applications, see [15]

3By the Leibniz rule, it can be extended to arbitrary tensors constructed from E and E*.

4Note that V and V' now are sections of E and therefore the Dorfman derivative takes into account the
non-triviality of the B-field patching.

®Using explicit indices, V-D = VM Dy, (DxV) = Dy V™ Jadjoins. In the O(d, d) case, the latter is (DxV)p Y =
D]MVN — T]NPUMQDPVQ.



appropriate generalized bundle should transform covariantly under the group Eyq) [4, 16], which
is the U-duality group of the massless sector of type II string theory (M-theory) when compact-
ified on a d-1 (d) dimensional manifold. In this paper, we will deal with compactifications of
type IIB and M-theory down to five dimensions, and the relevant group is therefore Eg) . This
extended version of generalized geometry is called Ezceptional Generalized Geometry [17, 18].
In the following sections we concentrate on the type IIB case, while in section 4 we discuss the
M-theory analogue.
The generalized tangent bundle for type IIB decomposes as follows

E~TM& (T*M & T* M) & N*T*M & (N°T*M & AN°T* M) (2.8)

where the additional components T* M , A3T*M and the two copies of A’T*M correspond to
the gauge transformations of Cy, Cy, Cg and Bg, the dual of By (one can also understand this
in terms of the charges of the theory, namely D1, D3, D5 and NS5 -brane charges respectively).
In the above expression, we have grouped together terms that transform as doublets under the
SL(2,R) symmetry of type IIB supergravity.

The isomorphism implied in (2.8) is given by an element e/ € g, pu € ¢g) Which can
be constructed from the gauge fields of the theory in such way that the generalized vectors are
well-defined in the overlap of two patches. This is in direct analogy with the O(d, d) case where
the only non-trivial gauge field is the B-field. The expression for p in our case is given below in
(2.13).

One can also here embed the derivative in a covariant object in E*, such that its non-zero
components are on 7" M. The Dorfman derivative takes the same form as in the O(d,d) case,
namely (2.7). For its expression in terms of the GL(5) decomposition of E in (2.8), namely the
analogue of (2.5), see [17].

Finally, let us mention that a complete treatment of both O(d,d) and Fyg) generalized
geometry also includes the geometrization of the so-called trombone symmetry (see [17] for de-
tails). This is an additional R* symmetry which exists in warped compactifications of M-theory
and can be understood as a combination of the scaling symmetry in the eleven-dimensional
theory® (and therefore is inherited also in type II) and constant shifts of the warp factor in the
compactified theory. We incorporate the action of this symmetry by rescaling appropriately our
structures (see (2.23) below) where the appearance of the dilaton in the type IIB case reflects
the fact that the dilaton can be interpreted as a contribution to the warp factor in an M-theory
set-up.

2.1.1 Particular case of Eg)

Let us now specialize to the case of Eg) . The generalized tangent bundle E' transforms in the

fundamental 27 representation, whose decomposition is given in (2.8). In terms of representa-
tions of GL(5) x SL(2)7, this is

27 = (5,1) @ (5,2) ® (10,1)  (1,2) . (2.9)

It will actually turn out to be convenient to use the SL(6) x SL(2) decomposition, where the two
SL(2) singlets are combined into a two-vector, while the two SL(2) doublets are combined into

5The M-theory action is invariant under gy — €2%gun, Cz — €34Cs.
"Here, the SL(2) symmetry is the type ITB S-duality which acts linearly on the doublet of 2-form potentials
and by fractional linear transformations transformations on the axio-dilaton.



a doublet of forms. Under SL(6) x SL(2)the fundamental (anti-fundamental) representation V'
(Z) of Eg therefore decomposes as

27 = (6,2) + (15,1), V = (Vi v) (2.10a)
27=(6,2)+ (15,1), Z=(Z% Zu) (2.10b)
where a,b,c,... run from 1 to 6 and 4, j,k,... from 1 to 2.
The derivative embeds naturally in the anti-fundamental representation as®
D! =Dy =Dpp=0,  Dyg=e**30, (2.11)
where we use m,n, ... for the coordinate indices on the internal manifold.

The adjoint representation splits under SL(6) x SL(2)as
78 = (35,1) + (1,3) + (20,2), i = (1% s, i) - (2.12)

In our conventions, the dilaton and gauge fields embed in this representation in the following

way
Honng = €*Crnn (2.13a)
1206 = Binn (2.13b)
pn = —25;7 (2.13¢)
5
1S = F(b (2.13d)
pl = —e?(xCy)" (2.13e)
i [ —(8/2) eCy
= ( i (¢/2)> (2.13f)

while the other components of x vanish®. Note that the the gauge fields from the RR sector
carry an e? factor.

2.2 Backgrounds with eight supercharges

In the previous section we mentioned briefly how the supergravity degrees of freedom can be
packed into generalized geometric objects which belong to representations of the corresponding
duality group. In this section, we focus on the case of backgrounds that have eight supercharges
off-shell, and in the next subsection we show how the on-shell restriction (i.e., the requirement
that the background preserves the eight supercharges) is written in the language of exceptional
generalized geometry.

Backgrounds with off-shell supersymmetry are characterized in ordinary geometry by the
existence of well-defined spinors, or in other words a reduction of the structure group of the
tangent bundle from SO(d) to subgroups of it singled out by the fact that they leave the well-
defined spinors invariant. This means that the metric degrees of freedom can be encoded in

8The reason for the additional factor of e2#/3 is related to the rescaling of the bispinors which will be introduced
later, see (2.23).
9These other components of 1 could have non-vanishing values in a different U-duality frame.



objects that are invariant under the structure group, built out of bilinears of the spinors. For
the familiar case of SU(d/2) structures (like the case of Calabi-Yau), these objects are the Kéhler
2-form w and the holomorphic d/2-form €, satisfying certain compatibility conditions!®.

On-shell supersymmetry imposes differential conditions on the spinors, which are translated
into differential conditions on the bilinears of spinors. In the absence of fluxes, the supersym-
metric solutions involve an external Minkowski space, and the differential conditions lead to
integrable structures on the internal space. In the case of M-theory compactifications down
to five dimensions preserving eight supercharges, the internal manifold has to be Calabi-Yau,
namely the K&hler 2-form and the holomorphic 3-form are closed.

Compactifications to AdS require on one hand some flux to support the curvature, and on
the other hand the integrability conditions are weaker (they are usually referred to as weakly
integrability conditions). For full integrability all torsion classes are zero, while for weak inte-
grability there is a torsion in a singlet representation of the structure group, proportional to the
curvature of AdS. The simplest example of compactifications to AdSj5 is that of type IIB, where
the curvature is fully provided by the 5-form flux, and the internal space is Sasaki-Einstein (the
simplest case being S°). Sasaki-Einstein manifolds are U(1)-fibrations over a Kihler-Einstein
base (defined by a Kéhler 2-form wp and a holomorphic 2-form Qg satisfying the compatibility
condition) and a contact structure o, satisfying

do =2muwp, dQp = 3imo AN Qp (2.14)

where m is at the same time the curvature of the internal space (more precisely, the Einstein
condition is Ry, = 4m%gmns), that of AdSs, and give also the units of five-form flux. The
integrability conditions on the structures for more general solutions were obtained in [19].

In M-theory there is no such a simple AdSs solution. The most well known solution is that
of Maldacena and Nunez [20], corresponding to the near horizon limit of M5-branes wrapped
on holomorphic cycles of a Calabi-Yau 3-fold. More general solutions are studied in [21], and
correspond topologically to fibrations of a two-sphere over a Kéhler-Einstein base.

The effective five-dimensional gauged supergravity encodes the deformations of the back-
ground. When there is a G-structure, the moduli space of metric deformations is given by the
deformations of the structures. Together with the moduli coming from the B-field and the RR
fields, they form, in the case of N' = 2 gauged supergravity, the hypermultiplets and vector
multiplets of the effective theory.

In the generalized geometric language, metric degrees of freedom can also be encoded in
bilinears of spinors (this time transforming under the the compact subgroup of the duality
group, namely USp(8) for the case of Eg) ), and furthermore these can be combined with the
degrees of freedom of the gauge fields such that the corresponding objects (called generalized
structures'!) transform in given representations of the FE4y group. For eight supercharges in
five dimensions the relevant generalized structures form a pair of objects (K, J,), first introduced
in [5]. In the next section we are going to give their explicit form, but for the moment let us
explain their geometrical meaning.

The structure K transforms in the fundamental representation of Fg) and it is a singlet
under the SU(2) R-symmetry group of the relevant effective supergravity theory. If K was to

| _
0T hese are w A Q = 0, w¥? = ((215/22) (=1) HLF a2 7 ),

"1n the case of O(d, d) generalized geometry these are Spin(d,d) pure spinors.




be built just as a bispinor (we will call that object I, its explicit expression is given in (3.21)),
then it would be a section of the right-hand side of (2.8) and it would not capture the non-trivial
structure of the flux configuration on the internal manifold. Therefore, the proper generalized
vector which transforms as a section of F is the dressed one

K = etk . (2.15)

This structure was called the V-structure (vector-multiplet structure) in [11] since it parametrizes
the scalar fields of the vector multiplets in the effective theory.

The other algebraic structure, or rather an SU(2)g triplet of structures, describing the
hypermultiplets (and thus called H-structure in [11]) is J,, @ = 1,2,3. It transforms in the
adjoint of Eg). As for K, we need the dressed object

J, = et Te H = el g, (2.16)
where we are using [-, -] to denote the ¢6(6) adjoint action. These are normalized as'?
Tr(Jar o) = 8p°0ap (2.17)
where p will be related to the warp factor, and satisfy the SU(2) algebra

[[jaajb]] = (4ip)€abcjc . (2.18)

As in Calabi-Yau compactifications where w and €2 have to satisfy compatibility conditions
to define a proper Calabi-Yau structure (see footnote 10), similar requirements apply here, and
read

TJ.K=0, c(K, K, K) = 6p° (2.19)

where in the first expression we mean the adjoint action of 7 on K, and in the second one c is
the cubic invariant of Ep) . Since the above expressions are Eg(g) -covariant, they have exactly
the same form if we replace (K, J,) with their dressed version (K, J,).

2.3 Supersymmetry conditions

In the previous section we have introduced the generalized structures defining the backgrounds
with eight supercharges off-shell, namely those that allow to define a five-dimensional (gauged)
supergravity upon compactification. Here we discuss the integrability conditions that these
backgrounds need to satisfy in order to preserve all eight supersymmetries leading to an AdSs
geometry on the external space. The supersymmetry conditions were originally introduced
in [13], and the relevant backgrounds called “exceptional Sasaki-Einstein” (the simplest case
corresponding to Sasaki-Einstein manifolds). Here we will write the supersymmetry conditions
in a slightly different way, and in the next section we will use the fact that they are independent
of the (generalized) connection to choose a convenient one to verify them directly from the 10d
supersymmetry conditions.
Compactifications to warped AdS5 require, both in M-theory and in type IIB

DJy + K €apeTr(Jy, DJ.) = Aac(K, K, -) (2.20)

?We use the notation Tr(-,-) to denote the Killing form for egg).



LK =0 (2.21)
3i

Lid, = geabc)\bjc (2.22)

These equations involve the rescaled bispinors, which for type IIB are (the analogue expressions
for M-theory are given in (4.4))

K=e 2K J, =e*A20 g (2.23)

where A is the warp factor and ¢ the dilaton. D is the derivative defined in (2.11), whose explicit
index we have omitted, and corresponds to the direction missing in the cubic invariant!3. The
coefficient k is related to the normalization of the structures and is given by

= i||J,|| = i\/8Tr(Ja, Ja) (2.24)

and for type IIB is'* .
o= " —3At20 (2.25)

42

Finally, A\, are a triplet of constants related to the AdS5 cosmological constant m by
AM=X=0, A3=-2im. (2.26)

Let us explain very briefly the meaning of these equations. For more details, see [11, 13].
The first equation which one can write in terms of the Dorfman derivative along a generic
generalized vector,'® implies that the moment map for the action of a generalized diffeomorphism
along V takes a fixed value that involves the vector multiplet structure and the SU(2)g breaking
parameters \, (AdSs vacua only preserve a U(1)r € SU(2)g [14, 22]), given by A;J,. The second
and third equation imply that K is a generalized Killing vector of the background. Indeed, (2.21)
implies that it leaves K invariant, while (2.22) shows that the generalized diffeomorphism along
K amounts to an SU(2) g rotation of the .J,. This rotation does not affect the generalized metric
which encodes all the bosonic degrees of freedom. Thus, the generalized vector K was called
“generalized Reeb vector” of the exceptional Sasaki-Einstein geometry.

As shown in [13], these conditions imply that these backgrounds are generalized Einstein,
as the generalized Ricci tensor is proportional to the generalized metric.

We can compare these to the conditions coming from the five dimensional gauged super-
gravity [14]. More specifically, (2.22) corresponds to the hyperini variation, (2.21) corresponds
to the gaugini, while (2.20) corresponds to a combination of the gravitini and the gaugini.

In the next section, we will give more details of the construction of H-and V structures in
terms of internal spinors, and we show by an explicit calculation that AdSs compactifications
preserving eight supercharges require conditions (2.20)-(2.22).

13To write this index explicitly we substitute D — Dy, c(f(7 K, )= enp KNKY.

! Note that s accounts for both the normalization of the internal spinors (Eq. (3.11)) and the rescalings (2.23)
as can be seen by writing it as k = (8ipe?4~2¢)~1,
5The expression is as follows

K EabcTI‘IIjb, ]ij.:]] = AaC(R, }7{, V) .



3 From Killing spinor equations to Exceptional Sasaki Einstein conditions

3.1 IIB compactifications to AdS; with general fluxes

In this section we show that supersymmetry requires the integrability conditions (2.20)-(2.22).
We are interested in solutions of type IIB supergravity which
e respect the isometry group SO(4,2) of AdSs and

e preserve 1/4 of the original supersymmetry, i.e. 8 supercharges.

According to the former condition, the ten-dimensional metric is written as
ds® = eQA(y)QW(x)dx“dx” + Grn (y)dy™ dy™ (3.1)

where g, (x) is the metric of AdSs and g, (y) is the metric of the internal manifold, while the
fluxes are of the form
G(n) = F(n) + vols A F(n_5) (3.2)

where F(, is purely an internal piece.
We start with the supersymmetry transformations of type I1B supergravity for the gravitino
and the dilatino which read respectively (in the democratic formulation [23])

ed)

SWpr = Ve — %HMU% + 15 (@1 + Gis + Go)Tui (i0%) + (@5 + G7)Tuo' | € (3.3)

o9
3= (9= 3Ha* ) ¢~ 401~ Ga)io?) + 2(dhs — )] (3.4

1 N
where ¢, = —'GMl___MnFMl"'M" (we are using hats for quantities defined in ten dimensions)
n

and o', 02,03 are the Pauli matrices acting on the doublet of type IIB spinors

¢ = (?) . (3.5)

For backgrounds preserving eight supercharges, we parametrize'® the ten-dimensional su-
persymmetry parameters €; as

=YX Qu+ Y Rxf®u, =12 (3.6)

Here 1) stands for a complex spinor of Spin(4,1) which represents the supersymmetry param-
eter in the corresponding five-dimensional supergravity theory, and satisfies the Killing spinor
equation of AdSs

Vit = Sp (3.7)

where m is the curvature of the AdS'7. (x1, x2) is a pair of (complex) sections of the Spin bundle
for the internal manifold. The two component complex object u fixes appropriately the reality
and chirality properties of the ten-dimensional supersymmetry parameters ¢; (see (A.13)).

0Our conventions for spinors and gamma matrices as well as their properties are described in appendix A.
"Five-dimensional Minkowski solutions are described by taking appropriately the limit m — 0.

~10 -



Inserting this decomposition in (3.3) and (3.4) and requiring the variations to vanish gives
rise to 3 equations corresponding to the external gravitino, internal gravitino and dilatino re-
spectively:'®

= AOATT 4 i (P T Fy)] <§> ~0 (33)

6¢ 1
[vm - iﬁmrﬁ +ig (Fi+Fs - F3T%) FmFm] <§2> =0 (3.9)

[(&M)Wr(?) + %Hn — g (24,16 - Fg)} (i‘(;) =0 (3.10)

where we have used the duality x19G,, = (—)Int ["/Q}Glo,n to write the fluxes F' in terms of purely
internal components F. The I'- matrices appearing in the above equations are constructed from
the ten-dimensional ones as shown in appendix A.

Now, let us mention some generic properties of IIB flux compactifications down to AdSs
which are implied by the supersymmetry requirements. Although these statements can be proved
without any reference to generalized geometry (as in [19]), we will postpone their proof until
appendix C.1 to see how nicely this formalism incorporates them. Here, we just state them.

The first property has to do with the norms of the internal spinors. From (C.8), we see that

the two internal spinors have equal norms and from (C.11) that they scale as e:1
t | et
X1X1 = XaX2 =P = 73 (3.11)

Moreover, (C.9) expresses the following orthogonality property

X +xda =0 (3.12)
An important consequence of the supersymmetry conditions which will be crucial for the
geometrical characterization of M is the existence of an isometry parametrized by a vector &
[19], the so-called Reeb vector?’. The components of ¢ can be constructed from spinor bilinears
as 1
g = ﬁ(thm + x4 x2) (3.13)
Actually, it turns out (see Appendix C.1) that £ generates a symmetry of the full bosonic sector
of the theory:
£5{97A7¢7H7F17F37F5}:0- (314)

Using this, we can easily see that the Lie derivatives L¢x; of the spinors satisfy the same equations
(3.8) - (3.10) as the spinors themselves?! and so they are proportional to them which means

8Note that for the Sasaki-Einstein case we have x2 = ix1 and in the simplest example only the five-form flux
is present.

9Note that the p defined here is the same as the one appearing in the normalization condition of 7, Eq. (2.17).

20Tn the context of AdS/CFT, this isometry corresponds in the dual picture to the surviving R-symmetry of
the N' = 1 gauge theory.

21Here, note that the existence of the isometry is crucial for the Lie derivative to commute with the covariant
one.
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that they have definite charge. This charge is computed in appendix C.1. From (C.31) we have

3im
——Xi (3.15)

ﬁng‘ = 5

These conditions are very useful in proving the integrability conditions in the next section.

3.2 The H and V structures as bispinors

Let us now construct the H and V structures from the internal spinors, as appropriate Eg(g) objects.
For this, it is useful to decompose the group in its maximal compact subgroup USp(8) .22

The fundamental 27 (anti-fundamental 27 ) representation is undecomposable, and cor-
responds to an antisymmetric 8 x 8 matrix V*? (Z°) which is traceless with respect to the

symplectic form C,g of USp(8)
27, V=V suchthat V*/C,5 =0 (3.16)

The adjoint 78 representation corresponds to a symmetric 8 x 8 matrix and a fully antisymmetric

rank 4 tensor
78 =36 +42, = (uP, P (3.17)

The internal spinors (x1, x2) which are sections of Spin(5) = USp(4), are combined into the

| = <X1) , Oy = <X§) . (3.18)
X2 X2

In terms of the USp(8) spinors 6;, the normalization condition (3.11) implies

following U Sp(8) spinors

9;@9]‘7& == 2p 5@] (319)

Now, one can define the H and V structures as bispinors in a natural way. The triplet of H

structures J, are defined as

(Ja)d = (02)"0;,007" (3.20)

where 0, = (01,09,03) are the Pauli matrices. Note that J, have components only in the 36
piece of the 78.
For the V structure, we have

1 .
KB = g — gc*‘%ﬁc:;,ng‘S . with (Jo)& = 076; 007" (3.21)

where C°? is the charge conjugation matrix, which in our conventions is the symplectic form of
USp(8). Note that K is traceless by construction. From now on, we will drop the U Sp(8) indices
a,Bin K, J.

The su(2) algebra of the structures [J,, Eq. (2.18), follows from the orthogonality and
normalization of the spinors (3.19). Similarly we have

JZ =T =2pTo (3.22a)

22Here, we just present some basic facts. More details are given in appendix B.
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joja - jajO - 2[)\7@ (322b)

where p can also be related to the trace part of [Jp, namely

p = {7 (3.23)

The fact that J, and Jo commute translates in Eg) language (by using (B.12)) into the
compatibility condition (2.19).

In the following, it will turn out useful to have explicitly the GL(5) x SL(2) components of
K and J,. For the former, using the decomposition of the 27 representation given in (2.9), we

have:
=[£(¢, &), Vo (R, Ry)] - (3.24)
These can be organized in terms of a Clifford expansion as
1 1
K = ——= [i&n ™7 + (™ + ¢ T + —Vpp, T7 3.25

where the various components can be obtained by taking appropriate traces with K 23. In terms
of bilinears involving the internal spinors y; and Yo these components are

1

("= %(Xh X2 + X5 x1)

7 —\/5 X177 X1 T X277 X2

e — (™ + ) (3.26)
\/5 X17 X1 XQV X2 .
\/5 X177 X2 — X277 X1
1

R = %(XJ{Xl X;XQ)
1

R7; = E(XJ{XQ +X£X1)

Note the absence of R and R7 in the expansion (3.25). This is because these vanish as a conse-
quence of the supersymmetry conditions that impose the two internal spinors to be orthogonal
and have equal norm (see (3.11), (3.12)). Moreover, note that the vector component £ of K
appearing in the above expression is the Reeb vector given in (3.13).

For the particular case of Sasaki-Einstein manifolds, where xs = ix1, also the one-forms (
and (7 are zero, while the two-form V corresponds to *(c A wg).?* The holomorphic 2-form of
the base Qg is instead embedded in J,, to which we now turn.

The triplet 7, is in the 36 representation of U Sp(8) , which decomposes under GL(5) x SL(2)

as
36 = (5,1) +(10,1) +(1,1) + (10,2) . (3.27)
The Clifford expansion of 7, is 25
1 1 1 1
T = =3 | T P + 53 T = Ti 01 + 5T T + T8 Conny|  (3:28)
¥or example, £™ —Tr[ICF mbT],

24The Reeb vector & and the contact structure o satisfy teo = 1.
>We use the notation J." = Tr[J.TP), a = 1,2,3 where (I) is a collection of indices.
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where each piece is given by the first terms in (B.24).
In particular, one can identify in the expansion (3.28) all possible spinor bilinears with

non-zero charge under ¢26

T = {7 x2
T = =2(x1 9™ x1 + x5 7" x2)

TP0 = —2(xT 7™ x1 — x5 x2) (3.29)
TIP = —Ax{ 4™y,
JL = 4ix{xz
where we have defined
Je=N*iJ2. (3.30)

The components of J_ have exactly the same form with the replacement x; — x¢ and an overall
minus sign in the above expressions.?” On the other hand, J3 is neutral since it is constructed
from two oppositely charged spinors (x and x'). The explicit expressions for the related bilinears

are
T = 2(—x{y"xa +x2w x1)
T = 2(x "X + xw "X2)
T3S = 2(x Iy x1 — x5 x2) (3.31)
Ty = 2(><W”"”XQ + X5 x1)
Ji = 2i(—xIx2 + xx1)

Together with those coming from K (3.26), these form the set of spinor bilinears which are
neutral under the Killing vector £. Moreover, note that expansions similar to (3.25) and (3.28)
can be done for the rescaled bispinors K and j

3.3 Proof of the generalized integrability conditions

In this section we describe the general methodology used to prove the generalized integrability
conditions (2.20)-(2.22) from the Killing spinor equations (3.8)-(3.10), while we relegate the
details to the appendices.

3.3.1 Killing spinor equations

In order to use the supersymmetry conditions efficiently, we need to turn the Killing spinor
equations (3.8)-(3.10) into equations on J, and Jy. This can be done easily by taking the
complex conjugate and transpose of the former. From the equation coming from requiring that
the variation of the external gravitino equation vanishes, Eq. (3.8), we get

External gravitino

mJy = £J.GF (3.32a)
260ur notation is x*yx’ = XQ’yO‘ﬁX:B and x'vx' = x*a’yaﬁxfg for a Cliff(5) element v and two Spin(5) spinors
x and x’.
2TFor example, we have J76 = —4x$T ™5,

— 14 —



mJs = —JoG" (3.32b)
mJy = —J3G" (3.32¢)
where

GEF = A (AT, + 1% () + F5)T° — 1) (3.32d)

From the requirement that the variation of the internal component of the gravitino vanishes,
Eq. (3.9), we get
Internal gravitino

Vinda = [Jas GE1 4+ {T0, GEMY, 0 =0,1,2,3 (3.33a)
where . .
1 e e
Gl = —ZHmF6 + ?(Fl,m + F3,,TOT7 — g(*f‘%)rm(a (3.33b)
ie® Fpa
ie
G’ = 5 T + 5 Lrnpl*)T'7 (3.33¢)
From requiring that the dilatino stays invariant, Eq. (3.10), we get
Dilatino
J.GP =0, a=0,1,2,3 (3.34a)
where .
1 e
GP = |(§9)°T () — S HT7 + = (2H11° — Fy) (3.34b)

3.3.2 Integrability conditions

Now, we are ready to prove the integrability conditions (2.20)-(2.22) for the H and V structures.
These are given in terms of the dressed objects J,, K, but it turns out to be more tractable to
work with the undressed objects 7, IC, in particular since the gauge fields and the derivative
satisfy

2¢

iD= (p+>5)D =0 (3.35)

where i is an element of ¢g) © RT. The dilaton appears here due to the way it embeds in the
GL(5) piece in the adjoint action (see (2.13c), (2.13d)), and it reflects the fact that the (anti)
fundamental representation is actually charged under the R, i.e. we are working with objects
which are dressed under the trombone (see (2.11) and (2.23)).

We will also use a crucial trick: the generalized integrability conditions stem from the
generalized Lie derivative operation (2.7), which is independent of the generalized connection,
as long as it is torsion free [17]. Thus, instead of embedding the partial derivative into the
generalized derivative as in (2.11), we are going to embed the covariant derivative, namely we
will use as generalized connection the ordinary Levi-Civita connection. We thus have

Dy = €293V, . (3.36)
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J, equations

Let us start with the moment map condition for the hyper-multiplet structure, Eq. (2.20),
that we repeat here
DJ, + keqpTe(Jy, DJ,) = \e(K, K, -) (3.37)

When undressing J,, each term on the left hand side contributes two terms, one where the
derivative is acting on the naked J, and another one with the derivative acting on u. Acting
on the whole equation by e " to undress it, we get the twisted moment map densities M,

M, =e* <Dja + ﬁeabcTr(jb, ch)) =
DJo+ [Dp, Ja] + keare Te[To, DIe] + teabe Te[ Ty, [Dps, Te]] (3.38)
where in analogy with their twisted counterparts (2.23), we have defined the rescaled bispinors
Jo =427, K=e28K. (3.39)

We are going to perform this calculation in USp(8) basis, where the derivative D has com-

ponents (cf. (B.21b))
D = ol @mNYeBy,, = (™), (3.40)

where for later use we have defined the generalized vector v, which has only a vectorial component
along direction of the generalized derivative. We then get that (3.38) reads, in USp(8) basis

My = [V T, 0™ 4+ ([Vnpts To]0™) + Tr[ToGET0™ — Tr[(V ) Ta) 0™ (3.41)

Here we have used the fact that the J, contain only a 36 component (and thus the Killing
form (B.19) just reduces to a matrix trace) and in the third and fourth terms we have used
the su(2) algebra (2.18). For the third term we also used the internal gravitino equation (3.33).
The commutators | , | and the traces are now understood as matrix commutators and traces
respectively (v™ oc I'™67). The second term means the action of the adjoint element [V,,u, Ju]
on the fundamental v™.

Although (3.41) seems not to be gauge-invariant (p contains the gauge fields), this is not
the case since the second and the fourth term together project onto the exterior derivative of
the gauge fields, i.e. the fluxes. Using the internal and external gravitino equations (3.33) and
(3.32) as well as the dilatino equations (3.34), we find (see appendix D for the details of this
computation)

My =0 (3.42a)

Ms = (—2im)pe /3K (3.42Dh)

We thus verify the + components of the moment map equations (3.37), for the choice Ay = 0,
in agreement with (2.26). The third component Ms, should be, according to (3.37) and (2.26)
proportional to the dual vector of K through the cubic invariant. Indeed, one can check using
the explicit form of K in terms of spinors (3.21), as well as the spinor normalizations (3.22a)
and the definition of the rescaled K (3.39) that

[c(l@,l@, -)]aﬁ = pe10/3Ke8 (3.43)

~ 16 —



We therefore verify the third component of the moment map equation with A3 = —2im, in
accordance to (2.26).

K and compatibility equations

We rewrite here the integrability condition for K and the condition coming from requiring
compatibility of the integrable H and V structures, Eqs (2.21) and (2.22)

LzK =0 (3.44)
~ 37 ~
LicJa = 5 €abevile - (3.45)

They both contain the Dorfman derivative along the (rescaled) twisted generalized vector K=
e 2K = 20/ 3(eKC). As before, it is convenient to split the contributions coming from the
derivative of p from the rest. Using the expression for the Dorfman derivative (2.7), one gets

e Ly = (K - v) (v + w) - <v % (VK + (w)lé)) (3.46)

where the generalized vector v along the direction of the derivative D was defined in (3.40). The
first and third term are the same as in Lz, while with the second and the fourth we define a
twisted Dorfman derivative Lz, namely

~

Lig=e Ly =Lg+ (K- 0)Vu—vx (VoK) . (3.47)

Using this twisted derivative, we can now rewrite the integrability conditions (3.44) and (3. 45)
as equations on the undressed structures K and J (or rather their rescaled versions K and j
defined in (3.39)) as follows
LgK =0 (3.48)
2
Lida = S eanchoJ. (3.49)

These equations turn out to be very simple using the fact that the twisted Dorfman deriva-
tive along K on spinor bilinears actually reduces to the usual Lie derivative along the vector
part of IC [11], namely the Killing vector £ defined in (3.13)

Lg = Le on bispinors . (3.50)

Let us show briefly why this is so. The derivative acting on a generic element can be split as in a
differential operator, corresponding to the first term in (2.7), and the rest, which is an algebraic
operator from the point of view of the element that it acts on:

Ly = (K-v)V+A (3.51)

The first piece reduces to the directional derivative along the Killing vector £. For the algebraic
part, we decompose the operator A, which acts in the adjoint, into the USp(8) pieces

A = Alzg + Als2 (3.52)

and we have furthermore that Alss can be viewed as an element of Cliff(6). We show in the
appendix E that supersymmetry implies that

1
Alzg = Z(men)rmn, Alsg =0 (3.53)
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Now let us consider the action of HA% on K and J,. These are respectively in the 27 and 36 of
USp(8), and combined they form the 63, the representation of hermitean traceless bispinors,

and thus we have simply

'A,C - i(vmfn)[rmn7 ,C]v [[-A, ja]] - i(vmgn)[l“m”, ja] (3_54)

where the commutators are just gamma matrix commutators. Together with the directional
derivative along £ from the first term in (3.51), we conclude that ]IAJ,@ = Le¢.

Using this, it is very easy to show (3.48) and (3.49). Given that the Spin(5) spinors have
a definite charge under this action, Eq. (3.15), the USp(8) spinors 6; o have charges £(3im/2)
and therefore the bispinors satisfy

LeJr =%3imJy and LeJ3 =LK =0 (3.55)

from which one can immediately verify (3.48) and (3.49).
Before closing this section, let us note that the fact that the twisted generalized Lie derivative
along K reduces to an ordinary Lie derivative along its vector part is actually a generic feature

728 it can be shown that if a generalized vector is such that the

of “generalized Killing vectors
generalized Lie derivative along that vector on the objects defining the background —generalized
metric for a generic background, and spinors or spinor bilinears for a supersymmetric one—
vanishes, then the Dorfman derivative along such a generalized vector reduces to an ordinary

Lie derivative along its vector component [24].

4 The M-theory analogue

In this section, we prove the generalized integrability conditions for compactifications of eleven-
dimensional supergravity down to AdSs;. The situation is similar to the type IIB case since
the group of global symmetries remains the same, namely Fge). However, the proof is more
transparent since M-theory combines the degrees of freedom in a more compact form, avoiding
thus the complications due to the GL(5) C SL(6) embedding. In particular, the generalized

tangent bundle is decomposed in this case as
E~TM& NT*M @ N°T* M (4.1)

where the internal manifold M is now six-dimensional and the various terms correspond to
momenta, M2- and Mb5-brane charges respectively. The latter can be dualized to a vector,
and together with the first piece they form the (6,2) piece in the split of the fundamental 27
representation under SL(6) x SL(2) given in (2.10). The derivative is embedded in one of the

two components of this doublet appearing in the anti-fundamental representation®’

D?=v,, D! =Dy =0. (4.2)

a

The decomposition of the adjoint representation is given in (2.12), and the three-form gauge
field C embeds in p as

:Uftlzbc = _(*C)abc (43&)

28We thank C. Strickland-Constable for sharing this with us.
2Note that here D does not carry a rescaling factor in contrast to the type IIB case.
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piope = 1y = p% = 0. (4.3b)

The rescaled structures for M-theory are
K=K, J, = e, , (4.4)

having the same form as for type IIB but with a vanishing dilaton.
Equations (2.20) and (2.21) have exactly the same form as in the type IIB case, with
h=———e 34 = (8ipe*A) 1 (4.5)

42

while (2.22) has a different sign in our conventions, i.e.
~ 37 ~
Lizdo = _Eeabc)\bt]c (4.6)

where again A\y = Ay = 0, A3 = —2im. This sign difference is due to the fact the internal spinor
has opposite charge compared to the type IIB case (cf. (C.39)).
The supersymmetry variation of the gravitino (up to quadratic terms) reads®

1 /- -
SUar = Vare+ 5o (D798 = 80T Gy pone (4.7)

where G = dC' and ¢ is the eleven-dimensional (Majorana) supersymmetry parameter.

The eleven-dimensional metric is written again in the form (3.1) where now the internal met-
ric gqp>! is six-dimensional and the spinor decomposition ansatz for M-theory compactifications
reads

E=1YR0+Y°R6° (4.8)

where 6 is a complex 8-component spinor on the internal manifold. Finally, the field strength G
is allowed to have only internal components in order to respect the isometries of AdSs.

There is again a vector field £ which generates a symmetry of the full bosonic sector

where £ is now given by

- éafrﬂ i (4.10)

One can construct the H and V structures in exactly the same way as for the type 1I1B case.
In particular, the expressions (3.19) to (3.23) have exactly the same form where

Or=0, Oy=0°. (4.11)

However, the 6; are not constructed from two Spin(5) spinors as in type IIB.

The decomposition of the supersymmetry variation (4.7) in external and internal pieces is
similar to the type IIB case with the difference that here we do not have a dilatino variation.
In terms of 7, and Jy, we get the differential condition

15 IA
VoI =[T,G71+{T,G" Y, T =T+, T3, To (4.12)
30We use tildes for the eleven-dimensional gamma-matrices (see appendix A).
31We use a, b, ¢, ... to describe representations of the GL(6) group of diffeomorphisms of the internal manifold.

Moreover, we will suppress from now on the SU(2)r adjoint index a in J, in order to avoid confusion with the
GL(6) ones.
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where

1 1
Gl = ——Gupeal™, G = ——(%G) " 4.13
a 36 bed ’ a 12 (* ) b ( )
and the algebraic ones
mJs = +J:GF (4.14)
mJs = —JoGF (4.15)
mJy = —J3GF (4.16)
where now G¥ is given by
GF =4 [(&A)l” + %(*G)abrab} (4.17)
The Clifford expansion for K is now
1 1
K= ——=|(I* + i, D% + =V, %7 4.18
375 |Gl T+ Vo] (4.18)

where the components correspond to the different pieces in the SL(6) decomposition of the
fundamental, Eq. (4.1), and correspond to the following spinor bilinears

1 .
¢t = 500, V= %mra’”a (4.19)
and the vector ¢ is the Killing vector defined in (4.10).
For the triplet J, the expansion reads
Irl ab 7 1 abe
T = =3 |37 = T'Ts + T Tane| (4.20)

where now the the analogue of the (3.27) split under GL(6) is
36 =15+1+20 (4.21)
The components of 7 are given by the following spinor bilinears, all charged under £
J® = —20TT%9,  ge = —20TT%9, g7 =-20"T70 (4.22)

and the corresponding expressions for J_ are given by the replacement § — 0¢ and an overall
minus sign. For [J3, the analogous expressions are

Jgb =200, gt =201, g =20'T70 (4.23)

The procedure to prove the integrability conditions is the same as the one described in
subsection 3.3 for type IIB. In particular, we again work with the undressed structures K and J
and with the twisted moment map density and the twisted Dorfman derivative defined in (3.38)
and (3.46) respectively for type IIB. We leave the details of this calculation to the appendices.
The key point that the twisted Dorfman derivative along K reduces to the ordinary Lie derivative
along &, Eq. (3.50), is also true here and from (C.39), we get

,ng:t = :|:3imj:|: and ,ngg = ,Cglc =0 (4.24)
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5 Discussion

We have proven that the supersymmetry equations relevant for AdSs vacua with generic fluxes
preserving eight supercharges in type IIB and M-theory compactifications translate into the
integrability conditions (2.20),(2.21) and (2.22) in Exceptional Generalized Geometry. The inte-
grability conditions involve generalized structures in the fundamental and adjoint representations
of the Eg(g) U-duality group. Although our calculations were performed for the particular case
of AdS5 compactifications, the integrability conditions are expected to be the same for other
AdSy vacua of type II (either ITA or IIB) and M-theory compactifications preserving eight su-
percharges, since these are described by vector and hypermultiplets. A particularly interesting
case to analyze is that of AdSy vacua, where the relevant U-duality group is F7(7), with maximal
compact subgroup SU(8). The construction of the generalized structures from spinor bilinears
is the same, and since our calculations were done in USp(8) language, the extension to SU(8)
should be rather straightforward.

The description of AdSs vacua in exceptional generalized geometry has nice applications in
AdS/CFT. The original example is the AdS5 x S% solution supported by five-form flux (in the
type IIB case) which is dual to N' = 4 SYM. Allowing for generic internal manifolds (and fluxes)
but still preserving some supersymmetry corresponds to supersymmetric deformations on the
field theory side. AdS vacua are dual to deformations that preserve conformal invariance on the
gauge theory. Having a compact description of the internal geometry opens then the way for
finding the supergravity dual of these deformations in a rather systematic way, as very recently
shown in [25]. We will explore this direction further in future work.
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A Spinor conventions

In the paper we use spinors of Spin(1,4) and Spin(5) and Spin(1,9) for type IIB, and Spin(6)
and Spin(1,10) in M-theory. We give our conventions for all of them, explain their relations
and provide some useful formulae for our calculations. In this section, all the indices are meant
to be flat.

For five Euclidean dimensions, the gamma matrices are denoted by ™, m =1,...5 and

satisfy3?
(Y™ =4 (A.la)
(Y™ = Csy™C5! (A.1b)
()" = Dsy™ D5 (A1)

32 An explicit construction of them can be given by ! = 0! ® 0%,72 =02 ® 0%, 7% = 6®®o!,7* = 0® ® 02 and

75 = -0’® 03, in which case the interwiner is Cs = o' ® o>.
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12345 _ 1,

where we take D5 = C5 and we have y For a spinor y, the conjugate spinor is defined

as
X“ = Dsx" (A.2)

and satisfies the properties

m._ C

xX)¢=7"x, DiDs = —1= x“=—x (A.3)

For the 5-dimensional external space, we have a Lorentzian version of the above. The

intertwining relations for the gamma matrices p# are33
(1) = —ALapt AL (A.da)
(1) = Crap"Cry (A.4b)
(") = =D1ap" D7, (A4c)
where u=0,...,4, p01234 = —i14 and Dy 4 = —C14A14. The conjugate spinor is defined as
V¢ = Dy 4" (A.5)
and satisfies
(P'y)° = —p"yc,  DiyDra=—-1=9“=—9 (A.6)

Now, let us combine the above representations to construct a 10-dimensional Clifford alge-
bra. We define

MH=p'oly0cd, pn=0,...,4 (A.7a)
M =-—1,0y"@0', m=1,...,5 (A.7b)

The last factor is needed to allow for a chirality matrix in 10 dimensions:
Tay=1"...T"=L 01,80 (A.8)

The 10-dimensional interwiners are constructed as follows

Al,g = —A174 ®1y® 0'3 — (fM)T = _Al,ngAigl) (A9a)
0179 = 0174 ®RC5® ol = (fM)T = —ClvngCigl (Agb)
D179 = D1,4 ® D5 ® O'1 — (fM)* = Dl,QfMDié (AQC)

A 10-dimensional spinor € splits as
E=1YPRXYQu (A.10)

where u is acted upon by the Pauli matrices. For the conjugate spinor we have
¢ = D g€", DigD1g=1=¢*“=c¢ (A.11)
The type IIB Majorana-Weyl spinors ¢; are

E=YPRXiQu+YPRX;Qu, i=1,2 (A.12)

33 Explicitly we can take p° = ic? ® 0%, p' = o' @0’ withi=1,2,3, p* = —6°®@ 0" and A1 4 = p°, C14 = p°p%
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Their chirality and reality properties require
u=o*u=oclu* (A.13)

We construct now gamma matrices I'*, a = 1,...6 for Cliff(6) from our representation for

Cliff(5). We define
o (O =15 o= (0 (A.14)
™0 0-1

T e L e B i (A.15)
1 0 10

The interwiner for Cliff(6) is

Cs 0 B ctoo
C =0 = , cl=Cpu=75 A.16
<0 C5> p (0 C51> (A.16)

which raises and lowers spinor indices as T'*? = C‘vaﬁ, I = T'07Cyg. For any CIiff(6)
element I', we have

while the reality properties read3*
I =cor,c! (A.18)

The 6-dimensional gamma matrices act on USp(8) spinors 6,, o = 1,..8. In the main text, we

o= ("), 6,=(Y (A.19)
X2 X2

0% = (—io?)1CPg, (A.20)

use the following

satisfying

The eleven-dimensional gamma-matrices relevant for M-theory can be built directly from
the six-dimensional ones I'* constructed above and from the p" of AdSs as follows

M=p'el;, p=0,...,4 (A.21a)
r“tH=1,90r% a=1,...,6 (A.21Db)

The relevant interwiners for eleven dimensions are

Ci10 = C14® CeTy = (™M) = —C1 100 C (A.22a)
Dl,lO = D174 & D(; - (fM)* = D1710fMDi%O (A.22b)

A spinor in eleven dimensions € decomposes as

e=1YR0 (A.23)

34 All the C’s defined in this section are antisymmetric, hermitian and unitary.
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while the conjugate spinor is given by

€ = Di jpe = @ 0° (A.24)
The Majorana property of the M-theory supersymmetry parameter requires then

e=1Y R0+ YR H° (A.25)

We finish by giving some Fierz identities which are heavily used in our calculations

(Dap?)** (T7)5 = 2(Ta) (D)5 + 2(Dar)*(17)5 = 1667, 65) + 207 C.y5 (A.26)
£ = Ly a2

F{Zﬁr% = —F([lo%cw = _%Eabcdefr[cggrf/{gf (A.28)

el = ol et 4 2gePrdl 0 (A.29)

If,0% = ~T (A30)

PRSTE el 4 DSy = 2g™I0!) TS, (A.31)

T (1™ = 10057C3° + 6737 (77) + 857 (1) (A.32)

Let us note that one can derive additional Fierz identities by exploiting the following Leibniz-like
rule:

AlapBrs) = ClapDag) = (AD)apBrg) + Afas(BL)rs) = (CT)apDag) + Clas(DL g (A-33)

for any antisymmetric elements A, B, C, D and I" of Cliff(6).

B Eg) representation theory

The group Eg(g) is a particular real form of the Fg family of Lie groups. It is generated by 78
elements, out of which 36 are compact and 42 are not. It contains as subgroups USp(8)and
SL(6) x SL(2).

B.1 SL(6) x SL(2) decomposition
The vector representation V' of Eg ) is 27-dimensional and splits under SL(6) x SL(2) as

27 = (6,2) + (15,1), V = (Vi V) (B.1a)
while we will also need its dual

27 =(6,2) + (15,1), Z = (Z% Zuw) (B.1b)

The adjoint decomposes

78 = (35,1) +(1,3) +(20,2), = (1% 1}, Hape) (B.2)
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and its action on the vector is given by

4 4 R I
(BV)'a = =1 Vi + 15V + Stiae V™ (B.3a)
(M V)ab _ :U'acVCb _ Mbcvca — € (*Mi)abcvg (B?)b)
while on the dual vector by
. 1 ,
(n2)F = 14 2) — 1, 25 — S (! ) Zye (B.4a)
(:U’ Z)ab = _,U'caZcb + ,Ufccha - ,U/flchic (B4b)
where a,b,c,... run from 1 to 6 and 7, 5 from 1 to 2.

The ¢g6) algebra [u, ] is

[, vy = i’ + 1 Mabcegk(*Vk)abc —(nev) (B.5a)
1 . .

[0, 71% = 1505~ Sty () = (1 5 ) (B.5b)

[[M’ V]]fzbc = :U’ijyibc - 3M(%aygc]d - (lu A V) (BSC)

The group Ejg) has a quadratic and a cubic invariant. Given a vector V' and a dual vector

Z, the quadratic invariant is

. 1
bV, 2) = Vo2 + 5V Zap (B.6)

while the cubic is given by

(VU W) = VeUIW] + UVIW] + WPVIU] ) ———abedef VRUSW (B.T)

1
e
2v/2 " ( 6\f
where U,V and W are all in the fundamental. This allows to construct a dual vector from two
vectors by “deleting” one of the vectors in the cubic invariant, namely

a 1 a j a j
[e(V, U, )]¢ = ’ (v by 4 U bv,j) (B.8a)

—€
22 "
1

\/ie”V Ul —

[c(‘/’ U7 )] b] 8\/_

6atbcalef‘/Cdeef (B8b)

B.2 USp(8)decomposition

The other subgroup of Eg) that we use is USp(8). The 27 fundamental representations of
FEg(s) is irreducible under USp(8), and encoded by an antisymmetric traceless tensor

V =y (B.9)

with V*, = 0. The USp(8)indices «, 3, ... are raised and lowered with C,pg in (A.16) , which
plays the role of USp(8)symplectic invariant.
The adjoint decomposes as

78 =36 +42, = (u%,p"") (B.10)
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With fas = fga, p®P70 = pl@#7) and *#19C 5 = 0. Furthermore, in our conventions we have

tap = —Haps HiBrys = Haprs (B.11)

The adjoint action is
(V)P = e VP — e ey (B.12)
(W2)*P = p2 270 — pf 20 4+ 0 75 (B.13)

and the eg) algebra is given by

1 €
[[,u, V]]ozﬁ = :uo?/’/’yﬁ - glu’o?& Vnée — (M AN V) : (B'14a)
[1: v]aprs = —4pavpyse — (B < v) (B.14b)

The quadratic and the cubic invariant of Fgg) take a particularly simple form in the USp(8) basis

b(V,Z) =V, (B.15)
and
c(V,UW) =VRUZ W, (B.16)
and we also have
« 1 (6% (0% 1 «
[c(V,U,)]* = i(VvV’W — ViV — € VVy.) (B.17)

In our calculations we also need the adjoint projection built out of a vector V' and a dual vector
Z. This is given by

(V x 2)* = 2y'e_zhlP) (B.18a)
1
(V x 7)287 = 6<VWZW +yle gldsovd | g(VECZCE)C[CYBCWS}) (B.18h)
Finally, the Killing form is
1
Tr(p,v) = pPrag + éuaﬁwyam& (B.19)

B.3 Transformation between SL(6) x SL(2)and USp(8)

Our calculations involve objects which are more naturally described in the SL(6) x SL(2) basis
(gauge fields and derivative) and others (spinors) which have a natural USp(8)description.
Therefore, it is useful to have explicit formulae for the transformation rules between them. For
this purpose, we use the gamma matrices I'* defined in 6 dimensions. It’s also useful to introduce
two sets of them:

T¢

)

= (T%,il°T;), =12 (B.20)

The transformation rules for the vector (fundamental) and the dual vector (anti-fundamental)

representation are
1
2v/2
1

2v/2

i
42
i

42

Ve = —= (TP Vi + —=(Capr) PV (B.21a)

790 = —= (T 2%+ —=(T) Zy, (B.21b)
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and are easily inverted

4 1 . ;
Vi- ﬁ‘“%z)ﬁm V= g 20
78 = W ZP(CN g0,  Zap = %—fzaﬁ(raw)ﬁa (B.22b)
For the adjoint representation we have®
1
Maﬁ = Z |::u‘ab(F )aﬁ + ZE :U’ (F7)Oéﬁ + 661 lu’abc(rabr§)065:| (B23a)

1 .
pod = L [— (T2 (89 = (T2 7 )

+ (T8l (1)

+wzbc<r$>[“ﬁ<rbc7>w] (B.23D)
Their inverses are given by
= —%u“ﬁ (%) por — 116u“ﬁ”5(F DiasTh)s (B.24a)
ply = = 3 o)+ i () oM (B.24b)
Hape = —iu“ﬁ (T Tber) o + gﬂ“ﬁ 7 (Ta)ap (Toer)s) (B-24c)

C Some constraints from supersymmetry

In this section we are going to prove some useful conditions that the spinor bilinears in (3.29),
(3.31), (3.26), (4.22), (4.23), (4.19) and (4.10) satisfy and which serve as an intermediate step
in order to derive the integrability conditions (2.20)-(2.22). The most important relations are
also stated in the main text. We split into the bilinears in type IIB, and those of M-theory.

C.1 Type IIB
Let us start by studying the vector £ defined in (3.13). By tracing (3.33) with I',,67, we get

e? e®
Vimén = — §7 mnp—i— Canp—i— (*V)mon + an(*F5) (C.1)

Since the right hand side is antisymmetric, we have V(,,§,) = 0 and therefore ¢ is a Killing

vector:
Leg=0 (C.2)
Actually ¢ is more than an isometry. By taking 0 = Tr[7oGP] = Tr[JoGPT7] from (3.34a), we

obtain

Led = LcCo=0 (C.3)

355 1(2) indices are raised and lowered with &;;.
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and by using the Bianchi identity for F; we get
LeF =0, (C4)
Moreover, by taking the trace of (3.32b), we get
LA=0. (C.5)
Using that Tr[7,GPTY] = Tr[J,GPTY7] = 0, we get
T (5 H ) =0, a=1,2,3 (C.6)
T (% F3)mn =0, a=1,2,3 (C.7)
By tracing (3.32c) with T'® we also get that
R=0 (C.8)
Then, by tracing (3.32c) with I'” and using (C.7) with a = 3, we have
R; =0 (C.9)

The power of the warp factor in the norm of the spinors also comes from supersymmetry. By
tracing (3.33) for a = 0, we get
10) _e¢ Vi F™ _e¢ C"(xF3) (C.10)
= — * .

The right-hand side can be related to the warp factor by tracing (3.32b) with T',,67 which yields3°
Omp — pOmA =0 = p=ce (C.11)

and we chose ¢ = 1/v/2. Let us now show that the Lie derivative along ¢ acting on the rest of
the fluxes H, F5 and Fj vanishes. By tracing (3.33) for a = 0 with T',7 and antisymmetrizing

over [mn], we get
1

which by the Bianchi identity for H yields

LcH =0 (C.13)

The situation for Fj is slightly more complicated due to the non-standard Bianchi identity it
satisfies. By tracing (3.33) for a = 0 with '), and antisymmetrizing over [mn|, we get
6¢

1
v[mgn} = _Z(*V)pq[mH P — _gmenp -

] 1 pe® (+F3)mn (C.14)

1
2V/2
We eliminate the H-term using 0 = Tr[JoGPT 67| from (3.34) and we get

d¢=dpNC—e’Fy ANCT—2e%1c Fy (C.15)

36The integration constant is chosen so that it reproduces the standard value of the charge of the spinors, see
(C.31).
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Taking the exterior derivative of this expression, replacing again t¢F3 from (C.15) and using
(C.12), we get
dLgFg + F1 A LgH =0 (C.lﬁ)

The second term is equal to t¢dF3 as can be seen from the RR Bianchi identities dF} = 0 and
dF35 = H A Fy. Thus, (C.16) becomes simply

LeFs =0 (C.17)

In order to compute the the Lie derivative along & on Fy, we first need Egjg?. By tracing (3.33)
with I'7, we get for a =1,2,3

1 ie? ie?
amjj = _nglp67Hmnp + ?jc?pGanp + Tj,gprp (018)
and using 0 = Tr[7,GPT6] from (3.34), we get
3ie? 3ie?
amjj = jjam(b + ?\.7£p6anp - ij%pr (Clg)

If we trace (3.32c) with '™ and replace in the above equation for a = 3, we get
OnTs = T4 0n(¢ —34) = LeJ3 =0 (C.20)

where (C.3) and (C.5) were used. Now, it is easy to compute L¢F5. Taking the trace of (3.32b)
with I'7 and using (C.11) gives

mJy = — (+F) (C.21)
Taking the Lie derivative along £ on both sides and using (C.2), (C.3), (C.5) and (C.20), we get
LeFs =0 (C.22)

Finally, let us also state another relation which will be useful later. This is easily derived by
tracing (3.33) for a = 0 with I',,,,7 and eliminating the H-term using 0 = Tr[7GPT,6]. We get

V" Vi = Vipn 0™ ¢ — eqb(%n(*F?»)mn + (" (% H ) mn — n(xF5) (C.23)

The spinor charges

Here, we compute the charge g of the spinors x; under the U(1) generated by the Killing
vector £. Actually, it turns out that it is more convenient to compute first 2¢q, i.e. the charge of
some charged spinor bilinear (we choose jl), and then divide by 2. In order to do that, we first
need to derive some identities. Multiplying (A.26) with (‘7(11“7)50“76S 7 and using JoJ, = 2pTa,
we get for a =1,2,3

T [ToTapr] = —16Te[ToTuT7] + 8pTy = —24pT! (C.24)

Actually, we can prove a stronger identity by rewriting this in terms of the 5-dimensional spinors
Xi, for which we use (3.29). We will need

Jl = 4iC50‘BXa)<% (C.25a)
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TP =407 xixG (C.25b)

T = =2(3"")* (xaxh + Xax3) (C.25¢)
and (see (3.26))
1
B af/ le 1 2. 2

™= o o + P C.26a
3 75" (Xa X5 + Xa X3) ( )

1
V. = af (e 2 2 1y C.26b
V2 mn(Xa X5 ~ Xa X3) ( )

Using (A.32) and the symmetry properties for gamma matrices in five dimensions, we can show
Vi T = A€, T (C.27)
Combining this with (C.24) for a = + and using (C.11) we get
Em T = —ieATT (C.28)

Now, we are ready to see how supersymmetry determines the spinor charges. If we trace (3.32a)
with T and replace in (C.19) for a = 4, we get

OnTL = TL0m(d — 3A) F 3me A TJ0 (C.29)

If we contract with ™, the first term drops out due to (C.3) and (C.5). For the second term,
we get using (C.28)

LTl =3imJ] (C.30)
and therefore the charges of the spinors y; are
q= ?”Tm (C.31)

C.2 M-theory
The Killing vector in M-theory is the bilinear (4.10). This is indeed Killing since (4.12) yields

Vaop = _éGabchCd - %p(*G)ab (C.32)
and the right-hand side is antisymmetric in a and b. Therefore
Leg =0 (C.33)
The trace of (4.15) immediately gives
£0,A=LcA=0 (C.34)

Finally, we can compute dV' by using (4.12) for Jy to get
dV = L§G4 — £§G4 =0 (C.35)

where the Bianchi identity for G4 was used. We see that similarly to the type IIB case, &
generates a symmetry of the full bosonic sector of the theory.
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Let us also derive the warp factor dependence of the normalization of the spinors given by
0740, o = 2p 6;j. Taking the trace of (4.12) for a = 0 and eliminating G by taking the trace of

(4.15), we find

A

Omp — pOmA=0 = p= 7 (C.36)

where we have chosen the integration constant in the same way as for the IIB case.
Another useful relation is found by tracing (4.12) with I'*, which yields

1
Vol = 5(*G)abV“b (C.37)

Finally let us mention that the M-theory spinor has also definite charge under the action of

&, ie.
L =q0 (C.38)

Matching our conventions with those of [13], we find that

q= _3sz (C.39)

D The moment map for J,

D.1 Type IIB

In this section, we prove Eq. (2.20), which says that the moment map for the action of a
generalized diffeomorphism is related to the dual vector associated to K (given by the cubic
invariant of Eg ) c(KC, K, V). As explained in the main text, this condition can be written in
terms of the twisted moment map density M, which is given by (3.41) and we rewrite here for

convenience:
M, = [ija, "+ ([Vimp, ja]] o) + Tr[jaGﬁf]vm - Tr[(vm:“)ja)]vm (D.1)

where the second term means the action of [V,,u, J,] on v while in the rest of the terms v™
is understood as an element of Cliff(6) and is given by v™ = %Pmm.
Let us compute the various terms in the above expression. The first term is computed by

using (3.33) for a = 1,2,3. We give the result as a Clifford expansion

\v4 7 Pm67 _ 1 7a H"Pq _ @ 7a Fn _l 7a oA 1 7a el T™
[ mJa ]_ ] jmnG 9 mn67 +2‘-7mn67 ¢

16 mnpa’
+ :%jprmnp + %jﬂmml’" - % S %j%"68n14 B %j,gmﬁa%} T
[T+ G PP — G, (43) + 2 T00A — STt T
+ [~ L Tnatrm = G, Gy - Lan0n A+ Lan,one| T

(D.2)

where the derivatives of the dilaton and the warp factor appear as a result of the rescalings (3.39).
The second and the fourth term in (D.1) are those that “twist” the moment map density. If we
consider them separately they are not gauge invariant, however, their sum is, as it projects onto
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the fluxes. These terms are computed as follows. For the second term, it is more convenient
to use the SL(6) x SL(2) basis. We first insert (2.13) and the SL(6) x SL(2) components of
Jo*" in (B.5). We then use the resulting expression in (B.4) to compute the action on v™ and
finally we transform it to the USp(8) basis using (B.21b). For the fourth term in (D.1), we first
transform V,,p to the USp(8) basis using (B.23a) (exploiting the fact that the J, do not have
a 42 component) and then use (B.19). The combined result of these two terms is then3®

- ~ 1 - 1 -
[[vau’ ja]]rm67 . Tr[Vmuja]Pm67 _ |: o ﬂ #anq’?anq _ Zjna’bn673n¢:| ™

@ 7a 7Fn] Pm?

rie? = npq
+ _ﬁjmnpq'?F + 4 mn6

1 7a mn'7
+ _ijﬁaw} r

rl - ie? - e? - ie? -
+ gjr(zlpGHmnp - ?jr?memnp + erzﬁ(*Ffj) - Tj?Fm] I

(D.3)
Finally, the third term in (D.1) is computed directly from (3.33b) and the result reads
~ 1 - ie? - ie? - e? -
Tr[JaGr 0T = | = S Ta oy + o= Td P+ 15 Ta" o — EJ;:LG(*E:,)]P’W (D.4)

When adding (D.2), (D.3) and (D.4), the various terms organize themselves as coefficients
of a Cliff(6) expansion. In the next step, we eliminate the H-field using the dilatino equation
(3.34) by taking appropriate traces. More specifically, we use Tr[J,G4I"] = 0 for the I'"™ terms,
Tr[J,G4I'™] = 0 for the I'™7 terms, Tr[J,GqI"™""] = 0 for the ™7 terms and Tr[J,Gq"™%7] =
0 for the I'"7 terms. The result is

ie20/3\ —1 ie? - ie? - 1 -
(575) M= [ TineF" = Tg 72" Frmy = 5T tmsr0" A T
[ i€¢ Ta n i€¢ 7a npq 1 7a n m7
+ i - ? mn67F - 4_8jmnpq7F + §jmn6a A]P

[ i€¢ 7a p i€¢ 7a pq €¢ 7a 1 Ta mn'7
+ ] - 1_6 mnp67F - 1_6 pqm?Fn - 1_6‘-7mn(*F5) + §jm6an’4}r

rie® o ¢ 1 - 1 -
e € e

| T F 2 T2 By — 5 T (4F5) = 7050006 = 5T 0" A| LT
L 8 16 8 4 2

(D.5)

For a = 3 we can find the relation between this and K by using the external gravitino
equation (3.32c). Reading off the I'™, ™7, T™"7 and I'"™57 components of this equation, we see
that the right-hand sides are exactly the brackets appearing in the above equation. Thus

A—4¢)3 ,
= —2impe 43K (D.6)

where in the last step we used (3.25). Following the same procedure for @ = £+ and using this
time (3.32a), we get
My =0 (D.7)

3"These can be easily found using (B.24).

ie2¢/3

38Here, we mean [[Vmu,ja]]l“mm = (W)flﬂvmp, ja]vm.
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These are exactly the conditions (3.42) which in turn imply the .J, integrability condition (2.20).

D.2 M-theory

In this section, we will present the calculation leading to the integrability condition for the .J,
for M-theory compactifications. The methodology is similar to the one for IIB described in the
previous subsection. However the details are different due to the different Eg(g) embedding of
the derivative and the gauge field in M-theory (Eqs. (4.2) and 4.3). The general expression for
the moment map density (3.38) now reads

M = [VoT 0"+ ([Vant, T]v*) + T[T Go o = Te[(Vap) J)]o" (D.8)

where now

i
v = =17 D.9
3 (D.9)

and GZ is given by (4.13).
The various terms are computed in exactly the same way as in type IIB so we just give the

results here. The first term reads
V.7, = [ijbcd7G bed — 1j76 A}I«a_{_
a 9 72 aobc 2 a
1 7bed 1z b 7
— —TJ"Gaped — =Tap0" AT
i [ 56/ Clabed = 5 Jab ]
z =7 i Fed _1 7 c ab7
+ [T Gap + 25 TG = 7 Tanc A| T (D.10)
while the sum of the second and the fourth is simply
_ _ i~
[Vap, JITY — Te[VopuJ |07 = [_ gf(*a)ab] pab? (D.11)

and the third gives
- 1 -
Tr[JGIreT = [— %jdeGabcd] e’ (D.12)

For M = My, we see that the sum of (D.10), (D.11) and (D.12) vanishes by virtue of
(4.14)%9. Thus
My =0 (D.13)

For M = Ms3, we follow the same procedure but this time using (4.16). The result is

. A -
mmne B 1
M3 = 5 Cal'* + &I + §Vabrab7]

= —2impK (D.14)

where we used (4.18). We this verify the M-theory moment map equation (2.20) where the
rescaled structures are those of (4.4), are as in type IIB A} = Ay =0, and A3 = —2im.

39 As in the main text, we omit the SU(2) index a with the understanding that J = ji, TIs.
4By taking the trace with I'*, T'%7 and ['**7,
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E The Dorfman derivative along K

E.1 Type IIB

The Dorfman derivative is a generalization of the usual Lie derivative for “generalized flows”
parametrized by the Egg) vector K. Here we show that the background is invariant under this
flow.

The embedding of the derivative in the Eg(g) object D, Eq. (3.40), picks a particular direc-
tion v in the space of generalized vectors. We start by showing Eq. (3.50), namely the fact that
the (twisted) Dorfman derivative actually reduces to the Lie derivative along this direction.

As explained in the main text (see (3.51) and the discussion after that), the twisted Dorfman
derivative can be split into a differential piece which is just the directional derivative along the

Killing vector £, given in (3.13), namely
(K- 0™V = £V, (E.1)

and an algebraic piece A in the adjoint of Egi). We show that A satisfies the equations in
(3.53). We start with the 36 piece which according to (3.46) reads

Aap = (K- 0"™")Vinbtas = [VinK, 0™ g = (Vi) 0™] (E.2)

where the commutators are just matrix commutators, V,, i, in the first term is just the deriva-
tive of the 36 piece of y interpreted as a Cliff(6) element, ((V,,11)K)qap is the standard action?!
of Eg(g)on the fundamental and (B.18a) was used for the projection in the adjoint.

The first and the third term in (E.2) twist the Dorfman derivative, so we are computing them
together®?. V,,u is computed just by inserting (2.13), in (B.23a) while we compete (V1)K

using (B.3) and then use (B.21a) to transform that to the USp(8) basis. The result is

(R 0™ Vot — (V) 0™] = [ = im0

r 1 » e? » e? 1 m n6
+ |~ ZC (+H )np + ZC7(*F3)np - Zgn(*FEJ) + Evmna o|T
r 1 1
+ |- gngmnp + _C;angb] an{;
¢ ie®
4 (28 Py + 5 nnp — o G [T (E:3)

where we have expressed the result in terms of the spinor bilinears £,(, (7 and V defined in
(3.25). Finally, the second term in (E.2) is easily computed by using (3.25):

~ 1
~[VnKo™] = [Vt + 5 n¢]rm"

-
+ [— —vmvmn +2 vmna%} [
+ [ V(T — Cmanqﬁ} mn6

+ [vacn + %Cmangb] s (E.4)

41 This term has contributions from both the 36 and the 42 components of .
42Gimilarly to the moment map equation described in the previous section, each of these terms is not gauge
invariant but their sum is.
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where the derivatives of the dilaton appear due to the rescaling of K given in (2.23).
Collecting the pieces together, i.e. adding (E.3) and (E.4), we easily see that the terms
proportional to I cancel out due to (C.23), those proportional to I'"™"6 due to (C.12) and
those proportional to "7 due to (C.15). The remaining terms in (E.1) are the sum of the
first lines of (E.3) and (E.4) which is simply
1

-’4|36 = Z(vmgn)rmn . (E5)

This is exactly the first equation in (3.53). Let us now look at A|42, given by

A|aﬁ76 = (’6 : Um)vm,uozﬁwé — (0™ x vml&)aﬁﬂ/é — (0™ x (Vm/‘)le)ozﬁwé (E.6)

where the 42 piece of the adjoint projection is given in (B.18b). The first term is computed
by inserting (2.13) into (B.23b) while the third by using (B.18b). Using Fierz identities from
appendix A, we get for the sum of these two terms

(R o) ot — 07 (Vg)K)] = [Smdno TR

afvyd
3e?
+ {ZCP(*H)W - T@(*Ff%)np
3e? 1 1 en

+ —gn(*F5) 4ana Qﬂ F[aﬁr?ﬂﬂ

ie? mn
+ | € P cmF + Cnnd| TETTS
; {_ggpﬂmmgmmmr% e

containing only the fluxes. The second term in (E.6) is given by inserting (3.25) in (B.18b) and
using again some Fierz identities from appendix A:

(0" X VK )agrs = | — 5EmOnd| RIS

+ Evmvmn - vmna%] P05

+ |- va@ la On | TTT S

+ [?Z G + cm O | TS (E.8)
If we insert now (E.7) and (E.8) in (E.6) and use (C.12), (C.15) and (C.23) (as for the 36

component), we get

./4|42 =0, (E9)

which completes thus the proof of (3.53). Combining this with (E.1) and the fact that the 7,
have only a 36 component we arrive at (3.50) as we explain in the main text.

E.2 M-theory

Let us now perform the same kind of calculation for the M-theory set-up. Although the details
are different than in type IIB, the basic procedure to prove that the twisted Dorfman derivative
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along IC is equal to the usual Lie derivative along the corresponding Killing vector is actually
the same. The differential piece is again the directional derivative along &3

(K-v*)V,=¢£V, (E.10)
The 36 piece of the operator A is given by
Aap = (K- 0")Vaplag — [VGIC,U"] B~ [(Va,u)lC,v“] B (E.11)
The first term together with the third is
a a 1 d abc i ab
(K- v") Vo = [(Va), "] = | 526"Gapea| T + [V (cF )| T (B.12)
while the second is
1 1 1
_ a’y _ | = ab _ - abc v a
[Vak v = [ 1968 P + | = SVaVae| T+ [ = SV T (E.13)

It is straightforward to see using (C.35) and (C.37) that their sum is just

Algs = 7(Va&)T™ (E14)

We finally show that A|42 = 0 also in M-theory. We have

Aaﬁfyg = (’C . Ua)va,uaﬁ,yg — (Ua X Va’C)agq/(s — (Ua X (Va,u)/C)aﬁw; (E.15)

Similarly to type I1IB

a a Z a C C 1 a C
(K - v*)Vap — (v* X (vaﬂ)m)}aw _ [_161/ b(*G)ab} ¢ T + [— ggdaabcd]r[gﬁrgg
(E.16)

where we have used (A.27) and (A.28) to simplify the terms proportional to V' and (A.29) for
the terms proportional to £. Using (4.18), we also get

= [v% X VaKlagys = | - évaga} faTh + | gv[amﬂrgﬁrgg (E.17)

where again the terms proportional to derivatives of ¢ are absent because of (A.27) (A.28) while
due to (A.29) only the exterior derivative of V appears. The sum of (E.16) and (E.8) vanishes
using (C.35) and (C.37). We thus get

Als2 =0 (E.18)

and therefore we verify (3.50) for M-theory as well.
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